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Tnitld 017) Mtladp 1) OYedr 332y337
R ---1,7727�--(-4524,V
9pshbid didbspnmhbYiiu otaihrgdc nm Itiu 15) 1---

4NTMCHMF SGD MTL4DO NE BUBIDR NE N�C�D�R HM Oi

L- E=QJ=R) O- U=M CDM CQHDRRBGD) =MC L- K- YDDL=M

’Bnlltmhb˙sdc ax G˙k K- Rlhsg(

9arspWbs- Bqhsdqh˙ ˙qd fhudm tmcdq vghbg sgd antmc˙qx ne ˙m nqhdmsdc rtqe˙bd

cndr mns bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne sgd �0 ch�dqdmsh˙k dpt˙shnm ]f : C’f(

hm A�- Sgd rodbh˙k b˙rd ne ˙m ˙mmtktr hr etqsgdq bnmrhcdqdc) ˙mc sgd bqhsdqh˙

˙qd trdc sn cdctbd rtfibhdms bnmchshnmr enq sgd ch�dqdmsh˙k dpt˙shnm sn g˙ud

˙s lnrs nmd bxbkd- = antmc nm sgd mtladq ne bxbkdr nm rtqe˙bdr ne ghfgdq

bnmmdbshuhsx hr fhudm ax rhlhk˙q bnmchshnmr-

0- Hmspnctbshnm

Sgd bk˙rrhb˙k Admchwrnm,Ctk˙b bqhsdqhnm ’rdd+ d-f-+ Z5+ Sgl- 2-4-05[( enq qtkhmf
nts bxbkdr ne ˙ ok˙m˙q C. chΩdqdmsh˙k dpt˙shnm

ŵ ; d’w(. w ∈ O1’0(

trdr sgd e˙bs sg˙s ˙mx rhlokd bknrdc ohdbdvhrd C. btqud hm O1 antmcr ˙ rhlokx
bnmmdbsdc qdfhnm C- Rsnjdrfl Sgdnqdl ’nq Fqddmflr Sgdnqdl( hm sgd ok˙md hr ˙ookhdc
sn sgd qdfhnm C sn ffmc bqhsdqh˙ tmcdq vghbg sgd antmc˙qx btqud cndr mns bnmrhrs
dmshqdkx ne sq˙idbsnqhdr ne dpt˙shnm ’0(- Hm o˙qshbtk˙q+ sghr ld˙mr sg˙s sgd antmc˙qx
btqud hr mns ˙ bxbkd ’h-d- odqhnchb nqahs+ gnlnbkhmhb bxbkd nq gdsdqnbkhmhb bxbkd( ne
dpt˙shnm ’0(- Rhlhk˙q bqhsdqh˙ b˙m ˙krn ad trdc sn qtkd nts bxbkdr eqnl sgd hmsdqhnq
ne C+ rhmbd ˙mx bxbkd hm C vhkk antmc ˙ rhlokx bnmmdbsdc rtaqdfhnm ne C+ sn vghbg
Rsnjdrfl Sgdnqdl b˙m ˙f˙hm ad ˙ookhdc-
Mnv bnmrhcdq ˙ qdfhnm hm O1 sg˙s hr mns rhlokx bnmmdbsdc9 enq dw˙lokd+ ˙m ˙mmt,

ktr A+ antmcdc ax svn rhlokd bknrdc ohdbdvhrd C. btqudr- Sgdm Rsnjdrfl Sgdnqdl
b˙m ad ˙ookhdc sn A sn ffmc bqhsdqh˙ tmcdq vghbg sgd antmc˙qx btqudr cn mns ansg
bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne dpt˙shnm ’0(- Rhlhk˙q bqhsdqh˙ b˙m sgdm ad entmc
tmcdq vghbg sgd ˙mmtktr A bnms˙hmr ˙s lnrs nmd bxbkd ne dpt˙shnm ’0(+ rhmbd ˙mx
o˙hq ne bxbkdr hm A vhkk antmc dhsgdq ˙m ˙mmtk˙q rtaqdfhnm ne A nq ˙s kd˙rs nmd
rhlokx bnmmdbsdc rtaqdfhnm ne A+ sn vghbg Rsnjdrfl Sgdnqdl b˙m ˙f˙hm ad ˙ookhdc-
Rdd E˙qj˙r Z5+ Bnq- 2-4-06[ enq lnqd cds˙hkr+ ˙mc Jknxc Z8[ enq qdrtksr qdk˙shmf sgd
l˙whltl mtladq ne bxbkdr sn sgd bnmmdbshuhsx ne ˙ qdfhnm-

Qdbdhudc ax sgd dchsnqr =oqhk 07) 0888-

1... LVsgdlVshbr Rtaidbs BkVrrhffbVshnm- Oqhl˙qx 23=15) 23B.4) 23B14) 26B16-

Idx vnqcr Vmc ogqVrdr- Admchwrnm,Ctk˙b) bxbkdr) odqhnchb nqahs) fdmtr) Rsnjdr’ Sgdnqdl-
Sgd ffqrs ˙tsgnq’r qdrd˙qbg v˙r rtoonqsdc hm o˙qs ax sgd Gtmf˙qh˙m Entmc˙shnm enq Rbhdmshffb

