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fSlItgsdo lA uyghthShd ce fsAgtng fSlItgstyr ecP iuii�bui�i

epAptipcv ecncamcD 003 b99b

�AApdRpcv uJyrJD� ,3 b992

clhfta xMopw lddfMlns hM hsp � U = �2�( rlirp

hspMf� uths xlhhpf ty hsp eiyolxpyhlw fpdfpgpyhlhtMy

iGpNspy hW dlnHwtns∗

OpClEGxpyG Bq fsAFtnF
MBJoBty NBwwprpfi MEHyFJtnvfi cP :2:00fi kiL
Pflxltw. ylniwtns4azuozty9poi

SzJleo uW insytGcpeF lyo dtnwlr a�wwleo†

clEGty QtFspE insBBw Bq fsAFtnF
MElyoptF kytIpEFtGAfi blwGslxfi cL :W242fi kiL
Pflxltw. rnsythcpe4aelyoptr9poifi u�wwleo4aelyoptr9poi

�Krsewysbbp HFp xlGEtK xzopw GpnsyzwzrA Gz FGHoA Gsp � ˆ = k3z4 rlHrp GspzEA JtGs
ze xlFFtIp sACpExHwGtCwpGF ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy9 bp CpEqzEx l nzxCwpGpwA
CpEGHEmlGtIp nlwnHwlGtzy zq Gsp CpEtzoF Us lyo Gsp CEpCzGpyGtlw O3U4 HC Gz Gsp +EFG tyFGlyGzy
wpIpw7 +yotyr lrEppxpyG JtGs CEpItzHF EpFHwGF ty Gsp wtGpElGHEp9 bp lwFz opEtIp Gsp iptmpEr8
btGGpy nHEIp lyo ot1pEpyGtlw qEzx Gsp wlErp8n FzwHGtzy zq Gsp xlGEtK xzopw9 bp FszJ
GslG Gsp GJz nlFpF ze / z lyo z ≤ ze / =z nly mp GEplGpo FtxHwGlypzHFwA9

adAtceorb YzyCpEGHEmlGtIp P1pnGF7 0:Y PKClyFtzy7 PKGpyopo iHCpEFAxxpGEA7 clGEtK
czopwF9

∗hpFplEns FHNNcEGpo ty NlEG mA Gsp Yig HyopE rElyG fSd8;0(;=]09
�hpFplEns FHNNcEGpo ty NlEG mA Gsp OeP HyopE rElyG OP-gR;=-–=Ph(;6;[9
†hpFplEns FHNNcEGpo mA Gsp OeP HyopE rElyG OP-gR;=-–=Ph(;6;[9

n© iuii�9ui�i =//2 shhd.::ispd5rtrrv5th:vf�stjp:dvdpfr:ispd/0a//2/03:ispd/0a//2/035dce
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-9 iSxxlP� W.

.9 TyRPMoSnRtMy

OtuvrEllq7 alql7 lyo nzwwlmzElGzEF slIp otFnzIpEpo EpxlEvlmwp EpwlGtzyF mpGJppy CpEGHEml8
GtIp xlGEtK xzopwF lyo tyFGlyGzy p1pnGF ty FHCpEFAxxpGEtn rlHrp GspzEtpF ”0fl-”?fl9 hpnpyGwA
Jp HFpo Gsp ypJ xlGEtK xzopw GpnsyzwzrA Gz FGHoA Gsp� ˆ = k3z4 rlHrp GspzEA ”)fl 3Epq9 ”)fl
lwFz nzyGltyF l xzEp pKGpyFtIp wtFG zq EpqpEpynpF49 bp nlwnHwlGpo Gsp CEpCzGpyGtlw O3U4 lyo
Gsp CpEtzoF Us CpEGHEmlGtIpwA HC Gz Gsp +EFG tyFGlyGzy wpIpw9 L ypJ tyrEpotpyG ty zHE nlwnH8
wlGtzy JlF l nzxCwpGpwA CpEGHEmlGtIp op+ytGtzy zq Gsp CpEtzoF Us lF qHynGtzyF zq Gsp nwlFFtnlw
xzoHwt ps9 eHE EpFHwGF nzxmtypo JtGs GszFp zq OtuvrEllq lyo alql FszJ GslG7 pIpy Jspy Gsp
xlGEtK xzopw nlyyzG mp nzxCwpGpwA FzwIpo7 l CpEGHEmlGtIp otlrElxxlGtn pKClyFtzy zq Gsp
xlGEtK xzopw nly FGtww mp HFpo Gz zmGlty lww Gsp wzJ8pypErA yzy8CpEGHEmlGtIp tyqzExlGtzy
zq � ˆ = rlHrp GspzEtpF zEopE8mA8zEopE ty Gsp tyFGlyGzy pKClyFtzy9

Ty GstF ClCpE Jp FGHoA Gsp � ˆ = k3z4 rlHrp GspzEA JtGs ze sACpExHwGtCwpGF GElyF8
qzExtyr ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy zq Gsp rlHrp rEzHC HFtyr xlGEtK xzopw Gpns8
ytDHpF9 ipIpElw ypJ qplGHEpF CEpFpyG GspxFpwIpF ty GstF nlFp7 xlvtyr Gsp xzopw Jpww JzEGs
FGHoAtyr9

Ty Gsp +EFG ClEG zq Gsp ClCpE7 Jp pKGpyo Gsp CpEGHEmlGtIp EpFHwGF zmGltypo ty ”)fl qzE
Gsp � ˆ = k3z4 GspzEA Gz Gsp nlFp JtGs ze qHyolxpyGlw xlGGpE sACpExHwGtCwpGF9 L

- 0 -
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ypJ qplGHEp zq Gsp nlwnHwlGtzy7 nzxClEpo Gz Gsp zyp ty ”)fl7 tF Gsp lCCplElynp zq CwlylE
otlrElxF JtGs mzHyolEtpF ”[fl9 jspFp nzyGEtmHGp7 ty Gsp otlrElxxlGtn pKClyFtzy zq Gsp
xlGEtK xzopw7 Gz Gsp qEpp pypErA lyo FHCpECzGpyGtlw9 jspA lwFz l1pnG Gsp EpwlGtzy mpGJppy
Gsp CpEtzoF Us lyo Gsp nwlFFtnlw xzoHwt ps9 bp nzxCHGp Gsp CpEtzoF Us lyo CEpCzGpyGtlw
O3U4 CpEGHEmlGtIpwA Gz +EFG zEopE ty Gsp tyFGlyGzy pKClyFtzy7 +yotyr lrEppxpyG JtGs plEwtpE
EpFHwGF ty Gsp wtGpElGHEp9 jstF lrEppxpyG tF l GpFG zq zHE CEzCzFpo EpwlGtzy ”)fl mpGJppy Us
lyo ps9

Ty Gsp nlFp zq k3z4 JtGs qHyolxpyGlw xlGGpE7 GspEp tF ly lxmtrHtGA ty Gsp qzEx
zq Gsp iptmpEr8btGGpy nHEIp ”fifl qzE z ≤ ze / =z ”]fl-”0;fl7 JtGs ot1pEpyG qzExF zq Gsp
nHEIp nzEEpFCzyotyr Gz ot1pEpyG op+ytGtzyF zq Gsp nwlFFtnlw xzoHwt ps9 jspFp ot1pEpyG
nHEIpF Atpwo FwtrsGwA ot1pEpyG EpwlGtzyF mpGJppy Us lyo ps9 eHE CpEGHEmlGtIp nlwnHwlGtzy7
Jstns ozpF yzG FGlEG qEzx l nHEIp7 AtpwoF ly HylxmtrHzHF EpwlGtzy mpGJppy Us lyo ps lyo
GspEpqzEp txCwtpF l ClEGtnHwlE qzEx Gsp zq Gsp iptmpEr8btGGpy nHEIp7 Jstns Jp FszJ Gz mp
A= ˆ

∑d
sm03a · ps4= · qd·03a4 JspEp qd·03a4 tF ly 3z · 04Gs zEopE CzwAyzxtlw FCpnt+po

ty pD9 3[9“49

Ty Gsp Fpnzyo ClEG zq Gsp ClCpE Jp opEtIp Gsp qzEx zq Gsp iptmpEr8btGGpy nHEIp lyo
ot1pEpyGtlw qzE Gsp � ˆ = k3z4 rlHrp GspzEA JtGs ze qHyolxpyGlw sACpExHwGtCwpGF7 qEzx
Gsp wlErp8n Floowp8CztyG FzwHGtzy Gz Gsp xlGEtK xzopw7 JtGszHG lyA lootGtzylw tyCHG9 jsp
EpFHwG tF nzyFtFGpyG JtGs vyzJy EpFHwGF ”fifl-”0;fl lyo lwFz lrEppF JtGs Gsp qzEx zq Gsp nHEIp
txCwtpo mA Gsp CpEGHEmlGtIp nlwnHwlGtzy9 eHE EpFHwGF rtIp qHEGspE FHCCzEG Gz Gsp topl GslG
lww Gsp wzJ8pypErA tyqzExlGtzy lmzHG Gsp � ˆ = GspzEA tF nzyGltypo ty Gsp xlGEtK xzopw90

3apEA EpnpyGwA Fzxp lFCpnGF zq Gsp EpwlGtzy mpGJppy xlGEtK xzopwF lyo iptmpEr8btGGpy
GspzEA slIp mppy otFnHFFpo ty Epq9 ”0=fl94

Ly txCzEGlyG DHpFGtzy tF JsA Gsp xlGEtK xzopw lCCEzlns Gz FHCpEFAxxpGEtn rlHrp
GspzEtpF JzEvF lyo JslG Gsp FnzCp lyo wtxtGlGtzyF zq Gsp xpGszo lEp9 hpnpyGwA7 GspFp
DHpFGtzyF slIp mppy pKCwzEpo lyo CHEpwA +pwo8GspzEpGtn CEzzqF qzE Gsp nzEEpnGypFF zq Gsp
xlGEtK xzopw lCCEzlns slIp mppy CEpFpyGpo qzE Gsp CHEp � ˆ 0 k3z4 rlHrp GspzEA JtGs
ly lEmtGElEA CzwAyzxtlw FHCpECzGpyGtlw ”0“7 0?fl9 TG JzHwo mp tyGpEpFGtyr Gz pKGpyo GspFp
EpFHwGF Gz nzIpE Gsp xzopw FGHotpo ty GstF ClCpE9 LwFz7 Epq9 ”0)fl otFnHFFpF Fzxp lFCpnGF zq
Gsp nzEEpFCzyopynp mpGJppy xlGEtK8xzopw lyo rlHrp8GspzEA DHlyGtGtpF9

Ty FpnGtzy = Jp FpG HC Gsp CpEGHEmlGtIp nlwnHwlGtzy9 Ty FpnGtzy “ Jp nlwnHwlGp τsS lF l
qHynGtzy zq Gsp nwlFFtnlw xzoHwt Gz +EFG zEopE ty Gsp tyFGlyGzy pKClyFtzy9 Ty FpnGtzy ? Jp
pKGpyo zHE CEzCzFpo CpEGHEmlGtIp op+ytGtzy zq Gsp CpEtzoF Us Gz Gsp nlFp Jspy qHyolxpyGlwF
lEp CEpFpyG7 lyo HFp GstF EpFHwG Gz opGpExtyp Gsp zyp8tyFGlyGzy nzEEpnGtzyF Gz Us9 Ty FpnGtzy )
Jp nzxCHGp Gsp zyp8tyFGlyGzy nzEEpnGtzy Gz Gsp CEpCzGpyGtlw O3U49 bspy ze ≥ z l npEGlty
CzwAyzxtlw lCCplEF ty Gsp EpwlGtzy mpGJppy Us lyo Gsp nwlFFtnlw xzoHwt/ Gsp Ezwp zq GstF
CzwAyzxtlw tF nwlEt+po ty FpnGtzy [9 Ty FpnGtzy fi Jp opEtIp Gsp iptmpEr8btGGpy nHEIp qEzx
Gsp wlErp8n Floowp CztyG FzwHGtzy Gz Gsp xlGEtK xzopw9 Ty FpnGtzy ] Jp opEtIp Gsp iptmpEr8
btGGpy ot1pEpyGtlw qEzx JtGsty Gsp xlGEtK xzopw qElxpJzEv9 bp nzynwHop Gsp ClCpE JtGs
l FHxxlEA zq zHE +yotyrF9

