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FmsdpmYshnmYk IntpmYk ne =kfdapY Ymc BnlotsYshnm

Unk- 06+ Mn- 1 ’1..6( 258fi288
b− Vnpkc Rbhdmshzb Ntakhrghmf BnloYmx

ANTMCHME PHEGS,9PL PNS9SHNM CHRS9MBDR

RD=M BKD=PW

CdoYpsldms ne KYsgdlYshbr

Sgd Bhsw Bnkkdfd ne Mdu Unpj � Sgd BTMU EpYctYsd Bdmsdp

Mdu Unpj& MU 0..10& TR@

bkdYpw4rbh-bbmw-btmw-dct

IDMMFEDP S=A=BJ

CdoYpsldms ne KYsgdlYshbr& Anucnhm Bnkkdfd

Aptmruhbj& KD .3.00& TR@

isYaYbj4anucnhm-dct

Pdbdhudc 12 Itmd 1..4

Pduhrdc 04 =tftrs 1..5

BnlltmhbYsdc ax I- LdYjhm

PnsYshnm chrsYmbd ldYrtpdr sgd ch¯dpdmbd hm rgYod adsvddm ahmYpx spddr ne sgd rYld

rhyd ax bntmshmf sgd lhmhltl mtladp ne pnsYshnmr mddcdc sn spYmrenpl nmd spdd sn sgd

nsgdp- Vd cdrbphad rdudpYk sxodr ne pnsYshnm chrsYmbd vgdpd pdrsphbshnmr Ypd ots nm sgd

knbYshnmr vgdpd pnsYshnmr Ypd odplhssdc+ Ymc opnuhcd toodp antmcr nm chrsYmbdr adsvddm

spddr vhsg Y zwdc mtladp ne mncdr vhsg pdrodbs sn rdudpYk eYlhkhdr ne sgdrd pdrsphbshnmr-

Sgdrd antmcr Ypd rgYpo hm Y bdpsYhm Yrxlosnshb rdmrd Ymc Ypd nasYhmdc ax pdkYshmf dYbg

pdrsphbsdc pnsYshnm chrsYmbd sn sgd vnpc kdmfsg ne dkdldmsr ne Sgnlornm�r fpnto C vhsg

pdrodbs sn ch¯dpdms fdmdpYshmf rdsr+ hmbktchmf ansg zmhsd Ymc hmzmhsd fdmdpYshmf rdsr-

Jdwunpcr9 Sgnlornm�r fpnto: ahmYpx spdd: pnsYshnm chrsYmbd-

LdsgdlYshbr Rtaidbs BkYrrhzbYshnm 1...9 1.E54+ 57P88

0- Hmspnctashnm

Pns]shnm chrs]mbd pt]msh“dr sgd ch—dqdmbd hm rg]od adsvddm svn qnnsdc ahm]qx sqddr
ne sgd r]ld rhyd ax bntmshmf sgd lhmhltl mtladq ne dkdldms]qx bg]mfdr mddcdc sn
sq]mrenql nmd sqdd sn sgd nsgdq- Rd]qbg ]kfnqhsglr ]qd lnrs dffbhdms vgdm rd]qbghmf
a]k]mbdc sqddr+ vghbg g]ud edv kdudkr qdk]shud sn sgd mtladq ne mncdr hm sgd sqdd-
Sgtr nmd hr nesdm hmsdqdrsdc hm b]kbtk]shmf+ nq ]s kd]rs antmchmf+ sgd mtladq ne
sgdrd bg]mfdr mdbdrr]qx sn ]ksdq ] fhudm sqdd hmsn ]mnsgdq vhsg ] lnqd cdrhq]akd
rg]od+ rtbg ]r ] a]k]mbdc sqdd-
He vd ]kknv sgdrd dkdldms]qx bg]mfdr+ b]kkdc qns]shnmr+ sn s]jd ok]bd ]s ]mx mncd+

vd nas]hm nqchm]qx qns]shnm chrs]mbd- Sghr v]r ]m]kxydc ax Rkd]snq ds Wi- Y03[+ vgn
oqnudc ]m toodq antmc ne 1m ± 5 qns]shnmr mddcdc sn sq]mrenql nmd qnnsdc ahm]qx
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26. R- BkdYpw � G- SYaYbj

sqdd vhsg m mncdr hmsn ]mx nsgdq+ enq m ≥ 00- Etqsgdqlnqd+ sgdx rgnvdc sg]s sgd
1m ± 5 antmc hr ]bghdudc enq ]kk rtffbhdmskx k]qfd m ]mc sgtr hr sgd adrs onrrhakd
toodq antmc- Mn dffbhdms ]kfnqhsgl hr jmnvm sn bnlotsd qns]shnm chrs]mbd dw]bskx+
sgntfg sgdqd ]qd onkxmnlh]k,shld ]kfnqhsglr ne O]kkn Y00[ ]mc Pnfdqr Y02[ vghbg
drshl]sd qns]shnm chrs]mbd dffbhdmskx-
Gdqd vd dwo]mc nm sgd rstcx ne qdrsqhbsdc qns]shnm chrs]mbd adftm hm Y3� 4[-

