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ABSTRACT: We study the matrix model/gauge theory connection for three different N' = 1
models: U(N)xU(N) with matter in bifundamental representations, U(N) with matter in
the symmetric representation, and U(N) with matter in the antisymmetric representation.
Using Ward identities, we explicitly show that the loop equations of the matrix models lead
to cubic algebraic curves. We then establish the equivalence of the matrix model and gauge
theory descriptions in two ways. First, we derive generalized Konishi anomaly equations
in the gauge theories, showing that they are identical to the matrix-model equations.
Second, we use a perturbative superspace analysis to establish the relation between the
gauge theories and the matrix models. We find that the gauge coupling matrix for U(N)
with matter in the symmetric or antisymmetric representations is not given by the second
derivative of the matrix-model free energy. However, the matrix-model prescription can be
modified to give the gauge coupling matrix.
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1. Introduction

The matrix model approach [[] has provided a new way of studying (the holomorphic
sector of ) supersymmetric gauge theories. That the matrix model leads to results identical
to those of the gauge theory has been shown for the simplest model (U(N) with adjoint
matter) using two methods. First, a remarkably succinct perturbative superspace argument
was used to show [E] that the effective superpotential is equal to the corresponding matrix-
model quantity order-by-order in a perturbative expansion in powers of the glueball field.
Second, it was shown [ff] that the (quadratic) loop equation of the matrix model is realized
in the chiral ring of the gauge theory as a generalization of the Konishi anomaly equation [[f],
thus establishing the (non-perturbative) correctness of the matrix-model description. The
latter method was extended to include fundamental matter in ref. [f]. The perturbative
method can also be used to treat this case, although it was treated in less detail in ref. [P].
Some related earlier work and more recent developments can be found in refs. [f] .

In this work, we extend the matrix model/gauge theory equivalence to three N' = 1
theories:! U(N)x U(N) gauge theory with matter in adjoint and bifundamental represen-
tations, U(IV) gauge theory with matter in the adjoint and symmetric representations, and

!These theories have in common that, in the N = 2 limit, they all possess non-hyperelliptic (cubic)
Seiberg-Witten curves.



U(N) gauge theory with matter in the adjoint and antisymmetric representations. We
derive the cubic relations

ud —r(2)u—s(z) =0, (1.1)

satisfied by the resolvents of the associated matrix models, and give explicit expressions
for the coefficients of the polynomials 7(z) and s(z) in terms of the adjoint-field eigenval-
ues, using a Ward-identity approach. These loop equations encode the geometry of cubic
algebraic curves underlying these models. On the gauge theory side we consider gener-
alized Konishi anomaly equations and show that they lead to equations identical to the
matrix-model loop equations, thus establishing the equivalence. We also use a perturba-
tive superspace analysis to analyze the relation between the gauge theories and the matrix
models. We find that for the U(/N) models with matter in the symmetric/antisymmetric
representations, the gauge coupling matrix is not given by the second derivative of the
matrix-model free energy. Nevertheless, the matrix-model prescription can be modified to
give the gauge theory coupling matrix.

Various aspects of the U(N)x U(N) model were discussed in refs. [fJ-[I0 and also
recently in ref. [[[1]. The U(N) models with symmetric or antisymmetric matter were also
studied recently in ref. [[]. There is some overlap between the present work and the recent
papers [[[1], [, but for the most part our work is complementary to their analysis. The
explicit expressions for s(z) that we derive in this paper were also obtained in [[[I],
(using a different method); however, the gauge theory analogs of the loop equations were
not discussed and the equivalence was not established.

In section [, we discuss the supersymmetric U(N)x U(N) theory with bifundamental
matter. In section B, we perform a similar analysis for the supersymmetric U(N) gauge
theory with matter in symmetric or in antisymmetric representations. In section [, we
use superspace perturbation theory to analyze the U(/N) models. A summary of the main
results of the paper can be found in section [} In the appendices, we briefly discuss the
saddle-point approach as an alternative to the method used in the main text, and collect
some background material on the relevant representations.

2. U(N)x U(N) with bifundamental matter

In this section we study the NV = 1 U(N)x U(N) supersymmetric gauge theory with
the following matter content: two chiral superfields ¢;7, ¢;/ transforming in the adjoint
representation of each of the two factors of the gauge group, one chiral superfield b;/
transforming in the bifundamental representation ([J,[]), and one chiral superfield by
transforming in the bifundamental representation ([, []). The superpotential of the gauge
theory is taken to be of the form?

W(,b,b,b) = tr[W(¢) — W(d) —bob+bo, (2.1)

2An explicit mass term for the bifundamental field, mtr(bl;)7 can be introduced by shifting ¢ and ¢ and
redefining the coefficients in W (¢) and V~V(d~>)7 to simplify the presentation we will therefore not explicitly
include such a term, although we think of the bifundamental fields as being massive.



where W(¢) = Zgi%(gm/m) ¢™ and similarly for W(¢). This superpotential can be
viewed as a deformation of an N/ = 2 theory.

Below, after a detailed derivation of the loop equations of the matrix model, we estab-
lish the non-perturbative equivalence between the holomorphic sector of the above gauge
theory and the associated matrix model, following the ideas developed in ref. [f]. (The
argument for the perturbative equivalence of the matrix model and gauge theory given
in [} goes through essentially unchanged for this case.) More precisely, we show that the
matrix-model loop equations are encoded in the gauge theory as vacuum expectation values
of divergences of certain anomalous currents. The anomalies associated with these currents

are generalizations of the Konishi anomaly [H].

2.1 Matrix model analysis

Following the ideas of Dijkgraaf and Vafa, we take the partition function for the matrix
model associated with the above gauge theory to be3

9s

Z = /d(I) 4% dBdB exp<—itr [W(@) — W (®) — BB + BéBD . (2.2)

where @ is an M xM matrix, ® is an MxM matrix, B is an MxM matrix, and B is
an M xM matrix. These matrices should be viewed as holomorphic quantities [[3,
and the integrals in (R.2) are along some curve. This point was emphasized in the recent
paper [[L1], where the above model was also studied. We are interested in the planar limit
of the matrix model, i.e. the limit in which g5 — 0 and M, M — oo, keeping S = g;M and
S = gsM fixed.

In the saddle-point approach to this model [[4, [[§, §, [0, [1], one diagonalizes the
matrices ® and @, and derives equations satisfied by the resolvents?

o afe(Le)) Tt s0-a(( L)) aT ks

where matrix-model expectation values are defined via

<O(c1>,ci>,B,B)> = %/d@dédBdB O@,d, B, B) e 5 "W @) -W(®)=BEBBB] (9 4

For completeness we give some details of the saddle-point approach in appendix [

Below we derive the equations satisfied by the resolvents using an approach [B] that is
close in spirit to the gauge theory analysis given in section .2, (We stress that this method
does not assume that the matrices are hermitean.)

Throughout the paper we often suppress matrix indices, assuming that multiplications

are done using the natural contractions.