0usp xlGEta xcopw lwFc vyckF lmcHG FGEtyr GspcEA ncEEpnGtcyF ty Gsp qcEx cq nHEIlGHEp ncHNwtyrF 52,:

Fcxp FHns ncHNwtyrF kpEp EpnpyGwA ncxNHGpo 500, HFtyr xlGEta xcopw GpnsytDHpF9

- = -
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W9 fpPRSPmlRtIp xlRPta xMopw lCCPMlns

Ty GstF FpnGtzy7 Jp opFnEtmp Gsp CpEGHEmlGtIp xlGEtK xzopw lCCEzlns Gz Gsp � ˆ = k3z4
rlHrp GspzEA JtGs xlGGpE ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy7 pKGpyotyr zHE plEwtpE JzEv ”)fl9
fEpItzHF JzEv otFnHFFtyr xlGGpE ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy 3qznHFtyr xltywA zy
� ˆ 0 GspzEtpF4 ty Gsp xlGEtK xzopw nzyGpKG nly mp qzHyo ty ”[fl lyo ”0[fl-”=;fl9

Ty Gsp CEpFpynp zq 3xlFFwpFF zE xlFFtIp4 � ˆ = sACpExHwGtCwpGF GElyFqzExtyr ty Gsp
qHyolxpyGlw EpCEpFpyGlGtzy7 Gsp � ˆ = k3z4 rlHrp GspzEA opIpwzCF l FHCpECzGpyGtlw

balh3φ> O> ’O4 ˆ
dN
∑

Tm0

)

’OTφ OT 6xT ’OTOT
[

> 3=904

JEtGGpy ty GpExF zq Gsp � ˆ 0 +pwoF φ 3Gsp louztyG FnlwlE ty Gsp � ˆ = IpnGzE xHwGtCwpG47
OT 3T ˆ 0> , , , ze 4 GElyFqzExtyr ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy lyo ’OT 7 GElyFqzExtyr ty
Gsp nzyuHrlGp qHyolxpyGlw EpCEpFpyGlGtzy9 bp slIp FHCCEpFFpo Gsp rlHrp rEzHC tyotnpF7
lyo xT lEp Gsp xlFFpF zq Gsp qHyolxpyGlwF9

jsp +EFG FGpC zq Gsp xlGEtK xzopw CEzrElx tF Gz mEplv � ˆ = FHCpEFAxxpGEA Gz � ˆ 0
mA lootyr l GEpp8wpIpw FHCpECzGpyGtlw b/3φ4 Gz Gsp rlHrp GspzEA9 jsp ClEGtnHwlE nsztnp zq
b/3φ4 EpwpIlyG Gz HF tF Gsp zyp GslG qEppBpF Gsp xzoHwt Gz l rpypEtn CztyG zy Gsp NzHwzxm
mElyns zq Gsp � ˆ = GspzEA.

b/3φ4 ˆ α

d
∑

`m/

Fd·`3p4
`60

GE3φ`604 ± b ′
/3a4 ˆ α

d
∏

sm0

3a· ps4 > 3=9=4

JspEp ps lEp Gsp nwlFFtnlw xzoHwt7 Fx3p4 tF Gsp pwpxpyGlEA FAxxpGEtn CzwAyzxtlw

Fx3p4 ˆ 3·04x
∑

s0/sa/‡‡‡/sI
ps0psa | | | psI > F/ ˆ 0 > 3=9“4

lyo α tF l ClElxpGpE GslG Jtww mp Glvpy Gz BpEz lG Gsp pyo zq Gsp nlwnHwlGtzy7 EpFGzEtyr
� ˆ = FHCpEFAxxpGEA ”=0fl9

jsp ypKG FGpC tF Gz EptyGpECEpG Gsp FHCpECzGpyGtlw b 3φ> O> ’O4 ˆ b/3φ4 6balh3φ> O> ’O4
lF Gsp CzGpyGtlw zq l nstElw xlGEtK xzopw ”0fl-”?fl7 Jstns slF Gsp ClEGtGtzy qHynGtzy 3opyzGtyr
Gsp xlGEtK xzopw lylwzrF zq φ7 O7 lyo ’O JtGs nlCtGlw wpGGpEF4

e ˆ
0

Izw3R4

∫

oΦogTo ’gT pKC

(

·b 3Φ> g> ’g4
PQ

]

> 3=9?4

JspEp Gsp tyGprElw tF zIpE n×n xlGEtnpF Φ 3Jstns nly mp Glvpy Gz mp spExtGply4 lyo n 8
otxpyFtzylw IpnGzEF gT lyo ’gT 9 Ty pD9 3=9?47 R tF Gsp HymEzvpy xlGEtK xzopw rlHrp rEzHC7
lyo PQ tF l ClElxpGpE GslG wlGpE Jtww mp Glvpy Gz BpEz lF n → ∞9 Ty Glvtyr Gsp n → ∞
wtxtG7 Jp vppC ze +ytGp 3lF ty Epq9 ”0]fl4/ zHE lCCEzlns GsHF ot1pEF qEzx Gsp zyp ty ”0[fl9 jsp
xlGEtK tyGprElw 3=9?4 tF pIlwHlGpo CpEGHEmlGtIpwA lmzHG ly pKGEpxlw CztyG Φ ˆ Φ/7 g/ ˆ ;7
’g/ ˆ ; zq b 3Φ> g> ’g49 bp JEtGp

Φ ˆ Φ/ 6Ψ ˆ









�

p00wn0 ; | | | ;
; p=0wna | | | ;
999

999
9 9 9

999
; ; | | | pd0wn�











6









�

Ψ00 Ψ0= | | | Ψ0d
Ψ=0 Ψ== | | | Ψ=d
999

999
9 9 9

999
Ψd0 Ψd= | | | Ψdd











> 3=9)4
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JspEp
∣

sns ˆn 7 lyo ΨsS tF ly ns×nS xlGEtK9 jstF nsztnp mEplvF Gsp k3n4 FAxxpGEA
Gz R ˆ

∑d
sm0 I3ns49

jsp nzyypnGpo otlrElxF zq Gsp CpEGHEmlGtIp pKClyFtzy zq e xlA mp zErlytBpo7 HFtyr
Gsp FGlyolEo ozHmwp8wtyp yzGlGtzy7 ty l GzCzwzrtnlw pKClyFtzy nslElnGpEtBpo mA Gsp PHwpE
nslElnGpEtFGtn χ zq Gsp FHEqlnp ty Jstns Gsp otlrElx tF pxmpoopo ”==fl

e ˆ pKC



�

∑

<≤=
P·<Q Q<3p> i4



 JspEp is ≡ PQns > 3=9[4

JspEp χ ˆ =·=P·s JtGs P Gsp rpyHF 3yHxmpE zq slyowpF4 lyo s Gsp yHxmpE zq szwpF9
bspy pIlwHlGtyr Gsp xlGEtK tyGprElw ty Gsp ns → ∞7 PQ → ; wtxtG7 JtGs is spwo +Kpo7
Gsp wplotyr nzyGEtmHGtzy nzxpF qEzx Gsp CwlylE otlrElxF GslG nly mp oElJy zy Gsp FCspEp
3χ ˆ =47

Qg3p> i4 ≡ Q<m=3p> i4 ˆ P=Q wzre
∣

∣

∣

∣

gdspfp

, 3=9fi4

LF otFnHFFpo ty ”[fl7 Gsp CEpFpynp zq Gsp gT 7 ’gT 2F wploF Gz Gsp tyGEzoHnGtzy zq FHEqlnpF JtGs
mzHyolEtpF ty Gsp GzCzwzrtnlw pKClyFtzy9 jsp wplotyr mzHyolEA nzyGEtmHGtzy nzxpF qEzx
FHEqlnpF JtGs zyp mzHyolEA 3otFvF47 zmGltypo qEzx Gsp FCspEp mA nHGGtyr zHG zyp szwp7 lyo
slItyr χ ˆ 07

Qc3p> i4 ≡ Q<m03p> i4 ˆ PQ wzre
∣

∣

∣

∣

ctgI

, 3=9]4

TG JlF FszJy ty ”)fl 3rpypElwtBtyr Gsp EpFHwG ty ”?fl qzE k3=44 GslG Jspy zyp pKClyoF
b/3Φ4 3=9=4 Gz DHloElGtn zEopE ty Ψ7 Gsp nzpffntpyGF zq GE3ΨsSΨSs4 IlytFs Jspy t6ˆu9 Spynp
Gsp z18otlrzylw xlGEtnpF ΨsS lEp BpEz xzopF7 lyo nzEEpFCzyo Gz CHEp rlHrp oprEppF zq
qEppozx9 LF ty Epq9 ”?7 )fl7 Jp +K Gsp rlHrp ΨsS ˆ ; 3t6ˆu4 lyo tyGEzoHnp RElFFxlyy8zoo
rszFG xlGEtnpF M lyo N JtGs lnGtzy

GE 3M”Φ> Nfl4 ˆ
d
∑

sm0

∑

S 6ms
3ps · pS4 GE3MSsNsS4 6

d
∑

sm0

∑

S 6ms
GE3MSsΨssNsS ·MSsNsSΨSS4 , 3=9–4

Ty Gsp ΨsS ˆ ; 3t6ˆu4 rlHrp b/3Φ4 mpnzxpF ”)fl

b/3Φ4 ˆ
d
∑

sm0

nsb/3ps4 6 α

d
∑

sm0

hs
=
GE3Ψ=ss4 6 α

d
∑

sm0

d
∑

Cm2

γCWs
C

GE3ΨCss4 > 3=90;4

JspEp hs ˆ
∑

S 6ms psS JtGs psS ˆ ps · pS 7 lyo

γCWs ˆ
0

3C· 04,

√

(

∂

∂a

)C·0 d
∏

Im0

3a· pI4
√ ∣

∣

∣

∣

∣

ampf

, 3=9004

bEtGtyr gT ˆ 3gT0> g
T
=> , , , > g

T
d 4
j 7 JspEp gTs tF ly ns8otxpyFtzylw IpnGzE lyo FtxtwlEwA

qzE ’gT 7 lyo pKClyotyr balh3Φ> gT > ’gT4 lEzHyo Gsp IlnHHx 3=9)4 zyp +yoF 3HFtyr Gsp
ΨsS ˆ ; 3t6ˆu4 rlHrp4
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∑
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NzwwpnGtyr Gsp lmzIp EpFHwGF7 Gsp ClEGtGtzy qHynGtzy tF rtIpy mA Gsp rlHrp8+Kpo tyGprElw
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d
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sm0

nsb/3ps4
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∫

oΨss oMsS oNsS ogTo ’gTpTdiuo6Tt�q > 3=90“4

JspEp Gsp DHloElGtn ClEG zq Gsp lnGtzy tF
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∑
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∑
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psS GE3MSsNsS4·
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3=90)4
jsp CEzClrlGzEF qzE Gsp IlEtzHF +pwoF nly mp Eplo z1 qEzx pD9 3=90?4 lyo Gsp IpEGtnpF qEzx
pD9 3=90)49 Plns rszFG wzzC Jtww lnDHtEp ly lootGtzylw qlnGzE zq 3·=4 ”?fl9

29 fpPRSPmlRtIp nlwnSwlRtMy MD xsS˜�(

jsp tyGprElw zIpE Gsp ClEG zq Gsp DHloElGtn lnGtzy 3=90?4 tyIzwItyr Ψss7 MsS7 lyo NsS nly mp
pKCwtntGwA CpEqzExpo ”)fl/ tynwHotyr lwFz Gsp nwlFFtnlw Ctpnp zyp +yoF 3HC Gz ly ps8tyopCpyopyG
DHloElGtn xzyzxtlw ty Gsp is2F4
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∏

∣d
sm0 is

∫=
wzr WΛ GslG Ep!pnGF Gsp

lxmtrHtGA ty Gsp nHG8z1 zq Gsp qHww k3n4 rlHrp rEzHC9 3L FtxtwlE nzyGEtmHGtzy tF tynwHopo
ty 3“9?4 mpwzJ94 jsp GpEx Q

