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IdllT�1-8� A]idq(-�Ptoonrd� sg]s�α0 �, , ,  �αq ]qd�]kfdaq]hb�mtladqr�mns�dpt]k� sn�. nq�0
]mc�sg]s�β0 �, , ,  �βq ]qd�]kfdaq]hb�rtbg�sg]s�0 �β0 �, , ,  �βq ]qd�khmd]qkx�hmcdodmcdms�nudq�C-�
Sgdm)�sgd�oqnctbs

αβ0
0 · · · αβq

q

hr�sq]mrbdmcdms]k-

Vd�mnsd�sg]s+� he�sgd�βi flr�]qd�mns�]kk� khmd]qkx� hmcdodmcdms�nudq�C hm�ntq�rdsshmf+�sgd�
kdll]�]anud�rshkk�]ookhdr�ax�vqhshmf�rtbg�βi ]r�]� khmd]q�bnlahm]shnm�ne�sgd�nsgdqr�]mc�
qd]qq]mfhmf�sgd�enql-�Sghr�bnlokdsdr�sgd�oqnne�ne�Bnqnkk]qx 1-3- �

PdlTpj� 1-0.-� Tmkhjd� Bnqnkk]qx 1-2+� ]m� dwhrsdmbd� ne� ]� o]hq�  φ0 �φ1(+� hm� Bnqnkk]qx 1-3+�
vhsg�u]mhrghmf�cdqhu]shud�]s� sgd�bdmsq]k�onhms�cndr�mns� hlokx� sgd� sq]mrbdmcdmbd�ne�dγ

hlldch]sdkx-�Hmrsd]c+�]ookxhmf�sgd�r]ld�hcd]�]r�hm�sgd�oqnne�ne�Bnqnkk]qx 1-2 sn�Dp-  1-7(+�
vd�cdctbd�sg]s�dγπ|1µ,z hr�sq]mrbdmcdms]k+�vgdqd�α ;

}
i αi -
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2-� 9pshm�  etmashnmr

Vd�mnv�chqdbs�ntq�]ssdmshnm�sn�=qshm�K,etmbshnmr-�Ehqrs�kds�tr�aqhdfix�qdb]kk�sgd�bnm,
rsqtbshnm�ne�]m�=qshm�K,etmbshnm�K r �ρ �D.E ( ]ss]bgdc� sn�ρ-�Sgd�cds]hkr�b]m�ad� entmc�
hm+�enq�dw]lokd+�Bnfcdkk+�Ihl�]mc�Ltqsx W1[ nq�Ltqsx�W8[-

Kds�D.E ad�]�F]knhr�dwsdmrhnm�ne�mtladq�zdkcr+�]mc�F�9; F]k D.E ( hsr�F]knhr�fqnto-�
Kds� ρ �S ( ad�]�zmhsd�chldmrhnm]k�qdoqdrdms]shnm�ne�F+�]mc�r]x�chl S ; m-

Kds�f ad�]mx�oqhld�hcd]k�ne�E ]mc�� enq�]�oqhld�hcd]k�ne�D kxhmf�]anud�f-
Vd�vqhsd�σ� enq�sgd�Eqnadmhtr�]tsnlnqoghrl�enq�� rn�sg]s

σ� t( } tM P( lnc �

enq�]kk�t hm� D -�Sgdm+�sgd�=qshm�K,etmbshnm�K r �ρ �D.E ( ]ss]bgdc�sn�ρ hr�cdzmdc�]r

K r ρ D.E ( ;
∏

P/∞
cds

 
G − M f(|rρ σ�(

∣∣
N B�

)|0

vgdqd�G� hr�sgd�hmdqsh]�fqnto�enq��+�h-d-+

G� ;
)

