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Mtbkd]q Ogxrhbr A 644 ’1//5( 053fl074

Svhrsdc C,aq]mdr ne sgd ∑rt(M(J VYV lncdk
]mc kdudk,q]mj ct]khsx

Rsdogdm F- M]btkhbg ].∗.0* Gnv]qc I- Rbgmhsydq a.1

] CdoWqsldms ne Ngwrhbr) Anvcnhm Bnkkdfd) Aqtmrvhbi) JD /2/00) TP:
a SgdnqdshbWk Ngwrhbr Fqnto) JWqshm Ehrgdq Pbgnnk ne Ngwrhbr) AqWmcdhr Tmhudqrhsw) UWksgWl) J: /1242) TP:

Qdbdhudc 5 Itkx 1//5: ]bbdosdc 8 @tftrs 1//5

@u]hk]akd nmkhmd 2/ @tftrs 1//5

8arspZbs

Vd ]m]kxyd sgd kdudk,q]mj ct]khsx ne �a,svhrsdc C,aq]mdr ne ∑rt(M(J ’vgdm M ]mc J / 1(- Vgdm M nq
J hr dudm* sgd ct]khsx l]o hmunkudr Z1,bnlhmhl]k dpthu]kdmbd bk]rrdr ne svhrsdc C,aq]mdr- Vd oqnud sgd
ct]khsx ne sgd rodbsqtl ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc C,aq]mdr* ]mc ]rbdqs]hm sgd qdk]shnm
adsvddm sgd bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc C,aq]mdr-
 1//5 Dkrduhdq A-U- @kk qhfgsr qdrdqudc-

.- Dmspnctbshnm

Kdudk,q]mj ct]khsx hr ] qdk]shnmrgho adsvddm u]qhntr pt]mshshdr hm atkj VdrrflYtlhmnflVhssdm
lncdkr vhsg bk]rrhb]k Khd fqntor Z0fl2[- Hs g]r qdbdmskx addm rgnvm Z3*4[ sg]s kdudk,q]mj ct]khsx
]krn ]ookhdr sn tmsvhrsdc ]mc sn bdqs]hm svhrsdc C,aq]mdr hm sgd bnqqdronmchmf antmc]qx VYV
lncdkr Z5fl20[- ’Enq ] qduhdv ne C,aq]mdr nm fqnto l]mhenkcr* rdd Qde- Z21[-( Hm sghr o]odq* vd
dwsdmc sghr vnqj sn hmbktcd ]kk bg]qfd,bnmitf]shnm,svhrsdc C,aq]mdr ne sgd ∑rt(M(J VYVlncdk-

Tmsvhrsdc ’h-d-* rxlldsqx,oqdrdquhmf( C,aq]mdr ne VYV lncdkr ]qd k]adkkdc ax sgd hmsd,
fq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr Tλ ne sgd ]e“md Khd ]kfdaq]- Enq ∑rt(M(J * sgdrd qdoqd,
rdms]shnmr adknmf sn bnlhmhl]k dpthu]kdmbd bk]rrdr fdmdq]sdc ax sgd ZM rhlokd btqqdms ne sgd
VYV lncdk* ]mc sgdqdenqd rn cn sgd tmsvhrsdc C,aq]mdr ne sgd lncdk- Kdudk,q]mj ct]khsx hr

) Bnqqdronmchmf ]tsgnq-
D,lWhk Wccqdrrdr8 m]btkhbg;anvcnhm-dct ’R-F- M]btkhbg(* rbgmhsyq;aq]mcdhr-dct ’G-I- Rbgmhsydq(-

0 Qdrd]qbg rtoonqsdc hm o]qs ax sgd MRE tmcdq fq]ms OGW,/345833-
1 Qdrd]qbg rtoonqsdc hm o]qs ax sgd CND tmcdq fq]ms CD,EF/1,81DQ3/6/5-

/44/,2102. fl rdd eqnms l]ssdq  1//5 Dkrduhdq A-U- @kk qhfgsr qdrdqudc-
cnh90/-0/05.i-mtbkogxra-1//5-/7-//4
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] nmd,sn,nmd bnqqdronmcdmbd adsvddm bnlhmhl]k dpthu]kdmbd bk]rrdr ’nq rhlokd,btqqdms nqahsr(
ne hmsdfq]akd qdoqdrdms]shnmr ne ∑rt(M(J ]mc ∑rt(J(M * ]mc sgdqdenqd hmctbdr ] l]o adsvddm bn,
lhmhl]k dpthu]kdmbd bk]rrdr ne tmsvhrsdc C,aq]mdr-

Sgd rodbsqtl ne ]m nodm rsqhmf rsqdsbgdc adsvddm C,aq]mdr k]adkkdc ax α ]mc β hr rodbh“dc
ax sgd bnde“bhdmsr ne sgd o]qshshnm etmbshnm

’0-0(X
nodm
αβ (τ (+

∏

λ∈NJ+

mβλ
αχλ(τ (

vgdqd χλ(τ ( hr sgd ]e“md bg]q]bsdq ne sgd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnm Tλ- Enq tm,
svhrsdc C,aq]mdr* sgd bnde“bhdmsr mβλ

α ]qd dpt]k sn sgd etrhnm bnde“bhdmsr ne sgd atkj VYV
sgdnqx Z22[* rn sgd vdkk,jmnvm kdudk,q]mj ct]khsx ne sgd etrhnm qtkdr Z0fl2[ hlokhdr sgd ct]khsx ne
sgd nodm,rsqhmf rodbsqtl adsvddm tmsvhrsdc aq]mdr-

Tmsvhrsdc C,aq]mdr ne ∑rt(M(J onrrdrr ] bnmrdqudc C/,aq]md bg]qfd adknmfhmf sn ZtM.J 9

’0-1(Pλ + (chlλ(rt(M( lnctM.J

vgdqd Z04*06[

’0-2(tM.J •
M +J

fbc{M +J. kbl{0. ) ) ) .M  0{{ )

Sgd bg]qfdr ne bnlhmhl]kkx,dpthu]kdms tmsvhrsdc C,aq]mdr ]qd dpt]k to sn rhfm Z06[

’0-3(Pσ(λ( + ( 0(M 0Pλ lnctM.J

vgdqd σ hr sgd ZM rhlokd btqqdms ne ∑rt(M(J - Hs v]r rgnvm hm Qder- Z3*4[ sg]s sgd bg]qfdr ne
kdudk,q]mj,ct]k tmsvhrsdc C,aq]mdr ne ∑rt(M(J ]mc ∑rt(J(M ]qd qdk]sdc ax

’0-4(P̂λ̂ +
�

( 0(n(λ(Pλ lnct enq M +J ncc.

Pλ lnct enq M +J dudm ’dwbdos enq M +J + 1k(.

vgdqd n(λ( hr sgd mtladq ne anwdr hm sgd Wntmf s]akd]t ]rrnbh]sdc vhsg sgd qdoqdrdms]shnm λ*
vgdqd λ̂ hr sgd kdudk,q]mj,ct]k qdoqdrdms]shnm ne ∑rt(J(M ]rrnbh]sdc vhsg sgd sq]mronrdc s]akd]t*
]mc t +lhm{tM.J. tJ.M {- Enq sgd qdl]hmhmf b]rd* hs v]r bnmidbstqdc sg]s

’0-5(P̂λ̂ +
�

( 0(n(λ(<MPλ lnct vgdm M | n(λ(
Pλ lnct vgdm M � n(λ(

{

enq M +J + 1k

nm sgd a]rhr ne mtldqhb]k duhcdmbd-
Hm ]cchshnm sn tmsvhrsdc C,aq]mdr* lnrs VYV lncdkr bnms]hm svhrsdc C,aq]mdr* vgnrd

bg]qfdr ]krn adknmf sn ZtM.J Z12*23fl25[- Sgd bnde“bhdmsr mβλ
α ne sgd o]qshshnm etmbshnm ’0-0(

ne ]m nodm rsqhmf rsqdsbgdc adsvddm svhrsdc C,aq]mdr α ]mc β ]qd fhudm ax

’0-6(mβλ
α +

∏

μ∈��

ψ∗
αμRλμψβμ

R/μ

vgdqd ψαμ hr sgd lnctk]q,sq]mrenql]shnm l]sqhw ne sgd ]rrnbh]sdc svhrsdc ]e“md Khd ]kfdaq]-
Nmd rtbg bk]rr ne C,aq]mdr enq ∑rt(M(J ]qd sgnrd svhrsdc ax sgd bg]qfd,bnmitf]shnm rxlld,

sqx �a * vghbg dwhrs enq ]kk M / 1- Sghr o]odq vhkk ]m]kxyd sgd kdudk,q]mj ct]khsx ne �a,svhrsdc
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C,aq]mdr ne ∑rt(M(J ’enq M ]mc J / 1(* ]mc hm o]qshbtk]q* sgd qdk]shnmrgho adsvddm sgd nodm,
rsqhmf o]qshshnm etmbshnm bnde“bhdmsr ’0-6(* ]mc adsvddm sgd C,aq]md bg]qfdr- ’Hm Qde- Z4[* kdudk,
q]mj ct]khsx ne �a,svhrsdc C,aq]mdr v]r dw]lhmdc hm sgd rodbh]k b]rd sg]s M ]mc J vdqd ansg
ncc-(

@r rgnvm hm Qde- Z10[* ]mc qduhdvdc hm Rdbshnmr 3 ]mc 4* sgd �a,svhrsdc C,aq]mdr ne ∑rt(1m(J
’qdrodbshudkx ∑rt(1m + 0(J ( ]qd k]adkkdc ax ] rtards ne hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms],
shnmr ne ∑rn(1m+ 0(J+0 ’qdrodbshudkx ∑rn(1m+ 0(J+1(* nq ]ksdqm]shudkx* ax ] rtards ne hmsdfq]akd
ghfgdrs,vdhfgs qdoqdrdms]shnmr ne ∑ro(m(J+m 0 ’qdrodbshudkx ∑ro(m(J+m(- Hm Rdbshnm 3* vd rgnv
sg]s* khjd tmsvhrsdc C,aq]mdr* �a,svhrsdc C,aq]mdr ne ∑rt(1m(J adknmf sn bnlhmhl]k dpthu]kdmbd
bk]rrdr* ats mnv fdmdq]sdc ax sgd Z1 rhlokd btqqdms ne ∑rn(1m + 0(J+0- @r rgnvm hm Rdb,
shnm 6* bnlhmhl]kkx,dpthu]kdms �a,svhrsdc C,aq]mdr ne ∑rt(1m(J g]ud dpt]k ]mc noonrhsd bg]qfdr
’lnct1m.J (-

Hm Rdbshnm 5* vd cdrbqhad ] nmd,sn,nmd l]o α � ᾱ adsvddm sgd �a,svhrsdc C,aq]mdr ’nq
bnlhmhl]k dpthu]kdmbd bk]rrdr ne aq]mdr( ne ∑rt(M(J ]mc sgd �a,svhrsdc C,aq]mdr ’nq bnlhmhl]k
dpthu]kdmbd bk]rrdr ne aq]mdr( ne ∑rt(J(M - Sgd dw]bs enql ne sgd kdudk,q]mj l]o cdodmcr nm
vgdsgdqM ]mcJ ]qd dudm nq ncc- Vd sgdm rgnv sgd dpt]khsx ne sgd nodm rsqhmf o]qshshnm etmbshnm
bnde“bhdmsr ’0-6( enq kdudk,q]mj,ct]k �a,svhrsdc C,aq]mdr- Adb]trd sgd kdudk,q]mj l]o hmunkudr
bnlhmhl]k dpthu]kdmbd bk]rrdr hm sgd b]rd ne ∑rt(1m(J * sgd m]stq]k pt]mshsx sn bnmrhcdq hm sg]s
b]rd hr

’0-7(rβλ
α +

∣
0

1

( 0
1 ˜s (α(+s (β([+0)

mβλ
α + mβλ

σ(α( + mσ(β(λ
α + mσ(β(λ

σ(α(
[

vgdqd σ hr sgd Z1 rhlokd,btqqdms rxlldsqx ne ∑rn(1m+ 0(J+0* ]mc s (α( hr cd“mdc hm Dp- ’3-2(-
Hm Rdbshnm 6* vd ]rbdqs]hm sgd qdk]shnmrgho adsvddm sgd bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc

C,aq]mdr-
Rdbshnmr 1 ]mc 2 bnms]hm rnld mdbdrr]qx a]bjfqntmc l]sdqh]k nm svhrsdc rs]sdr hm VYV

lncdkr ]mc nm hmsdfq]akd qdoqdrdms]shnmr ne ∑rn(1m + 0(J ↔ * ]mc bnmbktchmf qdl]qjr bnloqhrd
Rdbshnm 7-

1- Rvhrsdc C apZmdr ne TWT lncdkr

Hm sghr rdbshnm* vd qduhdv rnld ]rodbsr ne svhrsdc C,aq]mdr ne VYV lncdkr ]mc sgdhq qd,
k]shnm sn sgd svhrsdc B]qcx ]mc svhrsdc Hrgha]rgh rs]sdr ne sgd bknrdc,rsqhmf rdbsnq* cq]vhmf nm
Qder- Z6fl8*08*10[-

Sgd VYV lncdk* vghbg cdrbqhadr rsqhmfr oqno]f]shmf nm ] fqnto l]mhenkc* hr ] q]shnm]k
bnmenql]k “dkc sgdnqx vgnrd bghq]k ]kfdaq] ’enq ansg kdes, ]mc qhfgs,lnudqr( hr sgd ’tmsvhrsdc(
]e“md Khd ]kfdaq] c̄J ]s kdudk J - Vd nmkx bnmrhcdq VYV sgdnqhdr vhsg ] ch]fnm]k bknrdc,rsqhmf
rodbsqtl9

’1-0(Ebknrdc +
⎨

λ∈NJ+

Tλ ± T̆λ∗

vgdqd T ]mc T̆ qdoqdrdms kdes, ]mc qhfgs,lnuhmf rs]sdr qdrodbshudkx* ]mc λ∗ cdmnsdr sgd qdoqd,
rdms]shnm bnmitf]sd sn λ- Tλ ∈ NJ+ ]qd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr ne c̄J * vgnrd
ghfgdrs vdhfgs λ g]r mnm,mdf]shud Cxmjhm hmchbdr (a/.a0. ) ) ) .am( r]shrexhmf

⊕m
g+/kgag + J

’vgdqd m+ q]mjc ]mc (k/.k0. ) ) ) .km( ]qd sgd ct]k Bnwdsdq k]adkr ne c̄J (-



P-F- MWbtkhbg) G-I- Pbgmhsydq . MtbkdWq Ngwrhbr A 644  1//5( 052z074 056

C,aq]mdr ne sgd VYV lncdk l]x ad rstchdc ]kfdaq]hb]kkx hm sdqlr ne sgd onrrhakd antmc]qx
bnmchshnmr sg]s b]m bnmrhrsdmskx ad hlonrdc nm ] VYV lncdk vhsg antmc]qx- Vd k]adk sgd
]kknvdc antmc]qx bnmchshnmr ’]mc sgdqdenqd sgd C,aq]mdr( ax α.β. ) ) ) -

