
Bowdoin College Bowdoin College 

Bowdoin Digital Commons Bowdoin Digital Commons 

Physics Faculty Publications Faculty Scholarship and Creative Work 

4-19-2013 

All-loop infrared-divergent behavior of most-subleading-color All-loop infrared-divergent behavior of most-subleading-color 

gauge-theory amplitudes gauge-theory amplitudes 

Stephen G. Naculich 
Bowdoin College 

Horatiu Nastase 
Universidade Estadual Paulista "Júlio de Mesquita Filho" 

Howard J. Schnitzer 
Brandeis University 

Follow this and additional works at: https://digitalcommons.bowdoin.edu/physics-faculty-publications 

Recommended Citation Recommended Citation 
Naculich, Stephen G.; Nastase, Horatiu; and Schnitzer, Howard J., "All-loop infrared-divergent behavior of 
most-subleading-color gauge-theory amplitudes" (2013). Physics Faculty Publications. 113. 
https://digitalcommons.bowdoin.edu/physics-faculty-publications/113 

This Article is brought to you for free and open access by the Faculty Scholarship and Creative Work at Bowdoin 
Digital Commons. It has been accepted for inclusion in Physics Faculty Publications by an authorized administrator 
of Bowdoin Digital Commons. For more information, please contact mdoyle@bowdoin.edu, a.sauer@bowdoin.edu. 

https://digitalcommons.bowdoin.edu/
https://digitalcommons.bowdoin.edu/physics-faculty-publications
https://digitalcommons.bowdoin.edu/physics-faculty
https://digitalcommons.bowdoin.edu/physics-faculty-publications?utm_source=digitalcommons.bowdoin.edu%2Fphysics-faculty-publications%2F113&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.bowdoin.edu/physics-faculty-publications/113?utm_source=digitalcommons.bowdoin.edu%2Fphysics-faculty-publications%2F113&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:mdoyle@bowdoin.edu,%20a.sauer@bowdoin.edu


I
G
D
O
/
3
’
1
/
0
2
(
0
0
3

ftKSRrgdc eXp iuii� Kb iopRAPdp

hdydRIdcW rMapFupb 13l 1,02

�yydosdcW cupye 17l 1,02

ftKSRrgdcW �Aphi 07l 1,02

�SS,Snno hAepwpNz,zhuNpfNAG aNgwuhnp ne
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�pNCwEGlNAG BO fQLFRyFfi nBJzBRA YBUUNPNfi
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�Krspwysl jQN RAOEwENz FRAPHUwERGRNF BO PEwIRGwGRBAwU wVCURGHzNF wEN BAN]UBBC NKwyGfi RA

GQwG QRPQNE]UBBC zRINEPNAyNF wEN yQwEwyGNERMNz xL GQN NKCBANAGRwU BO GQN BAN]UBBC zRINE]

PNAyN– mN FQBJ GQwG GQN yBAGERxHGRBAF GB ik“d¯ PwHPN]GQNBEL wVCURGHzNF GQwG wEN VBFG]

FHxUNwzRAP RA GQN 0.d NKCwAFRBA wEN wUFB BAN]UBBC NKwyGfi CEBIRzNz GQwG GQN zRCBUN yBASNy]

GHEN QBUzF– fBFFRxUN yBEENyGRBAF GB GQN zRCBUN yBASNyGHENfi xNPRAARAP wG GQENN UBBCFfi yBHUz

IRBUwGN BAN]UBBC]NKwyGANFFfi GQBHPQ JBHUz FGRUU VwRAGwRA GQN wxFNAyN BO yBUURANwE zRINEPNAyNF–

mN wUFB zNVBAFGEwGN w ENUwGRBA xNGJNNA b]UBBC OBHE]CBRAG A ; ! FHCNEPEwIRGL wAz VBFG]

FHxUNwzRAP]yBUBE A ; 3 ioc wVCURGHzNF GQwG QBUzF OBE GQN GJB UNwzRAP uh zRINEPNAyNFfi

N“0.ǫb¯ wAz N“0.ǫb�0¯fi xHG xENwTF zBJA wG N“0.ǫb�1¯–

adbvXpcrl iHCNEFLVVNGERy PwHPN GQNBELfi iywGGNERAP �VCURGHzNFfi cBzNUF BO gHwAGHV

sEwIRGLfi 0.d qKCwAFRBA

�pnRI dfpRAsl 02/0–1123

b∞ iuii� 1+02 zBRW0/–0//6.vtqf/3“1/02¯003



I
G
D
O
/
3
’
1
/
0
2
(
0
0
3

YBAsdAsr
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1 uAeDwDdM MRIdDPdAydr Be PDwIRsb wlCTRstMdr 1

2 uAeDwDdM MRIdDPdAydr Be sgd lBrs=rtaTdwMRAP=yBTBD oc wlCTRstMdr 4

3 uh adgwIRBD Be sgd lBrs=rtaTdwMRAP=yBTBD eBtD=CBRAs wlCTRstMd 6

4 fBrrRaTd sgDdd=TBBC yBDDdysRBAr sB sgd MRCBTd yBASdystDd 00

5 �=TBBC rtCdDPDwIRsb-ioc DdTwsRBAr 01

6 YBAyTtrRBAr 03

� jvB=TBBC lBrs=rtaTdwMRAP=yBTBD � m 3 ioc eBtD=CBRAs wlCTRstMd 04

n iblaBTBPb 06

Y iblaBT DdTwsRBA 08

/ uAspBMtysRBA

jQN FGEHyGHEN BO RAOEwENz zRINEPNAyNF RA FywGGNERAP wVCURGHzNF BO VwFFUNFF CwEGRyUNF QwF

xNNA wA BxSNyG BO VHyQ FGHzL BINE CwFG zNywzNF– jQN uh xNQwIRBE BO PEwIRGL wVCURGHzNFfi RA

CwEGRyHUwEfi QwF w ENVwETwxUN FRVCURyRGL )0,fi GEwyNwxUN GB GQN wxFNAyN BO yBUURANwE zRINEPNAyNFfi

wAz wUFB GB GQN OwyG GQwG zRINEPNAyNF BAUL wERFN OEBV FBOG PEwIRGBA NKyQwAPN xNGJNNA NKGNEAwU

CwEGRyUNF: ABA]wxNURwA]URTN RAGNEwyGRBAF wVBAP IREGHwU PEwIRGBAF HUGRVwGNUL zB ABG yBAGERxHGN

GB GQN uh]zRINEPNAG xNQwIRBE– �F w ENFHUGfi RA zRVNAFRBAwU ENPHUwERMwGRBA “RA Z ; 3 O 1ǫ

zRVNAFRBAF¯fi GQN UNwzRAP uh zRINEPNAyN wG b UBBCF )1fi 2, PBNF wF 0.ǫbfi wAz OHEGQNEfi GQN uh

xNQwIRBE RF BAN]UBBC NKwyG: GQwG RFfi wUU b]UBBC zRINEPNAyNF wERFN OEBV GQN NKCBANAGRwU BO GQN

BAN]UBBC zRINEPNAyN )0-”,–

nL yBAGEwFGfi GQN FGEHyGHEN BO uh zRINEPNAyNF BO ABA]wxNURwA PwHPN GQNBERNF RF w ERyQNE

FHxSNyG: xBGQ yBUURANwE wAz FBOG zRINEPNAyNF wCCNwE– jQN uh zRINEPNAyNF BO w PwHPN GQNBEL

wVCURGHzN ywA xN OwyGBENz RAGB w CEBzHyG BO SNG OHAyGRBAF wAz w FBOG OHAyGRBA wyGRAP BA wA

uh]+ARGN QwEz OHAyGRBA )6fi !,– jQN FBOG OHAyGRBA zNCNAzF BA w FBOG wABVwUBHF zRVNAFRBA

VwGERK 9=b? wG NwyQ UBBC UNINU– hNyNAGULfi FGEBAP yBAFGEwRAGF BA GQN OBEV BO 9=b? JNEN

zNERINz HFRAP FBOG yBUURANwE NffiNyGRIN GQNBEL )8, wAz iHzwTBI OwyGBERMwGRBA wAz VBVNAGHV

ENFywURAP )0/,– jQN FRVCUNFG FBUHGRBA GB GQNFN yBAFGEwRAGF RF GQN FHV]BINE]yBUBE]zRCBUNF

OBEVHUw )8-00,fi JQRyQ NFFNAGRwUUL FGwGNF GQwG 9=b? RF CEBCBEGRBAwU GB 9=0? OBE wUU b– “jQRF

CEBCBEGRBAwURGL Qwz CENIRBHFUL xNNA NFGwxURFQNz wG GJB UBBCF RA ENO– )!,fi wAz yBASNyGHENz GB
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xN GEHN OBE wUU b RA ENO– )01,–¯ �UGQBHPQ zNCwEGHENF OEBV GQN zRCBUN OBEVHUw wEN ABG EHUNz

BHG wG GQENN UBBCF wAz xNLBAzfi GQN TRANVwGRywU zNCNAzNAyN BO FHyQ yBEENyGRBAF RF QRPQUL

yBAFGEwRANz )8-00fi 02-04,–

eAN ywA BEPwARMN GQN FywGGNERAP wVCURGHzNF BO wA ik“d¯ PwHPN GQNBEL RA w yBVxRANz

UBBC wAz 0.d NKCwAFRBA– jQN UNwzRAP]yBUBE “CUwAwE¯ b]UBBC A]CBRAG wVCURGHzN �=b<+? RF CEB]

CBEGRBAwU GB P��1“P1d¯bfi JQRUN GQN FHxUNwzRAP]yBUBE wVCURGHzNF �=b<j?fi JRGQ T ; 0> ± ± ± > bfi

wEN zBJA xL 0.dj ENUwGRIN GB GQN CUwAwE wVCURGHzN– jQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF

�=b<b? wEN RAzNCNAzNAG BO d – mQRUN GQN UNwzRAP zRINEPNAyN BO b]UBBC CUwAwE PwHPN GQNBEL

wVCURGHzNF PBNF wF N“0.ǫ1b¯fi GQN FHxUNwzRAP]yBUBE wVCURGHzNF �=b<j? wEN UNFF zRINEPNAGfi

JRGQ w UNwzRAP zRINEPNAyN BO N“0.ǫ1b�j¯ )0”-08,– YBAFNDHNAyNF BO GQN zRCBUN OBEVHUw OBE

GQN uh xNQwIRBE BO FHxUNwzRAP]yBUBE wVCURGHzNF JNEN zNERINz RA ENO– )06fi 08,–

jQN OwyG GQwG GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF �=b<b? BAUL PB wF N“0.ǫb¯ FHP]

PNFGF GQwG GQNLfi URTN PEwIRGL wVCURGHzNFfi QwIN AB yBUURANwE uh zRINEPNAyNFfi BAUL FBOG uh

zRINEPNAyNF– uA GQRF CwCNE JN JRUU NKCUBEN JQNGQNE GQN uh zRINEPNAyNF BO VBFG]FHxUNwzRAP]

yBUBE wVCURGHzNF wUFB QwIN GQN CEBCNEGL BO xNRAP BAN]UBBC NKwyGfi wF wEN PEwIRGL wVCURGHzNF–

mN JRUU FQBJ GQwGfi CEBIRzNz GQN FBOG wABVwUBHF zRVNAFRBA VwGERyNF BxNL GQN zRCBUN OBE]

VHUwfi GQRF RF RAzNNz GQN ywFN– jQwG RFfi RA w PRINA GEwyN xwFRFfi GQN uh zRINEPNAyNF ywA xN

JERGGNA RA GNEVF BO GQN NKCBANAGRwU BO w VwGERK GQwG zNFyERxNF GQN BAN]UBBC zRINEPNAyN–

mN wUFB CEBIRzN NKCURyRG NKCENFFRBAF OBE GQN uh zRINEPNAyNF BO GQN VBFG]FHxUNwzRAP]yBUBE

OBHE]CBRAG wVCURGHzN OBE wExRGEwEL b–

YBEENyGRBAF GB GQN zRCBUN OBEVHUwfi RO CENFNAGfi xNPRA wG GQENN UBBCF– mN yBVCHGN GQN

0.d NKCwAFRBA BO w CBFFRxUN GQENN]UBBC yBEENyGRBA GNEV GB GQN zRCBUN OBEVHUw wAz FQBJ

GQwG RG JBHUz wffiNyG GQN VBFG]FHxUNwzRAP]yBUBE GQENN]UBBC OBHE]CBRAG wVCURGHzN �=2<2? wG

N“0.ǫ¯fi FCBRURAP GQN BAN]UBBC NKwyGANFF BO RGF uh xNQwIRBEfi wUGQBHPQ yBUURANwE uh zRINEPNAyNF

ENVwRA wxFNAG–

rRAwUULfi GQN FRVRUwERGL xNGJNNA PEwIRGL wAz VBFG]FHxUNwzRAP]yBUBE PwHPN]GQNBEL wVCUR]

GHzNF ywA xN HFNz GB zNzHyN w ENUwGRBA xNGJNNA b]UBBC OBHE]CBRAG A ; ! FHCNEPEwIRGL wAz

VBFG]FHxUNwzRAP]yBUBE A ; 3 ioc wVCURGHzNF GQwG QBUzF OBE GQN GJB UNwzRAP uh zRINE]

PNAyNFfi N“0.ǫb¯ wAz N“0.ǫb�0¯fi xHG xENwTF zBJA wG N“0.ǫb�1¯–

uA FNyGRBA 1fi JN ENIRNJ GQN BAN]UBBC NKwyGANFF BO PEwIRGL wVCURGHzNF– uA FNyGRBA– 2fi

JN zNVBAFGEwGN GQwG VBFG]FHxUNwzRAP]yBUBE ik“d¯ PwHPN GQNBEL wVCURGHzNF wEN FRVRUwEUL

BAN]UBBC NKwyGfi CEBIRzNz GQN zRCBUN yBASNyGHEN QBUzF– uA FNyGRBA 3fi JN zNERIN wA NKCENFFRBA

OBE GQN OHUU uh zRINEPNAyNF BO GQN b]UBBC OBHE]CBRAG VBFG]FHxUNwzRAP]yBUBE wVCURGHzN RA

GNEVF BO UBJNE]UBBC wVCURGHzNF– uA FNyGRBA 4fi JN NKwVRAN GQN NffiNyG BO w CBFFRxUN GQENN]UBBC

yBEENyGRBA GB GQN zRCBUN yBASNyGHEN– uA FNyGRBA ” JN zNzHyN w ENUwGRBA xNGJNNA OBHE]CBRAG

A ; ! FHCNEPEwIRGL wAz VBFG]FHxUNwzRAP]yBUBE A ; 3 ioc wVCURGHzNF– lwERBHF GNyQARywU

zNGwRUF VwL xN OBHAz RA GQENN wCCNAzRyNF–

1 uAepwpdM MRIdpPdAydr Be PpwIRsb wlCkRstMdr

jQN CRBANNERAP FGHzL BO GQN uh FRAPHUwERGRNF BO PEwIRGwGRBAwU GQNBERNF xL mNRAxNEP )0, FQBJNz

GQwG GQNFN wEN BAN]UBBC NKwyG RA GQN FNAFN GQwG wUU uh zRINEPNAyNF wEN yQwEwyGNERMNz xL GQN

NKCBANAGRwU BO GQN BAN]UBBC zRINEPNAyN– ZHAxwE wAz dBEERzPN UwGNE ENIRFRGNz GQRF RFFHN RA

- 1 -



I
G
D
O
/
3
’
1
/
0
2
(
0
0
3

GQN yBAGNKG BO FGERAP GQNBEL )1,– hNyNAGUL GJB BO HF )3, ENOBEVHUwGNz GQRF CEBxUNV RA wAwUBPL

JRGQ GQN VBzNEA GENwGVNAG BO uh FRAPHUwERGRNF RA PwHPN GQNBERNFfi wAz FNINEwU BGQNE wHGQBEF

QwIN FGHzRNz wAz NKGNAzNz GQN FHxSNyG OEBV GQRF CBRAG BO IRNJ )4fi ”fi 1/fi 10,–

uA ENO– )3, RG JwF CEBCBFNz GQwG GQN A]PEwIRGBA FywGGNERAP wVCURGHzN ywA xN JERGGNA wF

�� ; i� ±t� “1–0¯

JQNEN i� RF GQN PEwIRGwGRBAwU FBOG OHAyGRBAfi wA uh]zRINEPNAG OwyGBE zNFyERxRAP GQN NffiNyGF

BO FBOG PEwIRGBA NKyQwAPN xNGJNNA GQN A NKGNEAwU CwEGRyUNFfi wAz t� RF GQN uh]+ARGN QwEz

OHAyGRBA– YBAGEwEL GB PwHPN GQNBERNFfi GQNEN wEN AB SNG OHAyGRBAFfi wF yBUURANwE FRAPHUwERGRNF

wEN wxFNAG wOGNE FHVVRAP BINE zRwPEwVF– mN NKCwAz NwyQ BO GQN DHwAGRGRNF RA ND– “1–0¯ RA

w UBBC NKCwAFRBA RA CBJNEF BO λ ; “µ.1¯1“3πN�γ¯ǫfi JQNEN µ1 ; 21πsW

�� ;

∞
〉

bm+

�=b?� > i� ; 0 [

∞
〉

bm0

i=b?� > t� ;

∞
〉

bm+

t=b?
� , “1–1¯

uh zRINEPNAyNF wEN ENPHUwGNz HFRAP zRVNAFRBAwU ENPHUwERMwGRBA RA Z ; 3 O 1ǫfi JRGQ ǫ m /–

jQNAfi zHN GB GQN OwyG GQwG wUU uh FRAPHUwERGRNF wEN wFFByRwGNz JRGQ FRAPUN PEwIRGBA NKyQwAPNF

xNGJNNA CwREF BO NKGNEAwU CwEGRyUNFfi GQN FBOG OHAyGRBA RF PRINA xL GQN NKCBANAGRwU BO GQN

BAN]UBBC uh zRINEPNAyN )0-”,

i� ; NKC

)

σ�
ǫ

[

> σ� ;
λ

0”π1

�
〉

im0

〉

fmi

Ffi UBP

)

OFfi
/1

(

> Ffi ; “Tf [ Ti¯
1, “1–2¯

“�AL uh]+ARGN yBAGERxHGRBAF OEBV GQNFN NKyQwAPNF ywA xN wxFBExNz RAGB t�–¯ tNAyN GQN

uh zRINEPNAyNF BO GQN PEwIRGwGRBAwU wVCURGHzN wEN BAN]UBBC NKwyG

�� ; NKC

)

σ�
ǫ

[

t� “1–3¯

wAz GQN b]UBBC wVCURGHzN ywA xN NKCENFFNz wF

�=b?� ;

b
〉

ℓm+

0

“bO ℓ¯7

)

σ�
ǫ

[b�ℓ

t=ℓ?
� “ǫ¯> “1–4¯

GQwG RFfi GQN b]UBBC uh zRINEPNAyNF wEN zNGNEVRANz xL σ� GBPNGQNE JRGQ GQN uh]+ARGN yBAGERxH]

GRBAF “RAyUHzRAP GNEVF CEBCBEGRBAwU GB CBFRGRIN CBJNEF BO ǫ¯ BO wUU GQN UBJNE]UBBC wVCURGHzNF–

nL TNNCRAP GQN +EFG GJB GNEVF

�=b?� ;
0

b7

)

σ�
ǫ

[b

t=+?
� “ǫ¯ [

0

“bO 0¯7

)