3We use capital letters to denote matrix model quantities.

4We use an unconventional normalization of the resolvents in order to make the comparison with gauge
theory more transparent. Also, in order not to clutter the formulee we drop the (- --) when writing expres-
sions in terms of eigenvalues.



Quadratic relations. We start by considering the Ward identity

2 - ~ o~
_ 9 3 5 d 1 1 J — Lt [W(®)—W (D)~ BPB+BIB]
0= Z/dq)dq)dBdBdBij{( B ~>Z e o

z—® @

(L) () el -l (e 20)
= w(z)@(z) — gs<tr (BZ _1 @B>> + gs<tr <BZ_L®B>> , (2.5)

where the resolvents were defined in (R.3)), and we have used (here and throughout) the

factorization of expectation values in the planar limit. Thus, the expectation values and
resolvents appearing in (R.§) (and in all remaining equations in this section) refer only to
the planar (sphere) parts in the genus expansion; we will not indicate this explicitly as
confusion is unlikely to arise.

Next, we note that for any polynomial f (z), we have the Ward identity

VA D, CI)
D)

B
+gs<tr<Bzf(_—C}gB>>.

In particular, setting f(®) = 1, eq. (R.6)) simplifies to

w(2)2 = W (2) w(z) = —gs<tr<W/(zi = Z)V'@) >> - gs<tr (BZ_L@B> > 2.7)

For future reference we also note that by multiplying eq. (R.7) by f(2) and combining the

resulting expression with eq. (B.6) one finds

{8750 )) o5 (=57 (e (PP )
Analogously, one can show

2.8)
0:<b(z)2f(2)—9§<tr[ 5 (%) >+95<“<%

from which it follows by setting f(®) = 1 that

O(2)2 + W'(2)&(z) = gs<tr<W/(Zi : g’(é)» + gs<tr (Bz _1 §>B>> . (2.10)

By combining the previous two equations, we obtain

{e{r ) 5 (154)
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From the above equations it is possible to derive a quadratic relation among the resol-
vents that does not involve expectation values with B, B’s. Combining eqs. .5, (.12,
and (R.10) to eliminate the B-dependent terms, one obtains the following quadratic relation
involving the two resolvents

w(z)2 + &(2)2 —w(2)0(z) - W'(2)w(z) + W/(z) w(z) =ri(z), (2.12)
where
S e
. Z WI(Z; : ?j/()\i) ta Z W/(zz : ?//()\i) 7 (2.13)

is a polynomial of degree at most N — 1.

The cubic algebraic curve. We now discuss how the cubic algebraic curve that un-
derlies the model [, [L0] emerges. One can eliminate the terms linear in the resolvents in

eq. (R.19) by defining

w(z) = u1(2) + wr(2), 0(z) = —uz(z) + or(2), (2.14)
where 5 1. 1 5 .
wr(z) = gW'(z) - gW'(z), or(z) = gW'(z) - gW'(z), (2.15)
giving
ur(2)? +u3(2)? +ur(2)us(2) = ro(2) +r1(2) = r(2), (2.16)
with
ro(2) = wi(2) + 07 (2) — wr(2)@n(2)
_ % [W2(2) + W72(2) - W)W (2)] (2.17)
a polynomial of degree 2N.
Multiplying eq. (R-16) by wu1(2) — ug(z), one finds
u1(2)3 — r(2) uy (2) = uz(2)® — r(2) uz(2) = s(2), (2.18)
so that ui(z) and u3(z) are both roots of the cubic equation
0=1u®—7r(2)u—s(2) = [u—u(2)][u—u(2)][u — uz(2)]. (2.19)
The absence of the quadratic term implies that the third root is us(z) = —u1(z) — us(2),

SO

s(2) = u1(z) ug(2) uz(2) = [w(z) —wr(2)][-w(z) + 0(2) + wr(z) — @ (2)][-0(2) + 0r(2)],
(2.20)
which we will show to be a polynomial below.



Defining s(z) = so(z) + s1(z) with

s0(2) = —wr(2) 0r(2) [wr(2) — @r(2)]

= %[—W’(z) +2W' ()2 (2) — W ()W’ (2) + W'(2)], (2.21)

a polynomial of degree 3V, we can rewrite the cubic equation (R.19) as

ri(z)u+si(z) = ud — ro(2)u — so(2)
= (u+ wp () — 0r(2) + Go(2)) (6 — 3r(2)) (2.22)

From eqgs. (R-20) and (R-21)) it follows that

s1(2) = w(z) w(2)lw(z) - w(2)] = %[W/(Z) + W (2)w(2) (2)
—0r(2) w(2)? = W (2)w(2)] + wr(2) [0(2)* + W (2)(2)]. (2.23)

We will show below that s1(z) is a polynomial of degree at most 2N —1.

Cubic relations. Above we studied Ward identities leading to expressions with at most

two bifundamental fields. We will now analyze expressions involving two additional bifun-

damental fields. The resulting equations can be used to derive a cubic relation among the

resolvents of the form (R.23). The fact that one need not consider Ward identities with an

even larger number of bifundamental fields can be traced to the form of the potential (2.1]).
Our starting point is the Ward identity

d ~{<BB 1 ~>ijeglsw[vv@)W(ci)1'§<I>B+B<f>fﬂ} (2.24)

2
0= 9—S/d<1>d<i>dBdB
VA dd;:7 z2—®

7

st 58) o (P00)) - (505 0)
Similarly,
>>+gs< (BB%@BB>>. (2.25)

-1
0= gs tr( B B) ) —gs
et (L) o522
0 :g—Zg d®d®dBdB %,{( - BB B ) T o g W (@) =W ()~ B¢B+B¢BJ}

We will also need
dB;7
- - 1 -
>> — gs<tr<BB—~ BB>> +
z— @

-1
= gs& trl B——B s W
vt ({3 149)) o2
-1 -
s{ tr( BB——BB | ). 2.2
coe(29:2500)) 229
One can eliminate the terms quartic in the bifundamental fields from the above three

equations; by combining (R.24), (R.25)), and (P.26) and also using eq. (.5]), one finds

w(2)&(2) [w(z) — &(2)] = —gs<tr <B VZV'(? B>> + gs<tr (B V;Vl_(‘? B) > (2.27)




Finally, by using egs. (R-5), (B.7), (B-§), (R.10), and (R.I1)) to eliminate the remaining
dependence on the bifundamental fields, one obtains the cubic relation (P.23)) with the
following explicit expression for s1(z)

)= 0 <tr (W’(zi - ;V/@) >> a wr(2)<tr (W'(zi - gm) >

(e (S oo (2

N R PR O LE EL LA YA

At this point, it is clear that s;(z) is a polynomial of degree at most 2N — 1, whose
coefficients depend on the vevs (tr(®*)) and (tr(®*)) with k < 2N—1.

