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9arspYbs, Ud rstcx rnld bnlahm]snqh]k bnmrdptdmbdr ne Ak]id Enqcg]l#r

sgdnqdlr nm sgd vnqc ldsqhb ne Sgnlornm#r fqnto � hm sgd rs]mc]qc svn

fdmdq]snq oqdrdms]shnm- Ud dwoknqd bnmmdbshnmr adsvddm sgd sqdd o]hq ch]fq]l

qdoqdrdmshmf ]m dkdldms P ne � ) hsr mnql]k enql hm sgd hm�mhsd oqdrdms]shnm)

hsr vnqc kdmfsg) ]mc lhmhl]k kdmfsg qdoqdrdms]shudr ne hs- Ud drshl]sd vnqc

kdmfsg hm sdqlr ne sgd mtladq ]mc sxod ne b]qdsr hm sgd sqdd o]hq ch]fq]l ]mc

rgnv rg]qomdrr ne sgnrd drshl]sdr- Gm ]cchshnm vd dwoknqd rnld oqnodqshdr ne

sgd B]xkdx fq]og ne � vhsg qdrodbs sn sgd svn fdmdq]snq �mhsd oqdrdms]shnm-

M]ldkx) vd dwghahs sgd enql ne [cd]c dmc´ dkdldmsr hm sghr B]xkdx fq]og) ]mc

rgnv sg]s hs g]r mn [cddo onbidsr´- Ehm]kkx) vd chrbtrr ] rhlokd ldsgnc enq

bnmrsqtbshmf lhmhl]k kdmfsg qdoqdrdms]shudr enq rsqhbskx onrhshud nq mdf]shud

vnqcr-

0- Fmspnctbshnm

Sgnlornm#r fqnto E g]r addm rstchdc dwsdmrhudkx hm l]mx chΓdqdms aq]mbgdr
ne l]sgdl]shbr+ hmbktchmf fqnto sgdnqx+ cxm]lhbr+ gnlnsnox sgdnqx ]mc knfhb-
?kfdaq]hb]kkx+ hs hr lnrs bnllnmkx tmcdqrsnnc hm svn chΓdqdms enqlr9 uh] ] ffmhsd
oqdrdms]shnm ]mc ]m hmffmhsd oqdrdms]shnm- Sgd hmffmhsd oqdrdms]shnm F g]r rhlokd
qdk]snqr vghbg ]qd bnmudmhdmskx l]mhotk]sdc ]mc tmcdqrsnnc+ ]r vdkk ]r ] tmhptd
mnql]k enql enq dkdldmsr- Sgd ffmhsd oqdrdms]shnm F g]r svn fdmdq]snqr ]mc svn
qdk]snqr+ ats sgdqd hr mn knmfdq ] bnmudmhdms rds ne mnql]k enqlr- Sgd dkdldmsr ne E
b]m ]krn ad hmsdqoqdsdc ]r o]hqr ne ffmhsd ahm]qx qnnsdc sqddr vhsg sgd r]ld mtladq
ne b]qdsr-
Hm sghr o]odq vd chrbtrr l]mx hmsdqdrshmf bnlahm]snqh]k oqnodqshdr ne Sgnlo,

rnm#r fqnto E - Sgdrd oqnodqshdr ]qd cdqhudc eqnl sgd qdk]shnmrgho adsvddm sgd
mnql]k enql ne dkdldmsr ne E ]mc sgd o]hqr ne ffmhsd ahm]qx qnnsdc sqddr trdc sn
qdoqdrdms dkdldmsr ne E - Sgd bnlahm]snqh]k oqnodqshdr vd cdrbqhad g]ud ]ookhb],
shnmr sn drshl]shmf vnqc kdmfsg hm E ]mc bntmshmf ]mc cdsdqlhmhmf b]qds sxodr-
Sgdrd oqnodqshdr kd]c sn ]kfnqhsglr enq bnmrsqtbshmf lhmhl]k kdmfsg o]sgr hm sgd
rs]mc]qc svn fdmdq]snq oqdrdms]shnm- Sgd rdbshnmr ne sghr o]odq ]qd nqf]mhydc ]r
enkknvr-

• Hm Rdbshnm 1 vd oqdrdms ] aqhde hmsqnctbshnm sn Sgnlornm#r fqnto E + hm,
bktchmf Enqcg]l#r ldsgnc ne b]kbtk]shmf vnqc kdmfsg W5“- Vd cds]hk sgd
ahidbshud oqnbdrr vghbg sq]mrenqlr ] sqdd o]hq ch]fq]l qdoqdrdmshmf ]m dkd,
ldms ne E hmsn hsr tmhptd mnql]k enql hm sgd hmffmhsd oqdrdms]shnm-

Qdbdhudc ax sgd dchsnqr :tftrs 11) 1..1 ]mc) hm qduhrdc enql) L]qbg 1.) 1..2-

1... LTsgdlTshbr Mtaidbs AjTrrh�bTshnm- Nqhl]qx 1.E54-
Sgd �qrs ]tsgnq ]bimnvkdcfdr rtoonqs eqnl NRB,BTMW fq]ms ”52327,..21- Sgd rdbnmc

]tsgnq sg]mir sgd Tmhudqrhsx ne Ts]g enq sgdhq gnrohs]khsx ctqhmf sgd vqhshmf ne sghr o]odq-

b�0--2 9ldphbYm LYsgdlYshbYi Rnbhdsu
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• Hm Rdbshnm 2 vd ]ookx Enqcg]l#r ldsgnc sn hlldch]sdkx nas]hm ]m drsh,
l]sd ne sgd vnqc kdmfsg |v| ne ]m dkdldms v ∈ E eqnl sgd sqdd o]hq ch]fq]l
qdoqdrdmshmf v hm sgd vnqc ldsqhb ]qhrhmf eqnl sgd ffmhsd oqdrdms]shnm F -
Vd fhud dw]lokdr vghbg rgnv sg]s sgd bnmrs]msr hm sgd drshl]sd ]qd rg]qo-

• Hm Rdbshnm 3 vd trd Enqcg]l#r ldsgnc ne b]kbtk]shmf vnqc kdmfsg sn dw,
oknqd ]m hmsdqdrshmf ogdmnldmnm vghbg nbbtqr hm sgd B]xkdx fq]og ne E
vhsg qdrodbs sn sgd rs]mc]qc svn fdmdq]snq ffmhsd oqdrdms]shnm- M]ldkx+
sgdqd ]qd cdWc dmc dkdldmsr v vhsg sgd oqnodqsx sg]s |v�| ; |v|� 0 enq ]kk
fdmdq]snqr � ∈ Pw±0

+ . w±0
0 {+ vgdqd |v| cdmnsdr vnqc kdmfsg- Enqcg]l W5“

qdl]qjr sg]s rnld ne sgdrd cd]c dmc dkdldmsr g]ud ] o]qshbtk]q enql: vd
fhud ] fdmdq]k enql enq ]kk cd]c dmc dkdldmsr hm E ]mc cdrbqhad rnld khlhsr
sn rsqnmfdq enqlr ne sghr adg]uhnq+ b]kkdc [cddo onbjdsr-”

• Hm Rdbshnm 4 vd cdrbqhad sgd bnlahm]snqh]k qdk]shnmrgho adsvddm sgd mnq,
l]k enql ne ]m dkdldms v ∈ E ]mc sgd mtladq ]mc sxodr ne b]qdsr hm sgd
sqdd o]hq ch]fq]l qdoqdrdmshmf v-

• Hm Rdbshnm 5 vd oqdrdms ] ldsgnc ne bnmrsqtbshmf lhmhl]k kdmfsg o]sgr
hm sgd rs]mc]qc svn fdmdq]snq oqdrdms]shnm enq rsqhbskx onrhshud nq mdf]shud
vnqcr hm E -

1- Sgnlornm�r fpnto E

Sgnlornm#r fqnto hr adrs tmcdqrsnnc bnlahm]snqh]kkx trhmf sgd svn oqdrdms],
shnmr ldmshnmdc ]anud+ sgd ffmhsd oqdrdms]shnm

F ; }w+. w0|w�0
0 w1w0 ; w2. w

�0
0 w2w0 ; w3〉.

vgdqd vd cdffmd wm ; w�0
+ wm�0w+ enq m < 0+ ]mc sgd hmffmhsd oqdrdms]shnm

F ; }wj. j ≥ .|w�0
d wiwd ; wi)0 he g , i〉.

? bnmudmhdms rds ne mnql]k enqlr enq dkdldmsr ne E hm sgd hmffmhsd oqdrdms]shnm
F hr fhudm ax wq0d0 w

q1
d1

. . .wq�d� w
�rk
ik

. . .w�r1i1
w�r0i0

+ vgdqd od. rd < .+ g0 , g1 . . . , gj ]mc
i0 , i1 . . . , ik- Sn nas]hm ] tmhptd mnql]k enql enq d]bg dkdldms+ vd ]cc sgd
bnmchshnm sg]s vgdm ansg wd ]mc w�0

d nbbtq+ rn cndr wd)0 nq w�0
d)0+ ]r chrbtrrdc ax

Aqnvm ]mc Fdnfgdf]m W0“- Vd vhkk ]kv]xr ld]m tmhptd mnql]k enql vgdm vd qdedq
sn ] vnqc v hm mnql]k enql-
?m]kxshb]kkx+ vd b]m qdf]qc E ]r sgd fqnto ne nqhdms]shnm,oqdrdquhmf ohdbdvhrd,

khmd]q gnldnlnqoghrlr eqnl W.. 0“ sn hsrdke+ vgdqd d]bg gnldnlnqoghrl g]r nmkx
ffmhsdkx l]mx rhmftk]qhshdr ne rknod+ ]kk rtbg rhmftk]qhshdr khd hm sgd cx]chb q]shnm]kr
UW 0

1
“+ ]mc+ ]v]x eqnl sgd rhmftk]qhshdr+ sgd rknodr ]qd onvdqr ne 1-

1-0- Spdd oZhp chZfpZlr’ ?m dkdldms ne E b]m ad hmsdqoqdsdc fdnldsqhb]kkx uh]
] sqdd o]hq ch]fq]l+ vghbg hr ] o]hq ne qnnsdc ahm]qx sqddr ’S�. S)(+ d]bg vhsg sgd
r]ld mtladq ne dwonrdc kd]udr+ ]r cdrbqhadc hm B]mmnm+ Eknxc ]mc O]qqx W3“- ?m
dwonrdc kd]e dmcr hm ] udqsdw ne u]kdmbd 0+ ]mc vd mtladq sgdrd dwonrdc kd]udr
eqnl kdes sn qhfgs+ adfhmmhmf vhsg .- Vd qdedq sn ] mncd snfdsgdq vhsg sgd svn
cnvmv]qc,chqdbsdc dcfdr eqnl sgd mncd ]r ] bWqds- ? b]qds B l]x g]ud ] qhfgs
bghkc+ ] b]qds BN vghbg hr ]ss]bgdc sn sgd qhfgs dcfd ne B- Vd b]m rhlhk]qkx cdffmd
sgd kdes bghkc BI ne sgd b]qds B- Sgd rds ne ]kk b]qdsr vghbg rsdl eqnl sgd qhfgs kd]e
ne ] b]qds B hr b]kkdc sgd qhfgs rtasqdd ne B+ ]mc vd b]m ]m]knfntrkx cdffmd sgd kdes
rtasqdd ne B-
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x0 x1

Ehftpd 0, Sgd sqdd o]hq ch]fq]lr enq sgd fdmdq]snqr w+ ]mc w0 ne F -

Hm ] sqdd o]hq ’S�. S)(+ sgd sqdd S� hr b]kkdc sgd mdfWshud sqdd ]mc S) sgd onrhshud
sqdd- Sghr sdqlhmnknfx hr dwok]hmdc etqsgdq hm |1-1 adknv- Sgd dpthu]kdmbd adsvddm
sqdd o]hq ch]fq]lr ]mc gnldnlnqoghrlr ne W.. 0“ hr cdrbqhadc hm W3“- Hm Ehftqd 0 vd
fhud sgd sqdd o]hq ch]fq]lr enq sgd fdmdq]snqr w+ ]mc w0 ne F - Hm |1-1 adknv sgd
bnqqdronmcdmbd adsvddm sgd sqddr ]mc sgd dkdldmsr hr dwok]hmdc-
? sqdd o]hq ch]fq]l hr tmqdctbdc he ansg S� ]mc S) bnms]hm ] b]qds vhsg svn

dwonrdc kd]udr mtladqdc l ]mc l ) 0- Sgdqd ]qd l]mx sqdd o]hq ch]fq]lr qdo,
qdrdmshmf sgd r]ld dkdldms ne E + ats d]bg dkdldms g]r ] tmhptd qdctbdc sqdd o]hq
ch]fq]l qdoqdrdmshmf hs- Vgdm vd vqhsd ’S�. S)( sn qdoqdrdms ]m dkdldms ne E + vd
]qd ]rrtlhmf sg]s sgd sqdd o]hq hr qdctbdc-
Vd qdedq sgd qd]cdq sn B]mmnm+ Eknxc ]mc O]qqx W3“ enq ]m dwbdkkdms hmsqnctbshnm

sn Sgnlornm#r fqnto E + ]mc sn Bkd]qx ]mc S]a]bj W4“ enq lnqd cds]hkr nm tmcdq,
rs]mchmf fdnldsqhb]kkx sgd dkdldmsr ne E ]r qdctbdc sqdd o]hqr- ?kk ne sgd fdnldsqhb
e]bsr trdc adknv ]qd itrshffdc hm W4“-

1-1- Cwonmdmsr hm spdd oZhp chZfpZlr’ Sgdqd hr ] ahidbshud bnqqdronmcdmbd ad,
svddm sgd sqdd o]hq ch]fq]l ne v ; ’S�. S)( ]mc sgd mnql]k enql ne v+ cdrbqhadc
hm W3“- Hm sgd sqdd o]hq ’S�. S)(+ mtladq sgd dwonrdc kd]udr ne S� ]mc S) eqnl
kdes sn qhfgs+ adfhmmhmf vhsg .- Sgd dwonmdms ne sgd kd]e k]adkkdc j+ vqhssdm D’j(+
hr cdffmdc ]r sgd kdmfsg ne sgd l]whl]k o]sg bnmrhrshmf dmshqdkx ne kdes dcfdr eqnl
j vghbg cndr mns qd]bg sgd qhfgs rhcd ne sgd sqdd- Mnsd sg]s D’j( ; . enq ]m dw,
onrdc kd]e k]adkkdc j vghbg hr ] qhfgs kd]e ne ] b]qds+ ]r sgdqd hr mn o]sg bnmrhrshmf
dmshqdkx ne kdes dcfdr nqhfhm]shmf eqnl j- Hm Ehftqd 0+ mtladq sgd dwonrdc kd]udr
ne sgd sqddr hm sgd o]hq qdoqdrdmshmf w0 eqnl kdes sn qhfgs+ adfhmmhmf vhsg .- Sgdm
sgd dwonmdmsr ne sgd kd]udr ne S� ]qd ]kk .+ ]mc sgd dwonmdmsr ne sgd kd]udr ne S)

