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JhaghfTm JTsg- I- 41 �1..3(

Sgd K]qfd,Rb]kd Fdnldsqx ne
Rnld Lds]adkh]m Fqntor

Ecmmhecp LWaWbi � Jcthm Tfxrc

0- Gmsonctashnm

Hm sghr o]odq vd bnmrhcdq pt]rh,hrnldsqhdr ne sgd toodq sqh]mftk]q rtafqnto )m ne
ORK1(RY0,m[(. Sgdrd fqntor ]qhrd hm ] fdnldsqhb v]x adb]trd sgdx ]qd rtafqntor
ne ansg ORK1(Q( ]mc ORK1(Hn( enq ]kk n chuhchmf m. Sgd fqnto ORK1(Hn( ]bsr
nm hsr Aqtg]sflShsr athkchmf) ] qdftk]q (n+0(,u]kdms sqdd) ]mc ORK1(Q( ]bsr nmE1

.

Sgdm F + ORK1(Q(·
∏

nh |m ORK1(Hnh
( g]r ]m hmctbdc ]bshnm nmE1 ·∏

j

h+0 Sh.

vgdqd Sh hr sgd Aqtg]sflShsr athkchmf ne ORK1(Hnh
(. Sgd qdrsqhbshnm sn )m fhudr

] oqnodqkx chrbnmshmtntr ]bshnm vhsg hm“mhsd unktld ptnshdms- Gnvdudq) sgd hm,
ctbdc ]bshnm ne )m nm sgd oqnctbs ne sqddr hr bnbnlo]bs: sgd ptnshdms hr ] j,snqtr-
Sgd rs]ahkhydq ne ]mx onhms hr ]m hm“mhsd bxbkhb fqnto sg]s ]bsr o]q]ankhb]kkx nmE1

.

Sgtr )m g]r ] cdbnlonrhshnm ]r ] j,chldmrhnm]k bnlokdw ne fqntor YAG[-
Sgd toodq sqh]mftk]q rtafqnto )m ]qhrdr m]stq]kkx ]r sgd rs]ahkhydq ne ] onhms

]s hm“mhsx tmcdq sgd ]bshnm ne ORK1(RY0,m[( nm E1 ·∏

j

h+0 Sh . Enq m oqhld) sghr
fqnto ne toodq sqh]mftk]q l]sqhbdr hr hrnlnqoghb sn sgd rnku]akd A]tlrk]fflRnkhs]q
fqnto AR(0.n1

( + }Y. a | YaY�0 + a
n

1〈. ]mc ntq qdrtksr nm pt]rh,hrnldsqhdr ]mc
qhfhchsx fdmdq]khyd sgd qdrtksr ne YEL0[- Hm sghr b]rd) sgd qhfhchsx ne sgd fqntor )m

rgntkc ad trdetk enq tmcdqrs]mchmf sgd fqntor ORK1(RY0,m[(. ]m]knfntrkx sn gnv
sgd qdrtksr ne E]qa ]mc Lnrgdq ]qd trdc hm YS[-

Sgd toodq sqh]mftk]q fqntor )m ]qd ]krn a]rhb dw]lokdr ne lds]adkh]m fqntor
“sshmf hmsn sgd rgnqs dw]bs rdptdmbd

0 → RY0,m[ → ) → R
j → 0.

Hm sgd rdbshnmr sg]s enkknv) vd cdrbqhad fdnldsqhb lncdkr enq sgdrd fqntor ]r
v]qodc oqnctbsr ne Qvhsg sgd oqnctbs ne sqddr nm vghbg)m ]bsr- Sghr hcdmsh“dr)m

]r ] bnbnlo]bs k]sshbd hm sgd hrnldsqx fqnto QZ (Rhl(Hl0(· · · ·· Rhl(Hlj
((

ne sghr lncdk ro]bd) vgdqd Rhl(Hl( hr sgd fqnto ne rhlhk]qhshdr ne sgd l,]chb q],
shnm]kr ]mc sgd lh ]qd cdsdqlhmdc ax sgd oqhld e]bsnqr ne m. Vd ]krn cdrbqhad sgd
fqnto ne ]kk rdkeflpt]rh,hrnldsqhdr ne )m ]mc bk]rrhex sgdl to sn pt]rh,hrnldsqx-

Ntq qdrtksr qdkx nm sgd sdbgmnknfx ]u]hk]akd enq fqntor ]bshmf nm sqddr- Gnv,
dudq) oqnctbsr ne sqddr ]qd rtars]msh]kkx lnqd bnlokhb]sdc sg]m sqddr- Enq dw]lokd)
] fqnto sg]s ]bsr eqddkx nm ] sqdd hr eqdd vgdqd]r fqntor sg]s ]bs eqddkx nm ] oqnctbs

Qdbdhudc Cdbdladq 02) 1//1- Qduhrhnm qdbdhudc Rdosdladq 07) 1//2-
Sgd “qrs ]tsgnq ]bjmnvkdcfdr o]qsh]k rtoonqs eqnl ] Tmhudqrhsx ]s @ka]mx.TTO Hmchuhct]k Cdudkno,

ldms @v]qc- Sgd rdbnmc ]tsgnq hr rtoonqsdc hm o]qs ax MRE Fq]ms mn- CLR,/1/3465-

1/4



1/5 Ecmmhecp LWaWbi � Jcthm Tfxrc

ne sqddr mddc mns ad oqnctbsr ne eqdd fqntor- Rtbg fqntor b]m) hm e]bs) ad rhlokd
�rdd YAL[(-

Ntq qdrtksr fdmdq]khyd hlldch]sdkx sn ] k]qfdq bk]rr ne fqntor sg]s cn mns ]qhrd
]r mhbdkx hm ] fdnldsqhb bnmsdws ats ]qd hmsdqdrshmf mnmdsgdkdrr- Sghr k]qfdq bk]rr
ne fqntor fdmdq]khydr sgd rnku]akd A]tlrk]fflRnkhs]q fqntor AR(0. m( + }Y. a |
YaY

�0 + a
m〈. Kds R + ¯m0. m1. . . . . mj{. vgdqd (mh. mi ( + 0 vgdm h ∈+ i. ]mc cd,

“md ) + )(R( ax

) + )(R( + }Y0. . . . . Yj. a | Y�0
h
aYh + a

mh. YhYi + Yi Yh. h ∈+ i 〈.
Sgdrd fqntor ]qd (j +0(,chldmrhnm]k lds]adkh]m fqntor “sshmf hmsn ] rgnqs dw]bs
rdptdmbd

0 → > → ) → R
j → 0.

vgdqd sgd l]o nmsn Rj hr fhudm ax rdmchmf sgd ¯Yh{ sn ] a]rhr ]mc rdmchmf a sn /-
Sgd jdqmdk) >. hr mnql]kkx fdmdq]sdc ax a ]mc hr ]m hm“mhsdkx fdmdq]sdc ]adkh]m
fqnto- Gdmbd sgdrd fqntor oqnuhcd m]stq]k dw]lokdr ne “mhsd,sxod rnku]akd fqntor
sg]s ]qd mns onkxbxbkhb-

Sgd fqntor)m ]qd ]krn ne sghr r]ld enql- M]ldkx) kds m + n
d0
0 n

d1
1 · · ·ndj

j
.vgdqd

sgd nh ]qd chrshmbs oqhldr- Sgdm )m hr hrnlnqoghb sn )(n
1d0
0 . . . . .n

1dj
j

(. vgdqd sgd
hrnlnqoghrl hr fhudm ax

Yh '→
(

n
dh

h
/

/ n
�dh
h

(

.

a '→
(

0 0
/ 0

(

.

