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Abstract

We give a unified analysis of four-dimensional elliptic models with= 2 supersymmetry and
a simple gauge group, and their relation to M-theory. Explicit calculations of the Seiberg—Witten
curves and the resulting one-instanton prepotential are presented. The remarkable regularities that
emerge are emphasized. In addition, we calculate the prepotential in the Coulomb phase of the
(asymptotically-free Sp(2N) gauge theory withV » fundamental hypermultiplets of arbitrary mass.
0 2000 Elsevier Science B.V. All rights reserved.

PACS:11.17+y; 11.30.Pb; 11.15.Tk
Keywords:Seiberg-Witten theory; M-theory; Supersymme®y(N) gauge field theorySQ(N) gauge field
theory; Sp(N) gauge field theory

1. Introduction

The study of V' = 2 supersymmetric gauge theories using the Seiberg—Witten (SW)
approach [1] to the low energy effective action is now more than five years old. During this
period the theory has undergone considerable development, from a variety of approaches.
One of the intriguing aspects of SW theory is the connection to integrable models, where
M-theory [2] provides one method of constructing the spectral curves of elliptic models.
(Another technique is geometric engineering [3—15].) Even though this aspect of elliptic
models has been extensively studied [16—20], there remain a number of open questions of
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some importance for these theories. In particular, except in certain special cases, the bridge
between the spectral curve of the elliptic model and the corresponding curve obtained from
an M-theory picture is still absent. This is one of the issues we consider in this paper, with
considerable progress, but not a complete resolution of all the issues.

One motivation for understanding the connection between the spectral curve and M-
theory picture is to present the instanton expansion of the prepotéhtalthe theory in
question. As explained in our previous papers in this series [21—-26], this will provide tests
of M-theory by means of comparison between our resultsHgdtantonwith the analogous
instanton prepotential obtained from the microscopic Lagramgj@i—37].

The breakthrough of Seiberg and Witten [1] was their formulation of the exact
solution of 4-dimensional/ = 2 supersymmetric gauge theories in terms of a low-energy
(Wilsonian) effective action accurate to two derivatives of the fields,

2
Lot =7 Im</ d* ”(A) /d29 Ty W; Wa,j)

dA;0A;
+ higher derlvatlve,s (1.1)

where A’ are N = 1 chiral superfieldsi(= 1 to rankg), F(A) is the holomorphic
prepotential, and¥’ is the gauge field strength. The holomorphic prepotential can be
expressed in terms of a perturbative piece and an infinite series of instanton contributions

F(A) = FelassicalA) + F1-loop(A) + Z LZd]:d-inst(A), (1.2)
d=1

whereL? = A1(@ -2 (R) with A the quantum scale (Wilson cutoff)(G) the Dynkin
index of the adjoint representation, ah@) the Dynkin index of a matter hypermultiplet
in representatio®. The one-loop contribution is given by perturbation theory:

. 2
Fi-loopla) = ﬁ Z (a '05)2|09<%>

aeA

N
Y @ wtm) Iog(w> , (1.3)

8 J WER; A

wherea ranges over the positive roots; of G, w runs over the weight vectors for a
hypermultiplet with massn; in the representatio® ;, anda; parametrizes the Cartan
subalgebra off. For models with zero beta function, the instanton expansion is in powers
of ¢ rather thanA, whereg = ¢27'* with 7 the coupling constant of the theory.

In order to compute the prepotential (1.2) using the Seiberg—Witten approach (for a
recent review, see [40]), one requires:

5 Slater [37] has calculate#fy-inst for N = 2 SU(N) gauge theory with one symmetric hypermultiplet avig
fundamental hypermultiplets using the microscopic Lagrangian. His result is in agreement with the predictions
of Refs. [22,23] obtained using the M-theory curve of Ref. [38,39]. This provides the first independent check of
the predictions obtained using hyperelliptic perturbation theory [21].
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(1) a suitable Riemann surface or algebraic curve, appropriate to the gauge group and
matter content of the theory, dependent on gauge invariant med(diguivalently
on the order parameteds) and the masses of the hypermultiplets;
(2) a preferred meromorphic 1-fori the SW differential;
(3) a canonical basis of homology cycle$;, Bx) on the surface.
These data allow the computation of period integrals:

2niak=¢ A, ZﬂiaD,ka A, (1.4)
Ak By

from which one may comput&(a) by integratingup x = %(:)

In this paper we will discuss the SW theory for all simple classical groypgth matter
hypermultiplets in the asymptotically free Coulomb phase, or in the Coulomb phase with
zero beta function. The discussion will be comprehensive in the sense that we will consider
all generic cases (i.e., of arbitrary ragikfor such models. The SW curves for these models
fall into three classes:

(a) hyperelliptic curves [41-60],

(b) cubic (nonhyperelliptic) curves [38,39]and

(c) curves of infinite order.

Our focus in this paper will be primarily on the last class of curves which correspond to
decompactified elliptic models. The M-theory pictures for elliptic models for theories with
vanishing beta function were given by Uranga [18]; those with simple classical groups are:

(1) SU(N) with two antisymmetric hypermultiplets and four fundamental hypermulti-

plets,

(2) SU(N) with an antisymmetric and a symmetric hypermultiplet,

(3) SU(N) with an adjoint hypermultiplet,

(4) SQN) with an adjoint hypermultiplet,

(5) Sp2N) with an adjoint hypermultiplet, and

(6) Sp2N) with an antisymmetric hypermultiplet and four fundamental hypermulti-

plets.

We will explicitly write down the curves (leading-order terms only) for these models,
and the resulting one-instanton prepotential. By sending the masses of some of the
fundamental hypermultiplets to infinity, we recover the curves for some additional models
in the Coulomb phase which also possess curves of infinite order.

A number of methods exist for extracting the instanton expansion from hyperelliptic
curves, with the method of asymptotic expansion [62—66] being the most useful for our
purposes. In Refs. [21-25], we have extended these ideas to cases (b) and (c), developing
methods for obtaining the instanton expansion for nonhyperelliptic SW curves, of finite
or infinite order. In this body of work, the order parametgremerges as the natural
variable for describing the instanton expansion, rather than the gauge invariant moduli.
See Ref. [26] for a review and more details.

6 The curve forlSU(N) + one antisymmetric representation was recently derived from an integrable model [61].
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In Section 2, we discusSp(2N) gauge theory withV, fundamental hypermultiplets
of arbitrary masses, resolving some issues that were left open by previous work [63].
In Section 3, we assemble the results for the one-instanton prepotential for models with
different groups and matter content, observing a remarkable empirical regularity among the
different cases. In Section 4, we summarize the M-theory pictures for the decompactified
elliptic models, from which we obtain the leading-order terms (defined in Section 4) of
the coefficient functions of the SW curves, using the geometry of NS 5-branes, D4-branes,
and O6" orientifold planes. How to compute subleading terms in elliptic models or their
decompactification is one of the open problems of this subject. Using these leading-order
curves, we compute the one-instanton prepotential for each theory. In Section 5, we show
thatthe SW curve obtained by Gukov and Kapustin [19Fb( V) with two antisymmetric
hypermultiplets (with equal masses) and four fundamental hypermultiplets, and the curve
obtained by Uranga [18] fdU(N) with an antisymmetric and a symmetric hypermultiplet
(with equal masses), are equivalent, after a change of variables, to the curves for those
theories derived in this paper, giving dramatic confirmation of our methods. Section 6 is
devoted to a consideration 8U(N) gauge theory with a massive adjoint hypermultiplet.
We explicitly exhibit the relation between the curve derived in this paper, the spectral
curve derived from the Calogero—Moser model by D’Hoker and Phong [66], and the curve
derived by Donagi and Witten [16,17] in the context of the integrable Hitchin system. We
close with conclusions and comments on open problems in Section 7.

2. Sp(2N) + Ny fundamentals

Although this paper primarily concerns elliptic models, we include this section on
Spi2N) gauge theory withNy fundamental hypermultiplets for completeness, even
though the SW curve is hyperelliptic. There are some unresolved issues when all the
hypermultiplets in the fundamental representation have nonzero masses [63], and we take
the opportunity to clarify these, particularly as the results are needed to complete our tables.