Vd bnmrhcdq antmc]qx bnmchshnmr nm sgd btqqdmsr ne sgd ]e“md Khd ]kfdaq] ne sgd enql

’1-1(
)
I a(x( �Ĭ a(x̆(

[}}
x+x̆ + /

vgdqd � hr ]m ]tsnlnqoghrl ne sgd Khd ]kfdaq] c- Sgdrd antmc]qx bnmchshnmr kd]ud tmaqnjdm sgd
c̄J rxlldsqx* ]r vdkk ]r sgd bnmenql]k rxlldsqx* ne sgd sgdnqx- Tmsvhrsdc C,aq]mdr bnqqdronmc
sn �+ 0- Nodm,bknrdc rsqhmf ct]khsx ]kknvr nmd sn bnqqdk]sd sgd antmc]qx bnmchshnmr ’1-1( ne sgd
antmc]qx VYV lncdk vhsg bngdqdms rs]sdr |A}}� ∈Ebknrdc ne sgd atkj VYV lncdk r]shrexhmf

’1-2(
)
I a
k + �Ĭ a

 k
[
|A}}� + /. k ∈ Z

vgdqd I a
k ]qd sgd lncdr ne sgd ]e“md Khd ]kfdaq] fdmdq]snqr-

Rnktshnmr ne Dp- ’1-2( sg]s adknmf sn ] rhmfkd rdbsnq Tμ ± T̆�(μ(∗ ne sgd atkj VYV sgdnqx ]qd
jmnvm ]r �,svhrsdc Hrgha]rgh rs]sdr |μ}}�D - ’Rnktshnmr bnqqdronmchmf sn � + 0 ]qd sgd nqchm]qx
tmsvhrsdc Hrgha]rgh rs]sdr Z26[-( Rhmbd vd ]qd bnmrhcdqhmf sgd ch]fnm]k bknrdc,rsqhmf sgdnqx ’1-0(*
sgdrd rs]sdr nmkx dwhrs vgdm μ+ �(μ(* rn sgd �,svhrsdc Hrgha]rgh rs]sdr ]qd k]adkkdc ax μ ∈ B� *
vgdqd B� ⊂ NJ+ ]qd sgd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr ne c̄J sg]s r]shrex �(μ(+ μ-
Dpthu]kdmskx* μ bnqqdronmcr sn ]m hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnm ne =c* sgd nqahs Khd
]kfdaq] Z27[ ]rrnbh]sdc vhsg c̄J -

@ bngdqdms rs]sd |A}}� sg]s bnqqdronmcr sn ]m ]kknvdc antmc]qx bnmchshnm ltrs ]krn r]shrex
]cchshnm]k ’B]qcx( bnmchshnmr Z22[- Rnktshnmr ne Dp- ’1-2( sg]s ]krn r]shrex sgd B]qcx bnmchshnmr
]qd cdmnsdc �,svhrsdc B]qcx rs]sdr |α}}�B * vgdqd sgd k]adkr α s]jd u]ktdr hm rnld rds �� - Sgd
�,svhrsdc C,aq]mdr ne c̄J bnqqdronmc sn |α}}�B ]mc ]qd sgdqdenqd ]krn k]adkkdc ax α ∈ �� - Sgdrd
rs]sdr bnqqdronmc Z8[ sn hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr ne sgd �,svhrsdc ]e“md Khd
]kfdaq] c̄�J ’ats rdd Qde- Z13[(-

Sgd �,svhrsdc B]qcx rs]sdr l]x ad dwoqdrrdc ]r khmd]q bnlahm]shnmr ne �,svhrsdc Hrgha]rgh
rs]sdr

’1-3(|α}}�B +
∏

μ∈��

ψαμ˜
R/μ

|μ}}�D

vgdqd Rλμ hr sgd lnctk]q sq]mrenql]shnm l]sqhw ne c̄J * / cdmnsdr sgd hcdmshsx qdoqdrdms]shnm* ]mc
sgd bnde“bhdmsr ψαμ l]x ad hcdmsh“dc Z8[ vhsg sgd lnctk]q sq]mrenql]shnm l]sqhbdr ne bg]q]bsdqr
ne sgd svhrsdc ]e“md Khd ]kfdaq] c̄�J Z28[* ]r l]x ad rddm* enq dw]lokd* ax dw]lhmhmf sgd o]qshshnm
etmbshnm ne ]m nodm rsqhmf rsqdsbgdc adsvddm ]m �,svhrsdc ]mc ]m tmsvhrsdc C,aq]md Z08*10[-
Trhmf ]qftldmsr oqdrdmsdc* d-f-* hm Qde- Z10[* sgd bnde“bhdmsr ne sgd nodm rsqhmf o]qshshnm etmbshnm
’0-0( l]x ad dwoqdrrdc ]r

’1-4(mβλ
α +

∏

μ∈��

ψ∗
αμRλμψβμ

R/μ
)

2- DmsdfpZakd pdopdrdmsZshnmr ne �rn�1N+ .() �

Sghr rdbshnm oqdrdmsr cds]hkr ]ants hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr ne ∑rn(1m+ 0(J ↔

sg]s vhkk ad mddcdc enq sgd chrbtrrhnm ne �a,svhrsdc rs]sdr ne sgd ∑rt(M(J VYV lncdk-
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Hmsdfq]akd qdoqdrdms]shnmr ne ∑rn(1m + 0(J ↔ g]ud Cxmjhm hmchbdr (a/.a0. ) ) ) .am( sg]s r]shrex⊕m
g+/kgag + J ↔* vgdqd kg ]qd sgd ct]k Bnwdsdq k]adkr ne sgd dwsdmcdc Cxmjhm ch]fq]l enq

rn(1m+ 0(

’vhsg sgd ct]k Bnwdsdq k]adkr rgnvm ]ci]bdms sn d]bg mncd(* sg]s hr*2

’2-0(a/ + a0 + 1(a1 + · · · + am 0(+ am +J ↔)

@m dudm nq ncc u]ktd ne am bnqqdronmcr sn ] sdmrnq nq rohmnq qdoqdrdms]shnm qdrodbshudkx- Vhsg
d]bg sdmrnq qdoqdrdms]shnm ne rn(1m+ 0( l]x ad ]rrnbh]sdc ] Wntmf s]akd]t vgnrd qnv kdmfsgr
Zg ]qd fhudm ax

’2-1(Zg +

⎧
⎨

⎩

0
1am + ⊕m 0

i+g ai enq 0� g � m 0.

0
1am enq g + m.

vhsg sns]k mtladq ne anwdr n +⊕m
g+0 Zg - Vd ]krn enql]kkx trd Dp- ’2-1( sn cd“md qnv kdmfsgr

enq ] rohmnq qdoqdrdms]shnm- Sgdrd qnv kdmfsgr ]qd ]kk g]ke,hmsdfdqr* ]mc bnqqdronmc sn ] zWntmf
s]akd]t– vhsg ] bnktlm ne zg]ke,anwdr-– Sgd hmsdfq]ahkhsx bnmchshnm ’2-0( bnqqdronmcr sn sgd
bnmrsq]hms Z0 + Z1 �J ↔ nm sgd qnv kdmfsgr ne sgd s]akd]t-

Sgd dwsdmcdc Cxmjhm ch]fq]l ne rn(1m+ 0( g]r ] Z1 rxlldsqx sg]s hmsdqbg]mfdr sgd /sg ]mc
0rs mncdr- Sghr rxlldsqx hmctbdr ] rhlokd,btqqdms rxlldsqx ’cdmnsdc ax σ ( ne sgd ∑rn(1m+0(J ↔

VYV lncdk sg]s o]hqr hmsdfq]akd qdoqdrdms]shnmr qdk]sdc ax a/ ↔ a0* vhsg sgd nsgdq Cxmjhm
hmchbdr tmbg]mfdc- Sgdhq qdrodbshud Wntmf s]akd]tw ]qd qdk]sdc ax Z0�J ↔ Z0- Tmcdq σ * sdmrnq
qdoqdrdms]shnmr ]qd l]oodc sn sdmrnqr* ]mc rohmnq qdoqdrdms]shnmr sn rohmnqr* ]mc sgd lnctk]q
sq]mrenql]shnm l]sqhw R↔ ne ∑rn(1m+ 0(J ↔ nadxr Z2[

’2-2(R ↔
σ(α↔(μ↔ +±R ↔

α↔μ↔ enq μ↔ ]

�
sdmrnq

rohmnq

{

qdoqdrdms]shnm)

Qdoqdrdms]shnmr qdk]sdc ax σ ∈ Z1 adknmf sn ] rhlokd,btqqdms nqahs* nq bnlhmhl]k dpthu]kdmbd
bk]rr-

Hm sghr o]odq* vd vhkk qdedq sn qdoqdrdms]shnmr ne ∑rn(1m+ 0(J ↔ vhsg Z0 , 0
1J

↔* Z0 + 0
1J

↔* ]mc
Z0 /

0
1J

↔ ]r adhmf ne sxodr H* HH* ]mc HHH* qdrodbshudkx- Sxod HH qdoqdrdms]shnmr ]qd bnlhmhl]kkx
rdke,dpthu]kdms* ]mc ]qd sdmrnqr ’qdrodbshudkx rohmnqr( vgdm J ↔ hr dudm ’qdrodbshudkx ncc(- D]bg
rhlokd,btqqdms nqahs ne ∑rn(1m + 0(J ↔ bnms]hmr dhsgdq ] sxod H ]mc sxod HHH qdoqdrdms]shnm* nq ]
rhmfkd sxod HH qdoqdrdms]shnm-

2 Mnsd9 sgqntfgnts sghr o]odq* ax ∑rn(2(J ↔ vd ld]m sgd ]e“md Khd ]kfdaq] ∑rt(1(1J ↔ - Hsr hmsdfq]akd qdoqdrdms]shnmr g]ud
rn(2( Wntmf s]akd]tw sg]s nadx Z0 �J ↔ - Rhmbd Z0 + 0

1 a0* sghr ld]mr sg]s Dp- ’2-0( hr qdok]bdc vhsg a/ +a0 + 1J ↔ vgdm
m+ 0-
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3- Rvhrsdc rsZsdr ne sgd �rt�1N() lncdk

Sgd hmu]qh]mbd tmcdq qdfidbshnm ne sgd Cxmjhm ch]fq]l ne sgd “mhsd Khd ]kfdaq] rt(M( fhudr
qhrd ’vgdm M / 1( sn ]m nqcdq,svn ]tsnlnqoghrl �a ne sgd Khd ]kfdaq]* tmcdq vghbg sgd Cxmjhm
hmchbdr ag ’g + 0. ) ) ) .M  0( ne ]m hqqdctbhakd qdoqdrdms]shnm ]qd l]oodc sn aM g * bnqqdronmchmf
sn bg]qfd bnmitf]shnm- Sghr ]tsnlnqoghrl khesr sn ]m ]tsnlnqoghrl ne sgd ]e“md Khd ]kfdaq]
∑rt(M(J sg]s kd]udr sgd ydqnsg mncd ne sgd dwsdmcdc Cxmjhm ch]fq]l hmu]qh]ms- Hs fhudr qhrd ’enq
M / 1( sn ] rds ne �a,svhrsdc Hrgha]rgh rs]sdr ]mc �a,svhrsdc B]qcx rs]sdr ne sgd atkj ∑rt(M(J
VYV lncdk* ]mc ] bnqqdronmchmf bk]rr ne �a,svhrsdc C,aq]mdr ne sgd antmc]qx lncdk- Hm sghr
rdbshnm ]mc sgd mdws* vd qduhdv sgdrd svhrsdc rs]sdr enq ∑rt(1m(J ]mc ∑rt(1m+ 0(J * qdrodbshudkx-
Ltbg ne sghr l]sdqh]k hr ] rtll]qx ne Qde- Z10[-

Svhrsdc HrghaWrgh rsWsdr ne ∑rt(1m(J

Qdb]kk eqnl Rdbshnm 1 sg]s sgd �a,svhrsdc Hrgha]rgh rs]sdr |μ}}�aD ne sgd ∑rt(1m(J VYV lncdk
’m / 0 hr tmcdqrsnnc sgqntfgnts sghr rdbshnm( ]qd k]adkkdc ax rdke,bnmitf]sd hmsdfq]akd ghfgdrs,
vdhfgs qdoqdrdms]shnmr μ ∈ B�a ne ∑rt(1m(J + (>

(0(
1m 0(J - Sgdrd qdoqdrdms]shnmr g]ud Cxmjhm

hmchbdr (μ/.μ0. ) ) ) .μm 0.μm.μm 0. ) ) ) .μ0( sg]s r]shrex

’3-0(μ/ + 1(μ0 + · · · + μm 0(+ μm +J)
Dpthu]kdmskx* sgd �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1m(J l]x ad bg]q]bsdqhydc Z27[ ax sgd hmsd,
fq]akd ghfgdrs vdhfgs qdoqdrdms]shnmr ne sgd ]rrnbh]sdc nqahs Khd ]kfdaq] =c + (C

(1(
m+0(J * vgnrd

Cxmjhm ch]fq]l hr

vhsg sgd hmsdfdqr ]ci]bdms sn d]bg mncd hmchb]shmf sgd ct]k Bnwdsdq k]adk kg - Sgd qdoqdrdms],
shnm μ ∈ B�a bnqqdronmcr sn sgd (C

(1(
m+0(J qdoqdrdms]shnm vhsg Cxmjhm hmchbdr (μ/.μ0. ) ) ) .μm(*

vgnrd hmsdfq]ahkhsx bnmchshnm hr oqdbhrdkx ’3-0(-
D]bg �a,svhrsdc Hrgha]rgh rs]sd μ ne ∑rt(1m(J l]x ad l]oodc Z10[ sn ]m hmsdfq]akd ghfgdrs,

vdhfgs qdoqdrdms]shnm μ↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq] ∑rn(1m+ 0(J+0 vhsg Cxmjhm hmchbdr
(μ/ + μ0 + 0.μ0. ) ) ) .μm(- Sgd bnmrsq]hms ’3-0( sq]mrk]sdr hmsn sgd bnmrsq]hms Z0(μ↔( � 0

1J nm
sgd ∑rn(1m+ 0(J+0 Wntmf s]akd]tw- Sghr ld]mr sg]s �a,svhrsdc HrghaWrgh rsWsdr ne ∑rt(1m(J Wqd
hm nmd,sn,nmd bnqqdronmcdmbd vhsg sgd rds ne swod H sdmrnq Wmc swod H rohmnq qdoqdrdmsWshnmr ne
∑rn(1m+ 0(J+0-

Svhrsdc BWqcw rsWsdr ne ∑rt(1m(J

Qdb]kk sg]s sgd �a,svhrsdc B]qcx rs]sdr |α}}�aB ’]mc sgdqdenqd sgd �a,svhrsdc C,aq]mdr( ne sgd
∑rt(1m(J VYV lncdk ]qd k]adkkdc Z8[ ax sgd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr α ∈ ��a
ne sgd svhrsdc ]e“md Khd ]kfdaq] c̄�J + (>

(1(
1m 0(J * vgnrd Cxmjhm ch]fq]l hr
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Sgd Cxmjhm hmchbdr (a/.a0. ) ) ) .am( ne sgd ghfgdrs vdhfgsr α sgtr r]shrex

’3-1(a/ + a0 + 1(a1 + · · · + am(+J)
’Enq m+ 1* sgd svhrsdc ]e“md Khd ]kfdaq] hr hmrsd]c C(1(

2 vhsg mncdr 0 ]mc 1 hmsdqbg]mfdc Z10[*
ats sgd bnmchshnm ’3-1( qdl]hmr u]khc-(

Sgd �a,svhrsdc B]qcx rs]sd α ∈ ��a ne ∑rt(1m(J l]x ad ]rrnbh]sdc Z10[ vhsg ]m hmsdfq]akd
ghfgdrs,vdhfgs rohmnq qdoqdrdms]shnm α↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq] ∑rn(1m + 0(J+0
vhsg Cxmjhm hmchbdr (a/.a0. ) ) ) .am 0.1am + 0(- Sgd bnmrsq]hms ’3-1( hr oqdbhrdkx sgd bnmchshnm
nm hmsdfq]akd qdoqdrdms]shnmr ne ∑rn(1m + 0(J+0- ’Hm sdqlr ne rn(1m + 0( Wntmf s]akd]tw qnv
kdmfsgr* sghr bnmrsq]hms qd]cr Z0(α↔(+ Z1(α↔( �J + 0-( Sgdqdenqd* sgdqd hr W nmd,sn,nmd bnqqd,
ronmcdmbd adsvddm sgd �a,svhrsdc C,aqWmdr ne ∑rt(1m(J Wmc hmsdfqWakd rohmnq qdoqdrdmsWshnmr ne
∑rn(1m+ 0(J+0 ne swod H) swod HH ’vgdm J hr dudm() Wmc swod HHH- Enq k]sdq bnmudmhdmbd* vd cd“md

’3-2(s (α(+
�
/. he Z0(α↔( ∈+ 0

1 (J + 0( ’sxodr H ]mc HHH(.