Sgd cdbnlonrhshnm ne )m hmsn ] j,chldmrhnm]k bnlokdw ne fqntor b]m ad fdm,
dq]khydc sn sgd fqntor )(R(. Hmcddc) sgd oqdrdms]shnm fhudm hr sg]s ne ] j,snqtr ne
hm“mhsd bxbkhb fqntor) fdmdq]khyhmf sgd e]bs sg]s ]kk sgd A]tlrk]fflRnkhs]q fqntor
]qd GMM dwsdmrhnmr ne R. Sghr cdbnlonrhshnm hr etmc]ldms]k sn ntq rstcx ne sgd
fdnldsqx ne sgdrd fqntor- Sgd fqntor )(R( g]ud fdnldsqhb lncdkr ]m]knfntr
sn sgnrd ne sgd )m. @r ] qdrtks) ntq pt]rh,hrnldsqx bk]rrh“b]shnm ]mc qhfhchsx qd,
rtksr hlldch]sdkx fdmdq]khyd sn sghr k]qfdq bk]rr ne fqntor- Vd ]qd ]akd sn hcdmshex
)(R( ]r ] bnbnlo]bs k]sshbd hm sgd hrnldsqx fqnto ne sgd lncdk ro]bd) cdrbqhad hsr
pt]rh,hrnldsqx fqnto) ]mc bk]rrhex sgdrd fqntor to sn pt]rh,hrnldsqx-

.-.- RsWsdldms ne Qdrtksr

Kds )m ad sgd toodq sqh]mftk]q rtafqnto ne ORK1(RY0,m[(. ]mc kdsTm ad sgd lncdk
ro]bd enq )m sg]s hr pt]rh,hrnldsqhb sn )m ]mc bnmrsqtbsdc hm Rdbshnm 2-

Lfcnpcl0-0 �Pt]rh,hrnldsqx bk]rrh“b]shnm(- Ids )m ad sgd toodq sqhWmftkWq rta,
fqnto ne ORK1(RY0,m[( Wmc )l sgd toodq sqhWmftkWq rtafqnto ne ORK1(RY0,l[(.
Ge m + n

d0
0 · · ·ndj

j
Wmc l + p

e0
0 · · · pek

k
. vgdqd ¯nh{ Wmc ¯pi{ Wqd rdsr ne chrshmbs

oqhldr� sgdm )m Wmc )l Wqd ptWrh,hrnldsqhb he Wmc nmkx he j + k Wmc enq h +
0. 1. . . . . j. Wesdq onrrhakx qd,nqcdqhmf� nh + ph .
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Lfcnpcl 0-1 �Pt]rh,hrnldsqx fqnto(- Ids m + n
d0
0 · · ·ndj

j
. vgdqd Wkk nh Wqd chr,

shmbs oqhldr- Sgd ptWrh,hrnldsqx fqnto� PH()m(. hr hrnlnqoghb sn sgd oqnctbs

Ahkho(Q(· Ahkho(Hn0(· · · ·· Ahkho(Hnj
(.

Lfcnpcl 0-2 �Btro fqnto qhfhchsx(- Ge )
→ hr W zmhsdkx fdmdqWsdc fqnto ptWrh,

hrnldsqhb sn )m. sgdm sgdqd hr W zmhsd mnqlWk rtafqnto D ne )
→ rtbg sgWs ) →

,D hr
bnlldmrtqWakd sn )m. ldWmhmf sgWs ) →

,D Wmc )m gWud hrnlnqoghb rtafqntor ne
zmhsd hmcdw-

Vgdm vd qdok]bd )m ax sgd lnqd fdmdq]k fqnto )(R( cd“mdc oqduhntrkx) vgdqd
]kk dkdldmsr hm R ]qd o]hqvhrd qdk]shudkx oqhld) vd nas]hm sgd enkknvhmf fdmdq]k,
hy]shnmr ne sgd oqduhntr sgdnqdlr-

Lfcnpcl0-3- Bnmrhcdq sgd rdsrR0 + ¯m0. m1. . . . . mj{WmcR1 + ¯l0. l1. . . . . lk{
vhsg (mh. mi ( + (lh.li ( + 0 enq h ∈+ i. Cdzmd )0 + )(R0( Wmc )1 + )(R1(. Sgd
fqntor )0 Wmc )1 Wqd ptWrh,hrnldsqhb he Wmc nmkx he j + k Wmc enq h + 0. 1. . . . . j.
Wesdq onrrhakx qd,nqcdqhmf� dWbg mh hr W qWshnmWk onvdq ne lh .

Lfcnpcl0-4- IdsR + ¯m0. m1. . . . . mj{. Sgdm sgd ptWrh,hrnldsqx fqnto PH()(R((

hr hrnlnqoghb sn sgd oqnctbs

Ahkho(Q(· Ahkho(Hm0(· · · ·· Ahkho(Hmj
(.

Lfcnpcl 0-5- Ids ) → ad Wmx zmhsdkx fdmdqWsdc fqnto ptWrh,hrnldsqhb sn )(R(.

Sgdm sgdqd dwhrs hmsdfdqr l0. l1. . . . . lj. vhsg dWbg lh W qWshnmWk onvdq ne mh. Wr
vdkk Wr W zmhsd mnqlWk rtafqnto D ne )

→ rtbg sgWs ) →
,D hr hrnlnqoghb sn W bn,

bnloWbs kWsshbd hm Hrn(T(l0. . . . . lj(( + Q Z (Rhl(Hl0(· · · ·· Rhl(Hlj
((.

.-1- Ntskhmd ne sgd Oqnner

Sgd jdx sn ]kk ntq qdrtksr hr tmcdqrs]mchmf sgd rdkeflpt]rh,hrnldsqhdr ne sgd lncdk
ro]bd T + Tm enq )m. ]mc hm fdmdq]k enq )(R(. bnmrsqtbsdc hm Rdbshnm 2- Sghr
lncdk ro]bd hr sgd v]qodc oqnctbs ne Q ]mc ] oqnctbs ne sqddr

∏

j

h+0 Sh . Vd adfhm
vhsg ] cd“mhshnm bqtbh]k sn tmcdqrs]mchmf sgd enkknvhmf ntskhmd ne sgd oqnner ]mc
qdedq sgd qd]cdq sn Rdbshnm 1 enq ]cchshnm]k cd“mhshnmr- Sgqntfgnts) kds e 9 T →
T ad ]mx pt]rh,hrnldsqx-

Vgdm bnmrhcdqhmf onhmsr hm
∏

j

h+0 Sh. hs hr hlonqs]ms sn cd“md ] mnshnm ne gdhfgs
nm d]bg sqdd Sh . Ehw ] a]rdonhms (r0. r1. . . . . rj(∈ ∏

j

h+0 Sh . Sgd gdhfgs ne ] udqsdw
r ∈ Sh hr sgd gdhfgs bg]mfd adsvddm r ]mc sgd hsg bnnqchm]sd rh ne sgd a]rdonhms-
Dwsdmc sghr mnshnm sn ] gdhfgs etmbshnm gh nm d]bg sqdd Sh sgqntfg khmd]q hmsdqonk],
shnm ]knmf sgd dcfdr- Sgd ldsqhb nm T hr sgdm fhudm ax ] v]qodc oqnctbs ne Q ]mc
∏

j

h+0 Sh. vgdqd nm d]bg sqdd Sh sgd v]qohmf etmbshnm hr fhudm ax d
�gh.

Hm sgd enkknvhmf ntskhmd) ]r hm lnrs ne sgd o]odq) vd bnmrhcdq nmkx sgd fqntor
)m. Sgd rhlhk]qhshdr hm sgd bnmrsqtbshnm ne lncdk ro]bdr enq sgd fqntor)m ]mc)(R(

dmrtqd sg]s fdmdq]khy]shnmr ne sgd oqnner ]qd hlldch]sd- Kds m + n
d0
0 n

d1
1 · · ·ndq

q
.

vgdqd sgd nh ]qd chrshmbs oqhldr-
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0- TWqodc oqnctbs rsqtbstqd hr oqdrdqudc- Vd “qrs rgnv sg]s ]mx pt]rh,hrnldsqx
oqdrdqudr) to sn antmcdc chrs]mbd) sgd gnqnbxbkdr� sg]s hr) sgd rtardsr ne sgd enql
Q· (r0. . . . . rj(. Hm nsgdq vnqcr) sgdqd hr ] pt]rh,hrnldsqx ;e ne sgd oqnctbs ne sqddr
S0· · · ·· Sj rtbg sg]s e ]mc ;e bnlltsd vhsg sgd oqnidbshnm T → S0· · · ·· Sj.

Qdrtksr ne YJK[ hlokx sg]s) to sn odqltshmf sgd e]bsnqr) ;e rokhsr ]r ] oqnctbs ne
pt]rh,hrnldsqhdr eh ne sgd sqddr Sh .

1- PtWrh,hrnldsqhdr Wqd Wklnrs gdhfgs sqWmrkWshnmr nm sgd sqdd eWbsnqr- Sgd
fdnldsqx ne sgd ro]bd T qdrsqhbsr sgd pt]rh,hrnldsqhdr eh . Sgd v]qohmf etmbshnm
b]m ad qdbnmrsqtbsdc ]r sgd �knf]qhsgl ne sgd( ]lntms ne rsqdsbghmf hmctbdc ax
bknrdrs onhms oqnidbshnm adsvddm sgd gnqnbxbkdr- Sghr rokhsr ]r ] rtl ne etmb,
shnmr) gh. nm d]bg ne sgd sqddr- Sgd pt]rh,hrnldsqhdr eh oqdrdqud sgdrd v]qohmf
etmbshnmr hm sgd rdmrd sg]s gh(eh(v((� gh(eh(x(( cheedqr eqnl gh(v(� gh(x( ax ]
tmhenqlkx antmcdc ]lntms- Vd b]kk rtbg pt]rh,hrnldsqhdr Wklnrs gdhfgs sqWmr,
kWshnmr- Hm YEL0[) sgd fqnto ne ]klnrs gdhfgs sq]mrk]shnmr ne Sm hr hcdmsh“dc ]r
Ahkho(Hm(.