The SW curve forSp2N) gauge theory withV; < 2N + 2 hypermultiplets in the
fundamental representation is [38,39,63]:

N Ny Ny
y2 42y |:x21_[(x2 —e?) +iNrL? 1_[ ij| +L* l_[(xz - M,Z) =0, (2.1)
i=1 j=1 j=1

whereL? = A2N+2-N;y Writing the curve (2.1) as
y2+2Ay+ B =0, (2.2)
the SW differential is
A B
— M dx. (2.3)
V1—B/A?
Because of the — —x symmetry, and since the genus of the curve (2.1) exceeds the rank

of the group (and hence the number of independent moduli), not all period integrals are
relevant for the SW problem.
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The period integral is [63]:

"
Xk

2miay = 2/)\, (2.4)

Xk

as theA; cycles are taken to surround the cut joining the two branch-pai,j'itsThe
branch-cuts surrounding= ¢; go fromx,” to x,j, and abouk = —e¢; from —x,j' to —x, .
The By, cycle for the dual period is chosen to go frem,” to x,” on the first sheet, and its
counterpart on the second sheet. The dual period is given by [63]:
X
271iaD,k=2/ A (2.5)
7x1:

The relevant branch-points are located at

xF =ep + L[S (x5) ]2 — L2Ri (xf) + O(LY), (2.6)
where
Ny (2 2
o(xc—M;
Sk = — 1_[,_12( . ; ) —, 2.7)
x*(x +ag) ]_L-ik(x —a;°)
and
N T M
Ri(x) = o M (2.8)

x2(x 4 ap) [Ty (62 = a;?) '
The periods and dual periods are computed by asymptotic expansion, as in Refs. [62,66].
The period integral (2.4) yields
ar = ex — L*Ry(ex) + L*(3 Sk (ex) + 3 8k[Rk(ek)]2) +O(L®). (2.9)

Equation (2.9) differs from the periods f&U(N) [62] in that for SH2N) Sk (ax) does

not contribute to ordef.? (1-instanton). It will contribute to ordet* (2-instanton), as is
already clear from Eq. (2.6) and will be explicitly shown below. To one-instanton accuracy,
the dual periods are given by

8Lz Y
2riap j=2mi(ap i)classicart 271 (ap, k) 1-loop — e Z a;Ri(a;) + O(L4)- (2.10)
i=1

In order to integrate Eq. (2.10) to obtain the one-instanton prepotential, define the analytic
function:

Ny TNr

! fnl,':1 M;
X ]_LNzl(xz —a;2)

The sum of its residues vanishes, yielding:

F(x)= (2.11)



318 I.P. Ennes et al. / Nuclear Physics B 576 (2000) 313-346

5o+ L
2> aiRi(a;j)+ =0. (2.12)
i=1 1_[1 l( ai )
With the definition
Ny (.2 2 z
xc—M; S
S(x)= 41_1, 2 12)2 _ St (2.13)
X Hj:l(x —a;%) *
the identity (2.12) becomes
12 _
ZZa,R (@) + [S0(0)] (2.14)
i=1
Since
2[S0(01Y2 9
[So(0)] 2 3 (O)]l/Z (2.15)
ay 8a
Eq. (2.10) may be rewritten:
2riap = 2mi(ap, k)classicaH' 2mi(ap,i)1-loop
—2L2 50 O]+ 0(L%, (2.16)
which can be integrated to give
27i Frnst= —2[S0(0)] /%, with (2.17)
Ny
_ oM
[So(0)]"2 = iMr %’2 (2.18)
ni=1(—ai )

This result is entered in Table 2. A similar derivation applieSf2N) + adjoint (the
corresponding curve is given in Section 4.6), andSf2N) + 1 anti.+ Ny fund. (see
Section 4.7). The corresponding results are given in Table 2, with the relg&gangiven
in Table 1.

We can make several checks of our expressions (2.17) and (2.18). First of all, for pure
Sp2N) gauge theory, we have:

1
271 Freinst= —2(— DY ———, (2.19)

[Tit1ai?
which agrees with the results of Masuda and Suzuki, and Ito and Sasakura [67,68] up to an
overall constant, which can be reabsorbed with a redefinitiof. of
Next, we can compare our one-instanton predictiorSigg) without matter hypermul-
tiplets with the one-instanton result f&Q(5) without matter hypermultiplets as given
by [63,67,68]. The order parametersof Sp4) are related to the order parametgyof
SQ5) by the change of variables

ay=(d1+d2)/2, az = (d1—d2)/2. (2.20)

Inserting Eq. (2.20) into Eqg. (2.19) we find again perfect agreement (up to an overall
constant).
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We can also compare our result (2.17) 8x2) + N fundamental hypermultiplets with
that forSU(2) + N fundamentals as given, for example, in Ref. [62]:

A04

Aq, for Ny =0,

2mi Fa-inst= 2 (2.21)
%[aerMle], for Ny =2,
as[a®(M1+ M2 + M3) + MiMaMs], for Ny =3.

Again, we find agreement up to a multiplicative constant, and a moduli-independent
additive term.

At first glance, it appears that our result disagrees with the resuBg@unN) with N
fundamental hypermultiplets given in Ref. [63]. In Ref. [63], however, at least two of
the fundamental hypermultiplets had vanishing masses. In that case, Eq. (2.18) yields
[50(0)]2 = 0, and henceFi-inst = 0 from Eq. (2.17). Thus, for the particular case
of Sp2N) with at least two massless fundamental hypermultiplets, the first non-trivial
contribution to the instanton prepotentialAs-inst.

To make contact with the results in Ref. [63], we calculate the two-instanton contribution
to the prepotential following the method of Ref. [69]. The result is

N 23
e 1/0%So
21 Fo-inst = kE_l Sk (ax) + Z( 912 )x=0' (2-22)

Note thatS (a;) contributes to two instantons (as it depend<.8h as we had anticipated.
Further, from Eqg. (2.13), one may verify th%%)%(O) = 0 when two or more of the
hypermultiplets are massless, so the only contribution to the two-instanton prepotential
will be the first term in Eq. (2.22), in complete agreement with [63].

For generic values of the masses of the matter hypermultiplets, we can check our
two-instanton result foSp2) against the two-instanton result f&U(2), given by the
expressions [62]:

5 8
s, for Ny =0,
6
S5 [5MZ — 3a?], for Ny =1,
2mi Forinst= | AL [a* - 3a2(M? + M) + 5MZMZ], for Ny =2, (2.23)

A3 16, Alng2 2 2 20012 1s2 2172 2172
—21036[“ +a*(MZ + M3 + M3) — 3a?(MZM5 + MEM% + MZM3)

+5M2ZMZM3), for Ny =3.

Our results (2.22) agree with Eq. (2.23) up to an overall constant.XfFee 3 there is a
moduli-independent additive constant as well.)
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Finally, we can compare our two-instanton prediction (2.22)Spi) without matter
hypermultiplets with the two-instanton result f&Q5) obtained using the method of
Ref. [69]. Using the change of variables (2.20) we again find agreefent.

3. Universality

By examiningF1-inst Obtained for all generic cases of classical groups in the Coulomb
phase, one finds that the results may be summarized succinctly in terms of a master
functionS(x) for each case, as we have emphasized previously [25,26]. These functions are
collected for each theory in Table 1. (The new results in this table are from Sections 2 and 4
of this paper.)

Given S(x), one defines residue functiods(x) and S,,(x) at the quadratic poles of
S(x) by

S Sm
Sty = —8 Sl (3.1)
@ =a®™  (x+zm)
If S(x) has a quartic pole at=0, one defines:
S X)
S(x) = 2(4 . (3.2)
In many cases [22,23,62,63,66], the one-instanton prepotential is given by
N
2i Freinst= ) _ Sk(ax), (3.3)

k=1
while for models containing one antisymmetric representatio8dfN) [21,23] or the
adjoint representation @Q(N), the one-instanton prepotential is

N
21i Freinst= ) _ Sk(ax) — 25 (=3 m), (3.4)
k=1
and for models containing two antisymmetric representatiol® V) [25], it is

2n1f1_|nst—ZSk(ak) ZSml( 2m1) 2Sm2(—%m2). (3.5)
k=1

Finally, for Sp2N) with various matter content, the one-instanton prepotential is
. G 1/2
271 Feinst = —2[S0(0)] 2. (3.6)
These results are summarized in Table 2.