3A4
g 3p> i4 tF ly yGs zEopE CzwAyzxtlw ty is lEtFtyr qEzx CwlylE

wzzC otlrElxF mHtwG qEzx Gsp tyGpElnGtzy IpEGtnpF ”“fl9 jsp nzyGEtmHGtzy Gz Qg3p> i4 nHmtn ty
is JlF nzxCHGpo ty ”)fl JtGs Gsp EpFHwG.
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YpKG Jp GHEy Gz Gsp nzyGEtmHGtzy zq Gsp qHyolxpyGlwF g7 ’g Gz Gsp xlGEtK xzopw qEpp
pypErA9 itynp GspFp tyIzwIp DHlEv wzzCF7 GspA zywA nzyGEtmHGp Gz Gsp otFv8wpIpw ClEG zq Gsp
qEpp pypErA9 jsp tyGprElw zIpE Gsp DHloElGtn ClEG zq balh rtIpF=
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gFrieB 09 OtFv otlrElKF nzyGEtmHGtyr Gz Q�3NW F4 lG zEopE �3Fd49 izwto ozHmwp wtypF EpDpE Gz
øcc CEzClrlGzEF7 Fzwto8CwHF8olFspo ozHmwp wtypF EpDpE Gz rszFG CEzClrlGzEF7 lyo Ftyrwp ozGGpo wtypF
nzEEpFCzyo Gz Gsp CEzClrlGzE DzE Gsp e2F9

Jstns AtpwoF 3HC Gz ly ps8tyopCpyopyG ClEG wtyplE ty is4 Gsp +EFG GpEx zq

Qc3p> i4 ˆ ·
d
∑

sm0

dN
∑

Tm0

is wzr
3ps 6xT4

WΛ
6
∑

A≥=
Q
3A4
c 3p> i4 3“9?4

SpEp Q 3A4c 3p> i4 tF ly yGs zEopE CzwAyzxtlw ty is lEtFtyr qEzx CwlylE otFv otlrElxF mHtwG
qEzx Gsp tyGpElnGtzy IpEGtnpF9 jz zmGlty Gsp N3i=4 nzyGEtmHGtzy Gz Qc3p> i47 Jp yppo Gz
pIlwHlGp Gsp otlrElxF otFCwlApo ty +rHEp 09

eyp xtrsG lwFz nzyFtopE otlrElxF oElJy zy FHEqlnpF JtGs lootGtzylw szwpF9 eyp pK8
lxCwp tF l ˜oHxm8mpww5 otlrElx lF ty +rHEp 07 mHG JtGs DHlEv CEzClrlGzEF lG mzGs pyoF9
iHns l otlrElx nzEEpFCzyoF Gz l FCspEp JtGs GJz szwpF7 Gsp ozGGpo wtypF pyntEnwtyr plns zq
Gsp GJz szwpF9 SzJpIpE7 FHns l FHEqlnp slF χ ˆ ; lyo Gsp otlrElx tF GspEpqzEp FHCCEpFFpo
mA l qlnGzE zq PQ EpwlGtIp Gz Gsp χ ˆ 0 otFv nzyGEtmHGtzy ty Gsp PQ → ;7 ns → ∞ wtxtG9

jsp lmzIp otlrElxF wplo Gz.
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JspEp qsT ˆ ps 6xT 9
jz EpwlGp Gsp xlGEtK xzopw lyo tGF qEpp pypErA Gz Gsp � ˆ = k3z4 rlHrp GspzEA

3JtGs ze sACpExHwGtCwpGF ty Gsp qHyolxpyGlw EpCEpFpyGlGtzy zq Gsp rlHrp rEzHC4 mEzvpy Gz
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JspEp τ/ ˆ τ3Λ/4 tF Gsp rlHrp nzHCwtyr zq Gsp k3z4 GspzEA lG Fzxp Fnlwp Λ/9 itynp Jp lEp
mEplvtyr k3z4 Gz k304d 7 Jp FpG zs ˆ 0 qzE t ˆ 0> , , , > z 9 TG JlF nzyupnGHEpo ty Epq9 ”[fl GslG
Gsp otFv8wpIpw ClEG zq Gsp qEpp pypErA Qc3p> i4 nzyGEtmHGpF Gz bp1 JtGszHG lyA opEtIlGtIpF
lnGtyr zy tG9 bp Jtww +yo qHEGspE FHCCzEG qzE GstF nwltx9 YpKG7 zyp pKGEpxtBpF Gsp p1pnGtIp
FHCpECzGpyGtlw JtGs EpFCpnG Gz is Gz zmGlty 〈is〉.
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AtpwoF Gsp nzHCwtyrF zq Gsp HymEzvpy k304d qlnGzEF zq Gsp rlHrp GspzEA7 lF l qHynGtzy zq
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∂a�3J4
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lyo 3“9]4 EpqpE Gz
Gsp Flxp DHlyGtGA 3Gsp CpEtzo xlGEtK zq Gsp iptmpEr8btGGpy nHEIp Σ47 GspA lEp pKCEpFFpo
ty GpExF zq ot1pEpyG ClElxpGpEF zy Gsp xzoHwt FClnp 3Us IF9 ps49

LmzIp7 Jp slIp pIlwHlGpo Qg3p> i4 Gz nHmtn zEopE ty is lyo Qc3p> i4 Gz DHloElGtn zEopE
ty is7 Jstns Jtww mp FHffntpyG Gz zmGlty τsS3p4 Gz zyp8tyFGlyGzy lnnHElnA9 TyFpEGtyr Gsp
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JspEp �s ˆ
∑dN
Tm03ps 6xT47 lyo IlEtzHF nzyFGlyGF lF Jpww lF τ/ slIp mppy lmFzEmpo tyGz l

Epop+ytGtzy zq Gsp nHG8z17 Λ ˆ nzyFG×WΛ pπsτ9.d 9
LwGszHrs Jp lEp CEtxlEtwA tyGpEpFGpo ty Gsp � ˆ = wtxtG ty GstF ClCpE7 Gsp � ˆ 0

p1pnGtIp FHCpECzGpyGtlw xlA mp plFtwA nzxCHGpo mA FHmFGtGHGtyr pD9 3“90;4 tyGz pD9 3“9–49
Ty Gsp nlFp ze ≥ z zyp slF Gz CEznppo JtGs nlEp7 Fpp ”0[7 0]7 0–fl qzE qHEGspE opGltwF9
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MpwzJ Jp Jtww xlvp EpCplGpo HFp zq Gsp topyGtGA

∑

I 6ms

�I
hIpsI

ˆ ·�s
hs

∑

I 6ms

0
psI

6
�s
hs

∑

T

0
qsT
· ’j 3ps4 3“9004

Jstns nly mp opEtIpo mA Glvtyr Gsp B → ps wtxtG zq mzGs FtopF zq

∑dN
Tm03B 6xT4

∑d
Im03B · pI4

· �s
hs3B · ps4

ˆ
∑

I 6ms

�I
hI3B · pI4

6 ’j 3B4 , 3“90=4
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Gz Gsp rlHrp nzHCwtyr xlGEtK9 QtylwwA7 Jp Glvp Gsp wtxtG α → ; Gz EpFGzEp � ˆ = FHCpE8
FAxxpGEA7 mHG GstF slF yz p1pnG zy τsS7 Jstns tF tyopCpyopyG zq α9

39 fpPRSPmlRtIp opRpPxtylRtMy MD Ts

Tq Jp lEp Gz HFp Gsp xlGEtK xzopw EpFHwGF 3“90?4 lyo 3“90)4 Gz opGpExtyp Gsp � ˆ =
CEpCzGpyGtlw O3U47 Jp xHFG +EFG pKCEpFF τsS ty GpExF zq Gsp CpEtzoF Us9 Ty ”)fl Jp CEzCzFpo
l op+ytGtzy zq Us JtGsty Gsp nzyGpKG zq Gsp CpEGHEmlGtzy pKClyFtzy zq Gsp xlGEtK xzopw7
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JtGszHG EpqpEEtyr Gz Gsp iptmpEr8btGGpy nHEIp zE ot1pEpyGtlw92 bp lErHpo ty ”)fl GslG Us nly
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p13p> i> ≤4 tF Gsp p1pnGtIp FHCpECzGpyGtlw GslG zyp zmGltyF mA nzyFtopEtyr Gsp xlGEtK

xzopw JtGs lnGtzy ’b s3Φ> g> ’g4 ˆb 3Φ> g> ’g46 ≤ GEs Φ9 SpEp Gsp GElnp tF zywA zIpE Gsp tGs
mwznv9 QzE xzGtIlGtzyF qzE GstF CEzCzFlw Jp EpqpE Gsp EplopE Gz ”)fl9 Ty Gsp CEpFpyG nlFp7 tG
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2gcE Gsp xcopw FGHotpo ty GstF NlNpE Gsp iptmpEr8btGGpy nHEIp tF vycky 56,-50;, lyo Gsp EpwlGtcyFstN

mpGkppy Gf lyo Nf tF FGEltrsGqcEklEowA cmGltypo 5=), qEcx Gsp �f8NpEtco tyGprElw9 SckpIpE7 cHE rclw ty GstF

FpnGtcy tF Gc opGpExtyp Gf HFtyr cywA Gsp xlGEta xcopw NpEGHEmlGtcy paNlyFtcy9
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gFrieB u9 jloCzwp otlrElKF nzyGEtmHGtyr Gz Gsp zyp8tyFGlyGzy nzyGEtmHGtzy Gz Sc9

NzyFtopEtyr l rpypEtn CztyG ty xzoHwt FClnp7 JspEp k3z4 → k304d 3Fz GslG zs ˆ 04 lyo
pKClyotyr Φ lEzHyo Gsp IlnHHx 3=9)47 GEs Φ ˆnsps 6 GE3Ψss47 Jp +yo

Us ˆ ps 6





d
∑

Sm0

∂

∂iS
PQ〈GE Ψss〉Fgdspfp 6 〈GE Ψss〉FctgI





∣

∣

∣

∣

〈i〉
> 3?9fi4

JspEp 〈GE Ψss〉Fgdspfp tF zmGltypo mA nlwnHwlGtyr7 HFtyr Gsp xlGEtK xzopw 3=90“47 lww nzy8
ypnGpo CwlylE GloCzwp otlrElxF JtGs ly pKGpEylw Ψss wpr GslG nly mp oElJy zy l FCspEp7
lyo 〈GE Ψss〉FctgI tF zmGltypo mA nzxCHGtyr lww nzyypnGpo CwlylE GloCzwp otlrElxF JtGs ly
pKGpEylw Ψss wpr lG otFv8wpIpw ty Gsp GzCzwzrtnlw pKClyFtzy9

TG FszHwo mp pxCslFtBpo GslG 3?9fi4 z1pEF l nzxCwpGpwA CpEGHEmlGtIp xplyF zq zmGltytyr
Gsp EpwlGtzy mpGJppy Us lyo ps7 Jstns ozpF yzG EpDHtEp vyzJwporp zq Gsp iptmpEr8btGGpy
nHEIp zE ot1pEpyGtlw9

bp Jtww yzJ pIlwHlGp pD9 3?9fi4 qzE Gsp nlFp zq Gsp � ˆ = k3z4 rlHrp GspzEA JtGs ze
qHyolxpyGlw sACpExHwGtCwpGF9 jsp EpwpIlyG GloCzwp otlrElxF nzyGEtmHGtyr Gz +EFG zEopE ty
Gsp tyFGlyGzy pKClyFtzy lEp otFCwlApo ty +rHEp =9

jsp +EFG GJz otlrElxF nzyGEtmHGp Gz 〈GE Ψss〉Fgdspfp9 jspFp JpEp pIlwHlGpo ty ”)fl JtGs
Gsp EpFHwG

〈GE Ψss〉Fgdspfp ˆ
0

αPQ

∑

S 6ms

[

· i=s
hspsS

6 =
isiS
hspsS

]

, 3?9]4

jsp GstEo otlrElx ty +rHEp = nzyGEtmHGpF Gz 〈GE Ψss〉FctgI9 MA HFtyr Gsp QpAyxly EHwpF
opEtIpo qEzx Gsp lnGtzy 3=90“4 zyp +yoF

〈GE Ψss〉FctgI ˆ ·
is

αhs

dN
∑

Tm0

0
qsT

, 3?9–4

TyFpEGtyr Gsp lmzIp EpFHwGF tyGz pD9 3?9fi47 pIlwHlGtyr Gsp EpFHwGtyr pKCEpFFtzy HFtyr pD9 3“90;47
lyo HFtyr Gsp topyGtGA 3“90047 zyp +yoF