2- e hmctbdr W ahkhorbghsy gnldnlnqoghrl ne Q. Sghr rgnvr sg]s sgd fqnto
ne pt]rh,hrnldsqhdr ne S0 · · · · · Sj sg]s pt]rh,oqdrdqud sgd v]qohmf etmbshnm
hr Ahkho(Hn0( · · · · · Ahkho(Hnq

(. @kk ne sgdrd pt]rh,hrnldsqhdr dwsdmc sn pt]rh,
hrnldsqhdr neT. Sgd pt]rh,hrnldsqhdr neT sg]s hmctbd sgd hcdmshsx nm S0· · · ··Sq

hmctbd ] ahkhorbghsy gnldnlnqoghrl ne Q. Sghr ]kknvr tr sn hcdmshex sgd pt]rh,
hrnldsqx fqnto ne T ]mc rn oqnud Sgdnqdl 0-1-

3- Sgdrd ldsgncr gnkc enq ptWrh,hrnldsqhdr adsvddm )m Wmc )l. Bnmrhcdq ]
pt]rh,hrnldsqx e 9 )m → )l. Trhmf ]f]hm sgd ldsgncr cdrbqhadc gdqd rgnvr sg]s
e hmctbdr ] ahkhorbghsy gnldnlnqoghrl ne Q ]mc ] pt]rh,hrnldsqx nm sgd oqnc,
tbs ne sqddr sg]s hr ] antmcdc chrs]mbd eqnl ] oqnctbs pt]rh,hrnldsqx- Sgdnqdl0-0
mnv enkknvr ax bnlahmhmf qdrtksr ne YEL0[ ]mc YV0[-

4- PtWrh,Wbshnmr- Tmcdqrs]mchmf sgd pt]rh,hrnldsqhdr ne T dm]akdr tr sn tm,
cdqrs]mc fqntor sg]s ]qd pt]rh,hrnldsqhb sn )m uh] sgd pt]rh,]bshnm oqhmbhokd- Rto,
onrd ) → hr pt]rh,hrnldsqhb sn )m �]mc gdmbd sn T(. ]mc kds e 9 ) → → T ad ] pt]rh,
hrnldsqx- Enq dudqx � → ∈)

→ vd nas]hm ] pt]rh,hrnldsqx neT ax v '→ e (�
→
e
�0

(v((.

Sgdrd pt]rh,hrnldsqhdr ]kk g]ud tmhenql bnmrs]msr ]mc bnlonrd) to sn antmcdc
chrs]mbd) ]bbnqchmf sn sgd ltkshokhb]shnm s]akd ne ) →

. Hm nsgdq vnqcr) ) → ptWrh,Wbsr
nm T ]mc sgtr fhudr ]m ]klnrs gdhfgs sq]mrk]shnm ]bshnm nm d]bg ne sgd Sh .

5- NasWhmhmf rhlhkWqhsx Wbshnmr nmHm. @bbnqchmf sn YLRV[ sgdrd ]klnrs gdhfgs
sq]mrk]shnm ]bshnmr ]qd dpthu]kdms) uh] ] pt]rh,hrnldsqx Sh → S

→
h
. sn ] gdhfgs sq]mr,

k]shnm ]bshnm nm sqddr S →
h
. Hm sdqlr ne sgd nh,]chbr) sghr ld]mr sg]s sgdqd hr rnld ph

rtbg sg]s sgd ahkhorbghsy ]bshnm ne ) → nm Hnh
hr ahkhorbghsy dpthu]kdms sn ] rhlhk]q,

hsx ]bshnm nm Hph
. Rhlhk]qkx) sgd ahkhorbghsy ]bshnm nm Q hr dpthu]kdms sn ]m ]e“md

]bshnm nm Q. Etqsgdq) sgd tmhenqlhsx ne sgd pt]rh,hrnldsqx bnmrs]msr hlokhdr sg]s
sgd dwo]mrhnm e]bsnq ne sgd ]e“md ]bshnm nm Q hr sgd hmudqrd ne sgd oqnctbs ne sgd
e]bsnqr eqnl sgd rhlhk]qhsx ]bshnmr nm sgd Hph

. Sghr rgnvr ) → sn ad ] k]sshbd hm sgd
rtafqnto ne @ee(Q( · Rhl(Hp0( · · · · · Rhl(Hpj

( sg]s r]shr“dr sghr bnmchshnm-
Sghr rtafqnto hr Q Z Rhl(Hp0( · · · · · Rhl(Hpj

( ]mc b]m ad hcdmsh“dc ]r sgd
hrnldsqx fqnto ne ] bnlokdw T

→
. oqnuhmf Sgdnqdl 0-2-
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1- ModihlhmTohdr

1-.- Cdzmhshnmr Wmc MnsWshnm

Vd adfhm vhsg sgd cd“mhshnm ne ] pt]rh,hrnldsqx-

Ccymhrhnm- Kds H ≥ 0 ]mc B ≥ /. @ (H.B(,ptWrh,hrnldsqx adsvddm lds,
qhb ro]bdr (T. cT( ]mc (X. cX ( hr ] l]o e 9 T → X sg]s r]shr“dr sgd enkknvhmf
bnmchshnmr-

�0( 0
H
cT(v0. v1(�B ≤ cX (e (v0(. e (v1(( ≤ HcT(v0. v1(+B enq ]kk v0. v1 ∈T.

�1( Enq rnld bnmrs]ms B →
. vd g]ud MagcB →(e (T(( + X.

Vdvhkk ]rrtld sg]s ntq pt]rh,hrnldsqhdr g]ud addm bg]mfdc ax ] antmcdc ]lntms)
trhmf sgd rs]mc]qc zbnmmdbs,sgd,cnsr– oqnbdctqd sn ad bnmshmtntr �rdd d-f- YRV[(-
@ pt]rh,hrnldsqx g]r ] bnWqrd hmudqrd� sg]s hr) ] pt]rh,hrnldsqx f 9 X → T rtbg
sg]s e , f ]mc f , e ]qd ] antmcdc chrs]mbd eqnl sgd ]ooqnoqh]sd hcdmshsx l]o hm
sgd rtoqdltl mnql- @ l]o r]shrexhmf �0( ats mns �1( hm sgd cd“mhshnm hr b]kkdc ]
ptWrh,hrnldsqhb dladcchmf-

Vd cd“md sgd ptWrh,hrnldsqx fqnto PH(T( ne ] ro]bd T sn ad sgd bnkkdbshnm ne
]kk rdkeflpt]rh,hrnldsqhdr ne T. hcdmshexhmf sgnrd sg]s cheedq ax ] antmcdc ]lntms
hm sgd rtoqdltl mnql-

Fhudm ] fqnto F ]mc ] ldsqhb ro]bd T. ] ptWrh,Wbshnm ne F nm T ]rrnbh]sdr sn
d]bg f ∈ F ] pt]rh,hrnldsqx ne T= sg]s hr) >f 9 T → T. rtaidbs sn bdqs]hm bnm,
chshnmr- Sghr l]o hr cd“mdc ax >f(v( + f · v ]mc sgd bnkkdbshnm ne sgdrd l]or
g]r tmhenql pt]rh,hrnldsqx bnmrs]msr) rn sg]s >Hc + HcT ]mc crto(>f , >g.>fg(

hr antmcdc hmcdodmcdmskx ne f ]mc g.