Qdrd˙qbg fq˙ms mn- S.18782-

Sgd rdbnmc ˙tsgnq’r qdrd˙qbg v˙r rtoonqsdc hm o˙qs ax ˙m MRDQB Qdrd˙qbg Fq˙ms ˙mc sgd

Tmhudqrhsx ne Uhbsnqh˙ Bnllhssdd nm E˙btksx Qdrd˙qbg ˙mc Sq˙udk-

Sgd sghqc ˙tsgnq’r qdrd˙qbg v˙r rtoonqsdc hm o˙qs ax sgd Tmhudqrhsx ne Sdw˙r ˙s R˙m =msnmhn

Nfibd ne Qdrd˙qbg Cdudknoldms-

b�1--- 9ldphbYm LYsgdlYshbYi Rnbhdsu

332
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Hm Z1[ ˙mc Z2[ Atrdmadqf ˙mc u˙m cdm Cqhdrrbgd fdmdq˙khyd sgd bk˙rrhb˙k Admchwrnm,
Ctk˙b bqhsdqhnm sn ˙ rhlokd bknrdc ohdbdvhrd C. btqud antmchmf ˙ rhlokx bnmmdbsdc
qdfhnm C ne ˙ C. nqhdmsdc rtqe˙bd ’svn,chldmrhnm˙k l˙mhenkc( hm O2- Fhudm ˙ udbsnq
ffdkc d nm O2+ Rsnjdrfl Sgdnqdl hm O2 hr ˙ookhdc sn C sn ffmc bqhsdqh˙ tmcdq vghbg
sgd onrhshudkx nqhdmsdc antmc˙qx btqud cndr mns bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne
ŵ ; d’w(- Nmbd ˙f˙hm rhlhk˙q bqhsdqh˙ b˙m ˙krn ad trdc sn qtkd nts onrhshudkx nqhdmsdc
bxbkdr eqnl sgd hmsdqhnq ne C- Enq ˙ookhb˙shnmr ne sgd sgqdd,chldmrhnm˙k qdrtks sn
lncdkr hm dohcdlhnknfx ˙mc dbnknfx+ rdd Z04[ ˙mc sgd qdedqdmbdr sgdqdhm: ˙mc enq
qdk˙sdc qdrtksr+ rdd Z2+ 3+ 4+ 6+ 0.+ 00+ 02[-
Hm Z01[ O˙bd ˙mc Wddl˙m etqsgdq fdmdq˙khyd sgd bk˙rrhb˙k qdrtks sn ˙ rhlokd bknrdc

ohdbdvhrd C. btqud antmchmf ˙ rhlokx bnmmdbsdc qdfhnm C ne ˙m nqhdmsdc C. rtqe˙bd
hm Oi- Sgd ldsgnc hr sgd r˙ld ˙r sg˙s ne Atrdmadqf ˙mc u˙m cdm Cqhdrrbgd+ ats
qd,vqhssdm hm sgd k˙mft˙fd ne dwsdqhnq b˙kbtktr hm nqcdq sn ˙ookx Rsnjdrfl Sgdnqdl
sn rtqe˙bdr hm Oi-
Hm sghr o˙odq vd bnmrhcdq ˙ chΩdqdmsh˙k dpt˙shnm

ŵ ; d’w(. vgdqd w ∈ Oi ˙mc d 9 Oi → Oi hr C..’1(

˙mc ˙ tmhnm ne rhlokd bknrdc ohdbdvhrd C. btqudr antmchmf ˙ qdfhnm C ne ˙m nqhdmsdc
C. rtqe˙bd hm Oi+ vgdqd C hr mns mdbdrr˙qhkx rhlokx bnmmdbsdc- Td ˙ookx Rsnjdrfl
Sgdnqdl sn sgd qdfhnm C sn ffmc bqhsdqh˙ tmcdq vghbg sgd ’nqhdmsdc( antmc˙qx ne C
cndr mns bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne dpt˙shnm ’1(- Hm Rdbshnm 1 vd oqnud ntq
l˙hm sgdnqdl ’Sgdnqdl 1-1( ˙mc rnld bnqnkk˙qhdr- Hm Rdbshnm 2 vd bnmrhcdq sgd
rodbh˙k b˙rd vgdm C hr ˙m ˙mmtktr hm Oi+ ˙mc oqdrdms ˙ sgqdd,chldmrhnm˙k dw˙lokd-
Hm Rdbshnm 3 vd ffmc ˙ antmc nm sgd mtladq ne bxbkdr hm C+ hm sdqlr ne sgd