Us ˆ ps 6 Λ=d·dN



�·=�s
h=s

∑

S 6ms

0
psS

6
�s
h=s

dN
∑

Tm0

0
qsT
· = ’j 3ps4

hs



6N3Λ(d·=dN 4 , 3?90;4

jsp EpwlGtzy mpGJppy Us lyo ps GslG Jp slIp uHFG opEtIpo lrEppF CEpntFpwA7 lG Gsp zyp8
tyFGlyGzy wpIpw7 JtGs ”=)7 pD9 3“90;4fl7 CEzItopo GslG Gsp CzwAyzxtlw j 3a4 ty GsptE pKCEpFFtzy
tF FpG pDHlw Gz 0

=
’j 3a49 bp Jtww otFnHFF Gsp txCwtnlGtzyF zq GstF EpFHwG ty FpnGtzy [9

- 0; -



J
H
E
P
0
1
(
2
0
0
3
)
0
1
5

49 fpPRSPmlRtIp nlwnSwlRtMy MD xsS˜T( lyo �˜T(

YzJ GslG Jp slIp opGpExtypo Gsp EpwlGtzy mpGJppy Us lyo ps7 Jp nly EpJEtGp τsS3p4 ty GpExF
zq Us7 lyo qEzx GslG opGpExtyp Gsp qzEx zq Gsp CEpCzGpyGtlw O3U4 Gz zyp8tyFGlyGzy lnnHElnA9
PDHlGtzy 3?90;4 txCwtpF GslG

wzr psS ˆ wzr UsS 6 Λ=d·dN
[

∑

I 6msWS

(

=�s
h=s psSpsI

6
=�S

h=SpSspSI

]

6
=�s
h=s p

=
sS

6
=�S
h=Sp

=
sS

·

·
dN
∑

Tm0

(

�s
h=s psSqsT

6
�S

h=SpSsqST

]

6
= ’j 3ps4
hspsS

6
= ’j 3pS4
hSpSs

]

> 3)904

JspEp UsS ˆ Us · US7 lyo

wzr qsT ˆ wzr3Us 6xT4 6 Λ=d·dN





∑

I 6ms

=�s
h=s psIqsT

· �s
h=s qsT

dN
∑

km0

0
qsk

6
= ’j 3ps4
hsqsT



 , 3)9=4

bp nly yzJ Ep8pKCEpFF τsS 3“90)4 ty GpExF zq Us

τsS3U4 ˆ τdpfhsS 3U4 6
∞
∑

Bm0

Λ3=d·dN 4Bτ 3B4sS 3U4 > 3)9“4

JspEp Gsp CpEGHEmlGtIp nzyGEtmHGtzy tF 3HC Gz lootGtIp nzyFGlyGF4

=πtτdpfhsS 3U4 ˆ δsS

√

·
∑

I 6ms
wzr

(

Us · UI
Λ

)=

6
dN
∑

Tm0

wzr
(

Us 6xT
Λ

)

√

630·δsS4

√

wzr
(

Us · US
Λ

)=
√

3)9?4
lyo Gsp zyp8tyFGlyGzy nzyGEtmHGtzy tF

=πtτ 304sS 3U4 ˆ δsS

√

∑

I 6ms



�

?�s
h=s

∑

` 6msWI

0
UsIUs`

6
[�s
h=s U

=
sI

6
[�I
h=IU

=
sI



6

6
dN
∑

Tm0



�·
∑

I 6ms

?�s
h=s UsIqsT

6
∑

k 6mT

�s
h=s qsTqsk





√

6

630· δsS4

√

∑

I 6msWS

(

· ?�s
h=s UsSUsI

· ?�S
h=SUSsUSI

6
?�I

h=IUsIUSI

]

· [�s
h=s U

=
sS

· [�S
h=SU

=
sS

6

6
dN
∑

Tm0

(

=�s
h=s UsSqsT

6
=�S

h=SUSsqST

]√

> 3)9)4

JspEp yzJ hs ˆ
∑

S 6ms3Us · US4 lyo qsT ˆ Us 6xT 9 emFpEIp GslG lww Gsp ’j 3a4 GpExF nlynpw
zHG ty Gsp +ylw pKCEpFFtzy qzE τsS3U49 LF Jtww mp otFnHFFpo ty xzEp opGltw ty Gsp ypKG FpnGtzy7
’j 3a4 nly mp lmFzEmpo tyGz l Epop+ytGtzy zq Gsp ps ”=)fl9 itynp τsS3U4 tF tyopCpyopyG zq ps tG
FszHwo mp tyFpyFtGtIp Gz GstF Epop+ytGtzy7 lyo GspEpqzEp Gz Gsp qzEx zq ’j 3a49
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QtylwwA7 tG tF EplotwA IpEt+po GslG 3)9?47 3)9)4 nly mp JEtGGpy lF τsS ˆ ∂=O3U4.∂Us∂US
JtGs 3HC Gz l DHloElGtn CzwAyzxtlw4

=πtO3U4 ˆ ·0
?

∑

s

∑

S 6ms
3Us · US4= wzr

(

Us · US
Λ

)=

6
0
?

∑

s

dN
∑

Tm0

3Us 6xT4= wzr
(

Us 6xT
Λ

)=

6

6Λ=d·dN
∑

s

∏

S 6ms

dN
∏

Tm0

3Us 6xT4
3Us · US4=

6N3Λ(d·=dN 4 , 3)9[4

jstF CEpntFpwA lrEppF JtGs Gsp EpFHwG zmGltypo ty ”=)7 pD9 3?9“?4fl9
jz nzynwHop7 Jp slIp FszJy GslG l nzxCwpGpwA CpEGHEmlGtIp xlGEtK xzopw nlwnHwlGtzy7

Jstns ozpF yzG HFp Gsp iptmpEr8btGGpy nHEIp zE ot1pEpyGtlw7 rtIpF Gsp nzEEpnG EpFHwG qzE
Gsp CEpCzGpyGtlw Gz +EFG zEopE ty Gsp tyFGlyGzy pKClyFtzy qzE Gsp k3z4 rlHrp GspzEA JtGs
ze qHyolxpyGlwF9 StrspE8tyFGlyGzy nzEEpnGtzyF Gz Gsp CEpCzGpyGtlw xlA mp zmGltypo mA
strspE8wzzC nzyGEtmHGtzyF Gz Gsp xlGEtK xzopw qEpp pypErA lyo GloCzwp otlrElxF9

59 usp xplytyr MD �e ˜a(

Ty Epq9 ”=)fl O2SzvpE7 VEtnspIpE7 lyo fszyr opEtIpo Gsp CEpCzGpyGtlw qzE Gsp � ˆ = k3z4
GspzEA JtGs ze !lIzEF qEzx l iptmpEr8btGGpy nHEIp zq Gsp qzEx(

A= ˆ

√

d
∏

sm0

3a· ps4 6 ?Λ=d·dNj 3a4

√=

· ?Λ=d·dN
dN
∏

Tm0

3a6xT4 , 3[904

Ty GsptE JzEv Gsp 3ze · z4Gs zEopE CzwAyzxtlw j 3a4 JlF wpqG HyFCpnt+po 3lwGszHrs GJz
ot1pEpyG nlyotolGpF ”]7 0;fl JpEp CEpFpyGpo4 Ftynp7 lF FszJy ty FpnGtzy =9n zq GslG ClCpE7 Gsp
CEpCzGpyGtlw O3U4 tF tyopCpyopyG zq j 3a49 jstF tF mpnlHFp j 3a4 nly lwJlAF mp lmFzEmpo
tyGz l Epop+ytGtzy zq Gsp ps7 lyo O3U4 tF tyFpyFtGtIp Gz l Epop+ytGtzy zq ps9 SzJpIpE7 Ftynp
j 3a4 tF Gtpo Gz Gsp op+ytGtzy zq ps7 tGF qzEx Jtww l1pnG Gsp EpwlGtzy mpGJppy Us lyo ps9

eHE xlGEtK xzopw nlwnHwlGtzy zq Gsp EpwlGtzy mpGJppy Us lyo ps 3?90;4 txCwtpF 3Itl ”=)7
pD9 3“90;4fl4 l FCpnt+n qzEx qzE j 3a47 ylxpwA

j 3a4 ˆ
0
=
’j 3a4 6N3Λ=d·dN 4 ˆ 0

=

dN·d
∑

Im/

’GIadN·d·I 6N3Λ=d·dN 4 > 3[9=4

lyo GsHF nzEEpFCzyoF Gz l FCpnt+n nsztnp zq Gsp ps9 3eHE CpEGHEmlGtIp xlGEtK xzopw nlwnH8
wlGtzy zywA AtpwoF l EpFHwG Ilwto Gz zyp8tyFGlyGzy lnnHElnA94 jsp iptmpEr8btGGpy nHEIp 3[904
nzEEpFCzyotyr Gz pD9 3[9=4 slF Gsp qzEx

A= ˆ
d
∏

sm0

3a· ps4= · q3a4 >

q3a4 ˆ ?Λ=d·dN



�

dN
∏

Tm0

3a6xT4· ’j 3a4
d
∏

sm0

3a· ps4



 6N3Λ(d·=dN 4 , 3[9“4

3YcGp. Λa�‡�� ty Epq9 5=), otæpEF qEcx cHEF mA l qlnGcE cq (7 panpNG ty pD9 3(92(49 Ty Gsp p8NEtyG IpEFtcy

cq Epq9 5=), Gsp qlnGcE cq ( ty pD9 3=9[4 FscHwo mp cxtGGpo7 lyo Gsp EtrsG slyo FtopF ty pD9 3=9]4 FscHwo mp

xHwGtNwtpo mA 0x(9 uspFp GANcF lEp ncEEpnGpo ty Gsp NHmwtFspo IpEFtcy9
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jsp op+ytGtzy zq ’j 3a47 rtIpy mpwzJ pD9 3“90=47 pyFHEpF GslG q3a4 tF lG xzFG ly 3z · 04Gs
zEopE CzwAyzxtlw9 jsHF7 Gsp nsztnp zq ps ty Gsp xlGEtK xzopw tF FHns GslG yzyp zq Gsp
nzpffntpyGF zq ad zE strspE CzJpEF ty A= EpnptIp Z3Λ=d·dN 4 nzEEpnGtzyF9 3SzJpIpE7 lF Jp
otFnHFF mpwzJ7 Gsp rlHrp8tyIlEtlyGF 〈SA〉 oz EpnptIp nzEEpnGtzyF94 LF Jp Jtww Fpp ty Gsp ypKG
FpnGtzy7 GstF tF pKlnGwA JslG Gsp Floowp8CztyG FzwHGtzy zq Gsp xlGEtK xzopw EpDHtEpF9

TG tF nHEtzHF Gz yzGp GslG Gsp qzEx zq j 3a4 CEzCzFpo ty Epq9 ”0;fl lyo zy Gsp EtrsG slyo
Ftop zq pD9 3=9]4 ty Epq9 ”=)fl tF) j 3a4 ˆ 30.?4

∣dN·d
Im/

’GIadN·d·I7 CEpntFpwA zyp8slwq zq GslG
ty pD9 3[9=49 bsA Gsp ot1pEpynp¯

NzyFtopE Gsp rlHrp8tyIlEtlyG IlEtlmwpF 〈SA〉 ˆ 30.y4〈GE3φA4〉7 Jstns nwlFFtnlwwA slIp Gsp
IlwHpF 3SA4nk ˆ 30.y4

∣d
sm0 p

A
s 9 gHlyGHx xpnslytnlwwA7 GspFp xlA mp nzxCHGpo Itl ”?7 )fl

〈SA〉 ˆ 30.=πty4
∣d
sm0

]

�f
aA·0λim 7 JspEp λim tF Gsp iptmpEr8btGGpy ot1pEpyGtlw9 jspA

xlA lwFz mp nzxCHGpo ty Gsp xlGEtK xzopw ”)fl7 FGlEGtyr qEzx Gsp nzEEpwlGzEF 〈GE3ΦA4〉 3lyo
xzotqAtyr Gsp pKCEpFFtzyF zq Epq9 ”)fl Gz tynwHop Gsp 〈GE3ΦA4〉FctgI nzyGEtmHGtzy7 lF ty pD9 3?9fi4
zq GstF ClCpE/ Fpp FpnGtzy ]49 TG tF plFtwA FszJy GslG qzE ze / z 3ty Jstns nlFp j 3a4
IlytFspF4 〈SA〉 ˆ 3SA4nk qzE y ˆ 0> , , , > z ”=07 )fl9 bspy ze ≥ z 7 szJpIpE7 〈SA〉 JtGs
=z ·ze ≤ y ≤ z nly rpG N3Λ=d·dN 4 nzEEpnGtzyF9