We will now write s1(z) more explicitly, in terms of the eigenvalues \; and \; of ® and
® respectively. First observe that, since % =) cmn®™ is a polynomial, we have

tri% Zcmztrq)ktr@mkl chmz)\k)\mkl
(™ )] ] >

_ )—f(Az) f(z2) = F(A)
Z)\—)\ [ Z—)\ Z—)\jJ:|

_2;)\ — [ ;:J;Z()‘Z)} (2.29)

Hence, we may write (suppressing (- - -) in the eigenvalue basis)

m@:%@@Q:PW@—WMﬂ+%w@§:sz—Wmﬂ_

z2—=N\ p zZ— S\z
1 '(2) — W' (A V/(z) = W' ()
-2 s -2 s N +
9 Z [ zZ — )\ :| 9 ; J [ zZ — >\z
92 WO [ i: }mzwﬂl'@ijﬂ-am
Finally, using the saddle point equations ([A.2), we may rewrite this as
le) = 005 Y [W'(z; - K‘:"(Ai)] E)> [wf(z - ;m»] .
L[ W(2) = W) W(z) - W)
_QSZ)\_)\ [ z2 =N\ - 2—5\j ]7 (231)



which is a polynomial of degree no more that 2IN—1. This result also appeared recently in
ref. [L1]], although using a different method of derivation.

This concludes our discussion of the U(N)x U(N) matrix model. We now turn to the
gauge theory analysis.

2.2 Gauge theory analysis

As will now be shown, the matrix-model loop equations can be obtained from certain
generalizations of the Konishi anomaly equations in the gauge theory. We find a one-to-
one correspondence with the matrix-model formulse derived above.

It is sufficient to study the chiral part of the anomaly equations [, i.e. one may use
identities that hold in the chiral ring. The chiral ring is defined as all chiral operators
modulo terms of the form {Qg,-}. For a Grassmann even field F, one therefore has, in
the chiral ring, 0 = [Q%, Doo F] = W4 F, where W, is the (spinor) gauge superfield. As
discussed in appendix B, W, can be viewed as a diagonal 2x2 matrix where the entries
along the diagonal are the gauge superfields of the two U(N) factors, W, and Wa. More
explicitly, W, = WATA where T4 are the representation matrices appropriate for the
action of the gauge field on F. Using the explicit expressions for T4 given in appendix
one obtains identities (in the chiral ring) among the adjoint and bifundamental fields of
the form (as anticipated in [J])

Wa,#] =0, Wa, 9] =0, Wab=bW,, Wab=0bW,. (2.32)

These identities will be freely used in what follows. The Grassmann oddness of W, together
with the relations W,, = eaﬁwﬁ and eﬁaem = 55 will also be used below.

The basic building blocks that we use are the anomalous currents b7 (eVb) ki, o (eVo)i!,
and ¢/ (eV @) l}i’ where V is the (vector) gauge superfield (see appendix B| for more details
about the notation).

We are interested in the action of D? on the currents. Using the superpotential (B2,
one finds the classical piece of D2b; (e Vb)/LC to be [—(bp)i? + (¢b)i?]bi'. This current also
has an anomaly (see appendix [B] for an explanation of the notation)

1

553 (Wa )™ (W) (Tur V) ™ (Tp )™ = (2:33)

32177 {(W W), ~5‘ (We)id V)3 —

(W) V) + (WaV*)i87
There might be perturbative corrections to the anomaly but these will be non-chiral [B]
and so are not of interest to us. We assume that there are no non-perturbative corrections
to the anomaly.

The classical piece of D¢ (eV )i} is [W'(4)i7 — (bb)i7]¢s! and the anomaly is

1

W(Wa)sr(wa)qp(Trs)ijmn(qu)nmkl = (2.34)

_ 1
3272

| WaWW2)i18] = (W) V! = W) V™) 4+ (V)76



Similarly, the classical piece of Dquij (eV o) iLis —=[W/(9)7 — (bb)] gz~5l~C and the anomaly is

2z W) OV (T3) 5 (T30) 73] = (23)
= oy [ OR8] — OB FOV)T — R OF)7 + (W) 1 |

We will now consider various anomalous currents generalizing the above expressions.
These currents all satisfy 0 = (D2J) in any supersymmetric vacuum.

Quadratic relations. As a first example we consider the anomaly equation

! W , We L/ Wa N k[ VN im25 50 vy 0
0_327T2< <be z—gi)bz— >> 3272 <<Z—¢>J <z—gz~5>l~Dblj(e b)k>
_ WaWO‘ WgWﬁ VvaVvag
S () )
+<tr WalV?, o >
z—¢ z—gz;

= R(2)R(z) + 32—1%2<tr (bV:O‘_V\;a b>> - 321#2 <tr (EV:O‘_V\; b) > (2.36)

where we introduce

R(z) = —32‘;2 <tr<Vf‘>‘_V‘;a>> . R = —321”2 <tr<€i@a> > (2.37)

A few words of explanation are in order. We have dropped covariantization with eV and
e~V since this will not affect the chiral part [§]. We have used (R.33) together with the
fact that in the chiral ring no more than two Wy ’s and W,’s can have their gauge indices

contracted [[J]. In addition we have also used the factorization of the expectation values in
the chiral ring [[[d, fJ], and made repeated use of the relations (R.39). Similar considerations
will be used throughout this section.

Next we consider (here f(z) is a polynomial; see [[j] for similar calculations)

_ 1 v (@)W
- g2

= R(2)*f(z) — 32;2 <tr<5f(¢z)y_v‘;wab>> 3% %:cm Ztr (P*WaW®)
W' (o) f (ib);VaWa> > ,

where we have used (R-34) together with the fact that %{;mﬁ) =), m@®™ is a polyno-
mial.

1
X tr(g™F WP + 3973 <tr<

In particular, for f(z) =1 we get

R(2)? = W'(2)R(z) = 32—17T2<tr (5 V:O‘_V\;a b>> - 321#2 <tr<W,(Z) —W(e) WaWO‘>




Analogously, one readily derives

0= 3217r2 <D2tr <¢ev%>>

R + W (2)RE) =~ <tr <b V:O‘Wa >> _ 32;2 <tr<W/(Zi - EV/(‘;) wm) >
(2.40)

The similarity of egs. (R.36)), (R.38) and (R.40) with eqs. (R.H), (B.7) and (R.10) is
obvious. Combining eqs. (:36)-(R:40) to eliminate b and b, we find

R(2)> 4 R(2)? — R(2)R(z) — W'(2)R(z) + W'(2)R(2) = r1(2) (2.41)
with
1 W'(z) — W() . 1 '(2) = WD) 5 vioa
7"1(2):327r2<tr< P W W >>—32ﬂ2<tr< -3 WV >>
(2.42)

The above two equations are the gauge theory analogs of the matrix-model results (R.12)
and (R.13). Since the effect of ri(z) in (R.41]) is to eliminate the positive powers in the
Laurent expansion of —W'(z)R(z)+W’(z)R(z), the polynomial 1 (z) has the same function
as in the matrix model. The two equations are therefore equivalent and we may identify

R(z) = w(z), R(z) = w(z). (2.43)

By looking at the other equations above one may also identify

a{on (B 18 B)) = ~ 55 (r (b @DI*E))
gs<tr<B £(®) B)> - 321 2<tr (57 Wav® b)> (2.44)

Cubic relations. Strictly speaking, equation (P.41]) involves both resolvents so we need

one more relation before we can make the identifications (R.43)). Such a relation is obtained
if we can show that the cubic loop equation (R.23)), (B.2§) is also realized in the gauge theory.
Given the close correspondence between the gauge theory and matrix model expressions
noted above, the only thing we need to check is that (R.24), (R.25) and (R.26]) are also
realized in gauge theory consistent with the above identifications. If this is true then the

cubic equation will follow in the same way as in the matrix model analysis.