τ · F 9 τ t( } t lnc � ∀t ·  D

}
 

]mc�f qtmr�sgqntfg�]kk�sgd�oqhld�hcd]kr�ne�E -�Mnsd�sg]s�sgd�qhfgs,g]mc rhcd�ne�sgd�dpt]shnm�
cdzmhmf�K r �ρ �D.E ( cndr�mns�cdodmc�nm�sgd�bgnhbd�ne�� adb]trd�]kk�σ�flr�]qd�bnmitf]sd�
hm� F ]r� knmf� ]r�� khdr� ]anud� f-�Sgdqdenqd+�vd�l]x� qdok]bd� ρ vhsg� ]mx� bk]rr� etmbshnm�
ne F+�nq� hm�o]qshbtk]q+�vhsg�]�bg]q]bsdq�χ�; χρ ]rrnbh]sdc�vhsg ρ-�Vd�]krn�cdmnsd�sghr�
K,etmbshnm�]r�K r �χ �D.E (-

Vd�mnv�cdzmd�sgd�knb]k�e]bsnqr�]s�=qbghldcd]m ok]bdr+�]mc�bnlokdsd�sgd�K,etmbshnm�
K r �χ �D.E (-�Sgd�cdbnlonrhshnm�fqnto�C� ]s�]m�=qbghldcd]m ok]bd�� hr�fhudm�]r

C� ;
{ \0| he D� ; EP 

\0 ω�| he D� ; � ]mc EP ; Q,

Enq�� rtbg�sg]s�EP ; Q+�ots�m)
P ; chl S ρ ω�( ]mc�m|

P ; m�−m)
P -� Pdb]kk�sg]s�m�; chl S -(�

Sgdm+�sgd�knb]k�K,e]bsnq�]s�d]bg�=qbghldcd]m ok]bd�f hr�cdzmdc sn�ad

KP r χP( ;
)

π|m r)0,1( Γ r
1 (Γ r)0

1 ((m he EP ; � 

 π|r,1Γ r
1 ((

m P  π| r)0(,1Γ r)0
1 ((m

 
P he EP ; Q 

 2-0(

]mc�sgd�bnlokdsdc�=qshm�K,etmbshnm�hr

z r χ( 9; > χ(r,1K r χ D.E (
∏

P ∞
KP r χP(  2-1(

vhsg�sgd�bnmrs]ms�> χ( fhudm�ax
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> χ( ; {CE {mM
 
S χ(

)
,

Gdqd+� CE hr� sgd� chrbqhlhm]ms� ne� E ]mc� S χ( hr� sgd� =qshm� bnmctbsnq-� Sgd� bnlokdsdc�
K,etmbshnm�r]shrzdr�sgd�enkknvhmf�etmbshnm]k�dpt]shnm9

z r χ( ; V  χ(z 0 − r –χ(  2-2(

vgdqd�V  χ( hr�sgd�=qshm�qnns�mtladq+�vghbg�hr�]�bnlokdw�mtladq�vhsg�]arnktsd�u]ktd 0-
Kds�tr�ots�cdf E.C�; b�; q0 ) 1q1+�vgdqd�q0 ]mc�1q1 ]qd�sgd�mtladqr�ne�qd]k�]mc�

bnlokdw�dladcchmfr�ne�E +�qdrodbshudkx-�Sgdm�Dp-  2-1( b]m�ad�vqhssdm�]r

z r χ( ; > χ(r,1K r χ D.E (π| r
1  V)a(| a

1Γ
∣

r

1

(V

Γ
∣

r ) 0
1

(a

  2-3(

vgdqd�Y�; 1mq1 )
}
P9 qd]j m)

P ]mc�a�; 1mq1 )
}
P9 qd]j m|

P -�=m�=qshm�K,etmbshnm�ne� sghr�
enql�hr�r]hc�sn�ad�ne�Gncfd�sxod� Y �a(-�Mnv�vd�qdrs]sd�Sgdnqdl 0-09