7Apparently, there is a misprint in Eq. (3.9) for the two-instanton prepotentiab@w) in Ref. [63]. The
correct expression appears to be:

N 02
S, S, N S, 1 045,
]:z_mstcxz x(ax)S;(ay) Z % (ax)S;(ay) +ZZSk(ak) a)]:éX) (2.24)
k=1

P iCS —ap? 4T (g +ap)? x=ay
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Table 1
Hypermultiplet representations S(x)
Ny
SU(N) + N fund. (M) [Tjz &+ M)
(N <2N) (Ref. [62]) l‘[[{‘lzl(x —a;)2
2
SU(N) + 1 sym (m) (—l)N<x+ %m) ]_[iNzl(x—{—a,- +m) ]_[;-Vil(x—l—Mj)
+ N fund. (M) N 5
(Nf <N =2) (Ref. [22,23]) [lizax —ai)

SU) + Lanti (m) OV T G+ +m) [Ty 4 M)
+ Ny fund. (M) = ‘

(N; <N +2) (Ref. [21,23)) (x+ %m)znf’zl(x —a;)?

SU(N) + 2 anti (m1q, mp)
+ Ny fund. (M)

N
H,Nzl(x +a; +mq) ]_[fvzl(x +a; +mp) ]_[jil(x + M)

2 2
(Ny < 4) (Ref. [25]) (x + %ml) (x + %mz) ]_[iNzl(x —a;)?
2
SU(N) + 1 anti (m1) (x + %mz) iNzl(x +a; +mq) ]_[iNzl(x +a; +mo)
1 2
+ 1 sym (mp) (x n %ml) H,N=1(x a2
N N2 2
SU(N) + adjoint (Ref. [66]) Hi=1[]\(,x ai)” = m1
l_[,'=1(x - ﬂi)z
N
SQ2N) + Ny fund. L2 - M)
(N <2N —2) (Ref. [63]) HN—]_(XZ _02)2
AN [ —m)? — a2 TN 2_ 2
SQ(2N) + adjoint izl zm) 4 ]I;I,=1[(x )l
(x+ lm) (x - lm) T, (62 — a?)2
2 2 i=1 i
N.
SQ@2N + 1) + N fund 2L 62— M)
(Nf < 2N —1) (Ref. [63]) {\l_l(x2 _ a2)2

2 - N —m)2 =TV 2_42
SQ(2N + 1) + adjoint o Am& —m) l—11;1[(x m) 5 4 ]1_[1=1[(x +m) 4 |
(x + %m) (x - %m) ]_[f-vzl(x2 - ai2)2
N
SP2N) + N s fund, [Tj226% - M)
(Nf <2N +2) x4 ]_LN:]_(XZ _ ai2)2
2 2
(x + %m) (x - %m) l_[,'N:]_[(x —m)2— al-z] H,N:l[(x +m)2— al-z]

N
x4 Hi:l(xz _ 02)2

i

Sp(2N) + adjoint

N
Sp2N) + Lanti+ Ny fund  [Tiealer —m)? = aP 1T [0 +m)2 = aP1[T; 2 0% - M)

(Nr <% x4<X+%m)2<x_%m)znf'vzl(xz—“iz)z
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Table 2
Fr-inst for different groups and matter content

Group Matter content

271 Freinst= Y_n—1 Sk (ax)

SU(N) Ny fund. (Nf < 2N)
lsym. + Ny fund. Wy <N —2)
Adjoint

SQ(2N) Ny fund. (Nf <2N -2)

SQ2N +1) Ny fund. (N <2N - 1)

271 Fieinst= Y_p_1 Sk (ax) — 2Sm, (—% ml)

SU(N) lanti. gny) + Ny fund. Ny <N +2)
1 anti. (n1) + 1 sym. (n)

SQ2N) Adjoint (m1)

SQ2N +1) Adjoint (m1)

27 Finst= LA Se(@) = 25my (=3 m1) = 28, (=3 m2)
SU(N) 2 anti. ny,m2) + Ny fund. (N p < 4)
21 Freinst= —2[Sp(0)]"/?
Sp(2N) Ny fund. (Np < 2N +2)
Adjoint
lanti. + Ny fund. (N < 4)

An examination of Table 1 leads to empirical rules for construcfifig), whereS(x)
is given as the product of factors, each corresponding to a diffédfeat2 multiplet in a
given representation of a classical group. These rules for the factors that méke) gye
given in Table 3, which contains some new results, obtained in Sections 2 and 4 of this
paper.

By examining Table 3, one observes that certain pairs of (mass-deformed) elliptic
models have identicaf(x), and therefore identicaFi-inst, for suitable choices of mass
parameters and moduli. These equivalences are presented in Table 4. In each of the cases,
one may verify thatF1-100p is also identical for both side%.FinaIIy, one can verify that
the curves are identical on both sides of the first line of the table, and that the leading-
order terms (see Section 4) of the curves are identical on both sides of the remaining
lines of the table. Since it is very plausible thtr) determines the complete instanton
expansion for a theory, we claim that Table 4 likely represents pairs of theories with
identical prepotentials.

8 This has been previously observed for the third entry of the table in Ref. [70].
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Table 3
Factors ofS(x)

323

Group Representation Factor $fx)
SU(N) Gauge multiplet =
H,N:]_(x - ﬂi)z
Ny
Ny fundamental ¥ ;) H(x + Mj)
j=1

Symmetric (1)
Antisymmetric (n)
Adjoint (m)

SQ2N) Gauge multiplet

Ny fundamental #/ ;)

Adjoint (m)

SQ2N +1) Gauge multiplet

Ny fundamental #/ ;)

Adjoint (m)

Sp2N) Gauge multiplet

Ny fundamental #/ ;)

N
(—1)N(x+ %m)zl_[(x—f—ai +m)
i=1

:N
(—1)N(x + %m)fz [[e+ai+m)
i=1

N
[Tt —an?=m?
i=1

x4

N
T2 (2~ aiz)z

Ny
[Te®=wmp)
j=1

[TV L6+m)2 — aA TN [ —m)2 —a

(v 3m) (v~ 4m)°

2

N
[T/L1 (2 —ad)?

Ny 2 22
Hj:]_(x Mj)

G+ m)(x —m) [T 16+ m)2 — a1 TIN 1 [ —m)2 —a

2

i

2 2
(x—l—%m) (x— %m)
1
WAL (2 — af)?

Ny
[Te®=wmp)
j=1

N N
Adjoint (m) (x + %m>2<x - %m)z l_[[(x + m)2 - giz] H[(x - m)2 _ al-z]
i=1 i=1

Antisymmetric (n)

[T7Lal0c+m)? — a1 [T 10— m)? — af]

(v 3m) (v~ 4m)°
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Table 4
Table of equivalences (froifi(x))

SU(N) + 1 sym + 1 anti. SU(N) + 2 anti + 4 fund.
(m, m) (m,m)—l—(%m,%m,%m, %m)

Valid for all moduli
Also verified using elliptic curves (Refs. [18,19]) (see Section 5)

SQ(2N) + adjoint Sp2N) + 1 anti.+ 4 fund.
(m) (m)+(0,0,0,0)
Valid for all moduli
Sp(2N) + adjoint Sp2N) + 1 anti+ 4 fund.
(m) (m)+(%m%m%m%m>
Valid for all moduli
SU(2N) + 2 anti.+ 4 fund. SQ(2N) + adjoint
(m,—m)+(0,0,0,0) (m)
Moduli: aq, ay, ..., ay,—ay, —az, ..., —ay Moduli: aq, ay, ..., ay
SU(2N) + 2 anti.+ 4 fund. Sp2N) + 1 anti.+ 4 fund.
(mv_m)—’_(Mlv MZ’ _Mlv_MZ) (m)+(Ml’ MZ’O’O)

Same relations for moduli as in the previous case

4. Curves for decompactified elliptic models

In Sections 4 and 5 of Ref. [25], we reverse-engineered a curve€ fer2 SU(N) gauge
theory with two hypermultiplets in the antisymmetric representation/dpc< 4 hyper-
multiplets in the fundamental representation using the regularities of the fun$tion
observed in Section 3 of this paper. This curve can be regarded as the decompactification
of an elliptic model with zero beta function, having two hypermultiplets in the antisymmet-
ric representation and four fundamental hypermultiplets, with the mass of one or more of
the fundamental representations sent to infinity. The resulting SW curve remains of infinite
order in this limit.