,10,



The gauge-theory analog of (2.24)) is

1 = W W™ -
+ W<tr (bb - bb) > (2.45)

Similarly, tr (¢ eV b?)%)) leads to the analog of (2.25)):
1 -W'(9)
= tr( b VD) ) —
° <( 7)) e

32l7rz< (bbW - bb>> (2.46)

Finally, the analog of (R:26)) is

2 ¢
1 - W WV 1 WaW® -
= —?Q?R(Z)<tr<b p— b>> - 327T2R(z)<tr<b =g b>>+
1 - WV 1 WaWe -
+327T2<tr<bb - bb>> — 32W2< <bb pp— bb>>. (2.47)

This completes the discussion of the equivalence of the matrix-model loop equations and

gauge-theory anomaly equations.
It is worth noting that we did not have to use the entire chiral ring (which includes

expressions with arbitrary many bifundamental fields) to derive the equations which de-

termine R(z), R(2).

Relation between gauge-theory and matrix-model expectation values. It is also
of obvious interest to look for equations which determine

T(z) = <tr<zi¢>>, T(z) = <tr<zi¢§>>, (2.48)

since these expressions act as generating functions for the gauge-theory expectation values
tr(¢*) and tr(¢*), whereas R(z) and R(z) (which by the above analysis are equal to w(z)
and ©(z2), respectively) are the generating functions (R.3) for the matrix-model expectation
values tr(®*) and tr(®F).

Before discussing the U(N)x U(N) case, let us recall the case of the U(N) theory
with adjoint matter only. In a supersymmetric vacuum the equations governing this model
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are [f]

R(2)* = W(2)R() = ~f(2) = — <tr<W/(Z) —Wi(é) WaWO‘>>, (2.49)

17V 7 3on2 2— ¢
QR()T(2) — W'(2)T(2) = ic(z) _ —<tr<w>>. (2.50)

Recalling the definition of the glueball field, S = — ﬁtr(WaWO‘), we see that the second
equation is formally the derivative of the first equation, with the identifications T'(z) =
%R(z) and c(z) = %f(z). On the gauge theory side, this of course does not quite make
sense; on the matrix model side, however, where S is just a parameter (= gsM), it makes
sense to take a derivative with respect to S. Since R(z) in the gauge theory is identified
with w(z) in the matrix model, we are therefore led to the equation®

0

T(z) = %w .

(2.51)
Precisely this formula was proposed in refs. [, [[§ (taking into account differences in
conventions and recalling that w in the formula above is only the leading term in the genus
expansion of the resolvent, wy).

A similar analysis can be carried out in the U(/N) model with additional matter in the
fundamental representation and a superpotential of the form tr[W (¢)]+ Z;V:f L3 (p+mp)gl.
For this particular case we have, using the results in [f]

R(2)2 - W()R(2) = ~f(2) = — <u<wmwa>>,

4 :3271'2 z—¢
Ny
z z)— (2 zZ) — NILI:ECZ' = — rw
ARET(E) = WETE) -3 =g = 1662 ((FELZED)) e

The first equation is the same as in the case without fundamental matter (R.50)), but the
second equation has an extra contribution. We also have [fj]

(f@ql = R(z) (no sum over I). (2.53)
v —
It follows from this equation that
R(z) g 1o 1 r_ a1 g R(=my)
_ _ = . 2.54
crmr Tt T et T +z+ml (2.54)

Using this result to eliminate the g-dependence in (P.52) and using the argumentation
above we are led to the identification (where R(z) = wo(z))

T(z) = %wo(z) + 3o L e ZI: “’O(Z)Z_f;fl_m” - %wo(z) +wipa(z), (2.55)

®Here, and in subsequent equations, 8/0S should be identified with >, Ni0/0S;, as can be seen by
considering the z — oo part of this equation. When we compare with the results in ref. , we set N; =1
for all .
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where wy /5(2) is the subleading (disk) contribution [[[§ in the topological expansion of the
resolvent: w(z) = wo(z) + gswi/2(2) + - - -. Note that the expression (R.55) precisely agrees
with eqs. (8.7), (8.9) in (version 3 of) ref. [[§] (after taking into account differences in
conventions: wp = —Sws, Wiz = —wq). It is interesting to note that on the matrix-model
side the extra term in (R-5) compared to (P-51]) comes from a subleading (disk) effect in the
matrix-model loop equation [[[§], whereas on the gauge theory side it arises from another
equation, rather than from a subleading term. We also note that (R.55) and the more
explicit expression derived from it (in [[§] eq. (8.15)], valid when N; < N) agrees with (a
special case of) the expression for T'(z) given in the very recent paper [[f (cf. eqs (3.10),
(3.11) of that paper), using in particular the result (tr(¢*)) = (tr(é*))elassical for & < N.

Let us now return to the U(N)x U(N) model. By repeating the steps which lead
to (R.41)) using analogous currents, but without the W,W® and WaW® factors, one may
derive

oo )2 )
= 2R(2)T(2) + 2R(2)T(2) — R(2)T(2) — R(2)T(z) — W'(2)T(2) + W' (2)T(2) — ¢1(2)
(2.56)

(where we have dropped terms involving — after factorization — (tr(zWT¢)> and <tr(ZWT‘j£)>

since such terms vanish in a supersymmetric vacuum) and the polynomial ¢;(z) is explicitly

e1(2) = —<tr (%qw» + <tr (%(ZW) > (2.57)

We note that (R.56) can formally be obtained by taking derivatives of (R.41). We are
therefore led to suggest the identifications®

given by

0 0 ~ 0 0
T(z2)=|—=+—= Tz)=|—=+—=|w. 2.58
which fit nicely into the structure given by the results (R.51]), (B.55). Since we have two
unknowns but only one equation, we can not argue unambiguously in favor of the above
identifications, but consideration of the cubic equation for T'(z), T(z) analogous to the one

for R(z), R(z) presumably also leads to (2:58), although we have not checked this explicitly.