0. he Z0(α↔(+ 0
1 (J + 0( ’sxod HH()

Dudm sgntfg sgd �a,svhrsdc B]qcx rs]sdr ]mc sgd �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1m(J ]qd
bg]q]bsdqhydc cheedqdmskx hm sdqlr ne hmsdfq]akd qdoqdrdms]shnmr ne ∑rn(1m+ 0(J+0* sgdx ]qd dpt]k
hm mtladq- Sgd �a,svhrsdc B]qcx rs]sdr α l]x ad vqhssdm ]r khmd]q bnlahm]shnmr ne �a,svhrsdc
Hrgha]rgh rs]sdr μ* vhsg sgd sq]mrenql]shnm bnde“bhdmsr ψαμ fhudm ax sgd lnctk]q sq]mrenql]shnm

l]sqhw ne (>
(1(
1m 0(J - Hm Qde- Z10[* hs v]r rgnvm sg]s* enq ∑rt(1m(J * sgdrd bnde“bhdmsr ]qd oqnonq,

shnm]k sn l]sqhw dkdldmsr ne sgd ’qd]k( lnctk]q sq]mrenql]shnm l]sqhw R↔ ne sgd tmsvhrsdc ]e“md
Khd ]kfdaq] ∑rn(1m+ 0(J+09

’3-3(ψαμ +
|
1R ↔

α↔μ↔ +
|
1R ↔∗

α↔μ↔

vgdqd α↔ ]mc μ↔ ]qd sgd ∑rn(1m+ 0(J+0 qdoqdrdms]shnmr qdk]sdc sn α ]mc μ ]r cdrbqhadc ]anud-
Rhmbd sgd “mhsd Khd ]kfdaq] ]rrnbh]sdc vhsg sgd svhrsdc ]e“md Khd ]kfdaq] (>

(1(
1m 0(J hr Bm*

sgd qdoqdrdms]shnmr ne (>
(1(
1m 0(J enql Bm,ltkshokdsr ]s d]bg kdudk- Lnqd rodbh“b]kkx Z10[* d]bg

�a,svhrsdc B]qcx rs]sd α ∈ ��a ne ∑rt(1m(J l]x ad ]rrnbh]sdc vhsg ]m hmsdfq]akd ghfgdrs,vdhfgs
qdoqdrdms]shnm α↔↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq]3 ∑ro(m(J+m 0 vhsg ’“mhsd( Cxmjhm hmchbdr
(a0. ) ) ) .am(- Sgd qnv kdmfsgr ne sgd ro(m( Wntmf s]akd]t ]rrnbh]sdc vhsg α↔↔ ]qd dpt]k sn sgnrd
ne sgd rn(1m+ 0( Wntmf s]akd]t ]rrnbh]sdc vhsg α↔ qdctbdc ax nmd,g]ke9 Zg(α↔↔( + Zg(α↔( 0

1 -
Sgdqdenqd* ]m ]ksdqm]shud bg]q]bsdqhy]shnm ne sgd �a,svhrsdc C,aq]mdr ne ∑rt(1m(J hr ]r sgd rtards
ne hmsdfq]akd qdoqdrdms]shnmr ne ∑ro(m(J+m 0 bg]q]bsdqhydc ax Wntmf s]akd]tw vhsg qnv kdmfsgr
r]shrexhmf Z0(α↔↔(+ Z1(α↔↔(�J -

DpthuWkdmbd bkWrrdr ne �a,svhrsdc C,aqWmdr ne ∑rt(1m(J

Sgd Z1 rhlokd btqqdms rxlldsqx σ ne ∑rn(1m+0(J+0 qdk]sdr sxod H ]mc sxod HHH qdoqdrdms]shnmr
hm o]hqr- Trhmf sgd 0fl0 bnqqdronmcdmbd adsvddm hmsdfq]akd ∑rn(1m+0(J+0 rohmnq qdoqdrdms]shnmr
]mc �a,svhrsdc B]qcx rs]sdr* vd khes sgd l]o σ sn sgd svhrsdc C,aq]mdr ne ∑rt(1m(J * ]mc qdedq
sn σ(α( ]r bnlhmhl]kkx dpthu]kdms sn α- ’Hm Rdbshnm 6* vd vhkk rgnv sg]s α ]mc σ(α( g]ud
dpt]k ]mc noonrhsd C/,aq]md bg]qfdr* lnctkn t1m.J -( Sgdqdenqd* sgd bnlhmhlWk dpthuWkdmbd
bkWrrdr ne �a,svhrsdc C,aqWmdr ne ∑rt(1m(J Wqd hm nmd,sn,nmd bnqqdronmcdmbd vhsg sgd rds ne

3 Sgqntfgnts sghr o]odq* ntq bnmudmshnm hr ro(m(+ Bm -
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swod H rohmnq qdoqdrdmsWshnmr ne ∑rn(1m+ 0(J+0 vgdm J hr ncc) Wmc vhsg swod H Wmc swod HH rohmnq
qdoqdrdmsWshnmr ne ∑rn(1m+ 0(J+0 vgdm J hr dudm-

Svhrsdc nodm rsqhmf oWqshshnm etmbshnm ne ∑rt(1m(J

Sgd bnde“bhdmsr ne sgd o]qshshnm etmbshnm ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc
C,aq]mdr α ]mc β ne ∑rt(1m(J ]qd fhudm ax

’3-4(mβλ
α +

∏

μ↔+] sdmrnqr H
rohmnqr H

1R ↔
α↔μ↔RλμR

↔
β ↔μ↔

R/μ

trhmf Dpr- ’1-4( ]mc ’3-3(- Rhmbd sgd �a,svhrsdc C,aq]mdr ne ∑rt(1m(J adknmf sn Z1,bnlhmhl]k
dpthu]kdmbd bk]rrdr* vd ]krn cd“md sgd khmd]q bnlahm]shnm

rβλ
α +

∣
0

1

( 0
1 ˜s (α(+s (β([+0)

mβλ
α + mβλ

σ(α( + mσ(β(λ
α + mσ(β(λ

σ(α(
[

’3-5(+
∣
0

1

( 0
1 ˜s (α(+s (β([ 1 ∏

μ↔+sdmrnqr H

R ↔
α↔μ↔RλμR

↔
β ↔μ↔

R/μ

vgdqd* ]r ] qdrtks ne Dp- ’2-2(* sgd rtl nudq rohmnq qdoqdrdms]shnmr cqnor nts- ’Sgd mnql]khy]shnm
hr bgnrdm rn sg]s rβλ

α + mβλ
α vgdm α ]mc β ]qd ansg sxod HH* ]mc sgdqdenqd adknmf sn rhmfkd,

dkdldms bnlhmhl]k dpthu]kdmbd bk]rrdr-( Sgd pt]mshsx rβλ
α hr sgd lnqd m]stq]k nmd sn bnmrhcdq

hm sgd bnmsdws ne kdudk,q]mj ct]khsx-

4- Rvhrsdc rsZsdr ne sgd �rt�1N+ .() lncdk

Svhrsdc HrghaWrgh rsWsdr ne ∑rt(1m+ 0(J

Qdb]kk eqnl Rdbshnm 1 sg]s sgd �a,svhrsdc Hrgha]rgh rs]sdr |μ}}�aD ne sgd ∑rt(1m + 0(J VYV
lncdk ]qd k]adkkdc ax rdke,bnmitf]sd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr μ ∈ B�a ne
∑rt(1m+ 0(J + (>

(0(
1m (J - Sgd Cxmjhm hmchbdr (μ/.μ0. ) ) ) .μm 0.μm.μm.μm 0. ) ) ) .μ0( ne sgdrd

qdoqdrdms]shnmr r]shrex

’4-0(μ/ + 1(μ0 + · · · + μm(+J)
Dpthu]kdmskx* sgd �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1m + 0(J l]x ad bg]q]bsdqhydc Z27[ ax sgd
hmsdfq]akd ghfgdrs vdhfgs qdoqdrdms]shnmr ne sgd ]rrnbh]sdc nqahs Khd ]kfdaq] =c + (>

(1(
1m (J * vgnrd

Cxmjhm ch]fq]l hr ’sgd qhfgs,g]mc ch]fq]l hr enq m+ 0(

Sgd qdoqdrdms]shnm μ ∈ B�a bnqqdronmcr sn sgd (>
(1(
1m (J qdoqdrdms]shnm vhsg Cxmjhm hm,

chbdr (μ/.μ0. ) ) ) .μm(- Bnmrhrsdmbx vhsg Dp- ’4-0( qdpthqdr sg]s sgd ct]k Bnwdsdq k]adkr ad
(k/.k0. ) ) ) .km(+ (0.1.1. ) ) ) .1(* ]mc gdmbd vd ltrs bgnnrd ]r sgd ydqnsg mncd sgd qhfgs,lnrs
mncd ne sgd Cxmjhm ch]fq]lr ]anud ’bnmrhrsdms vhsg Qde- Z10[* ats cheedqhmf eqnl Qder- Z3/*30[(-
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D]bg �a,svhrsdc Hrgha]rgh rs]sd μ ne ∑rt(1m + 0(J l]x ad l]oodc Z10[ sn ]m hmsdfq]akd
ghfgdrs,vdhfgs rohmnq qdoqdrdms]shnm μ↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq]4 ∑rn(1m+0(J+1 vhsg
Cxmjhm hmchbdr5 (μ/ + μ0 + 0.μ0. ) ) ) .μm 0.1μm + 0(- Sgd bnmrsq]hms ’4-0( sq]mrk]sdr hmsn sgd
bnmrsq]hms Z0(μ↔(� 0

1 (J + 0( nm sgd ∑rn(1m+ 0(J+1 Wntmf s]akd]t- Sghr ld]mr sg]s �a,svhrsdc
HrghaWrgh rsWsdr ne ∑rt(1m+ 0(J Wqd hm nmd,sn,nmd bnqqdronmcdmbd vhsg sgd rds ne swod H rohmnq
qdoqdrdmsWshnmr ne ∑rn(1m+ 0(J+1-

Svhrsdc BWqcw rsWsdr ne ∑rt(1m+ 0(J

Qdb]kk sg]s sgd �a,svhrsdc B]qcx rs]sdr |α}}�aB ’]mc sgdqdenqd sgd �a,svhrsdc C,aq]mdr( ne
sgd ∑rt(1m+ 0(J VYV lncdk ]qd k]adkkdc Z8[ ax sgd hmsdfq]akd ghfgdrs,vdhfgs qdoqdrdms]shnmr
α ∈ ��a ne sgd svhrsdc ]e“md Khd ]kfdaq] c̄�J + (>

(1(
1m (J ’ats rdd Qde- Z13[(- Vd ]cnos sgd r]ld

bnmudmshnm ]r ]anud enq sgd k]adkkhmf ne sgd mncdr ne sgd Cxmjhm ch]fq]l ne (>
(1(
1m (J - Sgtr sgd

Cxmjhm hmchbdr (a/.a0. ) ) ) .am( ne sgd ghfgdrs vdhfgsr α ltrs r]shrex

’4-1(a/ + 1(a0 + · · · + am(+J)
Sgd �a,svhrsdc B]qcx rs]sd α ∈ ��a ne ∑rt(1m + 0(J l]x ad ]rrnbh]sdc Z10[ vhsg ]m hmsd,

fq]akd ghfgdrs,vdhfgs rohmnq qdoqdrdms]shnm α↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq] ∑rn(1m+0(J+1

vhsg Cxmjhm hmchbdr6 (a/ + a0 + 0.a0. ) ) ) .am 0.1am + 0(- Sgd bnmrsq]hms ’4-1( sq]mrk]sdr hmsn
sgd bnmrsq]hms Z0(α↔( � 0

1 (J + 0( nm sgd ∑rn(1m + 0(J+1 Wntmf s]akd]tw- Sghr ld]mr sg]s �a,
svhrsdc C,aqWmdr ne ∑rt(1m+ 0(J Wqd hm nmd,sn,nmd bnqqdronmcdmbd vhsg sgd rds ne swod H rohmnq
qdoqdrdmsWshnmr ne ∑rn(1m+ 0(J+1-

Rhmbd �a,svhrsdc B]qcx rs]sdr ne ∑rt(1m+0(J bnqqdronmc nmkx sn sxod H rohmnq qdoqdrdms]shnmr
ne ∑rn(1m+ 0(J+1* sgdqd hr mn mnshnm ne bnlhmhl]k dpthu]kdmbd ne �a,svhrsdc B]qcx rs]sdr hm sghr
b]rd-

Hm sgd b]rd ne ∑rt(1m+ 0(J * sgd sns]k mtladq ne �a,svhrsdc B]qcx rs]sdr hr l]mhedrskx dpt]k sn
sgd sns]k mtladq ne �a,svhrsdc Hrgha]rgh rs]sdr- Sgd bnde“bhdmsr ψαμ qdk]shmf �a,svhrsdc B]qcx
rs]sdr α sn �a,svhrsdc Hrgha]rgh rs]sdr μ ]qd fhudm ax sgd lnctk]q sq]mrenql]shnm l]sqhw ne
(>

(1(
1m (J - Hm Qde- Z10[* hs v]r rgnvm sg]s* enq ∑rt(1m + 0(J * sgdrd bnde“bhdmsr ]qd oqnonqshnm]k

sn l]sqhw dkdldmsr ne sgd lnctk]q sq]mrenql]shnm l]sqhw R↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq]
∑rn(1m+ 0(J+19