A number of V' = 2 theories with simple classical gauge groups can be understood
as decompactifications of elliptic models. (By decompactification, we mean that the
curve is formulated on the covering space of the circular base space of the elliptic
model.) The M-theory description for these theories has been considered by Uranga [18],
but only for those with zero beta function. The “basic cell” for these models (except
for SU(N) with an adjoint hypermultiplet) contains two O6 planes (with the same or
opposite charges depending on the group and matter content), together with one or
two NS 5-branes, and a number of D4-branes and (possibly) D6-branes. (We use the
language of type IlA theory, which is then considered to be lifted to M-theory.) In the
most cases, no explicit curve, suitable for studying the instanton expansion, has been
previously presented (except fBIJ(N) with a massive adjoint hypermultiplet, for which
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the prepotential was calculated in Ref. [66]). In this section, we present curves and the
resulting prepotentials for those theories obtained as decompactifications of the elliptic
models discussed in [18].

The curve for a decompactified elliptic model has the form

o0
3 L Jux) Pa(x) 1" =0, (4.1)
n=—oQ
wherer = exg—(xe + ix10)/R], x = x4 + ix5, andr = 1 (r = 2) if there are two (one)
NS 5-branes per unit cell. The coefficient functiahgx) and J, (x) themselves have (in
principle) expansions i.:

Pa(0) = Pa@® | agingt O(L%):  Ja() = 1 (@) gaging+ O(L)- (4.2)

The leading-order terms iR, (x) are determined by the positions of the D4-branes (i.e.,
moduli of the gauge theory) and the positions of the orientifold planes (i.e., masses
of hypermultiplets in two-index representations of the gauge group), while the leading-
order terms of/, (x) are associated with the positions of the D6-branes (i.e., masses of
fundamental representations), if present. We have not been able to uniquely determine the
subleading terms in Eq. (4.2).

The M-theory pictures corresponding to elliptic models with zero beta function are
periodic in both thexg and x1g directions. If we letz parameterize the torus with the
identificationsz = z + 2w1 = z + 2wo, thent = €% with g = —im/wi. The shiftz —
7+ 2wy (ort — e~ 1) corresponds to a translation by R in thex1o direction. The shift
z— 7+ 2wy (ort — ¢ ~t), whereg = ¢%*'* andt = wy/w1, corresponds to a translation
in the xg direction (accompanied by a translationaifp if Ret # 0). The curves (4.1)
derived from these pictures would likewise be expected to be doubly periodic (up to a
shift in x). Periodicity in thex1g direction is automatic, but periodicity in the direction
requires thal be replaced by /4, so (4.1) becomes

o
S g e () Pax) =0, (4.3)
n=—oo
for theories with zero beta function. It further requires thatx) andJ, (x) possess certain
symmetry properties. If there are two NS 5-branes per unit cell (as is the case $wJ(tNeg
theories with symmetric or antisymmetric hypermultiplets that we consider), then

Pn+2£(x)=Pn(x_£A)a Jn+2€(x)=Jn(x_£A)a (44)

implies that the curves (4.1) and (4.3), with= 1, are invariant under— L= (or z —
z+ 2wp) andx — x + A (where A is the “global mass”, the relative mass of the two
hypermultiplets in two-index representationsSi(N)). If there is only one NS 5-brane
per unit cell (as in all thesQN) and Sp2N) theories that we consider, or ti8J(N)
theory with a massive adjoint hypermultiplet), then

Piye(x) = P,(x — Lm), Jnge(x) = Jp(x — Lm), (4.5)
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guarantees that the curves (4.1) and (4.3), with 2, are invariant under — tL=* (or
z — z + 2wp) andx — x + m (wherem is the global mass, the mass of the adjoint or
antisymmetric hypermultiplet).

The factors in the leading terms &f,(x) and J,(x) correspond not only to the D4-
branes which depend on the moduli, but also to the semiinfinite “nondynamical” D4-
branes associated with the O6 planes and D6-branes [18,71]. The placement of these
nondynamical D4-branes is not unique, because they can extend either to the left or the
right of the O6 plane or D6-brane. Different choices correspond precisely to different
parameterizations of the curve— ¢/ G(x), whereG(x) is a rational function ofc and
positions of O6 planes and D6-branes. The symmetries (4.4) or (4.5) will not be present
unless the nondynamical D4-branes are distributed symmetrically to the left and the right.
In this paper, therefore, we will always choose a parametrization of the curves that respects
these symmetries, so that the invariance of the curve under translatian@agether with
a shift inx) will be manifest.

To determine the prepotential to 1-instanton accuracy, it is sufficient [24,25] to consider
only the quartic truncation of the curve (4.1):

LY Jo(x) Pa(x)t? + L J1(x) P1(x)t + Jo(x) Po(x)
1 1
+ L7 J_1(x)P_1(x) —+ LY J_o(x)P_o(x) = 0. (4.6)

The prepotential for the decompactified elliptic models may then be obtained by calculating
the period integrals; andap x from the curve (4.1), and then integratiog x = 9.F/9ay.
Applying residue methods [62] and hyperelliptic perturbation theory [21-25] to the quartic
truncation (4.6), one obtain$:

F(A) = FelassicalA) + Fi-loop(A) + L Freinst(A), 4.7)

where F1-inst(A) is given by either of Egs. (3.3)—(3.6). In each case, the fundfian is
given by

_J1(x)J_1(x) Pr(x) P_1(x)
N JE(x) PZ(x) leading
where only the leading-order terms Bf (x) and J,,(x) are used in defining(x). If there
are no D6-branes in the model, the factorg/pfx) are absent in (4.8). The (L*) terms
in (4.6) are essential in obtaining the one-instanton prepotential, which involves a delicate
cancellation [21] between these terms and the subleading terms:in. This cancellation
places constraints on the form of these subleading terms, but does not necessarily uniquely
determine them.

In the rest of this section, we present results for each of several models, giving in each
case:

(a) afigure containing the M-theory picture of the model;

(b) the leading-orderterms of the coefficient functiéhgx) andJ, (x), i.e., those terms

with the lowest power ir. or ¢ for a givenn;

S(x)

(4.8)

9 For theSp(N) theories, however, the one instanton prepotential is proportioria?,tootLZ’".
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(c) the infinite curve for each model (with leading-order coefficients only);
(d) the functionS(x) calculated from each curve;

(e) the one-instanton contribution to the prepotential;

(f) various checks on the proposed curve and prepotential.

4.1. SU{) + 2 antisymmetrie+ N fundamentals

ConsiderSU(N) gauge theory with two matter hypermultiplets (masagsand m>)
in the antisymmetric representation, aNg matter hypermultiplets (massés;) in the
fundamental (defining) representation. The M-theory picture for this case, represented in
Fig. 1, contains an infinite chain of NS 5-branes, with anm @é&ne coincident with each
one. Between each pair of consecutive 5-branes ther¥ &4-branes andv, D6-branes.

The curve for this theory is given by Eq. (4.1), with= 1. A particular parametrization
for the functionsP, (x) and J,(x) was given in Ref. [25]. In this paper, as discussed
above, we choose a different parametrization, one in whictPilie) and J, (x) have the
symmetries

Ppy20(x) = Pa(x —£4), Jnt2e(x) = Ju(x — £4), (4.1.1)

wherem = %(ml + m3y) andA = m1 — m2. In this parametrization, the curve becomes

3 L7 Jo(x — $nA) Po(x — sna)

n even
+ 3 L (x— 20— DAY Py(x — 3 — D A) =0, (4.1.2)
n odd
with
O ® ® ®
_btaitmy)
fe+may—gmi) § 06~
T A O
R I o+ aitm)
@+3m) Ot
b Crm-M) | o
(&+m1—3my)
1
@aitmi—my)
Py Py P Py Py

Fig. 1.
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Ny oo
Jo) =TT TT(bx+ 3m + 07 (4; ~ 3m) = 3 pa]
j=1p=1
1 1 1 r/2
x[x+Fm+ (D (M; = Fm)+Fpa])", (4.1.3)
and with the leading term (if) of Py(x) given by
00 —2p N
o) =T([x+3m+3(p = Hallr+3m—3(p—-H)4]) " [[ex—an.
= = 414
Using the involution symmetry in the O6plane atx = —% my2, one obtains:
Pi(x)=Po(—x —m+34),  Ji(x)=Jo(—x —m+ 3 A). (4.1.5)

For Ny =4, the beta function vanishes, so the curve for this model is (4.3),wtH.

When the masses of the hypermultiplets satisfy=m» =2M; (j =1, ...,4), the curve
becomes:

N N
0=y g AP ICEEDY " AePrz(— )N [T +ai+m)

n even i=1 n odd i=1

N N
Z Z
- 93(w—1 2r> E(x —a)+ 92(0)—1‘21’)(—1)1\] E(x +a; +m), (4.1.6)

with no subleading terms, wher® and 63 are Jacobi theta functions (5.1.12). The
curve (4.1.6) is manifestly invariant under> z + 2w>.

