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iHawplotyr,nzwze nzyGetaHGtzyg Gz rwHzy,rwHzy

gnlGGpetyr ty � 1 3 idc Gspze� lyo epwlGtzyg Gz

� 1 7 gHNperelutG�

iGpNspy h- YlnHwtnsbk∗ SzelGtH YlgGlgpa lyo SzJleo v- insytGMpenO

cOpClEGxpyG zq fsAFtnFW MzJozty NzwwprpW

MEHyFJtnvW cP :?:00W k-i-L-
aRwzmlw Porp TyFGtGHGpW jzvAz TyFGtGHGp zq jpnsyzwzrAW

jzvAz 041,fi44:W UlCly
�jspzEpGtnlw fsAFtnF REzHCW clEGty QtFspE inszzw zq fsAFtnFW MElyoptF kytIpEFtGAW

blwGslxW cL :1?4?W k-i-L-

P,xltw. ylnSwtns4azUozty-poSW ylrhlrp4ds�r-hthpns-ln-udW

rnsythXe4aelyoptr-poS

�KgRPlnRb bp FGHoA Gsp FHmwplotyr!nzwzE ’yzyCwlylE( nzyGEtmHGtzyF Gz Gsp qzHE!rwHzy

FnlGGpEtyr lxCwtGHopF ty A ˆ 3 FHCpEFAxxpGEtn ik’Y( dlyr!XtwwF GspzEA- kFtyr Gsp qzE!

xlwtFxF zq NlGlyt lyo zq iGpExly lyo jpupol!dpzxlyF+ Jp opIpwzC pKCwtntG pKCEpFFtzyF

qzE Gsp tyqElEpo!otIpErpyG nzyGEtmHGtzyF zq lww Gsp FHmwplotyr!nzwzE �!wzzC lxCwtGHopF HC

Gz GsEpp wzzCF+ lyo xlvp Fzxp nzyupnGHEpF qzE Gsp Th mpslItzE qzE lEmtGElEA �- bp lwFz

opEtIp FpIpElw tyGEtrHtyr EpwlGtzyF mpGJppy Gsp FHmwplotyr!nzwzE zyp! lyo GJz!wzzC qzHE!

rwHzy lxCwtGHopF lyo Gsp qzHE!rElItGzy lxCwtGHopF zq A ˆ ] FHCpErElItGA- jsp pKlnG zyp!

lyo GJz!wzzC A ˆ ] FHCpErElItGA lxCwtGHopF nly mp pKCEpFFpo ty GpExF zq Gsp zyp! lyo

GJz!wzzC Y !tyopCpyopyG A ˆ 3 idX lxCwtGHopF EpFCpnGtIpwA+ mHG Gsp ylGHElw rpypElwtBl!

Gtzy Gz strspE wzzCF qltwF+ opFCtGp slItyr l FtxCwp tyGpECEpGlGtzy ty GpExF zq Gsp WG SzzqG

CtnGHEp- bp lwFz 6yo GslG+ lG wplFG GsEzHrs GJz wzzCF+ Gsp FHmwplotyr!nzwzE lxCwtGHopF zq

A ˆ 3 idX GspzEA slIp HytqzEx GElyFnpyopyGlwtGA ’lF oz Gsp wplotyr!nzwzE lxCwtGHopF(-

XzEpzIpE+ Gsp A ˆ 3 idX NlGlyt zCpElGzEF+ Jstns pKCEpFF Gsp Th!otIpErpyG nzyGEtmH!

GtzyF zq wzzC lxCwtGHopF ty GpExF zq wzJpE!wzzC lxCwtGHopF+ lEp lwFz FszJy Gz slIp HytqzEx

GElyFnpyopyGlwtGA+ lyo Gz mp Gsp xlKtxHx GElyFnpyopyGlwtGA Ctpnp zq Gsp gNO NlGlyt

zCpElGzEF-

apAvcPogb iHCpEFAxxpGEtn rlHrp GspzEA+ ´:Y PKClyFtzy+ Y�Z NzxCHGlGtzyF+

iHCpErElItGA XzopwF-

∗hpFplEns FHNNzEGpo ty NlEG mL Gsp Yig HyopE rElyG fSd,/34[833
�hpFplEns FHNNzEGpo ty NlEG mL Gsp OeP HyopE rElyG OP,gR/=,8=Ph3/fi/[

n′ iuii� =;;]



J
H
E
P
1
1
(
2
0
0
8
)
0
1
8

YMyRpyRg

0- TyGfzoHnGtzy 0

=- eyp’ lyo Gkz’wzzC DzHf’rwHzy lxCwtGHopF 2

2- Th otIpfrpynpF zD � 1 3 idc lxCwtGHopF 5

“-´ NlGlytWF qzExlwtFx [

“-= QzExlwtFx zq iGpExly lyo jpupol!dpzxlyF fi

“-“ NzxClEtFzy zq Th qzExlwtFxF ]

3- 0N� paClyFtzy zD Gsp Th otIpfrpynpF 0/

3-´ Zyp!wzzC otIpErpynpF ´=

3-= jJz!wzzC otIpErpynpF ´“

3-“ jsEpp!wzzC otIpErpynpF ´3

3-3 StrspE!wzzC otIpErpynpF ´[

4- � 1 3 idc . � 1 7 FHCpfrflItGL nzyypnGtzy 07

4-´ Zyp! lyo GJz!wzzC EpwlGtzyF ´]

4-= �zzvtyr qzE l rpypElw lyFlGB lyo l nzyypnGtzy Gz Gsp WG SzzqG CtnGHEp =´

5- jflyFnpyopyGlwtGL =3

[-´ jElyFnpyopyGlwtGA zq Th!otIpErpyG A!CztyG zCpElGzEF =3

[-= jElyFnpyopyGlwtGA zq GJz!wzzC qzHE!rwHzy lxCwtGHopF =4

6- YzynwHFtzyF =5

/- TyRfMoSnRtMy

Ty Gsp pΓzEG Gz opIpwzC ypJ GzzwF qzE Gsp nzxCHGlGtzy zq strspE!wzzC nzyGEtmHGtzyF Gz