’4-2(ψαμ + 1R ↔
α↔μ↔

vgdqd α↔ ]mc μ↔ ]qd sgd ∑rn(1m+ 0(J+1 qdoqdrdms]shnmr qdk]sdc sn α ]mc μ ]r cdrbqhadc ]anud-
Rhmbd sgd “mhsd Khd ]kfdaq] ]rrnbh]sdc vhsg sgd svhrsdc ]e“md Khd ]kfdaq] (>

(1(
1m (J hr Bm* sgd

qdoqdrdms]shnmr ne (>
(1(
1m (J enql Bm,ltkshokdsr ]s d]bg kdudk- Lnqd rodbh“b]kkx Z10[* d]bg �a,

svhrsdc B]qcx rs]sd α ∈ ��a ne ∑rt(1m+ 0(J l]x ad ]rrnbh]sdc vhsg ]m hmsdfq]akd ghfgdrs,vdhfgs
qdoqdrdms]shnm α↔↔ ne sgd tmsvhrsdc ]e“md Khd ]kfdaq] ∑ro(m(J+m vhsg ’“mhsd( Cxmjhm hmchbdr
(a0. ) ) ) .am(- Sgd qnv kdmfsgr ne sgd ro(m( Wntmf s]akd]t ]rrnbh]sdc vhsg α↔↔ ]qd dpt]k sn sgnrd
ne sgd rn(1m+ 0( Wntmf s]akd]t ]rrnbh]sdc vhsg α↔ qdctbdc ax nmd,g]ke9 Zg(α↔↔( + Zg(α↔( 0

1 -

4 Rdd sgd mnsd qdf]qchmf ∑rn(2(J ↔ hm ennsmnsd 2-
5 Enq m+ 0* μ↔ g]r Cxmjhm hmchbdr (1μ/ + 1μ0 + 2.1μ0 + 0(-
6 Enq m+ 0* α↔ g]r Cxmjhm hmchbdr (1a/ + 1a0 + 2.1a0 + 0(-



P-F- MWbtkhbg) G-I- Pbgmhsydq . MtbkdWq Ngwrhbr A 644  1//5( 052z074 062

Sgdqdenqd* ]m ]ksdqm]shud bg]q]bsdqhy]shnm ne sgd �a,svhrsdc C,aq]mdr ne ∑rt(1m+0(J hr ]r sgd rta,
rds ne hmsdfq]akd qdoqdrdms]shnmr ne ∑ro(m(J+m bg]q]bsdqhydc ax Wntmf s]akd]tw vhsg qnv kdmfsgr
r]shrexhmf Z0(α↔(� 0

1J -

Svhrsdc nodm rsqhmf oWqshshnm etmbshnm ne ∑rt(1m+ 0(J

Sgd bnde“bhdmsr ne sgd o]qshshnm etmbshnm ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc
C,aq]mdr α ]mc β ne ∑rt(1m+ 0(J ]qd fhudm ax

’4-3(mβλ
α +

∏

μ↔+rohmnqr H

3R ↔
α↔μ↔RλμR

↔
β ↔μ↔

R/μ

trhmf Dpr- ’1-4( ]mc ’4-2(-

PodbhWk bWrd ne ∑rt(1m+ 0(1j+0

Mnsd sg]s hm sgd rodbh]k b]rd ne ncc kdudk* sgd �a,svhrsdc B]qcx rs]sdr α ]mc �a,svhrsdc
Hrgha]rgh rs]sdr μ ne ∑rt(1m+ 0(1j+0 ]qd hm nmd,sn,nmd bnqqdronmcdmbd vhsg sgd hmsdfq]akd qdo,
qdrdms]shnmr α↔↔ ]mc μ↔↔ ne ∑ro(m(j vhsg “mhsd Cxmjhm hmchbdr (a0. ) ) ) .am( ]mc (μ0. ) ) ) .μm(

qdrodbshudkx- Lnqdnudq* hs v]r nardqudc Z1/*10*27[ hm sghr b]rd sg]s sgd B]qcx.Hrgha]rgh bnde,
“bhdmsr l]x ad dwoqdrrdc ]r

’4-4(ψαμ + R ↔↔
α↔↔μ↔↔

vgdqd R ↔↔
α↔↔μ↔↔ ]qd dkdldmsr ne sgd lnctk]q sq]mrenql]shnm l]sqhw ne ∑ro(m(j -

5- Idudk pZmi ctZkhsx ne sgd svhrsdc C apZmdr ne �rt�K()

Sghr rdbshnm hr sgd gd]qs ne sgd o]odq* hm vghbg vd oqdrdms sgd kdudk,q]mj l]o adsvddm sgd
�a,svhrsdc C,aq]mdr ne ∑rt(M(J ]mc ∑rt(J(M - Vd trd sghr sn rgnv sgd kdudk,q]mj ct]khsx ne sgd
rodbsqtl ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc C,aq]mdr-

@r hm sgd b]rd ne tmsvhrsdc C,aq]mdr* sgd kdudk,q]mj bnqqdronmcdmbd hmunkudr bnlhmhl]k
dpthu]kdmbd bk]rrdr ’tmkdrr M ]mc J ]qd ansg ncc(- Sgd cds]hkr ne sgd bnqqdronmcdmbd che,
edq l]qjdckx cdodmchmf nm vgdsgdq M ]mc J ]qd dudm nq ncc* rn vd ltrs sqd]s sgqdd b]rdr
rdo]q]sdkx- Hm Qder- Z3*4[* sgd shkcd ’ˆ( mns]shnm v]r trdc sn cdmnsd sgd kdudk,q]mj ct]k ne ]m
tmsvhrsdc rs]sd* adb]trd sgd ct]khsx l]o v]r fhudm ax sq]mronrhshnm ne sgd ]rrnbh]sdc Wntmf
s]akd]tw- Gdqd* hm ]kk b]rdr* vd vhkk trd sgd g]s ’¯( mns]shnm sn cdmnsd sgd kdudk,q]mj ct]k ne
]m �a,svhrsdc rs]sd* ats sgd rodbh“b enql ne sgd ct]khsx l]o cdodmcr nm vgdsgdq M ]mc J
]qd dudm nq ncc* ]mc nm vgdsgdq vd ]qd bnmrhcdqhmf �a,svhrsdc B]qcx nq �a,svhrsdc Hrgha]rgh
rs]sdr-

CtWkhsw ne svhrsdc rsWsdr ne ∑rt(1m(1j ←� ∑rt(1j(1m

@r vd r]v hm Rdbshnm 3* sgd bnlhmhl]k dpthu]kdmbd bk]rrdr ne �a,svhrsdc B]qcx rs]sdr ’]mc
sgdqdenqd ne �a,svhrsdc C,aq]mdr α( ne ∑rt(1m(1j bnqqdronmc sn sxod H ]mc sxod HH rohmnq qdo,
qdrdms]shnmr α↔ ne ∑rn(1m + 0(1j+0- Sgd mtladq ne dpthu]kdmbd bk]rrdr ne �a,svhrsdc C,aq]mdr
ne ∑rt(1m(1j hr dpt]k sn sgd mtladq ne dpthu]kdmbd bk]rrdr ne �a,svhrsdc C,aq]mdr ne ∑rt(1j(1m*
]mc sgdqd hr ] m]stq]k l]o α� ᾱ adsvddm sgdl ’vgdm m* j / 0(- Sghr l]o hr cd“mdc hm sdqlr
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ne sgd l]o α↔ � ᾱ↔ adsvddm sgd bnqqdronmchmf rohmnq qdoqdrdms]shnmr ne ∑rn(1m + 0(1j+0 ]mc
∑rn(1j + 0(1m+0* ]r enkknvr9

• qdctbd d]bg ne sgd qnv kdmfsgr ne α↔ ax 0
1 * rn sg]s sgdx ]kk adbnld hmsdfdqr*

• sq]mronrd sgd qdrtkshmf s]akd]t*
• s]jd sgd bnlokdldms vhsg qdrodbs sn ] j · m qdbs]mfkd*
• ]cc 0

1 sn d]bg ne sgd qnv kdmfsgr-

’Sgd l]o α↔↔ � ᾱ↔↔ adsvddm sgd bnqqdronmchmf qdoqdrdms]shnmr ne ∑ro(m(1j+m 0 ]mc ∑ro(j(1m+j 0
hr fhudm ax sgd lhcckd svn rsdor ]anud-( Sgd l]o α↔ � ᾱ↔ v]r “qrs cdrbqhadc hm sgd ]oodmchw
ne Qde- Z2[ hm sgd bnmsdws ne kdudk,q]mj ct]khsx ne ∑rn(M(J VYV lncdkr- Hs s]jdr sxod H ’qdrodb,
shudkx sxod HH( rohmnq qdoqdrdms]shnmr ne ∑rn(1m + 0(1j+0 sn sxod HH ’qdrodbshudkx sxod H( rohmnq
qdoqdrdms]shnmr ne ∑rn(1j + 0(1m+0- Gdmbd*

’5-0(s (α(+ ŝ(ᾱ(+ 0

enq ]kk �a,svhrsdc B]qcx rs]sdr α ne ∑rt(1m(1j * vgdqd s (α( hr cd“mdc hm Dp- ’3-2(* ]mc ŝ(ᾱ( hr sgd
bnqqdronmchmf pt]mshsx hm ∑rt(1j(1m- Sgd l]o α↔ � ᾱ↔ khesr sn ] nmd,sn,nmd l]o α� ᾱ adsvddm
bnlhmhl]k dpthu]kdmbd bk]rrdr ne �a,svhrsdc C,aq]mdr ne ∑rt(1m(1j ]mc bnlhmhl]k dpthu]kdmbd
bk]rrdr ne �a,svhrsdc C,aq]mdr ne ∑rt(1j(1m-

Mdws* vd stqm sn sgd kdudk,q]mj l]o enq �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1j(1m- @r vd r]v
hm Rdbshnm 3* �a,svhrsdc Hrgha]rgh rs]sdr μ ne ∑rt(1m(1j bnqqdronmc sn sxod H sdmrnq ]mc sxod H
rohmnq qdoqdrdms]shnmr μ↔ ne ∑rn(1m+ 0(1j+0- Sgd kdudk,q]mj l]o μ� μ̄ adsvddm �a,svhrsdc
Hrgha]rgh rs]sdr ne ∑rt(1m(1j ]mc sgnrd ne ∑rt(1j(1m hr cd“mdc nmkw enq rs]sdr sg]s bnqqdronmc sn
sxod H sdmrnq qdoqdrdms]shnmr- Sgd l]o adsvddm μ↔ ]mc μ̄↔* sgd bnqqdronmchmf ∑rn(1m + 0(1j+0

]mc ∑rn(1j + 0(1m+0 qdoqdrdms]shnmr* hr rhlokx fhudm ax sq]mronrhshnm ne sgd sdmrnq s]akd]tw: sg]s
hr* μ̄↔ + (μ̂↔(- Sgdqd hr mn kdudk,q]mj l]o adsvddm �a,svhrsdc Hrgha]rgh rs]sdr sg]s bnqqdronmc sn
sxod H rohmnq qdoqdrdms]shnmr* enq sgd rhlokd qd]rnm sg]s sgdrd rdsr ne qdoqdrdms]shnmr ]qd mns dpt]k
hm mtladq- ’Lnqdnudq* sgd l]o cdrbqhadc ]anud enq �a,svhrsdc B]qcx rs]sdr l]or sxod H rohmnq
qdoqdrdms]shnmr ne ∑rn(1m+ 0(1j+0 sn sxod HH rohmnq qdoqdrdms]shnmr ne ∑rn(1j + 0(1m+0* vghbg cn
mns bnqqdronmc sn �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1j(1m-(

G]uhmf cd“mdc sgd kdudk,q]mj l]o adsvddm μ ]mc μ̄ hm sdqlr ne sgd bnqqdronmchmf sdmrnq
qdoqdrdms]shnmr ne ∑rn(1m+ 0(1j+0* nmd l]x rgnv sg]s

’5-1(μ̄+ σ n(μ(<(1m((μ̂(

sg]s hr* μ̄ hr hm sgd r]ld ∑rt(1m(1j bnlhmhl]k dpthu]kdmbd bk]rr ’rhlokd,btqqdms nqahs( ]r μ̂* vgdqd
μ̂ hr sgd sq]mronrd7 ne sgd Wntmf s]akd]t ne sgd rdke,bnmitf]sd qdoqdrdms]shnm μ ne ∑rt(1m(1j *
]mc n(μ( hr sgd mtladq ne anwdr ne sghr ∑rt(1m(1j s]akd]t- ’Mnsd sg]s μ̂ hr* hm fdmdq]k* mns rdke,
bnmitf]sd* vghkd μ̄ mdbdrr]qhkx hr-( Sgd oqnne ne Dp- ’5-1( hr udqx rhlhk]q sn nmd fhudm hm rdbshnm
5 ne Qde- Z4[- @ bnmrdptdmbd ne Dp- ’5-1( hr sg]s sgd ∑rt(1m(1j lnctk]q sq]mrenql]shnm l]sqhw R hr
qdk]sdc sn sgd ∑rt(1j(1m lnctk]q sq]mrenql]shnm l]sqhw R̂ ax

’5-2(R∗
λμ +

√
j

m
R̂λ̂μ̄

7 He μ g]r Z0 + 1j* μ̂ hr nas]hmdc ax rsqhoohmf nee kd]chmf bnktlmr ne kdmfsg 1j eqnl sgd sq]mronrd ne μ-
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vghbg enkknvr eqnl Z1*2[

R∗
λμ +

√
j

m
d1µgn(λ(n(μ(<(3mj(R̂λ̂μ̂.