Using Eq. (4.8), we find:
$x) ]_[,]-V:l(x +a; +m1) ]_[,]-V:l(x + a; +mo) ]_[]/.V":fl(x +M;) 41.7)
X) = . s A
(x+ 3ma)*(x + 3m2) T 0r — a)?

in agreement with the empirical rules given in Table 3. The forn§@f) is independent

of the parametrization used fat, (x) and J,(x). The one-instanton contribution to the
prepotential is [25]

N
271 Freinst= Y _ Sk(ax) — 28y (—3m1) — 2Suy(—3m2),  where (4.1.8)
k=1

St [Tk + ag +m) [Ty (a + ai +m2) [12y (ax + M)
k\ak) = )
(ar + %ml)z(ak + %mz)zﬂf\;k(ak —a;)?
N
S, (—%ml) _ HiN=l(ai +m2— %ml) Hjil(Mj - %ml)
(3m2— 3m1)*TTa (@ + 3 ma)
N
. [T (@i +may— 3m2) TT;2,(M; — 3 m2)
sz(_sz) = 1 1 2 =N 1 . (419)
(zm1—zm2) Tliza(ai + 3 me)
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Various checks of this result were made in Ref. [25]. (In Ref. [25], the masses of the
antisymmetric hypermultiplets were defined to bei2and 2n; rather thanny andmo,
and the definition of (x) differed by a factor of 4.)

4.2. SUE) + 1 antisymmetriet 1 symmetric

Consider SU(N) gauge theory with one matter hypermultiplet (massg) in the
antisymmetric representation, and one (mas$ in the symmetric representation. The
corresponding M-theory picture, represented in Fig. 2, contains@dnes (related to the
symmetric hypermultiplet) coincident with the even NS 5-branes, and@dhes (related
to the antisymmetric hypermultiplet) coincident with the odd NS 5-branes.

Choosing the parametrization of the coefficient functions of the curve to have the
properties (4.4), the curve (4.3) for this theory takes the form:

> g Rofx — na) + 3 g (e~ fn - DA) =0, (42.)

n even n odd

where the leading term dfg(x) is

2
Sl x+im+i-nr(p-1L)a P
mu)sz = 2 ( ? rkx—mL (4.2.2)
sl X Hzm—3(=Dr(p—3)A] )
and, using the involution property,
Pi(x) = Po(—x —m + 1 A), (4.2.3)

with m = % (m1+ m2) andA = m1 — mp. The curve (4.2.1) is manifestly invariant under
7 — 7 + 2wy together withe — x + A.

O V) S @
_etaitmy) |
w+ma— %ml) 06~
C—aitmg—m) | 06+
(C
| btaitmy) |
e+ im)pO%
IR EEEE
06t
(z—i—ml—%mQ)
.’IJT—W
(e—aitmi—my
Py Py P Py P,

Fig. 2.
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It may be verified that in thei, — oo (m1 — o00) limit, the curve (4.2.1) reduces to
the curve (leading-order coefficients only) ®U(N) with one antisymmetric (Ssymmetric)
hypermultiplet [38,39].

In the casen; = mpy, i.e., zero global masa, the subleading terms a#,(x) vanish
(the effects of the orientifolds of opposite charge cancel, as they are located at the same
position in thex plane), and the curve (4.2.1) reduces to Eq. (4.1.6), which, surprisingly,
also describeSU(N) with two antisymmetric hypermultiplets (massas andmy) and
four fundamental hypermultiplets (mass®s), with m1 =m» = 2M ;. (See Section 5 for
more details.)

Using Eq. (4.8), we obtain:

2
_ (x+35m2) [T+ a +m) [Ty (x + ai +m2)

S(x)= > (4.2.4)
(x +3m1) TTiss(x —a)?
The one-instanton contribution to the prepotential is given by
N
27i Freinst= Y Sk(ax) — 28y (—3m1).  with (4.2.5)
k=1
(ak + %mz)zl_[fv:l(ak +a; +my) ]_[,N:l(ak +a; +mo)
Sk(ak) = =T ,
(ax + 3m1)" [Tisa (ax — ai)?
S L (4.2.6)
(m1—m2)[[j_q(ai +m2—5m1
S~ m) = ol + 2 5

ATTile(ai + 3 ma)

We can test the expression (4.2.5) in two particular casesSB@), we can compare
our results against those f8U(2) + adjoint, as given in Egs. (4.3.5) and (4.3.6). Setting
m2 = m in (4.2.6), withm the mass of the adjoint hypermultiplet, ang + a2 =0,
we find that both expressions agree up to a moduli independent additive constant. For
SU(3), we can compare the prepotential (4.2.5) against th&gf#B) with one symmetric
representation and one fundamental representation [23], finding agreement (after setting
a1+ apz +az=0andmi = —m ) up to a moduli independent additive constant.

4.3. SU() + adjoint

ConsiderSU(N) gauge theory with a matter hypermultiplet (mas}y in the adjoint
representation. This is an elliptic model which can be described in terms of the M-theory
picture in Fig. 3a. In this figure, there ahe D4-branes suspended between a single NS
5-brane with a periodicity im, but with a shift inx of m (the global mass) for each circuit
of . The covering space of th# (ther-variable) is shown in Fig. 3b.

The coefficient functions (which have no subleading terms) are:

N
Po(x)zl_[(x —aj), P, (x) = Po(x —nm), (4.3.2)
i=1
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T~ D4
{ )
m /
NS5 t-periodic
@
@ —a;+3m)
z @—a;+2m) -
e-aitm) -
i) e—a)
e—a—2m) | — T
P Py Py Py P, P
__ .t (covering of S)
(b)
Fig. 3.
so the curve (4.3), with = 2, becomes
, N
Zq” /2P l_[(x —a; —nm) =0. (4.3.2)

n i=1

This is manifestly invariant under— z + 2wy together withx — x + m. Shiftingz —
7+ w1+ w2, EQ. (4.3.2) becomes identical to the result of D’Hoker and Phong [66],

N
2:(—1)’1t1"("_1)/26‘ﬂ’1Z l_[(x —a; —nm) =0. (4.3.3)
n i=1

In Section 6, we show its relation to the curve of Donagi and Witten [16] for this theory.
Using Eq. (4.8), we obtain:

[Tl — a)? = m?)

Sx) = 4.3.4
[Ty — a2 (@349
The one-instanton contribution to the prepotential is given by [66]
N
27i Fi-inst= Y _ Sk(a), where (4.3.5)
k=1
N N2 2
St (ap) = Uizl = a)” = m] (4.3.6)

l_[f\;k (ar — a;)?

No subtraction is required in Eq. (4.3.5), as there are no spurious singularities to remove
from >_, Sk(ax). This fact is related to the absence of subleading terms.
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4.4. SO(2V) + adjoint

ConsiderSQ2N) gauge theory with a matter hypermultiplet (masgsin the adjoint
representation. The corresponding M-theory picture (Fig. 4) containsples on top
of each NS 5-brane, O6planes between each pair of NS 5-branes, and D4-branes. There
are additional four-branes in mirror positions with respect to thé @éentifolds that are
notrepresented in the figure.

In this theory, the unit cell contains only one NS 5-brane, so the parametrization of the
coefficient functions of the curve are chosen to respect

Pyte(x) = Pp(x — €m). (4.4.1)
With this, the curve (4.3) becomes
> 2
> q" %P Po(x — nm) =0, (4.4.2)

n=—oo

where the leading term dfy(x) is given by

- @ + pm)(x — pm) S L
Po(x) = x“—ar|. (4.4.3)
oo = (o) 116

The curve (4.4.2) is manifestly invariant under> z 4+ 2w andx — x + m.
There are several decoupling limits [72] that can be considered to check Eq. (4.4.2).
(i) Let

1 N
xo= > i (4.4.4)
i=1
© @ ® @
o6+ __kmmta)
@-2m ®
-3 06~
emm 06+
__________ ®
omamm (gﬁ_m)(x_lm) 06~ +
’ o | brmia___|
T
e+im POO g
@—ay) @ +m) 06
@+3m) (olin
®
@+2m)
eHmoa)
Py P Py Py P,

Fig. 4.
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be the average position of the D4-branes in a single cell which lie above the 06
inside that cell. Then change variables

X — x + xp, a; — a; + xo, (4.4.5)

and letxg — oo. After taking these limits in Eq. (4.4.2), the final curve coincides
with the one for\VV = 4 SU(N) + adjoint.
(i) There is another decoupling limit we can consider. If we take

qg— 0(t —> io0), m — 00, Abozqmb0 fixed;
bg=4N1 — 2No — 4, N1+ N2=N, (4.4.6)

we obtain the curve correspondingt6= 2 SQ2N1) + N2 fundamentals.
Using Eq. (4.8), we obtain:

AT = m)? — a1 TT[(x +m)? — a?)