FnlGGpEtyr lxCwtGHopF ty rlHrp GspzEtpF+ A ˆ 3 idX GspzEA CwlAF l FCpntlw Ezwp mpnlHFp

zq tGF nzxClElGtIpwA FtxCwp FGEHnGHEp ”´fl- XzEpzIpE+ Gsp Loi:NQj nzEEpFCzyopynp lwwzJF

Fzxp zq Gsp zmFpEIlmwpF zq GstF GspzEA Gz mp nzxCHGpo ty Gsp FGEzyr nzHCwtyr wtxtG ”= 8 3fl-

jsp GJz!wzzC qzHE!rwHzy FnlGGpEtyr lxCwtGHop JlF 6EFG nzxCHGpo qzE A ˆ 3 ik’Y(

idX GspzEA mA MpEy+ hzFzJFvA+ lyo dly ”4fl HFtyr nHGGtyr GpnsytDHpF+ JtGs Gsp EpFHwGF

pKCEpFFpo ty GpExF zq GJz!wzzC CwlylE lyo yzy!CwlylE FnlwlE tyGprElwF ’Fpp lwFz Epq- ”[fl(-

PKCwtntG pKCEpFFtzyF qzE GspFp Th!otIpErpyG tyGprElwF lF �lHEpyG pKClyFtzyF ty ǫ ’JspEp

Z ˆ 3 | =ǫ( JpEp wlGpE zmGltypo mA ixtEyzI ty Gsp CwlylE nlFp ”fifl+ lyo mA jlHFv ty

Gsp yzy!CwlylE nlFp ”]fl- iHmFpDHpyGwA+ LylFGlFtzH+ MpEy+ OtKzy+ lyo VzFzJpE ’LMOV(

opxzyFGElGpo GslG Gsp GJz!wzzC lxCwtGHop tF pKCEpFFtmwp ty GpExF zq Gsp zyp!wzzC lxCwtGHop

8 ´ 8
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ty Gsp wlErp!Y ’wplotyr nzwzE( wtxtG+ FHrrpFGtyr ly tGpElGtIp FGEHnGHEp qzE Gsp wzzC pKClyFtzy

zq A ˆ 3 idX lxCwtGHopF ty GstF Flxp wtxtG ”´fl- kFtyr tyFtrsGF qEzx opnlopF zq FGHoA zq Gsp

Th otIpErpynpF zq rlHrp GspzEA lxCwtGHopF ”– 8 ´–fl+ MpEy+ OtKzy+ lyo ixtEyzI nzyupnGHEpo l

nzxCwpGp yzyCpEGHEmlGtIp pKCzypyGtlw lyFlGB qzE XSa A!rwHzy FnlGGpEtyr lxCwtGHopF ”=;fl+

lrlty ty Gsp wplotyr!nzwzE ’wlErp!Y( wtxtG- Ty GstF wtxtG+ zywA CwlylE otlrElxF ’ty Gsp

GzCzwzrtnlw pKClyFtzy zq WG SzzqG( nzyGEtmHGp ”=´fl-

Ty GstF ClCpE+ Jp pKCwzEp Gsp FGEHnGHEp zq Gsp FHmwplotyr!nzwzE ’yzyCwlylE( nzyGEtmH!

GtzyF Gz Gsp qzHE!rwHzy lxCwtGHop ty A ˆ 3 ik’Y( idX GspzEA GsEzHrs GsEpp wzzCF+

qznHFtyr ClEGtnHwlEwA zy Gsp Th!otIpErpyG GpExF- bp lwFz opxzyFGElGp Fzxp tyGEtrHtyr nzy!

ypnGtzyF mpGJppy GspFp FHmwplotyr!nzwzE lxCwtGHopF lyo qzHE!rElItGzy lxCwtGHopF ty A ˆ ]

FHCpErElItGA-

LqGpE EpItpJtyr Gsp vyzJy pKlnG zyp! lyo GJz!wzzC EpFHwGF qzE Gsp qHww qzHE!rwHzy lxCwt!

GHop ty A ˆ 3 idX GspzEA+ Jp HFp NlGlytWF qzExlwtFx ”´]fl Gz opIpwzC pKCwtntG pKCEpFFtzyF

qzE Gsp Th!otIpErpyG GpExF zq Gsp zyp! lyo GJz!wzzC FHmwplotyr!nzwzE lxCwtGHopF+ lyo l

nzxmtylGtzy zq stF lCCEzlns lyo GslG zq iGpExly lyo jpupol!dpzxlyF ”´–fl qzE GsEpp wzzCF-

bp opyzGp Gsp wplotyr!nzwzE �!wzzC lxCwtGHop mA La�b;(+ lyo Gsp FHmwplotyr!nzwzE lxCwt!

GHopF mA La�bT(+ ’I ˆ ´b , , , b �( JspEp La�bT( tF Gsp nzxCzypyG zq Gsp lxCwtGHop CEzCzEGtzylw

Gz Y�†T- bp FszJ ’qzE � ≤ “( GslG Gsp wplotyr Th otIpErpynp zq Gsp lxCwtGHop La�bT( tF

C’´.ǫ=�†T(+ lyo pKCwtntGwA opGpExtyp tGF nzpffntpyG- bp 6yo GslG Gsp 6EFG GJz GpExF zq Gsp

�lHEpyG pKClyFtzy zq Gsp Y !tyopCpyopyG lxCwtGHop La�b�( ’Jstns FGlEGF lG C’´.ǫ�(( zmpA
Gsp EpwlGtzyFstC

La�b�(’ǫ( ∼ f�†0’cbdbe(

ǫ�†0
La0b0(’�ǫ( ) C

}

´

ǫ�†=

∑

’´-´(

JspEp fL’cbdbe( tF ly AGs zEopE CzwAyzxtlw+ pKCwtntGwA FCpnt6po ty pDF- ’3-34( lyo ’3-3[(+

lyo c ˆ wzr ’h.H(+ d ˆ wzr ’H.g(+ lyo e ˆ wzr ’g.h(+ JtGs g+ h+ lyo H mptyr XlyopwFGlx