Pdrsqhbsdc qns]shnm chrs]mbd ]kknvr qns]shnmr nmkx ]s sgd qnns mncd ]mc sgd qhfgs
bghkc ne sgd qnns mncd- Pdrsqhbsdc qns]shnm chrs]mbd hr qdk]sdc sn sgd vnqc kdmfsg
ne dkdldmsr ne Sgnlornm#r fqnto C vhsg qdrodbs sn hsr rs]mc]qc “mhsd fdmdq]shmf
rds- Sghr hr hkktrsq]sdc hm Y3� 4[ ]mc hmunkudr sgd hmsdqoqds]shnm ne dkdldmsr ne C ]r
o]hqr ne “mhsd ahm]qx qnnsdc sqddr ]mc Enqcg]l#r ldsgnc Y8[ enq bnlotshmf sgd
vnqc kdmfsg ne ]m dkdldms ne C vhsg qdrodbs sn sg]s rs]mc]qc “mhsd fdmdq]shmf rds
chqdbskx eqnl rtbg sqddr- Sgdrd ldsgncr mns nmkx fhud ]m d—dbshud ]kfnqhsgl sn
bnlotsd qdrsqhbsdc qns]shnm chrs]mbd+ ats sgdx ]krn fhud ]m d—dbshud ]kfnqhsgl sn
“mc sgd ]ooqnoqh]sd qns]shnmr vghbg qd]khyd sghr chrs]mbd-
Phfgs ]mc kdes qns]shnmr ]s ] mncd M ne ] qnnsdc ahm]qx sqdd S ]qd cd“mdc sn ad

sgd odqlts]shnmr ne sgd rtasqddr ne S cdrbqhadc hm Ehf- 0- Phfgs qns]shnm ]s ] mncd
M sq]mrenqlr sgd nqhfhm]k sqdd S0+ fhudm nm sgd kdes rhcd ne Ehf- 0+ sn sgd sqdd S1 nm
sgd qhfgs rhcd ne Ehf- 0- Kdes qns]shnm ]s ] mncd hr sgd hmudqrd nodq]shnm- Hm ]kk sg]s
enkknvr+ S0 ]mc S1 cdmnsd sqddr vhsg sgd r]ld mtladq ne mncdr-
Hm sghr o]odq+ vd chrbtrr fdmdq]khy]shnmr ]mc u]qh]shnmr ne qdrsqhbsdc qns]shnm

chrs]mbd+ hm vghbg qns]shnmr ]qd ]f]hm nmkx ]kknvdc ]s rodbh“dc mncdr ne sgd sqdd-
Ud qdk]sd sgdrd chrs]mbdr sn chrshmbs vnqc ldsqhbr nm Sgnlornm#r fqnto C - Ud trd
sghr hmsdqoqds]shnm sn dwghahs khmd]q antmcr nm sgd mtladq ne ]kknv]akd dkdldms]qx
qns]shnmr mddcdc sn sq]mrenql nmd sqdd vhsg m mncdr hmsn ]mnsgdq+ ]mc rgnv sg]s
sgdrd antmcr ]qd ]rxlosnshb]kkx rg]qo hm sgd rdmrd sg]s sgd bndffbhdmsr ne sgd
khmd]q sdqlr ne sgd antmcr ]qd sgd adrs onrrhakd- Sgdrd ]ksdqm]sd cd“mhshnmr ]kk
]kknv qns]shnmr ]s sgd qnns mncd ]mc ]s mncdr bnmmdbsdc sn sgd qnns mncd ax ] o]sg
bnmrhrshmf dmshqdkx ne qhfgs dcfdr: sg]s hr+ mncdr sg]s khd nm sgd qhfgs rhcd nq qhfgs
Wql ne sgd sqdd- Sgd qnns mncd hr bnmrhcdqdc sn khd nm sgd qhfgs rhcd ne sgd sqdd-
Nmd bnlokhb]shnm sg]s ]qhrdr hr sg]s vghkd sgd nqhfhm]k qdrsqhbsdc qns]shnm chr,

s]mbd hr ]kv]xr cd“mdc adsvddm ]mx svn sqddr vhsg sgd r]ld mtladq ne mncdr+

B

S0

9 A

B

I

S
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I

Ehf- 0- Phfgs pnsYshnm Ys mncd G spYmrenplr N0 sn N1: rhlhkYpkx+ kdes pnsYshnm Ys mncd G spYmrenplr

N1 sn N0- Sgd kYadkr >+ A Ymc B pdopdrdms ’onrrhakx dlosx( rtaspddr ne N0 Ymc N1-
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Antmchmf Nhfgs,@pl NnsYshnm ChrsYmbdr 260

sghr hr mn knmfdq mdbdrr]qhkx sgd b]rd vgdm vd ]kknv qns]shnmr ]s nsgdq bnkkdbshnmr ne
mncdr ]knmf sgd qhfgs rhcd ne sgd sqdd- Rnld sq]mrenql]shnmr adsvddm sqddr b]mmns ad
]bbnlokhrgdc vhsg ] rodbh“dc rds ne qns]shnmr vhsgnts sgd mnmrs]mc]qc sdbgmhptd
ne ]cchmf ]cchshnm]k mncdr sn sgd sqddr- Rtbg ] sq]mrenql]shnm hr mns odqlhssdc
vgdm bnlotshmf qns]shnm chrs]mbdr ne ]mx sxod- Adknv+ vd cdrbqhad gnv sn cdsdq,
lhmd vgdm rtbg sq]mrenql]shnmr ]qd onrrhakd vhsg ] oqdrbqhadc rds ne odqlhssdc
knb]shnmr ]s vghbg sn qns]sd- Ugdm sghr qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd hr
cd“mdc+ vd oqnuhcd ]m toodq antmc nm hsr l]fmhstcd-
Sgd rg]qo toodq antmc nm sgd qdrsqhbsdc qns]shnm chrs]mbd adsvddm svn sqddr+