bnmmdbshuhsx ne C-

1- Ptkhmf nts bxbkdr

Ehqrs rnld cdffmhshnmr ˙qd fhudm- Rdd Annsgax Z0[ nq Rohu˙j Z03[ enq a˙bjfqntmc
l˙sdqh˙k nm dwsdqhnq b˙kbtktr nm l˙mhenkcr- =m nphdmsdc C. rtpeRbd hm Oi hr ˙
C. nqhdms˙akd svn,chldmrhnm˙k l˙mhenkc vhsg antmc˙qx nm vghbg ˙ bgnhbd ne nqh,
dms˙shnm g˙r addm l˙cd- Sgqntfgnts sgd o˙odq+ sgd antmcRpx ne ˙ rtqe˙bd ld˙mr
sgd antmc˙qx hm sgd rdmrd ne l˙mhenkcr- Sgd nqhdms˙shnm bgnrdm nm C hmctbdr ˙m
nqhdms˙shnm nm sgd antmc˙qx >C ne C-
Jds f ; ’f.. . . . . fi(T ad ˙ udbsnq ffdkc nm Oi- Jds Oi· cdmnsd sgd ct˙k ro˙bd

sn Oi+ ˙mc kds aw.. . . . . awi ad sgd a˙rhr ne Oi· ct˙k sn sgd rs˙mc˙qc a˙rhr ne Oi-
Sgdm sgd 0,enql ctRk sn f hr µ ; f.aw. ) . . .) fiawi+ ˙mc sgd dwsdqhnq cdqhu˙shud
aµ ne µ hr ˙ 1,enql nm Oi-

PdlRpj 1-0- Tgdm m ; 2+

aµ ;
�
>f2
>w1

� >f1
>w2

)
aw1aw2 �

�
>f2
>w.

� >f.
>w2

)
aw2aw. )

�
>f1
>w.

� >f.
>w1

)
aw.aw1.

vghbg hr sgd 1,enql ct˙k sn btqk f uh˙ Gncfd ct˙khsx- Rn

S aµ ;


S btqk f · g vgdqd

g hr sgd tmhs mnql˙k sn C hmctbdc ax sgd nqhdms˙shnm nm C-

Sgd rs˙sdldms ˙mc oqnne ne Sgdnqdl 1-1 ˙mc hsr bnqnkk˙qhdr enkknv sgd r˙ld rhlokd
rsxkd ˙r sgnrd ne sgd bk˙rrhb˙k Admchwrnm,Ctk˙b sgdnqdl ’˙r hm Z5+ Sgl- 2-4-05[( ˙mc
hsr fdmdq˙khy˙shnmr ax Atrdmadqf ˙mc u˙m cdm Cqhdrrbgd Z1+ 2[- Rdd drodbh˙kkx O˙bd
˙mc Wddl˙m Z01[-
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Seampal 1�1� Ids d 9 Oi → Oi ad R C. udbsnp �dkc+ Rmc kds C ad R bnloRbs
nphdmsdc C. rtpeRbd vhsg ohdbdvhrd C. antmcRpx >C hm Oi- 1e sgdpd dwhrsr R C.

udbsnp �dkc f 9 C → Oi+ rtbg sgRs

’=( f · d ≥ . ’≤ .( nm >C+
’A(

∫

S
aµ ≤ . ’≥ .(+ vgdpd µ hr sgd ctRk .fienpl sn f+

’B( dhsgdp f · d 6; . nm Rm nodm Rpb hm >C+ np
∫

S
aµ 6; .+

sgdm >C cndr mns bnmrhrs dmshpdkx ne spRidbsnphdr ne ŵ ; d’w( spRudprdc hm sgd onrhshud
chpdbshnm vhsg pdrodbs sn sgd nphdmsRshnm nm C-

Mpnne- Rtoonrd+ enq bnmsq˙chbshnm+ sg˙s >C cndr bnmrhrs ne sq˙idbsnqhdr ne ŵ ; d’w(+
˙kk sq˙udqrdc hm sgd onrhshud chqdbshnm vhsg qdrodbs sn sgd nqhdms˙shnm nm C- Sgdm >C
b˙m ad o˙q˙ldsdqhrdc ax ˙ tmhnm+ γ’r(+ ne sq˙idbsnqhdr ne ŵ ; d’w(+ rn sg˙s γ′ ; d -
Sgtr

. ≤
∫

∂S
f · d ax gxonsgdrhr ’=(

;
∫

γ

f · γ′ ax ˙rrtloshnm

;
∫

γ

µ

;
∫

S
aµ ax Rsnjdrfl Sgdnqdl

≤ . ax gxonsgdrhr ’A(.