ClElxpGpEF- bp CEzIp pD- ’´-´( qzE GJz lyo GsEpp wzzCF ’nq- pDF- ’3-=[( lyo ’3-“3((+ lyo

nzyupnGHEp Gsp EpFHwG Gz mp Ilwto rpypElwwA-

YpKG+ zmFpEItyr GslG Gsp Y !tyopCpyopyG idX lxCwtGHop La�b�( slF l wplotyr otIpE!

rpynp zq Gsp Flxp zEopE lF Gsp �!wzzC qzHE!rElItGzy A ˆ ] FHCpErElItGA lxCwtGHop ”==+ =“fl+

Jp FszJ ty FpnGtzy 4 GslG Gsp qHww lxCwtGHopF lEp EpwlGpo- Ty ClEGtnHwlE+ Jp opxzyFGElGp

Gsp pKlnG EpwlGtzyFstCF qzE zyp! lyo GJz!wzzC lxCwtGHopF

´

“

]

’λisH(X
a0b0(
idc’gb h( ) nAnwtn CpExHGlGtzyF

(

ˆ
√
=λidcX

a0(
is ’´-=(

´

“

]

’λisH(
=X

a=b=(
idc’gb h( ) nAnwtn CpExHGlGtzyF

(

ˆ ’
√
=λidc(

=X
a=(
is ’´-“(

JspEp X
a�b�(
idc lyo X

a�(
is lEp ElGtzF zq �!wzzC Y !tyopCpyopyG idX lxCwtGHopF L

a�b�(
idc lyo

�!wzzC FHCpErElItGA lxCwtGHopF L
a�(
is Gz GEpp!wpIpw lxCwtGHopF+ lyo λidc ˆ P=Y lyo

λis ˆ ’>.=(= lEp idX lyo FHCpErElItGA nzHCwtyr nzyFGlyGF- jsp ylGHElw rpypElwtBl!

Gtzy zq pDF- ’´-=( lyo ’´-“( Gz � wzzCF tF yzG FlGtF6po+ lG wplFG ty tGF FtxCwpFG qzEx- jsp

zyp! lyo GJz!wzzC EpwlGtzyF slIp l FtxCwp ’lwmptG yzytyGHtGtIp( tyGpECEpGlGtzy ty GpExF zq

Gsp WG SzzqG CtnGHEp+ zynp Jp qlnGzE ty ly HyHFHlw topyGt6nlGtzy+ ty GslG Gsp GzCzwzrtnlw

pKClyFtzy zq Gsp idX QpAyxly otlrElxF tF EpwlGpo Gz Gsp wzzC pKClyFtzy zq FHCpErElItGA-

8 = 8
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Ty FpnGtzy [+ Jp otFnHFF Gsp GElyFnpyopyGlwtGA zq Gsp A ˆ 3 idX lxCwtGHopF lF Jpww

lF GslG zq Gsp NlGlyt zCpElGzEF+ Jstns slF yzG CEpItzHFwA lCCplEpo ty Gsp wtGpElGHEp- bp

zmFpEIp GslG Gsp FHmwplotyr!nzwzE A ˆ 3 idX lxCwtGHopF GsEzHrs GJz wzzCF slIp Hyt!

qzEx GElyFnpyopyGlwtGA+ lF tF lwEploA vyzJy qzE Gsp wplotyr!nzwzE lxCwtGHopF- XzEpzIpE+

Gsp A ˆ 3 idX NlGlyt zCpElGzEF ’lG wplFG GsEzHrs GsEpp wzzCF( lwFz slIp HytqzEx GEly!

FnpyopyGlwtGA+ Jstns txCwtpF Gsp Flxp qzE Gsp otIpErpyG nzyGEtmHGtzyF zq A!rwHzy FnlGGpEtyr

lxCwtGHopF GsEzHrs GslG wzzC zEopE- QtylwwA+ Gsp A ˆ 3 idX NlGlyt zCpElGzEF nzyFGtGHGp

Gsp xlKtxHx GElyFnpyopyGlwtGA Ctpnp zq Gsp nzEEpFCzyotyr gNO NlGlyt zCpElGzEF-

=- eypm lyo RkMmwMMC OMSfmrwSMy lxCwtRSopg

Ty GstF FpnGtzy+ Jp EpItpJ vyzJy pKlnG EpFHwGF qzE zyp! lyo GJz!wzzC qzHE!rwHzy lxCwtGHopF

ty A ˆ 3 ik’Y( idX GspzEA+ lyo EpwlGtzyF lxzyr Gspx-

RwHzy A!CztyG lxCwtGHopF xlA mp JEtGGpy ty l nzwzE!opnzxCzFpo qzEx lF l FHx zIpE

Ftyrwp lyo xHwGtCwp GElnpF zq nzwzE rpypElGzEF ”=3fl- jsp qzHE!rwHzy lxCwtGHop nzyGltyF zywA

Ftyrwp lyo ozHmwp GElnpF+ lyo nly mp JEtGGpy lF

�?†rISMA’´b =b “b 3(ˆ


σ∈i3,��3

jE’u k,S0(u k,S1(u k,S2(u k,S3((L?+0’σ’´(bσ’=(bσ’“(bσ’3((

)


σ∈i3,��11

jE’u k,S0(u k,S1((jE’u k,S2(u k,S3((L?+2’σ’´(bσ’=(bσ’“(bσ’3(( ’=-´(

JspEp Gsp nzwzE!FGEtCCpo lxCwtGHopF L?+0 lyo L?+2 txCwtntGwA opCpyo zy Gsp xzxpyGl lyo

CzwlEtBlGtzyF zq Gsp pKGpEylw ClEGtnwpF+ lyo JspEp u k lEp ik’Y( rpypElGzEF ty Gsp qHy!

olxpyGlw EpCEpFpyGlGtzy+ yzExlwtBpo lnnzEotyr Gz jE’u ku a( ˆ δka- jsp �!wzzC otlrElxF

nzyGEtmHGtyr Gz L?+0 FGlEG lG zEopE Y
�+ GszFp nzyGEtmHGtyr Gz L?+2 FGlEG lG zEopE Y