1-1- Oqduhntr Qdrtksr

Sgd enkknvhmf sgdnqdlr vhkk ad qdedqqdc sn qdod]sdckx hm Rdbshnm 3- Vd rs]sd sgdl
gdqd enq d]rx qdedqdmbd-

1-1-0- Qhfhchsx ne AWtlrkWffiRnkhsWq Fqntor- Rhmbd sgd fdnldsqx ne sgd fqnto )m

hr rn cdodmcdms nm hsr u]qhntr A]tlrk]fflRnkhs]q rtafqntor) vd vhkk nesdm qdedq sn
sgd enkknvhmf bk]rrh“b]shnm ]mc qhfhchsx qdrtksr �enq sgd rnku]akd A]tlrk]fflRnkhs]q
fqntor( ctd sn E]qa ]mc Lnrgdq-

Lfcnpcl 1-0 YEL0) Sgl- 6-0[- Enq hmsdfdqr l. m ≥ 1. sgd fqntor AR(0. l( Wmc
AR(0. m( Wqd ptWrh,hrnldsqhb he Wmc nmkx he sgdx Wqd bnlldmrtqWakd- Sghr gWoodmr
he Wmc nmkx he sgdqd dwhrs hmsdfdqr q. i. j / / rtbg sgWs l + q

i Wmc m + q
j
.

Lfcnpcl 1-1 YEL0) Sgl- 7-0[- Sgd ptWrh,hrnldsqx fqnto ne AR(0. m( hr fhudm
ax sgd enkknvhmf hrnlnqoghrl9

PH(AR(0. m(( ∼+ Ahkho(Q(· Ahkho(Hm(.
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1-1-1- Oqnctbsr ne Sqddr Wmc Fqntor 3bshmf nm Oqnctbsr ne Sqddr- @ l]inq rsdo
hm sgd oqnner sg]s enkknv hr rgnvhmf sg]s ] pt]rh,hrnldsqx e 9 )0 → )1 hmctbdr ]
l]o nm sgd oqnctbs ne sqddr nm vghbg d]bg fqnto ]bsr- Nmbd sghr hr ]bbnlokhrgdc)
vd trd sgd enkknvhmf qdrtks ne Jkdhmdq ]mc Kdda sn rgnv sg]s ntq l]o hr tmhenqlkx
bknrd sn ] oqnctbs ne pt]rh,hrnldsqhdr-

Lfcnpcl 1-2 YJK) Sgl- 0-0-1[- Ids Sh Wmc S
→
h

ad hqqdctbhakd sghbj DtbkhcdWm
Shsr athkchmfr vhsg bnbnloWbs Wezmd Tdxk fqnto- IdsT + �

m ·∏

j

h+0 Sh WmcT → +
�
m

→ ·∏

j
→

h+0 S
→
h

ad ldsqhb oqnctbsr- Sgdm� enq Wkk H.B / /. sgdqd dwhrs H →
.B

→
.C

→

rtbg sgWs sgd enkknvhmf rsWsdldms gnkcr9 Ge e 9 T → T
→ hr W (H.B(,ptWrh,hrnldsqx�

sgdm m + m
→
. j + j

→
. Wmc sgdqd Wqd (H

→
.B

→
(,ptWrh,hrnldsqhdr eh 9 Sh → Si rtbg

sgWs c
�

n , e.∏j

h+0 eh , n
)

≤ C
→
. vgdqd n hr sgd oqnidbshnm lWo-

Sgd enkknvhmf qdrtks ne YLRV[ vhkk ad mddcdc enq sgd oqnne ne qhfhchsx ne sgd
fqntor )m. Hs ]ookhdr sn atrgx sqddr) ld]mhmf sg]s d]bg udqsdw hr ] tmhenqlkx
antmcdc chrs]mbd eqnl ] udqsdw g]uhmf ]s kd]rs sgqdd tmantmcdc bnlokdldm,
s]qx bnlonmdmsr- Vd ]krn qdpthqd antmcdc uWkdmbd� ld]mhmf sg]s udqshbdr g]ud
tmhenqlkx “mhsd antmcdc u]kdmbd- @kk ne sgd sqddr hm sghr o]odq r]shrex sgdrd
oqnodqshdr-

Lfcnpcl 1-3 YLRV[- Ge F · S → S hr W ptWrh,Wbshnm ne W fqnto F nm W
antmcdc uWkdmbd Wmc atrgx sqdd S. sgdm sgdqd dwhrs W antmcdc,uWkdmbd Wmc atrgx
sqdd S

→
. Wm hrnldsqhb Wbshnm F · S

→ → S
→
. Wmc W ptWrh,hrnldsqx e 9 S → → S

sgWs hmsdqsvhmdr sgd Wbshnmr ne F nm S
→ Wmc sgd ptWrh,Wbshnm ne F nm S sn vhsghm

W tmhenqlkx antmcdc chrsWmbd-

2- Sgd Fdnldsoha Jncdir

Sn hkktrsq]sd sgd fdnldsqx ne )m ]mc ne )(R( hm fdmdq]k) vd cdrbqhad ] ldsqhb
(j + 0(,bnlokdw T pt]rh,hrnldsqhb sn )m �h-d-) nm vghbg )m ]bsr oqnodqkx chrbnm,
shmtntrkx ]mc bnbnlo]bskx ax hrnldsqhdr(- Vd adfhm vhsg sgd rhlokdrs b]rd ne sgd
toodq sqh]mftk]q rtafqnto )m ne ORK1(RY0,m[(. Vd sgdm cdrbqhad sgd fdnldsqx ne
sgd lnqd fdmdq]k fqntor )(R(. Enq ]kk ne sgdrd fqntor) sgd bnlokdw T hr ] v]qodc
oqnctbs ne Q vhsg ] oqnctbs ne sqddr nm vghbg sgd fqnto ]bsr- He sgd mh ]qd mns qdk,
]shudkx oqhld sgdm sgd fqnto )(R( cndr mns ]bs nm ] oqnctbs ne sqddr) rn vd cn mns
bnmrhcdq sghr b]rd gdqd-

Ehqrs qdb]kk sg]s sgd A]tlrk]fflRnkhs]q fqntor AR(0. m( + }Y. a | YaY�0 + a
m〈.

enq hmsdfq]k m ≥ 1. ]bs oqnodqkx chrbnmshmtntrkx ]mc bnbnlo]bskx ax hrnlds,
qhdr nm ldsqhb 1,bnlokdwdr- Sgdrd bnlokdwdr Xm ]qd snonknfhb]kkx sgd oqnctbs
S · Q. vgdqd d]bg udqsdw ne sgd sqdd S g]r nmd hmbnlhmf dcfd ]mc m ntsfnhmf
dcfdr- Ldsqhb]kkx vd cd“md ] gdhfgs etmbshnm nm S rn sg]s) he k ⊂ S hr ] khmd
nm vghbg sgd gdhfgs etmbshnm hr rsqhbskx hmbqd]rhmf) sgdm k · Q hr ldsqhb]kkx ] gx,
odqankhb ok]md- Rdd YEL0[ ]mc Ehftqd 0 enq ] lnqd cds]hkdc bnmrsqtbshnm ne sghr
bnlokdw-
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5hftod 0 Sgd fdnldsqhb lncdk ne sgd rnku]akd A]tlrk]fflRnkhs]q fqnto
AR(0. 2(. vghbg hr snonknfhb]kkx ] v]qodc oqnctbs ne ] sqdd ]mc Q

2-.- Sgd Fdnldsqhb Lncdk ne )m

Vd fhud sgd lnrs bnloqdgdmrhud cdrbqhoshnm ne sgd lncdk ro]bd T hm sghr b]rd ad,
b]trd sgd sqddr nm vghbg )m ]bsr ]qd d]rhdq sn tmcdqrs]mc sg]m sgd sqddr nm vghbg
)(R( ]bsr- Vd oqdrdms rdudq]k v]xr sn tmcdqrs]mc sgd bnlokdw T.

Vgdm n hr oqhld) sgd fqnto AR(0.n(. ]bsr nm sgd Aqtg]sflShsr sqdd Sn ]rrnbh]sdc
sn ORK1(Hn(. Sghr hr mns sqtd enq AR(0. m( vgdm m hr mns oqhld- Vd vhkk cdrbqhad
sgd AR(0. m( sqdd hm Rdbshnm 2-1-

@rrtld n hr oqhld) ]mc bnmrhcdq sgd fdnldsqhb lncdk Xn ne AR(0.n(. Kds (v. x(
ad sgd bnnqchm]sdr nm sgd toodq g]ke,ro]bdlncdk ne gxodqankhb ro]bd) vgdqd x / /.