Sghr bnmsq˙chbsr gxonsgdrhr ’B(-
Sgd b˙rd vgdm hmdpt˙khshdr ’=( ˙mc ’A( ˙qd ansg qdudqrdc enkknvr rhlhk˙qkx-

Sgd bgnhbd ne o˙q˙ldsqhr˙shnm l˙x hlokx sg˙s


γ
f · γ′ hr ˙ rtl ne hmcdffmhsd

hmsdfq˙kr- Mdudqsgdkdrr sgd bnlo˙bsmdrr ˙mc rlnnsgmdrr ˙rrtloshnmr dmrtqd sg˙s
γ
f · γ′ hr cdffmdc-
=r hm Z01[+ vd b˙m cdudkno rnld qntfg fdnldsqhb hmsthshnm enq sghr qdrtks ax

sghmjhmf ne aµ ˙r ˙ fdmdq˙khy˙shnm ne btqk f vgdm m < 2- Sgdm gxonsgdrhr ’A( rs˙sdr
sg˙s sgd nudq˙kk qns˙shnm ne f hr mdf˙shud vhsg qdrodbs sn sgd nqhdms˙shnm nm C+ vghkd
gxonsgdrhr ’=( rs˙sdr sg˙s sq˙idbsnqhdr ne ŵ ; d’w( enkknv sgd r˙ld nudq˙kk chqdbshnm
˙r f ˙qntmc >C- Sgdqdenqd ˙s kd˙rs nmd sq˙idbsnqx ne d nm >C hr sq˙udqrdc hm sgd
mdf˙shud chqdbshnm vhsg qdrodbs sn sgd nqhdms˙shnm nm C-
Mnsd sg˙s Sgdnqdl 1-1 cndr mns qtkd nts sgd onrrhahkhsx sg˙s >C bnmrhrsr ne

sq˙idbsnqhdr ne d + rnld sq˙udqrdc hm sgd onrhshud chqdbshnm vhsg qdrodbs sn sgd nqh,
dms˙shnm nm C+ ats ˙s kd˙rs nmd sq˙udqrdc hm sgd mdf˙shud chqdbshnm vhsg qdrodbs sn
sgd nqhdms˙shnm nm C- Hm sgd enkknvhmf bnqnkk˙qhdr ne Sgdnqdl 1-1 vd rsqdmfsgdm sgd
bnmbktrhnm ax bnmrhcdqhmf sgd rodbh˙k b˙rdr vgdm dhsgdq


S aµ ; .+ nq f · d ± . nm

>C-

BmpmhhYpx 1�2� Ids d 9 Oi → Oi ad R C. udbsnp �dkc+ Rmc kds C ad R bnloRbs
nphdmsdc C. rtpeRbd vhsg ohdbdvhrd C. antmcRpx >C hm Oi- 1e sgdpd dwhrsr R C.

udbsnp �dkc f 9 C → Oi+ rtbg sgRs

’=( f · d ≥ . ’≤ .( nm >C+ Rmc f · d 6; . nm Rm nodm Rpb hm >C+
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’A(
∫

S
aµ ; .+ vgdpd µ hr sgd ctRk .fienpl sn f+

sgdm >C cndr mns bnmrhrs ne spRidbsnphdr ne ŵ ; d’w( sgRs Rpd dhsgdp Rkk spRudprdc hm
sgd onrhshud chpdbshnm vhsg pdrodbs sn sgd nphdmsRshnm nm C+ np Rkk spRudprdc hm sgd
mdfRshud chpdbshnm vhsg pdrodbs sn sgd nphdmsRshnm nm C-
Mpnne- Sgd oqnne ne Bnqnkk˙qx 1-2 hr rhlhk˙q sn sg˙s ne Sgdnqdl 1-1- Hm sghr b˙rd+
vd ˙rrtld sg˙s >C bnmrhrsr ne sq˙idbsnqhdr ne ŵ ; d’w(+ ˙kk sq˙udqrdc hm sgd r˙ld
chqdbshnm vhsg qdrodbs sn sgd nqhdms˙shnm nm C- Sgdm >C b˙m ad o˙q˙ldsdqhrdc ax
γ+ vgdqd dhsgdq γ′ ; d nm γ+ nq γ′ ; �d nm γ+ ˙mc Rsnjdrfl Sgdnqdl kd˙cr sn ˙
bnmsq˙chbshnm+ ˙r hm sgd oqnne ne Sgdnqdl 1-1-

BmpmhhYpx 1�3� Ids d 9 Oi → Oi ad R C. udbsnp �dkc+ Rmc kds C ad R bnloRbs
nphdmsdc C. rtpeRbd vhsg ohdbdvhrd C. antmcRpx >C hm Oi- 1e sgdpd dwhrsr R C.

udbsnp �dkc f 9 C → Oi+ rtbg sgRs
’=( f · d ± . nm >C+
’A(

∫

S
aµ 6; .+ vgdpd µ hr sgd ctRk .fienpl sn f+

sgdm >C cndr mns bnmrhrs dmshpdkx ne spRidbsnphdr ne ŵ ; d’w(-

Mpnne- =rrtld sg˙s >C bnmrhrsr ne sq˙idbsnqhdr ne ŵ ; d’w(+ vhsgnts qdrsqhbshmf sgd
chqdbshnm hm vghbg d˙bg sq˙idbsnqx hr sq˙udqrdc- Sgdm >C b˙m ad o˙q˙ldsdqhrdc ax
γ’r(+ vgdqd γ′’r( ; ·d’γ’r(( enq d˙bg r- Rn f · γ′ ; ·f · d ; . nm γ- Sgtr Rsnjdrfl
Sgdnqdl ˙f˙hm kd˙cr sn ˙ bnmsq˙chbshnm-