S(x) = (4.4.7)
(x+ 5m)*(x = %m)zn,:l(x —a?)?
The one-instanton contribution to the prepotential is given by
N
2i Freinst= ) _ Sk(ax) —2Sn(—3m), with (4.4.8)
k=1
21_[ [(ax —m)? — 2]]_[ (ak—i-m)z—az]
Sk(ak) = 5 RV 5
Mag + 1m) (ax — 3 m) ]_[l-#k(ak —a?)? .49
m2 _ 2 S
Su(— ) = T LLalir )
161_[,':1(21 —af)

We can compare our result f&Q2N) with a massive adjoint hypermultiplet with that
of Minahan et al. [73], who obtained a mass expansiorfigétanton USINg a conjectured
recursion relation foSQ2N) plus adjoint. Expanding Egs. (4.4.8) and (4.4.9) in powers
of m, we find the first moduli-dependent contribution to be

271 F1-inst = 4m Z Z

k=1 j£k (ak
This coincides with Eq. (4.7) of Ref. [73], identifying their with our ai.

We can make a further check of our proposed expression (4.4.8) by comparing the result
for SQ(6) with that for SU(4). The one-instanton prepotential f8tJ(4) with a massive
adjoint hypermultiplet is given by Eq. (4.3.5) with modufj, k = 1, ..., 4, restricted by
Zle a; = 0. This constraint allows us to eliminaig. Using the change of variables

%2 +0(m®). (4.4.10)

a1 =aj +ajy, az =ay+ag, az=aj +as, (4.4.11)

whereq; are the moduli ofSQ(6), we find that the one-instanton prepotentials (4.3.5)
and (4.4.8) agree, up to a moduli-independent additive constant.

To construct our curve, we have used the M-theory picture suggested by Uranga [18]
in terms of O6" planes. Yokono [72] has constructed curvesS&2N) using orientifold
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four-planes instead of G6planes. His curves, while satisfying the correct decoupling lim-
its (i) and (ii) above, differ from ours. Although the curves in Ref. [72] have a smooth
limit whenm — 0, the brane configuration from which it is constructed is not consistent
in this limit. Whenm = 0, the four-branes must change their charge when crossing an
NS 5-brane [74], but this is not the case for the M-theory picture in Ref. [72]. (The same
comments apply to the curves proposedS$@2N) + adjoint andSQ2N + 1) + adjoint

in Ref. [72].) Moreover, the one-loop prepotential derived from Yokono’s curves disagrees
with the perturbation theory result, and the one-instanton prepotenti@d@) with mas-

sive adjoint calculated from his curve conflicts with that &d(4) with massive adjoint.

4.5. SO(2V + 1)+ adjoint

ConsidelSQ2N + 1) gauge theory with a matter hypermultiplet (masgsn the adjoint
representation. The M-theory picture in Fig. 5 is similar to the one fo(280Q with
adjoint hypermultiplet with the following difference: there is an additional four-brane
whose position is fixed at the O6éplane in each cell [18]. As in last sections, there are
additional four-branes at mirror positions that are not included in the figure.

As before, the parametrization is chosen to obey (4.4.1) so the curve becomes

anz/zeﬂnz Po(x _ nm) — O’ (451)

n

with the leading term oPy(x) given by

Po(x) = lo—o[[ (x 4+ pm)(x — pm) Tpxﬁ[xz_a_z] (4.5.2)
sl +(p=g)m)x—(p—3)m)] 3 ’
() () ® @
(&—2m) 06+ _ mmta)
- - - = ® _____
(z—%m) 06~ o6+
@—2m—a) (ﬂﬁ—m)(x_%m) 06~ o | eimig) |
- _ar:@ _____
+3m PO g
T eEm
ECET R, ez P o
e - ®@= == ——
@+2m)
_et2m-a)
Py P Py Py P,

Fig. 5.
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As in Section 4.4, there are several decoupling limits that can be considered to check

Eq. (4.5.1).
(i) This limit works exactly as in Section 4.4, to yield the curve /dr= 4 SU(N) +
adjoint.
(i) If we take
qg—0(t > i), m — 00, Ab":qmb0 fixed;
bog=4N1 — 2No — 2, N1+ N2=N, (4.5.3)

the resulting curve agrees with the one 8®(2N1 + 1) + N, fundamentals. (We
disagree with the curve proposed in Ref. [72], for reasons discussed in Section 4.4.)
From (4.8), we find:

Cx2m) e —m) [T [ — m)? — a2 TTL4[(x + m)? — a?)

S(x) = i L. (45.4)
(x+ Fm)*(x = Fm) [Ty (% —aP)?
The one-instanton contribution to the prepotential is given by

N

2i Freinst= ) _, Sk(ax) = 2Sn(—3m), with (4.5.5)
k=1

Seap) = @ m@E—m) [T4l(ax —m)® — a1 [T} 4 [ax +m)? — a?]
o+ i) (o= i) TG b
—3m?[I (9m? — a?) -
1 i=1\4 i
Sn(—zm) =

16[ ;L4 (32 — af)
In the case 065Q(5), we will be able to test Eq. (4.5.5) against the result we will obtain in
the next subsection f@p4) with a massive adjoint hypermultiplet.

4.6. Sp(&V) + adjoint

ConsiderSp2N) gauge theory with a matter hypermultiplet (masysin the adjoint
representation. The corresponding M-theory picture (Fig. 6) contairisgl#hes on top
of each NS 5-brane, O6planes between each pair of NS 5-branes, and D4-branes. As in
the previous section, there are additional four-branes at mirror symmetric positions with
respect to the O6 orientifolds that are not exhibited in Fig. 6 for clarity.

Choosing the coefficient functions to obey (4.4.1), the curve for this theory becomes:

anz/ZeﬁnzPO(x —nm) =0, (4.6.1)
n

where the leading term dfy(x) is

Po(x) = ﬁ[(x +(p— %)m)(x —(r- %)m)jrplﬁ[[xz _ ai2]~ (4.6.2)

] (x + pm)(x — pm)

Notice that the nondynamical factors of (4.6.2) are the inverse of those in (4.4.3). The
curve (4.6.1) is manifestly invariant under> z 4+ 2w andx — x + m.
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) ) ® ()
@—m+a)
06— [T - T~
@-2m ®
_3 06+
ez 06~
__________ ®
e e 1 o
’ o _Gtmia)
x
+
e+im OO g
@—ay) @ +m) o6+
@+3m) 06~
®
@+2m)
etm-a)
Py P Py Py P,
Fig. 6.

As in Section 4.4, we can consider some decoupling limits to check Eq. (4.6.1).
(i) This limitis again the same as in Section 4.4.
(i) If we consider

qg—0(t > ic0), m — 00, AbO:qmbO fixed;
bo=4N1 — 2N> + 4, N1+ No>=N, (4.6.3)
the curve we obtain agrees with the one corresponding’te 2 Sp2N1) + N>
fundamentals, as it should. (We disagree with the curve proposed in Ref. [72], for
the reasons given in Section 4.4.)
From (4.8), we obtain:
2 2
(r+ 3m)"(xr = 3m) Tl —m)® = af T[40+ m)? — a7
x41'[fv=1(x2 - aiz)z
Using the methods of Section 2 of this paper, one obtains the following one-instanton
contribution to the prepotential:

S(x) = . (4.6.49)

27i Fiinst= —2[S0(0)] /%, where (4.6.5)

(_m2)2 l_[iN:l(mz _ ai2)2
16[TLa(—ai??
We can check Egs. (4.6.5) and (4.6.6) by specializin®p2) and comparing with
SU(2) plus adjoint hypermultiplet with mass. The corresponding prepotentials agree up
to a rescaling and a moduli-independent additive constant. We can also test Egs. (4.6.5)
and (4.6.6) folSp4) with a massive adjoint hypermultiplet against Egs. (4.5.5) and (4.5.6)
for SQO5) with a massive adjoint hypermultiplet. Using the change of variables (2.20)

So(0) = (4.6.6)
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relating the moduli oSQ(5) andSp4), one can show that the two results agree up to a
rescaling, and a moduli-independent additive constant. This is actually a consistency check
of our methods rather than a truly independent test.