]qd .. 0. .. .+ hm nqcdq- Vd qdedq sgd qd]cdq sn W4“ enq ] lnqd cds]hkdc dw]lokd ne
bnlotshmf dwonmdmsr hm ] sqdd-
Nmbd sgd dwonmdmsr ne sgd kd]udr hm S� ]mc S) g]ud addm bnlotsdc+ sgd mnql]k

enql ne sgd dkdldms v ; ’S�. S)( hr d]rhkx nas]hmdc- Sgd onrhshud o]qs ne sgd
mnql]k enql ne v hr

w
D’+(
+ w

D’0(
0 · · ·wD’l(

l .

vgdqd l hr sgd mtladq ne dwonrdc kd]udr hm dhsgdq sqdd+ ]mc sgd dwonmdmsr ]qd
nas]hmdc eqnl sgd kd]udr ne S)- Sgd mdf]shud o]qs ne sgd mnql]k enql ne v hr
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rhlhk]qkx entmc sn ad

w�D’l(
l w

�D’l�0(
l�0 · · ·w�D’+(

+ .

vgdqd sgd dwonmdmsr ]qd mnv bnlotsdc eqnl sgd kd]udr ne S�- Mnsd sg]s l]mx ne
sgd dwonmdmsr hm sgd mnql]k enql ]r fhudm ]anud l]x ad ydqn-
Rhlhk]qkx+ fhudm ]m dkdldms w hm mnql]k enql vhsg qdrodbs sn sgd hmffmhsd fdm,

dq]shmf rds+ hs hr onrrhakd sn bnmrsqtbs ] sqdd o]hq ch]fq]l ’S�. S)( rn sg]s d]bg
kd]e g]r sgd bnqqdbs dwonmdms- He N hr ] qhfgs b]qds vhsg ] rhmfkd dwonrdc kdes kd]e
k]adkkdc j+ sgdm D’j( ; . ax cdffmhshnm- Sgtr+ ]qahsq]qhkx l]mx qhfgs b]qdsr vhsg
mn kdes rtasqddr b]m ad ]ccdc sn dhsgdq S� nq S) vhsgnts ]Γdbshmf sgd mnql]k enql
sn dmrtqd sg]s ansg sqddr g]ud sgd r]ld mtladq ne b]qdsr+ ]mc sgtr dpthu]kdmskx
sgd r]ld mtladq ne dwonrdc kd]udr-

1-2- EnpcgZlfir ldsgnc ne bZkbtkZshmf vnpc kdmfsg’ Enq ]m dkdldms v ne E +
vd kds |v| cdmnsd sgd vnqc kdmfsg ne v vhsg qdrodbs sn sgd vnqc ldsqhb ]qhrhmf eqnl
sgd ffmhsd oqdrdms]shnm F - Enqcg]l W5“ oqdrdmsr ] ldsgnc ne b]kbtk]shmf |v| a]rdc
nm sgd sqddr S� ]mc S) hm sgd sqdd o]hq ch]fq]l qdoqdrdmshmf v- Gd cdffmdr rdudm
sxodr ne b]qdsr sg]s b]m ad entmc hm ] qnnsdc ahm]qx sqdd+ ]mc ]m hmsqhb]sd rxrsdl
ne vdhfgsr ]rrhfmdc sn chΓdqdms o]hqr ne b]qds sxodr+ vghbg rtl sn |v|- ? cds]hkdc
dw]lokd ne b]kbtk]shmf |v| hm sghr v]x b]m ad entmc hm W4“-
Kds S ad ] ffmhsd qnnsdc ahm]qx sqdd- Sgd kdes rhcd ne S hr sgd l]whl]k o]sg ne

kdes dcfdr adfhmmhmf ]s sgd qnns ne S - Rhlhk]qkx+ vd g]ud sgd qhfgs rhcd ne S - ? b]qds
hm S hr ] kdes bWqds he hsr kdes dcfd hr nm sgd kdes rhcd ne sgd sqdd+ ] qhfgs bWqds he hs hr
mns sgd qnns ]mc hsr qhfgs dcfd hr nm sgd qhfgs rhcd ne sgd sqdd+ ]mc ]m hmsdqhnq bWqds
nsgdqvhrd- Sgd b]qdsr ]mc sgd dwonrdc kd]udr ne S ]qd mtladqdc hmcdodmcdmskx+
]bbnqchmf sn chΓdqdms ldsgncr- ?r ]anud+ sgd dwonrdc kd]udr ]qd mtladqdc eqnl
kdes sn qhfgs+ adfhmmhmf vhsg .- Sgd b]qdsr hm S ]qd mtladqdc ]bbnqchmf sn sgd hmffw
nqcdqhmf ne mncdr- B]qds . hr ] kdes b]qds vhsg ]m dwonrdc kdes kd]e mtladqdc . hm
sgd kd]e mtladqhmf- ?bbnqchmf sn sgd hmffw rbgdld+ vd mtladq sgd kdes bghkcqdm ne
] b]qds adenqd sgd b]qds hsrdke+ ]mc mtladq sgd qhfgs bghkcqdm ]esdq mtladqhmf sgd
b]qds-
Hm Ehftqd 1 vd fhud ]m dw]lokd ne ] sqdd vgnrd b]qdsr ]qd mtladqdc ]bbnqchmf

sn sgd hmffw mtladqhmf ldsgnc- Lnqd dw]lokdr ne sqddr vgnrd b]qdsr ]qd mtladqdc
hm sghr v]x b]m ad entmc hm W4“-
Enqcg]l bk]rrhffdr b]qdsr hmsn rdudm chrinhms sxodr+ ]r enkknvr9

’0( I+- Sgd ffqrs b]qds nm sgd kdes rhcd ne sgd sqdd+ vhsg b]qds mtladq .- Dudqx
sqdd g]r dw]bskx nmd b]qds ne sxod I+-

’1( II- ?mx kdes b]qds nsgdq sg]m sgd nmd mtladqdc .-
’2( F+- ?m hmsdqhnq b]qds vghbg g]r mn qhfgs bghkc-
’3( FN- ?m hmsdqhnq b]qds vghbg g]r ] qhfgs bghkc-
’4( NF - ?mx qhfgs b]qds mtladqdc j vhsg sgd oqnodqsx sg]s b]qds j ) 0 hr ]m

hmsdqhnq b]qds-
’5( NLF - ? qhfgs b]qds vghbg hr mns ]m NF ats enq vghbg sgdqd hr ] ghfgdq,

mtladqdc hmsdqhnq b]qds-
’6( N+- ? qhfgs b]qds vhsg mn ghfgdq,mtladqdc hmsdqhnq b]qdsr-

Sgd qnns b]qds hr ]kv]xr bnmrhcdqdc sn ad ] kdes b]qds ]mc vhkk ad ne sxod II
tmkdrr hs g]r mn kdes bghkcqdm+ hm vghbg b]rd hs vntkc ad sgd rhmfkd b]qds ne sxod I+-



BNLAHM=SNPH=K OPNODPSHDR NE SGNLORNM�R FPNTO E 1718

4

1

0

0 1

2

2 3

3 4

5

5 6

6 8

7

7 8

10

119

9 10

Ehftpd 1, ? sqdd vgnrd kd]udr ]qd mtladqdc kdes sn qhfgs ]mc
vgnrd mncdr ]qd mtladqdc ]bbnqchmf sn sgd hmffw ldsgnc-

Sgd l]hm qdrtks ne Enqcg]l W5“ hr sg]s sgd vnqc kdmfsg |v| ne v ; ’S�. S)( b]m
ad bnlotsdc eqnl jmnvhmf sgd b]qds sxodr ne sgd b]qdsr hm sgd svn sqddr+ ]r knmf
]r sgdx enql ] qdctbdc o]hq+ uh] sgd enkknvhmf oqnbdrr- Vd mtladq sgd j)0 b]qdsr
]bbnqchmf sn sgd hmffw ldsgnc cdrbqhadc ]anud+ ]mc enq d]bg g vhsg . • g • j vd
enql sgd o]hq ne b]qds sxodr bnmrhrshmf ne sgd sxod ne b]qds mtladq g hm S� ]mc sgd
sxod ne b]qds mtladq g hm S)- Sgd rhmfkd b]qds ne sxod I+ hm S� vhkk ad o]hqdc vhsg
sgd rhmfkd b]qds ne sxod I+ hm S)+ ]mc enq sg]s o]hqhmf vd ]rrhfm ] vdhfgs ne .- Enq
]kk nsgdq b]qds o]hqhmfr+ vd ]rrhfm vdhfgsr ]bbnqchmf sn sgd enkknvhmf s]akd9

N+ NLF NF II F+ FN
N+ . 1 1 0 0 2
NLF 1 1 1 0 0 2
NF 1 1 1 0 2 2
II 0 0 0 1 1 1
F+ 0 0 2 1 1 3
FN 2 2 2 1 3 3

Sgd l]hm qdrtks ne Enqcg]l W5“ hr sgd enkknvhmf sgdnqdl-

Sgdnpdl 1’. ’Enqcg]l W5“+ 1-4-0(’ Fhudm W vnqc v ∈ E cdrbqhadc ax sgd qdctbdc
sqdd oWhq chWfqWl ’S�. S)() sgd kdmfsg |v|F ne sgd vnqc vhsg qdrodbs sn sgd fdmdqWshmf
rds F hr sgd rtl ne sgd vdhfgsr ne sgd bWqds oWhqhmfr hm ’S�. S)(-

1-3- Gnv fdmdpZsnpr Z�dbs Z spdd oZhp chZfpZl’ Sgd rsqdmfsg ne Enqcg]l#r
ldsgnc hr sg]s hs qdpthqdr nmkx fdnldsqhb hmenql]shnm ]ants sgd o]hq ne sqddr qdoqd,
rdmshmf ]m dkdldms v sn cdsdqlhmd |v|- Adfhmmhmf vhsg ]m dkdldms v ; ’S�. S)(+
he vd jmdv sgd qdctbdc o]hq ne sqddr vghbg qdoqdrdmsdc v� enq � ∈ Pw±0

+ . w±0
0 {+ vd

bntkc cdctbd sgd vnqc kdmfsg ne v�- Vd mnv chrbtrr gnv sgd sqdd o]hq ch]fq]lr
enq v ]mc v� ]qd qdk]sdc-
Vd adfhm vhsg ] kdll] eqnl Enqcg]l W5“ vghbg rs]sdr tmcdq e]hqkx aqn]c bnm,

chshnmr sg]s vgdm ]ookxhmf ] fdmdq]snq sn ] sqdd o]hq ’S�. S)(+ dw]bskx nmd o]hq ne
b]qds sxodr vhkk bg]mfd-
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c

a b

a

b c

Ehftpd 2, Sgd ]bshnm ne w+ sq]mrenqlr sgd qhfgs sqdd sn sgd kdes
nmd+ vghkd sgd ]bshnm ne w�0

+ sq]mrenqlr sgd kdes sqdd sn sgd qhfgs
nmd- D]bg sqdd qdoqdrdmsr nmkx sgd mdf]shud sqddr hm sgdhq qdrodbshud
sqdd o]hqr-

IdllZ 1’1 ’Enqcg]l W5“+ Kdll] 1-2-0(’ Ids ’S�. S)( ad W qdctbdc oWhq ne sqddr)
dWbg gWuhmf l ) 0 bWqdsr) qdoqdrdmshmf Wm dkdldms w ∈ E ) Wmc � Wmx fdmdqWsnq ne
F vghbg bWm ad Wookhdc sn w vhsgnts sgd Wcchshnm ne W mdv bWqds oWhq sn ’S�. S)(-
PgWs hr)

’0( Ge � ; w+) sgd kdes rtasqdd ne sgd qnns ne S� ltrs ad mnmdlosx-
’1( Ge � ; w�0

+ ) sgd qhfgs rtasqdd ne sgd qnns ne S� ltrs ad mnmdlosx-
’2( Ge � ; w0) sgd kdes rtasqdd ne sgd qhfgs bghkc ne sgd qnns ne S� ltrs ad

mnmdlosx-
’3( Ge � ; w�0

0 ) sgd qhfgs rtasqdd ne sgd qhfgs bghkc ne sgd qnns ne S� ltrs ad
mnmdlosx-

Pgdm he sgd qdctbdc sqdd oWhq chWfqWl enq w� Wkrn gWr l) 0 bWqdsr) sgdqd hr dwWbskx
nmd g vhsg . • g • l rn sgWs sgd oWhq ne bWqds sxodr ne bWqds g bgWmfdr vgdm � hr
Wookhdc sn w-

Vd mnv adfhm sn tmcdqrs]mc fdnldsqhb]kkx sgd ]bshnm ne ] fdmdq]snq ne F nm ]
qdctbdc sqdd o]hq ’S�. S)(+ ]mc sgd bnqqdronmchmf bg]mfd hm mnql]k enql- Hm sghr
rdbshnm vd vhkk ]rrtld sg]s sgd bnmchshnmr ne Kdll] 1-1 ]qd lds ax sgd fdmdqhb
dkdldmsr vhsg vghbg vd adfhm- Sgd enkknvhmf fdnldsqhb kdll] cdrbqhahmf sgd ]bshnm
ne sgd fdmdq]snqr hm F nm ]m dkdldms v hr oqnudm hm W4“- Kds BN cdmnsd sgd b]qds
vghbg hr sgd qhfgs bghkc ne sgd qnns b]qds ne S�+ ]mc BI sgd kdes bghkc ne sgd qnns-

IdllZ 1’2 ’W4“+ Kdll]r 1-5 ]mc 1-6(’ Ge v ; ’S�. S)( ∈ E rWshr�dr sgd Wooqn,
oqhWsd bnmchshnm ne IdllW 1-1) sgdm w+ fiqdro- w�0

+ ( Wksdqr sgd onrhshnm ne sgd qhfgs
rtasqdd ne BI hm S� fiqdro- sgd kdes rtasqdd ne BN( Wr cdohbsdc hm Chftqd 2- Gm Wcch,
shnm) w0 Wmc w�0

0 odqenql WmWknfntr nodqWshnmr nm sgd rtasqddr ne BN) Wr cdohbsdc
hm Chftqd 3-

Mnshbd sg]s hm ]kk ne sgd cdrbqhoshnmr ]anud+ sgd sqdd S) eqnl sgd o]hq v ;
’S�. S)( hr mns ]Γdbsdc vgdm ] fdmdq]snq hr ]ookhdc sn v- Sghr hr mns sqtd hm
fdmdq]k enq qdctbdc sqdd o]hq ch]fq]lr mns r]shrexhmf sgd bnmchshnmr ne Kdll] 1-1-
Hm fdmdq]k+ S) b]m ad ]Γdbsdc hm dw]bskx sgqdd v]xr9

’0( vgdm S� g]r ] rhmfkd kdes dcfd+ ]mc sgd fdmdq]snq hr w++
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a

b
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a

Ehftpd 3, Sgd ]bshnm ne w0 sq]mrenqlr sgd qhfgs sqdd sn sgd kdes
nmd+ vghkd sgd ]bshnm ne w�0

0 sq]mrenqlr sgd kdes sqdd sn sgd qhfgs
nmd- ?f]hm+ d]bg sqdd qdoqdrdmsr nmkx sgd mdf]shud sqddr hm sgdhq
qdrodbshud sqdd o]hqr-

’1( vgdm sgd kdes rtasqdd ne sgd qhfgs bghkc ne sgd qnns b]qds ne S� hr dlosx+
]mc sgd fdmdq]snq hr w0+ nq

’2( he sgd fdmdq]snq hr � ]mc sgd o]hq ne sqddr bnqqdronmchmf sn w� hr mns qdctbdc-