2- Sgd bWrd ne Wm Wmmtktr

Td b˙kk A ∈ Oi ˙m Rmmtktr he hs hr gnldnlnqoghb sn ˙m ˙mmtktr hm O1- Td
mnv bnmrhcdq sgd rodbh˙k b˙rd ne sgd ˙anud qdrtksr vgdm C hr ˙ bnlo˙bs C. nqhdmsdc
˙mmtktr A hm Oi+ ˙mc >A bnmrhrsr ne svn rhlokd bknrdc ohdbdvhrd C. btqudr- He vd
˙rrtld sg˙s >A bnmrhrsr ne svn odqhnchb nqahsr ne dpt˙shnm ’1(+ sgdm Ehftqd 0 rgnvr
sgd entq onrrhakd nqhdms˙shnmr ne sgd finv ˙qntmc sghr o˙hq ne odqhnchb nqahsr+ qdk˙shud
sn sgd nqhdms˙shnm µ nm A-
He sgdqd dwhrsr ˙ udbsnq ffdkc f 9 Oi → Oi r˙shrexhmf sgd gxonsgdrdr ne Sgdnqdl

1-1+ sgdm sgd antmc˙qx bhqbkdr ne A ˙qd mns ansg odqhnchb nqahsr ne dpt˙shnm ’1(
sq˙udqrdc hm sgd onrhshud chqdbshnm vhsg qdrodbs sn sgd nqhdms˙shnm nm A+ ˙mc Ehftqd
0’˙( hr qtkdc nts- Mnsd sg˙s Sgdnqdl 1-1 cndr mns qtkd nts Ehftqdr 0’a(z’c(+ rhmbd
˙s kd˙rs nmd ne sgd antmc˙qx odqhnchb nqahsr hr sq˙udqrdc hm sgd mdf˙shud chqdbshnm
vhsg qdrodbs sn sgd nqhdms˙shnm nm A-
He f r˙shrffdr sgd gxonsgdrdr ne Bnqnkk˙qx 1-2+ sgdm Ehftqdr 0’˙( ˙mc 0’a( ˙qd ansg

qtkdc nts+ ats Ehftqdr 0’b( ˙mc 0’c( ˙qd rshkk onrrhakd- He f r˙shrffdr sgd gxonsgdrdr
ne Bnqnkk˙qx 1-3+ sgdm >N cndr mns bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne dpt˙shnm ’1(+ rn
Ehftqdr 0’˙(z0’c( ˙qd ˙kk qtkdc nts- Bkd˙qkx+ rhlhk˙q ffftqdr ˙qd qtkdc nts ax Sgdnqdl
1-1zBnqnkk˙qx 1-3 vgdm >A bnmrhrsr ne nqhdmsdc bxbkdr q˙sgdq sg˙m odqhnchb nqahsr-
Hm sgd enkknvhmf qdrtks+ sgd gxonsgdrdr ˙qd rsqnmfdq sg˙s sgnrd ne Bnqnkk˙qx 1-3+ rn

sg˙s Bnqnkk˙qx 1-3 b˙m ad ˙ookhdc sn ˙mx rtaqdfhnm neA vhsg ohdbdvhrd C. antmc˙qx-
Td b˙m sgdm bnmsqnk sgd mtladq ne bxbkdr hm sgd hmsdqhnq ne A+ ˙r vdkk ˙r nm >A+ rn
sg˙s sgdqd hr ˙s lnrs nmd bxbkd ne dpt˙shnm ’1( hm sgd ˙mmtktr A-
BmpmhhYpx 2�.� Ids d 9 Oi → Oi ad R C. udbsnp �dkc+ Rmc kds A ad R bnloRbs
nphdmsdc C. Rmmtktr vhsg rhlokd bknrdc ohdbdvhrd C. antmcRpx btpudr >A hm Oi-
1e sgdpd dwhrsr R C. udbsnp �dkc f 9 A → Oi+ rtbg sgRs
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(a) (b)

(c) (d)

± ±

± ±

 

Dhftpd 0- >A bnmrhrsr ne odqhnchb nqahsr+ ˙knmf vghbg sgd finv hr
nqhdmsdc ’˙r rgnvm ax sgd ˙qqnvr( ’˙( onrhshudkx+ ’a( mdf˙shudkx+
’b(+’c( hm noonrhsd chqdbshnmr qdk˙shud sn sgd nqhdms˙shnm µ nm A-
Sgd nqhdms˙shnm µ hr qdoqdrdmsdc ax ˙ bntmsdqbknbjvhrd qns˙shnm nm
A+ ˙mc bnqqdronmcr sn ˙ onrhshud tmhs mnql˙k udbsnq onhmshmf nts
ne sgd o˙fd+ snv˙qcr sgd qd˙cdq-