�†0+ lyo

nzEEpnGtzyF Gz plns GpEx nzxp JtGs qlnGzEF zq ´.Y= ’qEzx wzzC tyopK GElnpF(+ Fz GslG Gsp

�!wzzC lxCwtGHop slF Gsp qzEx

L?+0 ˆ P=U�
∑

L
a�b;(
?+0 )

´

Y=
L
a�b=(
?+0 ) G G G

∫

L?+2 ˆ P=U�
∑

´

Y
L
a�b0(
?+2 )

´

Y2
L
a�b2(
?+2 ) G G G

∫

’=-=(

JtGs Gsp FpEtpF pyotyr lG Gsp Y !tyopCpyopyG lxCwtGHop La�b�(+ lyo JspEp Gsp ylGHElw WG

SzzqG wzzC pKClyFtzy ClElxpGpE tF ”=;fl

U ≡ P=Y

]π=
{

3πp†γ
}ǫ
, ’=-“(

SpEp γ tF PHwpEWF nzyFGlyG+ lyo Gsp wzzC lxCwtGHopF+ mptyr Th!otIpErpyG+ lEp pIlwHlGpo HFtyr

otxpyFtzylw EprHwlEtBlGtzy ty Z ˆ 3| =ǫ otxpyFtzyF- jsp wplotyr!nzwzE GpEx La�b;( nzxpF

qEzx CwlylE otlrElxF+ JspEplF Gsp FHmwplotyr!nzwzE GpExF La�b0( GsEzHrs La�b�( tynwHop

nzyGEtmHGtzyF qEzx yzyCwlylE otlrElxF-

8 “ 8



J
H
E
P
1
1
(
2
0
0
8
)
0
1
8

bp Jtww lwFz 6yo tG nzyIpytpyG Gz JEtGp Gsp qzHE!rwHzy lxCwtGHop lF

�?†rISMA’´b =b “b 3( ˆ P=
∞


�1;

U�
8


R10

L
a�(
5R7 N5R7

ˆ P=
∞


�1;

U�
�


T1;

´

YT

8


R10

L
a�bT(
5R7

N5R7 ’=-3(

ty GpExF zq ly pKCwtntG mlFtF zq GElnpF ”=4fl

N507 ˆ jE’u k0u k1u k2u k3( b N5?7 ˆ jE’u k0u k2u k1u k3( b N567 ˆ jE’u k0u k1(jE’u k2u k3(

N5=7 ˆ jE’u k0u k1u k3u k2( b N547 ˆ jE’u k0u k2u k3u k1( b N5]7 ˆ jE’u k0u k2(jE’u k1u k3(

N527 ˆ jE’u k0u k3u k1u k2( b N5[7 ˆ jE’u k0u k3u k2u k1( b N587 ˆ jE’u k0u k3(jE’u k1u k2(

’=-4(

Fz GslG L
a�b=T(
507 GsEzHrs L

a�b=T(
5[7 nzEEpFCzyo Gz Gsp Ftyrwp!GElnp lxCwtGHopF L

a�b=T(
?+0 + lyo

L
a�b=T)0(
567 GsEzHrs L

a�b=T)0(
587 nzEEpFCzyo Gz Gsp ozHmwp!GElnp lxCwtGHopF L

a�b=T)0(
?+2 -

jsp GEpp!wpIpw lxCwtGHopF lEp

]

L
a;(
507 b L

a;(
5=7 b L

a;(
527 b L

a;(
5?7 b L

a;(
547 b L

a;(
5[7

{

ˆ |3ta
ghH

’Hb hb gb gb hb H( ’=-[(

JspEp g ˆ ’I0 ) I=(
=+ h ˆ ’I0 ) I?(

=+ lyo H ˆ ’I0 ) I2(
= lEp Gsp HFHlw XlyopwFGlx

IlEtlmwpF+ zmpAtyr g ) h ) H ˆ ; qzE xlFFwpFF pKGpEylw rwHzyF- jsp qlnGzE a+ op6ypo ty

pD- ’fi-3-3=( zq Epq- ”=[fl+ opCpyoF zy Gsp xzxpyGl lyo spwtntGA zq Gsp pKGpEylw rwHzyF+ lyo

tF GzGlwwA FAxxpGEtn HyopE CpExHGlGtzyF zq Gsp pKGpEylw wprF- jsp topyGtGtpF L
a�(
507 ˆ L

a�(
5[7 +

L
a�(
5=7 ˆ L

a�(
547 + lyo L

a�(
527 ˆ L
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= ) h= ) H=(.“(T’λisH(

= tyFGplo- itynp Gsp nzEEpnGtzy GpExF lEp CEpFpyG+

Gsp tyGpECEpGlGtzy tF yzG nwplE-

TG tF lwFz yzG nwplE szJ Gz opEtIp Gsp EHwp ’4-=](+ zE JsA FHns l EHwp FszHwo pIpy mp

CzFFtmwp- TG tF EpxtytFnpyG zq Loi:NQj+ mHG Gspy tG tF yzG nwplE JsA Jp rpG FHCpErElItGA ty

3o lyo yzG Fzxp strspE!otxpyFtzylw FClnp- Tq GEHp+ tG nzHwo mp l xlytqpFGlGtzy zq l otΓpEpyG

vtyo zq oHlwtGA+ EpwlGtyr Jplv nzHCwtyr JtGs Jplv nzHCwtyr+ lF lwFz loIznlGpo ty Epq- ”““fl-
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Zy Gsp zGspE slyo+ CpEslCF Gsp EHwp ’4-=]( tF zywA ly lCCEzKtxlGtzy- bspy nzx!