3. U(N) with symmetric or antisymmetric matter: I

In this section we consider the N' =1 U(N) supersymmetric gauge theory with one chiral
superfield ¢,/ transforming in the adjoint representation of the gauge group, one chiral
superfield z;; transforming in either the symmetric (C1J) or the antisymmetric (H) rep-
resentation, and one chiral superfield % transforming in the conjugate representation.
We treat the cases of the symmetric and antisymmetric representations simultaneously

6This result may also be obtained via the method in refs. @, E]
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by assuming that z, & satisfy 27 = Sz and 7 = (%, where 3 = 1 for the symmetric
representation, and 8 = —1 for the antisymmetric representation.
The superpotential of the gauge theory is taken to be of the form”

W(p,z,z) = tr[W (o) — T o], (3.1)

where W (¢) = Zgi%(gm/m)tr(qu) This superpotential can be viewed as a deformation
of an N/ = 2 theory.

Below, after deriving the loop equations of the matrix model (including the first sub-
leading contribution in the 1/M expansion) we establish the non-perturbative equivalence
of the holomorphic sector of the above gauge theory to the associated matrix model, by
showing how the matrix-model loop equations are encoded in the gauge theory.

The extension of the perturbative argument given in ref. [P to include the models

considered in this section will be treated in section @

3.1 Matrix model analysis

The partition function for the (holomorphic) matrix model is taken to be®
7= / AP dX dX e o W (@) -XeX] (3.2)

where X7 = X, XT = X, and S =1 (—1) for [ ] H)-

We are interested in the planar limit of the matrix model, i.e. the limit in which
gs — 0 and M — o0, keeping S = gsM fixed. The above matrix model is closely related
to the O(n) matrix model [[] with n = 1. The planar saddle-point solution of that model
was derived in refs. [B]; see also the recent paper [[2] where the planar solution to (B.2)
was discussed. In the saddle-point approach, one diagonalizes the matrix ® and derives
equations satisfied by the resolvent®

o) =a(or (25 ) ) =0 2 (33

where matrix-model expectation values are defined via

(0@, X, X)) = %/d@dXdX O®, X, X) e oW (®)-XeX] (3.4)

Some details of the saddle-point analysis are given in appendix [
Below we derive the equations satisfied by the resolvents using an approach [ (see
also the approach in e.g. [[9, P{]) that is close in spirit to the gauge theory analysis given

"We do not explicitly include a mass term for the z, Z fields although we think of these fields as being
massive, cf. footnote E

8 As in the previous section, we use capital letters to denote matrix model quantities. All matrix indices
run over M values.

9We use an unconventional normalization of the resolvent in order to make the comparison with gauge
theory more transparent. Also, in order not to clutter the formulee we drop the (- --) when writing expres-
sions in terms of eigenvalues.
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in section B.2. The discussion closely parallels the one in section P| (which is not surprising
since the models in this section are orientifolds!? of the one in section f]). (We stress that
this method does not assume that the matrices are hermitean.)

Quadratic relations. We begin by considering the Ward identity

_ 2 - d 1 1\ —Ltr[W ()X D X]
0= 7 /dq)dXdXdXij{ z—<I>X<z—|—<I>> ]ije gs
R ERNAN NS
1 1 \7. 1 1 \7.
+gs<tr z—@X (z—i—@) XP >—|—gs<tr z+CI>X (z—CI)> X0 >
= —w(z)w(—z)%—ﬁgs [w(z)—w(—2)] + <tr<XLX>>— <tr<X’ 1 X>> (3.5)
B 22 9 o 9 o ) ARG

where we have used factorization of the expectation values in the planar limit. The correc-

tions to factorization go like # (or g2). In the above expression, we have neglected the #
corrections, but have kept the % (or gs) subleading terms. Note that it is only the terms
that are proportional to [ that are subleading (this feature is true in all equations in this
section); the gs-dependence in the last two terms in (B.F) is related to our normalizations
of X, X and w(z), and does not mean that these terms are subleading.

In complete analogy with (R.4) and (R.§) one may derive

w(2)? = W(2) w(z) = —gs<tr<W/(Zi - 2//(@)>> - gs<tr (Xﬁx) > (3.6)

as well as
() - el (=0 )+
+gs<tr<%w'(q>)>>. (3.7)
Combining (B.§) with (B.6) to eliminate the X-dependent terms, one finds

B3s
2z

() o))

R e 6

w(z)? +w(=2)* +w(2)w(=2) = W(2)w(z) = W(=2)w(=2) = r1(2) + T w(z) — w(=2)],

where

ri(z)

i

is a (manifestly even) polynomial of degree at most N — 1.

0NMost of the equations in this section can be related to the ones in section E by implementing an
orientifold projection on the fields. Note, however, that the subleading terms to be discussed below can not
be obtained this way.
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The (B-dependent terms on the r.h.s. of eq. (B.§) are subleading in g, compared to
the rest of the terms. We may expand the resolvent in powers of gg, i.e. in a topological
expansion [P1] as w(z) = > <2 ggfxwl_x/g(z) = wo(2) + gswyya(2) + ---. Here x is the
Euler characteristic, the leading term is the sphere (x = 2) contribution, and the next term
is an RP? (y = 1) contribution. Using this expansion to solve (B.§) order-by-order we find
(in agreement with [Pq])

wo(2)? 4 wo(—2)? + wo(2)wo(—2) — W (2)wo(z) — W' (—2)wo(—2) = r1(2), (3.10)
and

2wo(2) wy/2(2) + 2wo(—2) wy2(—2) + wo(2) wij2(—2) + wo(—2) wy/2(2)—

W) wyja() — W (=wrja(=2) = & fuo(z) —wo(-2)] = 0. (311)

The cubic algebraic curve. As we now discuss (see also refs. [P0}, [7]) there is a cubic
algebraic curve underlying the model. The linear term in eq. (B.I0) can be eliminated by

defining
wo(z) = u1(z) + wr(2), wo(—2) = us(z) + wr(—2), (3.12)
with 5 1
wr(z) = §W'(z) — §W'(—z), (3.13)
giving
uy (2)% 4 uz(2)? + ui(2)us(z) = ro(2) +r1(2), (3.14)
with

ro(2) = w2(2) + w2(—2) + wr(2)wn(—2)
= 2 [ + W) - W)W (-2)] (3.15)
a polynomial of degree 2N. Multiplying eq. (B.14) by u1(z) — u3(2), we find [R0]
un(2)? — (s (=) = us()® — r(2)us(z) = 5(2) (3.16)
so that u1(z) and ug(z) are both roots of the cubic equation
0=1u®—r(2)u—s(2)=(u—u(2)(u—u2))(u—u3(2)). (3.17)
The absence of the quadratic term show that the third root is us(z) = —uq(2) —us(z), and

s(2) =u1(2)uz(2)uz(2) = [wo(2) —wr(2)][=wo (2) —wo(=2) +wr(2) +wr (=2)][wo(—2) —wr (=2)]
(3.18)
which we will show to be a (manifestly even) polynomial below.