σ�
ǫ

[b�0

t=0?
� “ǫ¯ [N“0.ǫb�1¯ “1–”¯

JN BxFNEIN GQwG GQN GJB UNwzRAP uh zRINEPNAyNF BO GQN b]UBBC wVCURGHzN wEN yBVCUNGNUL

zNGNEVRANz xL GQN GENN wAz BAN]UBBC wVCURGHzNF– cBENBINEfi FRAyN t
=0?
� “bǫ¯ ; t

=0?
� “ǫ¯ [

N“ǫ¯fi JN FNN GQwG GQN GJB UNwzRAP zRINEPNAyNF BO GQN b]UBBC wVCURGHzN ywA xN ENUwGNz GB

GQN BAN]UBBC wVCURGHzN NIwUHwGNz RA Z ; 3O 1bǫ zRVNAFRBAFW

�=b?� “ǫ¯ ;
0

“bO 0¯7

)

σ�
ǫ

[b�0

�=0?� “bǫ¯ [N“0.ǫ
b�1¯ , “1–6¯
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uA FNyGRBA 3fi JN JRUU +Az wA wAwUBPBHF ENUwGRBAFQRC OBE GQN VBFG]FHxUNwzRAP]yBUBE oc

wVCURGHzN–

rBE GQN ENVwRAzNE BO GQRF FNyGRBAfi JN ENFGERyG BHEFNUINF GB GQN OBHE]CBRAG wVCURGHzN

BO A ; ! FHCNEPEwIRGL– uA GQRF ywFNfi GQN wUU]UBBC]BEzNEF wVCURGHzN RF CEBCBEGRBAwU GB GQN

GENN]UNINU wVCURGHzN )11fi 12,fi wUUBJRAP HF GB zN+AN GQN QNURyRGL]RAzNCNAzNAG EwGRBF

c3 ; �3.�
=+?
3 > c

=e?
3 ; t3.�

=+?
3 , “1–!¯

jQNA NDF– “1–2¯ wAz “1–3¯ RVCUL

c3 ; NKC

)

σ3
ǫ

[

c
=e?
3 > σ3 ;

λ

!π1

)

F UBP

)

OF

/1

(

[ G UBP

)

OG

/1

(

[ H UBP

)

OH

/1

([

“1–8¯

JQNEN F ; F01fi G ; F03fi wAz H ; F02– YBAFNDHNAGULfi GQN UBPwERGQV BO GQN EwGRB BO GQN OHUU

wVCURGHzN GB GQN GENN wVCURGHzN

Λ3 ≡ UBPc3 ;
σ3
ǫ
[ UBPc

=e?
3 “1–0/¯
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c
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iRAyN Λ
=0?
3 zRINEPNF wF 0.ǫfi wAz Λ

=b?
3 wEN uh]+ARGN OBE wUU b ≥ 1fi JN FNN GQwG GQN GJB UNwzRAP

uh]zRINEPNAG GNEVF BO GQN b]UBBC wVCURGHzN ywA xN NKCENFFNz RA GNEVF BO GQN BAN]UBBC

wVCURGHzN

c
=b?
3 “ǫ¯ ;

0

b7

∫

c
=0?
3 “ǫ¯

(b

[N“0.ǫb�1¯ , “1–03¯

�F RA GQN PNANEwU ywFN “1–6¯fi JN ywA wUFB JERGN GQRF wF w ENUwGRBA xNGJNNA GQN b]UBBC

wVCURGHzN wAz GQN BAN]UBBC wVCURGHzN NIwUHwGNz RA Z ; 3O 1bǫ zRVNAFRBAFW
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3 “ǫ¯ ;

0

“bO 0¯7
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2 uAepwpdM MRIdpPdAydr Be sgd lBrs=rtakdwMRAP=yBkBp oc wlCkRstMdr

uA GQRF FNyGRBA JN JRUU NKCUBEN GQN uh zRINEPNAyNF BO A]PUHBA wVCURGHzNF GQwG wEN VBFG]

FHxUNwzRAP RA GQN 0.d NKCwAFRBA– jQNFN wVCURGHzNF wEN FRVRUwE GB GQN A]PEwIRGBA wV]

CURGHzNF zRFyHFFNz RA GQN CENIRBHF FNyGRBA RA GJB ENFCNyGFW “0¯ wUGQBHPQ GQN UNwzRAP uh

zRINEPNAyN BO wA A]PUHBA wVCURGHzN wG b UBBCF PBNF wF 0.ǫ1bfi GQN UNwzRAP zRINEPNAyN BO

GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzN RF VRUzNEfi BAUL PBRAP wF N“0.ǫb¯fi zHN GB GQN wxFNAyN

BO yBUURANwE zRINEPNAyNFfi wAz “1¯ RO GQN zRCBUN yBASNyGHENfi zNFyERxNz xNUBJfi QBUzFfi GQNA GQN

uh zRINEPNAyNF BO GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF wEN BAN]UBBC NKwyG: GQwG RFfi wUU uh

zRINEPNAyNF wG b UBBCF wEN zNGNEVRANz xL GQN NKCBANAGRwU BO GQN BAN]UBBC uh zRINEPNAyNfi

wF JN JRUU FQBJ xNUBJ– uO GQN zRCBUN yBASNyGHEN RF ABG IwURzfi GQNA GQN +EFG CEBCNEGL “UwyT BO

yBUURANwE zRINEPNAyNF¯ yBAGRAHNF GB QBUz xHG GQN FNyBAz zBNF ABGW wzzRGRBAwU uh zRINEPNAyNF

HAENUwGNz GB GQN BAN]UBBC zRINEPNAyN yBHUz xN CENFNAGfi CBGNAGRwUUL xNPRAARAP wG GQENN UBBCF–

mN JRUU zNFyERxN GQN OBEV BO w CBGNAGRwU GQENN]UBBC yBEENyGRBA GB GQN VBFG]FHxUNwzRAP]yBUBE

OBHE]CBRAG OHAyGRBA RA FNyGRBA 4–

jQN A]CBRAG wVCURGHzN BO CwEGRyUNF GEwAFOBEVRAP RA GQN wzSBRAG ENCENFNAGwGRBA “N–P–fi

PUHBAF¯ ywA xN NKCwAzNz RA w GEwyN xwFRF ·jλ|fi yBAFRFGRAP BO FRAPUN wAz VHUGRCUN GEwyNF BO

PNANEwGBEF RA GQN OHAzwVNAGwU ENCENFNAGwGRBAfi

� ;
〉

λ

jλ�λ “2–0¯

JQNEN GQN yBNΛyRNAGF �λ wEN ENONEENz GB wF yBUBE]BEzNENz wVCURGHzNF– uG RF yBAINARNAG GB

BEPwARMN )13fi 14, GQN yBUBE]BEzNENz wVCURGHzNF RAGB w INyGBE {�#– uA wA ik“d¯ PwHPN GQNBELfi

GQRF INyGBE ywA xN zNyBVCBFNz RA w FRVHUGwANBHF UBBC wAz 0.d NKCwAFRBA0

{�# ;
∞
〉

bm+

b
〉

jm+

J“/1¯b

dj

〉

〉

〉
�=b<j?

]

“2–1¯

JQNEN

J“/1¯ ;
P1“/1¯d

!π1
“3πN�γ¯ǫ “2–2¯

RF GQN =G tBBOG yBHCURAP wAz / RF GQN ENABEVwURMwGRBA FywUN– eHE RAGNENFG RA GQRF CwCNE RF

RA GQN uh xNQwIRBE BO GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNFfi GQwG CwEG BO GQN wVCURGHzN

GQwG zNCNAzF BAUL BA P1“/1¯ JRGQ AB CBJNEF BO d – tNAyNfi JN wEN RAGNENFGNz RA GQN GNEVF
〉

〉�=b<b?
]

RA GQN NKCwAFRBA “2–1¯fi JQRyQ ywEEL wF VwAL CBJNEF BO 0.d wF BO J“/1¯–

mN OBUUBJ ENOF– )6fi !, xL BEPwARMRAP GQN uh zRINEPNAyNF BO w PwHPN GQNBEL wVCURGHzN wF

〉

〉

〉

〉

�

)

Ffi
/1
> J“/1¯> ǫ

(}

; u
[

J“/1¯> ǫ
]

i

)

Ffi
/1
> J“/1¯> ǫ

( 〉

〉

〉

〉

t

)

Ffi
/1
> J“/1¯> ǫ

(}

“2–3¯

jQN CENOwyGBEF u “˜SNG OHAyGRBA5¯ wAz i “˜FBOG OHAyGRBA5¯ yQwEwyGNERMN GQN UBAP]zRFGwAyN

uh]zRINEPNAG xNQwIRBEfi JQRUN GQN FQBEG]zRFGwAyN xNQwIRBE BO GQN wVCURGHzN RF yQwEwyGNERMNz

xL {t# “˜QwEz OHAyGRBA5¯fi wAz RF +ARGN wF ǫ → /– “gHwAGRGRNF RA xBUzOwyN wyG wF VwGERyNF

BA GQN yBUBE FCwyN INyGBEF–¯

Nmd gwId BlRssdc w� BIdEwTT ewysBE Be N��1 eBE w� �]oBR�s eH�ysRB�-
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jQN SNG OHAyGRBA QwF UNwzRAP uh xNQwIRBE BO N“0.ǫ1b¯ wG b]UBBCF “wUGQBHPQ GQN CBUNF

BO UBP u BAUL PB HC GQEBHPQ 0.ǫb)0 RA w PNANERy PwHPN GQNBEL )!,fi wAz 0.ǫ1 RA A ; 3 ioc

GQNBEL )1”,¯– jQN SNG OHAyGRBAfi QBJNINEfi RF REENUNIwAG GB GQN uh zRINEPNAyNF BO GQN VBFG]

FHxUNwzRAP]yBUBE wVCURGHzN xNywHFN RG ywEERNF AB OwyGBEF BO 0.d GB wyyBVCwAL GQN OwyGBEF

BO J“/1¯–

jQN FBOG OHAyGRBA )6fi !,

i

)