LF FGlGpo lmzIp7 nszzFtyr l ClEGtnHwlE j 3a4 nzEEpFCzyoF Gz l ClEGtnHwlE nsztnp zq Cl8
ElxpGpEF ps HFpo Gz ClElxpGEtBp Gsp xzoHwt FClnp9 TG tF CzFFtmwp Gz op+yp Gsp z ClElxpGpEF
ps Fz GslG Gsp EpwlGtzy 〈SA〉 ˆ 30.y4

∣d
sm0 p

A
s nzyGtyHpF Gz szwo DHlyGHx xpnslytnlwwA qzE

y ˆ 0> , , , > z 9 jstF EpDHtEpxpyG Gspy wploF Gz Gsp qzEx zq j 3a4 ty Epq9 ”0;7 =)fl 3Fpp szJpIpE
Epq9 ”=[fl49 Ty nzyGElFG7 qzE Gsp nsztnp zq j 3a4 ty pD9 3[9=47 〈SA〉 ˆ 3SA4nk yz wzyrpE szwoF lG
Gsp zyp8tyFGlyGzy wpIpw9

69 clRPta xMopw opPtIlRtMy MD Rsp iptmpPr8btRRpy nSPIp

Ty GstF FpnGtzy7 Jp Jtww opEtIp Gsp qzEx zq Gsp iptmpEr8btGGpy nHEIp qzE � ˆ = k3z4 rlHrp
GspzEA JtGs ze / =z qHyolxpyGlw sACpExHwGtCwpGF mA FzwItyr Gsp xlGEtK xzopw tyGprElw
HFtyr Floowp8CztyG xpGszoF 3qzE l EpItpJ zq GstF xpGszo7 Fpp7 p9r97 Epq9 ”=fifl49

eHE FGlEGtyr CztyG tF Gsp xlGEtK xzopw ClEGtGtzy qHynGtzy 3=9?4

e ˆ
0

Izw3R4

∫

oΦogTo ’gT pKC



�· 0
PQ
b/3Φ4·

0
PQ

dN
∑

Tm0

)

’gTφgT 6xT ’gTgT
]



 , 3fi904

OtlrzylwtBtyr Φ lyo tyGprElGtyr zIpE g7 ’g7 zyp zmGltyF 3λs lEp Gsp ptrpyIlwHpF zq Φ4 ”07 0[fl

e ∝
∫ n
∏

sm0

oλs pKC



�· 0
PQ

∑

s

b/3λs4 6 =
∑

s/S

wzr3λs · λS4·
dN
∑

Tm0

∑

s

wzr3λs 6xT4



 , 3fi9=4

jsp Floowp8CztyG pDHlGtzy tF zmGltypo mA IlEAtyr Gsp lnGtzy JtGs EpFCpnG Gz λs.

· 0
PQ
b ′
/3λs4 6 =

∑

S 6ms

0
λs · λS

dN
∑

Tm0

0
λs 6xT

ˆ ; , 3fi9“4

4ulvtyr tyGc lnncHyG Gsp ncEEpnGtcy ty Gsp NEpItcHF qccGycGp (9
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jz FzwIp 3fi9“47 tG tF FGlyolEo CEznpoHEp ”=fifl Gz tyGEzoHnp Gsp GElnp zq Gsp EpFzwIpyG

<3a4 ˆ
0
n

GE
(

0
Φ· a

)

ˆ
0
n

∑

s

0
λs · a

3fi9?4

Jstns nly mp FszJy Gz FlGtFqA ”=fifl

<=3a4 6
b ′
/3a4
PQn

<3a4 6
0

PQn=

∑

s

b ′
/3a4·b ′

/3λs4
a· λs

·

· 0
n
<′3a4 6

0
n=

∑

s

dN
∑

Tm0

0
3λs · a43λs 6xT4

ˆ ; , 3fi9)4

YzJ Jp wpG PQ → ;7 n → ∞7 JtGs i ˆ PQn spwo +Kpo9 bp lwFz szwo ze +Kpo/ ty GstF7
zHE lCCEzlns ot1pEF qEzx Epq9 ”0[fl9 Ty GstF wtxtG7 Gsp wlFG GJz GpExF zq pD9 3fi9)4 IlytFs9

jsp wlErp8n wtxtG pKCEpFFtzyF lEp nzyIpytpyGwA JEtGGpy ty GpExF zq Gsp opyFtGA zq
ptrpyIlwHpF

ρ3λ4 ˆ
0
n

∑

s

δ3λ · λs4 >
∫

ρ3λ4 oλ ˆ 0 , 3fi9[4

Ty GstF wlyrHlrp Gsp EpFzwIpyG mpnzxpF

<3a4 ˆ
∫

oλ
ρ3λ4
λ· a > ρ3λ4 ˆ

0
=πt

”<3λ6 t≤4· <3λ· t≤4fl 3fi9fi4

lyo pD9 3fi9)4 nly mp EpJEtGGpy lF

<=3a4 6
b ′
/3a4
i

<3a4 6
0
?i=

q3a4 ˆ ; > 3fi9]4

JspEp

q3a4 ˆ ?i
∫

oλ ρ3λ4
b ′
/3a4·b ′

/3λ4
a· λ

3fi9–4

tF ly 3lF ApG4 lEmtGElEA 3z · 04Gs zEopE CzwAyzxtlw9 Op+ytyr

A3a4 ˆ =i<3a4 6b ′
/3a4 3fi90;4

zyp xlA EpJEtGp pD9 3fi9]4 lF

A= ˆb ′
/3a4

= · q3a4 > q3a4 ˆ
d·0
∑

Am/

mAa
A , 3fi9004

jstF pDHlGtzy nslElnGpEtBpF l sACpEpwwtCGtn htpxlyy FHEqlnp9 bspy Gsp EzzGF zq b ′
/3a4 lEp

Jpww8FpClElGpo lyo q3a4 tF l Fxlww nzEEpnGtzy Gzb ′
/3a47 Gsp nHEIp slF z nHGF ty Gsp a Cwlyp7

npyGpEpo lCCEzKtxlGpwA zy Gsp EzzGF zq b ′
/3a49 jsp ptrpyIlwHpF zq Φ lEp nwHFGpEpo lwzyr

GspFp nHGF9 jsp qHynGtzy q3a4 opGpExtypF Gsp otFGEtmHGtzy zq Gsp ptrpyIlwHpF zq Φ lxzyr
Gsp z nHGF7 lyo Gsp FCEplotyr zq GszFp ptrpyIlwHpF oHp Gz ptrpyIlwHp EpCHwFtzy9 �pG ns

opyzGp Gsp yHxmpE zq ptrpyIlwHpF lwzyr Gsp ths nHG.

ns ˆn

∫

s

oλ ρ3λ4 , 3fi90=4
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Op+yp is ˆ PQns7 Jstns EpxltyF +ytGp ty Gsp n 7 ns → ∞ wtxtG9 jspy7 HFtyr pDF9 3fi9fi4
lyo 3fi90;47 Jp Fpp GslG pD9 3fi90=4 xlA mp EpJEtGGpy

is ˆ ·
0
?πt

∮

�f

A oa > 3fi90“4

JspEp Ls opyzGpF Gsp nzyGzHE FHEEzHyotyr Gsp tGs nHG9 jstF tF pD9 3“90;4 zq ”0fl 3HC Gz l
qlnGzE zq =/ Gsp Ftry opCpyoF zy Gsp otEpnGtzy zq Gsp nzyGzHE tyGprElwF7 Jstns Jp Glvp Gz mp
nzHyGpEnwznvJtFp49 kC Gz GstF CztyG7 Jp slIp uHFG mppy qzwwzJtyr Epq9 ”0fl9

LF ty Epq9 ”=0fl7 Jp opyzGp mA f lyo g Gsp CztyGF a ˆ ∞ zy Gsp GJz FsppGF zq Gsp
nHEIp 3fi90049 3Tq zyp yppoF l nHGz1 qzE ly tyGprElw7 zyp GlvpF f lyo g Gz mp lG a ˆ Λ/
JtGs Λ/ wlErp94 jz mp FCpnt+n7 wpG f mp zy Gsp FsppG zy Jstns b ′

/3a4 · A3a4 rzpF Gz BpEz
lF a → ∞9 LwFz7 opyzGp mA Ns l ClGs qEzx g Gz f GslG ClFFpF GsEzHrs Gsp ths nHG9 jsp
htpxlyy FHEqlnp zq rpyHF z · 0 opFnEtmpo mA Gsp nHEIp 3fi9004 nly mp rtIpy l nlyzytnlw
szxzwzrA mlFtF lF qzwwzJF. Ls 3t ˆ 0> , , , > z · 04 lyo Ms ˆ Ns · Nd 3t ˆ 0> , , , > z · 049

eHE rzlw ty Gsp EpxltyopE zq GstF FpnGtzy tF Gz HFp xlGEtK8xzopw xpGszoF Gz opGpExtyp
Gsp pKCwtntG qzEx zq q3a4 ty Gsp FCpnGElw nHEIp 3fi90049 jstF Jtww ty GHEy Atpwo Gsp 3sACpE8
pwwtCGtn4 iptmpEr8btGGpy nHEIp qzE Gsp k3z4 GspzEA JtGs ze qHyolxpyGlw sACpExHwGtCwpGF9
jsp Floowp8CztyG pIlwHlGtzy zq Gsp ClEGtGtzy qHynGtzy 3fi9=4 rtIpF 3spEp Jp yppo Gz vppC Gsp
+EFG FHmwplotyr GpEx Ftynp tG nzyGEtmHGpF Gz Qc4

e ˆ pKC

(

· i

P=Q

∫

oλ ρ3λ4b/3λ4 6
i=

P=Q

∫

oλoλ′ ρ3λ4 ρ3λ′4 wzr3λ· λ′4·

· i

PQ

dN
∑

Tm0

∫

oλ ρ3λ4 wzr3λ6xT4

]

3fi90?4

qEzx Jstns Jp tyqpE

Qg ˆ ·i
∫

oλ ρ3λ4b/3λ4 6 i=
∫

oλoλ′ ρ3λ4 ρ3λ′4 wzr3λ· λ′4 3fi90)4

lyo

Qc ˆ ·i
dN
∑

Tm0

∫

oλ ρ3λ4 wzr3λ6xT4 , 3fi90[4

Ty zEopE Gz nzxCHGp bp1 7 Jp yppo Gsp IlEtlGtzy zq Qg HyopE l Fxlww nslyrp ty is9 QEzx
3fi90=4 Jp Fpp GslG FHns l IlEtlGtzy nly mp txCwpxpyGpo mA wpGGtyr ρ3λ4 → ρ3λ463δis.i4δ ×
3λ· ps4 JspEp ps EpqpEF Gz ly lEmtGElEA7 mHG +Kpo7 CztyG lwzyr Gsp ths nHG9 kFtyr GstF EpFHwG
ty 3fi90)4 rtIpF5

δQg ˆ δis

[

·b/3ps4 6 =i
∫

oλ ρ3λ4 wzr3λ· ps4
]

, 3fi90fi4

5ipp 50, lyo lNNpyota � cq Epq9 5=], qcE EpwlGpo otFnHFFtcyF9
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jstF xlA mp EpJEtGGpy lF 3spEp nzyFG EpqpEF Gz l nzyFGlyG zq tyGprElGtzy4

∂Qg
∂is

ˆ
∫ f

pf

oa b ′
/3a4· =i

∫

oλ ρ3λ4
∫ f

pf

oa
a· λ

6 nzyFG

ˆ
∫ f

pf

oa


b ′
/3a4 6 =i <3a4

(

6 nzyFG

ˆ
∫ f

pf

A oa6 nzyFG 3fi90]4

Jstns tF uHFG ”07 pD9 3“9004fl9 kFtyr Gsp qlnG GslG A ot1pEF zywA mA l Ftry zy Gsp GJz FsppGF7
GzrpGspE JtGs Gsp op+ytGtzy Ms ˆ Ns · Nd 7 Jp xlA EpJEtGp GstF lF