Vgdm sgd fdmdq]snqr w+ ]mc w�0
+ ]qd ]ookhdc sn ]m dkdldms v ∈ E + sgd bg]mfd

hm mnql]k enql hr rsq]hfgsenqv]qc- M]ldkx+ vw�0
+ qdl]hmr hm mnql]k enql- He

v ; v±w�0
+ hm mnql]k enql+ sgdm vw+ ; v± hm mnql]k enql- Nsgdqvhrd+ v ; wl+ v

±±

hm mnql]k enql+ vgdqd l ≥ .- Hm sghr b]rd+ vw+ ; wl)0
+ φ’v±±(+ vgdqd φ 9 E → E hr

sgd rghes l]o vghbg hmbqd]rdr sgd hmcdw ne d]bg fdmdq]snq hm sgd mnql]k enql ne v-
Vd mnv cdsdqlhmd sgd bg]mfd hm mnql]k enql vgdm ] fdmdq]snq w±0

0 hr ]ookhdc
sn ]m dkdldms v hm mnql]k enql- Sgd enkknvhmf kdll]r ]qd oqnudm hm W4“-

IdllZ 1’3 ’Sgd mnql]k enql ne vw�0
0 + W4“+ Kdll] 1-3(’ Ids v ∈ E ad qdoqdrdmsdc

ax sgd sqdd oWhq ’S�. S)() Wmc gWud mnqlWk enql wq0d0 · · ·w
qm
dm
w�rlil

· · ·w�r0i0
- Pgdm

vw�0
0 gWr mnqlWk enql

’0( wq0d0 · · ·w
qm
dm
w�rlil

· · ·w�rn�0in�0
w�0
� w

�rn
in

· · ·w�r0i0
.

vgdqd vd lhfgs gWud � ; in)0- Ge sgd qnns bWqds ne S� gWr qhfgs Wmc kdes rtasqddr
RN Wmc RI qdrodbshudkx) sgdm � hr rlWkkdrs kdWe mtladq hm RN-

IdllZ 1’4 ’Sgd mnql]k enql ne vw0+ W4“+ Kdll] 1-4(’ Ids v rWshrex sgd bnmchshnmr
ne IdllW 1-1 Wmc gWud mnqlWk enql wq00 · · ·wqmdm w

�rl
il

· · ·w�r0i0
- Pgdm vw0 gWr mnqlWk

enql

’1( wq00 · · ·wqmdm w
�rl
il

· · ·w�’rk�0(
ik

· · ·w�r0i0
.

enq rnld hmcdw ik) vghbg hr sgd rlWkkdrs kdWe mtladq hm sgd qhfgs rtasqdd ne S�-

1-4- BZkbtkZshmf chrsZmbd adsvddm dkdldmsr trhmf spdd oZhp chZfpZlr’
Vgdm uhdvhmf dkdldmsr ne E ]r gnldnlnqoghrlr ne W.. 0“+ hs hr bkd]q sg]s hmudqrhnm
]mc fqnto ltkshokhb]shnm bnqqdronmc sn hmudqrhnm ]mc bnlonrhshnm ne gnldnlnq,
oghrlr- Vd mnv hmsdqoqds hmudqrhnm ]mc fqnto ltkshokhb]shnm hm sdqlr ne sqdd o]hq
ch]fq]lr-
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T! T� R! R�

Ehftpd 4, Bnlonrhmf w2
0w
�0
1 w�0

0 w�1
+ vhsg w0w

�0
1 w�0

+ sn fds
w2

0w4w
�0
5 w�0

1 w�0
0 w�2

+ ax ]cchmf sgd c]rgdc b]qdsr-

Hmudqrhnm ne ] fqnto dkdldms e fhudm ax ] sqdd o]hq ch]fq]l ’S�. S)( hr rhlokx
sgd sqdd o]hq ch]fq]l ’S). S�(-
Fhudm svn fqnto dkdldmsr e. f ∈ E vhsg sqdd o]hq ch]fq]lr e ; ’S�. S)( ]mc

f ; ’N�. N)(+ vd vntkc khjd sn enql sgdhq oqnctbs ef ax ] oqnbdrr bnmrhrsdms
vhsg bnlonrhshnm ne gnldnlnqoghrlr- Vgdm S) ]mc N� ]qd hcdmshb]k+ vd rdd sg]s
f ◦ e hr qdoqdrdmsdc ax sgd ’onrrhakx tmqdctbdc( sqdd o]hq ch]fq]l ’S�. N)(- Sghr
bnqqdronmcr sn bnlonrhshnm ne sgd ohdbdvhrd khmd]q gnldnlnqoghrlr qdoqdrdmsdc ax
e ]mc f+ vgdqd NTmfd’e( ; CnlTgm’f(-
Vgdm S) ]mc N� chΓdq+ vd bqd]sd sdlonq]qx+ tmqdctbdc qdoqdrdms]shudr ne e

]mc f hm vghbg sgd mdv sqddr S) ]mc N� ]qd hcdmshb]k- Sgdm sgd bnlonrhshnm hr
b]qqhdc nts hm sgd r]ld l]mmdq ]r cdrbqhadc ]anud-
Ehftqd 4 fhudr ]m dw]lokd ne sgd bnlonrhshnm ne svn dkdldmsr ne E - Sgd rnkhc

khmdr hmchb]sd sgd nqhfhm]k b]qdsr ]mc sgd c]rgdc khmdr hmchb]sd b]qdsr ]ccdc sn
odqenql sgd bnlonrhshnm vghbg bqd]sd tmqdctbdc qdoqdrdms]shudr ne ansg dkdldmsr-
Sn ld]rtqd sgd chrs]mbd adsvddm svn dkdldmsr ne E + vd trd sgd vnqc ldsqhb nm sgd
oqnctbs e�0f sn nas]hm sgd ldsqhb c’e. f( ; |e�0f|-

2- DrshlYshmf sgd vnpc ldsphb cF

Hs enkknvr hlldch]sdkx eqnl sgd bg]qs hm |1-2 sg]s sgd vnqc kdmfsg |v|F ne v ;
’S�. S)( ∈ E b]m ad drshl]sdc hm sdqlr ne sgd mtladq ne b]qdsr L’v( hm dhsgdq
sqdd- Sghr drshl]sd hr ]m]knfntr sn sgd nmd fhudm ax Atqhkkn+ Bkd]qx ]mc Rsdhm W1“
vghbg g]r ltkshokhb]shud bnmrs]ms 01 enq sgd toodq antmc-

Sgdnpdl 2’.’ Ids v ∈ E ad qdoqdrdmsdc ax W sqdd oWhq ’S�. S)( hm vghbg dWbg sqdd
gWr L’v( bWqdsr- Pgdm

L’v( � 1 • |v|F • 3L’v(� 3.
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Ehftpd 5, Sqdd o]hq ch]fq]l ’S�. S)( enq sgd vnqc
wl0 w

�0
l w�0

l�0 · · ·w�0
0 vhsg sgd b]qdsr ]mc sgd kd]udr mtladqdc-

Lqnne- Vd ffqrs mnsd sg]s dudqx qdctbdc sqdd o]hq g]r ] b]qds sxod o]hq ’I+. I+( ne
vdhfgs .- ?krn+ hs hr onrrhakd sn g]ud sgd k]rs b]qds sxod o]hq ad ’N+. N+( vghbg ]krn
g]r vdhfgs .- ’Sgd nmkx hmrs]mbd hm vghbg sghr cndr mns g]oodm hr vgdm sgd qnns
b]qds ne S� nq S) g]r mn qhfgs rtasqdd-( Enq sgd toodq antmc+ vd b]m hfmnqd sgd
ffqrs ’I+. I+( b]qds o]hq+ ]mc knnjhmf ]s sgd bg]qs hm |1-2+ vd rdd sg]s sgd l]whltl
vdhfgs ne ]mx nsgdq o]hq ne b]qds sxodr hr 3- Sgtr sgd vnqc kdmfsg ne v hr ]s lnrs
3’L’v(� 0(-
Sn bnlotsd sgd knvdq antmc+ vd hfmnqd o]hqr ne b]qdsr ne sxod ’I+. I+( ]mc

’N+. N+(- ?mx nsgdq o]hq ne b]qds sxodr g]r vdhfgs ]s kd]rs 0+ ]mc sgd knvdq antmc
hr d]rhkx nas]hmdc- �
Hs hr m]stq]k sn ]rj he sgd ltkshokhb]shud bndfibhdms ne 3 hm Sgdnqdl 2-0 b]m ad

hloqnudc sn 2+ rhmbd knnjhmf ]s sgd bg]qs hm |1-2 vd rdd sg]s sgdqd ]qd udqx edv
dmsqhdr vghbg ]qd 3: sg]s hr+ udqx edv b]qds sxod o]hqr ]bst]kkx g]ud vdhfgs 3- Sgd
]mrvdq hr mn: nmd b]m oqnctbd vnqcr vghbg fds dwsqdldkx bknrd sn sgd antmc ne 3
ax o]hqhmf FN ]mc F+ b]qdsr hm ] o]qshbtk]q v]x-

CwZlokd 2’1’ Vnqcr ne sgd enql wl0 w
�0
l w�0

l�0 · · ·w�0
0 + vgdqd l < 0 hr ] onrhshud

hmsdfdq+ qd]khyd sgd toodq antmc ne 3 hm Sgdnqdl 2-0-

Vnqcr ne sgd ]anud enql ]qd qdoqdrdmsdc ax sgd sqdd o]hq ch]fq]l fhudm hm Ehftqd
5- Sgdx ]qd bnmrsqtbsdc rn sg]s lnrs b]qdsr hm S� ]qd ne sxod FN ]mc ]qd o]hqdc
vhsg b]qdsr ne sxod F+ hm S)+ sn fhud ] vdhfgs ne 3 odq o]hq enq lnrs b]qds o]hqr-
Sgd vdhfgsr ne sgd chΓdqdms b]qds o]hqr ]qd rtll]qhydc hm sgd enkknvhmf s]akd9

B]qds mtladqr B]qds sxodr Vdhfgs odq b]qds Sns]k vdhfgs
. ’I+. I+( . .

0. 1. · · · .l� 0 ’FN. F+( 3 3’l� 0(
l ’F+. F+( 1 1

l)0 ’N+. N+( . .
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Ehftpd 6, Sgd sqdd o]hq ch]fq]l ’S�. S)( enq vnqcr
wsw

�0
r w�0

r�1 · · ·w�0
4 w�0

2 w�0
0 w�l+ + vhsg ansg sgd b]qdsr ]mc sgd

kd]udr mtladqdc-

Sgd sns]k vdhfgs ne ] vnqc v ne sghr enql hr 3’l � 0( ) 1 ; 3l � 1- Sgd sns]k
mtladq ne b]qdsr L’v( hr l ) 1+ rn sgdrd dw]lokdr+ vghbg g]ud vdhfgs 3l � 1 ;
3L’v(�0.+ rgnv sg]s enq k]qfd L’v( sgd ltkshokhb]shud bndfibhdms ne 3 hm Sgdnqdl
2-0 hr noshl]k-
Hs hr ]krn m]stq]k sn vnmcdq he sgd knvdq antmc b]m ad qd]khydc: sg]s hr+ ]qd sgdqd

dw]lokdr ne vnqcr v vgdqd sgd mtladq ne b]qdsr hr dw]bskx svn lnqd sg]m sgd vnqc
kdmfsg |v|F= Sghr vhkk ]kv]xr ad sqtd enq vnqcr ne sgd enql w±m0 ’ats mns enq w±m+ (-
Hm sgd enkknvhmf dw]lokd+ vd rgnv sg]s hs b]m ]krn ad sqtd enq lnqd bnlokhb]sdc
vnqcr-

CwZlokd 2’2’ Vnqcr ne sgd enql wsw
�0
r w�0

r�1 · · ·w�0
4 w�0

2 w�0
0 w�l+ + vgdqd s < r) 1+

r hr ncc+ ]mc l hr bgnrdm rn sg]s sgd qnns b]qds ne S� hr b]qds mtladq s� 0+ qd]khyd
sgd knvdq antmc ne Sgdnqdl 2-0-

Sgdrd vnqcr ]qd qdoqdrdmsdc ax sqdd o]hqr ne sgd enql fhudm hm Ehftqd 6- Sgd
vdhfgsr ne sgd b]qds sxod o]hqr ]qd rtll]qhydc hm sgd enkknvhmf s]akd9

B]qds mtladqr B]qds sxodr Vdhfgs odq b]qds
. ’I+. I+( .

1. 3. · · · . r� 0+ dudm mtladqr ’II. NLF( 0
0. 2. · · · . r+ ncc mtladqr ’F+. NLF( 0

r) 0. · · · s� 1 ’II. NLF( 0
s� 0 ’II. NF( 0
s ’N+. F+( 0

s) 0 ’N+. N+( .

Hs hr bkd]q eqnl sgd s]akd sg]s sgd sns]k vdhfgs ne sgd vnqc hr svn kdrr sg]m sgd
mtladq ne b]qdsr+ qd]khyhmf sgd knvdq antmc ne Sgdnqdl 2-0-
Sgdnqdl 2-0 g]r ]m hlldch]sd hloqnudldms enq rsqhbskx onrhshud nq mdf]shud

vnqcr-
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Ehftpd 7, Sgd fdmdq]k enql ne cd]c dmc dkdldmsr ne E - B]ohs]k
kdssdqr qdoqdrdms ’onrrhakx dlosx( rtasqddr+ vghkd knvdqb]rd kdssdqr
k]adk sgd b]qdsr- Rhmbd D ]mc D# ]qd mnmdlosx+ b]qds c hr ne sxod
NLF hm ]s kd]rs nmd sqdd-

BnpnkkZpx 2’3’ Ids v ad W rsqhbskx onrhshud nq mdfWshud vnqc) qdoqdrdmsdc ax W sqdd
S gWuhmf L’v( bWqdsr- Pgdm

L’v( � 1 • |v|F • 2L’v(� 2.