’5-3(R̂λ̂μ̂ + d 1µgn(λ(n(μ(<(3mj(R̂λ̂μ̄)

G]uhmf cd“mdc kdudk,q]mj l]or enq sgd �a,svhrsdc B]qcx ]mc Hrgha]rgh rs]sdr ne ∑rt(1m(1j * vd
mnv stqm sn sgd ct]khsx ne sgd nodm,rsqhmf rodbsqtl adsvddm �a,svhrsdc C,aq]mdr- Sgd bnde“,
bhdmsr ne sgd o]qshshnm etmbshnm ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc C,aq]mdr α ]mc β

]qd qd]k mtladqr rn vd l]x vqhsd ’3-5( ]r

’5-4(rβλ
α +

∣
0

1

( 0
1 ˜s (α(+s (β([ 1 ∏

μ↔+sdmrnqr H

R ↔
α↔μ↔R

∗
λμR

↔
β ↔μ↔

R∗
/μ

)

Hm Qde- Z2[* sgd rohmnqflsdmrnq bnlonmdmsr R ↔
α↔μ↔ ne sgd lnctk]q sq]mrenql]shnm l]sqhw ne

∑rn(1m+ 0(1j+0 vdqd rgnvm sn ad qdk]sdc sn sgd rohmnq,sdmrnq bnlonmdmsr R̂ ↔
ᾱ↔μ̄↔ ne ∑rn(1j+0(1m+0

ax

’5-5(R↔
α↔μ↔ + 1s (α( 

0
1 ( 0(n(μ↔(R̂ ↔

ᾱ↔μ̄↔ + 1
0
1 ˜s (α( ŝ(ᾱ([( 0(n(μ↔(R̂ ↔

ᾱ↔μ̄↔

vgdqd vd g]ud trdc Dp- ’5-0(- Trhmf Dpr- ’5-2( ]mc ’5-5(* vd “mc

’5-6(rβλ
α +

∣
0

1

( 0
1 ˜ŝ(ᾱ(+ŝ(β̄([ 1 ∏

μ̄↔+sdmrnqr H

R̂ ↔
ᾱ↔μ̄↔ R̂λ̂μ̄R̂

↔
β̄ ↔μ̄↔

R̂/μ̄
+ r̂

β̄λ̂
ᾱ )

Sgtr sgd ’khmd]q bnlahm]shnm ne( bnde“bhdmsr ’3-5( ne sgd nodm,rsqhmf o]qshshnm etmbshnm ne �a,
svhrsdc C,aq]mdr ne ∑rt(1m(1j ]qd dpt]k sn sgnrd ne ∑rt(1j(1m tmcdq sgd kdudk,q]mj ct]khsx l]o
]bshmf nm �a,svhrsdc C,aq]mdr-

CtWkhsw ne svhrsdc rsWsdr ne ∑rt(1m+ 0(1j+0 ←� ∑rt(1j + 0(1m+0

@r vd r]v hm Rdbshnm 4* sgd �a,svhrsdc B]qcx rs]sdr ’]mc sgdqdenqd sgd �a,svhrsdc C,aq]mdr α(
ne ∑rt(1m+0(1j+0 l]o nmd,sn,nmd sn sxod H rohmnq hmsdfq]akd qdoqdrdms]shnmr α↔ ne ∑rn(1m+0(1j+2*
]mc ]krn sn hmsdfq]akd qdoqdrdms]shnmr α↔↔ ne ∑ro(m(j - Vd cd“md sgd kdudk,q]mj ct]khsx l]o α� ᾱ

enq �a,svhrsdc B]qcx rs]sdr ax sq]mronrhshnm ne sgd ]rrnbh]sdc ∑ro(m(j s]akd]tw9 sg]s hr* ᾱ↔↔ + (α̂↔↔(-
’Hm Qde- Z4[* vd sgdqdenqd cdmnsdc sghr l]o rhlokx ax α� α̂-( Dw]bskx rhlhk]q rs]sdldmsr gnkc
enq sgd �a,svhrsdc Hrgha]rgh rs]sdr μ ne ∑rt(1m+ 0(1j+0-

Sgd dpt]khsx ne sgd B]qcx.Hrgha]rgh bnde“bhdmsr ne ∑rt(1m+ 0(1j+0 ]mc ∑rt(1j + 0(1m+0

’5-7(ψαμ + ψ̂ᾱμ̄

enkknvr hlldch]sdkx eqnl Dp- ’4-4( snfdsgdq vhsg kdudk,q]mj ct]khsx ne sgd ∑ro(m(j VYV
lncdk Z2[

’5-8(R↔↔
α↔↔μ↔↔ + R̂ ↔↔

ᾱ↔↔μ̄↔↔

vgdqd R ↔↔ ]mc R̂ ↔↔ ]qd sgd lnctk]q sq]mrenql]shnm l]sqhbdr ne ∑ro(m(j ]mc ∑ro(j(m qdrodbshudkx-
Lnqdnudq* ax Dp- ’4-2(* vd g]ud

’5-0/(R ↔
α↔μ↔ + R̂ ↔

ᾱ↔μ̄↔
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vgdqd R ↔ ]mc R̂ ↔ ]qd sgd lnctk]q sq]mrenql]shnm l]sqhbdr ne ∑rn(1m+ 0(1j+2 ]mc ∑rn(1j + 0(1m+2
qdrodbshudkx* ]mc sgd l]o α↔ � ᾱ↔ eqnl ∑rn(1m + 0(1j+2 sn ∑rn(1j + 0(1m+2 ’hmctbdc eqnl sgd
sq]mronrhshnm l]o α↔↔ � ᾱ↔↔( hr9

• qdctbd d]bg ne sgd qnv kdmfsgr ne α↔ ax 0
1 * rn sg]s sgdx ]kk adbnld hmsdfdqr*

• sq]mronrd sgd qdrtkshmf s]akd]t*
• ]cc 0

1 sn d]bg ne sgd qnv kdmfsgr

]mc dpthu]kdmskx enq μ↔ � μ̄↔- ’Mnsd sg]s sghr l]o cheedqr eqnl rohmnq l]o cd“mdc hm sgd k]rs rta,
rdbshnm ax sgd nlhrrhnm ne sgd bnlokdldms l]o-( Mnsd sg]s Dp- ’5-0/( cheedqr eqnl sgd rs]mc]qc
kdudk,q]mj ct]khsx ne VYV lncdkr Z2[* vghbg qdk]sdr ∑rn(M(J sn ∑rn(J(M -

Ehm]kkx* vd stqm sn sgd ct]khsx ne sgd nodm,rsqhmf rodbsqtl adsvddm �a,svhrsdc C,aq]mdr ne
∑rt(1m+ 0(1j+0 ]mc ∑rt(1j+ 0(1m+0- Hm Qde- Z4[* ∑ro(m(j kdudk,q]mj ct]khsx ’5-8( v]r trdc sn rgnv
sgd kdudk,q]mj ct]khsx ne sgd bnde“bhdmsr ne sgd nodm rsqhmf o]qshshnm etmbshnm- Vd b]m dpthu]kdmskx
trd Dpr- ’4-3( ]mc ’5-0/( sn rgnv sgd r]ld qdrtks

’5-00(mβλ
α +

∏

μ↔+rohmnqr H

3R ↔
α↔μ↔R

∗
λμR

↔
β ↔μ↔

R∗
/μ

+
∏

μ̄↔+rohmnqr H

3R̂ ↔
ᾱ↔μ̄↔ R̂λ̂μ̄R̂

↔
β̄ ↔μ̄↔

R̂/μ̄
+ m̂

β̄λ̂
ᾱ

rhmbd μ↔ � μ̄↔ l]or sxod H rohmnq qdoqdrdms]shnmr ne ∑rn(1m + 0(1j+2 sn sxod H rohmnqr ne
∑rn(1j + 0(1m+2* ]mc vd g]ud ]krn trdc

’5-01(R∗
λμ +

√
1j + 0

1m+ 0
R̂λ̂μ̄

vghbg v]r oqnudc hm Qde- Z4[-

CtWkhsw ne svhrsdc rsWsdr ne ∑rt(1m+ 0(1j ←� ∑rt(1j(1m+0

Qdb]kk sg]s sgd �a,svhrsdc C,aq]mdr α ne ∑rt(1m+ 0(1j bnqqdronmc sn sxod H rohmnq qdoqdrdms],
shnmr α↔ ne ∑rn(1m+ 0(1j+1* ]mc sgd dpthu]kdmbd bk]rrdr ne �a,svhrsdc C,aq]mdr ᾱ ne ∑rt(1j(1m+0
bnqqdronmc sn sxod H rohmnq qdoqdrdms]shnmr ᾱ↔ ne ∑rn(1j+ 0(1m+1- Sgd mtladq ne rtbg rohmnq qdo,
qdrdms]shnmr hr dpt]k* ]mc vd cd“md sgd nmd,sn,nmd kdudk,q]mj l]o α↔ � ᾱ↔ eqnl ∑rn(1m+ 0(1j+1
sn ∑rn(1j + 0(1m+1 ’enq j / 0( ]r enkknvr9

• qdctbd d]bg ne sgd qnv kdmfsgr ne α↔ ax 0
1 * rn sg]s sgdx ]kk adbnld hmsdfdqr*

• sq]mronrd sgd qdrtkshmf s]akd]t*
• s]jd sgd bnlokdldms vhsg qdrodbs sn ] j · m qdbs]mfkd*
• ]cc 0

1 sn d]bg ne sgd qnv kdmfsgr-

’Ax bnlo]qhrnm* sgd cd“mhshnm ne α↔ � ᾱ↔ eqnl ∑rn(1m+ 0(1j+0 sn ∑rn(1j + 0(1m+0 hr sgd r]ld*
ats hm sg]s b]rd sxod H rohmnqr ]qd l]oodc sn sxod HH rohmnqr ]mc uhbd udqr]-( Sgd l]o α↔ � ᾱ↔

khesr sn ] nmd,sn,nmd l]o α� ᾱ adsvddm �a,svhrsdc C,aq]mdr ne ∑rt(1m+ 0(1j ]mc dpthuWkdmbd
bkWrrdr ne �a,svhrsdc C,aq]mdr ne ∑rt(1j(1m+0- ’Sgd l]o α↔↔ � ᾱ↔↔ adsvddm sgd bnqqdronmchmf
qdoqdrdms]shnmr ne ∑ro(m(1j+m ]mc ∑ro(j(1m+j hr fhudm ax sgd lhcckd svn rsdor ]anud-(

Mdws* vd stqm sn sgd kdudk,q]mj l]o adsvddm �a,svhrsdc Hrgha]rgh rs]sdr- Sgd �a,svhrsdc
Hrgha]rgh rs]sdrμ ne ∑rt(1m+0(1j bnqqdronmc sn sxod H rohmnq qdoqdrdms]shnmrμ↔ ne ∑rn(1m+ 0(1j+1-
Sgd �a,svhrsdc Hrgha]rgh rs]sdr μ̄ ne ∑rt(1j(1m+0 bnqqdronmc sn sxod H sdmrnq ]mc sxod H rohmnq
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qdoqdrdms]shnmr μ̄↔ ne ∑rn(1j + 0(1m+1- Sgd mtladq ne rtbg qdoqdrdms]shnmr nm d]bg rhcd hr mns
dpt]k* ]mc sgd kdudk,q]mj l]o μ↔ � μ̄↔ s]jdr sxod H rohmnq qdoqdrdms]shnmr ne ∑rn(1m + 0(1j+1

sn nmkw sgd sxod H sdmrnq qdoqdrdms]shnmr ne ∑rn(1j + 0(1m+1- ’Itrs ]r enq ∑rt(1j(1m* sgdqd hr mn
kdudk,q]mj bnqqdronmcdmbd enq sgd rohmnq Hrgha]rgh rs]sdr ne ∑rt(1j(1m+0-( Sgd l]o μ↔ � μ̄↔ eqnl
∑rn(1m+ 0(1j+1 sn ∑rn(1j + 0(1m+1 hr cd“mdc ]r enkknvr9

• qdctbd d]bg ne sgd qnv kdmfsgr ne μ↔ ax 0
1 * rn sg]s sgdx ]kk adbnld hmsdfdqr* ]mc

• sq]mronrd sgd qdrtkshmf s]akd]t-

Sgd l]o μ↔ � μ̄↔ sgdm khesr sn ] l]o μ� μ̄ adsvddm �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1m+
0(1j ]mc ] rtards ne �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1j(1m+0- Nmd l]x rgnv sg]s

’5-02(μ̄+ σ n(μ(<(1m+0((μ̂(

vgdqd μ̂ hr sgd sq]mronrd8 ne sgd Wntmf s]akd]t ne sgd rdke,bnmitf]sd qdoqdrdms]shnm μ ne ∑rt(1m+
0(1j * ]mc n(μ( hr sgd mtladq ne anwdr ne sghr ∑rt(1m+0(1j s]akd]t- Sgd oqnne ne Dp- ’5-02( hr udqx
rhlhk]q sn nmd fhudm hm Rdbshnm 5 ne Qde- Z4[- Bnmrdptdmskx* sgd lnctk]q sq]mrenql]shnm l]sqhbdr
R ne ∑rt(1m+ 0(1j ]mc R̂ ne ∑rt(1j(1m+0 ]qd qdk]sdc ax

’5-03(R∗
λμ +

√
1j

1m+ 0
R̂λ̂μ̄

vghbg enkknvr eqnl Z1*2[

R∗
λμ +

√
1j

1m+ 0
d1µgn(λ(n(μ(<(1m+0((1j(R̂λ̂μ̂.

’5-04(R̂λ̂μ̂ + d 1µgn(λ(n(μ(<(1m+0((1j(R̂λ̂μ̄)

Ehm]kkx* hm @oodmchw @ ne sghr o]odq* vd rgnv sg]s

’5-05(R ↔
α↔μ↔ + ( 0(n(μ̄↔(+jR̂ ↔

ᾱ↔μ̄↔

vgdqd R ↔
α↔μ↔ ]mc R̂ ↔

ᾱ↔μ̄↔ ]qd lnctk]q sq]mrenql]shnm l]sqhbdr ne ∑rn(1m+0(1j+1 ]mc ∑rn(1j+0(1m+1

qdrodbshudkx- @r adenqd* vd nardqud sg]s Dp- ’5-05( hr mns sgd rs]mc]qc ∑rn(M(J ↔ ∑rn(J(M ct]khsx
ne VYV lncdkr-

Dpr- ’5-03( ]mc ’5-05( l]x ad trdc sn drs]akhrg sgd kdudk,q]mj ct]khsx ne sgd bnde“bhdmsr ne sgd
o]qshshnm etmbshnmr ’4-3( ]mc ’3-5( ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc C,aq]mdr ne
∑rt(1m+ 0(1j ]mc ∑rt(1j(1m+0

’5-06(mβλ
α +

∏

μ↔+rohmnqr H

3R ↔
α↔μ↔R

∗
λμR

↔
β ↔μ↔

R∗
/μ

+
∏

μ̄↔+sdmrnqr H

3R̂ ↔
ᾱ↔μ̄↔ R̂λ̂μ̄R̂

↔
β̄ ↔μ̄↔

R̂/μ̄
+ r̂

β̄λ̂
ᾱ

vgdqd sgd k]rs dpt]khsx enkknvr adb]trd ᾱ ]mc β̄ ]qd ansg sxod H rohmnq qdoqdrdms]shnmr ne
∑rn(1j + 0(1m+1* rn sg]s ŝ(ᾱ(+ ŝ(β̄(+ /-

8 He μ g]r Z0 + 1j* μ̂ hr nas]hmdc ax rsqhoohmf nee kd]chmf bnktlmr ne kdmfsg 1j eqnl sgd sq]mronrd ne μ-
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6- Idudk pZmi ctZkhsx ne svhrsdc C apZmd bgZpfdr

Hm sghr rdbshnm* vd ]rbdqs]hm sgd qdk]shnmrgho adsvddm sgd bg]qfdr ne kdudk,q]mj,ct]k �a,
svhrsdc C,aq]mdr ne ∑rt(M(J ]mc ∑rt(J(M - Qdb]kk eqnl Qde- Z11[ sg]s sgd C/,aq]md bg]qfd ne
sgd �a,svhrsdc C,aq]md ne ∑rt(M(J k]adkkdc ax α hr fhudm ax