Nmd b]m ]krn uhdv Xn ]r adhmf athks eqnl sgd zgnqnaqhbj– vhsg / ≤ v ≤ m ]mc 0 ≤
x ≤ n. Sgd udqshb]k rhcdr ne sghr aqhbj g]ud kdmfsg knfn. Hm sgd B]xkdx fq]og ne
AR(0.n(. sghr gnqnaqhbj g]r sgd enql fhudm hm Ehftqd 1-

] ]

a

a a

5hftod 1 Sgd zgnqnaqhbj– athkchmf aknbj enq sgd
fdnldsqhb lncdk ne AR(0. 1(

He m + n
d0
0 n

d1
1 · · ·ndq

q
sgdm )m ]bsr nm sgd oqnctbs ne sgd sqddr

∏

j

h+0 Sh. vgdqd Sh
hr sgd sqdd nm vghbg AR(0.nh( ]bsr: sg]s hr) Sh g]r nmd hmbnlhmf dcfd ]s d]bg udq,
sdw ]mc nh ntsfnhmf dcfdr- Sgd bnlokdwT hr sgd r]ld v]qodc oqnctbs ne

∏

j

h+0 Sh

vhsg Q ]r vd r]v oqduhntrkx enq AR(0.n(.
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] ]

] ]

a a

b
b

bb
a

aa a

a a a a a a

5hftod 2 Sgd ]m]knfntr athkchmf aknbj enq )(1. 2(

@m]knfntrkx enq )m. sgdqd hr ]m (j+0(,chldmrhnm]k athkchmf aknbj trdc sn bnm,
rsqtbs sgd bnlokdw T. vgnrd 0,rjdkdsnm hr sgd B]xkdx fq]og ne )m. @m dw]lokd ne
sghr aknbj hr fhudm hm Ehftqd 2 enq m ] oqnctbs ne svn oqhldr- Hs hr mns che“btks sn rdd
sg]s sgd bnqqdbs aq]mbghmf nbbtqr vgdm sgdrd aknbjr ]qd ]qq]mfdc rn ]r sn enql sgd
]ooqnoqh]sd A]tlrk]fflRnkhs]q rtabnlokdwdr- Hm fdmdq]k) sgd (j+0(,chldmrhnm]k
athkchmf aknbj vhkk ad ]m (j + 0(,btad vhsg ]ooqnoqh]sd dcfd k]adkr hm sdqlr ne
sgd fdmdq]snqr ne )(R(. Vd qdedq sn sgd gnqnbxbkdr ]knmf vghbg sgd rgddsr ldds ]r
aqWmbghmf gnqnbxbkdr-

@ rdbnmc v]x ne tmcdqrs]mchmf sgd bnlokdw T hr hm sdqlr ne rnld ne hsr rodbh]k
rtaro]bdr- Kds m + n

d0
0 n

d1
1 · · ·ndj

j
. vgdqd sgd nh ]qd oqhld- Sgdm

)m
∼+ }Y0. . . . . Yj. a | Y�0

h
aYh + a

n
1dh
h . Yh Yi + Yi Yh. h ∈+ i 〈.

Vd bnmrhcdq hm o]qshbtk]q svn sxodr ne rtaro]bdr ne T9

�h( Xnh
. bnqqdronmchmf sn AR(0.n1dh

h
( ]mc fdmdq]sdc ax Yh ]mc a hm sgd oqdrdms],

shnm ]anud: ]mc
�hh( R k enq 0 ≤ k ≤ j. fdmdq]sdc ax k chrshmbs fdmdq]snqr Yh hm sgd oqdrdms]shnm

]anud-

Mnshbd sg]s sgd AR(0.nh( rtafqntor ne ) ]kk rg]qd sgd fdmdq]snq a= hm T sghr
ld]mr sg]s sgd rtabnlokdwdr Xnh

enq h + 0. 1. . . . . j ]qd inhmdc ]knmf aq]mbghmf
gnqnbxbkdr- M]ldkx) bnmrhcdq ] rtabnlokdw Xnh

ne T. @s d]bg aq]mbghmf gnqn,
bxbkd ne Xnh

sgdqd hr ] bnox ne Xni enq ]kk i ∈+ h ]ss]bgdc ]knmf sg]s gnqnbxbkd- Sgd
r]ld hr sqtd enq dudqx aq]mbghmf gnqnbxbkd ne sgnrd Xni . ]mc sgd oqnbdrr bnmshmtdr-

Enq ]mx udqsdw v ∈T. sgdqd hr ] Xnh
rtaro]bd enq d]bg h + 0. 1. . . . . j hm T sg]s

bnms]hmr v. Enq d]bg h. sgd rds ¯Yl

h
·v | l∈R{ hr sgd udqsdw rds ne ] khmd hm sgd B]x,

kdx fq]og ne ). vghbg hr sgd 0,rjdkdsnm ne T. Sgdrd khmdr enql sgd ]wdr ne ]m Qj

rtaro]bd ne T. Sgd nqahs ne v tmcdq sgd fqnto fdmdq]sdc ax sgd dmshqd bnkkdbshnm
¯Yh{ hr ] Rj rtaro]bd ne T.
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2-1- Sgd Fdnldsqhb Lncdk ne )(R(

Vgdm ) + )(m0. m1. . . . . mj( ]mc sgd mh ]qd qdk]shudkx oqhld ats mns ]kk oqhld) sgd
oqnctbs ne sqddr nm vghbg ) ]bsr hr mns ]r rhlokd-

Vd “qrs chrbtrr sgd sqdd S
m nm vghbg sgd fqnto AR(0. m( ]bsr vgdm m hr mns

oqhld- Rtoonrd sg]s m + n
d0
0 n

d1
1 · · ·ndq

q
. ]mc kds Sh ad sgd Aqtg]sflShsr sqdd ]rrnbh,

]sdc sn ORK1(Hnh
(. Sgd sqdd S

m hr ] rtaro]bd ne
∏

q

h+0 Sh vgnrd aq]mbghmf l]x
mns ad bnmrs]ms ]mc cdodmcr nm sgd dwonmdmsr ne sgd oqhldr-

Cd“md ] enkchmf etmbshnm Dh 9 Sh → Q ]r enkknvr- He gh hr sgd gdhfgs etmbshnm
cd“mdc nm Sh. sgdm Dh(r( + gh(r( enq r ∈ Sh . Bnlahmhmf enkchmf etmbshnmr nm sgd Sh
xhdkcr ] l]o D(q( 9

∏

q

h+0 Sh → Q
q cd“mdc ax D(q( + (D0. D1. . . . . Dq(. Bnmrhcdq

sgd fqhc ne khmdr hm Qq ne sgd enql (v0. v1. . . . . vi�0.Q. vi+0. . . . . vq(. vgdqd vh ∈
R. Rn vd ]bst]kkx g]ud q e]lhkhdr ne o]q]kkdk khmdr hm Qq

. Uhdv d]bg e]lhkx ]r qdo,
qdrdmshmf enkcdc bnohdr ne nmd ne sgd sqddr Sh tmcdq D(q(.

Sgd aq]mbghmf ne sgd sqdd S m hr cdsdqlhmdc ax sgd khmd

d0v0 + d1v1 + · · · + dq vq + /

hm Qq
. Vgdm sgd khmd bqnrrdr ] khmd hm sgd e]lhkx ne o]q]kkdk khmdr bnqqdronmchmf

sn Sh. sgd sqdd S m aq]mbgdr m shldr- Vgdm sgd khmd bqnrrdr sgd hmsdqrdbshnm ne svn
khmdr) nmd eqnl sgd e]lhkx ne Sh ]mc nmd eqnl sgd e]lhkx ne Si. sgd aq]mbghmf hr
h + i.

DvWlokc- Bnmrhcdq sgd fqnto AR(0. 5(. Sgd sqdd S 5 nm vghbg hs ]bsr hr ] rtards
ne S1 · S2 cdsdqlhmdc ax sgd khmd x + �v hm sgd ok]md Q1

. rhmbd sgd dwonmdms ne
d]bg oqhld hr 0- Sghr khmd nmkx bqnrrdr udqshbdr ne sgd fqhc ne khmdr) rn sgd aq]mbg,
hmf hr tmhenql ne u]kdmbd 5-

DvWlokc- Bnmrhcdq sgd fqnto AR(0.01(. Sgd sqdd S 01 nm vghbg hs ]bsr hr ] rta,
rds ne S1· S2. nmkx mnv sgd khmd hm Q1 sg]s cdsdqlhmdr sgd aq]mbghmf hr�1v + x.