ClnGtqAtyr FGEtyr GspzEA ozJy Gz 3o+ Gsp FHCpErElItGA xzopF nzHwo ty CEtyntCwp rpG xtKpo

HC JtGs zGspE FGEtyr xzopF+ lyo Gsp wzzC pKClyFtzy zq FHCpErElItGA nzxmtypo JtGs zGspE

GpExF+ Fz tG tF ty CEtyntCwp CzFFtmwp GslG l xzot6nlGtzy zq Gsp EHwp ’4-=]( nzHwo lnnzHyG qzE

Gsp xzot6po EpwlGtzyF ’4-=4( lyo ’4-=[(+ lyo xlvp Gspx CEpntFp mpAzyo wplotyr zEopE-

5- uflygnpyopyRlwtRA

Zyp xlA lFFzntlGp JtGs plns GpEx ty ly zCpElGzE zE lxCwtGHop l oprEpp zq GElyFnpyopyGlwtGA

lF qzwwzJF. plns qlnGzE zq ζT+ πT+ wzrT B ’JspEp B tF lyA ElGtz zq xzxpyGHx tyIlEtlyGF(+ zE

lyA CzwAwzrlEtGsx zq GzGlw oprEpp I slF GElyFnpyopyGlwtGA I lyo Gsp GElyFnpyopyGlwtGA

zq l CEzoHnG zq qlnGzEF tF lootGtIp- MA HytqzEx GElyFnpyopyGlwtGA I;+ Jp xply GslG ty

ly ǫ!pKClyFtzy
(

T UTǫ
T ’qzE otxpyFtzylw EprHwlEtBlGtzy(+ UT slF GElyFnpyopyGlwtGA I ) I;-

XlKtxlw GElyFnpyopyGlwtGA xplyF GslG I; slF l xlKtxlw IlwHp- Ty Gsp nlFp zq A ˆ 3

idX lyo A ˆ ] FHCpErElItGA+ xlKtxlw GElyFnpyopyGlwtGA xplyF GslG �!wzzC lxCwtGHopF

slIp HytqzEx GElyFnpyopyGlwtGA I; ˆ =�/ GslG tF+ lww GpExF CEzCzEGtzylw Gz ’λ.ǫ=(� G ǫT slIp
oprEpp zq GElyFnpyopyGlwtGA I-

Ty GstF FpnGtzy+ Jp 6EFG FGHoA Gsp GElyFnpyopyGlwtGA zq Gsp Th!otIpErpyG NlGlyt zCpEl!

GzEF Ta�(+ Jstns opGpExtyp lww Gsp Th!otIpErpyG GpExF zq A!rwHzy lxCwtGHopF- jsp A ˆ 3

NlGlyt zCpElGzEF slIp HytqzEx GElyFnpyopyGlwtGA+ lyo xzEpzIpE nzyFGtGHGp Gsp xlKtxHx

GElyFnpyopyGlwtGA Ctpnp zq Gsp nzEEpFCzyotyr gNO zCpElGzEF- bp Gspy rz zy Gz pKlxtyp Gsp

GElyFnpyopyGlwtGA zq Gsp FHmwplotyr!nzwzE lxCwtGHopF zq A ˆ 3 idX GspzEA- jspFp Gzz slIp

HytqzEx GElyFnpyopyGlwtGA ’lF oz Gsp wplotyr!nzwzE lxCwtGHopF(+ mHG ty GstF nlFp oz yzG nzy!

FGtGHGp Gsp pyGtEp xlKtxHx GElyFnpyopyGlwtGA Ctpnp zq Gsp nzEEpFCzyotyr gNO lxCwtGHopF-

5-0 jflyFnpyopyGlwtGL zD Th’otIpfrpyG A’CztyG zCpflGzfF

QEzx pDF- ’“-“(8’“-4(+ zyp xlA Fpp GslG+ qzE Gsp �!wzzC lxCwtGHopF Gz slIp xlKtxlw GEly!

FnpyopyGlwtGA I; ˆ =�+ Gsp �!wzzC NlGlyt zCpElGzE Ta�( xHFG slIp HytqzEx GElyFnpyopyGlwtGA

I; ˆ =�- bp Jtww FszJ ty GstF FHmFpnGtzy GslG Gsp zyp! lyo GJz!wzzC NlGlyt zCpElGzEF zq

A ˆ 3 idX GspzEA ’lyo Gsp GsEpp!wzzC zCpElGzE+ HC Gz ly HyopGpExtypo GpEx zq C’´.ǫ((
oz FlGtFqA GstF+ lyo xzEpzIpE nzyFGtGHGp Gsp xlKtxlw GElyFnpyopyGlwtGA Ctpnp zq Gsp gNO

NlGlyt zCpElGzEF- jsp EpItpJ ”“3fl tF HFpqHw qzE GstF otFnHFFtzy-

jsp zyp!wzzC NlGlyt zCpElGzE qzE gNO tF ”´]fl

Ta0(’ǫ( ˆ
´

=

L


R10

L


S ©1R

jR GjS
∑

´

ǫ=

}

<=

|gRbS

∑ǫ

)
γR
j=R

´

ǫ

}

<=

|gRbS

∑ǫ∫

’[-´(

JspEp γR ˆ x; ˆ
00
[ Y | =

2usYD qzE rwHzyF- jsp 6EFG GpEx ty mElnvpGF slF HytqzEx GEly!

FnpyopyGlwtGA I; ˆ = Jstwp Gsp Fpnzyo GpEx ty mElnvpGF slF HytqzEx GElyFnpyopyGlwtGA

I; ˆ ´+ lyo spynp tF FHmwplotyr ty GElyFnpyopyGlwtGA- QzE A ˆ 3 idX+ szJpIpE+ x; ˆ ;+

Fz ty GstF nlFp Ta0(’ǫ( slF HytqzEx GElyFnpyopyGlwtGA I; ˆ =+ lyo tF rtIpy mA Gsp xlKtxlw

GElyFnpyopyGlwtGA ClEG zq Gsp gNO zCpElGzE ’[-´(-
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jsp GJz!wzzC NlGlyt zCpElGzE qzE gNO tF ”´]fl