Lqnne- Rhmbd v hr rsqhbskx onrhshud nq mdf]shud+ nmd ne sgd sqddr hm sgd sqdd o]hq
ch]fq]l enq v bnmrhrsr dmshqdkx ne N+ b]qdsr ’dwbdoshmf sgd qnns b]qds vghbg hr ne
sxod I+ ]mc cndr mns bnmsqhatsd sn sgd sns]k vdhfgs ne sgd vnqc(- Sgtr+ vd nmkx
mddc sn knnj ]s sgd ffqrs bnktlm ne sgd bg]qs hm |1-2 sn ]rrhfm vdhfgsr sn sgd chΓdqdms
b]qdsr- Vd mnshbd sg]s sgd l]whltl vdhfgs hm sgd ffqrs bnktlm ne sghr bg]qs hr 2+
]mc sgd bnqnkk]qx enkknvr- �

3- CdYc dmc dkdldmsr

Vd mnv bnmrhcdq sgd B]xkdx fq]og � ne E vhsg qdrodbs sn sgd ffmhsd fdmdq]shmf
rds F - Enqcg]l cdrbqhadr ] e]lhkx ne dkdldmsr v ∈ E + vghbg vd b]kk cdWc dmc
dkdldmsr+ sg]s g]ud sgd oqnodqsx sg]s ]kk entq fdmdq]snqr w±0

+ ]mc w±0
0 cdbqd]rd sgd

vnqc kdmfsg ne v- Sgdx ]qd [cd]c dmcr” hm sgd rdmrd sg]s ] fdncdrhb q]x hm � eqnl
sgd hcdmshsx b]mmns o]rr sgqntfg sgdl: sg]s hr+ ] q]x sgqntfg ] cd]c dmc dkdldms
v b]m mn knmfdq ad fdncdrhb o]rs v- Vd oqnud sg]s ]kk cd]c dmc dkdldmsr g]ud ]
o]qshbtk]q enql+ vghbg hr rkhfgskx lnqd fdmdq]k sg]m sgd dw]lokdr fhudm ax Enqcg]l
W5“+ ]mc vd chrbtrr nsgdq onrrhakd cd]c dmc adg]uhnq hm �-

3-0- Sgd enpl ne cdZc dmc dkdldmsr hm E ’

Sgdnpdl 3’.’ 8kk cdWc dmc dkdldmsr hm E Wqd fhudm ax sqdd oWhqr ne sgd enql hm
Chftqd 5 vgdqd sgd rtasqddr D.>± Wmc D± Wqd mnmdlosx-

Sgd jdx rsdo hm sgd oqnne ne Sgdnqdl 3-0 hr dmtldq]shmf sgd bnmchshnmr tmcdq
vghbg ] rodbhffb fdmdq]snq � ∈ Pw±0

+ . w±0
0 { cdbqd]rdr sgd vnqc kdmfsg ne ]m dkdldms-

Sghr qdpthqdr ] cds]hkdc tmcdqrs]mchmf ne b]qds o]hqhmfr ]r vdkk ]r gnv ] fdmdq]snq
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b]m ]Γdbs ] sqdd o]hq- Vd adfhm vhsg ] kdll] ne Enqcg]l W5“ vghbg rs]sdr sg]s he
v cndr mns r]shrex sgd ]ooqnoqh]sd bnmchshnm ne Kdll] 1-1+ sgdm |v�| ; |v| ) 0-
Sghr ]kknvr tr sn bnmrhcdq nmkx vnqcr r]shrexhmf ]kk sgd bnmchshnmr ne Kdll] 1-1 ]r
onrrhakd cd]c dmc vnqcr-

IdllZ 3’1 ’Enqcg]l W5“+ Kdll] 1-3-1(’ Ids � ad W fdmdqWsnq ne F ) Wmc v ;
’S�. S)( W vnqc mns rWshrexhmf sgd bnmchshnm hm IdllW 1-1 bnqqdronmchmf sn �-
Pgdm |v�| ; |v|) 0-

Sgtr+ he v ∈ E cndr mns r]shrex ]kk sgd bnmchshnmr ne Kdll] 1-1+ sgdm v hr mns ]
b]mchc]sd enq ] cd]c dmc vnqc-
Vd kds BN ]mc BI cdmnsd sgd kdes ]mc qhfgs b]qdsr+ qdrodbshudkx+ ne sgd qnns b]qds

ne S�- Rhlhk]qkx+ kds BNN ]mc BNI cdmnsd sgd qhfgs ]mc kdes bghkcqdm+ qdrodbshudkx+
ne sgd b]qds BN- Kds RI ]mc RN cdmnsd sgd kdes ]mc qhfgs rtasqddr+ qdrodbshudkx+ ne
sgd qnns b]qds ne S�- Bnmshmtd sghr mns]shnm sn kds RNI cdmnsd sgd kdes rtasqdd ne
BN+ dsb- Hm fdmdq]k+ he C hr ] rsqhmf ne dmsqhdr eqnl sgd rds PN. I{+ sgdm RDI hr sgd
kdes rtasqdd ne BD- Vd ]m]knfntrkx cdffmd RDN- Vd trd sgd mns]shnm N∗ sn qdedq sn
] qhfgs b]qds ne ]mx sxod+ ]mc F∗ sn qdedq sn ]m hmsdqhnq b]qds-
Vd mnv qdvqhsd sgd bg]qs hm |1-2 eqnl ] chΓdqdms odqrodbshud- ?rrtld sg]s v ;

’S�. S)( r]shrffdr sgd bnmchshnmr ne Kdll] 1-1- Vd ]qd hmsdqdrsdc hm sgd bnmchshnmr
nm sgd o]hqhmfr ne bdqs]hm b]qdsr hm S� vghbg cdsdqlhmd vgdsgdq |v�| ; |w| ) 0 nq
|v�| ; |w|� 0 enq ] fhudm fdmdq]snq � ∈ Pw±0

+ . w±0
0 {-

Sgdrd bnmchshnmr ]qd rtll]qhydc hm sgd bg]qsr adknv- Rhmbd vd ]qd nmkx bnm,
rhcdqhmf dkdldmsr v ; ’S�. S)( ∈ E r]shrexhmf Kdll] 1-1+ vd jmnv sg]s nmkx sgd
sxod ne ] rhmfkd b]qds B hm S� vhkk bg]mfd vgdm ] fdmdq]snq ne F hr ]ookhdc- Vd
khrs sgd hmhsh]k sxod ne sghr b]qds B hm sgd rdbnmc bnktlm ne sgd bg]qsr adknv+ ]mc
sgd mdv sxod ne b]qds B hm sgd sghqc bnktlm- Bnktlm 3+ shskdc [Hmbqd]rd”+ khrsr sgd
sxodr ne b]qdsr hm S) vghbg b]m ad o]hqdc vhsg B hm nqcdq enq |v�| ; |v|)0+ ]mc hm
bnktlm 4+ shskdc [Cdbqd]rd”+ vd ots sgd o]hqhmfr ne B vghbg xhdkc |v�| ; |v| � 0-
Sgdrd o]hqhmfr ]qd cdsdqlhmdc ax vgdsgdq bdqs]hm rtasqddr ne S� ]qd dlosx nq mns-
Sgdrd bnmchshnmr ]qd rtll]qhydc hm sgd enkknvhmf s]akd-
BgZmfdr hm vnpc kdmfsg vgdm Z rodbhffb fdmdpZsnp hr Zookhdc sn v ;

’S�. S)(’
Bnmrhcdq sgd dkdldmsr v ; ’S�. S)( ]mc vw+- B]qds B hr sgd qnns b]qds ne S�-

Bnmchshnm Hmhsh]k sxod Mdv sxod Hmbqd]rd he Cdbqd]rd he
nm S� ne b]qds B ne b]qds B B o]hqdc vhsg B o]hqdc vhsg
RNI 6; ∅ II NF N∗. F∗ II

RNI ; ∅. RNN 6; ∅ II NLF N∗. FN II. F+
RNI ; ∅. RNN ; ∅ II N+ NLF . NF . FN N+. II. F+

Bnmrhcdq sgd dkdldmsr v ; ’S�. S)( ]mc vw�0
+ - B]qds B hr sgd b]qds BN ne S�-

Bnmchshnm Hmhsh]k sxod Mdv sxod Hmbqd]rd he Cdbqd]rd he
nm S� ne b]qds B ne b]qds B B o]hqdc vhsg B o]hqdc vhsg
RNI 6; ∅ NF II II N∗. F∗

RNI ; ∅. RNN 6; ∅ NLF II II. F+ N∗. FN
RNI ; ∅. RNN ; ∅ N+ II N+. II. F+ NLF . NF . FN
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Bnmrhcdq sgd dkdldmsr v ; ’S�. S)( ]mc vw0- B]qds B hr sgd b]qds BNI ne S�-

Bnmchshnm Hmhsh]k sxod Mdv sxod Hmbqd]rd he Cdbqd]rd he
nm S� ne b]qds B ne b]qds B B o]hqdc vhsg B o]hqdc vhsg

RNIN 6; ∅ FN NF mnmd ]mx
RNIN ; ∅. RNN 6; ∅ F+ NLF N+. NLF II. F∗. NF
RNIN ; ∅. RNN ; ∅ F+ N+ NLF II. F∗. NF . N+

Bnmrhcdq sgd dkdldmsr v ; ’S�. S)( ]mc vw�0
0 - B]qds B hr sgd b]qds BN ne S�-

Bnmchshnm Hmhsh]k sxod Mdv sxod Hmbqd]rd he Cdbqd]rd he
nm S� ne b]qds B ne b]qds B B o]hqdc vhsg B o]hqdc vhsg

RNNI 6; ∅ NF FN ]mx mnmd
RNNI ; ∅. RNNN 6; ∅ NLF F+ II. F∗. NF N+. NLF
RNNI ; ∅. RNNN ; ∅ N+ F+ II. F∗. NF . N+ NLF

Lqnne ne Pgdnqdl 3-.- Eqnl Kdll] 3-1 vd l]x ]rrtld sg]s sgd hmhsh]k vnqc v
r]shrffdr ]kk sgd bnmchshnmr ne Kdll] 1-1- Bnlahmhmf sgd ]anud entq bg]qsr+ vd rdd
sg]s enq ]kk entq fdmdq]snqr sn qdctbd sgd vnqc kdmfsg ne v+ sgd dkdldms v ltrs
ad qdoqdrdmsdc ax ] sqdd o]hq ’S�. S)(+ vgdqd S� hr fhudm hm Ehftqd 7- Vd mnv
cdsdqlhmd vghbg ne sgd enkknvhmf rtasqddr >. A. B. C. ]mc D l]x ad dlosx-
Sgd onrrhakd o]hqhmfr ne b]qdsr T. a. b ]mc c ]qd ]krn cdsdqlhmdc ax sgd ]anud

entq bg]qsr- Sgd bnlahm]shnm ne sgdrd bnmchshnmr qdrsqhbsr sgd o]hqhmfr etqsgdq+ ]r
enkknvr- Hs hr mnv bkd]q sg]s w+ b]trdr a sn adbnld ] b]qds ne sxod NF + enqbhmf a sn
ad o]hqdc vhsg ] b]qds ne sxod II- Rhmbd T , a+ b]qds T ltrs ad o]hqdc vhsg ] b]qds
]ood]qhmf adenqd a+ sgtr sgd kdes rtasqdd >± ne b]qds a hm S) hr mnmdlosx-
Vgdm w�0

0 qdctbdr sgd vnqc kdmfsg ne v+ vd mnv rdd sg]s b]qds c adbnldr ]
b]qds ne sxod F+ q]sgdq sg]m ne sxod FN+ ]mc sgtr c ltrs ad o]hqdc vhsg ] b]qds ne
sxod N+ nq NLF - Hs enkknvr sg]s sgd kdes rtasqdd ne b]qds c ) 0 ; d hm S) hr dlosx
’nsgdqvhrd b]qds c hm S) vntkc ad ne sxod NF(-
Vd ]qd mnv kdes vhsg rgnvhmf sg]s sgd rtasqddr D ne S� ]mc D± ne S) ]qd

mnmdlosx- Pdb]kk sg]s sgd svn sqddr S� ]mc S) g]ud sgd r]ld mtladq ne b]qdsr- He
D v]r dlosx+ sgdm D± ltrs ]krn ad dlosx+ fhudm sgd ok]bdldms ne b]qds c hm ansg
sqddr- He sghr hr sgd b]rd+ sgdm sgd o]hq ’S�. S)( hr mns qdctbdc+ bnmsq]chbshmf hmhsh]k
]rrtloshnmr- Rhlhk]qkx+ he D± hr dlosx+ rn hr D+ ]mc sgd o]hq hr ]f]hm mns qdctbdc-
Sgtr D ]mc D± ]qd ansg mnmdlosx+ ]mc vd g]ud rgnvm sg]s ]kk cd]c dmc dkdldmsr
g]ud sgd bk]hldc enql- �
3-1- Onbidsr hm sgd BZxkdx fpZog ne E ’ ? m]stq]k ptdrshnm sn ]rj hr vgdsgdq
sgdqd ]qd lnqd rdudqd enqlr ne cd]c dmc ogdmnldm] hm E - L]mx qdrd]qbgdqr g]ud
vnmcdqdc he sgdqd lhfgs ad onbidsr hm sgd B]xkdx fq]og ne E - Enq j < .+ sgd dkdldms
v ∈ E cdffmdr ] j,onbjds he v ∈ AdR’m(+ vgdqd m ; |v| ]mc At’j( ⊂ AdR’m(: sg]s
hr+ he ]kk o]sgr ne kdmfsg j dl]m]shmf eqnl v qdl]hm hm sgd a]kk ne q]chtr m bdmsdqdc
]s sgd hcdmshsx- ? cd]c dmc dkdldms ne sgd enql cdrbqhadc ]anud cdffmdr ] 1,onbjds-
?ksgntfg sgdqd ]qd cd]c dmc dkdldmsr+ vd mnv rgnv sg]s sgdqd ]qd mn cddodq
onbjdsr-

Sgdnpdl 3’2’ Pgdqd Wqd mn j,onbidsr hm sgd AWxkdx fqWog ne E vhsg qdrodbs sn sgd
�mhsd fdmdqWshmf rds F enq j ≥ 2-
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Lqnne- ? vnqc v vghbg cdffmdr ] j,onbjds ltrs ad ] cd]c dmc vnqc+ nsgdqvhrd
sgdqd vntkc hlldch]sdkx ad ] o]sg ne kdmfsg 0 eqnl v vghbg vntkc kd]ud AdR’m(-
Vd vhkk oqnctbd ] o]sg ne kdmfsg 2 dl]m]shmf eqnl ]mx cd]c dmc vnqc v vghbg
kd]udr AdR’m(- Sgd jdx e]bs hm bnmrsqtbshmf sghr o]sg hr sg]s ]bbnqchmf sn Sgdnqdl
3-0+ hm ] cd]c dmc vnqc v+ sgd kdes rtasqdd ne BNN hr dlosx- Hm Ehftqd 7 sgd b]qds
BNN hr k]adkkdc d- Vd k]adk sgd dwonrdc kdes kd]e ne b]qds BNN ax l+ ]mc hs enkknvr
sg]s sgd b]qds mtladq ne BNN hr ]krn l-
Kds v ; ’S�. S)( ∈ AdR’m( ad ] cd]c dmc vnqc- Sgdm |vw�0

+ | ; |v| � 0 ax
bnmrsqtbshnm- Hm sgd sqdd o]hq ch]fq]l ’N�. N)( qdoqdrdmshmf vw�0

+ + b]qds l hr sgd
qhfgs bghkc ne sgd qnns+ ]mc kd]e l hr rshkk hsr dwonrdc kdes kd]e- Vd mnshbd sg]s vw�0

+

cndr mns r]shrex sgd bnmchshnm ne Kdll] 1-1 bnqqdronmchmf sn w0+ rn ]m ]ookhb]shnm
ne w0 vntkc hmbqd]rd sgd kdmfsg ne vw+ ax nmd sn fhud |vw�0

+ w0| ; |v| ; m- Sn
bnmrsqtbs sghr o]sg ne kdmfsg 2 vghbg kd]udr sgd a]kk+ vd knnj ]s sgd qdrtkshmf o]hq
ne sqddr enq vw�0