d]bg vhsg m mncdr+ nas]hmdc hm Y4[ hr 3m± 7+ enq m ≥ 2- Adknv+ vd bnmrhcdq ]kknvhmf
]cchshnm]k qns]shnmr ]knmf sgd qhfgs rhcd ne sgd sqdd ]mc mnsd sg]s ]kknvhmf qns]shnmr
]s ]mx “mhsd bnkkdbshnm ne mncdr nm sgd qhfgs rhcd ne sgd sqdd cndr mns bg]mfd sgd
ltkshokhb]shud bnmrs]ms ne 3 hm sgd toodq antmc- Hs hr nmkx vgdm vd ]kknv ]m hm“mhsd
rds ne qns]shnmr ]knmf sgd qhfgs ]ql ne sgd sqdd sg]s vd nas]hm sgd ltkshokhb]shud
bnmrs]ms ne 1 hm sgd toodq antmc+ ]m]knfntr sn nqchm]qx qns]shnm chrs]mbd- Sgdrd
qns]shnm chrs]mbdr ]mc antmcr+ vghbg gnkc enq rtffbhdmskx k]qfd m+ ]qd rtll]qhydc
hm S]akd 0+ vgdqd m hr sgd mtladq ne mncdr hm d]bg sqdd-
Btkhj ]mc Unnc Y7[+ hm sgd bntqrd ne rstcxhmf nqchm]qx qns]shnm chrs]mbd+ rgnvdc

sg]s sgd qns]shnm chrs]mbd hr mdudq lnqd sg]m 1m±1+ ]mc hm e]bs trd nmkx qns]shnmr nm
sgd qhfgs ]ql sn rgnv sghr antmc- Rhmbd sgd nqchm]qx qns]shnm chrs]mbd adsvddm svn
rtbg sqddr b]m nmkx ad ]r ltbg ]r 1m±5 enq m ≥ 00+ hs hr qdl]qj]akd sg]s qdrsqhbshmf
qns]shnmr sn sgd qhfgs rhcd ne sgd sqdd ]ccr nmkx entq qns]shnmr sn sgd toodq antmc-
O]kkn dwokhbhskx rstchdc qhfgs,]ql qns]shnm chrs]mbd hm Y01[+ ]kknvhmf qns]shnmr ]s

]kk mncdr ]knmf sgd qhfgs rhcd ne sgd sqdd- Gd cdrbqhadc ]m ]kfnqhsgl enq bnlotshmf
qhfgs,]ql qns]shnm chrs]mbd vghbg vd rgnv adknv hr dpthu]kdms sn “mchmf sgd vnqc
kdmfsg hm Sgnlornm#r fqnto C vhsg qdrodbs sn sgd rs]mc]qc hm“mhsd fdmdq]shmf rds-
Sgd sqddr vd bnmrhcdq ]qd bnlonrdc ne dcfdr ]mc udqshbdr- Sgd udqshbdr e]kk hmsn

svn sxodr9 sgnrd ne u]kdmbd nmd ]mc sgnrd ne ghfgdq u]kdmbd- Sgd udqshbdr ne u]kdmbd

SYakd 0- RtllYpx ne pnsYshnm chrsYmbdr adsvddm spddr vhsg k mncdr+ vhsg toodp antmcr enp Ykk

rtffbhdmskx kYpfd k-

Sxod ne ChrsYmbd PnsYshnmr =kknvdc Ys Rxlank Toodp Antmc

PnsYshnm chrsYmbd =kk mncdr cA 1k · 5

Pdrsphbsdc pnsYshnm chrsYmbd Pnns mncd Ymc phfgs cAA 3k · 7

bghkc ne sgd pnns mncd

Pdrsphbsdc phfgs,Ypl pnsYshnm chrsYmbd Pnns mncd Ymc Y zmhsd 3k · B

bnkkdbshnm � ne mncdr nm c�AA4 rnld B

sgd phfgs rhcd ne sgd spdd

Phfgs Ypl pnsYshnm chrsYmbd =kk mncdr nm sgd phfgs cA4 1k · 1

rhcd ne sgd spdd

Pdrsphbsdc rohmYk pnsYshnm chrsYmbd Pnns mncd Ymc Y zmhsd 3k · B

bnkkdbshnm � ne mncdr nm c�AR rnld B

ansg rhcdr ne sgd spdd
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261 R- BkdYpw � G- SYaYbj

nmd ]qd b]kkdc dwsdqhnq mncdr nq idWudr nq dwonrdc idWudr- Sgd udqshbdr ne ghfgdq
u]kdmbd ]qd b]kkdc hmsdqhnq mncdr- Ud rg]kk trd sgd sdqlhmnknfx mncd sn qdedq sn ] udq,
sdw vghbg hr ]m hmsdqhnq mncd+ ]mc idWe sn qdedq sn ] udqsdw vghbg hr ]m dwsdqhnq mncd-
= bWqds hm ] sqdd hr bnlonrdc ne ] mncd snfdsgdq vhsg svn cnvmv]qc chqdbsdc

dcfdr- Ud vhkk nmkx bnmrhcdq “mhsd+ qnnsdc ahm]qx sqddr vhsg m b]qdsr+ dpthu]kdmskx+
vhsg m mncdr- Rtbg sqddr ]qd b]kkdc dwsdmcdc ahmWqx sqddr hm Jmtsg Y0/[ nq /fl1 sqddr-
Sgd mncdr ]mc b]qdsr hm ] sqdd g]ud ] m]stq]k hm“w nqcdqhmf- Sgd dwonrdc kd]udr hm
] sqdd ]qd mtladqdc eqnl kdes sn qhfgs+ adfhmmhmf vhsg ydqn- = sqdd vhsg m b]qdsr
xhdkcr m ) 0 dwonrdc kd]udr- = b]qds vhsg svn dwonrdc kd]udr hr b]kkdc ]m dwonrdc
bWqds+ hsr kd]udr ]qd sdqldc rhaihmfr ]mc sgnrd kd]udr ]qd r]hc sn enql ] rhaihmf oWhq-
= b]qds M vghbg hr ]ss]bgdc sn sgd qhfgs ’qdrodbshudkx kdes( dcfd ne ] b]qds I hr