Ffi
/1
> J“/1¯> ǫ

(

; f NKC



O
0

1

∑ ,1

+

z’/1

’/1
9

)

Ffi
/1
> (J

)

/1

’/1
> J“/1¯> ǫ

((

[

“2–4¯

zNCNAzF BA GQN FBOG wABVwUBHF zRVNAFRBA VwGERKfi JQRyQ ywA xN NKCwAzNz wF

9

)

Ffi
/1
> J“/1¯

(

;

∞
〉

bm0

J“/1¯b 9=b?
)

Ffi
/1

(

, “2–”¯

jQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK RF PRINA xL )!,

9=0? ;
0

d

�
〉

im0

〉

fmi

jf ±ji UBP

)

/1

OFfi

(

“2–6¯

JQNEN jf wEN GQN ik“d¯ PNANEwGBEF RA GQN wzSBRAG ENCENFNAGwGRBA– ZRwPEwVVwGRywUULfi GQN

BCNEwGBEF jf ±ji wyG xL wGGwyQRAP w PUHBA EHAP xNGJNNA GQN UNPF BO GQN RGQ wAz SGQ NKGNEAwU

CwEGRyUNF– uA GNEVF BO GQN yBUBE]BEzNENz NKCwAFRBA “2–0¯fi 9=b? wyGF BA w PRINA NUNVNAG jλ BO

GQN GEwyN xwFRF “2–0¯ GB LRNUz w URANwE yBVxRAwGRBA

9=b?jλ ;
〉

µ

jµ9
=b?
µλ “2–!¯

wAz RG RF GQN VwGERK 9
=b?
µλ GQwG GQNA wyGF BA GQN TNG {t#–

�G GQRF CBRAGfi JN RAIBTN GQN zRCBUN yBASNyGHEN )8-00,fi wyyBEzRAP GB JQRyQ GQN FBOG

wABVwUBHF zRVNAFRBA VwGERK 9=b? RF CEBCBEGRBAwU GB 9=0? OBE wUU b “JRGQ GQN CEBCBEGRBAwURGL

yBAFGwAGF PRINA xL GQN yBNΛyRNAGF BO GQN yHFC wABVwUBHF zRVNAFRBA¯– jQRF Qwz CENIRBHFUL

xNNA CEBINA OBE 9=1? RA ENO– )!,fi wAz QLCBGQNFRMNz GB xN IwURz OBE wUU b RA ENO– )01,– YBEENyGRBAF

wG GQENN UBBCF wAz wxBINfi QBJNINEfi QwIN ABG “LNG¯ xNNA EHUNz BHG yBVCUNGNULfi wUGQBHPQ GQNL

wEN QRPQUL yBAFGEwRANz )8-00fi 02-04,– mN wFFHVN GQN IwURzRGL BO GQN zRCBUN OBEVHUw OBE GQN

ENVwRAzNE BO GQRF FNyGRBAfi xHG RA FNyGRBA 4 JN JRUU yBAFRzNE GQN CBFFRxRURGL BO w IRBUwGRBA wG

GQENN UBBCF–

uO GQN zRCBUN yBASNyGHEN QBUzFfi GQNA 9=b? wUU yBVVHGN JRGQ BAN wABGQNEfi FB GQwG CwGQ

BEzNERAP BO GQN NKCBANAGRwU RA ND– “2–4¯ RF REENUNIwAG– mN ywA GQNA RAGNPEwGN GQN GNEVF GB

BxGwRA

i

)

Ffi
/1
> J“/1¯> ǫ

(

; NKC
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〉

bm0

J“/1¯b

1bǫ
9=b?

)

0 [N

)

J“/1¯

ǫ
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[

“2–8¯

JQNEN GQN UNwzRAP OBEV BO GQN EHAARAP yBHCURAP RF PRINA xL )6fi !,

(J

)

/1

’/1
> J“/1¯> ǫ

(

; J“/1¯

)

/1

’/1

(ǫ ∞
〉

�m+

)

β+
3πǫ

))
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J“/1¯
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jQN BVRGGNz GNEVF RA ND– “2–8¯fi JQRyQ zNCNAz BA β+fi GQN BAN]UBBC yBNΛyRNAG BO GQN xNGw

OHAyGRBAfi JRUU ABG yBAGERxHGN GB GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF xNywHFN GQNEN wEN AB

OwyGBEF BO 0.d GB wyyBVCwAL GQN CBJNEF BO J“/1¯–

sNANERywUULfi BAN JBHUz NKCNyG GQN FBOG wABVwUBHF zRVNAFRBA VwGERyNF 9
=b?
µλ GB yBAGwRA

GNEVF BO N“0¯ GQEBHPQ N“0.db¯ RA GQN 0.d ]NKCwAFRBA– uO GQN zRCBUN yBASNyGHEN RF IwURzfi

QBJNINEfi GQNA 9
=b?
µλ RF CEBCBEGRBAwU GB 9

=0?
µλ fi wAz QNAyN BAUL yBAGwRAF GNEVF BO N“0¯ wAz

N“0.d¯– iRAyN 9=b? RF VHUGRCURNz xL J“/1¯b xHG ywEERNF wG VBFG BAN CBJNE BO 0.d fi BAUL

9=0? ywA yBAGERxHGN GB GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNfi JQRyQ ABJ FRVCUR+NF GB

{�#

〉

〉

〉

〉

lnrs�rtaSdIcgAe�bnSno

; NKC

)

J“/1¯

1ǫ
9
=0?
rta

[

{t“ǫ¯#

〉

〉

〉

〉

lnrs�rtaSdIcgAe�bnSno

“2–00¯

JQNEN 9
=0?
rta zNABGNF GQN 0.d yBAGERxHGRBA BO GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK–

qD– “2–00¯ RF CwEwUUNU GB GQN PEwIRGwGRBAwU wAwUBP “1–3¯– uG zNVBAFGEwGNF GQwGfi CEBIRzNz

GQN zRCBUN yBASNyGHEN RF IwURzfi GQN uh zRINEPNAyNF BO GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF

wEN BAN]UBBC NKwyGfi GQwG RFfi zNGNEVRANz xL GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK

9
=0?
rta wAz GQN +ARGN yBAGERxHGRBAF “RAyUHzRAP GNEVF CEBCBEGRBAwU GB CBFRGRIN CBJNEF BO ǫ¯ BO

UBJNE UBBC wVCURGHzNFfi SHFG wF RA GQN ywFN BO PEwIRGwGRBAwU wVCURGHzNF–

3 uh adgwIRBp Be sgd lBrs=rtakdwMRAP=yBkBp eBtp=CBRAs wlCkRstMd

uA GQN CENIRBHF FNyGRBAfi JN FQBJNz GQwGfi FHxSNyG GB GQN IwURzRGL BO GQN zRCBUN yBASNyGHENfi GQN

uh zRINEPNAyNF BO GQN VBFG]FHxUNwzRAP yBUBE wVCURGHzNF wEN BAN]UBBC NKwyGfi PRINA xL GQN

NKCBANAGRwU BO GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK– uA GQRF FNyGRBAfi JN JRUU JERGN

GQN uh zRINEPNAyNF BO GQN VBFG]FHxUNwzRAP]yBUBE b]UBBC wVCURGHzN NKCURyRGUL RA GQN ywFN BO

GQN OBHE]CBRAG OHAyGRBAfi HFRAP GQN PEBHC]GQNBEL ENUwGRBAF wVBAP OBHE]CBRAG yBUBE]BEzNENz

wVCURGHzNF )16,–

rBE GQN OBHE]CBRAG wVCURGHzNfi GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK “2–6¯

xNyBVNF

9=0? ;
0

d

)

“j0 ±j1 [j2 ±j3¯ UBP

)

/1

OF

(

[ “j0 ±j2 [j1 ±j3¯ UBP

)

/1

OH

(

[ “j0 ±j3 [j1 ±j2¯ UBP

)

/1

OG

([

, “3–0¯

�F zNFyERxNz RA GQN CENIRBHF FNyGRBAfi GB NIwUHwGN GQRF BCNEwGBEfi JN yQBBFN w FCNyR+y OBHE]

CBRAG GEwyN xwFRFfi yBAFRFGRAP BO FRAPUN wAz zBHxUN GEwyNF BO ik“d¯ PNANEwGBEF1

j0 ; jE“0123¯ [ jE“0321¯> j3 ; 1jE“02¯jE“13¯>

j1 ; jE“0132¯ [ jE“0231¯> j4 ; 1jE“03¯jE“12¯> “3–1¯

j2 ; jE“0213¯ [ jE“0312¯> j5 ; 1jE“01¯jE“23¯,

1Sgd xwrRr rodyR[dc gdEd Rr sgws Be Ede- )17,fi vgRyg cR9dEr eEBl Eder- ).8fi 15, xb w ewysBE Be svB R� sgd

cBHxTd]sEwyd sdElr-
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jQN FRK]zRVNAFRBAwU TNG {�# GQNA yBAFRFGF BO GQN yBNΛyRNAGF �λ BO jλ RA GQN wVCURGHzN “2–0¯–

uA GQRF xwFRFfi GQN “FHxUNwzRAP]yBUBE CRNyN BO GQN¯ BAN]UBBC FBOG wABVwUBHF zRVNAFRBA VwGERK

GwTNF GQN OBEV

9
=0?
rta ;

1

d

〉

/ x

y /

(

> x ;

�





/ O1X 1n

1p / O1n

O1p 1X /






> y ;

�





/ On X

n / Op

OX p /







“3–2¯

JQNEN

n ; UBP

)

G

H

(

> X ; UBP
∣H

F

(

> p ; UBP
∣F

G

(

, “3–3¯

tNAyNfi ND– “2–00¯ xNyBVNF

{�#

〉

〉

〉

〉

lnrs�rtaSdIcgAe�bnSno

; NKC



J“/1¯

dǫ

〉

/ x

y /

([

{t“ǫ¯#

〉

〉

〉

〉

lnrs�rtaSdIcgAe�bnSno

, “3–4¯

qKCwAzRAP xBGQ FRzNF RA w UBBC NKCwAFRBAfi JN ywA JERGN

〉

〉

〉
�=b<b?