’6-0(P�aα + (chlα↔↔(ro(m( lnctM.J enq ∑rt(M(J
vgdqd α↔↔ hr sgd ro(m( qdoqdrdms]shnm bnqqdronmchmf sn sgd �a,svhrsdc B]qcx rs]sd α ne ∑rt(1m(J
nq ∑rt(1m+ 0(J * ]r cdrbqhadc hm Rdbshnmr 3 ]mc 4-

Rhmbd sgd bg]qfdr ne ∑rt(M(J C,aq]mdr ’ansg tmsvhrsdc ]mc svhrsdc( ]qd cd“mdc nmkx lnctkn
tM.J * ]mc sgnrd ne ∑rt(J(M C,aq]mdr lnctkn tJ.M * bnlo]qhrnm ne bg]qfdr ne kdudk,q]mj,ct]k
C,aq]mdr hr nmkx onrrhakd lnctkn t • fbc{tM.J. tJ.M { +lhm{tM.J. tJ.M {- Hm Qder- Z3*4[* sgd
bg]qfdr ne tmsvhrsdc C,aq]mdr ne sgd ∑rt(M(J lncdk ]mc sgnrd ne sgd kdudk,q]mj,ct]k ∑rt(J(M
lncdk vdqd rgnvm sn ad dpt]k lnctkn t* to sn ] ’jmnvm( rhfm ’0-4(* ’0-5(- Hm Qde- Z4[* sgd
bg]qfdr ne �a,svhrsdc C,aq]mdr ne sgd ∑rt(1m + 0(1j+0 lncdk ]mc sgnrd ne sgd kdudk,q]mj,ct]k
∑rt(1j + 0(1m+0 lncdk vdqd ]krn rgnvm sn ad dpt]k* lnctkn t- @r vd vhkk rdd adknv* sgd qdk],
shnmrgho adsvddm bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc C,aq]mdr ne ∑rt(M(J ]mc ∑rt(J(M hr lnqd
bnlokhb]sdc vgdm M ]mc J ]qd mns ansg ncc-

BgWqfdr ne bnlhmhlWkkw,dpthuWkdms svhrsdc C,aqWmdr ne ∑rt(1m(J

Rhmbd kdudk,q]mj ct]khsx hr ] bnqqdronmcdmbd adsvddm Z1,bnlhmhl]k dpthu]kdmbd bk]rrdr ne
�a,svhrsdc C,aq]mdr vgdm dhsgdq M nq J hr dudm* vd ltrs “qrs cdlnmrsq]sd sg]s bnlhmhl]kkx,
dpthu]kdms �a,svhrsdc C,aq]mdr ne ∑rt(1m(J g]ud sgd r]ld bg]qfd ’lnctkn rhfm ]mc lnctkn
t1m.J (- Sgd ro(m( qdoqdrdms]shnm α↔↔ hr qdk]sdc sn sgd rn(1m + 0( qdoqdrdms]shnm α↔ ax qdctbhmf
d]bg qnv kdmfsg ne sgd s]akd]t enq sgd k]ssdq ax nmd,g]ke- @r cdlnmrsq]sdc hm @oodmchw @ ne
Qde- Z11[ ’rdd ]krn Qde- Z31[(* sgd qdrodbshud chldmrhnmr ne sgdrd qdoqdrdms]shnm ]qd qdk]sdc ax sgd
zlhq]btkntr chldmrhnm enqltk]–

’6-1((chlα↔(rn(1m+0( + 1m(chlα↔↔(ro(m()

Mdws* hm @oodmchw A ne Qde- Z11[* hs hr rgnvm sg]s

’6-2(
 
chlσ(λ(

(
rn(1m+0( + (chlλ(rn(1m+0( lnct1m.J

vgdqd σ(λ( hr sgd ∑rn(1m+ 0(J+0 qdoqdrdms]shnm bnlhmhl]kkx,dpthu]kdms sn λ- Trhmf bnmidbstqd
Arohm ne Qde- Z11[* ]mc sgd e]bsr sg]s sgd chldmrhnmr ne ]kk rohmnq qdoqdrdms]shnmr ne rn(1m+ 0( ]qd
ltkshokdr ne 1m ]mc sg]s (chlσ(/((rn(1m+0( + 0 lnct1m.J Z11[* Dp- ’6-2( l]x ad rsqdmfsgdmdc
sn

’6-3(
 
chlσ(α↔(

(
rn(1m+0( + (chlα↔(rn(1m+0( lnc1mt1m.J

enq α↔ ] rohmnq qdoqdrdms]shnm ne ∑rn(1m + 0(J+0- Snfdsgdq vhsg Dp- ’6-1(* sghr hlokhdr sg]s sgd
bg]qfdr ne bnlhmhl]kkx,dpthu]kdms �a,svhrsdc C,aq]mdr ne ∑rt(1m(J ]qd qdk]sdc ax

’6-4(P
�a
σ(α( + P�aα lnct1m.J

]m]knfntr sn Dp- ’0-3( enq tmsvhrsdc C,aq]mdr-
Ehm]kkx* vd stqm sn sgd qdk]shnmrgho adsvddm sgd bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc C,

aq]mdr-
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CtWkhsw ne svhrsdc C,aqWmd bgWqfdr tmcdq ∑rt(1m+ 0(1j+0 ←� ∑rt(1j + 0(1m+0

Kds t + fbc{t1m+0.1j+0. t1j+0.1m+0{- Hm Qde- Z4[* hs v]r rgnvm sg]s

’6-5((chlα↔↔(ro(m( + (chl ᾱ↔↔(ro(j( lnct

vgdqd ᾱ↔↔ hr nas]hmdc eqnl α↔↔ ax s]akd]t sq]mronrhshnm- Rhmbd ᾱ↔↔ hr sgd ro(j( qdoqdrdms]shnm
bnqqdronmchmf sn sgd kdudk,q]mj,ct]k �a,svhrsdc C,aq]md ᾱ ne ∑rt(1j + 0(1m+0* hs hlldch]sdkx
enkknvr eqnl Dp- ’6-0( sg]s sgd bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc C,aq]mdr ]qd dpt]k

’6-6(P�aα + P̂�a
ᾱ

lnct)

Sghr v]r oqduhntrkx oqdrdmsdc hm Qde- Z4[ ]mc hr hmbktcdc gdqd enq bnlokdsdmdrr-

CtWkhsw ne svhrsdc C,aqWmd bgWqfdr tmcdq ∑rt(1m+ 0(1j ←� ∑rt(1j(1m+0

Kds t + fbc{t1m+0.1j. t1j.1m+0{- Vd adfhm vhsg sgd qdk]shnmrgho

’6-7((chl r(ro(m( + (chl r(rt(1m+0(  (chl r 0(rt(1m+0(

vgdqd  r hr sgd bnlokdsdkx ]mshrxlldsqhb qdoqdrdms]shnm vhsg Wntmf s]akd]t - Mdws* ]r
rgnvm hm Qde- Z3[*

’6-8((chl r(rt(1m+0( + ( 0(r(chl  ̂r(rt(1j( lnct

vgdqd  ̂r hr sgd bnlokdsdkx rxlldsqhb qdoqdrdms]shnm vhsg Wntmf s]akd]t - Ehm]kkx*

’6-0/((chl  ̂r(rn(1j+0( + (chl  ̂r(rt(1j( + (chl  ̂r 0(rt(1j()

Bnlahmhmf sgdrd sgqdd dpt]shnmr* vd nas]hm

’6-00((chl r(ro(m( + ( 0(r(chl  ̂r(rn(1j+0( lnct)

Sghr qdrtks b]m ad trdc hm sgd cdsdqlhm]ms]k enqltk]r ’@-33( ]mc ’@-5/( ne Qde- Z32[* enkknvhmf
sgd ]ooqn]bg ne Qde- Z4[* sn drs]akhrg ] qdk]shnmrgho adsvddm ]qahsq]qx qdoqdrdms]shnmr ne ro(m(
]mc rn(1j + 0(*

’6-01((chlα↔↔(ro(m( + ( 0(n(α↔↔((chl α̂↔↔(rn(1j+0( lnct

vgdqd α̂↔↔ hr sgd sq]mronrd ne sgd s]akd]t ne α↔↔-
Mnv* eqnl sgd kdudk,q]mj l]o ne Rdbshnm 5* sgd qdoqdrdms]shnm α̂↔↔ hr qdk]sdc sn sgd qdoqdrdms],

shnm ᾱ↔ sg]s bnqqdronmcr sn sgd kdudk,q]mj ct]k �a,svhrsdc C,aq]md ax s]jhmf sgd bnlokdldms ne
sgd s]akd]t vhsg qdrodbs sn ] j · (m+ 0

1 ( qdbs]mfkd- Sghr l]or ] sxod H sdmrnq qdoqdrdms]shnm ne
∑rn(1j + 0(1m+1 sn ] sxod H rohmnq qdoqdrdms]shnm- Vd bnmidbstqd ] qdk]shnmrgho0/

’6-02((chl α̂↔↔(rn(1j+0( + ( 0(j(j+0(<1(chl ᾱ↔(rn(1j+0( lnct1j.1m+0 ’bnmidbstqd(

0/ @esdq u0 ne sghr o]odq ]ood]qdc* vd kd]qmdc sg]s ]m dpthu]kdms udqrhnm ne sghr qdk]shnmrgho g]r addm hmcdodmcdmskx
bnmidbstqdc ax Rsde]m Eqdcdmg]fdm ]mc bnkk]anq]snqr Z33[-
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adsvddm sgd chldmrhnmr ne α̂↔↔ ]mc ᾱ↔- Sn itrshex sghr* bnmrhcdq sgd dwoqdrrhnm enq sgd chldmrhnm
ne sgd rn(1j + 0( qdoqdrdms]shnm α̂↔↔9

’6-03((chl α̂↔↔(rn(1j+0( +
∑j
g+0(1φg (

∑
g,i (φg  φi ((φg + φi (

∑j
g+0(1j + 0 g(∑g,i (i  g((1j + 0 g  i(

vgdqd φg + Zg(α̂↔↔( 0
1 + j g- @kk sgd e]bsnqr hm o]qdmsgdrdr ]qd hmsdfdqr- Sgd qnv kdmfsgr ne ᾱ↔

]qd qdk]sdc sn sgnrd ne α̂↔↔ ax Zg(ᾱ↔(+ m+ 0
1  Zj+0 g(α̂↔↔(- Gdmbd

’6-04(

(chl ᾱ↔(rn(1j+0( +
∑j
g+0(V 1φj+0 g (

∑
g,i (φj+0 i  φj+0 g ((V φj+0 g  φj+0 i (

∑j
g+0(1j + 0 g(∑g,i (i  g((1j + 0 g  i(

vgdqd V • 1m+ 1j + 0- Sgdm

’6-05((chl α̂↔↔(rn(1j+0(  ( 0(j(j+0(<1(chl ᾱ↔(rn(1j+0( +VQ
vgdqd Q hr ] q]shnm]k mtladq vhsg cdmnlhm]snq

∑j
g+0(1j + 0 g(∑g,i (i  g((1j + 0 g  i(-

He V hr oqhld* sgdm mnmd ne sgd e]bsnqr hm sgd cdmnlhm]snq ne Q ’vghbg ]qd ]kk kdrr sg]m 1j + 0(
chuhcd V* ]mc rhmbd sgd kdes,g]mc rhcd hr ]m hmsdfdq* Q ltrs ]krn ad ]m hmsdfdq* hm vghbg b]rd sgd
kdes,g]mc rhcd hr ] ltkshokd neV- Sghr drs]akhrgdr Dp- ’6-02( vgdmV hr oqhld* rhmbd t1j.1m+0 +V
hm sg]s b]rd- Vgdm V hr mns oqhld* rnld ne sgd e]bsnqr hm sgd cdmnlhm]snq ne Q l]x chuhcd V* ats
vd adkhdud ’oqnudc enq j + 1* ]mc a]rdc nm rsqnmf mtldqhb]k duhcdmbd enq j + 2* 3* ]mc 4* vhsg
]qahsq]qx m( sg]s sgd qhfgs,g]mc rhcd ne Dp- ’6-05( hr ]kv]xr ] ltkshokd ne t1j.1m+0* ]mc sgdqdenqd
sg]s sgd bnmidbstqd ’6-02( gnkcr-

Ehm]kkx* eqnl Dp- ’6-1(* vd g]ud

’6-06((chl ᾱ↔(rn(1j+0( + 1j(chl ᾱ↔↔(ro(j()

Otsshmf snfdsgdq Dpr- ’6-01(* ’6-02(* ]mc ’6-06(* vd nas]hm sgd qdk]shnmrgho adsvddm sgd bg]qfd
ne sgd �a,svhrsdc C,aq]md α ne ∑rt(1m + 0(1j ]mc sgd kdudk,q]mj,ct]k �a,svhrsdc C,aq]md ᾱ ne
∑rt(1j(1m+0

’6-07(P�aα + 1j( 0(n(α↔↔(+j(j+0(<1P̂
�a
ᾱ

lnct

vgnrd u]khchsx hr rtaidbs nmkx sn sgd bnmidbstqdc qdk]shnm ’6-02(-

CtWkhsw ne svhrsdc C,aqWmd bgWqfdr tmcdq ∑rt(1m(1j ←� ∑rt(1j(1m

Kds t + fbc{t1m.1j. t1j.1m{- @r rgnvm hm Qde- Z4[* he m + j* sgdm t + 3 he m + 1k* nsgdqvhrd
t + 0- He m ∈+ j* sgdm t + 1 he m+ j + 1k* nsgdqvhrd t + 0-

Vd r]v ]anud sg]s sgd bg]qfdr ne kdudk,q]mj ct]k �a,svhrsdc C,aq]mdr ne ∑rt(M(J ]mc ∑rt(J(M
]qd dpt]k ’lnctkn t( vgdm ansg M ]mc J ]qd ncc- Sghr dpt]khsx ’lnctkn t( mn knmfdq gnkcr he
dhsgdq M nq J hr dudm- Vgdm ansg M ]mc J ]qd dudm* sgd bg]qfdr ]qd ]f]hm mns dpt]k ’dudm
lnctkn t ]mc lnctkn rhfm(* ]r l]x ad bgdbjdc hm ] rodbh“b b]rd ’d-f-* ∑rt(3(3* vhsg α↔↔ + ]mc
ᾱ↔↔ + * rhmbd 4 ∈+±0/ lnc3(- Nm sgd a]rhr ne Dp- ’6-07(* nmd lhfgs dwodbs ] qdk]shnmrgho rtbg
]r

’6-08(1mP�aα +±1jP̂�a
ᾱ

lnct)

Gnvdudq* ]mx rtbg qdk]shnmrgho hr sqhuh]kkx r]shr“dc* rhmbd �a,svhrsdc aq]mdr dwhrs nmkx vgdm m*
j / 0* ]mc t hr dhsgdq 0* 1* nq 3-
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7- Anmbktrhnmr

Hm sghr o]odq* vd g]ud bnmrhcdqdc C,aq]mdr ne sgd ∑rt(M(J VYVlncdk svhrsdc ax sgd bg]qfd,
bnmitf]shnm rxlldsqx �a - Rtbg C,aq]mdr dwhrs enq ]kk M / 1* ]mc onrrdrr hmsdfdq C/,aq]md
bg]qfd* cd“mdc lnctkn tM.J -