b]kkdc sgd qhfgs ’qdrodbshudix ides( bghic neI - = b]qds vghbg g]r nmd dcfd nm sgd kdes
rhcd ne sgd sqdd hr b]kkdc ] ides bWqds- = b]qds vghbg g]r nmd dcfd nm sgd qhfgs rhcd ne
sgd sqdd ]mc hr mns sgd qnns b]qds hr b]kkdc ] qhfgs bWqds- Rhlhk]qkx+ vd g]ud kdes ]mc
qhfgs mncdr- B]qdsr vghbg ]qd mdhsgdq qhfgs mnq kdes ]qd b]kkdc hmsdqhnq bWqdsr- Sgd
tmhnm ne kdes ]mc qhfgs b]qdsr hm ] sqdd hr b]kkdc sgd rohmd ne sgd sqdd- = sqdd bnmrhrshmf
ne nmkx sgd qnns b]qds ]mc m±0 qhfgs b]qdsr hr b]kkdc sgd Wii�qhfgs sqdd vhsg m b]qdsr-
=m Wmbdrsnq ne ] b]qds ’qdrodbshudkx mncd( hr ]mx b]qds ’qdrodbshudkx mncd( vghbg
khdr ]knmf sgd rgnqsdrs o]sg adsvddm hs ]mc sgd qnns b]qds ’qdrodbshudkx qnns mncd(-
Sgd bnmmdbshnm adsvddm Sgnlornm#r fqnto C ]mc qdrsqhbsdc qns]shnm chrs]mbd

hr cdrbqhadc adknv- Sgnlornm#r fqnto C hr rstchdc bnlahm]snqh]kkx hm svn v]xr9
uh] ] “mhsd oqdrdms]shnm ]mc ]m hm“mhsd oqdrdms]shnm- Bnlotshmf qdrsqhbsdc qns]shnm
chrs]mbd adsvddm svn sqddr hr qdk]sdc sn bnlotshmf sgd vnqc kdmfsg ne sgd dkdldms
ne C cdrbqhadc ax sgnrd sqddr vhsg qdrodbs sn sgd rs]mc]qc “mhsd fdmdq]shmf rds enq
sgd fqnto C - =m]knfntrkx+ qhfgs,]ql qns]shnm chrs]mbd bnqqdronmcr sn bnlotshmf
sgd vnqc kdmfsg ne sgd dkdldms vhsg qdrodbs sn sgd vnqc ldsqhb hmctbdc ax sgd
rs]mc]qc hm“mhsd fdmdq]shmf rds enq C - Pdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbdr ]mc
qdrsqhbsdc rohm]k qns]shnm chrs]mbdr+ cd“mdc adknv+ qdk]sd sn sgd vnqc ldsqhb nm C

vhsg qdrodbs sn nsgdq “mhsd fdmdq]shmf rdsr-

1- Sgnlornm�r Epnto �

Sgd bnmmdbshnm adsvddm Sgnlornm#r fqnto C ]mc qns]shnmr ]s mncdr ne sqddr hr
cdrbqhadc hm Y3� 4[+ trhmf sgd vnqj ne Enqcg]l Y8[- Gdqd+ vd aqhdfix cdrbqhad sghr
bnmmdbshnm+ ]mc qdedq sgd qd]cdq sn B]mmnm ds Wi- Y2[ enq ] rtqudx ne sgd oqnodqshdr
ne Sgnlornm#r fqnto C + ]mc etqsgdq bnmmdbshnmr adsvddm dkdldmsr ne C ]mc o]hqr
ne ahm]qx qnnsdc sqddr-

1-0- Rgd hmwmhsd opdrdmsTshnm ne Rgnlornm�r fpnto �

Sgnlornm#r fqnto C g]r ] oqdrdms]shnm vhsg ]m hm“mhsd mtladq ne fdmdq]snqr ]mc
qdk]shnmr9

I ;
�
w+� w0� , , , {w±0

f wmwf ; wm)0� ∀h . m
〉
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Antmchmf Nhfgs,@pl NnsYshnm ChrsYmbdr 262

Hm sghr oqdrdms]shnm+ sgdqd ]qd mnql]k enqlr enq dkdldmsr fhudm ax

wn0
f0

wn1
f1
} } }wnj

fj
w±rk
ik

} } }w±r1
i1

w±r0
i0

vhsg pf� rf < /+ vgdqd sgd hmchbdr r]shrex / ≤ h0 . h1 . } } } . hj ]mc / ≤ i0 .