Ta=(’ǫ( ˆ |´
=
Ta0(’ǫ(

∑

Ta0(’ǫ( )
=x;
ǫ

∫

) n’ǫ(

∑

a )
x;
ǫ

∫

Ta0(’=ǫ(

)
n’ǫ(

3ǫ



|
L


R10

L


S ©1R

jR GjS
S
a=(
R

j=R

}

<=

|gRS

∑=ǫ

) 1Sa=(’ǫ(



 ’[-=(

JtGs 1Sa=( rtIpy mA ”=– 8 “´fl

1Sa=( ˆ t


aR0bR1bR2(

qk0k1k2u k0R0 u
k1
R1
u k2R2 wzr

}|gR0R1
|gR1R2

∑

wzr

}|gR1R2
|gR2R0

∑

wzr

}|gR2R0
|gR0R1

∑

, ’[-“(

Lrlty+ ty rpypElw+ Ta=( nzyGltyF GpExF zq xtKpo GElyFnpyopyGlwtGA+ mHG qzE A ˆ 3 idX+ zyp

slF x; ˆ ;+ a ˆ |ζ=Y + lyo S
a=(
R ˆ 0

=ζ2Y
= Fz zywA Gsp GpExF zq xlKtxlw GElyFnpyopyGlwtGA

Epxlty- ’jsp pKCEpFFtzy n’ǫ( tGFpwq tF zq HytqzEx GElyFnpyopyGlwtGA I; ˆ ;+ lF nly mp Fppy

qEzx pD- ’“-](-( jsHF Jp Fpp GslG qzE A ˆ 3 idX+ Gsp zCpElGzE Ta=( slF xlKtxlw HytqzEx

GElyFnpyopyGlwtGA I; ˆ 3-

LG GsEpp wzzCF+ Jp nzyFtopE Gsp A ˆ 3 idX NlGlyt zCpElGzE ’“-=–(- Lww Gsp GpExF

GsEzHrs ´.ǫ= slIp HytqzEx GElyFnpyopyGlwtGA I; ˆ [+ GsHF xlKtxlw- ’jsp ´.ǫ GpEx nzyGltyF

9a2(+ Jstns Jp slIp yzG nzxCHGpo-( XzEpzIpE+ qEzx pD- ’“;( zq Epq- ”´–fl+ Jp Fpp GslG Gsp

lootGtzylw GpExF ty Gsp GsEpp!wzzC gNO NlGlyt zCpElGzE+ CEzCzEGtzylw Gz x;+ nzyGlty lG

xzFG GpExF zq HytqzEx GElyFnpyopyGlwtGA I; ˆ 4+ lyo GsHF FHmozxtylyG- bp pKCpnG Gsp

Flxp ClGGpEy Gz szwo qzE Gsp GsEpp!wzzC lyzxlwzHF otxpyFtzy xlGEtK 9a2(-

MlFpo zy GspFp EpFHwGF+ tG tF ylGHElw Gz pKCpnG GslG Gsp �!wzzC A ˆ 3 idX NlGlyt

zCpElGzE Ta�( Jtww lwFz mp zq HytqzEx GElyFnpyopyGlwtGA+ lyo Gsp xlKtxlw GElyFnpyopyGlwtGA

Ctpnp zq Gsp gNO zCpElGzE-

5-= jflyFnpyopyGlwtGL zD Gkz’wzzC DzHf’rwHzy lxCwtGHopF

jz pKlxtyp Gsp GElyFnpyopyGlwtGA zq Gsp A ˆ 3 idX qzHE!rwHzy lxCwtGHopF+ zyp xHFG

wzzv lG Gsp pKlnG pKCEpFFtzyF qzE Gsp CwlylE lyo yzy!CwlylE wzzC tyGprElwF- QEzx Gsp

pKCwtntG �lHEpyG pKClyFtzyF rtIpy ty EpqF- ”=;+ ]fl+ zyp xlA Fpp GslG+ Jstwp Gsp zyp! lyo

GJz!wzzC CwlylE tyGprElwF ’=-]( lyo ’=-´=( slIp HytqzEx GElyFnpyopyGlwtGA I; ˆ = lyo

I; ˆ 3 EpFCpnGtIpwA+ Gsp GJz!wzzC yzyCwlylE tyGprElw ’=-´4( ozpF yzG+ lF tG nzyGltyF GpExF

zq FHmwplotyr GElyFnpyopyGlwtGA-

jsp wplotyr!nzwzE zyp! lyo GJz!wzzC lxCwtGHopF La0b;( lyo La=b;(+ Jstns lEp mHtwG qEzx

zyp! lyo GJz!wzzC CwlylE tyGprElwF GspEpqzEp slIp HytqzEx GElyFnpyopyGlwtGA+ lF tF lwEploA

Jpww vyzJy- jsp FHmwplotyr!nzwzE zyp!wzzC lxCwtGHop La0b0( ’lyo GspEpqzEp Gsp zyp!wzzC

FHCpErElItGA lxCwtGHop(+ Jstns mA pD- ’=-´;( tF lwFz mHtwG qEzx Gsp zyp!wzzC CwlylE tyGprElw+

lwFz slF HytqzEx GElyFnpyopyGlwtGA I; ˆ =-

TG tF yzG zmItzHF GslG Gsp GJz!wzzC FHmwplotyr!nzwzE lxCwtGHopF La=b0( lyo La=b=(+ Jstns

lEp mHtwG qEzx GJz!wzzC CwlylE lyo yzy!CwlylE tyGprElwF ’nq- pDF- ’=-´“( lyo ’=-´3(( slIp

HytqzEx GElyFnpyopyGlwtGA+ mHG Jp slIp IpEt6po+ HFtyr Gsp pKCEpFFtzyF ty Epq- ”==fl+ GslG

lww Gsp GpExF zq FHmozxtylyG GElyFnpyopyGlwtGA nlynpw zHG+ lyo GslG Gsp qHww yzyCwlylE

lxCwtGHopF slIp HytqzEx GElyFnpyopyGlwtGA I; ˆ 3+ lG wplFG GsEzHrs C’ǫ;(-
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TG JlF CEpItzHFwA zmFpEIpo GslG Gsp GJz!wzzC A ˆ ] FHCpErElItGA lxCwtGHop ’4-´](+