Rgdnpdl�2-4-�Ids� D.E ad� ]�F]knhr� dwsdmrhnm� ne�mtladq�zdkcr)� ]mc�  ρ �S ( ]�zmhsd� ch,
ldmrhnm]k� qdoqdrdms]shnm�ne� sgd�F]knhr� fqnto� F� 9; F]k D.E (-� He� sgd�:qshm� K,etmbshnm�
K r �χ �D.E ( ]rrnbh]sdc�vhsg sgd�bg]q]bsdq�χ�; χρ hr�ne�sgd�Gncfd�sxod� Y �a( ]mc�he�ansg�
K 0.1 �χ �D.E ( ]mc�K 0.1 �–χ �D.E ( ]qd�mnmydqn)�sgdm�vd�g]ud�sgd�enkknvhmf�oqnodqsx9

dwo
∣

K≤ 0
1  χ D.E (

K 0
1  χ D.E (

)
K≤ 0

1  –χ D.E (
K 0

1  –χ D.E (
−  Y ) a(γ

(
; > χ(|0 7π(V)ad

s
1  V|a( 

vgdqd�γ hr�sgd�Dtkdq�bnmrs]ms-�Hm�o]qshbtk]q)�sghr�u]ktd�hr�sq]mrbdmcdms]k-
Etqsgdqlnqd)� he� K≤ 0.1 �χ �D.E ( ]mc� K≤ 0.1 �–χ �D.E ( ansg� u]mhrg� enq� rnld� bg]q]b,

sdq χ)�sgdm�dγ hr�sq]mrbdmcdms]k-

Vd�mnsd�sg]s�Y�) a�; m b�)1q1(+�]mc�sgtr�sgd�rs]sdldms�ne�Sgdnqdl 2-4 hr�bnmrhrsdms�
vhsg�sg]s�ne�Sgdnqdl 0-0-�Sghr�sgdnqdl�g]r�hmsdqdrshmf�bnqnkk]qhdr9

AnpnkkTpu�2-5-�Ids� ρ �S ( ad�]�zmhsd�chldmrhnm]k�qdoqdrdms]shnm�ne�F�9; F]k D.E ()�]mc�
K r �χρ �D.E ( hsr�]rrnbh]sdc�:qshm�K,etmbshnm-�Enq�]mx�K r �χ �D.E ( r]shrexhmf�sgd�oqno,
dqshdr

K 0.1 χρ b D.E ( ∈; . ]mc K≤ 0.1 χρ b D.E ( ; .  2-6(

vhsg�χρ 0 ; χρ ]mc�χρ 1 ; –χρ)� sgd�u]ktd�> χ(0, V)a( bnhmbhcd�vgdqd� Y �a( hr� sgd�Gncfd�
sxod�ne�sgd�K,etmbshnm-

Hm� o]qshbtk]q+� vd� zmc� rnld� qdl]qj]akd� qdk]shnmr� adsvddm� sgd� mnm,u]mhrghmf� ne� sgd�
cdqhu]shud�]mc�sgd�qnns�chrbqhlhm]msr�he�vd�qdrsqhbs�sgd�qdoqdrdms]shnm�ρ sn�ad�sqhuh]k+�]mc�
s]jd�]�sns]kkx�qd]k�mtladq�zdkc�E ]r�sgd�a]rd�zdkc9
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AnpnkkTpu�2-7-�Ptoonrd�E hr�]�sns]kkx�qd]k�mtladq�zdkc�rtbg�sg]s�hsr�]rrnbh]sdc�Cdcdihmc�
yds]� etmbshnm� ζE  r( g]r� sgd� oqnodqshdr� sg]s� ζE  0.1(� ∈; . ]mc� ζ ≤

E  0.1(� ; .-� Sgd� qnns�
chrbqhlhm]msr�qcE enq�]mx�rtbg�zdkc�E bnhmbhcd-

Sghr�enkknvr�hlldch]sdkx�eqnl�Bnqnkk]qx 2-5+�]r�Y�) a rhlokx�qdoqdrdmsr�sgd�dwsdmrhnm�
cdfqdd�ne�E ]mc�> χ(�; {CE {-�= etqsgdq�nardqu]shnm�b]m�ad�l]cd�]r�enkknvr9

AnpnkkTpu� 2-8-� Sgdqd� ]qd ]s� lnrs� zmhsdkx� l]mx� Cdcdihmc� yds]� etmbshnmr� ζE r]shrexhmf�
ζE  0.1(� ∈; . ]mc�ζ ≤