Defining s(z) = so(z) + s1(z) with
s0(2) = wr(z) wr(=2)[wr(z) + wr(=2)]

= %[—W’(Z) W (—2)][2W (2) = W (=2)][W'(2) + W(=2)],  (3.19)
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a polynomial of degree 3V, we can rewrite the cubic equation as

From eqgs. (B.18) and (B.19) it follows that

51(2) = —wo(2) wo(—2)[wo(2) + wo(—2)] + g[W/(z) + W'(—=2)] wo(2) wo(—2) +
+wr(=2) [wo(2)” = W'(2)wo(2)] + wr(2) [wo(=2)* = W'(=2)wo(=2)].  (3.21)
We will show below that s1(z) is an even polynomial of degree at most 2N —1.

Cubic relations. Using Ward identities, we now show how to obtain the relation (B.21))

with an explicit expression for s1(z). In complete analogy with eq. (R.24) and (R.25) we
have

0=gs w(z)<tr (XZ _1 @X) > —gs<tr <5( Iz//_(q(;) X> > +gs<tr (XX%XX) > (3.22)

It can also be shown that

N - d 1 > 1 \" ~ LW (@)-XaX]
0= 2Z /dq)dXdXdXij { Z—@X X<Z+<I>> ]ij e s

= gsw(z)<tr<)zz+%X>>—gsw(—z) tr(X'Z _1 (I)X>>+gs<tr<XXz_%XX>>—

~ ~ 2 ~ ~
) ) 2 () (g )]
Combining eqgs. (B-29) and (B.23)), and using egs. (B.5) and (B.G), we find
—w(2)w(=2) [w(z) +w(—2)] = —gs<tr (X‘;V (q;) X>> + gs<tr <X ‘jﬁf? X>> +

Bgs
+ 2, [w(z)2 - w(—z)Q] -

A9 (59)

Only the first two (non (-dependent) terms on the r.h.s. of this equation contribute to
the leading-order (sphere) piece on the Lh.s., i.e. to —wq(2)wo(—2) [wo(2) + wo(—2)]. Con-
sidering only the leading terms in eq. (B.24) and using eqs. (B.5)~(B.7), one obtains (by
comparison with (B.21))) an explicit expression for s1(z) in terms of the matrix model vevs
(tx(@H))

=i (VLN (o[ 4 ()

+ 9 <tr (W/(Zi = gﬂ@)w’(@)» + (2> —2). (3.24)
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Using eq. (2.29), we can rewrite this more explicitly, in terms of the eigenvalues \; of ®:

9(2) = g (-9 Y [W'(Z) - WI()\i)] o2 ; . 1 [W’(z) — W’(Ai)} N

i Z—AZ‘ z_Aj Z—AZ‘

Finally, using the saddle point equations ([A.7), we may rewrite this as

! / / /
1) = e (2) 3 ] g s EET ),
! (3.26)
From this expression it is clear that s1(z) is an even polynomial of degree at most 2N —1.
The result (B.2() also appeared recently in ref. [[[2], although using a different method of

derivation. Next we turn to the gauge theory analysis.

3.2 Gauge theory analysis

Below we show that the matrix-model loop equations discussed above can be obtained in
the gauge theory from generalizations of the Konishi anomaly equations.

As in section [, it is sufficient to study the chiral part of the anomaly equations. In
the chiral ring we have 0 = [Q%, Dag F] = WaF, where W, is the gauge spinor superfield;
more explicitly, W, = W(‘;‘TA, where T4 are the representation matrices appropriate for
the action of the gauge field on the field F. Using the explicit expressions for T4 given in
appendix [J one obtains the identities (valid in the chiral ring)

War @] =0, Waz=—-zWa)T,  iW.=-W,)T%, (3.27)

which will be repeatedly used below.
The basic building blocks that we will need are the (anomalous) currents Z%(eV )y
and ¢;7 (¥ $),!. Using the superpotential (B.I]), one finds the classical piece of D2%% (V)

to be —(2¢) [ xyy = —1[2¢ + ¢T &)Y zyy; the anomalous contribution [fi] is

1

m o n\ij ST 1 o j <t j oy @
5575 W) W) (T (T) 20V 67) + 200a) T W)Y |
(

kKl — 32?
3.28)
(The [ ) notation is explained in appendix [B.) The classical piece of D?¢;7(eV¢)! is given
by W' (#)i ¢r! — (%) 5’ and the anomaly is the same as in eq. (P.34).
As in section [}, we now generalize these currents.!! The approach is very similar to
the one in section P| so we suppress the details.

1 One can argue [E] that there should be no chiral, perturbative corrections to the anomalies of the
currents, but what about non-perturbative corrections? The SU(2N) + H theory does have composite
pfaffian operators which might affect the discussion. However, since we are dealing with U(N) it seems that
such operators should not be present.
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Quadratic relation. It can be shown that

_ 1 A2 7y WaV -y Wa WV = v Wa we \T
0= 3972 <D [tr<¢e ﬁ>—|—tr<¢e T—gb>+2tr<m€ Z_¢x <z+¢)> >]>

= R(2)*+ R(—2)® + R(2)R(—2) — W/(2)R(2) — W'(=2)R(—2) — r1(2), (3.29)
with
1 W'(z) = W'(¢) o 1 Wi(=2) = W'(¢) o
ri(z) = 39,2 <tr< p—; Wa W >> + 392 <tr< — W W >>,
(3.30)

where we have used (here and throughout) the fact that in the chiral ring no more than
two W, ’s can have their gauge indices contracted [[], together with the factorization prop-
erty [[[6, B and also the relations (B.27), valid in the chiral ring.

Cubic relation. One may also derive (B.21)) in the gauge theory. To show this it is
sufficient to obtain the gauge theory analogues of (B:22) and (B:23). This is done by
considering

1 _ . - WV
0= 3271-2 <D2tr<¢evzcx W>>
1 WaWe 1 _W'(¢ o
= —327T2R(z)<tr<x po—; x>> + 39,2 <tr<m ~ _(QZ))WQW x>> -
1 NWaWa ~
- W<tr (wa: p— xa:>> , (3.31)

1 /g (= v Wa (W
0:—32W2<D2tr<xevz_¢xa@x (z—i—(b) >>
1 W W 1 W Ve
= _WR(Z)<U<$ P x>>+ WR(—z)<tr<x p— x>> —

—L tr :Ufcwawaxj —{—L tr :cfcwawaxj
3272 z—¢ 3272 z+ ¢ '

By comparison of the leading (f-independent) parts of the matrix-model expressions with

and

the above gauge theory equations, we find that they agree provided we identify
R(z) = wo(z) . (3.32)

We note that it was not necessary to consider the entire chiral ring (i.e. operators with
arbitrary many symmetric or antisymmetric fields) to obtain this result. It is also possible
to derive relations between expectation values involving the symmetric (or antisymmetric)

fields, e.g.

3202 <tr<ff<¢>WaW‘“ w>> = gs<tr<f< f(@) X>>. (3.33)

Notice that no subleading terms appeared in the gauge theory equations. The role of the
subleading terms in the matrix model expressions will become clear below.