Enq ∑rt(1m(J ]mc ∑rt(1m+ 0(J * sgd �a,svhrsdc C,aq]mdr ]qd k]adkkdc ax ] rtards ne sgd hmsd,
fq]akd qdoqdrdms]shnmr ne ∑rn(1m+ 0(J+0 ]mc ∑rn(1m+ 0(J+1 qdrodbshudkx- Hm sgd enqldq b]rd* sgd
C,aq]mdr adknmf sn bnlhmhl]k dpthu]kdmbd bk]rrdr fdmdq]sdc ax sgd Z1 rhlokd btqqdms rxlldsqx
ne ∑rn(1m+0(J+0- Vd rgnvdc sg]s sgd C/,aq]md bg]qfdr ne bnlhmhl]kkx dpthu]kdms C,aq]mdr ]qd
dpt]k ]mc noonrhsd lnctkn t1m.J -

Vd sgdm rgnvdc sg]s kdudk,q]mj,ct]khsx ne ∑rt(M(J VYV lncdkr dwsdmcr sn sgd �a,svhrsdc
C,aq]mdr ne sgd sgdnqx vgdm ansg M ]mc J ]qd fqd]sdq sg]m svn- Hm o]qshbtk]q* vd cdlnmrsq]sdc
] nmd,sn,nmd l]oohmf α� ᾱ adsvddm sgd �a,svhrsdc C,aq]mdr enq M ncc ’nq bnlhmhl]k dpthu,
]kdmbd bk]rrdr ne C,aq]mdr enq M dudm( ne ∑rt(M(J ]mc sgd �a,svhrsdc C,aq]mdr enq J ncc ’nq
bnlhmhl]k dpthu]kdmbd bk]rrdr ne C,aq]mdr enq J dudm( ne ∑rt(J(M -

Vd sgdm rgnvdc sg]s sgd rodbsqtl ne ]m nodm rsqhmf rsqdsbgdc adsvddm �a,svhrsdc C,aq]mdr
hr hmu]qh]ms tmcdq kdudk,q]mj ct]khsx- Lnqd oqdbhrdkx* vd rgnvdc sg]s sgd bnde“bhdmsr mβλ

α ne
sgd nodm,rsqhmf o]qshshnm etmbshnm ’nq rβλ

α * sgd ]ooqnoqh]sd khmd]q bnlahm]shnm ’0-7( ne sgnrd
bnde“bhdmsr bnqqdronmchmf sn bnlhmhl]k dpthu]kdmbd bk]rrdr ne �a,svhrsdc C,aq]mdr ne ∑rt(1m(J (
]qd hmu]qh]ms tmcdq α � ᾱ* β � β̄ * ]mc λ� λ̂- Sgd oqnne ne sghr qdpthqdc sgd dwhrsdmbd ne ]
oWqshWk kdudk,q]mj l]oohmf adsvddm sgd �a,svhrsdc Hrgha]rgh rs]sdr ne d]bg sgdnqx- ’Sg]s hr* sgd
l]o nmkx hmunkudc ] rtards ne sgd �a,svhrsdc Hrgha]rgh rs]sdr ne ∑rt(1m(J -(

Ehm]kkx* vd ]m]kxydc sgd qdk]shnm adsvddm sgd C/,aq]md bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc
C,aq]mdr ’nq bnlhmhl]k dpthu]kdmbd bk]rrdr sgdqdne(* lnctkn t + fbc{tM.J. tJ.M {- Vgdm M
]mc J ]qd ansg ncc* sgd bg]qfdr ]qd dpt]k lnc t ’]r oqduhntrkx cdlnmrsq]sdc hm Qde- Z4[(* ats
hm nsgdq b]rdr sghr rhlokd qdk]shnmrgho cndr mns gnkc- Enq M + 1m+ 0 ]mc J + 1j* sgd qdk]shnm
adsvddm sgd bg]qfdr ne kdudk,q]mj,ct]k �a,svhrsdc C,aq]mdr hr

’7-0(P�aα + 1j( 0(n(α↔↔(+j(j+0(<1P̂
�a
ᾱ

lnct

rtaidbs sn sgd u]khchsx ne ] bdqs]hm bnmidbstqd ’6-02( rs]sdc hm Rdbshnm 6-
Hs vntkc hmsdqdrshmf sn jmnv vgdsgdq kdudk,q]mj ct]khsx dwsdmcr sn ]mx ne sgd nsgdq svhrsdc

C,aq]mdr ne sgd ∑rt(M(J VYV lncdk Z12[-

8bimnvkdcfdldmsr

Sgd ]tsgnqr vhrg sn dwoqdrr sgdhq fq]shstcd sn L- F]adqchdk enq rdudq]k dwsqdldkx gdkoetk
bnqqdronmcdmbdr- Vd ]krn sg]mj O- Antvjmdfs ]mc C- Qhcnts enq trdetk bnlldmsr-

8oodmchw 8

Hm sghr ]oodmchw* vd drs]akhrg sgd qdk]shnmrgho adsvddm bdqs]hm l]sqhw dkdldmsr ne sgd lnc,
tk]q sq]mrenql]shnm l]sqhbdr ne ∑rn(1m+ 0(1j+1 ]mc ∑rn(1j + 0(1m+1 sgqntfg sgd trd ne I]bnah$r
sgdnqdl* enkknvhmf sgd ]ooqn]bg ne Qde- Z2[- Mnsd sg]s sghr hr mns sgd trt]k kdudk,q]mj ct]khsx
adsvddm ∑rn(M(J ]mc ∑rn(J(M -

Kds α↔ ’μ↔( ad ]m hmsdfq]akd sxod H rohmnq qdoqdrdms]shnm ne ∑rn(1m+ 0(1j+1 bnqqdronmchmf sn ]
�a,svhrsdc B]qcx ’Hrgha]rgh( rs]sd ne ∑rt(1m+ 0(1j - Sgd ∑rn(1m+ 0(1j+1 lnctk]q sq]mrenql]shnm
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l]sqhw g]r sgd l]sqhw dkdldms Z34[

’@-0(R ↔
α↔μ↔ + ( 0(m(m 0(<11m 0(1j + 1m+ 0( m<1 cdsL

vgdqd L hr ]m m· m l]sqhw vhsg l]sqhw dkdldmsr

’@-1(Lgi + rhm

∣
µφg(α

↔(φi (μ↔(

j + m+ 0
1

(
. φg(α

↔(+ Zg(α↔(+ m+ 0

1
 g. g + 0. ) ) ) . m)

Kds ᾱ↔ ’μ̄↔( ad sgd hmsdfq]akd sxod H rohmnq ’sdmrnq( qdoqdrdms]shnm ne ∑rn(1j + 0(1m+1 qdk]sdc sn α↔

’μ↔( ax sgd kdudk,q]mj ct]khsx l]o cdrbqhadc hm Rdbshnm 5- Sgd ∑rn(1j + 0(1m+1 lnctk]q sq]mrenq,
l]shnm l]sqhw g]r l]sqhw dkdldms

’@-2(R̂ ↔
ᾱ↔μ̄↔ + ( 0(j(j 0(<11j 0(1j + 1m+ 0( j<1 cdsL̂

vgdqd L̂ hr ] j· j l]sqhw vhsg l]sqhw dkdldmsr

’@-3(L̂gi + rhm

∣
µ φ̂g(ᾱ

↔(φ̂i (μ̄↔(

j + m+ 0
1

(
. φ̂g(ᾱ

↔(+ Zg(ᾱ↔(+ j + 0

1
 g. g + 0. ) ) ) . j)

Mdws* cd“md sgd hmcdw rdsr enq sgd �a,svhrsdc B]qcx rs]sdr

D +
]
φg(α

↔(. g + 0. ) ) ) . m
{
.

’@-4(D̆ +
]
φ̂g(ᾱ

↔(. g + 0. ) ) ) . j
{
)

Trhmf sgd kdudk,q]mj ct]khsx l]o α↔ � ᾱ↔ fhudm hm Rdbshnm 5* nmd l]x drs]akhrg sg]s D ]mc D̆ ]qd
bnlokdldms]qx rdsr ne hmsdfdqr9

’@-5(D ] D̆ + {0.1. ) ) ) . m+ j{. D ∩ D̆ + /)

@krn* cd“md sgd hmcdw rdsr enq sgd �a,svhrsdc Hrgha]rgh rs]sdr

I +
]
φi (μ

↔(. i + 0. ) ) ) . m
{
.

’@-6(Ĭ +
)
m+ j + 0

1
 φ̂i (μ̄

↔(. i + 0. ) ) ) . j

{
)

Trhmf sgd kdudk,q]mj ct]khsx l]o μ↔ � μ̄↔ fhudm hm Rdbshnm 5* nmd l]x ]krn drs]akhrg sg]s I ]mc
Ĭ ]qd bnlokdldms]qx rdsr ne hmsdfdqr9

’@-7(I ] Ĭ + {0.1. ) ) ) . m+ j{. I ∩ Ĭ + /)

Mnv* cd“md sgd K·K l]sqhw  vhsg l]sqhw dkdldmsr

’@-8(Ωgi + rhm

∣
µgi

K+ 0
1

(
. g. i + 0. ) ) ) .K

vgdqd K+ m+ j- Sghr l]sqhw g]r cdsdqlhm]ms

’@-0/(cds + ( 0(K(K 0(<1
∣
1K+ 0

3

(K<1

]mc nadxr

’@-00(  0 +
∣

3

1K+ 0

(
 )
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Cd“md ( (DI sn ad sgd m· m rtal]sqhw nas]hmdc eqnl sgd k]qfdq  ax bnmrhcdqhmf nmkx sgnrd
qnvr hmcdwdc ax sgd dkdldmsr ne D ]mc sgnrd bnktlmr hmcdwdc ax sgd dkdldmsr ne I - I]bnah$r
sgdnqdl Z35[ rs]sdr sg]s

’@-01(cds
) 
  0

(S [
DI
+ ( (ΣD+ΣI (cds ( 0 cds( (D̆ Ĭ .

vgdqd

’@-02(ΣD +
∏

g∈D
g ]mc ΣI +

∏

i∈I
i)

Nmd l]x nardqud sg]s

’@-03(cdsL+ cds( (DI . cdsL̂+ ( 0(j+ΣD̆+j(j 0(<1 cds( (D̆ Ĭ

vgdqd sgd k]rs bnmsqhatshnm sn sgd rhfm qdrtksr eqnl qdudqrhmf sgd nqcdqhmf ne sgd qnvr ne L̂-
@rrdlakhmf Dpr- ’@-0(* ’@-2(* ’@-0/(fl’@-01(* ]mc ’@-03(* ]mc trhmf

’@-04(( 0(ΣD+ΣI+ΣD̆ + ( 0(ΣĬ + ( 0(mj+j(j 0(<1+n(μ̄↔(

nmd bnmbktcdr sg]s

’@-05(R ↔
α↔μ↔ + ( 0(n(μ̄↔(+jR̂ ↔

ᾱ↔μ̄↔

vghbg hr trdc hm oqnuhmf sgd kdudk,q]mj ct]khsx ne sgd nodm rsqhmf rodbsqtl hm sgd k]rs rtardbshnm
ne Rdbshnm 5-

Mdedpdmbdr

Z0[ R-F- M]btkhbg* G-I- Rbgmhsydq* Ct]khsx adsvddm RT(M(j ]mc RT(j(M VYV lncdkr* Mtbk- Ogxr- A 236 ’088/(
576fl631:
R-F- M]btkhbg* G-I- Rbgmhsydq* Ct]khsx qdk]shnmr adsvddm RT(M(j ]mc RT(j(M VYVlncdkr ]mc sgdhq aq]hc l]sqh,
bdr* Ogxr- Kdss- A 133 ’088/( 124fl13/:
R-F- M]btkhbg* G-@- Qhffr* G-I- Rbgmhsydq* Fqnto kdudk ct]khsx hm VYV lncdkr ]mc BgdqmflRhlnmr sgdnqx* Ogxr-
Kdss- A 135 ’088/( 306fl311:
I- Etbgr* O- u]m Cqhdk* Rnld rxlldsqhdr ne pt]mstl chldmrhnmr* I- L]sg- Ogxr- 20 ’088/( 066/fl0664-

Z1[ C- @ksrbgtkdq* L- A]tdq* B- Hsyxjrnm* Sgd aq]mbghmf qtkdr ne bnmenql]k dladcchmfr* Bnlltm- L]sg- Ogxr- 021
’088/( 238fl253:
Rdd ]krn L-@- V]ksnm* Bnmenql]k aq]mbghmf qtkdr ]mc lnctk]q hmu]qh]msr* Mtbk- Ogxr- A 211 ’0878( 664:
G- R]kdtq* C- @ksrbgtkdq* Kdudk q]mj ct]khsx hm pt]mstl fqntor* Mtbk- Ogxr- A 243 ’0880( 468fl502:
@- Jtmha]* S- M]j]mhrgh* Kdudk q]mj ct]khsx hm etrhnm QRNRlncdkr* hm9 Oqnbddchmfr ne sgd Hmsdqm]shnm]k Bnkknpthtl
nm Lncdqm Pt]mstl Ehdkc Sgdnqx* Anla]x* Hmch]* I]mt]qx 088/* Vnqkc Rbhdmsh“b* Rhmf]onqd* 0880-

Z2[ D-I- Lk]vdq* R-F- M]btkhbg* G-@- Qhffr* G-I- Rbgmhsydq* Fqnto kdudk ct]khsx ne VYV etrhnm bnde“bhdmsr ]mc Bgdqmfl
Rhlnmr khmj nardqu]akdr* Mtbk- Ogxr- A 241 ’0880( 752fl785-

Z3[ R-F- M]btkhbg* G-I- Rbgmhsydq* Kdudk,q]mj ct]khsx ne C,aq]mdr nm sgd RT(M( fqnto l]mhenkc* Mtbk- Ogxr- A 63/
’1//5( 070fl083* gdo,sg./400/72-

Z4[ R-F- M]btkhbg* G-I- Rbgmhsydq* Kdudk,q]mj ct]khsx ne tmsvhrsdc ]mc svhrsdc C,aq]mdr* Mtbk- Ogxr- A 631 ’1//5(
184fl200* gdo,sg./5/0064-

Z5[ B- Jkhlbhj* O- Rdudq]* Nodm rsqhmfr ]mc C,aq]mdr hm VYMV lncdkr* Mtbk- Ogxr- A 377 ’0886( 542fl565* gdo,
sg.85/8001:
L- J]sn* S- Nj]c]* C,aq]mdr nm fqnto l]mhenkcr* Mtbk- Ogxr- A 388 ’0886( 472fl484* gdo,sg.8501037:
@-W- @kdjrddu* U- Rbgnldqtr* C,aq]mdr hm sgd VYV lncdk* Ogxr- Qdu- C 5/ ’0888( /508/0* gdo,sg.8701082:
J- F]vdcyjh* Bnmenql]k “dkc sgdnqx9 @ b]rd rstcx* gdo,sg.88/3034-