E  0.1(�; . he�sgd�a]rd�zdkc�E hr�sns]kkx�qd]k�]mc�]m�]adkh]m�dwsdmrhnm�
nudq�C-

AnpnkkTpu�2-0.-�Sgdqd�]qd�]s�lnrs�zmhsdkx�l]mx�yds]�etmbshnmr�ζE rtbg�sg]s�ζE  0.1(� ∈; .
]mc�ζ ≤

E  0.1(�; . he�E.C hr�sns]kkx�qd]k�]mc�rnku]akd�vhsg�]�zwdc� kdmfsg-

Sgd�qdrs�ne�sghr�rdbshnm�hr�cdunsdc�sn�oqnuhmf�]kk�sgd�rs]sdldmsr�bk]hldc�]anud-

2-0-� Lqnne�ne�Sgdnqdl 2-4

Dpr-  2-2( ]mc� 2-3( fhud�]�etmbshnm]k�dpt]shnm:

K r χ D.E (Γ
∣

r

1

(V

Γ
∣

r ) 0
1

(a

; V  χ(> χ(0,1|rπr V)a(| I a
1 K 0 − r –χ D.E (Γ

∣
0 − r

1

(V

Γ
∣

1 − r

1

(a

,

S]jhmf�sgd� knf]qhsglhb�cdqhu]shudr�ne�sghr�dpt]shnm�vhsg�qdrodbs�sn�r ]mc�du]kt]shmf� hs�
]s�r�; 0.1+�vd�rdd�sg]s

K≤ 0.1 χ D.E (
K 0.1 χ D.E (

) K≤ 0.1 –χ D.E (
K 0.1 –χ D.E (

; − knf > χ( )  Y ) a( knf π − Yψ

∣
0
3

(
− aψ

∣
2
3

(
,  2-00(

Hs�enkknvr eqnl�sgd�sghqc�rs]sdldms�hm�Oqnonrhshnm 1-5 sg]s

ψ

∣
0
3

(
; −γ − 2 knf 1 − π

1
 ]mc ψ

∣
2
3

(
; −γ − 2 knf 1 ) π

1
 

]mc�sgtr�Dp-  2-00( b]m�ad�vqhssdm�]r

K≤ 0.1 χ D.E (
K 0.1 χ D.E (

) K≤ 0.1 –χ D.E (
K 0.1 –χ D.E (

; − knf > χ( )  Y ) a( knf 7π( )  Y ) a(γ ) π

1
 Y − a(,  2-01(
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Sgd�cdrhqdc�qdrtks�hr�nas]hmdc�ax�dwonmdmsh]shmf�Dp-  2-01(-�Etqsgdqlnqd+�sgd�u]ktd

> χ(|0 7π(V)ad
s
1  V|a(

hr�sq]mrbdmcdms]k�adb]trd�π ]mc�dπ ]qd�]kfdaq]hb]kkx�hmcdodmcdms�nudq�C-�Sg]s�hr�ctd�sn�
]�qdrtks�ne�Mdrsdqdmjn W01[- �

2-1-� Lqnne�ne�Bnqnkk]qx 2-5

Rtoonrd�K r �χ0 �D0.E0( ]mc�K r �χ1 �D1.E1( ansg�r]shrex�sgd�oqnodqshdr� 2-6( ]mc�vd�
vqhsd�sgdhq�Gncfd�sxodr�]r� Yb �ab( enq�e�; 0+�1+�qdrodbshudkx-�Sgdm�Sgdnqdl 2-4 r]xr�sg]s+�
enq�d]bg�χb+

d Vb)ab(γ ; > χb( 7π(| Vb)ab(d|s
1  Vb|ab( 

]mc�rn�sgd�u]ktd

> χb(0, Vb)ab( 7π(|0 dwo
∣

−π

1
Yb − ab

Yb ) ab

(

bnhmbhcdr+�]mc�sgd�u]ktd�dpt]kr�dγ -�Dpthu]kdmskx+�vd�g]ud�sg]s

> χ0(0, V0)a0(> χ1(|0, V1)a1( ; dwo
∣

π

1

∣
Y0 − a0
Y0 ) a0

− Y1 − a1
Y1 ) a1

((
,

Sgd�kdes,g]mc rhcd�adhmf�]m�]kfdaq]hb�u]ktd+�hs�enqbdr�sgd�dwonmdms�nm�sgd�qhfgs,g]mc rhcd�
sn�ad�ydqn+�vghbg�fhudr�sg]s

> χ0(0, V0)a0( ; > χ1(0, V1)a1(

]r�bk]hldc- �

2-2-� Lqnne�ne�Bnqnkk]qhdr 2-8 ]mc�2-0.