,19,



Relation between gauge-theory and matrix-model expectation values. The gen-
erating function for the gauge theory expectation values (tr(¢*)) is

T(z) = <tr<z ! ¢> > (3.34)

An equation involving this function, analogous to (B.29), can be derived by dropping the

W W factors in the above currents, i.e.
2 Vv 1 =9 TV 1
0=-D(tr| ge —D7(tr( ¢ge +
z—¢ —z—¢
_ | 1\
+2D?(tr| ze” z < )
< ( =" \z50

= 2R(2)T(2) + 2R(—2)T(—2)+ R(2)T(—2)+ R(—2)T(2) —W'(2)T(2) = W' (—=2)T(—2)—

Ce(z) — ?[R(z)  R(=2)], (3.35)

where the polynomial ¢q(z) is explicitly given by

oo ()

As in section .3, we note that, were it not for the S-dependent terms, eq. (B.35) could be
viewed as the formal derivative of eq. (B:29), provided that ¢; = %7"1; T = %R = %wo.
To deal with the B-dependent terms we recall eq. () and note that the identification'?

0
wo + 4&)1/2 (337)

T(z):%

resolves the discrepancy. Our suggested expression (B.37) generalizes the formula proposed
in ref. [[§] (see also [[[7, Z, f]). Consideration of cubic equations involving 7'(z) and R(z)

presumably also leads to (B.37).

4. U(N) with symmetric or antisymmetric matter: II

In this section we discuss how to extend the approach in ref. [P] to the case with matter in
the symmetric and antisymmetric representations. We will first give a heuristic argument
and then give a more detailed argument and present an explicit sample calculation.

Going through steps similar to the ones carried out in [, it can be shown that, for the
purpose of determining the effective action, the superspace action for a field ¢ in some
non-real representation R of U(N), together a field ¢ 5 in the representation conjugate to
R, can be rewritten as

1
/d4ac d%¢ [—?ﬁR(D +m — iWaDa)PR + Wiree(9, @) | - (4.1)

"?Here 0/0S = >, N;9/0S;. See footnote E
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Following [P] we transform to momentum superspace (p,, 7o), where 7, is the fermionic
momentum conjugate to the superspace coordinate 8¢. We write the propagator of the nth
edge of a Feynman diagram in a Schwinger parameterization as [P]

[e.e]
/0 dspesnPhAW Tnatm) (4.2)

Now, in standard double-line notation, the only difference (for planar diagrams drawn
on the sphere) between the symmetric (or antisymmetric) representation and the adjoint
one is that the orientation of one of the lines has changed.'3. Compared to the case
with adjoint fields only, this means that each insertion of a W, on a line with flipped
orientation comes with a minus sign. However, since Weg is a function of the glueball
fields!4 S; = —ﬁtr(Wian) there are necessarily an even number (zero or two) of
insertions on each line (index loop) and thus the extra minus signs cancel out and as

in [B, R3] one finds
Z 0

Here the second piece arises from the twisted part of the propagator (equivalently, from
planar diagrams on RP2?). A gauge theoretic argument for the presence of this piece can
be given along the lines of refs. 3. The factor of 4 has the same origin as in the SO /Sp
models discussed in [23]. Also note that the factor of 4 that appeared in (B.37) is the same
as the one in the equation above, as can been seen by using the methods in ref. [P3, [§.
On the other hand, the gauge-coupling matrix 7;;(.S) couples to tr(W?)tr(W7?) in the
effective action and since insertions of a single W, on an index loop coming from one of
the lines with flipped orientation leads to a sign change, this implies that 7;; will in general

no longer will be given by ngfi‘j 15 This is also clear from the point of view in [B] where it

was argued that the relation between 7;; and % follows from a shift symmetry of the
U(1) part of the gauge superfield W,. In the case of adjoint fields only, this symmetry is
a consequence of the decoupling of the U(1) (since the adjoint action is via commutators).
However, the symmetric (or antisymmetric) representation couples to the U(1) (the gauge
action is longer via commutators) so there is no shift symmetry and hence no direct relation

- _9*F
between 7;; and 95,08, "

However, even though 7;; is not given by %a%j, there is a simple way to keep track
of the extra signs in matrix-model perturbation theory, i.e. to determine 7;; perturbatively
from the matrix model. To demonstrate this, we represent the X ® X matrix-model vertex
graphically as in figure [ Now if one proceeds to calculate the matrix-model Feynman
diagrams as usual, but for each index-loop constructed from a dashed line one makes the

3n addition the propagator for fields in the symmetric (or antisymmetric) representation has a twisted
part not present for adjoint fields. This feature leads to the presence of planar diagrams drawn on RP? in
the topological expansion.

MFor simplicity we restrict to the case of only one glueball field, S = —ﬁtr()/\/a)/\/a)7 in our explicit
calculations, but whenever possible we write the formulse in their general form.

15 A similar discrepancy was observed in @] in the context of multi-trace operators, but in that case the
discrepancy appeared already in Weg.
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X -

Figure 1: The X ® X-vertex. The dashed line has the opposite orientation compared to the ®3
vertex.

Figure 2: The black dots indicate W,, insertions.

identification gsM; = S;, one will obtain a free energy of the form F(S, 5') If one then

2 q .
takes the second derivative aagi(géf) using the rule g—g; = —¢/, and then afterwards sets

5} = §;, one will obtain the right result for 7;;. That is, the extra signs will be taken care
of and the resulting 7;; will agree with the gauge theory result.

We will now give more details for a specific set of diagrams (for simplicity we consider
the case of a single glueball field, S). We consider the three gauge theory diagrams in
figure P

There are two Schwinger parameters corresponding to the momentum running in the
two loops. Calling these s1, so, the integral over bosonic momenta gives const x (s1 s2) 2.
The integral over fermionic momenta gives for the sum of the above three diagrams (plus
an additional RP? diagram not shown in the figure above) a constant times

(51.52)2(Wa)j W) FW5)n™ V)P (L), (T s (T Vo (L) =
= (5152) 2 [BNtr(W W) tr(WeWP) + 4Bt (W W) tr (W WP) +
+ 2tr(WsWP)tr (W, ) tr (W)
o (5152)2[N(35%) + 4685% — Swaw?], (4.4)

where we have used the formulee in appendix B as well as the definition w, = ﬁtr(WQ). We
see that the s; dependence cancels between the bosonic and fermionic momentum integrals
as required for the reduction to a matrix model. For comparison, if all the fields had been
in the adjoint representation, one would have obtained instead the same constant as above

times

(5152)°(Wa); OV W)™ V)P (T7)r e (Ti )i s (T ™o "6 (1) 0 =
= (5152)2[BNtr(Wa W) tr(WaWP) — 6tr(WeWP)tr(W,, ) tr (W)
o (5152)%[N(35%) + 3 S waw®] . (4.5)

By comparing ([.4) and ([.§) we see that the terms proportional to N agree. These are

51859
5189
contributions to N %F s2. The second term in ([£.4)) contributes to 4Fgp2 and comes from a
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diagram (not displayed in the figure above) with a twisted propagator. Finally, the last set
of terms contribute to %T(s)wawo‘ and explicitly illustrate the sign rule discussed above.
In the first case we have —1 — 141 = —1, and in the second case we get +1+1+1 = +3.
The relative factor of —% is indeed present in ({-4) vs. ([£5).