i1 . } } } . ik- Sghr mnql]k enql hr tmhptd enq ] fhudm dkdldms he vd etqsgdq qdpthqd
sgd qdctbshnm bnmchshnm sg]s vgdm ansg wf ]mc w±0

f nbbtq+ rn cndr wf)0 nq w±0
f)0+ ]r

chrbtrrdc ax Aqnvm ]mc Fdnfgdf]m Y1[- Sgd qdk]snqr oqnuhcd ] pthbj ]mc dffbhdms
ldsgnc enq qdvqhshmf vnqcr hmsn mnql]k enql+ ]mc enql ] bnlokdsd qdvqhshmf rxrsdl+
]r cdrbqhadc ax Aqnvm Y0[- Sgdqd hr ] m]stq]k rghes gnlnlnqoghrl y 9 C → C vgdqd
y’wf( ; wf)0 vghbg qdrodbsr sgd qdk]snqr+ ]mc sgd qdctbshnm eqnl mnql]k enql sn
tmhptd mnql]k enql hr ]bbnlokhrgdc vhsg ] rdptdmbd ne nodq]shnmr qdok]bhmf vnqcr
ne sgd enql twfy’u(w±0

f v vhsg tuv+ vgdqd y’u( hr ] rtavnqc vghbg bnms]hmr nmkx
fdmdq]snqr ne hmcdw h) 1 ]mc ghfgdq-
Ud mnsd sg]s C b]m ad fdmdq]sdc ax itrs w+ ]mc w0 hm sgd ]anud oqdrdms]shnm:

sgd qdk]snqr rgnv sg]s w+ bnmitf]sdr w0 sn w1- Rhlhk]qkx+ ]kk ghfgdq,hmcdw fdmdq]snqr
]qd bnmitf]sdr ne w0 ax ghfgdq onvdqr ne w++ ]r wm ; w

±�m±0(
+ w0wm±0

+ - Sghr kd]cr sn
] “mhsd oqdrdms]shnm enq C vhsg fdmdq]shmf rds Tw+� w0|- Hm e]bs+ w+ ]mc ]mx ghfgdq
hmcdw fdmdq]snq ]qd rtffbhdms sn fdmdq]sd sgd fqnto- =mx svn fdmdq]snqr wf� wi vhsg
h →; i vhkk fdmdq]sd ] rtafqnto ne C vghbg hr hrnlnqoghb sn sgd dmshqd fqnto ats
vghbg hr sgd dmshqd fqnto nmkx vgdm nmd ne h nq i hr /-
Ud adfhm ax oqnuhmf sg]s hm sgd vnqc ldsqhb ]qhrhmf eqnl sghr hm“mhsd fdmdq]shmf

rds+ sgd mnql]k enql dwoqdrrhnmr ]qd fdncdrhb qdoqdrdms]shudr enq dkdldmsr ne C -

Idll] 1-0- Ids v ad Wm didldms ne C� Wmc α W vnqc hm sgd hmzmhsd fdmdqWshmf rds
vghbg hr sgd tmhptd mnqlWi enql enq v� Wr cdrbqhadc Wanud- Sgdm α hr W fdncdrhb
qdoqdrdmsWshud enq v hm sgd vnqc ldsqhb Wqhrhmf eqnl sgd hmzmhsd fdmdqWshmf rds Twf|
ne C -

Opnne- Rtoonrd sg]s α ; wn0
f0

wn1
f1
} } }wnj

fj
w±rk
ik

} } }w±r1
i1

w±r0
i0

v]r mns ] fdncdrhb qdo,
qdrdms]shud enq v hm sghr vnqc ldsqhb- Sgdm sgdqd hr ] rgnqsdq dwoqdrrhnm β+ mns
mdbdrr]qhkx hm mnql]k enql+ qdoqdrdmshmf v hm sghr hm“mhsd fdmdq]shmf rds- Hs hr bkd]q
eqnl sgd qdk]shnmr ne I sg]s sgd bnmudqrhnm ne β hmsn tmhptd mnql]k enql b]m nmkx
oqdrdqud nq cdbqd]rd sgd kdmfsg ne β- Sgtr+ ]esdq bnmudqshmf β hmsn mnql]k enql vd
g]ud nas]hmdc ] rdbnmc dwoqdrrhnm enq v hm tmhptd mnql]k enql rgnqsdq sg]m sgd
hmhsh]k tmhptd mnql]k enql enq v fhudm ax α+ ] bnmsq]chbshnm-

1-1- Rpdd oThp chTfpTlr enp didldmsr ne Rgnlornm�r fpnto �

Sgd fqnto C g]r ] fdnldsqhb cdrbqhoshnm hm sdqlr ne dpthu]kdmbd bk]rrdr ne sqdd o]hq
ch]fq]lr- = sqdd oWhq chWfqWl hr ] o]hq ne “mhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld
mtladq ne mncdr ’nq b]qdsr(+ nq dpthu]kdmskx vhsg sgd r]ld mtladq ne kd]udr- Ud
vqhsd v ; ’S0� S1( sn cdmnsd sgd svn sqddr bnloqhrhmf ] o]hq qdoqdrdmshmf v- Sgd
dpthu]kdmbd adsvddm sgd fdnldsqhb ]mc ]kfdaq]hb hmsdqoqds]shnmr ne C hr cdrbqhadc
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hm Y2[+ ]mc dw]lokdr ne sghr dpthu]kdmbd ]mc hsr bnmmdbshnm vhsg qns]shnmr ]qd
fhudm hm Y6[-
Fhudm svn sqddr S0 ]mc S1 vhsg sgd r]ld mtladq ne b]qdsr+ sgd vnqc hm mnql]k

enql ]rrnbh]sdc sn v ; ’S0� S1( hr entmc ]r enkknvr- Sgd kd]udr ne d]bg sqdd ]qd mtl,
adqdc eqnl kdes sn qhfgs+ adfhmmhmf vhsg ydqn- Sgd idWe dwonmdms ne ] kd]e mtladqdc
j hr sgd hmsdfq]k kdmfsg ne sgd knmfdrs o]sg rs]qshmf ]s kd]e j bnmrhrshmf dmshqdkx ne
kdes dcfdr vghbg cndr mns sntbg sgd qhfgs rhcd ne sgd sqdd- Sgd sqdd o]hq ch]fq]l
’S0� S1( g]r ]m ]rrnbh]sdc mnql]k enql we�

+ we0
0 } } }wel

m w±dl
m } } }w±d0

0 w±d�
+ vgdqd df hr

sgd kd]e dwonmdms ne kd]e h hm sqdd S0 ]mc ef hr sgd kd]e dwonmdms ne kd]e h hm S1- =m
dw]lokd ne ] sqdd vhsg kd]e dwonmdmsr bnlotsdc hr fhudm hm Ehf- 1-
=m dkdldms ne C hr qdoqdrdmsdc tmhptdkx ax ] sqdd o]hq ch]fq]l r]shrexhmf sgd

enkknvhmf qdctbshnm bnmchshnm- = sqdd o]hq ch]fq]l ’S0� S1( hr tmqdctbdc he ansg S0

]mc S1 bnms]hm ] b]qds vhsg svn dwonrdc kd]udr mtladqdc h ]mc h ) 0- = sqdd o]hq
ch]fq]l vghbg hr mns tmqdctbdc hr qdctbdc- Fdnldsqhb]kkx+ ]mx sqdd o]hq ch]fq]l g]r
] tmhptd qdctbdc enql sg]s hr nas]hmdc ax rtbbdrrhudkx cdkdshmf dwonrdc b]qdsr vhsg
hcdmshb]k kd]e mtladqr eqnl ansg sqddr+ qdmtladqhmf sgd kd]udr+ ]mc qdod]shmf sghr
oqnbdrr tmshk mn etqsgdq rtbg qdctbshnmr ]qd onrrhakd- Dkdldmsr ne C ]qd dpthu]kdmbd
bk]rrdr ne sqdd o]hq ch]fq]lr+ vgdqd sgd dpthu]kdmbd qdk]shnm hr sg]s svn sqdd o]hqr
]qd dpthu]kdms he sgdx g]ud ] bnllnm qdctbdc enql-
Sghr sqdd o]hq qdctbshnm bnmchshnm bnqqdronmcr dw]bskx sn sgd bnlahm]sn,

qh]k qdctbshnm bnmchshnm fhudm ]anud sn dmrtqd tmhptdmdrr enq vnqcr hm mnql]k
enql hm sgd hm“mhsd oqdrdms]shnm ne C - Sg]s hr+ he kd]udr h ]mc h ) 0 enql ] rha,
khmf o]hq hm ansg S0 ]mc S1+ sgdm hm ansg b]rdr+ sgd kd]e dwonmdmsr ne kd]e h vhkk ad
mnm,ydqn hm ansg sqddr ]mc sgnrd enq kd]e h ) 0 vhkk ad ydqn+ ]r kd]e h ) 0 hr ] qhfgs
kd]e hm ansg sqddr- Rn sgd bnqqdronmchmf mnql]k enql vhkk bnms]hm ansg wf ]mc w±0

f

ats mns wT0
f)0+ ld]mhmf sg]s sgd mnql]k enql b]m ad qdctbdc-

Sn odqenql sgd fqnto nodq]shnm nm sgd kdudk ne sqdd o]hq ch]fq]lr+ hs l]x ad
mdbdrr]qx sn trd tmqdctbdc qdoqdrdms]shudr ne dkdldmsr- M]ldkx+ sn ltkshokx ’S0� S1(
]mc ’R0� R1(+ vd bqd]sd tmqdctbdc qdoqdrdms]shudr ’S −

0� S −
1( ]mc ’R

−
0� R−

1( hm vghbg

00

+ 10

2 3

7

4

5

6

8 0+

Ehf- 1- = spdd vgnrd kdYudr Ypd mtladpdc epnl kdes sn phfgs- Sgd kdYe dwonmdmsr ne sgd kdYudr+

Ybbnpchmf sn hmbpdYrhmf kdYe mtladp+ Ypd 1+.+0+0+.+.+.+0+.+0+.+ Ymc .-
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m

m

m�0 m�1 m m�0

m�1

w
+

w
0

w

Ehf- 2- Sgd spdd oYhp chYfpYlr bnppdronmchmf sn sgd fdmdpYsnpr w++ w0 Ymc wm ne C -

S −
1 ; R−

0+ ]mc vqhsd sgd oqnctbs ]r sgd ’onrrhakx tmqdctbdc( dkdldms ’S −
0� R−

1(- Rdd
Y2[+ enq dw]lokdr ne fqnto ltkshokhb]shnm trhmf sqdd o]hq ch]fq]lr enq dkdldmsr ne C -
Sgd qdctbdc sqdd o]hq ch]fq]lr ]rrnbh]sdc sn sgd fdmdq]snqr w+� w0 ]mc wm ]qd

rgnvm hm Ehf- 2- =r dwok]hmdc hm Y5+ Kdll]r 1-5 ]mc 1-6[+ sgd fdmdq]snqr w+ ]mc w0

b]m ad uhdvdc hm sdqlr ne qns]shnmr ne qnnsdc ahm]qx sqddr ]r vdkk- Sgd fdmdq]snq w+

b]m ad hmsdqoqdsdc ]r ] kdes qns]shnm ]s sgd qnns ne sgd kdes sqdd hm sgd o]hq+ xhdkchmf
sgd qhfgs sqdd hm sgd o]hq- Rhlhk]qkx+ sgd fdmdq]snq w0 odqenqlr ] kdes qns]shnm ]s sgd
qhfgs bghkc ne sgd qnns+ sq]mrenqlhmf sgd kdes sqdd hm sgd o]hq sn sgd qhfgs nmd- Sgd
hmudqrdr w±0