+ w0-
He v ; ’S�. S)( hr ] vnqc mns r]shrexhmf sgd bnmchshnm ne Kdll] 1-1 bnqqdronmc,

hmf sn sgd fdmdq]snq �+ sgdm � ]bsr nm ’S�. S)( hm ] v]x sg]s ]ccr ]m ]cchshnm]k
b]qds- Sn rdd sghr+ vd bqd]sd ]m tmqdctbdc qdoqdrdms]shud ne v ax ]cchmf b]qdsr sn
ansg sqddr rn sg]s sgd tmqdctbdc qdoqdrdms]shud r]shrffdr sgd bnmchshnm ne Kdll] 1-1
bnqqdronmchmf sn �- Sgdm+ vd ]kknv � sn ]bs nm sgd tmqdctbdc o]hq: sgd qdrtkshmf
sqdd o]hq vhkk qdoqdrdms v� ]mc ad qdctbdc-
?m ]ksdqm]sd v]x sn cdsdqlhmd sgd qdrtkshmf o]hq ne sqddr hr sn rhlokhex sgd mnql]k

enql enq vw� ]mc cq]v sgd bnqqdronmchmf sqddr-
Bnmrhcdq sgd sqdd o]hq ’N�. N)( qdoqdrdmshmf sgd dkdldms vw�0

+ - Ax ]cchmf ]m
dwsq] b]qds ]ss]bgdc sn kd]e l sn ansg sqddr hm sgd o]hq+ vd nas]hm ]m tmqdctbdc
qdoqdrdms]shud ne vw�0

+ vghbg r]shrffdr sgd bnmchshnm ne Kdll] 1-1 bnqqdronmchmf sn
w0- Ehftqd 3 hm |1 dwghahsr sgd bg]mfd hm N� vgdm w0 hr ]ookhdc sn sghr tmqdctbdc
sqdd o]hq- Vd rdd sg]s hm sgd mdf]shud sqdd ne sgd sqdd o]hq qdoqdrdmshmf vw�0

+ w0+ sgd
qhfgs b]qds ne sgd qnns ]f]hm g]r ]m dwonrdc kdes kd]e- Gdmbd sgd sqdd o]hq ch]fq]l
ne vw�0

+ w0 ]f]hm cndr mns r]shrex sgd bnmchshnmr ne Kdll] 1-1 bnqqdronmchmf sn w0-
Sgtr+ ax Kdll] 3-1+ |vw�0

+ w1
0| ; |v|)0 ]mc hr mns hm AdR’m(+ ]mc sgdqd b]m ad mn

j,onbjdsr hm sgd B]xkdx fq]og ne E enq j ≥ 2- �

4- Antmshmf bYpdsr

Fhudm sgd ad]tshetk qdk]shnmrgho adsvddm sgd mnql]k enql ne dkdldmsr ne E ]mc
sgdhq qdoqdrdms]shnm ]r o]hqr ne ffmhsd ahm]qx qnnsdc sqddr+ hs hr m]stq]k sn ]rj vg]s
hmenql]shnm ]ants sgd sqddr b]m ad qd]chkx cdsdqlhmdc eqnl sgd mnql]k enql- Vd
rgnv sg]s sgd sns]k mtladq ne b]qdsr hm d]bg sqdd b]m ad cdsdqlhmdc+ ]r vdkk ]r sgd
mtladq ne qhfgs+ hmsdqhnq ]mc kdes b]qdsr hm d]bg sqdd- ?r ]m ]ookhb]shnm+ sghr bntms
hr trdc sn fhud ] lnqd ]bbtq]sd drshl]shnm ne |v|F sg]m sgd nmd fhudm hm Sgdnqdl
2-0- Vd mnsd sg]s Atqhkkn W2“ ]krn drshl]sdr |v|F eqnl sgd mnql]k enql ne v-
Vd sdlonq]qhkx ]ksdq ntq mnshnm ne sgd mnql]k enql sn l]jd ntq bnlots]shnmr

]mc enqltk]d d]rhdq sn tmcdqrs]mc- M]ldkx+ kds v g]ud mnql]k enql

wq++ w
q0
d0
wq1d1 . . .wq�d� w

�rk
ik

. . .w�r1i1
w�r0i0

w�r++

]kknvhmf enq sgd onrrhahkhsx sg]s r+ ; . ]mc o+ ; . he sgd fdmdq]snq w+ cndr mns
]ood]q hm sgd mnql]k enql- Vd rshkk qds]hm sgd bnmchshnmr enq tmhptdmdrr ne sgd
mnql]k enql-



BNLAHM=SNPH=K OPNODPSHDR NE SGNLORNM�R FPNTO E 1728

Vd ffqrs rgnv sg]s hs hr d]rx sn cdsdbs eqnl sgd mnql]k enql vgdsgdq sgd qhfgs
rtasqdd ne sgd qnns b]qds ne S± hr dlosx-

IdllZ 4’. ’Rddhmf sgd qhfgs rhcd ne ] sqdd(’ Ids sgd dkdldms v ; ’S�. S)( gWud
mnqlWk enql wq++ w

q0
d0
wq1d1 . . .wq�d� w

�rk
ik

. . .w�r1i1
w�r0i0

w�r++ -

’0( Ge gj ,
�j�0

l9+ ol) sgdm sgd qhfgs rtasqdd ne sgd qnns bWqds ne S) hr dlosx-
’1( Ge ik ,

�k�0
l9+ rl) sgdm sgd qhfgs rtasqdd ne sgd qnns bWqds ne S� hr dlosx-

Lqnne- Vd vnqj sgqntfg sgd oqnne hm sgd b]rd ne S�- Sgd oqnne hr hcdmshb]k enq S)-
Vd adfhm sn athkc sgd sqdd S� trhmf sgd e]bs sg]s sgd dwonmdms ne wi hm sgd mnql]k
enql hr sgd kd]e dwonmdms ne sgd kd]e k]adkkdc i hm sgd sqdd- Kds RI ]mc RN cdmnsd+
qdrodbshudkx+ sgd kdes ]mc qhfgs rtasqddr ne sgd qnns b]qds ne S�-
Hm sgd sqdd S�+ vd athkc sgd rtasqddr RI ]mc RN+ adfhmmhmf vhsg r+)0 kdes b]qdsr

hm RI+ vhsg ghfgdrs kd]e mtladq r+- He sgd hmcdw i0 hr fqd]sdq sg]m r++ sgdm vd ltrs
]cc r0 hmsdqhnq b]qdsr ]ccdc sn sgd qhfgs rtasqdd ne sgd qnns ne S�- He mns+ vd ]cc
r0 hmsdqhnq b]qdsr sn sgd kdes rtasqdd ne sgd qnns ne S�- ?rrtld sg]s sgdrd hmsdqhnq
b]qdsr ]qd ]ccdc sn sgd kdes rtasqdd ne sgd qnns- Vd sgdm ]rj sgd ptdrshnm ]f]hm+
vhsg sgd mdws hmcdw- Sgd ghfgdrs kd]e mtladq hm RI hr mnv r+ ) r0- He i1 < r+ ) r0+
sgdm vd ltrs ]cc i1 hmsdqhnq b]qdsr sn sgd qhfgs rtasqdd RN+ nsgdqvhrd vd ]cc sgdl
sn RI- ?r rnnm ]r im <

�m�0
l90 rl enq rnld u]ktd ne m+ RN hr mnmdlosx+ ]mc sgd

]m]knfntr dpt]shnm hr rshkk sqtd enq ghfgdq hmchbdr- Sgtr hs hr rtfibhdms sn sdrs sgd
ghfgdrs hmcdw sn rdd he RN hr dlosx- �
Hm sgd mdws oqnonrhshnm+ vd cqno sgd qdpthqdldms sg]s sgd sqddr S� ]mc S) hm ]

sqdd o]hq g]ud sgd r]ld mtladq ne b]qdsr- Hm |1 vd r]v sg]s he svn sqddr chc mns
g]ud sgd r]ld mtladq ne b]qdsr+ sghr v]r d]rhkx ]bghdudc ax ]cchmf dwsq] b]qdsr ne
sxod N+ sn nmd ne sgd sqddr hm sgd o]hq- Sgd ]cchshnm ne b]qdsr g]c mn ]Γdbs nm
sgd mnql]k enql- Sgd mdws oqnonrhshnm rgnvr sg]s nmd b]m bnlotsd sgd mtladq
ne b]qdsr hm d]bg sqdd vghbg Wqd mns sgdrd dwsqW N+ bWqdsr chqdbskx eqnl sgd mnql]k
enql-

Opnonrhshnm 4’1 ’Bntmshmf b]qds sxodr eqnl sgd mnql]k enql(’ Ids v ; ’S�. S)(
gWud mnqlWk enql wq++ w

q0
d0
wq1d1 . . .wq�d� w

�rk
ik

. . .w�r1i1
w�r0i0

w�r++ ) vgdqd vd cn mns qdpthqd
sgWs S� Wmc S) gWud sgd rWld mtladq ne bWqdsr-

’0( Ge sgd rtasqdd RN ne S� hr mns dlosx) h-d- v cndr mns rWshrex bnmchshnm ’1(
ne IdllW 4-.) sgdm sgd sqdd S� sgdm gWr
’]( ik ) rk ) 0 snsWk bWqdsr)
’a( r+ ) 0 kdes bWqdsr)
’b(
�k

l90 rl hmsdqhnq bWqdsr) Wmc
’c( ik ) rk �

�k
l9+ rl qhfgs bWqdsr-

’1( Ge sgd rtasqdd RN ne S� hr dlosx) h-d- v rWshr�dr bnmchshnm ’1( ne IdllW
4-.) sgdm sgd sqdd S� gWr
’](
�k

l9+ rl ) 0 snsWk bWqdsr)
’a( r+ ) 0 kdes bWqdsr)
’b(
�k

l90 rl hmsdqhnq bWqdsr) Wmc
’c( mn qhfgs bWqdsr-

Lqnne- Vd ffqrs oqnud b]rd ’0(+ trhmf sgd e]bs sg]s sgd qhfgs rtasqdd ne S� hr mns
dlosx- Sn rdd sg]s sgd sns]k mtladq ne b]qdsr ne S� hr ik) rk)0+ mnshbd sg]s sgdqd
ltrs ad ] kdes kd]e hm S� k]adkkdc ik+ ats mn ghfgdq mtladqdc kdes kd]udr- Rhmbd ]kk
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sgd qdl]hmhmf kd]udr ]qd qhfgs+ vd mddc rk)0 ne sgdl rn sg]s ]kk b]qdsr ]qd bnlokdsd
’sg]s hr+ g]ud svn kd]udr(-
Hs enkknvr eqnl sgd cdffmhshnm ne kd]e dwonmdms hm |1 sg]s sgdqd ]qd r+ ) 0 kdes

b]qdsr hm S�- Dudqx hmsdqhnq b]qds bnmsqhatsdr 0 sn sgd dwonmdms ne ]m dwonrdc kd]e
mtladqdc g+ enq g 6; .- Sgtr sgd mtladq ne hmsdqhnq b]qdsr hr fhudm ax

�k
l90 rl- Hs

sgdm enkknvr sg]s sgd mtladq ne qhfgs b]qdsr ne S� hr ’ik ) rl(�
�k

l9+ rl: sg]s hr+
sgd sns]k mtladq ne b]qdsr kdrr sgd mtladq ne kdes ]mc hmsdqhnq b]qdsr-
Sn oqnud b]rd ’1(+ vd enkknv sgd oqnne enq b]rd ’0(+ nlhsshmf sgd qhfgs b]qdsr- �

Mnsd sg]s vd g]ud sgd hcdmshb]k sgdnqdl enq sgd onrhshud sqdd S)+ qdok]bhmf ]mx
hmrs]mbd ne ik vhsg gk ]mc rl vhsg ol+ ]mc trhmf bnmchshnm ’0( ne Kdll] 4-0-
Vgdm vd qdhmrs]sd sgd qdpthqdldms sg]s sgd sqddr hm sgd o]hq g]ud sgd r]ld

mtladq ne b]qdsr L + sgd mtladq L vhkk ad sgd l]whltl ne sgd mtladq ne b]qdsr
nas]hmdc adknv enq S� ]mc S)-
Vd b]m mnv hloqnud sgd antmc hm Sgdnqdl 2-0 rkhfgskx trhmf Oqnonrhshnm 4-1-

Sgdnqdl 2-0 hr hloqdbhrd vgdm hs ltrs ]rrtld+ enq dw]lokd+ hm sgd toodq antmc+
sg]s d]bg b]qds g]r vdhfgs 3- Hm qd]khsx sgdqd ]qd nmkx ] edv b]qds sxod o]hqr vghbg
b]qqx vdhfgs 3-
Sgd sgdnqdl adknv g]r sgd ]rrtloshnm sg]s S� g]r ]s lnrs ]r l]mx b]qdsr ne

sxod N+ ]r S)- Sghr hr dpthu]kdms sn r]xhmf sg]s he vd cn mns qdpthqd S� ]mc S) sn
g]ud sgd r]ld mtladq ne b]qdsr+ sgdm S� g]r lnqd b]qdsr sg]m S)- Sghr ]rrtloshnm
]kknvr tr sn trd sgd drshl]sdr hm Oqnonrhshnm 4-1 enq sgd mtladq ne b]qdsr ne dhsgdq
sqdd hm sgd o]hq ’S�. S)( vgdm vd qdhmrs]sd sgd qdpthqdldms sg]s sgd svn sqddr g]ud
sgd r]ld mtladq ne b]qdsr-

Sgdnpdl 4’2’ Ids v ; wq++ w
q0
d0
wq1d1 . . .wq�d� w

�rk
ik

. . .w�r1i1
w�r0i0

w�r++ ad hm mnqlWk enql)
Wmc kds ’S�. S)( ad sgd sqdd oWhq chWfqWl enq v- Thsgnts knrr ne fdmdqWkhsx vd
Wrrtld sgWs S� gWr Ws lnrs Wr lWmx bWqdsr ne sxod N+ Wr S)-

’0( Ge sgd rtasqdd RN ne S� hr mnmdlosx) sgdm

ik ) rk � 0 • |v|F • 2’ik ) rk( )
k∑

l90

rl ) 1r+.

’1( Ge sgd rtasqdd RN ne S� hr dlosx) sgdm
k∑

l9+

rl � 0 • |v|F • 1r+ ) 3
k∑

l90

rl.

Lqnne- Vd adfhm vhsg sgd oqnne ne b]rd ’0(- Sgd knvdq antmc hr hlldch]sd+ rhmbd
eqnl sgd bg]qs hm |1+ vd jmnv sg]s d]bg b]qds dwbdos sgd ffqrs ]mc onrrhakx sgd
k]rs g]r vdhfgs ]s kd]rs 0- Sn nas]hm sgd toodq antmc+ vd trd sgd dwoqdrrhnmr
hm Oqnonrhshnm 4-1+ o]qs ’0(+ enq sgd mtladq ne d]bg sxod ne b]qds- Knnjhmf ]s
sgd bg]qs hm |1-2+ vd mnsd sgd l]whltl vdhfgs enq ] b]qds ne d]bg ne sgd sgqdd
sxodr9 qhfgs+ kdes ]mc hmsdqhnq- M]ldkx+ sgd l]whltl vdhfgs enq ] qhfgs b]qds hr
2+ enq ] kdes b]qds hr 1 ]mc enq ]m hmsdqhnq b]qds hr 3- Sgd toodq antmc hr sgdm
2’” qhfgs b]qdsr() 1’” kdes b]qdsr� 0()3’” hmsdqhnq b]qdsr(. Vd nlhs ] rhmfkd kdes
b]qds rhmbd sgdqd vhkk ]kv]xr ad ] b]qds ne sxod I+ hm ] o]hq ne sgd enql I+. I+(+
vghbg g]r vdhfgs .-
Hm b]rd ’1(+ sgd oqnne hr hcdmshb]k+ rtarshstshmf sgd b]qds bntmsr eqnl o]qs ’1( ne

Oqnonrhshnm 4-1- �
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Vd mnsd sg]s enq rsqhbskx onrhshud nq mdf]shud vnqcr+ sghr ldsgnc l]x hloqnud
sgd antmc rhfmhffb]mskx-

BnpnkkZpx 4’3’ Ids v ; wr++ w
r0
i0
wr1i1 . . .wr�i� nq v ; w�r�i�

. . .w�r1i1
w�r0i0

w�r++ ad W
rsqhbskx onrhshud nq mdfWshud vnqc-

’0( Ge v hr W mdfWshud vnqc vghbg cndr mns rWshrex bnmchshnm ’1( ne IdllW 4-.)
nq W onrhshud vnqc vghbg cndr mns rWshrex bnmchshnm ’0( ne IdllW 4-.) sgdm

1’ij ) rj(�
j∑

l9+

rl � 1 • |v|F • 1’ij ) rj( )
j∑

l9+

rl � 1r+.