]

;

b
〉

ℓm+

0

“bO ℓ¯7ǫb�ℓ

〉

/ x

y /

(b�ℓ
〉

〉

〉
t=ℓ<ℓ?“ǫ¯

]

> “3–”¯

wAwUBPBHF GB ND– “1–4¯ OBE PEwIRGwGRBAwU wVCURGHzNF– jQRF NKCENFFRBAfi IwURz GB wUU BEzNEF RA

GQN ǫ NKCwAFRBAfi JwF CENIRBHFUL BxGwRANz RA ENO– )06, OBE A ; 3 ioc GQNBELfi xHG QNEN JN

FNN GQwG RG ENVwRAF IwURz OBE GQN OBHE]PUHBA wVCURGHzN RA w PNANEwU PwHPN GQNBEL CEBIRzNz

GQN zRCBUN yBASNyGHEN QBUzF–

mN ENJERGN ND– “3–”¯ FNCwEwGNUL OBE NINA] wAz Bzz]UBBC ywFNFW

〉

〉

〉
�=1ℓ<1ℓ?

]

;

ℓ�0
〉

jm+

x“yx¯ℓ�j�0

“1ℓO 1T¯7 ǫ1ℓ�1j



y
〉

〉

〉
t=1j<1j?“ǫ¯

]

[ “1ℓO 1T¯ǫ
〉

〉

〉
t=1j)0<1j)0?“ǫ¯

]

[

[
〉

〉

〉t=1ℓ<1ℓ?
]

> “3–6¯

〉

〉

〉�=1ℓ)0<1ℓ)0?
]

;

ℓ
〉

jm+

“yx¯ℓ�j

“1ℓO 1T [ 0¯7ǫ1ℓ�1j)0

}

)

y
〉

〉

〉t=1j<1j?“ǫ¯
]

[ “1ℓO 1T [ 0¯ǫ
〉

〉

〉t=1j)0<1j)0?“ǫ¯
]

[

> “3–!¯

JQNEN ABJ GQN TNGF zNABGN 2]zRVNAFRBAwU INyGBEF

〉

〉

〉
�=1ℓ<1ℓ?

]

;
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mN wEN wxUN GB OHEGQNE FRVCUROL GQN NKCENFFRBAF “3–6¯ wAz “3–!¯ xL HFRAP GQN PEBHC]GQNBEL

yBAFGEwRAGF FwGRF+Nz xL GQN OBHE]CBRAG wVCURGHzN )16fi 1!,– rBE b ; 1ℓ NINAfi GQNEN wEN OBHE

RAzNCNAzNAG PEBHC]GQNBEL ENUwGRBAF2 “BAUL BAN JQNA b ; /¯
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3 [ 1
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=1ℓ<1ℓ?
1 [ �
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2 ; / “3–00¯

wAz FRVRUwEUL OBE GQN uh]+ARGN t
=1ℓ<1ℓ?
λ –

rBE b ; 1ℓ[0 Bzzfi JN wUFB QwIN OBHE RAzNCNAzNAG ENUwGRBAF2 “BAUL GQENN JQNA b ; 0¯
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uA GQN ywFN BO A ; 3 ioc GQNBELfi GQNFN ENUwGRBAF JNEN CENIRBHFUL yBASNyGHENz RA ENO– )0”,

wAz CEBINz RA ENO– )06,– tNEN JN CBRAG BHG GQwG GQRF RF wABGQNE CBRAG BO FRVRUwERGL JRGQ

PEwIRGL wVCURGHzNFfi JQRyQ BxNL GQN wAwUBPBHF ND– “1–6¯–

4 fBrrRakd sgpdd=kBBC yBppdysRBAr sB sgd MRCBkd yBASdystpd

jQN ENFHUGF BO GQN CENIRBHF GJB FNyGRBAF JNEN yBAGRAPNAG BA GQN IwURzRGL BO GQN zRCBUN OBEVHUw

OBE GQN FBOG wABVwUBHF zRVNAFRBA VwGERK– jQN zRCBUN OBEVHUw QBUzF GQEBHPQ wG UNwFG GJB

UBBCF )!,fi xHG yBHUz xENwT zBJA xNPRAARAP wG GQENN UBBCF– fBFFRxUN OBEVF BO w GQENN]UBBC

yBEENyGRBA GNEV JNEN yBAFRzNENz RA ENOF– )00fi 02,fi RAyUHzRAP w GNEV BO GQN OBEV
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JQRyQ VRPQG xN PNANEwGNz xL GQN CHENUL PUHBARy zRwPEwV FQBJA RA +PHEN 0 BO ENO– )02,fi wAz

JQRyQ yBAGERxHGNF wGN“0.ǫ¯ )00,– eGQNE yBEENyGRBA GNEVFfi RAIBUIRAP zuxLfi JNEN wUFB zRFyHFFNz

RA ENO– )02,– uA ENOF– )00fi 02-04,fi FGEBAP yBAFGEwRAGF JNEN CHG BA GQN CBFFRxUN TRANVwGRywU

zNCNAzNAyN BO GQN OHAyGRBAF f “Ffi¯ wCCNwERAP RA ND– “4–0¯– uA GQRF FNyGRBAfi JN zRFyHFF GQN

NffiNyG BO w GNEV BO GQN OBEV “4–0¯ BA GQN VBFG]FHxUNwzRAP]yBUBE OBHE]CBRAG wVCURGHzN �=2<2?–

�yGRAP JRGQ ∆9=2? BA GQN OBHE]CBRAG GEwyN xwFRF “3–1¯fi wF RA ND– “2–!¯fi JN NKGEwyG GQN

VwGERK
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eAN ywA FNN GQwG ∆9=2? RF FHxUNwzRAP RA GQN 0.d NKCwAFRBA wAz QNAyN ywAABG yBAGERxHGN

GB GQN CUwAwE wVCURGHzN �=2<+?– tBJNINEfi N“0.ǫ¯ yBEENyGRBAF GB wUU GQN FHxUNwzRAP]yBUBE

wVCURGHzNF �=2<0?fi �=2<1?fi wAz �=2<2? wEN CBFFRxUN–3 uA CwEGRyHUwEfi xL TNNCRAP BAUL GQN VBFG]

FHxUNwzRAP]yBUBE yBAGERxHGRBA BO “J“/1¯2.ǫ¯∆9=2?
〉
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RF GQN GENN]UNINU wVCURGHzNfi JN BxGwRA GQN OBUUBJRAP GQENN]UBBC yBAGERxHGRBA GB GQN VBFG]
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jQRF RF wA NKwVCUN BO w CBFFRxUN uh]zRINEPNAG yBAGERxHGRBA GB GQN VBFG]FHxUNwzRAP]yBUBE

wVCURGHzN GQwG zBNF ABG wERFN OEBV GQN NKCBANAGRwGRBA BO GQN BAN]UBBC zRINEPNAyN– tNAyNfi

RO GQN zRCBUN OBEVHUw RF VBzR+Nz xL w GNEV BO GQN OBEV “4–0¯fi GQNA GQN BAN]UBBC]NKwyGANFF

BO GQRF yUwFF BO wVCURGHzNF xENwTF zBJA–

5 �=kBBC rtCdpPpwIRsb-ioc pdkwsRBAr

uA GQN CENIRBHF FNyGRBAFfi JN FwJ GQwG PEwIRGL wAz VBFG]FHxUNwzRAP]yBUBE PwHPN]GQNBEL wV]

CURGHzNF wEN BAN]UBBC NKwyGfi R–N– QRPQNE]UBBC zRINEPNAyNF ywA xN NKCENFFNz RA GNEVF BO BAN]

UBBC zRINEPNAyNF– uA GQRF FNyGRBAfi JN HFN GQRF ENFHUG GB zNERIN w ENUwGRBA xNGJNNA GQN GJB

UNwzRAP zRINEPNAyNF BO GQN b]UBBC OBHE]CBRAG A ; ! FHCNEPEwIRGL wVCURGHzN wAz GQN VBFG]

FHxUNwzRAP]yBUBE A ; 3 ioc wVCURGHzNF–

�A NKwyG ENUwGRBA xNGJNNA GQN BAN]UBBC OBHE]CBRAG A ; ! FHCNEPEwIRGL wAz FHxUNwzRAP]

yBUBE A ; 3 ioc wVCURGHzNF QwF UBAP xNNA TABJA )0”fi 08fi 18,– uA GQN ABGwGRBA BO GQN

yHEENAG CwCNEfi GQRF ENUwGRBA RF
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uA ND– “1–04¯ JN FQBJNz GQwG GQN GJB UNwzRAP uh zRINEPNAyNF BO GQN b]UBBC OBHE]CBRAG

FHCNEPEwIRGL wVCURGHzN ywA xN NKCENFFNz RA GNEVF BO GQN BAN]UBBC FHCNEPEwIRGL wVCURGHzN–

uA NDF– “3–10¯ wAz “3–11¯fi JN zNERINz FRVRUwE NKCENFFRBAF OBE GQN GJB UNwzRAP uh zRINEPNAyNF

BO GQN b]UBBC VBFG]FHxUNwzRAP]yBUBE OBHE]CBRAG ioc wVCURGHzNF– YBVxRARAP GQNFN JRGQ

ND– “”–0¯fi JN BxGwRA OBE Bzz b ; 1ℓ[ 0 GQN ENUwGRBA
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�A RAGNENFGRAP DHNFGRBA RF JQNGQNE GQN ENUwGRBAF “”–1¯ wAz “”–2¯ ENVwRA IwURz xNLBAz