Eqnl sgd v]x sghr khmd bqnrrdr sgd fqhc ne khmdr) vd rdd sg]s sgd aq]mbghmf ne S 01

hr mns tmhenql- Sgd udqshbdr ]ksdqm]sd adsvddm u]kdmbd 1 ]mc u]kdmbd 5) vgdqd sgd
u]kdmbd 1 ]qhrdr eqnl sgd khmd bqnrrhmf nmkx ] gnqhynms]k fqhc khmd ]mc sgd u]kdmbd 5
]qhrdr vgdm sgd khmd bqnrrdr ] udqsdw hm sghr fqhc ne khmdr-

DvWlokc- Bnmrhcdq sgd fqnto AR(0. 5/(. Sgd sqdd S 5/ nm vghbg hs ]bsr hr ] rta,
rds ne S1 · S2 · S4. ]mc mnv sgd enkchmf l]o D(2( hr ] l]o sn Q2

. Sgd khmd hm Q2

cdsdqlhmhmf sgd aq]mbghmf ne S hr 1v + x + y + /. @f]hm vd rdd sg]s sgd ]lntms
ne aq]mbghmf ]s d]bg u]kdmbd u]qhdr-

Mnv bnmrhcdq ) + )(m0. m1. . . . . mj( vgdqd sgd mh ]qd mns ]kk oqhld- Bnmrhcdq ]mx
mh ]mc kds n0.n1. . . . .nq ad sgd khrs ne oqhldr chuhchmf mh. vhsg Sh sgd Aqtg]sflShsr
sqdd ne ORK1(Hnh

(. Sgdm kds S h ad sgd sqdd nm vghbg AR(0. mh( ]bsr �cdrbqhadc
oqduhntrkx( sg]s hr ] rtaro]bd ne

∏

q

h+0 Sh . Sgdm ) ]bsr nm
∏

j

h+0 S
h
. Sgd bnlokdw

T(R( hr sgdm sgd v]qodc oqnctbs ne
∏

j

h+0 S
h vhsg Q.
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3- Sgd Rsotastod ne PtTrh)Grnldsohdr

Sgd jdx rsdo hm sgd oqnner ne sgd sgdnqdlr hm sghr o]odq hr tmcdqrs]mchmf sgd
rsqtbstqd ne sgd pt]rh,hrnldsqhdr ne ). nq dpthu]kdmskx ne T. Vd adfhm vhsg svn
fqntor )0 ]mc )1 ]mc ] (H.B(,pt]rh,hrnldsqx adsvddm sgdhq fdnldsqhb lncdkr)
e 9 T0 → T1.

Kds π ad sgd oqnidbshnm T → ∏

j

h+0 Sh . Cd“md ] gnqnbxbkd ne sgd bnlokdw T

sn ad ] rtards ne sgd enql π
�0

(r0. r1. . . . . rj(. vgdqd (r0. r1. . . . . rj( hr ] onhms hm
∏

j

h+0 Sh . @ gxodqokWmd hm T hr ] rtabnlokdw ne sgd enql π
�0

(k0· · · ·· km(.vgdqd
d]bg kh hr ] fdncdrhb hm Sh . Sgd “qrs fn]k hr sn rgnv sg]s sgd pt]rh,hrnldsqx e oqd,
rdqudr gnqnbxbkdr ]mc gdmbd hmctbdr ] pt]rh,hrnldsqx ne ] oqnctbs ne sqddr- Sgdrd
]qftldmsr ]qd rhlhk]q sn sgnrd hm YV1[-

KcllW 3-0- Enq Wmx (H.B( sgdqd hr Wm N / / rtbg sgWs� enq Wmx e 9 T0 → T1

�W (H.B(,ptWrh,hrnldsqx( Wmc dudqx gxodqokWmd G ne T0. sgdqd dwhrsr W rtards X
ne

∏

j

h+0 Sh rtbg sgWs sgd hlWfd e (G ( hr vhsghm chrsWmbd N ne π
�0

(X (.

Oqnne- Kds f ad ] pt]rh,hmudqrd ne e. rn sg]s f ,e hr ] antmcdc chrs]mbd eqnl sgd
hcdmshsx l]o ]mc gdmbd oqnodq- Ax ] rs]mc]qc bnmmdbs,sgd,cnsr ]qftldms) vd l]x
]rrtld sg]s e ]mc f ]qd bnmshmtntr- Rhmbd sgd Th ]qd tmhenqlkx bnmsq]bshakd) sgd
bnlonrhshnmr ]qd gnlnsnohb sn sgd hcdmshsx sgqntfg gnlnsnohdr ne kdmfsg ]s lnrs
N/ �cdodmchmf nmkx nm sgd Th ]mc sgd bnmrs]msr (H.B((. Sgdm sgd l]or e ]mc f

]qd) hm o]qshbtk]q) oqnodq gnlnsnox dpthu]kdmbdr-
Bnmrhcdq sgd etmc]ldms]k bk]rr YG [ hm G

te

m+0(T0(. Sgd otrg,enqv]qc e∗(YG [(
hr sgtr ] mnmsqhuh]k bk]rr hm G

te

m+0(T1(. Etqsgdq) sghr bk]rr bkd]qkx g]r ] qdoqdrdm,
s]shud b vhsg rtoonqs bnms]hmdc hm sgd N/ mdhfganqgnnc ne e (G (. Sgd rhlokhbh]k
rsqtbstqd ne T1 enqbdr sgd bnde“bhdmsr ne b sn ad bnmrs]ms ]knmf gnqnbxbkdr- Sgtr)
sgd rtoonqs ne b hr ne sgd enql X · Q enq rnld rtabnlokdw X ne

∏

j

h+0 Sh . Sghr
rgnvr sg]s sgd N/ mdhfganqgnnc ne e (G ( bnms]hmr X · Q.

Sn bnlokdsd sgd oqnne vd ltrs rgnv sg]s ] mdhfganqgnnc ne X ·Q (+ rtoo(b((

bnms]hmr e (G (. He mns) sgdm sgdqd ]qd ]qahsq]qhkx k]qfd a]kkr hm e (G ( sg]s ]qd mns
bnms]hmdc hm X · Q. @ookxhmf sgd hmudqrd l]o) f. sghr vntkc fhud ] qdoqdrdms],
shud ne YG [ vgnrd rtoonqs lhrrdr k]qfd a]kkr hm G. Sghr hr hlonrrhakd) rhmbd ]mx
qdoqdrdms]shud ne sgd etmc]ldms]k bk]rr g]r etkk rtoonqs-

KcllW 3-1 �Gnqnbxbkdr ]qd oqdrdqudc(- Enq dudqx (H.B( sgdqd dwhrsr Wm N rtbg
sgWs� he e hr W (H.B(,ptWrh,hrnldsqx ne T Wmc g hr W gnqnbxbkd hm T. sgdm sgdqd hr
W gnqnbxbkd g

→ rtbg sgWs cG (e (g(. g
→
( ≤ N.

Oqnne- Sghr hr ]m hlldch]sd bnmrdptdmbd ne Kdll] 3-0- Enq ]mx gnqnbxbkd g.

sgdqd ]qd ] “mhsd mtladq ne gxodqok]mdrG0. . . . . Gj hmT0 sg]s g]ud bn]qrd hmsdqrdb,
shnm ]s G]trcnqee chrs]mbd ]s lnrsN eqnl g. Sgd bnmrs]msr j ]mcN cdodmc nmkx nm
sgd fdnldsqx neT0. Kdll] 3-0 hlokhdr sg]s sgd hl]fd ne g hr G]trcnqee dpthu]kdms
sn ] bnlokdw ne sgd enql X ·Q enq rnld rtards X ne T1. @ookxhmf sgd r]ld ]qft,
ldms sn sgd hmudqrd l]o f ]mc d]bg gnqnbxbkd hm X ·Q. vd bnmbktcd sg]s X ltrs
ad ne “mhsd ch]ldsdq �antmcdc hmcdodmcdmskx ne g(. Sghr oqnudr sgd kdll]-
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&npnkkWpx3-2 �E]bsnq oqdrdquhmf(- Bnmrhcdq sgd fqntor)0+ )(m0. m1. . . . . mj(

Wmc )1 + )(l0. l1. . . . . lk(. vgdqd (mh. mi ( + (lh.li ( + 0 enq h ∈+ i. Wmc Wr W
ptWrh,hrnldsqx e 9 )0 → )1 adsvddm sgdl- Sgdm9

�]( j + k=
�a( e hmctbdr W ptWrh,hrnldsqx eS 9

∏

j

h+0 Sh → ∏

j

h+0 S
→
h
= Wmc

�b( sgdqd Wqd (H
→
.B

→
(,ptWrh,hrnldsqhdr eh 9 Sh → S

→
h

�Wesdq onrrhakx qd,hmcdwhmf
sgd sqdd eWbsnqr( rtbg sgWs eS hr W antmcdc chrsWmbd eqnl sgd oqnctbs ptWrh,
hrnldsqx e0· · · ·· ej.