Jstns tF lwFz mHtwG qEzx Gsp GJz!wzzC yzy!CwlylE tyGprElw ’=-´4(+ yzypGspwpFF slF HytqzEx

GElyFnpyopyGlwtGA ”==+ =“fl-

RtIpy GslG Gsp A ˆ 3 idX qzHE!rwHzy lxCwtGHopF ’lG wplFG GsEzHrs GJz wzzCF( slIp

HytqzEx GElyFnpyopyGlwtGA+ Gsp DHpFGtzy lEtFpF JspGspE GspA nzyFGtGHGp Gsp pyGtEp xlKtxHx

GElyFnpyopyGlwtGA Ctpnp zq Gsp nzEEpFCzyotyr CHEp gNO lxCwtGHopF ”“4fl-

LG zyp wzzC+ Gsp wplotyr!nzwzE qzHE!rwHzy gNO lxCwtGHop tF ”=]fl

XrISMA
/0/1/2/3

ˆ ’´| ǫδs(X
gnlIle
/0/1/2/3 | 3X�10

/0/1/2/3 )X
�1?
/0/1/2/3 ’[-3(

JspEp λR opyzGp spwtntGtpF- jsp A ˆ 3 idX qzHE!rwHzy lxCwtGHop X�1?
/0/1/2/3

tF yzyBpEz

zywA qzE spwtntGtpF ||)) zE | )|)+ lyo rtIpy mA MzKa?(’gb h(+ Jstns slF HytqzEx GEly!

FnpyopyGlwtGA+ FGlEGtyr JtGs ´.ǫ= ’Gsp ǫL GpEx slF GElyFnpyopyGlwtGA A ) =(- jsp GpExF

’´ | ǫδs(X
gnlIle
††)) lyo X�10

††)) lEp opnzxCzFpo tyGz MHxa[(+ ǫMzKa](+ ǫMzKa[(+ MHxa?(+ lyo

GpExF JtGs wzJpE GElyFnpyopyGlwtGA+ lyo qEzx Gsp pKCwtntG pKCEpFFtzyF ty Epq- ”=]fl+ Jp Fpp

GslG GspA lww FGlEG lG xzFG JtGs ´.ǫ+ GsHF lG zEopE ǫL slIp GElyFnpyopyGlwtGA lG xzFG A)´-

jsp GpExF ’´ | ǫδs(X
gnlIle
†)†) lyo X�10

†)†)+ szJpIpE+ nzyGlty Gsp 6ytGp GpEx MzKa[(+ Jstns

slF CtpnpF zq ’xlKtxlw( GElyFnpyopyGlwtGA GJz- Spynp+ zywA ty Gsp nlFp zq Gsp zyp!wzzC

lxCwtGHop JtGs spwtntGA ||)) lEp Gsp xlKtxlw GElyFnpyopyGlwtGA GpExF zq gNO rtIpy mA

Gsp A ˆ 3 idX EpFHwG ”“[fl-

jsp zyp!wzzC k’´( opnzHCwtyr topyGtGA ’=-–( szwoF qzE mzGs A ˆ 3 idX lyo qzE A ˆ ;

’CHEp gNO(- itynp Gsp xlKtxlw GElyFnpyopyGlwtGA GpExF zq Gsp wplotyr!nzwzE zyp!wzzC qzHE!

rwHzy gNO lxCwtGHop JtGs spwtntGA | | )) lEp rtIpy mA Gsp nzEEpFCzyotyr A ˆ 3 idX

lxCwtGHopF+ Gsp opnzHCwtyr topyGtGA txCwtpF Gsp Flxp EpFHwG qzE Gsp FHmwplotyr!nzwzE zyp!

wzzC lxCwtGHopF-

LG GJz wzzCF+ GstF ozpF yzG szwo pIpy qzE Gsp wplotyr!nzwzE lxCwtGHop JtGs spwtntGA ||
))- jsp wplotyr!nzwzE GJz!wzzC gNO lxCwtGHop ”=]fl nzyGltyF GpExF zq GElyFnpyopyGlwtGA

GJz GslG lEp yzG nzyGltypo ty Gsp nzEEpFCzyotyr A ˆ 3 idX lxCwtGHop ”“[fl-

6- YMynwSgtMyg

Ty GstF ClCpE Jp slIp FGHotpo Gsp FHmwplotyr!nzwzE ’yzyCwlylE( nzyGEtmHGtzyF Gz Gsp A ˆ

3 idX qzHE!rwHzy lxCwtGHop- PKCwtntG pKCEpFFtzyF qzE Gsp Th!otIpErpyG GpExF zq Gsp

FHmwplotyr!nzwzE lxCwtGHopF JpEp nzxCHGpo GsEzHrs GsEpp wzzCF HFtyr Gsp qzExlwtFxF zq

NlGlyt lyo zq iGpExly lyo jpupol!dpzxlyF- bp pKGElCzwlGpo GspFp EpFHwGF Gz nzyupnGHEp

Gsp qzEx zq Gsp wplotyr Th otIpErpynpF zq Gsp Y !tyopCpyopyG FHmwplotyr!nzwzE lxCwtGHop

La�b�( ty pDF- ’3-34( lyo ’3-3[(-

bp slIp lwFz opxzyFGElGpo Fzxp nzyypnGtzyF mpGJppy A ˆ 3 idX qzHE!rwHzy lxCwt!

GHopF lyo A ˆ ] FHCpErElItGA qzHE!rElItGzy lxCwtGHopF- jsp zyp!wzzC FHmwplotyr!nzwzE

idX lxCwtGHop tF CEzCzEGtzylw Gz Gsp zyp!wzzC FHCpErElItGA lxCwtGHop+ Gsp CEzCzEGtzy!

lwtGA nzyFGlyG mptyr Gsp ElGtz zq Gsp nzHCwtyr nzyFGlyG λidc qzE idX lyo Gsp otxpy!