5. Summary

In this paper we focused on three N' = 1 supersymmetric gauge theories: U(N)x U(N)
with matter in adjoint and bifundamental representations, U(N) with matter in adjoint
and symmetric representations, and U(N) with matter in adjoint and antisymmetric rep-
resentations. As was shown, each of these theories exhibits a cubic algebraic curve. The
equivalence of the matrix model and the gauge theory descriptions was established by
means of generalized Konishi anomalies equations, which were shown to be equivalent to
the matrix model loop equations. This result demonstrates the equivalence of the matrix
models to the holomorphic sector of the gauge theories.

In addition, we studied the relation between the generating functions 7'(z) of gauge
theory vevs and the generating functions w(z) of matrix model vevs for each of the theories
considered, generalizing the results of refs. [[[7, [§].

We also investigated the matrix model/gauge theory equivalence using a perturba-
tive superspace analysis. If matter in the symmetric (or antisymmetric) representation is
present it was shown that the gauge-coupling matrix 7;; is not given by the second deriva-
tive of the matrix model free energy; the latter must be modified diagram-by-diagram by
suitably chosen minus signs in the matrix-model perturbative expansion so as to yield the
correct gauge coupling matrix. As a result there does not appear at this point to be a con-
cise formula expressing 7;; in terms of the matrix model free energy, contrary to situations
involving only adjoint, fundamental, or bifundamental matter.
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A. Saddle-point analysis

Here we will briefly discuss the saddle-point approach to study the planar solution of the
matrix models discussed in this paper. In the recent papers [[L1], [J] this approach has been
extended to holomorphic matrix models.

A.1 U(N)x U(N) with bifundamental matter

The saddle-point approach to the U(NN)x U(N) quiver model has previously been discussed
in refs. [[(4, [[5, §, [0] (and was recently extended to holomorphic matrices in [[[1]). The
first step is to transform to an eigenvalue basis for the adjoint fields and then integrate out
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the bifundamental fields. This reduces (R.9) to

s iy = 2)2 (N = 4y)? L3, W)W
x / Hd)\,d)\l T, N . (A1)

The saddle-point equations of motion are thus

1
+2ZA -y ;M—Xj =0,
22 A—in)\j =0. (A.2)
j {2

J#z A

The equations (P.19) and (R.23]) can be derived directly from the saddle-point equations.
For instance, (R.12)) can be obtained by considering

1 1
E2 | +2Z>\—>\ ZAi—Xj "

J#i

WI
+gsz L +22 ‘—inAj = 0. (A.3)
j (2

J#z Ay
Alternatively, an expedient way to obtain (P.12) and (R.23) is by imposing (L5, §, [0]

jédzm i zW(S)(Z) =0, (A.4)

where the contour encloses all eigenvalues but not the point = and the W-algebra currents
W) (2) (s = 2,3) are given by

S

~1) 3
S (A.5)

i=1

where the u;’s were defined in (.14) and below (R.19).

A.2 U(N) with (anti)symmetric matter

The first step of the saddle-point approach is to transform (B.Z) into an eigenvalue basis
for ® and then integrate out x;; and #%. This leads to

5/2
A
/ | [ axn: z<J (A :Ar)[;/; s TiWO) (A.6)

The saddle-point equation of motion is thus

~0, (A7)

where the last term is a 1/M (or gs) effect.
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The model ([A.6) is closely related to the O(n) matrix model [[J with n = 1. The
planar solution of that model was derived in [R(]. (The extension to holomorphic matrices
was recently discussed in ref. [[2].)

The expressions (B.§), (B.21)) can be derived directly from the saddle-point equations.
For instance, (B.§) can be obtained by considering

1 W'(\) 1 1 81
- 2 - - —2)=0. (A3

Alternatively, an expedient way to obtain (B.§) and (B.21) is by imposing

]é e W) (z) =0, (A.9)

r—z

where the contour encloses all eigenvalues but not the point = and the W-algebra currents
W) (2) (s = 2,3) are given by

W(S) — (_1)8 Zs:(ui)s’ (A.IO)

S ;
i=1

where the u;’s were defined in (B.13) and below (B.17)).

B. Some representation theory

Here we collect some explicit formulee for the generators in the various representations
discussed in the main text.

Adjoint representation of U(N). In standard double-index notation the generators in
the adjoint representation are

(T )il = 67618, — 6167,5% (B.1)
This gives the well-known results

(Vo' = Vi (T W' m"6a™ = Vi glk's  Wadi' = Wa)i (T2 k' m" 0™ = Was dli'
(B.2)
where V' and W, are the vector and spinor gauge superfields, respectively.

Bifundamental representations of U(/N)x U(N). To describe the action of the gauge
superfields on the bifundamental field b;7 it is convenient to use a composite index I = (i,7).
In this notation the gauge vector superfield is V = V! (T7”), where

(1) = 616] 61 — 5751, (B.3)

and we have used the double-index notation. This implies

(Vo) = Vi (1) 0k = Vikd — b1 (B.4)
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where V, V are the gauge superfields for the two U(N) factors. One may view V as a
diagonal 2x2 matrix, diag(V, f/) In this notation b and b can be combined into an off-
diagonal 2x2 matrix, and ¢ and ¢ can be combined into a diagonal 2x2 matrix. In the
2x2 matrix notation, the gauge action is via commutators. Similarly the action of the
gauge spinor superfield can be written as

(Wab)i? = (Wa)i¥by? — biE(Wa),;j, (B.5)

where W,, and W, are the gauge spinor superfields corresponding to the two U(N) factors.
The action on the bifundamental field b;/ is the same as the one on b, but with tilde
and un-tilde indices interchanged.

Symmetric/antisymmetric representation of U(N). The generators in the symmet-
ric or antisymmetric representation of U(N) are

(T = 287, 0,6 (B.6)
where we have used the notation uv; = %(uivj + Bujv;), where 3 = +1 for the symmetric
representation and 3 = —1 for the antisymmetric representation. The action of W, on z is

Waz)r = Wa); (T3 @nm = [(Wadd zju + B0Va) 2], (B.7)

or in matrix notation: Wy + 2(W,)7.

The generators of semi-simple Lie algebras satisfy trg(TAT?) = I(R)04? where I(R)
is the index of the representation, i.e. 2N for the adjoint, N — 2 for the antisymmetric
and N + 2 for the symmetric representation. Using the above forms of the generators

the expression trp(TAT?) will contain some extra trace factors since we are dealing with
U(N)’s.
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