GQN UNwzRAP GJB BEzNEF RA GQN bwHENAG NKCwAFRBA– kAOBEGHAwGNULfi GQN wAFJNE JRUU GHEA BHG
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wAz “”–”¯ wEN yBAFRFGNAG CEBIRzNz GQwG
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uA OwyGfi JNEN ND– “”–6¯ GB QBUzfi GQNA ND– “”–1¯ JBHUz wUFB QBUz wG N“0.ǫ¯ OBE b ; 2 “CEBIRzNz

GQwG GQN zRCBUN yBASNyGHEN RF wUFB IwURz wG GQENN UBBCF¯fi wAz RA OwyG OBE GQN N“0.ǫb�1¯ GNEV

wG QRPQNE UBBCF wF JNUU–

mQRUN ND– “”–6¯ NIRzNAGUL QBUzF OBE GQN uh]zRINEPNAG CwEGF BO GQN wVCURGHzN “yO–

ND– “3–0”¯¯fi JN QwIN INER+Nz GQwG RG OwRUF wG N“ǫ+¯fi GQwG RF

“p On¯�
=1<1?
0 O “n O X ¯�

=1<1?
1 ◦; / “”–!¯

HFRAP GQN NKCURyRG NKCENFFRBAF OBE GQN GJB]UBBC VBFG]FHxUNwzRAP]yBUBEA ; 3 ioc OBHE]CBRAG

wVCURGHzNF “FNN wCCNAzRK �¯– jB NAFHEN GQwG GQN yBVCURywGNz NKCENFFRBA BxGwRANz OBE GQN

UNOG QwAz FRzN BO ND– “”–!¯ zBNF ABG IwARFQ zHN GB CBULUBPwERGQVRy RzNAGRGRNFfi JN NIwUHwGNz

RG AHVNERywUUL OBE IwERBHF IwUHNF BO GQN TRANVwGRy IwERwxUNFfi BxGwRARAP ABAMNEB ENFHUGF–

rRAwUULfi JN yQNyTNz GQwG GQN FLVxBU )2/, OBE GQN NKCENFFRBA BA GQN UNOG QwAz FRzN BO ND– “”–!¯

zBNF ABG IwARFQ “FBVNGRVNF w ABA]BxIRBHF CBULUBP RzNAGRGL ENzHyNF w UBAP NKCENFFRBA GB

w FRVCUN BANfi JQRyQ ywA xN VwzN NKCURyRG xL GQN ywUyHUwGRBA BO GQN FLVxBU )2/-21,fi wAz

VBENBINE wA RzNAGRGL yBHUz xN IwURz BAUL HC GB GNEVF JRGQ MNEB FLVxBU¯: FNN wCCNAzRyNF n

wAz Y OBE zNGwRUF–

YBAFNDHNAGULfi NDF– “”–1¯ wAz “”–2¯ wEN IwURz OBE GQN GJB UNwzRAP GNEVFfi xHG xENwT zBJA

wG GQN ANKG BEzNE RA GQN bwHENAG NKCwAFRBA–

6 YBAyktrRBAr

uA GQRF CwCNEfi JN NKCUBENz CwEwUUNUF xNGJNNA GQN uh xNQwIRBE BO PEwIRGwGRBAwU wVCURGHzNF wAz

GQwG BO GQN VBFG]FHxUNwzRAP]yBUBE PwHPN]GQNBEL wVCURGHzNF– nBGQ FNGF BO wVCURGHzNF QwIN

w UNwzRAP uh zRINEPNAyN BO N“0.ǫb¯ wG b UBBCFfi zHN GB GQN wxFNAyN BO yBUURANwE zRINEPNAyNF–

mN QwIN FQBJA GQwGfi RO GQN zRCBUN yBASNyGHEN OBE GQN uh xNQwIRBE BO PwHPN]GQNBEL wVCURGHzNF

RF IwURzfi GQNA GQN VBFG]FHxUNwzRAP]yBUBE wVCURGHzNFfi URTN PEwIRGL wVCURGHzNFfi wEN BAN]UBBC]

NKwyG: GQwG RFfi QRPQNE]UBBC zRINEPNAyNF wEN zNGNEVRANz xL GQN BAN]UBBC ENFHUG– iCNyR+ywUULfi

GQN wUU]UBBC wVCURGHzN RF PRINA xL GQN NKCBANAGRwU BO GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA

VwGERK 9=0? wyGRAP BA GQN uh]+ARGN QwEz OHAyGRBA–

�FFHVRAP GQN IwURzRGL BO GQN zRCBUN yBASNyGHENfi JN yBVCHGNz wA NKCENFFRBA OBE GQN

yBVCUNGN uh xNQwIRBE BO GQN b]UBBC VBFG]FHxUNwzRAP]yBUBE OBHE]CBRAG wVCURGHzN RA GNEVF BO

GQN +ARGN CwEGF BO UBJNE]UBBC wVCURGHzNF– iRVRUwE NKCENFFRBAF yBHUz xN zNERINz OBE +IN] wAz

QRPQNE]CBRAG wVCURGHzNF HFRAP GQN NKCURyRG OBEV OBE GQN BAN]UBBC FBOG wABVwUBHF zRVNAFRBA

VwGERK 9=0?– mN ABGN GQwG 9=0? RF NFFNAGRwUUL NDHRIwUNAG GB GQN “GEwAFCBFN BO GQN¯ RGNEwGRIN

VwGERK s FCNyR+Nz RA ENOF– )16fi 1!fi 22,fi zN+ANz xL wGGwyQRAP w EHAP xNGJNNA GJB NKGNEAwU UNPF

R wAz S BO wA NUNVNAG BO GQN GEwyN xwFRF jλ– uA GQN CENFNAG yBAGNKGfi NwyQ EHAP yBEENFCBAzF

GB GQN NKyQwAPN BO w FBOG PUHBA xNGJNNA GQN yBEENFCBAzRAP NKGNEAwU CwEGRyUNFfi wyyBVCwARNz

xL w OwyGBE BO UBP“/1.O Ffi¯–
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YBEENyGRBAF GB GQN zRCBUN yBASNyGHEN VwL ByyHE wG GQENN UBBCF wAz xNLBAzfi wUGQBHPQ

GQN CBFFRxUN OBEV BO FHyQ yBEENyGRBAF RF QRPQUL yBAFGEwRANz– uA ENyNAG JBETfi eKxHEPQ wAz

mQRGN )23, HFN nYv zHwURGL wAz GQN zBHxUN]yBCL CEBCNEGL GB FGHzL GQN uh xNQwIRBE BO

PwHPN GQNBEL wAz PEwIRGL– jQNL NVCQwFRMN GQwG GQN TABJA uh FGEHyGHEN BO PEwIRGL RF

RAFNAFRGRIN GB CBFFRxUN yBEENyGRBAF GB GQN zRCBUN yBASNyGHEN RA PwHPN GQNBERNF– jQNENOBEN

GQN CENFNAyN BE wxFNAyN BO FHyQ yBEENyGRBAF wG GQENN UBBCF JRUU URTNUL ENDHREN w bwHENAG

NKCwAFRBA BO GQN GQENN]UBBC ABA]CUwAwE zRwPEwVF yBAGERxHGRAP GB GQN PwHPN wVCURGHzN– mN

FQBJNz GQwGfi GQBHPQ yBUURANwE uh zRINEPNAyNF ENVwRA wxFNAGfi yBEENyGRBAF yBHUz FCBRU GQN

BAN]UBBC]NKwyGANFF BO VBFG]FHxUNwzRAP]yBUBE wVCURGHzNF–

rRAwUULfi JN FQBJNz GQwG GQN FRVRUwERGRNF xNGJNNA PEwIRGL wAz VBFG]FHxUNwzRAP]yBUBE

wVCURGHzNF wUUBJ HF GB zNzHyN w ENUwGRBA xNGJNNA b]UBBC OBHE]CBRAG A ; ! FHCNEPEwIRGL

wAz VBFG]FHxUNwzRAP]yBUBE A ; 3 ioc wVCURGHzNF GQwG QBUzF OBE GQN GJB UNwzRAP uh

zRINEPNAyNFfi N“0.ǫb¯ wAz N“0.ǫb�0¯fi xHG xENwTF zBJA wG N“0.ǫb�1¯–

�yTABvkdMPldAsr

mN JBHUz URTN GB GQwAT j– nNyQNE wAz c– dNHxNEG OBE HFNOHU yBEENFCBAzNAyN– jQN ENFNwEyQ

BO i– dwyHURyQ RF FHCCBEGNz RA CwEG xL GQN dir HAzNE PEwAG AB– fto0/]”68”0– jQN EN]

FNwEyQ BO t– dwFGwFN RF FHCCBEGNz RA CwEG xL Ydfg PEwAG 2/0108.1/0/]8– jQN ENFNwEyQ BO

t– iyQARGMNE RF FHCCBEGNz RA CwEG xL GQN Zeq HAzNE PEwAG Zq]rs/1]81qh3/6/”–

� jvB=kBBC lBrs=rtakdwMRAP=yBkBp � m 3 ioc eBtp=CBRAs wlCkRstMd

jQN GJB]UBBC VBFG]FHxUNwzRAP]yBUBE OBHE]CBRAG wVCURGHzNF RA A ; 3 ioc GQNBEL wEN

PRINA RA GNEVF BO GJB]UBBC CUwAwE wAz ABACUwAwE FywUwE RAGNPEwUF )24,– qKCURyRG NKCENF]

FRBAF OBE GQNFN VwL xN zNERINz NVCUBLRAP GQN bwHENAG NKCwAFRBAF BO GQN CUwAwE )1”, wAz

ABA]CUwAwE )2”, RAGNPEwUF– �AwULGRywUUL yBAGRAHRAP GQNFN RAGNPEwUF GB GQN TRANVwGRy ENPRBA

G < / wAz Ffi H m /fi JN BxGwRA GQN NKCENFFRBA

�
=1<1?
0 “ǫ¯

“�
=+?
0 .H¯

;

)