’=( f · d ± . nm A+
’A( enp Rmx nodm pdfhnm Ω nm A+

∫

�

aµ 6; .+ vgdpd µ hr sgd ctRk .fienpl sn f+

sgdm ŵ ; d’w( gRr Rs lnrs nmd bxbkd nm A- Lnpdnudp+ he sgdpd cndr dwhrs R bxbkd+
sgdm hs cndr mns antmc R rhlokx bnmmdbsdc pdfhnm ne A-

Mpnne- Rtoonrd sg˙s ŵ ; d’w( g˙r svn chrinhms bxbkdr hm A- Sgdm dhsgdq sgdrd bxbkdr
antmc ˙m ˙mmtk˙q rtaqdfhnm ne A+ nq ˙s kd˙rs nmd ne sgd bxbkdr antmcr ˙ rhlokx
bnmmdbsdc rtaqdfhnm ne A- Hm dhsgdq b˙rd+ b˙kk sghr rtaqdfhnm Ω- Sgdm gxonsgdrhr
’=( fhudr f · d ± . nm >Ω- Mnv ˙ookx Bnqnkk˙qx 1-3 sn Ω- Hm sgd b˙rd vgdm Ω hr ˙m
˙mmtktr+ Bnqnkk˙qx 1-3 hlokhdr sg˙s sgd antmc˙qx cndr mns bnmrhrs dmshqdkx ne bxbkdr+
kd˙chmf sn ˙ bnmsq˙chbshnm- Hm sgd b˙rd vgdm Ω hr rhlokx bnmmdbsdc+ Bnqnkk˙qx 1-3
hlokhdr sg˙s >Ω hr mns ˙ bxbkd- Sgtr+ hm dhsgdq b˙rd+ sgdqd hr ˙s lnrs nmd bxbkd hm A
˙mc sgd qdrtks enkknvr-

=r ˙m dw˙lokd+ vd bnmrhcdq ˙ u˙qh˙shnm ne Dw˙lokd 3-4 ne Z7[-

DrYloha 2�1� Bnmrhcdq sgd C. rxrsdl ŵ ; d’w(+ vgdqd w ∈ O2 ˙mc d 9 O2 → O2+
fhudm ax9

ŵ. ; w1v’w2( ) ’S1 � w1. � w11(w..
ŵ1 ; �w.v’w2( ) ’S1 � w1. � w11(w1.
ŵ2 ; t’w.. w1(� u’w2(.

vgdqd S < .. v’w2( 6; . ˙mc u′’w2( < .- Hm ˙cchshnm+ vd ˙rrtld sg˙s h ≤
t’w.. w1( ≤ k ˙mc sg˙s ∃ n. p vhsg n , p rtbg sg˙s u’w2( , h enq w2 ≤ n+ ˙mc
u’w2( < k enq w2 ≥ p-
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Mnsd sg˙s enq sghr rxrsdl sgd w2,˙whr hr hmu˙qh˙ms- Eqnl sgd ffqrs svn dpt˙shnmr

’w1. ) w11(
· ; 1’w.ŵ. ) w1ŵ1( ; 1’S1 � w1. � w11(’w

1
. ) w11(.

rn sgd bxkhmcdq A fhudm ax w1.)w11 ; S1 ˙ssq˙bsr nm O2|{w2,˙whr{- Td b˙m sgdqdenqd
qdrsqhbs ntq ˙ssdmshnm sn A- Rhmbd ŵ2 < . nm A enq w2 ≤ n+ ˙mc ŵ2 , . nm A enq
w2 ≥ p+ sgd qdfhnm A nm A fhudm ax n ≤ w2 ≤ p hr ˙ bnlo˙bs ˙ssq˙bshmf ˙mmtktr+
˙mc sgtr bnms˙hmr ˙ ffwdc onhms nq ˙ odqhnchb nqahs- Ats rhmbd v’w2( 6; .+ sgdqd hr
mn ffwdc onhms nm A- Gdmbd A bnms˙hmr ˙s kd˙rs nmd odqhnchb nqahs-
Td mnv ˙ookx Bnqnkk˙qx 2-0 sn rgnv sg˙s A bnms˙hmr ˙ tmhptd odqhnchb nqahs

sg˙s dmbhqbkdr sgd w2,˙whr- Sgd nqhdms˙shnm ne A hr bgnrdm sn g˙ud tmhs mnql˙k
g ; .

STS ’w.. w1. .(
T - Cdffmd f nm O2 | {w2,˙whr{ ax

f

)


w.
w1
w2



 ;

)



�n1
n1�+n

1
1
’t’w.. w1(� u’w2((

n�
n1�+n

1
1
’t’w.. w1(� u’w2((

v’w2(



 .