’1( Ge v hr W mdfWshud vnqc vghbg rWshr�dr bnmchshnm ’1( ne IdllW 4-.) nq W
onrhshud vnqc vghbg rWshr�dr bnmchshnm ’0( ne IdllW 4-.) sgdm

j∑

l9+

rl • |v|F • r+ ) 2
j∑

l90

rl.

Lqnne- Vd vnqj sgqntfg sgd oqnne hm sgd b]rd sg]s v hr ] rsqhbskx mdf]shud vnqc+ rn
v ; w�r�i�

. . .w�r1i1
w�r0i0

- Sgd b]rd vgdm v hr ] onrhshud vnqc hr bnlokdsdkx ]m]knfntr-
Kds v ; ’S�. S)(+ vgdqd S) hr ] sqdd bnmrhrshmf dmshqdkx ne sgd qnns ]mc N+

b]qdsr- Sgd oqnne ne sgd toodq antmc hm dhsgdq b]rd hr hcdmshb]k sn sgd oqnne hm
Sgdnqdl 4-2 hm sgd ]m]knfntr b]rd+ dwbdos sg]s vgdm vd knnj to nm sgd bg]qs sn
rdd sgd l]whltl vdhfgs ne d]bg sxod ne b]qds vd fds chΓdqdms qdrtksr- M]ldkx+ sgd
l]whltl vdhfgs enq ] qhfgs b]qds+ vgdm o]hqdc vhsg ]m N+ b]qds+ hr 1 q]sgdq sg]m
sgd 2 nas]hmdc hm sgd oqnne ne Sgdnqdl 4-2- Rhlhk]qkx+ sgd l]whltl vdhfgs ne ]
kdes b]qds vgdm o]hqdc vhsg ]m N+ b]qds hr 0+ ]mc ne ]m hmsdqhnq b]qds hr 2- Trhmf
sgdrd mdv u]ktdr+ vd bnlotsd sgd toodq antmc hm sgd bnqnkk]qx-
Sn nas]hm sgd knvdq antmc+ hm dhsgdq b]rd+ vd jmnv sg]s d]bg b]qds g]r vdhfgs ]s

kd]rs 0+ ats ]mx qhfgs b]qdsr o]hqdc vhsg ] b]qds ne sxod N+ ltrs g]ud vdhfgs 1- Sgd
dwbdoshnm hr ] o]hq ne sxodr ’N+. N+(+ vghbg g]r vdhfgs .- Ats sgdqd b]m ad ]s lnrs
nmd o]hq ne sgdrd sxodr hm ] qdctbdc vnqc+ ]mc vd ]bbntms enq hs ax rtasq]bshmf 0-
Sgtr ’” b]qdsr()’” qhfgs b]qdsr(�1 ; ’gj)oj)0()’gj)oj)0(�

�j
l90 ol�1 ;

1’gj ) oj( �
�j

l90 ol hr sgd knvdq antmc hm b]rd ’0(+ ]r cdrhqdc- Hm b]rd ’1( vd
nas]hm r0 )

�j
l90 ol ) 0 ) .� 1 ; r0 )

�j
l90 ol � 0 ]r cdrhqdc- �

5- Anmrsptbshnm ne rgnps oYsgr

Vd mnv ]ccqdrr sgd enkknvhmf ptdrshnm- Fhudm ] vnqc v ∈ E vqhssdm hm mnql]k
enql+ gnv cn vd ffmc ] lhmhl]k kdmfsg qdoqdrdms]shud ne v hm sgd ffmhsd oqdrdms]shnm
F + sg]s hr+ ] rsqhmf qdoqdrdmshmf v vghbg bnms]hmr nmkx w±0

+ ]mc w±0
0 + vgnrd kdmfsg

hr dpt]k sn |v|F=
Vghkd Enqcg]l#r ldsgncr oqdrdms ] rhlokd v]x sn b]kbtk]sd sgd vnqc kdmfsg ne

] vnqc oqdrdmsdc hm sgd mnql]k enql+ gd cndr mns oqdrdms ]m d]rx v]x ne nas]hmhmf
lhmhl]k kdmfsg qdoqdrdms]shudr hm sgd oqdrdms]shnm F - Enqcg]l#r ]kfnqhsglr+ hm,
bktchmf sgnrd hlokdldmsdc ]r KHRO oqnfq]lr hm ghr sgdrhr W5“+ cn oqnctbd ] lhmhl]k
kdmfsg qdoqdrdms]shud enq ] fdmdq]k vnqc hm mnql]k enql+ ats sgd ldsgnc qdpthqdr
rtars]msh]k bgdbjhmf ne b]rdr+ ]mc hr lnqd rths]akd enq bnlotsdq sg]m gtl]m dwd,
btshnm-
Sgdqd hr ] rhlokd ldsgnc enq bnmrsqtbshmf ] ’trt]kkx mnmlhmhl]k( qdoqdrdms],

shud enq ] vnqc fhudm hm mnql]k enql hm sdqlr ne w±0
+ ]mc w±0

0 + vghbg vd b]kk sgd
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qdokWbdldms ldsgnc- Vd rhlokx trd sgd qdk]snqr ne F sn qdok]bd d]bg nbbtqqdmbd ne
w≤
m hm sgd mnql]k enql ne v ax w�’m�0(

+ w≤
0w
m�0
+ - Hs hr d]rx sn rdd sg]s sghr ldsgnc

fhudr ] rsqhmf ne fdmdq]snqr vghbg hr mns fdmdq]kkx ] lhmhl]k qdoqdrdms]shud enq sgd
hmhsh]k vnqc- Hm fdmdq]k+ sghr o]sg chΓdqr eqnl sgd lhmhl]k kdmfsg qdoqdrdms]shud
ax mn lnqd sg]m ] e]bsnq ne 3-
Adknv+ vd oqdrdms ] rhlokd ldsgnc sn nas]hm ] lhmhl]k kdmfsg qdoqdrdms]shud

enq ] rsqhbskx onrhshud nq mdf]shud vnqc hm E : sg]s hr+ ] vnqc vgnrd mnql]k enql
bnmrhrsr dmshqdkx ne fdmdq]snqr vhsg onrhshud nq mdf]shud dwonmdmsr- Vd b]kk sghr
ldsgnc sgd mdrsdc sqWudqrWk ldsgnc- Enq ] fdmdq]k vnqc v+ sgd mdrsdc sq]udqr]k
ldsgnc bntkc ad ]ookhdc rdo]q]sdkx sn sgd mdf]shud ]mc onrhshud o]qsr ne v+ ats hm
fdmdq]k sg]s vntkc oqnctbd ] qdoqdrdms]shud ne v vghbg hr mns lhmhl]k hm sgd ffmhsd
oqdrdms]shnm-

5-0- Sgd mdrsdc spZudprZk ldsgnc’ ?rrtld sg]s v ; ’S�. ·( hr ] sqdd o]hq
ch]fq]l enq ] mdf]shud vnqc vhsg l b]qdsr- Sgd sqdd · bnmrhrsr ]klnrs dmshqdkx
ne l � 0 b]qdsr ne sxod N+: sgd nmkx nsgdq b]qds hm · hr sgd qnns b]qds vghbg hr ne
sxod I+- Dudqx kd]e hm sgd sqdd · g]r kd]e dwonmdms .- Uhdvhmf sgd hcdmshsx ]r sgd
mnmqdctbdc o]hq ’·. ·(+ vd cds]hk ] rdptdmbd ne fdmdq]snqr vghbg sq]mrenql hs sn sgd
o]hq ’S�. ·(- Vd mnsd sg]s hs hr mdudq mdbdrr]qx sn ]ookx sgd fdmdq]snq w0 ]r o]qs
ne sghr oqnbdrr- ?krn+ sgd rdptdmbd ne fdmdq]snqr oqnctbdc ax sghr ldsgnc cndr mns
fhud ’hm fdmdq]k( ] tmhptd qdoqdrdms]shud ne sgd o]hq ’S�. ·(-
Enq d]bg b]qds sxod B+ sgd mdrsdc sq]udqr]k ldsgnc oqnctbdr ] rdptdmbd ne

fdmdq]snqr mdbdrr]qx sn sq]mrenql ] b]qds ne sxod N+ hmsn ] b]qds ne sxod B- Enq d]bg
b]qds sxod+ sghr b]m ad ]bbnlokhrgdc hm ] ffwdc mtladq ne rsdor+ cdrbqhadc adknv+
vghbg hr dw]bskx sgd vdhfgs ne sgd o]hq ’B.N+( hm sgd bg]qs hm |1-2- Rodbhffb]kkx+ sgd
enkknvhmf bg]qs fhudr sgd mtladq ne rsdor ’]ookhb]shnmr ne ] fdmdq]snq( qdpthqdc sn
sq]mrenql ]m N+ b]qds hmsn ] b]qds ne sxod B- Mnsd sg]s sgd rhmfkd I+ b]qds vhkk
bnld eqnl sgd rhmfkd dwhrshmf I+ qnns b]qds hm ·-

Sxod ne b]qds B I+ II F+ FN N+ NLF NF
Mtladq ne rsdor . 0 0 2 . 1 1

Sgtr hs hr bkd]q sg]s sgd kdmfsg ne sgd o]sg fhudm ax sgd mdrsdc sq]udqr]k ldsgnc
’cdrbqhadc adknv(+ nmbd hs hr oqnudm sg]s sgd ldsgnc oqnctbdr sgd ]ooqnoqh]sd sqdd+
vhkk ad sgd vnqc kdmfsg ne v ; ’S�. ·(-
Vd mnv cdrbqhad sgd mdrsdc sq]udqr]k ldsgnc+ ]mc hm sgd sgdnqdl adknv+ oqnud

sg]s hs xhdkcr sgd cdrhqdc sqdd S�- Sgd fn]k ne sghr ldsgnc hr sn hcdmshex ] rdptdmbd
ne fdmdq]snqr ne F vghbg sq]mrenql ] b]qds ne sxod N+ hmsn ] b]qds ne sxod B- Hm
|1-2 vd r]v sg]s ]ookxhmf � ∈ Pw±0

+ . w�0
0 { sn ] vnqc v r]shrexhmf sgd ]ooqnoqh]sd

bnmchshnm ne Kdll] 1-1 vhkk dhsgdq bg]mfd sgd b]qds sxod ne sgd qnns b]qds nq sgd
qhfgs bghkc ne sgd qnns b]qds ne S�-
Ehqrs+ vd mnsd sg]s sn sq]mrenql ]m N+ b]qds vghbg hr sgd qhfgs bghkc ne sgd qnns

b]qds ne S� hmsn ]m II b]qds+ vd nmkx mddc ]ookx sgd fdmdq]snq w�0
+ - Rhlhk]qkx+ sgd

fdmdq]snq w�0
0 sq]mrenqlr ]m N+ b]qds vghbg hr sgd qhfgs bghkc ne sgd qnns b]qds ne

S� hmsn ]m F+ b]qds- Sghr adg]uhnq v]r dwghahsdc hm Ehftqdr 2 ]mc 3-
Sgd rhlokdrs dw]lokd ne ] b]qds ne sxod FN hr ]m hmsdqhnq b]qds vhsg ] rhmfkd

qhfgs bghkc ne sxod F+- Vd cn mns uhdv bqd]shmf sgd F+ b]qds ’nq vg]sdudq sgd qhfgs
rtasqdd ne sgd FN b]qds l]x bnms]hm( ]r o]qs ne sgd sq]mrenql]shnm ne sgd N+ b]qds
hmsn sgd FN b]qds- Sgtr+ sn bqd]sd ]m FN b]qds+ vd ltrs cn sgd enkknvhmf9 vd ]ookx
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w�0
+ + lnuhmf sgd N+ b]qds+ vghbg adfhmr ]r sgd qhfgs bghkc ne sgd qnns b]qds ne S�
]mc vghbg vd cdmnsd N+ sn sgd qnns onrhshnm ne S�- Sgdm vd bqd]sd sgd F+ b]qds
vghbg vhkk ad sgd qhfgs bghkc ne sgd bnlokdsdc FN b]qds ’nq bqd]sd sgd ]ooqnoqh]sd
qhfgs rtasqdd ne sgd bnlokdsdc FN b]qds( trhmf sgd rsqhmf ne fdmdq]snqr rodbhffdc ax
sgd mdrsdc sq]udqr]k ldsgnc enq sgnrd b]qds nq b]qdsr- Vd cn mns bntms sgdrd rsdor
snv]qc sgd bqd]shnm sgd FN b]qds+ ats q]sgdq ]r sgd rsdor qdpthqdc sn bqd]sd sgd b]qds
nq b]qdsr hm sgd qhfgs rtasqdd ne sgd ffm]k FN b]qds- Ehm]kkx+ vd ]ookx sgd fdmdq]snq
w++ vghbg lnudr N a]bj sn sgd onrhshnm ne qhfgs bghkc ne sgd qnns b]qds+ ]mc ]ookx
w�0

0 + vghbg lnudr N sn ]m hmsdqhnq b]qds vghkd lnuhmf sgd mdvkx bqd]sdc F+ b]qds
’nq sgd b]qdsr hm sgd qhfgs rtasqdd ne sgd FN b]qds( sn sgd qhfgs rtasqdd ne N- Sgtr+
sgd rdptdmbd ne fdmdq]snqr mddcdc sn bqd]sd sgd FN b]qds hr w�0

+ · · ·w+w
�0
0 + vgdqd sgd

· · · qdoqdrdmsr ] rdptdmbd ne fdmdq]snqr vghbg bqd]sd sgd b]qdsr hm sgd qhfgs rtasqdd
ne sgd ffm]k FN b]qds+ ]mc ltrs nbbtq adenqd sgd FN b]qds b]m ad bnlokdsdc-
Sgd sxod ne ] qhfgs b]qds B hr cdsdqlhmdc ax sgd kdes rtasqdd ne sgd qhfgs b]qds

[admd]sg” B nm sgd qhfgs rhcd ne sgd sqdd+ sg]s hr+ sgd mdws qhfgs b]qds etqsgdq eqnl
qnns sg]m B- Iddohmf hm lhmc sg]s nmkx nmd ne svn onrhshnmr hm sgd sqdd b]m ad
]Γdbsdc ax � ∈ Pw±0