∂Qg
∂is

ˆ
0
=

∫ pf

P

A oa6
0
=

∫ f

pf

A oa6 nzyFG

ˆ
0
=

∫

Nf

A oa6 nzyFG

ˆ
0
=

∫

Mf

A oa6
0
=

∫

N�

A oa6 nzyFG , 3fi90–4

QzE bp1 7 Jp Jtww lwFz yppo

Qc3p> i4 ˆ ·i
dN
∑

Tm0

∫

oλ ρ3λ4
∫ f

·xj

oa
λ· a 6 nzyFG

ˆ ·i
dN
∑

Tm0

∫ f

·xj
<3a4 oa6 nzyFG

ˆ ·0
=

dN
∑

Tm0

∫ f

·xj
A3a4 oa6 nzyFG > 3fi9=;4

JspEp Jp lmFzEm Gsp is8tyopCpyopyGb/3f 4·b/3·xT4 GpExF tyGz Gsp tyGprElGtzy nzyFGlyG9
bp yzJ HFp pDF9 3fi90–4 lyo 3fi9=;4 ty Gsp p1pnGtIp FHCpECzGpyGtlw 3FpGGtyr zs ˆ 04

bp1 ˆ·
d
∑

sm0

∂Qg
∂is

· Qc 6 =πtτ/
d
∑

sm0

is 3fi9=04

ˆ·0
=

d·0
∑

sm0

∮

Mf

A oa· 0
=
z

∫

N�

A oa6
0
=

dN
∑

Tm0

∫ f

·xj
A oa· 0

=
τ/

d
∑

sm0

∮

�f

A oa6 nzyFG ,

Ty Gsp CEpFnEtCGtzy EpwlGtyr Gsp xlGEtK xzopw lyo Gsp � ˆ = rlHrp GspzEA Jp lEp tyFGEHnGpo
Gz pKGEpxtBp bp1 JtGs EpFCpnG Gz is9 itynp Gsp is2F lEp opGpExtypo mA q3a4 lyo GspEpqzEp
mA Gsp mA2F GsEzHrs pDF9 3fi9004 lyo 3fi90“47 Jp xlA pDHtIlwpyGwA IlEA 3fi9=04 JtGs EpFCpnG Gz
mA ”=0fl9 QEzx pD9 3fi90047 zyp FppF GslG 3∂A.∂mA4oa ˆ ·30.=4aAoa.A9 QzE ; ≤ y ≤ z · =7
GspFp qzEx l nzxCwpGp mlFtF zq szwzxzECstn ot1pEpyGtlwF zy Gsp htpxlyy FHEqlnp ”=–fl9 bp
xlA GspEpqzEp nslyrp mlFtF Gz Gsp HytDHp mlFtF zq szwzxzECstn ot1pEpyGtlwF ζI oHlw Gz
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Gsp szxzwzrA mlFtF7 t9p97
]

�f
ζI ˆ δsI9 NzyFpDHpyGwA7 Gsp pDHlGtzyF δbp1.δmA ˆ ; qzE

; ≤ y ≤ z · = xlA mp EpJEtGGpy

; ˆ ·
d·0
∑

sm0

∮

Mf

ζI ·z
∫ f

P

ζI 6
dN
∑

Tm0

∫ f

·xj
ζI > 3fi9==4

JspEp
∣d
sm0

]

�f
ζI ˆ ; mpnlHFp Gsp FHx zq Ls nAnwpF tF l GEtItlw nAnwp9 jsp +EFG GpEx uHFG

AtpwoF
∣d·0
sm0 τsI7 Jstns tF ly pwpxpyG zq Gsp CpEtzo wlGGtnp9 Spynp+

z

∫ P

f

ζI 6
dN
∑

Tm0

∫ f

·xj
ζI ˆ 3fi9=“4

ˆ z

∫ P

C9

ζI · 3z ·ze 4
∫ f

C9

ζI ·
dN
∑

Tm0

∫ ·xj

C9

ζI ˆ ; 3xzoHwz Gsp CpEtzo wlGGtnp4 >

JspEp C/ tF ly lEmtGElEA 3rpypEtn4 CztyG zy Gsp htpxlyy FHEqlnp9 TG yzJ qzwwzJF qEzx Lmpw2F
GspzEpx ”=–fl GslG GspEp pKtFGF l qHynGtzy ψ3a4 zy Gsp htpxlyy FHEqlnp JtGs ly zGs zEopE
Czwp lG g7 ly 3z ·ze 4Gs zEopE BpEz 3zE Czwp7 tq ze W z4 lG f 7 lyo FtxCwp BpEzF lG ·xT

qzE T ˆ 0> , , , > ze 9 LF Jp Jtww yzJ FszJ7 GstF EpDHtEpxpyG FHffnpF Gz +K Gsp qzEx zq q3a47
lyo GspEpqzEp Gsp iptmpEr8btGGpy nHEIp9

QzE ; ≤ ze / z 7 Gsp qHynGtzy ψ3a4 tF FtxCwA 3CEzCzEGtzylw Gz4 Gsp EpFzwIpyG.

ψ3a4 ˆ A ·b ′
/3a4 ˆ

√

b ′
/3a4= · q3a4·b ′

/3a4> ; ≤ ze / z , 3fi9=?4

jstF nly mp Fppy lF qzwwzJF. ψ3a4 slF ly zGs zEopE Czwp lG g7 lyo 3lG wplFG4 l FtxCwp BpEz
lG f 3mpnlHFp q3a4 tF l CzwAyzxtlw zq lG xzFG 3z · 04Gs zEopE49 Lmpw2F GspzEpx AtpwoF
z ·0 nzyotGtzyF lyo GspEpqzEp nzxCwpGpwA nzyFGEltyF Gsp Epxltytyr BpEzF9 jsHF ψ3a4 xHFG
slIp l FtxCwp BpEz lG a ˆ ·xT 7 Fz q3a4 xHFG nzyGlty l qlnGzE 3a 6xT4 qzE plns T9 QzE
ψ3a4 Gz slIp ly 3z · ze 4Gs zEopE BpEz lG f 7 q3a4 nly mp zq ze Gs zEopE lG xzFG9 jspFp
GJz nzyotGtzyF EpDHtEp q3a4 ∝ ∑dN

Tm03a 6 xT49 Ylxtyr Gsp nzyFGlyG zq CEzCzEGtzylwtGA
?Λ=d·dN 7 lyo FpGGtyr α ˆ 0 ty pD9 3=9=47 Jp Fpp GslG Gsp FCpnGElw nHEIp 3fi9004 tF rtIpy mA

A= ˆ
d
∏

sm0

3a· ps4= · ?Λ=d·dN
dN
∏

Tm0

3a6xT4 3fi9=)4

CEpntFpwA Gsp iptmpEr8btGGpy nHEIp ”fifl-”0;fl qzE ze / z 9 3TG FszHwo lwFz mp CzFFtmwp Gz
opGpExtyp GstF nzyFGlyG zq CEzCzEGtzylwtGA mA FpGGtyr δbp1.δmd·0 ˆ ;7 lyo HFtyr Gsp rlHrp
GspzEA EpwlGtzy =πtτ3Λ/4 ˆ 3=z · ze 4 wzr3Λ.Λ/4 lyo Gsp qlnG GslG ”=0fl

∣d
sm0

]

�f
A oa ˆ

·πtmd·094
QzE z ≤ ze / =z 7 Gsp qHynGtzy ψ3a4 tF yzG rtIpy mA Gsp EpFzwIpyG mHG mA l EpwlGpo

qHynGtzy
ψ3a4 ˆ

)

L3a4= · P3a4 ·L3a4 > z ≤ ze / =z > 3fi9=[4

JspEp L3a4 tF ly zGs zEopE CzwAyzxtlw lyo P3a4 ∝ ∑dN
Tm03a6xT49 3LF mpqzEp7 Jp ylxp Gsp

CEzCzEGtzylwtGA nzyFGlyG ?Λ=d·dN 94 kyopE GspFp nzyotGtzyF7 ψ3a4 IlytFspF lG a ˆ ·xT 7
6ustF pDHlGtcy klF cmGltypo ty Epq9 5=0, qcE Gsp nlFp MN W ; mA l FcxpkslG otæpEpyG lNNEclns9 SpEp kp

slIp opEtIpo tG HFtyr cywA xlGEta8xcopw xpGscoF9
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qzE T ˆ 0> , , , ze 7 slF ly zGs zEopE Czwp lG g7 lyo ly 3ze · z4Gs zEopE Czwp lG f 9 QzE
ψ3a4 Gz mp l qHynGtzy zy Gsp htpxlyy FHEqlnp 3fi90047 Gsp FDHlEp EzzG ty ψ3a4 xHFG mp
CEzCzEGtzylw Gz A3a47 GslG tF 3yzExlwtBtyr lCCEzCEtlGpwA4

L3a4= · ?Λ=d·dN
dN
∏

Tm0

3a6xT4 ˆb ′
/3a4

= · q3a4 > 3fi9=fi4

JspEp q3a4 tF l CzwAyzxtlw zq zEopE lG xzFG 3z·049 jsp FzwHGtzy Gz GstF7 Gz N3Λ=d·dN 47 tF

L3a4 ˆ
d
∏

sm0

3a· ps4 6 =Λ=d·dN ’j 3a4 >

q3a4 ˆ ?Λ=d·dN



�

dN
∏

Tm0

3a6xT4· ’j 3a4
d
∏

sm0

3a· ps4



 > 3fi9=]4

JspEp ’j 3a4 tF op+ypo mpwzJ pD9 3“90=47 lyo lrlty Jp slIp FpG α ˆ 0 ty pD9 3=9=49 jsHF Gsp
FCpnGElw nHEIp 3fi9004 lyo qHynGtzy ψ3a4 lEp rtIpy mA

A= ˆ
d
∏

sm0

3a· ps4= · q3a4 > z ≤ ze / =z

ψ3a4 ˆ A ·L3a4 > 3fi9=–4

ty lrEppxpyG JtGs Gsp iptmpEr8btGGpy nHEIp qzE z ≤ ze / =z ”fifl-”0;fl mHG JtGs l ClEGtnHwlE
nsztnp zq FHmwplotyr GpEx ’j 3a49 3jstF qzEx zq Gsp nHEIp JlF lwEploA zmGltypo 3[9“4 ty Gsp
CEpItzHF FpnGtzy mA nzxClEtyr zHE CpEGHEmlGtIp xlGEtK xzopw nlwnHwlGtzy JtGs Gsp nHEIp
ty Epq9 ”=)fl9 jsp FHmwplotyr GpEx ’j 3a4 FtxCwA nzEEpFCzyoF Gz l ClEGtnHwlE nsztnp zq xzoHwt
ClElxpGpEF ps Ctnvpo zHG mA Gsp xlGEtK xzopw94

jsHF7 qzE mzGs ze / z lyo z ≤ ze / =z 7 Gsp FCpnGElw nHEIp zmGltypo qEzx
Gsp xlGEtK8xzopw Floowp8CztyG tyGprElw lrEppF CEpntFpwA JtGs Gsp vyzJy iptmpEr8btGGpy
nHEIp 3[904 qzE Gsp � ˆ = k3z4 rlHrp GspzEA JtGs ze qHyolxpyGlw sACpExHwGtCwpGF9

QtylwwA7 qEzx Gsp CEzCpEGtpF zq ψ3a4 3fi9=?4 lyo 3fi9=[47 Jp Fpp GslG

s3a4oa ˆ
oψ
ψ

3fi9“;4

tF l xpEzxzECstn ot1pEpyGtlw JtGs FtxCwp CzwpF lG f 7 g7 lyo a ˆ ·xT lyo EpFtoHpF z·ze 7
·z 7 lyo 0 EpFCpnGtIpwA9 jspFp nzyotGtzyF txCwA GslG Gsp xpEzxzECstn ot1pEpyGtlw rtIpy mA
λim ˆ as3a4oa slF lww Gsp nzEEpnG CEzCpEGtpF Gz mp Gsp iptmpEr8btGGpy ot1pEpyGtlw ”fi7 0;7
“;fl9 czEpzIpE7 HFtyr Gsp FCpnt+n qzExF zq ψ3a4 rtIpy ty pDF9 3fi9=)4 lyo 3fi9=–47 Jp zmGlty
pKlnGwA Gsp qzEx zq Gsp λim rtIpy ty Epq9 ”=)fl9