Sgdm f · d ± . nm O2 | {w2,˙whr{+ ˙mc btqk f · g ; .
STSu

′’w2( < . nm A- Sgtr+ ax
Pdl˙qj 1-0+ bnmchshnmr ’=( ˙mc ’A( ne Bnqnkk˙qx 2-0 ˙qd r˙shrffdc+ ˙mc rn sgd rxrsdl
g˙r ˙ tmhptd odqhnchb nqahs nm A- Lnqdnudq+ sg˙s odqhnchb nqahs cndr mns antmc
˙ rhlokx bnmmdbsdc qdfhnm ne A+ ˙mc gdmbd hs dmbhqbkdr sgd w2,˙whr- Mnsd sg˙s f hr
rhmftk˙q nm sgd w2,˙whr: sghr rhmftk˙qhsx hr mdbdrr˙qx hm trhmf Bnqnkk˙qx 2-0 sn rgnv
sg˙s sgd rxrsdl g˙r ˙s lnrs nmd bxbkd nm A vhsgnts qtkhmf nts ˙kk bxbkdr-
Td qdl˙qj sg˙s sgd gxonsgdrdr nm t’w.. w1( ˙mc v’w2( b˙m ad vd˙jdmdc- Td

qdpthqd nmkx sg˙s t’w.. w1( hr antmcdc nm sgd bhqbkd w1. ) w11 ; S1+ ˙mc sg˙s he
v’q( ; . enq n ≤ q ≤ p+ sgdm t’w.. w1( 6; u’q( nm sgd bhqbkd- Sghr k˙rs bnmchshnm
dmrtqdr sg˙s sgdqd hr mn ffwdc onhms nm A-
Hm sgd rodbh˙k b˙rd vgdm S ; 0. t’w.. w1( ; β’w. ) w1( ˙mc u’w2( ; γw2+ vhsg

β. γ < .+ sghr dw˙lokd qdctbdr sn ˙ rodbh˙k b˙rd ne Dw˙lokd 3-4 ne Z7[ vhsg � ; 0-
Sgdrd bgnhbdr ne t’w.. w1( ˙mc u’w2( r˙shrex ntq ˙rrtloshnmr vhsg sgd qdfhnm A nm
A fhudm ax }w2} ≤

\
1�

γ
- Hm Z7[ sgd dwhrsdmbd ne ˙ tmhptd khlhs bxbkd hm ˙m hmu˙qh˙ms

snqnhc˙k qdfhnm hr rgnvm ax trhmf sgd rdbnmc ˙cchshud bnlontmc-

3- Antmchmf sgd mtladp ne bxbkdr

Hm sghr rdbshnm vd fdmdq˙khyd Bnqnkk˙qx 2-0 sn ffmc bnmchshnmr sg˙s antmc sgd
mtladq ne bxbkdr ne dpt˙shnm ’1( nm rtqe˙bdr ne ghfgdq bnmmdbshuhsx hm Oi- Jds C
ad ˙ bnlo˙bs bnmmdbsdc nqhdmsdc C. rtqe˙bd vhsg K antmc˙qx bnlonmdmsr- Cdffmd
sgd mtladp ne gnkdr G ne C sn ad sgd l˙whltl mtladq ne chrinhms rhlokd bknrdc
btqudr+ γa+ sg˙s b˙m khd nm C rtbg sg˙s mn rtards ne {γa{ antmcr ˙m nodm qdfhnm ne
C | >C-
Hm sgd b˙rd vgdm K ; .+ C hr gnldnlnqoghb sn ˙ rogdqd vhsg g˙mckdr Z0+

Sgdnqdl 3-0[+ ˙mc G hr sgd fdmtr ne C- Tgdm C ∈ O1. G ; K � 0+ ˙mc Bnqnkk˙qx
3-0 hr rhlhk˙q sn Sgdnqdl 0 ne Z8[- Hm sgd fdmdq˙k b˙rd vhsg K < .+ vd cdqhud ˙
bnmmdbsdc nqhdmsdc svn,l˙mhenkc ]C eqnl C ax hcdmshexhmf d˙bg bnlonmdms ne >C
vhsg ˙ onhms- Sgdm C g˙r G gnkdr+ vgdqd G ; C)K � 0 ˙mc C hr sgd fdmtr ne ]C-

BmpmhhYpx 3�.� Ids d 9 Oi → Oi ad R C. udbsnp �dkc+ Rmc kds C ad R bnloRbs
bnmmdbsdc nphdmsdc C. rtpeRbd hm Oi vhsg G gnkdr- 1e sgdpd dwhrsr R C. udbsnp �dkc
f 9 C → Oi+ rtbg sgRs

’=( f · d ± . nm C+
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’A( enp Rmx nodm pdfhnm Ω nm C+
∫

�

aµ 6; .+ vgdpd µ hr sgd ctRk .fienpl sn f+

sgdm ŵ ; d’w( gRr Rs lnrs G chrinhms bxbkdr nm C-
Mpnne- Rtoonrd sg˙s ŵ ; d’w( g˙r G ) 0 chrinhms bxbkdr nm C- Jds � cdmnsd sgd
tmhnm ne sgdrd bxbkdr- Rhmbd C g˙r G gnkdr+ sgdqd dwhrsr ˙m nodm qdfhnm Ω ne C | >C
rtbg sg˙s >Ω ⊂ �- Mnv ˙ookx Bnqnkk˙qx 1-3 sn Ω S >Ω sn rgnv sg˙s >Ω cndr mns
bnmrhrs dmshqdkx ne sq˙idbsnqhdr ne d + ˙mc gdmbd qd˙bg ˙ bnmsq˙chbshnm-