4.7. Sp(2V) + 1 antisymmetrie- Ny fundamentals

ConsiderSp2N) gauge theory with a matter hypermultiplet (masggin the antisym-
metric representation, ard, < 4 matter hypermultiplets (massgs;) in the fundamental
representation. The M-theory picture in Fig. 7 contains Qianes on top of each NS
5-brane, O6 planes between each pair of NS 5-branes, together with D4-branes and D6-
branes. As in previous examples, there are additional D4-branes and D6-branes at mirror
symmetric positions with respect to the O6rientifolds that are not depicted in Fig. 7.

There is one NS 5-brane per unit cell£ 2), so we choose a parametrization for the
coefficient functions obeying (4.5), yielding the curve

o0
> L2 Jo(x — nm) Po(x —nm) = 0, (4.7.1)

n=—oo

whereL? = A% N7, with the D6-branes responsible for the function

Ny oo
Jo) =[] []lx = pm — Mj)x = pm+ M) (x + pm — M)
j=1p=1
x (x+ pm +Mp]""2, 4.7.2)
and the leading term (in) of Po(x) given by
O @ ® &

- _ emmta) o
@—2m) g6 (@ +M;)

z —2m) -

(@—3m) ®O6 06~
__________ ®
&—2m—a) &—m) . 06~

oo & | krmra ]
e+im PO o
o 7({;—7015 ] ($ +m)
o] _
(& —M;—m) (:c-‘,—%m) 06 867
@+2m)
L (x_Mj'i'M
. et2m-a)
Py P Py Py Py

Fig. 7.
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o0

Poe) = [ [ + (0 — m)x — (p — ) + pmx — pm)]

N
x [ [+ - a?]. (4.7.3)
i=1

One may verify that in then — oo limit, the curve reduces to that f@p2N) with N
fundamental hypermultiplets.
Using Eq. (4.8), one obtains:

]_[f.vzl[(x —m)?— Cll-z] H,N:ﬂ(x +m)? — aiz] ijil(xz - sz)

x4+ 5m)P (x = m) [T, (2 — )2

i

S(x) =

(4.7.4)

Using the methods of Section 2, one obtains the one-instanton contribution to the
prepotential given by

27i Frnst=—2[S0(0)] >, where (4.7.5)

16]T/y(m? — a)2[], 25 (—M?)
(—m2)2[N (—ai®2

Several checks may be made of this result. 5g@), Egs. (4.7.5) and (4.7.6) yield

So(0) = (4.7.6)

Ny Ny
Hj:l M; giNs Hj:l M;j
— 5 o T 5
m

2700 Fr-inst= 8iV/ , (4.7.7)

a12
what agrees with the one-instanton prepotentialSp2) with N, fundamental hyper-
multiplets (up to a moduli-independent additive constant and an overall rescaling), as ex-
pected, since the antisymmetric representatidBpe?) is trivial. The result folSp4) with

1 antisymmetric hypermultiplet and no fundamental hypermultiplets agrees with the one-
instanton prepotential fd8Q(5) with one fundamental hypermultiplet [63] (see Table 1)

up to a rescaling and a moduli independent additive constant, after making the change of
variables (2.20).

5. Comparison to elliptic curves with zero global mass

Complementary to our strategy of deriving curves from the M-theory pictures of
Uranga [2-18], there exist methods developed for elliptic models by Donagi and
Witten [16,17], Uranga [18], Gukov and Kapustin [19], and others. Although a curve
results from their considerations, the extraction of the instanton expansion has not been
carried out for these curves. In short, the issue is how to exBaat andJ, (x), and from
these S(x), from the curves of the Donagi—Witten type. In this section, we accomplish this
for two nontrivial models with zero beta function and zero global mass.

The curves for theories in Section 4 with only one NS 5-brane per unit cell become
trivial (i.e., factorize into a function of and a function of [18]) when the global mass
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vanishes. This yield§(x) = constant, and a vanishing one-loop and instanton prepotential.
On the other hand, the curves for theories with two NS 5-branes per unit cell, viz.,
SU(N) with two antisymmetric hypermultiplets and four fundamental hypermultiplets, and
SU(N) with one antisymmetric and one symmetric hypermultiplet, both have the nontrivial
limit (4.1.6) when the global mass$ vanishes. We show that the curves obtained by Gukov
and Kapustin, and Uranga, respectively, for these two models agree, after a suitable change
of variables, with Eq. (4.1.6).

5.1. SUQ) + 2 antisymmetrie 4 fundamentals

Consider the&sU(N) gauge theory, with two antisymmetric hypermultiplets (masses
andmy) and four fundamental hypermultiplets (mas3és), with their masses related by
m1 =mp=2M;. This is an elliptic model with zero global mass. Gukov—Kapustin [19]
give the curve folSU(2n)

v 4 f1e Tt fon(x, ) =0, (5.1.1)
with the coefficient functions
yBi (x—e)(x—e2)
(x —e3) y
wherev = x4 + ixs is what we called: in earlier sectionsd ; andB; are constants, and
andy parameterize the torus base space via
y2= (x —er)(x —ex)(x — e3). (5.1.3)

We will assume that precisely the same functions (5.1.2) appear in the cur8&Jfar)
with N odd, so the curve for any takes the form:

fj,)=A4A;  f2j-1(x,y) = Bj, (5.1.2)

oV filx, y)vN—l 4+ 4+ fy—1(x, v+ fy(x,y)=0. (5.1.4)
Let
N N
HO('U) = l_[(v - a.,' —_ %m) = ZMA/'UN_'/’
Jj=1 j=0
N N (5.1.5)
HL(w) = Ho(—v) = (DN [T (v +aj +3m) = DN 3w,
AI':1 j:O

which defines the:; as gauge invariant combinationsfand the order parameteds
(with ug =1). Let also

Heven= Z MiUN_i, Hodd= Z HiUN_i,
i even v i odd (5-1-6)
Ho = Heven+ Hodd, (=)™ H1 = Heven— Hodd-

Then (5.1.4) can be written as

Hever(v) + (x_ej-)y& Hodd(v) =0, (5.1.7)

where we identifyuo; = A;, anduz;_1 = B;.
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When ). e; =0 in Eq. (5.1.3), the variables and y are related to the Weierstrass
elliptic functions by

x=p(2), 2y ='(2), (5.1.8)

wherez parametrizes the base torus with the identificatipasz + 2w1 = 7 + 2w», and
therefore

6 0. 01(v|5
y __ 0mealn 1 |$) et 519
(x —e1)(x —e2) Oo(v|T)03(V|T) 02(v[%)
wherev = z/2w; and
2iwy
BEZCLE 5.1.10
€T T 20072 (5.1.10)
01(v|5
flt)=—i 1 |$) 511D
02(v|3)
and (see, for example, [75])
o0
O1(v|T) =i Z (_1);1ei7r1:(n71/2)26271iv(nfl/Z)’
n=—00
o0 ) ) '
Or(v|t) = Z oMt (1=1/2)% 2miv(n=1/2)
T~ 5.1.12
a2 omi (5.1.12)
O3(v|t) = Z gimTne 2mivn.
n=—oo
o0 ) 5 .
94(V|'L'): Z (_1)"617”'}1 6‘2””)",
n=—oo

In view of Egs. (5.1.9)—(5.1.11) we can rewrite the curve (5.1.7) as follows:

Hever(v) + [ (v|7)] ™ Hoad(v) = 0. (5.1.13)
One may redefine the gauge invariant moduli as follows:
,fuys j even,
uy = {uj/c, 7 odd, (5.1.14)

which is valid since (5.1.10) is independentadindv. Next, we shiftv — v + 7 + % if N
is even, and — v + 7 if N is odd. Since

T 0a(v|5
(o) -

this converts the curve (5.1.13) into

NI

L r) _ 5s(v13) (5.1.15)

T
) f<V+Z+§ 94(v| ),

NI

T T
93 (U‘ §>Hever(v) + 94(])‘ §>Hodd(v) = 0, N even,
(5.1.16)

94(1)‘ %)Hever(v) i 93(1)‘ %)Hodd(v) —0, N odd.
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Using the identities

T
93(1)‘5) — 03(2v]27) + 62(2v]20),

‘ (5.1.17)
94(1;‘5) — 03(2v]27) — 62(2v]27),
Eq. (5.1.16) becomes, for both even or add
Ho(v)03(2v|27) + H1(v)62(2v|27) = 0. (5.1.18)

This result exactly agrees with our result (4.1.6), when we setx + %m This supports

the validity of the methods used in obtaining the curves in Section 4. Further, we know that
for this case of zero global mass, the functighsx) do not have any subleading terms,
from two points of view: (a) the exact agreement of the leading terms with Eq. (5.1.18),
and (b) the absence of “subtractions” for the one-instanton prepotential.