79 epPtIlRtMy MD Rsp iptmpPr8btRRpy ot1pPpyRtlw

Ty Gsp CEpItzHF FpnGtzy Jp zmGltypo ly pKCEpFFtzy 3fi9“;4 EpwlGpo Gz Gsp iptmpEr8btGGpy
ot1pEpyGtlw λim 9 LwGszHrs GstF qzEx nly mp xzGtIlGpo qEzx Gsp Nlwlmt8dlH lCCEzlns ”=07
“0fl tG ozpF yzG nzyFGtGHGp l rpyHtyp xlGEtK8xzopw opEtIlGtzy zq λim 9 Ty GstF FpnGtzy Jp
CEpFpyG l opEtIlGtzy zq λim pyGtEpwA JtGsty Gsp qElxpJzEv zq Gsp xlGEtK xzopw9
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Ty Gsp iptmpEr8btGGpy lCCEzlns7 Gsp rlHrp8GspzEA pKCpnGlGtzy IlwHp zq GE φA tF nlwnH8
wlGpo Itl ”?7 )fl

〈GE φA〉 ˆ 0
=πt

d
∑

sm0

∮

�f

aA·0λim , 3]904

jsp EpwlGtzy mpGJppy Gsp rlHrp GspzEA IpI lyo xlGEtK xzopw DHlyGtGtpF tF

〈GE φA〉 ˆ





d
∑

Sm0

∂

∂iS
PQ〈GEΦA〉gdspfp 6 〈GE ΦA〉ctgI





∣

∣

∣

∣

〈i〉
3]9=4

Jstns rpypElwtBpF ”)7 pD9 3)90;4fl Gz Gsp nlFp Jspy mzHyolEtpF lEp CEpFpyG 3Fpp lwFz ”0)fl49 jsp
opEtIlGtzy zq pD9 3]9=4 tF FtxtwlE Gz GslG zq pD9 3?9fi4 zq GstF ClCpE mHG HFpF Gsp opqzExlGtzy
’b 3Φ> g> ’g4 ˆb 3Φ> g> ’g4 6 ≤ 30.y4 GE 3ΦA49

jsp xlGEtK8xzopw pKCpnGlGtzy IlwHpF 〈GE ΦA〉 ty pD9 3]9=4 xlA mp pKCEpFFpo ty GpExF
zq Gsp EpFzwIpyG 3fi9?4

<3a4 ˆ · 0
n

〈

GE
0

a· Φ

〉

ˆ · 0
n

∞
∑

Am/

a·A·0〈GEΦA〉

〈GEΦA〉 ˆ · n

=πt

d
∑

sm0

∮

�f

aA<3a4oa 3]9“4

Jstns lnGF lF l rpypElGtyr qHynGtzy qzE Gsp pKCpnGlGtzy IlwHpF9 jz CEznppo7 Jp EpJEtGp Gsp
wlFG GpEx ty 3fi9)4 lF

0
n=

∑

s

dN
∑

Tm0

0
3λs · a43λs 6xT4

ˆ
0
n=

∑

s

0
λs · a

dN
∑

Tm0

0
a6xT

· 0
n=

dN
∑

Tm0

0
a6xT

∑

s

0
λs6xT

ˆ
0
n

dN
∑

Tm0

<3a4· <3·xT4
a6xT

3]9?4

Fz GslG pD9 3fi9)4 mpnzxpF

<=3a4 6
b ′
/3a4
PQn

<3a4 6
0

PQn=

∑

s

b ′
/3a4·b ′

/3λs4
a· λs

·

· 0
n
<′3a4 6

0
n

dN
∑

Tm0

<3a4· <3·xT4
a6xT

ˆ ; , 3]9)4

YpKG7 Jp pKClyo <3a4 lF

<3a4 ˆ
∑

<≤=

0
n=·<<0·<.=3a4 ˆ </3a4 6

0
n
<0.=3a4 6N

(

0
n=

)

, 3]9[4

kFtyr Gsp xpGszo opIpwzCpo ty Epq9 ”“=fl77 Jp nly FzwIp Gsp wzzC8pDHlGtzy 3]9)4 zEopE8mA8
zEopE ty 0.n 7 Jstns ty CEtyntCwp Jtww rtIp HF 〈GE ΦA〉 Gz lEmtGElEA zEopE ty Gsp GzCzwzrtnlw

7ipp lwFc Gsp EpnpyG NlNpE 522,9
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pKClyFtzy9 QzE pD9 3]9=47 szJpIpE7 Jp Jtww zywA yppo <g3a4 ≡ </3a4 lyo <c3a4 ≡ <0.=3a49
TyFpEGtyr 3]9[4 tyGz pD9 3]9)47 lyo HFtyr Gsp qlnG ”“=fl8 GslG Gsp 30.n4<′3a4 GpEx tF N30.n =47
Jp +yo

<g3a4 ˆ
0
=i

)

A ·b ′
/3a4

[

>

<c3a4 ˆ ·
i

A

dN
∑

Tm0

<g3a4· <g3·xT4
a6xT

> 3]9fi4

JspEp A= ˆ b ′
/3a4

= · q3a49 jstF EpFHwG7 GzrpGspE JtGs 3]9“47 lwwzJF HF Gz JEtGp Gsp nzyGEt8
mHGtzyF Gz 〈GE ΦA〉 lG Gsp FCspEp 3χ ˆ =4 lyo otFv 3χ ˆ 04 wpIpwF lF

〈GE ΦA〉gdspfp ˆ ·
n

=πt

d
∑

sm0

∮

�f

aA <g3a4 oa >

〈GE ΦA〉ctgI ˆ ·
0
=πt

d
∑

sm0

∮

�f

aA <c3a4 oa , 3]9]4

TyFpEGtyr GspFp pKCEpFFtzyF tyGz pD9 3]9=4 lyo nzxClEtyr JtGs 3]904 zyp nly Eplo z1

λim ˆ a

√

d
∑

sm0

∂

∂is
3·i<g3a44 · <c3a4

√

∣

∣

∣

∣

〈i〉
oa , 3]9–4

jstF rpypElwtBpF pD9 3)9“4 ty I“ zq Epq9 ”0)fl Gz Gsp nlFp Jspy mzHyolEtpF lEp CEpFpyG9
kFtyr pD9 3]9fi47 Jp slIp

d
∑

sm0

∂

∂is
3·i<g3a44 ˆ · 0

=

d
∑

sm0

∂A

∂is
, 3]90;4

jstF pKCEpFFtzy slF HytG Ls8CpEtzoF7

0
=πt

∮

�f



· 0
=

d
∑

Sm0

∂A

∂iS



 oa ˆ
d
∑

Sm0

∂

∂iS

[

· 0
?πt

∮

�f

A oa
]

ˆ
d
∑

Sm0

∂

∂iS
is ˆ 0 3]9004

HFtyr Gsp op+ytGtzy zq is 3fi90“49 czEpzIpE7 mA JEtGtyr 3mA JlF op+ypo ty pD9 3fi9004 4
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Jp Fpp GslG GstF pKCEpFFtzy slF FtxCwp CzwpF lG f lyo g JtGs EpFtoHpF ±z 7 lyo yz zGspE
CzwpF9 jsp CEzCpEGtpF 3]9004 lyo 3]90=4 FHffnp Gz FszJ GslG
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lF Gsp qHynGtzy zy Gsp E9s9F9 slF Gsp Flxp CEzCpEGtpF9
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jz FtxCwtqA Gsp EpxltyopE zq Gsp otFnHFFtzy7 Jp nzyFtopE ze / z 9 Ty GstF nlFp7 Jp
qzHyo ty Gsp CEpItzHF FpnGtzy GslG q3a4 ∝ ∑dN

Tm03a 6xT47 Fz q3·xT4 ˆ ;9 jsp nzyGzHEF
ty pD9 3]9]4 lEp zy Gsp FsppG zy Jstns A ˆ 6b ′

/3a4 6 | | |7 lyo zy GstF FsppG7 pDF9 3fi90;4
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Jstns tF ty CpEqpnG lrEppxpyG JtGs Gsp ze / z EpFHwG ty Epq9 ”=)fl9

-9 iSxxlPA

Ty GstF ClCpE Jp slIp nzyGtyHpo Gsp CEzrElx tytGtlGpo ty ”)fl qzE lylwABtyr � ˆ = rlHrp
GspzEtpF JtGsty Gsp xlGEtK xzopw lCCEzlns ”0fl-”?fl/ spEp Jp tynwHopo xlGGpE ty Gsp qHyol8
xpyGlw EpCEpFpyGlGtzy zq k3z49 jstF lootGtzy pKCzFpF ypJ qplGHEpF zq Gsp xpGszo7 zyp
zq Jstns tF Gsp lCCplElynp zq otFv otlrElxF GslG nzyGEtmHGp Gz Gsp qEpp pypErA9 itxtwlEwA7
Gsp GloCzwp otlrElxF ypnpFFlEA qzE nzxCHGtyr Gsp CpEtzoF Us lwFz slIp l nzyGEtmHGtzy qEzx
otFv otlrElxF9 bp nzxCHGpo Gsp EpwlGtzy mpGJppy Us lyo Gsp nwlFFtnlw xzoHwt ps7 lF Jpww
lF Gsp � ˆ = CEpCzGpyGtlw O3U47 +yotyr nzxCwpGp lrEppxpyG JtGs vyzJy EpFHwGF9

Ly tyGpEpFGtyr qplGHEp zq zHE nlwnHwlGtzy tF GslG Gsp GJz nlFpF ze / z lyo z ≤
ze / =z lEp zy Gsp Flxp qzzGtyr lyo nly mp GEplGpo HFtyr Gsp Flxp xpGszo JtGsty Gsp
xlGEtK xzopw lCCEzlns9 jsp zywA ot1pEpynp mpGJppy Gsp GJz nlFpF tF Gsp lCCplElynp zq
Gsp CzwAyzxtlw ’j 3a4 Jspy ze ≥ z 7 nq9 3?90;49 Ty Gsp +ylw pKCEpFFtzy qzE Gsp CEpCzGpyGtlw7
szJpIpE7 ’j 3a4 otFlCCplEF9 Ty FpnGtzy [ Jp otFnHFFpo Gsp xplytyr zq ’j 3a47 pKCwltytyr szJ
tG l1pnGF Gsp qzEx zq Gsp iptmpEr8btGGpy nHEIp Jspy ze ≥ z 9

QEzx Gsp CztyG zq ItpJ zq nzxCHGlGtzylw pffntpynA7 Gsp xlGEtK xzopw lCCEzlns nlyyzG7
ty tGF CEpFpyG qzEx7 nzxCpGp JtGs zGspE xpGszoF qzE nzxCHGtyr xHwGt8tyFGlyGzy nzyGEtmH8
GtzyF ”“?fl-”“[fl9 SzJpIpE7 tG JzHwo mp tyGpEpFGtyr Gz nzyypnG GspFp lCCEzlnspF JtGs Gsp
xlGEtK xzopw CpEFCpnGtIp Gz txCEzIp zHE HyopEFGlyotyr zq xHwGt8tyFGlyGzy p1pnGF9

Ty FpnGtzyF fi lyo ] Jp CEpFpyGpo opEtIlGtzyF7 pyGtEpwA JtGsty Gsp nzyGpKG zq Gsp xlGEtK
xzopw7 zq Gsp iptmpEr8btGGpy nHEIp lyo ot1pEpyGtlw qzE Gsp � ˆ = k3z4 GspzEA JtGs
ze / =z !lIzEF9 jsp nzyGEtmHGtzy Gz Gsp qEpp pypErA qEzx otFv otlrElxF 3fi9=;4 CwlApo ly
txCzEGlyG Ezwp ty Gsp lylwAFtF9 L nzxClEtFzy zq 3fi9=?4 lyo 3fi9=–4 pKstmtGF Gsp ot1pEpynp
mpGJppy Gsp iptmpEr8btGGpy nHEIpF qzE ze / z lyo z ≤ ze / =z 9 Ty Gsp wlGGpE nlFp7 Gsp
xlGEtK xzopw xlvpF l FCpnt+n nsztnp qzE Gsp xzot+nlGtzy zq Gsp nHEIp9 jstF EpFHwG JlF
lwFz tyqpEEpo ty FpnGtzy [ qEzx Gsp CpEGHEmlGtIp nlwnHwlGtzy9
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bp JzHwo wtvp Gz Gslyv U9 cnREppIA qzE nzyIpEFlGtzyF lyo h9 RzClvHxlE qzE nzEEpFCzy8
opynp9 S9U9i9 JzHwo wtvp Gz Gslyv Gsp FGEtyr GspzEA rEzHC lyo fsAFtnF OpClEGxpyG zq
SlEIlEo kytIpEFtGA qzE GsptE szFCtGlwtGA pKGpyopo zIpE l wzyr CpEtzo zq Gtxp9

hpDpPpynpg

50, h9 OtuvrEllD lyo N9 alDl7 clGEtV xBopwFfi GBCBwBrtnlw FGEtyrF lyo FHCpEFAxxpGEtn rlHrp
GspBEtpF7 YHnw- fsAF- � 533 3=;;=4 ˜ 5spd8hs./b/5b@@,9