9bimnvkdcfldms

Td ˙qd fq˙sdetk sn Clhsqx Fnjgl˙m+ I˙ldr Ltkcnvmdx ˙mc Bgqhrsnogdq Wdd,
l˙m enq u˙kt˙akd chrbtrrhnmr+ ˙mc sn ˙ qdedqdd enq cq˙vhmf ntq ˙ssdmshnm sn Z00[-

Pdedpdmbdr

Z0[ V- L- Annsgax) 8m Hmsqnctbshnm sn Ch�dqdmshVakd LVmhenkcr Vmc PhdlVmmhVm Ednldsqx’

=b˙cdlhb Oqdrr) R˙m Chdfn) B=) 0875- LQ 76j947..0

Z1[ R- Atrdmadqf ˙mc O- u˙m cdm Cqhdrrbgd) 8mVkxrhr ne V chrdVrd sqVmrlhrrhnm lncdk hm V onot,

kVshnm vhsg uVqxhmf rhyd’ I- L˙sg- Ahnk- 17 ’088.() 146y16.- LQ 80a981.64

Z2[ ) 8 ldsgnc enq oqnuhmf sgd mnm,dwhrsdmbd ne khlhs bxbkdr’ I- L˙sg- =m˙k- =ook- 061

’0882() 352y368- LQ 83a923.28

Z3[ F- Atskdq) Q- Rbglhc ˙mc O- V˙ksl˙m) Khlhshmf sgd bnlokdwhsx ne khlhs rdsr hm rdke,qdftkVshmf

rxrsdlr’ I- L˙sg- =m˙k- =ook- 036 ’088.() 52y57- LQ 80c947041

Z4[ V- A- Cdlhcnvhsrbg) Dhmd UdqVkkfdldhmdqtmf cdr Iqhsdqhtlr unm Admchwrnm’ Y- =fmdv-

L˙sg- Ldbg- 35 ’0855() 034y035- LQ 239312

Z5[ L- E˙qj˙r) Odqhnchb Lnshnmr’ Roqhmfdq,Udqk˙f) Mdv Wnqj) MW) 0883- LQ 84e923.47

Z6[ W- Kh ˙mc I- R- Ltkcnvmdx) Mm Admchwrnḿ r bqhsdqhnm’ I- Ch�dqdmsh˙k Dpt˙shnmr 0�5 ’0882()

16y28- LQ 83h923.37

Z7[ ) OgVrd Vrxlosnshb rdlhfinvr’ OnhmbVqfld´r bnmchshnm’ Vmc sgd dwhrsdmbd ne rsVakd khlhs

bxbkdr’ I- Ch�dqdmsh˙k Dpt˙shnmr 013 ’0885() 314y337- LQ 85j923.47

Z8[ M- F- Kknxc) 8 mnsd nm sgd mtladq ne khlhs bxbkdr hm bdqsVhm svn,chldmrhnmVk rxrsdlr’ I-

Knmcnm L˙sg- Rnb- 1� ’0868() 166y175- LQ 7�j923.28

Z0.[ I- R- Ltkcnvmdx) Bnlontmc lVsqhbdr Vmc nqchmVqx ch�dqdmshVk dptVshnmr’ Qnbjx Lntms˙hm

I- L˙sg- 1� ’088.() 746y760- LQ 81g904..1

Z00[ ) Rnktshnm sn oqnakdl 2.2’ Mhdtv =qbg- Vhrj- 0� ’0881() 04.y041-

Z01[ I- =- O˙bd ˙mc L- K- Yddl˙m) 8 aqhcfd adsvddm sgd Admchwrnm,CtkVb bqhsdqhnm hm A1 Vmc

KhVotmnu etmbshnmr hm A�’ B˙m˙c- =ook- L˙sg- Pt˙qs- 5 ’0887() 078y082- LQ 88k923.80

Z02[ Q- =- Rlhsg) Rnld VookhbVshnmr ne GVtrcnq� chldmrhnm hmdptVkhshdr enq nqchmVqx ch�dqdmshVk

dptVshnmr’ Oqnb- Qnx- Rnb- Dchmatqfg Rdbs- = 0�3: ’0875() 124y148- LQ 77R923.45

Z03[ L- Rohu˙j) BVkbtktr nm lVmhenkcr’ V- =- Admi˙lhm) Hmb-) Mdv Wnqj) MW) 0854- LQ 2492.8

Z04[ O- u˙m cdm Cqhdrrbgd ˙mc L- K- Yddl˙m) Sgqdd,chldmrhnmVk bnlodshshud KnsjV,UnksdqqV rxr,

sdlr vhsg mn odqhnchb nqahsr’ RH=L I- =ook- L˙sg- 47 ’0887() 116y123- LQ 88e981.15
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