Oqnne- Rhmbd dudqx onhms (r0. r1. . . . . rm(∈ ∏

j

h+0 Sh cdsdqlhmdr ] gnqnbxbkd hm T. hs
enkknvr eqnl Kdll] 3-1 sg]s sgd pt]rh,hrnldsqx e hmctbdr ] pt]rh,hrnldsqx nm
sgd oqnctbs ne sqddr9 eS 9

∏

j

h+0 Sh → ∏

k

h+0 Sh . Hs mnv enkknvr eqnl Sgdnqdl 1-2
sg]s j + k ]mc gdmbd sgdqd dwhrsr sgd r]ld mtladq ne o]q]ldsdqr hm )0 ]mc )1. Hs
sgdm enkknvr eqnl Sgdnqdl 1-2 sg]s sghr l]o hr ] antmcdc chrs]mbd eqnl ] oqnc,
tbs e0· · · ·· ej ne pt]rh,hrnldsqhdr-

&npnkkWpx3-3 �Ahkhorbghsyl]or(- Idse 9 )0 → )1 ad W (H.B(,ptWrh,hrnldsqx-
Sgdm sgdqd dwhrs ahkhorbghsy lWor f 9 Q → Q Wmc eh 9 Sh → Sh �Wesdq onrrhakx qd,
hmcdwhmf sgd sqdd eWbsnqr( rn sgWs e hr W antmcdc chrsWmbd eqnl (f. e0. . . . . ej(.

Oqnne- @ookxhmf Bnqnkk]qx 3-2) vd l]x ]rrtld sg]s sgd pt]rh,hrnldsqx e oqd,
rdqudr sgd hmchuhct]k sqdd e]bsnqr- Vd trd sgd mns]shnm ne Bnqnkk]qx 3-2 ]mc kds eh
cdmnsd sgd hmctbdc l]o nm sgd hsg sqdd e]bsnq- Hs enkknvr sg]s sgd pt]rh,hrnldsqx
e qdrsqhbsr sn ] l]o nm d]bg A]tlrk]fflRnkhs]q rtabnlokdw Sh · Q sg]s hr ]krn
] pt]rh,hrnldsqx- @ookxhmf Sgdnqdl 1-1) vd bnmbktcd sg]s eh hr ] antmcdc chr,
s]mbd eqnl sgd oqnctbs ne ] ahkhorbghsy l]o ne Sh vhsg ] ahkhorbghsy l]o ne Q. Hs hr
d]rx sn rdd sg]s vd ltrs nas]hm sgd r]ld ahkhorbghsy l]o ne Q qdf]qckdrr ne vghbg
A]tlrk]fflRnkhs]q rtaro]bd vd qdrsqhbs sn) ]mc sgd bnqnkk]qx enkknvr-

Vd ]qd mnv ]akd sn oqnud Sgdnqdl 0-0-

Oqnne ne Sgdnqdl .-.- @ookxhmf Bnqnkk]qx 3-3) vd bnmrhcdq ntq pt]rh,hrnldsqx
sn ad e]bsnq,oqdrdquhmf ]mc ne sgd enql (f. e0. . . . . em(. vhsg d]bg hmchuhct]k l]o
ahkhorbghsy- Sgdm ]mx o]hq (f. eh( 9 Q · Sh → Q · S

→
h

hr ] pt]rh,hrnldsqx ne
AR(0.nh( sn AR(0. ph( ax Sgdnqdl 1-1- Hs enkknvr eqnl Sgdnqdl 1-0 sg]s) ]esdq
qd,nqcdqhmf) nh + ph .

Cdrbqhoshnm ne sgd PtWrh,Grnldsqx Fqnto

Vd adfhm vhsg ] kdll] sg]s hr hlonqs]ms enq sgd oqnne ne Sgdnqdl 0-1-

KcllW 3-4 �YEL1[: Qtaadq,a]mc oqhmbhokd(- Enq Wkk K.L / /. sgdqd hr W bnm,
rsWms B sgWs rWshrzdr sgd enkknvhmf oqnodqsx- Ids T Wmc X ad oWsg ldsqhb roWbdr�
Wmc kds e 9 T → X ad W lWo- Rtoonrd sgdqd Wqd bnkkdbshnmr ne hrnldsqhbWkkx dl,
adccdc rtaroWbdr BT ne T Wmc BX ne X sgWs rWshrex sgd enkknvhmf rsWsdldmsr9

�]( Wmx svn onhmsr hm T �nq hm X ( bWm ad bnmmdbsdc ax Wm L,ptWrh,fdncdrhb bnm,
rhrshmf ne W zmhsd mtladq ne rtaoWsgr� dWbg kxhmf hm Wm dkdldms ne BT �nq BX (=

�a( e hmctbdr W nmd,sn,nmd bnqqdronmcdmbd adsvddm dkdldmsr ne BT Wmc BX = Wmc
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�b( e qdrsqhbsr sn Wm K,ptWrh,hrnldsqx adsvddm bnqqdronmchmf dkdldmsr ne BT

Wmc BX .

Sgdm e 9 T → X hr W B,ptWrh,hrnldsqx-

Vd ]qd mnv ]akd sn oqnud Sgdnqdl 0-1 ]mc cdrbqhad sgd pt]rh,hrnldsqx fqnto
ne ).

Oqnne ne Sgdnqdl .-1- Hs hr bkd]q sg]s vd g]ud ] gnlnlnqoghrl

$ 9 PH(T( → Ahkho(Q(· Ahkho(Hn0(· Ahkho(Hn1(· · · ·· Ahkho(Hnj
(

fhudm ax $(e ( + (eQ. e0. e1. . . . . em(. Hm ]cchshnm) vd g]ud ] gnlnlnqoghrl

$h 9 PH(T( → PH(AR(0.nh((
∼+ Ahkho(Q(· Ahkho(Hnh

(

enq d]bg h + 0. 1. . . . . m sg]s hr fhudm ax $(e ( + (eQ. eh(. Ax sgd qd]rnmhmf hm
YEL0[ hs enkknvr sg]s) enq ]mx e ∈ jdq($(. sgd pt]rh,hrnldsqx $h(e ( hr ] antmcdc
chrs]mbd Ah eqnl sgd hcdmshsx l]o nm Tm. Kdsshmf A + l]w¯Ah{. sgd qtaadq,a]mc
oqhmbhokd hlokhdr sg]s $(e ( hr ] antmcdc chrs]mbd A eqnl sgd hcdmshsx-

Sn rdd sg]s $ hr rtqidbshud) vd ]f]hm trd sgd qtaadq,a]mc oqhmbhokd sn ohdbd sn,
fdsgdq pt]rh,hrnldsqhdr ne sgd Tm rtabnlokdwdr- Bgnnrd eN ∈ Ahkho(Q( ]mc l]or
eh ∈ Ahkho(Hnh

(. Vd ltrs rgnv sg]s eN · e0 · · · · · em hr ] pt]rh,hrnldsqx ne
)0. Eqnl YEL0[ vd jmnv sg]s ]mx o]hq (eN. eh( xhdkcr ] pt]rh,hrnldsqx ne Th . Vd
b]m ]rrtld sgd pt]rh,hrnldsqx bnmrs]msr ]qd tmhenql ax s]jhmf sgd k]qfdrs o]hq ne
bnmrs]msr eqnl ]mx ne sgdrd l]or- Rhmbd sgd eN hr bnllnm sn ]mx svn o]hqr) vd
nas]hm ] oqnctbs l]o e ne sgd dmshqd bnlokdw- Sgtr vd g]ud ] bnkkdbshnm ne rta,
ro]bdr ]mc ] l]o e + eN · e0 · · · · · em r]shrexhmf sgd qtaadq,a]mc oqhmbhokd)
rn e hr ] pt]rh,hrnldsqx ne ).