5=, h9 OtuvrEllD lyo N9 alDl7 ey rpBxpGEA lyo xlGEtV xBopwF7 YHnw- fsAF- � 533 3=;;=4 =0
5spd8hs./b/60/5,9

5˜, h9 OtuvrEllD lyo N9 alDl7 L CpEGHEmlGtIp JtyoBJ tyGB yByflCpEGHEmlGtIp CsAFtnF7
spd8hs./b/7/379

5(, h9 OtuvrEllD7 i9 RHvzI7 a9L9 VlBlvzI lyo N9 alDl7 fpEGHEmlGtIp lylwAFtF Bq rlHrpo xlGEtV
xBopwF7 spd8hs./b0/b279

5), i9R9 YlnHwtns7 S9U9 insytGBpE lyo Y9 bAwwlEo7 jsp � W = k3�4 rlHrp GspBEA CEpCBGpyGtlw
lyo CpEtBoF qEBx l CpEGHEmlGtIp xlGEtV xBopw nlwnHwlGtBy7 spd8hs./b000b29

5[, h9 LErHEtz7 a9�9 NlKCzF7 R9 gpEEpGGt lyo h9 SptFp7 PVlnG FHCpECBGpyGtlwF qBE GspBEtpF JtGs
,lIBEF Itl l xlGEtV tyGprElw7 spd8hs./b0/b-09

5¨, Y9 iptmpEr lyo P9 btGGpy7 PwpnGEtnflxlrypGtn oHlwtGAfi xByBCBwp nByopyFlGtBy lyo nBy5ypxpyG
ty � W = FHCpEFAxxpGEtn dlyrflctwwF GspBEA7 YHnw- fsAF- � 3u5 30--(4 0-
5spd8hs.-3/6/76,7 pEElGHK tmto- 32: 30--(4 (]). cByBCBwpFfi oHlwtGA lyo nstElw FAxxpGEA
mEplvtyr ty � W = FHCpEFAxxpGEtn gNO7 YHnw- fsAF- � 320 30--(4 (]( 5spd8hs.-3/7/--,9

5], L9 SlylyA lyo d9 ZB7 ey Gsp DHlyGHx xBoHwt FClnp Bq IlnHl Bq � W = FHCpEFAxxpGEtn
ik3��4 rlHrp GspBEtpF7 YHnw- fsAF- � 34u 30--)4 =]˜ 5spd8hs.-@/@/6@,9

5-, f9N9 LErAEpF7 c9h9 fwpFFpE lyo L9O9 islCpEp7 jsp NBHwBxm CslFp Bq � W = FHCpEFAxxpGEtn
gNO7 fsAF- hpI- �pGG- 64 30--)4 0[-- 5spd8hs.-@/@0//,.
U9L9 ctylsly lyo O9 YpKpFnslyFvA7 SACpEpwwtCGtn nHEIpF qBE FHCpEFAxxpGEtn dlyrflctwwF7
YHnw- fsAF- � 353 30--[4 ˜ 5spd8hs.-@/6/2b,9

50;, T9c9 VEtnspIpE lyo O9S9 fszyr7 ey Gsp tyGprElmwp rpBxpGEA Bq FBwtGBy pDHlGtByF lyo � W =
FHCpEFAxxpGEtn rlHrp GspBEtpF7 U- Ot1- RpBx- 34 30--¨4 ˜(- 5spd8hs.-5/30--,9

500, L9 VwpKK7 c9 clEt’yz lyo i9 jsptFpy7 RElItGlGtBylw nBEEpnGtByF ty FHCpEFAxxpGEtn rlHrp
GspBEA lyo xlGEtV xBopwF7 spd8hs./b00b05.
h9 OtuvrEllD7 L9 ityvzItnF lyo c9 jpK6HEsly7 clGEtV xBopwF lyo rElItGlGtBylw nBEEpnGtByF7
spd8hs./b00b309

50=, S9 TGzAlKl lyo L9 czEzBzI7 jsp OtuvrEllqflalql CEpCBGpyGtlw ty Gsp nByGpVG Bq rpypElw
iptmpErflbtGGpy GspBEA7 spd8hs./b00b3@9

50˜, h9 OtuvrEllD7 c9j9 REtFlEH7 N9i9 �lK7 N9 alDl lyo O9 elyzy7 fpEGHEmlGtIp nBxCHGlGtBy Bq
rwHpmlww FHCpECBGpyGtlwF7 spd8hs./b00/069

50(, g9 NlnslBz7 c9h9 OzHrwlF7 Y9 iptmpEr lyo P9 btGGpy7 NstElw EtyrF lyo lyBxlwtpF ty
FHCpEFAxxpGEtn rlHrp GspBEA7 U- Strs PypErA fsAF- 0u 3=;;=4 ;¨0 5spd8hs./b0006/,9
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50), h9 RzClvHKlE7 � W 0 GspBEtpF lyo l rpBxpGEtn xlFGpE 5pwo7 spd8hs./b000//9

50[, U9 cnREppIA7 Lootyr ,lIBE GB OtuvrEllqflalql7 spd8hs./b00//-9

50¨, S9 iHBHvt7 fpEGHEmlGtIp opEtIlGtBy Bq pVlnG FHCpECBGpyGtlw qBE xpFBy 5pwoF qEBx xlGEtV
GspBEtpF JtGs Byp ,lIBHE7 spd8hs./b00/@b9

50], T9 Mpyl lyo h9 hztmly7 PVlnG FHCpECBGpyGtlwF ty � W 0 GspBEtpF JtGs ,lIBE lyo GsptE xlGEtV
xBopw qBExHwlGtBy7 spd8hs./b00/6@9

50-, d9 OpKlFHEp lyo h9L9 Ulytv7 P1pnGtIp xlGGpE FHCpECBGpyGtlwF qEBx JtFslEG ElyoBx xlGEtnpF7
fsAF- �pGG- � 442 3=;;˜4 0;) 5spd8hs./b00/7b,9

5=;, M9 gpyr7 iptmpEr oHlwtGA ty xlGEtV xBopw7 spd8hs./b00b/b9

5=0, g9 NlnslBz lyo N9 alDl7 � W 0 lyo � W = rpBxpGEA qEBx ,HVpF7 spd8hs./b/5/069

5==, R9 2G SzzDG7 L CwlylE otlrElx GspBEA qBE FGEByr tyGpElnGtByF7 YHnw- fsAF- � 6u 30-¨(4 ([09

5=˜, S9 ZzrHEt lyo N9 alDl7 bBEwoFsppG opEtIlGtBy Bq l wlErpfl� oHlwtGA7 YHnw- fsAF- � 530
3=;;=4 ˜ 5spd8hs./b/@b-6,9

5=(, g9 NlnslBz7 V9L9 TyGEtwtrlGzE lyo N9 alDl7 L wlErpfl� oHlwtGA Itl l rpBxpGEtn GElyFtGtBy7 YHnw-
fsAF- � 5:2 3=;;04 ˜ 5spd8hs./0/2/56,9

5=), P9 O2SzvpE7 T9c9 VEtnspIpE lyo O9S9 fszyr7 jsp p1pnGtIp CEpCBGpyGtlw Bq � W =
FHCpEFAxxpGEtn ik3��4 rlHrp GspBEtpF7 YHnw- fsAF- � 378 30--¨4 0¨- 5spd8hs.-5/-/30,9

5=[, c9U9 iwlGpE7 eypfltyFGlyGBy GpFGF Bq Gsp pVlnG EpFHwGF ty � W = FHCpEFAxxpGEtn gNO7 fsAF-
�pGG- � 3:2 30--¨4 )¨ 5spd8hs.-6/006/,9

5=¨, f9 Ot gElynpFnz7 f9 RtyFClEr lyo U9 etyy8UHFGty7 Wflo rElItGA lyo ElyoBx xlGEtnpF7 fsAF-
hpCG- u43 30--)4 0 5spd8hs.-2/50@2,9

5=], g9 gpEElEt7 gHlyGHx ClElxpGpE FClnp lyo oBHmwp Fnlwtyr wtxtGF ty � W 0 FHCpE dlyrflctwwF
GspBEA7 spd8hs./b00/5-9

5=-, S9c9 glEvlF lyo T9 VEl7 htpxlyy FHEqlnpF7 =yo po97 iCEtyrpE8apEwlr7 0--=9

5˜;, T9c9 VEtnspIpE lyo O9S9 fszyr7 iAxCwpnGtn qBExF ty Gsp GspBEA Bq FBwtGByF7 spd8hs.-6/706/9

5˜0, d9 ZzvzHnst7 � W 0 rlHrp GspBEA JtGs ,lIBE qEBx ,HVpF7 spd8hs./b00b769

5˜=, U9 LKmu1Ey7 �9 NspvszI lyo d9 clvppyvz7 StrspE rpyHF nBEEpwlGBEF lyo a� qEBx Gsp
spExtGtly Byp xlGEtV xBopw7 fsAF- �pGG- � u7u 30--=4 ˜(0 5spd8hs.-b/2//-,.
U9 LKmu1Ey7 �9 NspvszI7 N9g9 VEtFGulyFpy lyo d9 clvppyvz7 clGEtV xBopw nlwnHwlGtByF
mpAByo Gsp FCspEtnlw wtxtG7 YHnw- fsAF- � 3:3 30--˜4 0=¨ 5spd8hs.-2/b/03,7 pEElGHK tmto- �
338 30--)4 []0.
R9 LvpKlyy7 StrspE rpyHF nBEEpwlGBEF qBE Gsp spExtGtly xlGEtV xBopw JtGs xHwGtCwp nHGF7
YHnw- fsAF- � 37u 30--[4 (;˜ 5spd8hs.-5/5//3,9

5˜˜, i9V9 LFszv7 h9 NzEEloz7 Y9 SlwKlrAt7 V9O9 VpyylJlA lyo N9 hzKpwFmpErpE7 kyBEtpyGpo
FGEtyrFfi wBBC pDHlGtByF lyo � W 0 FHCpECBGpyGtlwF qEBx xlGEtV xBopwF7 spd8hs./b00b-09

5˜(, R9 Nsly lyo P9 O2SzvpE7 TyFGlyGBy EpnHEFtBy EpwlGtByF qBE Gsp p1pnGtIp CEpCBGpyGtlw ty � W =
FHCpE dlyrflctwwF7 YHnw- fsAF- � 453 3=;;;4 );˜ 5spd8hs.--/50-2,9

5˜), Y9 OzEpA7 j9U9 SzwwzJzzo7 a9a9 VszBp lyo c9f9 clGGtF7 jsp nlwnHwHF Bq xlyA tyFGlyGByF7
fsAF- hpCG- 260 3=;;=4 =˜0 5spd8hs./b/5/52,9
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5˜[, Y9L9 YpvElFzI7 iptmpErflbtGGpy CEpCBGpyGtlw qEBx tyFGlyGBy nBHyGtyr7 spd8hs./b/5050.
h9 gwHKp lyo h9 fzrszFFtly7 Ly lwrBEtGsx qBE Gsp xtnEBFnBCtn pIlwHlGtBy Bq Gsp nBpffntpyGF
Bq Gsp iptmpErflbtGGpy CEpCBGpyGtlw7 spd8hs./b/7065.
k9 MEHBBz7 g9 gHntGz7 U9g9 czElwpF lyo L9 jlyBtyt7 cHwGtfltyFGlyGBy nlwnHwHF lyo pDHtIlEtlyG
nBsBxBwBrA7 spd8hs./b000/79
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