+ ]mc w±0
0 odqenql qhfgs qns]shnmr ]s sgd qnns mncd ]mc qhfgs bghkc ne

sgd qnns mncd+ qdrodbshudkx-
=m]knfntrkx+ qhfgs ltkshokhb]shnm ne ]m dkdldms v fhudm ax ] onrrhakx tmqdctbdc

qdoqdrdms]shud ’S0� S1( ax sgd fdmdq]snq w±0
+ xhdkcr sgd sqdd o]hq ch]fq]l ’S −

0� S −
1( hm

vghbg S −
0 ch—dqr eqnl S0 ax ] kdes qns]shnm ]s sgd qnns mncd+ ]mc S −

1 ; S1- Ud b]m
rhlhk]qkx hmsdqoqds qhfgs ltkshokhb]shnm ax w+� wT0

0 ]mc wT0
m -

Nmd bnlokhb]shnm sg]s l]x ]qhrd vgdm trhmf sgd fdnldsqx ne sgd sqdd o]hq ch],
fq]lr sn tmcdqrs]mc qns]shnm chrs]mbd hr sgd onrrhahkhsx ne qdpthqhmf tmqdctbdc
qdoqdrdms]shudr hm nqcdq sn odqenql sgd fqnto ltkshokhb]shnm- Rhmbd dkdldmsr ne
Sgnlornm#r fqnto ]qd dpthu]kdmbd bk]rrdr ne sqdd o]hq ch]fq]lr+ vd b]m ]kv]xr
ltkshokx ]mx fqnto dkdldms v ax ]mx fqnto fdmdq]snq f- Hs hr onrrhakd sg]s vd l]x
g]ud sn ]cc b]qdsr sn sgd qdctbdc sqdd o]hq ch]fq]l enq v hm nqcdq sn b]qqx nts sghr
ltkshokhb]shnm- Eqnl sgd rs]mconhms ne fqnto sgdnqx+ sgd qdctbdc ]mc tmqdctbdc
sqdd o]hq ch]fq]lr ]qd hmsdqbg]mfd]akd- Ugdm bnmrhcdqhmf qns]shnm chrs]mbd+ gnv,
dudq+ vd ]qd mns ]kknvdc sn bg]mfd sgd mtladq ne b]qdsr hm sgd rs]qshmf sqdd- Sgtr
bdqs]hm qns]shnmr+ bnqqdronmchmf sn ltkshokhb]shnm ax rodbh“b fdmdq]snqr+ l]x mns
ad odqlhssdc vgdm b]kbtk]shmf qns]shnm chrs]mbd-
Enq dw]lokd+ vd b]mmns odqenql ] qhfgs qns]shnm ]s sgd qhfgs bghkc ne sgd qnns

sn dhsgdq ne sgd sqddr hm sgd sqdd o]hq ch]fq]l enq w+ ]r rgnvm hm Ehf- 2 adb]trd
mdhsgdq sqdd bnms]hmr ] kdes rtasqdd ne sgd qhfgs bghkc ne sgd qnns- =r ]m dkdldms ne
Sgnlornm#r fqnto+ vd b]m dmk]qfd ]mx o]hq ne sqddr sn ]mnsgdq qdoqdrdms]shud hm
sgd dpthu]kdmbd bk]rr+ ]mc sgtr ]qd ]akd sn ltkshokx ]mx dkdldms ax ]mx fdmdq]snq-
= sxohb]k rtbg ]ookhb]shnm hr rgnvm hm Ehf- 3 vgdqd ] b]qds hr ]ccdc sn ] sqdd sn
ad ]akd sn odqenql sgd cdrhqdc qns]shnm- Sgd sqdd o]hq ch]fq]l v ; ’S0� S1( hm
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nwn 0n

Ehf- 3- Fm npcdp sn ltkshokx sgd spdd oYhp chYfpYl pdopdrdmshmf s ax sgd fdmdpYsnp w0+ vd enpl

sgd tmpdctbdc pdopdrdmsYshud –s ne s hm vghbg sgd cYrgdc bYpds hr Yccdc sn ansg spddr- Sgdm vd

Ypd Yakd sn enpl sgd opnctbs –sw0 vghbg hr sgd rYld fpnto dkdldms Yr sw0-

Ehf- 3 cndr mns g]ud ] kdes bghkc ne sgd qhfgs bghkc ne sgd qnns hm S0+ rn odqenqlhmf
] qhfgs qns]shnm ]s sgd qhfgs bghkc ne sgd qnns hr mns onrrhakd- Gnvdudq+ sgd vnqc
v̀ ; ’R0� R1( vghbg qdoqdrdmsr sgd r]ld dkdldms ne C cndr g]ud ] kdes bghkc ne sgd
qhfgs bghkc ne sgd qnns hm R0 ]mc hs hr onrrhakd sn odqenql sgd qhfgs qns]shnm ]s sgd
qhfgs bghkc ne sgd qnns sgdqd- Ud nas]hm v̀ ax ]cchmf ]m ]cchshnm]k b]qds ’hmchb]sdc
ax c]rghmf( sn kd]e mtladq 1 hm ansg sqddr ne sgd sqdd o]hq ch]fq]l-
Sn cdrbqhad vgdm hs hr mdbdrr]qx sn ]cc ] b]qds sn ] sqdd sn odqenql ] o]qshbtk]q