5.2. SUQ) + 1 antisymmetrie+ 1 symmetric

For zero global mass, Uranga [18] gives the curve (5.1.4) with

yD; (x —e3)
i(x,y)=Cj, i—1(x,y) = = D;. 521
f2(/ (x,y) Jj f2,/ 1(x,y) (x—e))(x —e2) y J ( )
The curve for this case, witth = m>, is therefore
Hever(v) + . Hodd(v) =0, (5.2.2)

(x —e1)(x —e2)
where we identify.o; = C; anduz;_1 = D;. Following (5.1.8)—(5.1.13), we have:

Hever(v) + ¢f (v|t) Hodd(v) =0, (5.2.3)

with ¢ and f(v|t) defined by Egs. (5.1.10) and (5.1.11), respectively. We redefine the
gauge invariant moduli as

., jeven,
= {”" ’ (5.2.4)

“i= cuj, jodd.

Further, we shifv — v+ 7 if Niseven,and — v+ 7 + % if N is odd. (Note that the
shifts for even and odd are the reverse of those in the previous section.) This transforms
the curve (5.2.3) into Eq. (5.1.18), agreeing with the result (4.1.6) obtained in Section 4,
with no subleading terms for th@, (x).

Thus, forSU(N) + 2 anti.+ 4 fund. andSU(N) + 1 sym.+ 1 anti. with zero global mass
in both cases (ana = 2M; for the former), the curves are identical, i.e., the two theories
have identical prepotentials. This was already noted in Table 4, at the one-instanton level.
One may wonder from the M-theory point of view why this has occurred. From Fig. 1 for
SU(N) + 2 anti.+ 4 fund., we see that, if all the masses are equal, the positions of the
D6-branes have the same valuewofx in the figure) as that of the two O6orientifold
planes. One may then bring the four D6-branes (plus mirrors) coincident with one of the
06~ planes, converting this effectively to an ©@lane. The resulting configuration is that



342 I.P. Ennes et al. / Nuclear Physics B 576 (2000) 313-346

of SU(N) + 1 sym.+ 1 anti. for zero global mass. Hence, the identity of the low-energy
theories with zero global mass could have been anticipated. On the other hand, if there are
global masses, this construction is not possible and the curves no longer coincide.

6. Comparison with the curve of Donagi and Witten
The M-theory picture corresponding to tB&J(N) gauge theory with massive adjoint

hypermultiplet [2] is described in Section 4.3 (see Fig. 3). Using this, we obtained the
curve (4.3.3):

> (=1"g" V2P H (v —nm) =0, where (6.1)
o N
H(v):l—[(v—a,-), (6.2)

i=1
with v = x4 + i x5 (previously referred to as), andg = ¢?*'*. As before; parametrizes
the base torus with the identifications= z + 2w1 = z + 2w, and throughout this section
we fix w1 = —ni (hencep = 1) for convenience. This is exactly the curve derived in
Refs. [65,76,77], for the Calogero—Moser model.

On the other hand, Witten [2] shows that the curve for this model is precisely that derived
by Donagi and Witten [16,17] in the context of the integrable Hitchin system:

N
F(v,x.y)=Y _ AjPy_j(), (6.3)
Jj=0

where A; are gauge invariant polynomials in andm, and wherex andy are related
by (5.1.3). They show that

n

P =Y (’:) fivh (6.4)

i=0
It can be shown that

N .
J .
F(v,x,y) = Zm— fiHY(v), where (6.5)
— !
j=0
. d«iH(v)
HY (v) = Sy 6.6
W) ="— (6.6)
Explicit calculation gives, using _, ¢; = 0in (5.1.3):
fo=1, fi=0, fa=—x, 6.7)

fz=2y, fa= —3x2, fs=4xy, etc

We will establish the connection between the curves (6.1) and (6.5), which has not been
done explicitly previously. The curve (6.1) can be recast as
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o (=m)] .
Z - hj(z)HY (v —3m)=0, where

j=0 J
),

1 3/ z
hj(z)= ————— 91(—
with 61 defined in Eq. (5.1.12). Making the change of variables

O1(=i 1) 927 T\ —2mi

v —> v—i—mhl(z)—i—%m,

Eq. (6.8) becomes
N m«i ~ .
Y fi@HD @) =0, with
j=o /°
J

fio=Y_ (f) (=D hi()h1(z) .

i=0
Explicitly:
fo=ho=1,
fi=0,

" b= p+ Sk

12(0% 2=—pZ 12 25
fa=—h3z+ 3hoh1 — 2h3 = —h! =2y,

fa=ha— dhhy + 6hoh% — 3hT = —3x% — I Eox + M E5+ 3 g2,

fa=hy—h2=hl=—p(z)—

fs = —hs + Shahy — 10h3h + 10hoh3 — 4h5 = 4xy + S E2y, etc,

343

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

whereE> is the Eisenstein series of weight two, apds defined via the Weierstrass form

3

2 1 1
y =X — 782X — 783

(6.14)

of the elliptic curve (5.1.3). The relations (5.1.8) have been used in computing (6.13).
Comparing (6.13) with (6.7), we find tha; andfj differ by the r-dependent change

of basis:
fo= fo,
A= 1,
fa=fo+ 35 E2(7) fo.
fz= fa,

fa=fa+3E20) f2+ |5 Ex(t)* + 3 82] fo.
fo=fs+2Eav) f3, etc

(6.15)

This is similar but not identical to the comparison of the spectral curve with the Donagi—
Witten curve made by Itoyama and Morozov [78], to which we refer the reader for further

discussion of this issue.
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In this section and in Section 5 we have dealt with elliptic models that have no subleading
terms for the coefficient functionsg, (x). It remains an open question how to carry out
the analogous studies for elliptic models with a global mass and nonvanishing subleading
terms.

7. Concluding remarks

In this paper, we have provided a rather comprehensive presentation of the relationship
of elliptic models to M-theory, and related topics. There are, however, a number of topics
which deserve further attention, as they represent issues not completely understood.

First, the information in Tables 1 and 3 would appear to have an underlying group-
theoretic explanation. That is, given the group and matter content, one should be able to
predict the factors in Table 3, without appealing to a SW curve. We know of no such
explanation.

Second, for a number of elliptic models, only the leading terms of the coefficient
functions P, (x) are known. (The leading term is that with the lowest powerobr ¢
for a given power of.) This occurs for all models in Section 4 with nonzero global mass
exceptSU(N) + adjoint. In these models, the subleading terms are not known. Some non-
elliptic models, namelysU(N) + 1 anti.+ Ny fund. andSp2N) + Ny fund. (treated
in Section 2), also contain subleading terms, which are explicitly known in these cases.
Comparison with Table 2 correlates models with subleading terms with entries in the table
in which Fi-instinvolves terms other thasy (ax) (e.9.,[So(0)]1*/2, or subtractions of factors
such asSm(—% m)). These additional terms are closely connected to the residue functions
R (x), e.g., Eq. (2.8), which originate in the subleading terms, and which generate the
additional terms via identities such as Eq. (2.14) (leading in the ceSg2#) + Ny fund.
to Eq. (2.17)). Thus, the existence of subleading terms and the need for the subtractions
listed in Table 2 are different aspects of the same issue. The subtractions listed in Table 2
for models described in Sections 4.1, 4.2, and 4.4 through 4.7, do not, however, give
enough information to determine the subleading terms. A greater understanding of these
subleading terms would be desirable.

Finally, there are a number of elliptic models described in Section 4 which have not
been identified with known integrable models. It would improve our understanding of the
subject if these connections could be made.

In conclusion, this paper represents considerable progress toward a unified description
of elliptic models associated with M-theory. Nevertheless, as outlined above, there remain
a number of interesting issues to consider.
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