/1

G

(1ǫ]
“OF UBP L O H UBP“0O L¯O Rπ“F[ H¯¯ “n O X ¯

ǫ1
“�–0¯

[
“1“F[ H¯ UBP L UBP“0O L¯ [ 1RπH UBP L [ 1RπF UBP“0O L¯¯ “n O X ¯

ǫ

[“O1/FO 3H¯i2<0“L¯ [ “3FO 3H¯i1<1“L¯ [ “O!FO 3H¯i0<2“L¯

[
)

“0/FO 3H¯ UBP L [ “!F[ 0/H¯ UBP“0O L¯ [ “03RπF[ 0/RπH¯
[

i1<0“L¯

[
)

“3F[ !H¯ UBP L [ “O0”FO !H¯ UBP“0O L¯ [ “O3RπF[ 3RπH¯
[

i0<1“L¯

[
)

”H UBP1 L [ “O!FO 0/H¯ UBP L UBP“0O L¯ [ “O01FO ”H¯Rπ UBP L

[“!FO1H¯Rπ UBP“0OL¯[“O3F[3H¯π1
[

i0<0“L¯[
0

1
F UBP3 LO

3

2
“FOH¯ UBP2 L UBP“0OL¯

O“1F[ 3H¯ UBP1 L UBP1“0O L¯ [ “3F[ 3H¯ UBP L UBP2“0O L¯O H UBP3“0O L¯

ORπ“F[ 1H¯ UBP2 L [ 4RπH UBP1 L UBP“0O L¯O 3RπH UBP L UBP1“0O L¯
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[3RπF UBP2“0O L¯ [

)

02

”
FO 1H

(

π1 UBP1 L [

)

O
02

2
F[

26

”
H

(

π1 UBP L UBP“0O L¯

[

)

O1FO
02

2
H

(

π1 UBP1“0O L¯ [

)

O1Rπ2F[
0

”
Rπ2HO 1Fζ2

(

UBP L

[

)

O
4

2
Rπ2FO

08

”
Rπ2H[ !Fζ2 [ 1Hζ2

(

UBP“0O L¯

[
06π3F

04
[

π3H

”
[ 1RπFζ2 O ”RπHζ2 [N“ǫ¯

{

JQNEN L ≡ OF.G wAz i�<n“L¯ zNABGN GQN PNANEwURMNz CBULUBPwERGQVF BO dRNUFNA )26,– uA GQRF

ENPRBAfi GQN IwERwxUNF nfi X fi wAz p zN+ANz RA ND– “3–3¯ xNyBVN

n ; O UBP“0O L¯O Rπ >

X ; O UBP L [ UBP“0O L¯ > “�–1¯

p ; UBP L [ Rπ ,

“iNN wCCNAzRK � BO ENO– )2, OBE zNGwRUF BA GQN CNEOBEVwAyN BO GQN wAwULGRy yBAGRAHwGRBA–¯

mN wUFB QwIN

�
=1<1?
1 “ǫ¯

“�
=+?
0 .H¯

;

)

/1

G

(1ǫ]
“OF UBP L O H UBP“0O L¯O Rπ“F[ H¯¯ “p On¯

ǫ1
“�–2¯

[
“1“F[ H¯ UBP L UBP“0O L¯ [ 1RπH UBP L [ 1RπF UBP“0O L¯¯ “p On¯

ǫ

[“0”FO 3H¯i2<0“L¯ [ “O!F[ !H¯i1<1“L¯ [ “3FO 0”H¯i0<2“L¯

[
)

“O03FO 3H¯ UBP L [ “O3FO 1H¯ UBP“0O L¯ [ “O0/RπFO 03RπH¯
[

i1<0“L¯

[
)

“0/FO 3H¯ UBP L [ “!FO 1H¯ UBP“0O L¯ [ “03RπF[ 0/RπH¯
[

i0<1“L¯

[
)

“”F[ ”H¯ UBP1 L [ “3F[ 1H¯ UBP L UBP“0O L¯ [ “”F[ 0!H¯Rπ UBP L

[“O3F[3H¯Rπ UBP“0OL¯[“!FO!H¯π1
[

i0<0“L¯[
0

1
F UBP3“L¯[

1

2
“F[1H¯ UBP2“L¯ UBP“0O L¯

O“1F[ H¯ UBP1“L¯ UBP1“0O L¯O “1F[ H¯ UBP“L¯ UBP2“0O L¯ [
0

1
H UBP3“0O L¯

[Rπ“FO 1H¯ UBP2“L¯ [ 4RπH UBP1“L¯ UBP“0O L¯O Rπ“”F[ H¯ UBP“L¯ UBP1“0O L¯

[Rπ“O1F[ H¯ UBP2“0O L¯ [

)

02

”
F[ 3H

(

π1 UBP1 L [

)

02

”
FO

24

”
H

(

π1 UBP L UBP“0O L¯

[

)

3F[
02

”
H

(

π1 UBP1“0O L¯ [

)

00

1
Rπ2F[

0

”
Rπ2HO 1Fζ2

(

UBP L

[

)

4

”
Rπ2F[

18

”
Rπ2HO 3Fζ2 [ 1Hζ2

(

UBP“0O L¯

O
1!π3F

04
O

π3H

2
O 0/RπFζ2 O ”RπHζ2 [N“ǫ¯

{

,

rRAwUULfi �
=1<1?
2 RF BxGwRANz HFRAP

�
=1<1?
0 [ �

=1<1?
1 [ �

=1<1?
2 ; / , “�–3¯
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jB BHE TABJUNzPNfi NKCURyRG NKCENFFRBAF OBE GQNFN wVCURGHzNF QwIN ABG wCCNwENz CENIRBHFUL

RA GQN CHxURFQNz URGNEwGHEN– jQN HAROBEV GEwAFyNAzNAGwURGL BO GQNFN NKCENFFRBAFfi CENIRBHFUL

ABGNz RA ENO– )0”,fi RF NIRzNAG RA GQNFN NKCENFFRBAFfi HAzNEURARAP GQN OwyG GQwG GQRF CEBCNEGL BO

A ; 3 ioc BxFNEIwxUNF NKGNAzF xNLBAz GQN CUwAwE wCCEBKRVwGRBA–

kFRAP GQN NKCENFFRBAF wxBINfi BAN VwL INEROL GQwG

“p On¯�
=1<1?
0 O “n O X ¯�

=1<1?
1 ◦; / , “�–4¯

rBE GQRF CHECBFNfi RG RF FRVCUNFG GB NKwVRAN GQN yBNΛyRNAG BO ζ2–

n iblaBkBPb

uA GQRF wCCNAzRK JN ENIRNJ GQN PNANEwU ONwGHENF BO FLVxBUF– rBE VBEN zNGwRUFfi FNN ENOF– )2!,

wAz )28,–

jQN FLVxBUF wEN FRVCUL zN+ANz OBE sBAyQwEBI CBULABVRwUF BO BAN IwERwxUNfi zN+ANz

ENyHEFRINUL wF

s“J0> , , , > J�:K¯ ;

∑ a

+

zG

GO J0
s“J1> , , , > J�: G¯ “n–0¯

JRGQ

s“K¯ ; s“:K¯ ; 0:s“/¯ ; / “n–1¯

eGQNE OHAyGRBAF wEN BxGwRANz OEBV GQNV wF

s“ℓ/�:K¯ ;
0

A7
UBP� K

s“ℓJ�:K¯ ;
0

A7
UBP�

∣

0O
K

J

(

s“ℓ/��0> J:K¯ ; ObR�
∣K

J

(

s“ℓ/�>ℓJn:K¯ ; “O0¯ni�<n
∣K

J

(

“n–2¯

jQN sBAyQwEBI CBULUBPwERGQVF BO BAN IwERwxUN wEN FRVRUwEUL zN+ANz JRGQ GQN QwEVBARy

CBULUBPwERGQVF )3/, t JRGQ RAzRyNF / wAz ±0fi JQRyQ wEN ENUwGNz GB GQN dRNUFNA CBULUBPw]

ERGQVF xL

i�<n“K¯ ; t“ℓ/�>ℓ0n:K¯, “n–3¯

jQN FLVxBU BO w sBAyQwEBI CBULABVRwU RF zN+ANz wF FHV BO GNEVF BO GQN GLCN GNAFBE

CEBzHyG BO gf=Ffi HAzNEFGBBz wF z UBPgf ; zgf.gf=Ffi R–N– FHyQ GQwG GQN EHUNF GQN gf=F FwGRFOL

OBUUBJ OEBV GQRF z UBP OBEV– jQNFN GNAFBE VBABVRwUF wEN JERGGNA wF g0⊗, , ,⊗g� wAz FwGRFOL

, , ,⊗ “g0 ±g1¯⊗ , , , ; , , ,⊗g0 ⊗ , , ,[ , , ,⊗g1 ⊗ , , ,

⇒ ⊗“g0¯
�⊗ ; A , , ,⊗g0 ⊗ , , ,

, , ,⊗ yg0 ⊗ , , , ; , , ,⊗g0 ⊗ , , ,

, , ,⊗ y⊗ , , , ; /

⇒ , , ,⊗g0 ⊗ , , , ; O , , ,⊗ 0.g0 ⊗ , , , “n–4¯
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JQNEN g0> g1> , , , wEN IwERwxUN VBABVRwUF wAz y RF w yBAFGwAG– jQN FLVxBU BO wA BxSNyG jjfi

w CERBER w OHAyGRBA BO FNINEwU IwERwxUNFfi wA NKGNAFRBA BO GQN FRVCUN sBAyQwEBI CBULABVRwUF

BO BAN IwERwxUN wxBIN wAz zN+ANz ENyHEFRINUL wF

jj ;

∑ x

u

z UBPg0 ◦ , , , ◦ z UBPg� ;