FtzywpFF pΓpnGtIp nzHCwtyr λisH qzE FHCpErElItGA- alEtzHF EpwlGtzyF pKtFG mpGJppy Gsp GJz!

wzzC FHmwplotyr!nzwzE idX lxCwtGHopF lyo zyp! lyo GJz!wzzC FHCpErElItGA lxCwtGHopF+

lF opGltwpo ty FpnGtzy 4- jsp idX:FHCpErElItGA nzyypnGtzy tF xzFG GElyFClEpyG ty GpExF
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zq ElGtzF zq wzzC lxCwtGHopF Gz GEpp lxCwtGHopF X a�( ˆ La�(.La;(- jsp EpwlGtzy ’4-=“(

mpGJppy �!wzzC idX lyo �!wzzC FHCpErElItGA lxCwtGHopF+ Jstns tF Ilwto qzE � ≤ =+ tF

HyopEFGzzo mA EpCwlntyr λidc JtGs λisH lyo FHxxtyr zIpE CpExHGlGtzyF- jsp FtxCwp

EpwlGtzy ’4-=“(+ szJpIpE+ qltwF lG GsEpp wzzCF lyo mpAzyo ’lFFHxtyr GslG Jp slIp nzEEpnGwA

opGpExtypo Gsp wplotyr otIpErpynpF zq X
a�b�(
idc lyo X

a�(
is (- TyFGplo+ Jp zmGlty Gsp Epwl!

GtzyF ’4-=4( lyo ’4-=[(+ Jstns oz yzG slIp l FtxCwp tyGpECEpGlGtzy- Tq pD- ’4-=“( JpEp

nzEEpnG ’zE pDF- ’4-=4( lyo ’4-=[( slo yz pKGEl GpExF(+ Jp JzHwo slIp slo l FtxCwp+ lwmptG

yzytyGHtGtIp+ tyGpECEpGlGtzy ty GpExF zq Gsp WG SzzqG CtnGHEp ’pDHlGtyr Gsp GzCzwzrtnlw pK!

ClyFtzy zq idX QpAyxly otlrElxF JtGs FGEtyr JzEwoFsppGF(- fpEslCF l xzot6nlGtzy zq

GstF CtnGHEp nly mp qzHyo GslG JzHwo EpwlGp Gsp FHmwplotyr!nzwzE ’yzyCwlylE( A ˆ 3 idX

lxCwtGHopF Gz Gsp A ˆ ] FHCpErElItGA lxCwtGHopF Gz lww wzzC zEopEF-

ZHE zyp lyo GJz!wzzC EpFHwGF FHrrpFG Gsp CzFFtmtwtGA zq l Jplv!Jplv oHlwtGA mpGJppy

A ˆ 3 idX lyoA ˆ ] FHCpErElItGA ’Fpp lwFz Epq- ”““fl(+ ty nzyGElFG Gz Gsp HFHlw FGEzyr!Jplv

Loi:NQj oHlwtGA- iHns l oHlwtGA+ szJpIpE+ JzHwo EpDHtEp l EpwlGtzy mpGJppy idX lyo

FHCpErElItGA lxCwtGHopF lG GsEpp wzzCF lyo mpAzyo+ l EpwlGtzy Jp slIp qltwpo Gz 6yo- itynp

Gsp rlHrp GspzEA pKClyFtzy slF GJz ClElxpGpEF+ λidc ˆ P=Y lyo ´.Y ’nzEEpFCzyotyr Gz

α′ lyo PP ty Gsp FGEtyr CtnGHEp(+ JspEplF Gsp wzzC pKClyFtzy zq A ˆ ] FHCpErElItGA slF

zywA zyp ClElxpGpE+ λis ˆ ’>.=(=+ tG tF CpEslCF HywtvpwA GslG FHns l oHlwtGA nzHwo pKtFG

JtGszHG Glvtyr tyGz lnnzHyG FGEtyrA nzEEpnGtzyF- TG tF CzFFtmwp GslG zyp yppoF Gz nzyFtopE

Gsp xtKtyr zq zGspE FGEtyr GspzEA xzopF tyGz Gsp wzzC pKClyFtzy zq FHCpErElItGA+ rtItyr Gsp

pKGEl GpExF ty pDF- ’4-=4( lyo ’4-=[(-

jsp zyp!wzzC FHCpErElItGA lxCwtGHop lCCplEF ty xlyA otΓpEpyG CwlnpF ty FHmwplotyr!

nzwzE idX lxCwtGHopF- PKlxCwpF tynwHop Gsp GJz wplotyr Th!otIpErpyG GpExF ty

pDF- ’3-=[(+ ’3-“3(+ ’3-34(+ lyo ’3-3[(+ lF Jpww lF Gsp qHww Th otIpErpynp ty pDF- ’4-´“(

lyo ’4-´4(-

QtylwwA+ Jp slIp pKlxtypo Gsp tFFHp zq GElyFnpyopyGlwtGA zq GspA ˆ 3 idX FHmwplotyr!

nzwzE lxCwtGHopF lyo zq Gsp NlGlyt zCpElGzEF- kC Gz GJz wzzCF+ Gsp yzyCwlylE lxCwtGHopF

slIp HytqzEx GElyFnpyopyGlwtGA+ lF tF lwEploA vyzJy qzE Gsp CwlylE lxCwtGHopF- jsp A ˆ 3

idX NlGlyt zCpElGzEF ’lG wplFG GsEzHrs GsEpp wzzCF( lwFz slIp HytqzEx GElyFnpyopyGlwtGA+

lyo nzyFGtGHGp Gsp xlKtxHx GElyFnpyopyGlwtGA Ctpnp zq Gsp gNO NlGlyt zCpElGzEF-

�nvyMkwporxpyRg

jsp lHGszEF JzHwo wtvp Gz Gslyv QpEylyoz LwolA qzE HFpqHw nzEEpFCzyopynp+ �lynp OtKzy

qzE nzEEpFCzyopynp lyo nzyIpEFlGtzyF+ lyo hloH hztmly qzE otFnHFFtzyF- bp lwFz Gslyv

�lynp OtKzy qzE lwpEGtyr HF Gz Fzxp tylnnHElGp FGlGpxpyGF ty FpnGtzy [ zq T0 zq GstF ClCpE-
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