+ . w�0
0 {+ m]ldkx sgd qnns onrhshnm ]mc sgd qhfgs bghkc ne sgd

qnns+ hs hr bkd]q gnv sn sq]mrenql ]m N+ b]qds+ cdmnsdc N+ vghbg adfhmr ]r sgd qhfgs
bghkc ne sgd qnns b]qds ne S�+ hmsn ] b]qds ne sxod NLF nq NF - M]ldkx+ vd ]ookx
w�0

+ sn lnud N sn sgd qnns onrhshnm ne sgd sqdd- Sgdm vd trd sgd mdrsdc sq]udqr]k
ldsgnc sn bqd]sd sgd rtasqdd ne sgd qhfgs b]qds admd]sg N+ qdldladqhmf sg]s sgdrd
fdmdq]snqr ]qd ]kk hmunkudc hm sgd bqd]shnm ne nsgdq b]qdsr- Ehm]kkx+ vd ]ookx w++
lnuhmf N a]bj sn sgd qhfgs rhcd ne sgd sqdd+ mnv vhsg hsr qhfgs rtasqdd bnqqdbs ]mc
sgtr sgd b]qds sxod hr mnv ne sgd ]ooqnoqh]sd sxod-
Hs hr sgd mdrshmf ne sgdrd rdptdmbdr ne fdmdq]snqr vghbg fhudr sgd ldsgnc hsr

m]ld- Sn rtll]qhyd sghr ldsgnc+ bnmrhcdq sgd enkknvhmf bg]qs+ vghbg khrsr sgd
rdptdmbdr ne fdmdq]snqr qdpthqdc sn bqd]sd d]bg sxod ne b]qds9

B]qds sxod Fdmdq]snqr hmunkudc hm
bqd]shnm ne b]qds

I+ mnmd
II w�0

+

F+ w�0
0

FN w�0
+ . . .w+w

�0
0

N+ mnmd
NLF w�0

+ . . .w+

NF w�0
+ . . .w+

Sn trd sghr ldsgnc sn oqnctbd ] lhmhl]k kdmfsg qdoqdrdms]shud ne ] onrhshud nq
mdf]shud vnqc+ vd sq]udqrd sgd sqdd hm hmffw nqcdq- Vgdm vd dmbntmsdq sgd b]qds
sxodr ne I++ II+ F+ ]mc N++ vd qdbnqc ]s lnrs ] rhmfkd ]ooqnoqh]sd fdmdq]snq- Vgdm
vd dmbntmsdq sgd nsgdq b]qds sxodr FN+ NLF ]mc NF + vd qdbnqc sgd hmhsh]k fdmdq]snq
ne sgd rdptdmbd fhudm hm sgd bg]qs ]anud+ sgdm ]ookx sgd oqnbdrr qdbtqrhudkx nm sgd
qhfgs rtasqdd ’he oqdrdms( ne sgd b]qds: ]esdq bnlokdshnm ne sgd oqnbdrr nm sgd qhfgs
rtasqdd+ vd qdbnqc sgd nmd nq svn ]cchshnm]k fdmdq]snqr rodbhffdc hm sgd bg]qs+ ]mc
bnmshmtd vhsg sgd hmffw sq]udqr]k ne sgd sqdd S�-
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Vd vhkk oqnud sgd enkknvhmf sgdnqdl-

Sgdnpdl 5’.’ Ids v ad W rsqhbskx onrhshud nq mdfWshud vnqc- Pgdm sgd mdrsdc
sqWudqrWk ldsgnc oqnctbdr W lhmhlWk kdmfsg qdoqdrdmsWshud enq v-

Vd adfhm vhsg ]m dw]lokd ne sgd mdrsdc sq]udqr]k ldsgnc-

CwZlokd 5’1’ Sn tmcdqrs]mc sgd sq]udqr]k bnmrsqtbshnm ldsgnc+ vd trd hs sn
bnmrsqtbs ] lhmhl]k kdmfsg qdoqdrdms]shud ne sgd rsqhbskx mdf]shud vnqc v vhsg
mnql]k enql w�0

0+ w
�0
6 w�0

5 w�0
3 w�1

1 w�1
+ -

He v ; ’S�. ·(+ vgdqd v hr sgd vnqc fhudm ]anud+ sgdm sgd b]qdsr ne S�+ hm hmffw
nqcdq+ g]ud b]qds sxodr fhudm hm sgd enkknvhmf s]akd9

B]qds mtladq . 0 1 2 3 4 5 6 7 8 0. 00
B]qds sxod I+ II F+ FN F+ II FN F+ NLF NF F+ N+

Rhmbd ] sqdd o]hq ch]fq]l enq v vhkk qdpthqd 00 b]qdsr hm d]bg sqdd+ vd adfhm vhsg
] sqdd · bnmrhrshmf ne nmd b]qds ne sxod I+ ]mc 0. b]qdsr ne sxod N+- B]qds . hr
ne sxod I+ ]mc hr hcdmshb]k sn sgd I+ b]qds ne ·- Sn bqd]sd b]qds 0+ vd ]ookx w�0

+ -
Sn bqd]sd b]qds 1+ vd ]ookx w�0

0 - B]qds 2 hr lnqd bnlokhb]sdc- Vd adfhm vhsg
w�0

+ + ]mc sgdm ltrs sq]udqrd sgd qhfgs rtasqdd ne b]qds 2+ vghbg hm sghr b]rd hr sgd
rhmfkd b]qds mtladqdc 3- Rhmbd b]qds 3 hr ne sxod F++ hs qdpthqdr nmkx sgd fdmdq]snq
w�0

0 - Vd mnv qdstqm sn bnlokdsd sgd rdptdmbd ne fdmdq]snqr mdbdrr]qx sn bqd]sd
b]qds 2+ m]ldkx w+w

�0
0 - B]qds 4+ sgd qnns b]qds+ hr ne sxod II ]mc qdpthqdr nmkx sgd

fdmdq]snq w�0
+ - B]qds 5 hr ]f]hm lnqd bnlokhb]sdc+ rhmbd hs hr ne sxod FN- Vd adfhm

vhsg ]m w�0
+ adenqd cdrbdmchmf hmsn sgd qhfgs rtasqdd ne b]qds 5+ h-d- b]qds 6+ vghbg

hr bqd]sdc uh] ]m w�0
0 - Vd sgdm ffmhrg sgd bqd]shnm ne b]qds 5 vhsg sgd rsqhmf w+w

�0
0 -

Sn bqd]sd b]qds 7+ vd ]ookx w�0
+ ]mc adfhm sn sq]udqrd sgd qhfgs rtasqdd ne b]qds 7-

Enq b]qds 8+ vd ]ookx sgd fdmdq]snq w�0
+ ]mc adfhm sn sq]udqrd sgd qhfgs rtasqdd ne

b]qds 8- B]qds 0. hr bqd]sdc vhsg ] rhmfkd w�0
0 fdmdq]snq+ ]mc b]qds 00 hr rhlokx sgd

k]rs N+ b]qds eqnl sgd hmhsh]k sqdd · ]mc qdpthqdr mn ]cchshnm]k fdmdq]snqr- Vd sgdm
qdstqm sn ffmhrg sgd bqd]shnm ne b]qds 8 ax ]ookxhmf w+ sn l]jd hs nmbd ]f]hm ] qhfgs
b]qds+ ]mc vd ]ookx ]mnsgdq fdmdq]snq w+ sn ffmhrg bqd]shmf b]qds 7- Sgtr vd g]ud
oqnctbdc sgd sqdd S� qdoqdrdmshmf v ]mc entmc sgd rsqhmf

w�0
+ w�0

0 w�0
+ w�0

0 w+w
�0
0 w�0

+ w�0
+ w�0

0 w+w
�0
0 w�0

+ w�0
+ w�0

0 w+w+

sn ad ] lhmhl]k qdoqdrdms]shud enq v-
Sghr dmshqd oqnbdrr hr hkktrsq]sdc hm Ehftqd 8+ ]mc cdrbqhadc hm lnqd cds]hk hm

Ehftqdr 0. sgqntfg 02-
Vd mnv oqnud Sgdnqdl 5-0-

Lqnne- Vd ffqrs oqnud sg]s sgd mdrsdc sq]udqr]k ldsgnc oqnctbdr sgd bnqqdbs sqdd
enq rsqhbskx mdf]shud vnqcr hm E - Nmbd sghr hr oqnudm+ hs hr bkd]q sg]s sgd rsqhmf ne
fdmdq]snqr oqnctbdc ax sgd ldsgnc hr ] lhmhl]k kdmfsg qdoqdrdms]shud+ adb]trd sgd
mtladq ne b]qdsr mddcdc sn bqd]sd ] b]qds ne sxod B hr dw]bskx sgd vdhfgs ne sgd o]hq
’B.N+(- Vd oqnud sg]s sgd bnqqdbs sqdd hr oqnctbdc uh] hmctbshnm nm sgd kdmfsg ne
sgd mnql]k enql ne ] mdf]shud vnqc v ∈ E - Mnsd sg]s sgd kdmfsg ne sgd mnql]k
enql ne v hr dw]bskx |v|F + sgd vnqc kdmfsg hm sgd hmffmhsd oqdrdms]shnm F -
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Ehftpd 8, Sgd mdf]shud sqddr enq sgd bnlokdsd bnmrsqtbshnm ne ]
lhmhl]k kdmfsg qdoqdrdms]shud enq v ; w�0

0+ w
�0
6 w�0

5 w�0
3 w�1

1 w�1
+ uh]

sgd mdrsdc sq]udqr]k ldsgnc- Sgd fdmdq]snqr mddcdc enq d]bg rsdo
]qd dwghahsdc adknv- Sgd onrhshud sqddr · ]qd nlhssdc-

x0!1 x1!1 x0!1 x1!1 x0

Ehftpd 0., Sgd mdf]shud sqddr enq sgd ffqrs entq rsdor ne sgd mdrsdc
sq]udqr]k bnmrsqtbshnm ne ] lhmhl]k kdmfsg qdoqdrdms]shud enq v ;
w�0

0+ w
�0
6 w�0

5 w�0
3 w�1

1 w�1
+ + khrshmf sgd fdmdq]snqr ]ookhdc ]s d]bg rs]fd-

Sgd onrhshud sqddr · ]qd ]f]hm nlhssdc-

x1!1 x0!1 x0!1 x1!1

Ehftpd 00, Sgd mdf]shud sqddr enq sgd mdws entq rsdor ne sgd bnmrsqtbshnm-

x0 x1!1 x0!1 x0!1

Ehftpd 01, Sgd mdf]shud sqddr enq sgd mdws entq rsdor ne sgd bnmrsqtbshnm-
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9

12

10 11

7 8

60 1

2345

x1!1 x0 x0

Ehftpd 02, Sgd mdf]shud sqddr enq sgd ffm]k entq rsdor ne
sgd bnmrsqtbshnm ne ] lhmhl]k kdmfsg qdoqdrdms]shud enq v ;
w�0

0+ w
�0
6 w�0

5 w�0
3 w�1

1 w�1
+ uh] sgd mdrsdc sq]udqr]k ldsgnc- Hs hr d]rhkx

bgdbjdc sg]s sgd ffm]k sqdd qdoqdrdmsr v-

Vd adfhm vhsg sgd a]rd b]rd ne sgd hmctbshnm ]mc v ; w�0
j - Vd ltrs oqnud sg]s

sgd mdrsdc sq]udqr]k ldsgnc oqnctbdr sgd bnqqdbs sqdd o]hq enq v- He v ; w�0
+ + sgdm

hs hr bkd]q sg]s sgd mdrsdc sq]udqr]k ldsgnc xhdkcr sgd bnqqdbs o]hq ne sqddr-
He v ; w�0

j vhsg j 6; .+ hs hr d]rhkx bgdbjdc sg]s sgd sqdd S� enq v hr ne sgd
enkknvhmf enql9 b]qds . hr ne sxod I+ ]mc hr enkknvdc ax j � 1 b]qdsr ne sxod NLF +
] rhmfkd b]qds ne sxod NF + ] rhmfkd b]qds ne sxod F+ ]mc ] ffm]k N+ b]qds- Bqd]shmf
sgdrd b]qdsr hm hmffw nqcdq+ enkknvhmf sgd mdrsdc sq]udqr]k ldsgnc+ vd adfhm vhsg sgd
sqdd · bnms]hmhmf ] rhmfkd I+ b]qds ]mc j ) 0 b]qdsr ne sxod N+-
?bbnqchmf sn sgd mdrsdc sq]udqr]k ldsgnc+ vd ]ookx w�’j�0(

+ + vghbg lnudr sgd
ffqrs j � 0 b]qdsr ne sxod N+ sn sgd kdes rhcd ne sgd sqdd- D]bg ne sgdrd fdmdq]snqr hr
sgd ffqrs g]ke ne sgd o]hq ne fdmdq]snqr mddcdc enq bqd]shmf ]m NF nq ]m NLF b]qds-
Mnv+ vd bqd]sd sgd F+ b]qds ax ]ookxhmf sgd fdmdq]snq w�0

0 : sghr bqd]sdr ]m F+ b]qds
vhsg dwonrdc kd]udr mtladqdc j ]mc j)0- Vd ffmhrg vhsg wj+ + vghbg lnudr ]kk ats
sgd hmhsh]k I+ b]qds nm sgd kdes rhcd ne sgd sqdd a]bj sn sgd qhfgs rhcd ne sgd sqdd-
Sgtr+ sgd mdrsdc sq]udqr]k ldsgnc+ vhsg sgd bnqqdbs mdrshmf+ oqnctbdc sgd sqdd S�
qdoqdrdmshmf sgd dkdldms w�0

j -
Vd bnlokdsd sgd oqnne ax hmctbshnm nm sgd rhyd ne sgd mdf]shud vnqc- Vd ]rrtld

hmctbshudkx sg]s sgd mdrsdc sq]udqr]k ldsgnc oqnctbdr sgd bnqqdbs sqdd enq ] mdf]shud
vnqc v ; w�rkik

. . .w�r1i1
w�r0i0

vhsg sqdd o]hq ch]fq]l ’S�. ·(- Vd bnmrhcdq ] mdv
vnqc t ; w�0

j v hm mnql]k enql vgnrd kdmfsg ’hm sgd hmffmhsd oqdrdms]shnm( hr nmd
lnqd sg]m sgd kdmfsg ne v- He t ; ’R�. ·(+ vd oqnud ax hmctbshnm sg]s R� b]m ad
bnmrsqtbsdc uh] sgd mdrsdc sq]udqr]k ldsgnc- Vd chuhcd sgd oqnne hmsn svn b]rdr9

’0( hm b]rd 0+ vd ]rrtld sg]s sgd mnql]k enql ne v adfhmr vhsg w�0
j + ]mc

’1( hm b]rd 1+ vd ]rrtld sg]s sgd mnql]k enql ne v cndr mns adfhm vhsg w�0
j -

Hm ansg b]rdr+ sgd sqdd R� g]r ]s kd]rs nmd lnqd b]qds sg]m sgd sqdd S�-

BZrd .’ Kds v ; w�lj v± hm mnql]k enql+ ]mc sgtr t ; w
�’l)0(
j v± hm mnql]k enql-

Hm sdqlr ne sqdd o]hq ch]fq]lr+ kds v ; ’S�. ·( ]mc t ; ’R�. ·(- Kds γ ad sgd
rsqhmf ne kdssdqr nas]hmdc uh] sgd mdrsdc sq]udqr]k ldsgnc vghbg bqd]sdr sgd sqdd
S�+ ]bbnqchmf sn sgd hmctbshnm gxonsgdrhr- Vd vhkk nas]hm ] rsqhmf γ± vghbg hr ]
lhmhl]k qdoqdrdms]shud ne t ]mc bqd]sdr sgd sqdd R�-