∑ x

u

)∑ s

u

z UBPg0 ◦ , , , z UBPg��0

(

z UBPg�“G¯> “n–”¯

RF

i)jj, ; g0 ⊗g1 ⊗ , , ,⊗g�, “n–6¯

rEBV GQRF zN+ARGRBA JN BxGwRA RVVNzRwGNUL GQN FLVxBU BO w bRj CBULUBPwERGQVfi

i)bRj“M¯, ; O“0O M¯⊗ M ⊗ , , , M “n–!¯

“GQNEN wEN T O 0 OwyGBEF BO M¯fi wF w CwEGRyHUwE ywFN BO GQN sBAyQwEBI CBULUBPwERGQVF– dBGN

GQwG “0 O M¯ wAz “M O 0¯ wEN GQN FwVNfi FRAyN GQNL zRffiNE xL VHUGRCURywGRBA xL GQN yBAFGwAG

O0fi QBJNINEfi GQN BINEwUU VRAHF FRPA RF OBE GQN GNAFBE VBABVRwUfi RG zBNF ABG xNUBAP RAGB wAL

BO GQN GNAFBENz OwyGBEF–

mN ywA wUFB zN+AN GQN EHUN OBE VHUGRCURywGRBA BO GJB FLVxBU GNEVF i)D , ; ⊗�
fm0gf wAz

i)s, ; ⊗k
fm�)0gffi wF

i)Ds, ;
〉

6

⊗k)�
fm0 g6=f? “n–8¯

JQNEN GQN CNEVHGwGRBAF 9 CENFNEIN GQN BERPRAwU BEzNE BO GQN OwyGBEF RA i)D , wAz RA i)s,

JRGQRA i)Ds,– rBE NKwVCUNfi RO A ; V ; 1 JN PNG

i)Ds, ; g0 ⊗g1 ⊗g2 ⊗g3 [g0 ⊗g2 ⊗g1 ⊗g3 [g0 ⊗g2 ⊗g3 ⊗g1
[g2 ⊗g0 ⊗g1 ⊗g3 [g2 ⊗g0 ⊗g3 ⊗g1 [g2 ⊗g3 ⊗g0 ⊗g1, “n–0/¯

rBE UBPF wAz GQNRE CEBzHyGF JN BxGwRA

i)UBP K, ; K

i)UBP K UBP L, ; K⊗ L [ L ⊗ K, “n–00¯

rRAwUULfi OBE GQN dRNUFNA CBULUBPwERGQVF

i�<n ;
“O0¯�)n�0

“AO 0¯7Y7

∑ 0

+
zG
UBP��0“G¯ UBPn“0O KG¯

G
> “n–01¯

GQN FLVxBU RF PRINA xL

i)i�<n“K¯ ; t“ℓ/�>ℓ0n:K¯, ; “O0¯
n“0O K¯⊗ “0O K¯⊗ , , ,⊗ “0O K¯⊗ K⊗ K , , ,⊗ K “n–02¯

JQNEN GQNEN wEN Y 0O K=F wAz A K=F–
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Y iblaBk pdkwsRBA

uA GQRF wCCNAzRKfi JN zNFyERxN QBJ JN GNFGNz GQN ENUwGRBA “”–!¯ HFRAP GQN FLVxBU– �CCNAzRK

n ENIRNJF FBVN FwURNAG ONwGHENF BO FLVxBUF BO CBULUBPwERGQVF–

jQN wVCURGHzN �
=1<1?
0 OEBV wCCNAzRK �fi zRIRzNz xL �

=+?
0 .Hfi QwF GNEVF CEBCBEGRBAwU GB

GQN RAzNCNAzNAG IwERwxUNF F wAz H “JQNEN F[G[H ; /¯fi wAz GQNFN TRANVwGRy OwyGBEF wEN ABG

GBHyQNz xL GQN FLVxBU– jQNENOBEN JN JRUU BAUL yQNyT GQN F]GNEVF RA GQN zNFRENz ENUwGRBAfi

“p On¯�
=1<1?
0

(
; “n O X ¯�

=1<1?
1 > “Y–0¯

OBE GQN +ARGN BEzNE CRNyNF– “mN TABJ GQN uh zRINEPNAG CRNyNF FwGRFOL GQRF ENUwGRBAfi wAz JN

QwIN RA OwyG NKCURyRGUL yQNyTNz GQRF–¯

sRINA GQwG JN wEN RAGNENFGNz BAUL RA GQN ENUwGRBA xNGJNNA FLVxBUFfi GQN wAwULGRywU

yBAGRAHwGRBAF xNyBVN FRVCUNE– jB +Az GQN +EFG yLyURy GNEVfi RA GQN G < /> F> H m / ENPRBAfi

JN ANNz GB +EFG wAwULGRywUUL yBAGRAHN GB F < /> G> H m / wAz GQNA zB GQN yLyURy FQROG– jQN

wAwULGRywU yBAGRAHwGRBA PRINF

L ; O
F

G
→ LN�1πf ⇒ UBP L → UBP L O 1πR

0O L ; O
H

G
→ O“0O L¯N�πf

bRj“L¯ → bRj“LN
�1πf¯ ; bRj“L¯

i0<j“L¯ → i0<j“LN
�1πf¯ ; i0<j“L¯ “Y–1¯

wAz GQNA GQN yQwAPN “F> G> H¯ RAGB “G> H> F¯ UNwzF GB L → 0.“0O L¯ wAz 0O L → OL.“0O L¯–

�UU RA wUUfi JN BxGwRA

j → k [ 1πR

k → Oj O k O πR

bRj“L¯ → bRj

)

0

0O L

(

i0<j“L¯ → i0<j

)

0

0O L

(

, “Y–2¯

jB +Az GQN FNyBAz yLyURy GNEV RA GQN G < /fi F> H m / ENPRBAfi JN +EFG wAwULGRywUUL yBAGRAHN

GB H < /> F> G m /fi wAz GQNA zB GQN yLyURy FQROG– jQN wAwULGRywU yBAGRAHwGRBA PRINF

L → OLN�fπ ⇒ UBP L → UBP“OL¯O πR

0O L → “0O L¯N�1πf

bRj“L¯ → bRj“L¯ [ GNEVF BO / FLVxBU

i0<j“L¯ → i0<j“L¯ [ GNEVF BO / FLVxBU “Y–3¯

wAz GQNA GQN yQwAPN “F> G> H¯ RAGB “H> F> G¯ UNwzF GB L → O“0O L¯.L wAz 0O L → 0.L– �UU RA

wUUfi JN BxGwRA

j → Ok O j [ πR

k → j O 1πR

bRj“L¯ → bRj

)

O
0O L

L

(

[ GNEVF BO / FLVxBU

i0<j“L¯ → i0<j

)

O
0O L

L

(

[ GNEVF BO / FLVxBU “Y–4¯
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wAz ABJ JN ywA RPABEN GQN GNEVF JRGQ MNEB FLVxBUfi RAIBUIRAP GEwAFyNAzNAGwU yBAFGwAGF URTN

π– jQwG VNwAF GQwG RPABERAP GQNFN GNEVFfi GQN ENUwGRBA JN ANNz GB yQNyT RF

�
=1<1?
0 “UBP L [ UBP“0O L¯¯ ; �

=1<1?
1 “UBP L O 1 UBP“0O L¯¯ [ GNEVF BO / FLVxBU “Y–”¯

wAz wF JN VNAGRBANzfi JN JRUU BAUL yQNyT GQN F]GNEVF–

jQN ENFHUGRAP FLVxBU yBAGwRAF GNAFBE CEBzHyGF BO L wAz “0 O L¯ VBABVRwUF OBEVRAP w

4]OBUz GNAFBE CEBzHyGfi FB GQNEN wEN 14 ; 21 RAzNCNAzNAG GNAFBE FGEHyGHENF JQRyQ FQBHUz QwIN

MNEB yBNΛyRNAG RO GQRF RzNAGRGL RF GB QBUz RA FLVxBU– mN QwIN yQNyTNz 3 BO GQNFN yBNΛyRNAGFfi

wAz FQBJA GQNV GB xN ABAMNEB–

uA yBAyUHFRBAfi GQN RzNAGRGL “Y–0¯fi wAz GQNENOBEN wUFB GQN ioc]FHCNEPEwIRGL ENUwGRBA wG

GJB]UBBCFfi zBNF ABG QBUz GB +ARGN BEzNEfi ABG NINA RA FLVxBU–

hdedpdAydr

)0, i– mNRAxNEPfi uAOEwENz CQBGBAF wAz PEwIRGBAFfi fQLF- hNI- 03/ “08”4¯ n40”–

)1, Z–Y– ZHAxwE wAz f–i– dBEERzPNfi uA’ARGRNF JRGQRA PEwIRGBA FywGGNERAP wlCURGHzNFfi

YUwFF- gHwAG- sEwI- 03 “0886¯ 240 )fdo@sf.8401/73, )�Iifuhp,–

)2, i–s– dwyHURyQfi t– dwFGwFN wAz t–v– iyQARGMNEfi jJB,UBBC PEwIRGBA FywGGNERAP ENUwGRBA wAz uh

xNQwIRBE RA d ; ! FHCNEPEwIRGLfi dHyU- fQLF- n 7/4 “1//!¯ 3/ )wpnhul/7/4-1236, )�Iifuhp,–
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wAz ENFHllwGRBA wG ANaG,GB,ANaG,GB UNwzRAP CBUNfi fQLF- hNI- p 63 “1//”¯ /63//3
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)8, j– nNyQNE wAz c– dNHxNEGfi uAOEwENz FRAPHUwERGRNF BO FywGGNERAP wlCURGHzNF RA CNEGHExwGRIN

gYpfi fQLF- hNI- bNGG- 0/1 “1//8¯ 0”1//0 )wpnhul/8/0-/611, )�Iifuhp,–
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vtqf /1 “1/02¯ 016 )wpnhul010/-000/, )�Iifuhp,–
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)26, a– aBUxRPfi v– cRPAByB wAz q– hNVRzzRfi eA dRNUFNÁ F PNANEwURMNz CBULUBPwERGQlF wAz GQNRE
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