4- Qhfhchsu

Vd “mhrg vhsg sgd oqnne ne Sgdnqdl 0-2) vghbg rgnvr sg]s sghr bk]rr ne fqntor hr
pt]rh,hrnldsqhb]kkx qhfhc-

Oqnne ne Sgdnqdl .-2- Kds ) → ad ]mx “mhsdkx fdmdq]sdc fqnto pt]rh,hrnldsqhb sn
)(R(. vhsg T sgd lncdk ro]bd enq )(R( ]r adenqd) ]mc kds e 9 ) → → T ad ] pt]rh,
hrnldsqx vhsg f ] bn]qrd hmudqrd- Vd sgtr g]ud ] pt]rh,]bshnm ne ) → nm T. vgdqd
�

→
v;e (�

→
f(v((. Ax Kdll] 3-1) gnqnbxbkdr ]qd oqdrdqudc ]mc rn vd nas]hm ]m hm,

ctbdc pt]rh,]bshnm ne ) → nm sgd oqnctbs ne sqddr
∏

j

h+0 Sh . Ax o]rrhmf sn ] “mhsd
hmcdw rtafqnto ne ) →

. vd l]x ]rrtld sg]s sgd pt]rh,]bshnm hr sgd ch]fnm]k pt]rh,
]bshnm ne ] bnkkdbshnm ne pt]rh,]bshnmr ) → nm Sh . Sgd l]or sn sgd bnlokdwdr ne sgd
A]tlrk]fflRnkhs]q rtafqntor ne )(R( ]qd ) → dpthu]qh]ms �sn vhsghm “mhsd chrs]mbd(
]mc rn pt]rh,oqdrdqud sgd gdhfgs etmbshnm- Ax YLRV[) sgdqd dwhrs sqddr S →

h
sg]s ]qd

pt]rh,hrnldsqhb sn sgd Sh ]r vdkk ]r ]bshnmr ne ) → nm Sh sg]s ]qd pt]rh,bnmitf]sd sn
sgd pt]rh,]bshnmr nm sgd Sh . Etqsgdq) d]bg ne sgdrd sqddr hr gnlnfdmdntr) vhsg ] ) →

hmu]qh]ms nqhdms]shnm vgdqd nmd dcfd hr chqdbsdc hmsn d]bg udqsdw- Sgtr vd fds ]m
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]bshnm ne ) → nm sgd oqnctbs ne sgd S
→
h
. vhsg udqsdw rs]ahkhydqr sg]s ]qd nqhdms]shnm,

oqdrdquhmf ]mc uhqst]kkx bxbkhb) ]mc vhsg “mhsd ptnshdms: hm nsgdq vnqcr) vd nas]hm
] cdrbqhoshnm ne ) → ]r ] “mhsd bnlokdw ne uhqst]k Rr-

Bnmrhcdq sgd dcfdr hm sghr ptnshdms sg]s bnld eqnl dcfdr ne ] S
→
h
. Sgdrd ]qd

nqhdmsdc) ]mc ]r sgdqd hr dw]bskx nmd dcfd nqhdmsdc snv]qc dudqx udqsdw hm S
→
h
. sgd

r]ld hr sqtd hm sgd ptnshdms- Rhmbd sgd ptnshdms hr “mhsd) sghr hlokhdr sg]s sgdqd hr
oqdbhrdkx nmd rtbg dcfd nqhdmsdc ]v]x eqnl d]bg udqsdw ne sgd ptnshdms- Sgtr sgd
bnkkdbshnm ne sgdrd dcfdr bnmrhrsr ne ] “mhsd tmhnm ne bhqbkdr- Etqsgdqlnqd) enq ]mx
u ∈ S

→
h
. sgd ]bshnm ne rs]a(u( nm dcfdr onhmshmf ]v]x eqnl u hr sq]mrhshud- Rhlh,

k]qkx) “whmf ]mx dcfd hm S →
h

]mc knnjhmf ]s svn bdkkr bnlhmf eqnl S
→
h
·S

→
i
.vd g]ud

dw]bskx svn rtbg bdkkr ]s dudqx dcfd ne sgd ptnshdms9 nmd nqhdmsdc snv]qc ]mc nmd
]v]x eqnl sghr dcfd- Bnmshmthmf nudq ghfgdq,chldmrhnm]k btadr vd rdd sg]s sgd
ptnshdms hr ] oqnctbs ne nqhdmsdc bhqbkdr) vgdqd sgd hmbktrhnm ne sgd btad rs]ahkhydq
sn ] e]bd rs]ahkhydq hr ]m hrnlnqoghrl he hs fndr ]f]hmrs sgd nqhdms]shnm- Gdmbd vd
l]x bnkk]ord rtbg ] btad tmkdrr hsr noonrhsd e]bdr ]qd sgd r]ld hm sgd ptnshdms-
L]jhmf ]kk rtbg onrrhakd bnkk]ordr xhdkcr ] bnlokdw,ne,fqntor cdrbqhoshnm ne ) →

vhsg tmcdqkxhmf bnlokdw ] oqnctbs ne nqhdmsdc knnor) vhsg rs]ahkhydqr ]kk uhqst]kkx
R. ]mc vhsg sgd hmbktrhnmr hrnlnqoghrl vgdm fnhmf ]f]hmrs sgd nqhdms]shnm- @r
hm YEL0[) vd l]x o]rr sn ] “mhsd,hmcdw rtafqnto ne ) → sg]s g]r rtbg ] cdrbqho,
shnm vhsg ]kk rs]ahkhydqr R. Rtbg ] bnlokdw ne fqntor g]r ] oqdrdms]shnm oqdbhrdkx
ne sgd enql )(R

→
( enq rnld R

→
. Sgtr ) → hr bnlldmrtq]akd sn )(R

→
( enq rnld R

→
.

]r cdrhqdc-

Qdedodmadr

YAG[ L- Aqhcrnm ]mc @- G]dfihfdq) Ldsqhb roWbdr ne mnm,onrhshud btquWstqd�
Fqtmckdgqdm L]sg- Vhrr-) 208) Roqhmfdq,Udqk]f) MdvWnqj) 1///-

YAL[ L- Atqfdq ]mc R- Lnydr) Ehmhsdkx oqdrdmsdc rhlokd fqntor Wmc oqnctbsr ne sqddr�
B- Q- @b]c- Rbh- O]qhr RÉq- H L]sg- 213 �0886() 636fl641-

YEL0[ A- E]qa ]mc K- Lnrgdq) 3 qhfhchsx sgdnqdl enq sgd rnkuWakd AWtlrkWffiRnkhsWq
fqntor- Thsg Wm Woodmchw ax C- Bnnodq� Hmudms- L]sg- 020 �0887() 308fl340-

YEL1[ ) PtWrh,hrnldsqhb qhfhchsx enq sgd rnkuWakd AWtlrkWffiRnkhsWq fqntor� GG�
Hmudms- L]sg- 026 �0888() 502fl538-

YJJK[ L- J]onuhbg) A- Jkdhmdq) ]mc A- Kdda) PtWrh,hrnldsqhdr Wmc sgd cd QgWl
cdbnlonrhshnm� Snonknfx 26 �0887() 0082fl0100-

YJK[ A- Jkdhmdq ]mc A- Kdda) Qhfhchsx ne ptWrh,hrnldsqhdr enq rxlldsqhb roWbdr Wmc
DtbkhcdWm athkchmfr� Hmrs- G]tsdr ”stcdr Rbh- Otak- L]sg- 75 �0886() 004fl086-

YL[ I- Lhkmnq) 3 mnsd nm btquWstqd Wmc etmcWldmsWk fqnto� I- Cheedqdmsh]k Fdnl- 1
�0857() 0fl6-

YLRV[ K- Lnrgdq) L- R]fddu) ]mc J- Vgxsd) PtWrh,Wbshnmr nm sqddr G� @mm- ne L]sg-
�1( �sn ]ood]q(-

YQ[ @- Qdhsdq) Sgd kWqfd rbWkd fdnldsqx ne oqnctbsr ne sqddr� Fdnl- Cdchb]s] 81
�1//1() 068fl073-

YRV[ D- Rntbgd ]mc A- Vhdrs) 3m dkdldmsWqx WooqnWbg sn ptWrh,hrnldsqhdr ne
sqdd· �m

. Fdnl- Cdchb]s] 84 �1//1() 76fl0/1-
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YS[ I- S]a]bj) PtWrh,hrnldsqhb qhfhchsx enq ORK1(RY0,n[(. Ctjd L]sg- I- 0/0 �1///()
224fl246-

YV0[ J-Vgxsd) Sgd kWqfd rbWkd fdnldsqx ne sgd ghfgdq AWtlrkWffiRnkhsWq fqntor� Fdnl-
Etmbs- @m]k- 00 �1//0() 0216fl0232-

YV1[ ) Sgd fdnldsqx ne bnWqrd zaqWshnmr� rdlh,chqdbs oqnctbsr� Wmc antmcdc
fdnldsqx cdbnlonrhshnmr ne fqntor �hm oqdo]q]shnm(-

I- S]a]bj
Cdo]qsldms ne L]sgdl]shbr ]mc Rs]shrshbr
Tmhudqrhsx ne @ka]mx
@ka]mx) MW 01111

is]a]bj=l]sg-]ka]mx-dct

J-Vgxsd
Cdo]qsldms ne L]sgdl]shbr
Tmhudqrhsx ne Hkkhmnhr ]s Bghb]fn
Bghb]fn) HK 5/5/6

Jvgxsd=l]sg-uhb-dct
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