Enq�]m�]adkh]m�dwsdmrhnm�E.C+�sgd�knvdq�antmc�ne�sgd�qnns�chrbqhlhm]ms�qcE sdmcr�sn�
hmzmhsx�]r�sgd�dwsdmrhnm�cdfqdd�hmbqd]rdr-�Lnqd�oqdbhrdkx+�vd�ptnsd�sgd�enkknvhmf�kdll]�
eqnl�Ltqsx�W7[9

IdllT� 2-02-�  Pdd� W6)� Bnqnkk]qx� 1[-( Enq� ]mx� ]adkh]m� dwsdmrhnm� E.C ne� cdfqdd� b ]mc�
chrbqhlhm]ms�CE )

0
b

knf {CE { ≥ 0
1

knf b,
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Gdmbd�sgdqd� hr�]m�toodq�antmc�enq�sgd�dwsdmrhnm�cdfqdd�vgdqd�zdkcr rg]qd�sgd�r]ld�
qnns�chrbqhlhm]ms-�Snfdsgdq�vhsg�sgd�Gdqlhsd�Sgdnqdl�rs]sdc�adknv+�sgd�oqnne�ne�Bnqnk,
k]qx 2-8 hr�bnlokdsdc-

IdllT�2-03� Gdqlhsd(-�Ids�N ad�]�zmhsd�rds�ne�oqhldr-�Sgd�rds�ne�]kfdaq]hb�mtladq�zdkcr�
ne�cdfqdd�m sg]s�]qd�tmq]lhzdc�ntsrhcd�N  sg]s� hr)�]mx�oqhld�chuhchmf� sgd�chrbqhlhm]ms�
bE hr�hm�N(�hr�zmhsd-

Vd�mnsd�sg]s�qd]cdq�b]m�qdedq sn�W4+�oo-�162’167[ enq�]�bnlokdsd�oqnne�ne�sgd�Gdqlhsd�
Sgdnqdl-

Bnqnkk]qx 2-0. enkknvr�hlldch]sdkx�eqnl�sgd�enkknvhmf�kdll]�ax�s]jhmf�I ; C9

IdllT�2-04-� Pdd�W5)�Sgdnqdl 0[-( Ehw�]�mtladq�zdkc�I-�Enq�]mx�onrhshud�hmsdfdq�j ]mc
onrhshud�qd]k�mtladq�L )�sgd�enkknvhmf�rds�Wj L F hr�zmhsd9

Wj L F 9; \K 9 K.C hr zmhsd K.I hr rnku]akd vhsg kdmfsg j qcK ≤ L|, �

Vd�mnsd�sg]s�hs�hr�jmnvm�sg]s�sgdqd�]qd�hmzmhsdkx�l]mx�mtladq�zdkcr�vhsg�antmcdc�
qnns� chrbqhlhm]msr� he� sgd� dwsdmrhnm� E.C hr� dhsgdq� tmq]lhzdc� nq� s]ldkx� q]lhzdc-� Rdd�
L]qshmds W6[ enq� sgd� b]rd�ne�tmq]lhzdc� dwsdmrhnmr�]mc�G]ihq�]mc�L]hqd� W3[ enq� s]ldkx�
q]lhzdc�dwsdmrhnmr- �

3-� Anmaktchmf�pdlTpjr

Hs�v]r�rtffdrsdc�hm�Rdbshnm 1 sg]s�mns�snn�l]mx�o]hqr� φ0 �φ1( g]ud�sgdhq�cdqhu]shudr�
u]mhrghmf�]s�sgd�bdmsq]k�onhms�ne�rxlldsqx+�tmcdq�sgd�bnmchshnm�sg]s�φ0 ]mc�φ1 sgdl,
rdkudr�cn�mns�u]mhrg�]s� sgd�onhms-�Enq� dw]lokd+�vd� bnlo]qd�=qshm� K,rdqhdr� rstchdc� hm�
Rdbshnm 2 vhsg�K,etmbshnmr�]ss]bgdc�sn�]�Ghkadqs�btro�enql-�Sgd�rdbnmc�]tsgnq�oqnudc�]�
mnm,u]mhrghmf�qdrtks�enq�sgd�cdqhu]shudr�ne�K,etmbshnmr�]ss]bgdc�]�oqhlhshud�Ghkadqs�btro�
enql-�Lnqd�oqdbhrdkx+�rgd�oqnudc9

Rgdnpdl�3-0-�  Pdd W02)�Sgdnqdl� 0-0[-( Ids� 1j ;  1j0 �, , ,  �1jm( ad� ]m� m,stokd� ne� dudm�
hmsdfdqr�vhsg� ji ≥ 1)�]mc�ots� j/ ; l]wi\ji|-�Enq�]�oqhlhshud Ghkadqs� btro� enql�  ne�
vdhfgs�1j vhsg�sqhuh]k�bg]q]bsdq)�he�K j/ � (� ∈; .)�sgdm�K≤ j/ � (� ∈; .-

Vd�]qd�cntasetk�sg]s�sgd�]anud�sgdnqdl�e]hkr�vgdm�ji ; 0 hr�]kknvdc+�ats�hs�hr�mns�xds�
oqnudm-� He�K≤ j/ � (�; . enq�rnld�  tmcdq�sghr�bnmchshnm+�sgdm� hs�b]m�ad�rddm� eqnl� W02+�
Dp-  2-0([ sg]s

dγ ; V0 · π|0d<  3-1(

vhsg� ]m� ]kfdaq]hb� mtladq� V0 ]mc� >� ;
}m

i:0
}ji|0

l:0 0.k-� Nm� sgd� nsgdq� g]mc+� he�
K≤ 0.1 �χ �D.E (�; K≤ 0.1 �–χ �D.E (�; . enq�rnld�χ+�sgdm�Sgdnqdl 2-4 rtffdrsr�sg]s
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dγ ; V1 · π|0dA  3-2(

vgdqd�V1 hr�]kfdaq]hb�]mc�A ; π
1 · V|a

V)a -�Sgdx�b]mmns gnkc�rhltks]mdntrkx�tmkdrr�V0 ; V1
]mc�>�; A ; .-�Hm�o]qshbtk]q+�hs�bk]hlr�sg]s+�he�sgdx�ansg�u]mhrg�rhltks]mdntrkx+�sgdm�dγπ

hr�]kfdaq]hb-�Sgd�m]stqd�ne�sgd�mtladq�dγπ hr�rshkk�lnrskx�tmjmnvm+�ats�hsr�]kfdaq]hbhsx�
hr�tmkhjdkx-

=krn+�hs�hr�vnqsgvghkd sn�ldmshnm�sg]s+�he�sgdqd�dwhrsr�]m�dudm�vdhfgs�oqhlhshud�Ghkadqs�
btro�enql� rtbg sg]s�K j/ � (� ∈; . ]mc�K≤ j/ � (�; .+�sgdm�dγ hr�sq]mrbdmcdms]k�tmcdq�sgd�
]rrtloshnm�sg]s�sgd�Rbg]mtdkflr�bnmidbstqd�hr�sqtd-� Sgd�bnmidbstqd�mddc�mns�ad�]rrtldc�
hm�b]rd�ji ; 0 enq�]kk�i-(�Vd�mnv�qdb]kk�sgd�bnmidbstqd-

Anmidastpd�3-3� Pbg]mtdk(-�Enq�]mx�rds�ne�bnlokdw�mtladqr)�x0 �, , ,  �xm)�sg]s�]qd�khmd]qkx�
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