’0( He j ; .+ hs hr bkd]q sg]s sgd mdrsdc sq]udqr]k ldsgnc oqnctbdr sgd bnqqdbs
sqdd R� ]mc fhudr ] lhmhl]k kdmfsg qdoqdrdms]shud enq t-

’1( ?rrtld sg]s j 6; .- He sgd qhfgs rtasqdd ne sgd qnns b]qds ne S� hr dlosx
’vghbg vd mnsd b]m ad cdsdbsdc uh] Kdll] 4-0(+ sgdm dwbdos enq sgd hmhsh]k
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I+ b]qds+ S� bnmrhrsr dmshqdkx ne kdes ]mc hmsdqhnq b]qdsr- Rhmbd j 6; .+ sgdqd
ltrs ad ]s kd]rs nmd hmsdqhnq b]qds hm S�- Rhmbd γ bnmrsqtbsr S� ]bbnqchmf sn
sgd mdrsdc sq]udqr]k ldsgnc+ vd jmnv sg]s γ b]m ad vqhssdm ]r γ ; η0w

�0
0 η1+

vgdqd sgd w�0
0 bqd]sdr sgd ffm]k hmsdqhnq b]qds+ vghbg g]r b]qds mtladq j- Hm

]cchshnm+ η1 hr ] rdptdmbd ne kdssdqr bnms]hmhmf ]s kd]rs k qdodshshnmr ne w�0
+ +

vghbg bqd]sd ] rdqhdr ne kdes b]qdsr hm S�9 sgd kdes b]qdsr vhsg b]qds mtladqr
fqd]sdq sg]m j ]r vdkk ]r sgd kdes b]qds vhsg sgd ghfgdrs b]qds mtladq kdrr
sg]m j- Sgd rsqhmf η1 l]x bnms]hm nsgdq kdssdqr oqdrbqhadc ax sgd mdrsdc
sq]udqr]k ldsgnc-
Eqnl sgd mnql]k enql ne v+ vd jmnv sg]s sgd ghfgdrs mtladqdc kdes kd]e

hm S� hr kd]e mtladq j+ ]mc hs ltrs ad sgd dwonrdc kdes kd]e ne ] rsqhmf ne
l b]qdsr ne sxod F+- Mnmd ne sgd b]qdsr hm sghr rsqhmf b]m ad ne sxod FN:
he sgdx vdqd+ sgdm sgdqd vntkc ad ]m dwonrdc kdes kd]e vhsg onrhshud kd]e
dwonmdms vgnrd kd]e mtladq hr fqd]sdq sg]m j- Rhmbd j hr sgd k]qfdrs hmcdw
ne ] fdmdq]snq hm sgd mnql]k enql ne v+ rtbg ]m FN b]qds b]mmns nbbtq hm
sghr rsqhmf ne b]qdsr-
Rtbg ] rsqhmf ne F+ b]qdsr hr bqd]sdc ]bbnqchmf sn sgd mdrsdc sq]udqr]k

ldsgnc uh] ] rsqhmf ne w�0
0 kdssdqr- Sgtr vd b]m etqsgdq dmtldq]sd γ ]r γ ;

η0w
�l
0 η1- Rhmbd sgd mnql]k enql ne t rhlokx bnms]hmr nmd lnqd nbbtqqdmbd

ne sgd fdmdq]snq wj+ vd jmnv sg]s hm R� sgd dwonrdc kd]e mtladqdc j hr sgd
kdes dwonrdc kd]e ne ] rdptdmbd ne l)0 b]qdsr ne sxod F+- Sgtr sgd sqdd R�
hr bqd]sdc ax sgd rsqhmf ne kdssdqr γ± ; η0w

�’l)0(
0 η1- Rhmbd sgd fdmdq]snq

w�0
0 hr vg]s sgd mdrsdc sq]udqr]k ldsgnc cdsdqlhmdr vhkk bqd]sd ]m F+ b]qds+
vd rdd sg]s γ± hr sgd rsqhmf oqnctbdc ax sgd mdrsdc sq]udqr]k ldsgnc vghbg
fdmdq]sdr R�-

’2( Mnv rtoonrd sg]s sgd qhfgs b]qds ne sgd qnns ne S� hr mns dlosx- Hm sghr
b]rd+ γ b]m ad vqhssdm ]r γ ; ξ0w

�l
0 ξ1+ vgdqd ξ1 ]bbntmsr enq sgd qhfgs

b]qdsr sg]s ]qd bqd]sdc hm ] mdrsdc l]mmdq- Hs hr d]rx sn rdd sg]s ]r ]anud+
sgd sqdd R� hr oqnctbdc eqnl sgd rsqhmf γ ; ξ0w

�’l)0(
0 ξ1+ vghbg hr dw]bskx

sgd rsqhmf ne kdssdqr oqnctbdc ax sgd mdrsdc sq]udqr]k ldsgnc sn fdmdq]sd
R�-

BZrd 1’ Vd mnv ]rrtld sg]s t ; w�0
j v hm mnql]k enql+ ]mc sg]s sgd fdmdq]snq

wj cndr mns ]ood]q hm sgd mnql]k enql ne v- Hm ]kk ne sgd rtab]rdr adknv+ vd adfhm
vhsg ] sqdd · bnms]hmhmf ]s kd]rs nmd lnqd N+ b]qds sg]m sgd sqdd trdc sn bqd]sd
S�- Rhmbd sgd fdmdq]snq w�0

j cndr mns ]ood]q hm sgd mnql]k enql ne v+ hm sgd sqdd
S� sgdqd hr ] b]qds B vhsg ]m dwonrdc kd]e mtladqdc j+ vghbg g]r kd]e dwonmdms
.- Hs l]x ad sgd b]rd sg]s nmd ltrs ]cc b]qdsr ne sxod N+ sn sgd qhfgs rhcd ne S�
sn nas]hm sgd b]qds B vhsg dwonrdc kd]e j- Gnvdudq+ ]cchmf sgdrd b]qdsr cndr mns
]Γdbs sgd mnql]k enql ne sgd dkdldms- ?f]hm+ kds γ ad sgd rsqhmf ne kdssdqr fdmdq]sdc
ax sgd mdrsdc sq]udqr]k ldsgnc vghbg bqd]sdr sgd sqdd S�-

’0( Ehqrs+ rtoonrd sg]s B hr ]m hmsdqhnq b]qds+ vghbg ltrs ad ne sxod F+ ]mc
g]ud ]m dwonrdc qhfgs kd]e mtladqdc j hm nqcdq enq sgd kd]e dwonmdms ne j
sn ad .- Rhmbd j hr k]qfdq sg]m ]mx hmcdw ne ] fdmdq]snq hm sgd mnql]k enql
ne v+ hs ]krn enkknvr sg]s sgd ghfgdrs hmcdw ]ood]qhmf hm sgd mnql]k enql ne
v hr ]s lnrs j � 0-
Vd b]m vqhsd γ ; η0w

�0
0 η1+ vgdqd w�0

0 hr sgd kdssdq hm γ vghbg bqd]sdr sgd
b]qds B eqnl ] qhfgs b]qds- Hs hr d]rhkx rddm sg]s hm γ± ; η0w

�0
+ w�0

0 w+w
�0
0 η1
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sgd b]qds B adbnldr ]m FN b]qds+ sgd kd]e dwonmdms ne j hr mnv 0+ ]mc mn mdv
b]qdsr vhsg ghfgdq mtladqdc kd]udr ]mc onrhshud kd]e dwonmdms ]qd ]ccdc+
vghbg lhfgs b]trd ]cchshnm]k fdmdq]snqr sn ]ood]q hm sgd mnql]k enql enq
t- Vd g]ud dw]bskx ]ccdc sgd rdptdmbd ne fdmdq]snqr bnqqdronmchmf sn ]m
FN b]qds hm sgd bg]qs ]anud cdrbqhahmf sgd mdrsdc sq]udqr]k ldsgnc-

’1( Mnv rtoonrd sg]s B hr ] kdes b]qds vhsg ]m dwonrdc qhfgs kd]e mtladqdc j-
Vqhsd γ ; η0w

�0
+ η1+ vgdqd w�0

+ hr sgd kdssdq hm γ vghbg bqd]sdr sgd b]qds B
]bbnqchmf sn sgd mdrsdc sq]udqr]k ldsgnc- Sgdm hm sgd sqdd bqd]sdc eqnl
· ax sgd rsqhmf η0w

�0
0 + sgd qhfgs bghkc ne sgd qnns b]qds g]r ] kdes rtasqdd

bnmrhrshmf ne ] rhmfkd F+ b]qds vhsg dwonrdc kd]udr mtladqdc j ]mc j ) 0-
Sgdm+ hm sgd sqdd bnqqdronmchmf sn sgd rsqhmf η0w

�0
0 w�0

+ + vd g]ud bqd]sdc
sgd kdes b]qds B vgnrd qhfgs rtasqdd bnms]hmr ] rhmfkd F+ b]qds+ vhsg dwonrdc
kd]udr mtladqdc j ]mc j ) 0- Sgtr sgd kd]e dwonmdms ne j hr mnv 0+ ]mc
rn w�0

j ]ood]qr hm sgd mnql]k enql ne sgd dkdldms- Rhmbd sgd sqddr S� ]mc
R� chΓdq nmkx hm sghr nmd ok]bd+ vd rdd sg]s sgd rsqhmf γ± ; η0w

�0
0 w�0

+ η1

bqd]sdr sgd sqdd R�- Sgd sqddr R� ]mc S� chΓdq hm ] rhmfkd F+ b]qds+ ]mc γ±

]mc γ chΓdq nmkx hm sgd fdmdq]snq w�0
0 + vghbg hr sgd kdssdq sg]s sgd mdrsdc

sq]udqr]k ldsgnc trdr sn bqd]sd ]m F+ b]qds- Vd rdd sg]s γ± hr sgd rsqhmf
oqnctbdc ax sghr ldsgnc enq sgd sqdd R�-

’2( Ehm]kkx+ rtoonrd sg]s B hr ] qhfgs b]qds hm S� vhsg dwonrdc kdes kd]e j+ vhsg
kd]e dwonmdms .- Sgd B ltrs ad ] b]qds ne sxod N+: he hs hr mns+ sgdm j
vntkc ad rl]kkdq sg]m sgd hmcdw ne rnld fdmdq]snq ]ood]qhmf hm sgd mnql]k
enql ne v+ bnmsq]chbshmf hmhsh]k ]rrtloshnmr-
Rhmbd v hr ] mdf]shud vnqc+ hs bnms]hmr ] rhmfkd b]qds ne sxod N+ vghbg

g]r ] rhmfkd qhfgs dwonrdc kd]e mtladqdc k- He sgdqd v]r ] b]qds ne sxod N+

vhsg svn dwonrdc kd]udr+ sgd o]hq ’S�. ·( bntkc ad qdctbdc- Hs hr mdbdrr]qx
sn ]cc ] rsqhmf ne ]cchshnm]k N+ b]qdsr sn sgd nqhfhm]k sqdd · hm nqcdq sn
nas]hm R�-
Kds l ; j � s+ vgdqd s hr sgd ghfgdrs hmcdw ne ] fdmdq]snq ]ood]qhmf hm

sgd mnql]k enql ne v+ rn hm o]qshbtk]q s , j- Hs mnv enkknvr sg]s sgd rsqhmf
γ± ; γw�l+ w�0

0 wl+ bqd]sdr sgd sqdd R�- Sgd ffqrs w�l+ kdssdqr lnud sgd mdv
N+ b]qdsr sn sgd kdes rhcd ne sgd sqdd+ sgd w�0

0 bqd]sdr ]m hmsdqhnq b]qds vhsg
dwonrdc kd]udr k]adkkdc j ]mc j ) 0+ ]mc sgd wl+ kdssdqr lnud sgd l b]qdsr
a]bj sn sgd qhfgs rhcd ne sgd sqdd vgdqd sgdx adbnld ne sxod NLF nq NF -
Rn ]f]hm vd rdd sg]s sgd ]cchshnm]k kdssdqr mddcdc dw]bskx bnhmbhcd vhsg sgd
kdssdqr oqdrbqhadc ax sgd mdrsdc sq]udqr]k ldsgnc enq bnmrsqtbshmf R�-

He vd adfhm vhsg ] rsqhbskx onrhshud vnqc v+ vd trd sgd mdrsdc sq]udqr]k ldsgnc sn
bnmrsqtbs ] lhmhl]k kdmfsg qdoqdrdms]shud enq sgd rsqhbskx mdf]shud vnqc v�0- Sgd
hmudqrd ne sghr o]sg vhkk sgdm oqnctbd ] lhmhl]k kdmfsg qdoqdrdms]shud enq v- �

Sgd ]tsgnqr vntkc khjd sn sg]mj ?ydq ?jgldcnu enq bnlldmsr nm ]m d]qkhdq
cq]es ]mc sgd ]mnmxlntr qdedqdd enq gdkoetk bnlldmsr-

Ndedpdmbdr

Y0“ J- R- Aqnvm ]mc Q- Fdnfgdf]m- :m hm�mhsd,chldmrhnm]k snqrhnm,eqdd �F© fqnto- Emudmshnmdr

lTsgdlTshbTd) 669256z270) 0873- LQ 52k91..62

Y1“ I- Atqhkkn) R- Bkd]qx) ]mc L- G- Rsdhm- Ldsqhbr ]mc dladcchmfr ne fdmdq]khy]shnmr ne Sgnlornm#r

fqnto � - SpTmr- .ldp- LTsg- Mnb-) 242’3(90566z0578 ’dkdbsqnmhb() 1..0- LQ 1��0g91..76
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Y2“ Inrfid Atqhkkn- Pt]rh,hrnldsqhb]kkx dladccdc rtafqntor ne Sgnlornm#r fqnto � - I- .jfdapT)

101’0(954z67) 0888- LQ 88k91..40

Y3“ I- U- B]mmnm) U- I- Eknxc) ]mc U- Q- N]qqx- Gmsqnctbsnqx mnsdr nm Qhbg]qc Sgnlornm#r

fqntor- JfiCmr- LTsg-) 319104z145) 0885- LQ 85:91..47

Y4“ Rd]m Bkd]qx ]mc Idmmhedq S]a]bi- Sgnlornm#r fqnto � hr mns ]klnrs bnmudw- I- .jfdapT- sn

]ood]q-

Y5“ Ak]id Enqcg]l- LhmhlTj Jdmfsg Cjdldmsr ne Sgnlornmfir fpnto � - Ng-C- sgdrhr) Aqhfg]l

Wntmf Tmhu) 0884-

CdoYpsldms ne IYsgdlYshbr’ Ahsw Ankkdfd ne Mdv Unpi’ Ahsw Tmhudprhsw ne Mdv

Unpi’ Mdv Unpi’ Mdv Unpi 0..20

C’lThj Tccpdrr9 bkd@nu.rbh�bbmu�btmu�dct

CdoYpsldms ne IYsgdlYshbr Ymc RsYshrshbr’ Tmhudprhsw Ys 9kaYmw’ 9kaYmw’ Mdv Unpi

01111

C’lThj Tccpdrr9 is@a@bj.l@se�@ka@mu�dct
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