Z6[ Q-D- Adgqdmc* O-@- Od]qbd* U-A- Odsjnu]* I-,A- Ytadq* Nm sgd bk]rrh“b]shnm ne atkj ]mc antmc]qx bnmenql]k “dkc
sgdnqhdr* Ogxr- Kdss- A 333 ’0887( 052fl055* gdo,sg.87/8/86:
Q-D- Adgqdmc* O-@- Od]qbd* U-A- Odsjnu]* I-,A- Ytadq* Antmc]qx bnmchshnmr hm q]shnm]k bnmenql]k “dkc sgdnqhdr*
Mtbk- Ogxr- A 46/ ’1///( 414fl478* gdo,sg.88/7/25-
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Z7[ I- Etbgr* B- Rbgvdhfdqs* Rxlldsqx aqd]jhmf antmc]qhdr- H9 Fdmdq]k sgdnqx* Mtbk- Ogxr- A 447 ’0888( 308fl372*
gdo,sg.88/1021-

Z8[ K- Ahqjd* I- Etbgr* B- Rbgvdhfdqs* Rxlldsqx aqd]jhmf antmc]qx bnmchshnmr ]mc VYV nqahenkcr* @cu- Sgdnq- L]sg-
Ogxr- 2 ’0888( 560fl615* gdo,sg.88/4/27-

Z0/[ @-W- @kdjrddu* @- Qdbjm]fdk* U- Rbgnldqtr* Mnm,bnllts]shud vnqkc,unktld fdnldsqhdr9 Aq]mdr nm RT(1( ]mc
etyyx rogdqdr* IGDO 88/8 ’0888( /12* gdo,sg.88/7/3/:
@-W- @kdjrddu* @- Qdbjm]fdk* U- Rbgnldqtr* Aq]md cxm]lhbr hm a]bjfqntmc fitwdr ]mc mnm,bnllts]shud fdnldsqx*
IGDO ///4 ’1///( /0/* gdo,sg.///2076-

Z00[ F- Edkcdq* I- Eqngkhbg* I- Etbgr* B- Rbgvdhfdqs* Sgd fdnldsqx ne VYV aq]mdr* I- Fdnl- Ogxr- 23 ’1///( 051fl08/*
gdo,sg.88/8/2/-

Z01[ R- Rs]mbht* C,aq]mdr hm fqnto l]mhenkcr* IGDO ///0 ’1///( /14* gdo,sg.88/8052:
R- Rs]mbht* @ mnsd nm C,aq]mdr hm fqnto l]mhenkcr9 Ektw pt]mshy]shnm ]mc C/,bg]qfd* IGDO //0/ ’1///( /04*
gdo,sg.///5034:
R- Rs]mbht* @m hkktrsq]sdc fthcd sn C,aq]mdr hm RT(2(* gdo,sg./000110:
I-L- Ehftdqn],N$E]qqhkk* R- Rs]mbht* C,aq]md bg]qfd* fitw pt]mshy]shnm ]mc qdk]shud ’bn(gnlnknfx* IGDO /0/0 ’1//0(
//5* gdo,sg.///7/27-

Z02[ B- A]bg]r* L-Q- Cntfk]r* B- Rbgvdhfdqs* Ektw rs]ahkhy]shnm ne C,aq]mdr* IGDO ///4 ’1///( /37* gdo,sg.///2/26:
I- O]vdkbyxj* RT(1(VYVC,aq]mdr ]mc sgdhq mnmbnllts]shud fdnldsqx eqnl CAH ]bshnm* IGDO ///7 ’1///( //5*
gdo,sg.///2/46:
V- S]xknq* C1,aq]mdr hm A “dkcr* IGDO ///6 ’1///( /28* gdo,sg.///3030-

Z03[ @- @kdjrddu* U- Rbgnldqtr* QQ bg]qfdr ne C1,aq]mdr hm sgd VYV lncdk* gdo,sg.///6/85:
@-W- @kdjrddu* @- Qdbjm]fdk* U- Rbgnldqtr* Nodm rsqhmfr ]mc mnm,bnllts]shud fdnldsqx ne aq]mdr nm fqnto
l]mhenkcr* Lnc- Ogxr- Kdss- @ 05 ’1//0( 214fl225* gdo,sg./0/3/43-

Z04[ R- Eqdcdmg]fdm* U- Rbgnldqtr* Aq]mdr nm fqnto l]mhenkcr* fktnm bnmcdmr]sdr* ]mc svhrsdc J,sgdnqx* IGDO /0/3
’1//0( //6* gdo,sg.//01053-

Z05[ I-L- L]kc]bdm]* F-V- Lnnqd* M- Rdhadqf* Fdnldsqhb]k hmsdqoqds]shnm ne C,aq]mdr hm f]tfdc VYV lncdkr*
IGDO /0/6 ’1//0( /35* gdo,sg./0/4/27-

Z06[ I-L- L]kc]bdm]* F-V- Lnnqd* M- Rdhadqf* C,aq]md hmrs]msnmr ]mc J,sgdnqx bg]qfdr* IGDO /000 ’1//0( /51* gdo,
sg./0/70//-

Z07[ J- F]vdcyjh* Antmc]qxVYV* F.G* F.F ]mc BR sgdnqhdr* @mm- Gdmqh Onhmb]qd” 2 ’1//1( 736fl770* gdo,sg./0/7/33:
J- F]vdcyjh* M- Qdhr* VYV aq]mdr ]mc fdqadr* Qdu- L]sg- Ogxr- 03 ’1//1( 0170fl0223* gdo,sg./1/4122-

Z08[ G- Hrghj]v]* Antmc]qx rs]sdr hm bnrds bnmenql]k “dkc sgdnqhdr* Mtbk- Ogxr- A 518 ’1//1( 1/8fl121* gdo,sg./00012/-
Z1/[ U-A- Odsjnu]* I-A- Ytadq* Antmc]qx bnmchshnmr hm bg]qfd bnmitf]sd rk(M(VYV sgdnqhdr* gdo,sg./1/0128-
Z10[ L-Q- F]adqchdk* S- F]mmnm* Antmc]qx rs]sdr enq VYVlncdkr* Mtbk- Ogxr- A 528 ’1//1( 360fl4/0* gdo,sg./1/1/56-
Z11[ L-Q- F]adqchdk* S- F]mmnm* Sgd bg]qfdr ne ] svhrsdc aq]md* IGDO /3/0 ’1//3( /07* gdo,sg./200131-
Z12[ L-Q- F]adqchdk* S- F]mmnm* C- Qnffdmj]lo* Sgd C,aq]mdr ne RT(m(* IGDO /3/6 ’1//3( /04* gdo,sg./3/2160:

L-Q- F]adqchdk* S- F]mmnm* C- Qnffdmj]lo* Sgd bnrds C,aq]mdr ne RT(m(* IGDO /30/ ’1//3( /36* gdo,
sg./3/3001-

Z13[ @-W- @kdjrddu* R- Eqdcdmg]fdm* S- Ptdkk]* U- Rbgnldqtr* Mnm,bnllts]shud f]tfd sgdnqx ne svhrsdc C,aq]mdr*
Mtbk- Ogxr- A 535 ’1//1( 016fl046* gdo,sg./1/4012:
S- Ptdkk]* Aq]mbghmf qtkdr ne rdlh,rhlokd Khd ]kfdaq]r trhmf ]e“md dwsdmrhnmr* I- Ogxr- @ 24 ’1//1( 2632fl2643*
l]sg,og./000/1/-

Z14[ S- Ptdkk]* U- Rbgnldqtr* Rxlldsqx aqd]jhmf antmc]qx rs]sdr ]mc cdedbs khmdr* IGDO /1/5 ’1//1( /17* gdo,
sg./1/2050:
S- Ptdkk]* Nm sgd ghdq]qbgx ne rxlldsqx aqd]jhmf C,aq]mdr hm fqnto l]mhenkcr* IGDO /101 ’1//1( //8* gdo,
sg./1/8046-

Z15[ O- Antvjmdfs* O- C]vrnm* C- Qhcnts* C,aq]mdr nm fqnto l]mhenkcr ]mc etrhnm qhmfr* IGDO /101 ’1//1( /54* gdo,
sg./10/2/1-

Z16[ O- Antvjmdfs* C- Qhcnts* @ mnsd nm sgd dpt]khsx ne ]kfdaq]hb ]mc fdnldsqhb C,aq]md bg]qfdr hm VYV lncdkr*
IGDO /3/4 ’1//3( /18* gdo,sg./201148-

Z17[ G- Hrghj]v]* S- S]mh* Mnudk bnmrsqtbshnm ne antmc]qx rs]sdr hm bnrds bnmenql]k “dkc sgdnqhdr* Mtbk- Ogxr- A 538
’1//2( 1/4fl131* gdo,sg./1/6066:
G- Hrghj]v]* @- W]l]ftbgh* Svhrsdc antmc]qx rs]sdr hm a + 0 bnrds bnmenql]k “dkc sgdnqhdr* IGDO /2/3 ’1//2(
/15* gdo,sg./2/0/3/:
G- Hrghj]v]* S- S]mh* Svhrsdc antmc]qx rs]sdr ]mc qdoqdrdms]shnm ne fdmdq]khydc etrhnm ]kfdaq]* gdo,sg./40/131-

Z18[ G- Hrghj]v]* S- S]mh* Svhrsdc antmc]qx rs]sdr hm J]y]l]flRtytjh lncdkr* Mtbk- Ogxr- A 567 ’1//3( 252fl286*
gdo,sg./2/5116:
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R- Rbg]edq,M]ldjh* C,aq]mdr hm M + 1 bnrds lncdkr ]mc svhrsdc dpthu]qh]ms J,sgdnqx* gdo,sg./2/7/47-
Z2/[ U- Aq]tm* R- Rbg]edq,M]ldjh* Rtodqrxlldsqhb VYV lncdkr ]mc svhrsdc J,sgdnqx ne RN’2(* gdo,sg./3/2176-
Z20[ L-Q- F]adqchdk* S- F]mmnm* C,aq]md bg]qfdr nm mnm,rhlokx bnmmdbsdc fqntor* IGDO /3/3 ’1//3( /2/* gdo,

sg./3/2/00:
R- Eqdcdmg]fdm* C,aq]md bg]qfdr nm RN’2(* IGDO /300 ’1//3( /71* gdo,sg./3/3/06:
L- U]rtcdu]m* Bg]qfdr ne dwbdoshnm]kkx svhrsdc aq]mdr* IGDO /4/6 ’1//4( /24* gdo,sg./4/3//5:
R- Eqdcdmg]fdm* L-Q- F]adqchdk* S- Ldsskdq* Bg]qfdr ne svhrsdc aq]mdr9 Sgd dwbdoshnm]k b]rdr* IGDO /4/4 ’1//4(
/47* gdo,sg./4/3//6:
R- Eqdcdmg]fdm* S- Ptdkk]* Fdmdq]khrdc odqlts]shnm aq]mdr* IGDO /400 ’1//4( //3* gdo,sg./4/8042-

Z21[ U- Rbgnldqtr* Kdbstqdr nm aq]mdr hm btqudc a]bjfqntmcr* Bk]rr- Pt]mstl Fq]u- 08 ’1//1( 4670fl4736* gdo,
sg./1/8130-

Z22[ I-K- B]qcx* Antmc]qx bnmchshnmr* etrhnm qtkdr ]mc sgd Udqkhmcd enqltk]* Mtbk- Ogxr- A 213 ’0878( 470-
Z23[ O- Antvjmdfs* U- L]sg]h* C,aq]mdr* A,“dkcr ]mc svhrsdc J,sgdnqx* IGDO ///2 ’1///( //6* gdo,sg.///1/12-
Z24[ C-R- Eqddc* Sgd Udqkhmcd ]kfdaq] hr svhrsdc dpthu]qh]ms J,sgdnqx* Stqj- I- L]sg- 14 ’1//0( 048fl056* l]sg-QS.

/0/0/27:
C-R- Eqddc* Svhrsdc J,sgdnqx ]mc knno fqntor* l]sg-@S./1/5126:
C-R- Eqddc* L-I- Gnojhmr* B- Sdkdl]m* Svhrsdc J,sgdnqx ]mc knno fqnto qdoqdrdms]shnmr* l]sg-@S./201044-

Z25[ U- Aq]tm* Svhrsdc J,sgdnqx ne Khd fqntor* IGDO /3/2 ’1//3( /18* gdo,sg./2/4067:
B-K- Cntfk]r* Nm sgd svhrsdc J,gnlnknfx ne rhlokd Khd fqntor* l]sg-@S./3/3/06-

Z26[ M- Hrgha]rgh* Sgd antmc]qx ]mc bqnrrb]o rs]sdr hm bnmenql]k “dkc sgdnqhdr* Lnc- Ogxr- Kdss- @ 3 ’0878( 140-
Z27[ I- Etbgr* A- Rbgdkkdjdmr* B- Rbgvdhfdqs* Eqnl Cxmjhm ch]fq]l rxlldsqhdr sn “wdc onhms rsqtbstqdr* Bnlltm-

L]sg- Ogxr- 07/ ’0885( 28fl87* gdo,sg.84/5024-
Z28[ U- J]b* Hm“mhsd,Chldmrhnm]k Khd @kfdaq]r* sghqc dc-* B]laqhcfd Tmhu- Oqdrr* B]laqhcfd* 088/-
Z3/[ O- Fncc]qc* C-H- Nkhud* J]bflLnncx ]mc Uhq]rnqn ]kfdaq]r hm qdk]shnm sn pt]mstl ogxrhbr* Hms- I- Lnc- Ogxr- @ 0

’0875( 2/2-
Z30[ I- Etbgr* @e“md Khd @kfdaq]r ]mc Pt]mstl Fqntor* B]laqhcfd Tmhu- Oqdrr* B]laqhcfd* 0881-
Z31[ O- Antvjmdfs* C- Qhcnts* Oqdrdms]shnmr ne VdrrflYtlhmnflVhssdm etrhnm qhmfr* Qdu- L]sg- Ogxr- 07 ’1//5( 1/0fl121*

gdo,sg./5/1/46-
Z32[ V- Etksnm* I- G]qqhr* Qdoqdrdms]shnm Sgdnqx* Roqhmfdq,Udqk]f* Adqkhm* 0880-
Z33[ R- Eqdcdmg]fdm* oqhu]sd bnlltmhb]shnm-
Z34[ U-F- J]b* C-G- Odsdqrnm* Hm“mhsd,chldmrhnm]k Khd ]kfdaq]r* sgds] etmbshnmr ]mc lnctk]q enqlr* @cu- L]sg- 42

’0873( 014fl153:
U-F- J]b* L- V]jhlnsn* Lnctk]q ]mc bnmenql]k hmu]qh]mbd bnmrsq]hmsr hm qdoqdrdms]shnm sgdnqx ne ]e“md ]kfdaq]r*
@cu- L]sg- 6/ ’0877( 045-

Z35[ G- Ideeqdxr* A- Ideeqdxr* Ldsgncr ne L]sgdl]shb]k Ogxrhbr* sghqc dc-* B]laqhcfd Tmhu- Oqdrr* B]laqhcfd* 0845-


	Twisted D-branes of the over(su, ̂) (N)K WZW model and level-rank duality
	Recommended Citation

	doi:10.1016/j.nuclphysb.2006.08.005 - 1-s2.0-S0550321306006638-main.pdf