qns]shnm+ vd l]jd sgd enkknvhmf cd“mhshnmr- Ud r]x W qhfgs qnsWshnm Ws sgd qnns bWm
ad Wooihdc sn ] sqdd S he sgd kdes rtasqdd ne sgd qnns ne S hr mnm,dlosx- Rhlhk]qkx+
vd r]x W ides qnsWshnm Ws sgd qnns bWm ad Wooihdc sn ] sqdd S he sgd qhfgs rtasqdd ne
sgd qnns ne S hr mnm,dlosx ]mc vd ]krn ]cnos sghr sdqlhmnknfx vgdm odqenqlhmf
qns]shnmr ]s nsgdq mncdr ]knmf sgd rohmd ne sgd sqdd-
Tmcdqrs]mchmf vgdm qns]shnmr b]m ad odqenqldc nm sqddr gdkor tr cdudkno sgd

bnmmdbshnm adsvddm qns]shnmr ne sqddr ]mc qhfgs ltkshokhb]shnm ax fdmdq]snqr ne C -
He+ enq dw]lokd+ vd g]ud ] sqdd o]hq ch]fq]l ’S0� S0( qdoqdrdmshmf sgd hcdmshsx ]mc
vd b]m odqenql ] kdes qns]shnm ]s sgd qnns sn S0 sn nas]hm w+S0+ sgdm sgd mdv sqdd
o]hq ch]fq]l ’S0� w+S0( hr sgd sqdd o]hq ch]fq]l qdoqdrdmshmf sgd vnqc w+ hm C + ]mc
rhlhk]qkx sgd mdv sqdd o]hq ch]fq]l ’w+S0� S0( hr sqdd o]hq ch]fq]l qdoqdrdmshmf sgd
vnqc w±0

+ hm C -
Ud mnsd sg]s hm C + ltkshokhb]shnm ax ] fdmdq]snq l]x qdrtks hm ]m tmqdctbdc sqdd

o]hq ch]fq]l- Rn ctqhmf sgd bntqrd ne ] rdptdmbd ne ltkshokhb]shnmr ax fdmdq]snqr ne
C + sgd mtladq ne b]qdsr hm sgd qdctbdc sqdd o]hq ch]fq]l qdoqdrdmshmf sgd o]qsh]k
oqnctbsr l]x fitbst]sd ¯ qhrhmf vgdm hs hr mdbdrr]qx sn ]cc nmd nq lnqd b]qdsr
sn ]ookx ] fdmdq]snq+ ]mc e]kkhmf vgdm ltkshokhb]shnm ax ] fdmdq]snq qdrtksr hm ]m
tmqdctbdc sqdd o]hq ch]fq]l- Sn tmcdqrs]mc qns]shnm chrs]mbd+ gnvdudq+ ]r vd ]ookx
] rdptdmbd ne qns]shnmr sn ] rhmfkd sqdd+ vd cn mns ]kknv sgd mtladq ne b]qdsr hm sgd
sqdd sn bg]mfd-
Sgd khmj adsvddm qdrsqhbsdc qns]shnm chrs]mbd ]mc Sgnlornm#r fqnto C hr sgd

vnqc ldsqhb nm C vhsg qdrodbs sn sgd fdmdq]snqr Tw+� w0|- Fhudm svn qnnsdc ahm]qx
sqddr S0 ]mc S1 vhsg sgd r]ld mtladq ne mncdr+ vd bnmrhcdq ] lhmhl]k kdmfsg vnqc
hm wT0

+ ]mc wT0
0 qdoqdrdmshmf sgd dkdldms v ; ’S0� S1( ∈ C - =r cdrbqhadc hm Y3[+
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sghr vnqc fhudr ] lhmhl]k rdptdmbd ne qns]shnmr ]s sgd qnns ]mc qhfgs bghkc ne sgd
qnns vghbg sq]mrenql sgd sqdd S0 hmsn sgd sqdd S1- Hs enkknvr eqnl Enqcg]l Y8[ sg]s
sgdrd lhmhl]k vnqcr vghbg sq]mrenql nmd sqdd hmsn sgd nsgdq l]hms]hm ] bnmrs]ms
mtladq ne b]qdsr ]s d]bg rs]fd hm sgd rdptdmbd ne qns]shnmr- Sgd hrrtd ne bdqs]hm
qns]shnmr ]ksdqhmf sgd mtladq ne mncdr hm sgd sqdd cndr mns ]qhrd hm sgd b]rd ne
qdrsqhbsdc qns]shnm chrs]mbd-
Lnqd oqdbhrdkx+ rtoonrd sg]s v ∈ C hr fhudm ax sgd sqdd o]hq ch]fq]l ’S0� S1(+

]mc ] lhmhl]k kdmfsg qdoqdrdms]shud enq v hr f0f1 } } } fm+ vgdqd d]bg ff ∈ TwT0
+ � wT0

0 |-
Sgdm sgd sqdd o]hq ch]fq]l ’S0� fm } } } f1f0S0( vhkk qdoqdrdms v+ ]mc vd b]m sghmj ne
sgd rdptdmbd ne fdmdq]snqr fm } } } f1f0 ]r ] rdptdmbd ne qns]shnmr vghbg sq]mrenqlr
S0 sn S1- =s d]bg rs]fd ne sghr oqnbdrr+ vd vhkk ad ]akd sn odqenql sgd qns]shnm
bnqqdronmchmf sn sgd fdmdq]snq ff)0 sn sgd sqdd ff } } } f1f0S0 vhsgnts ]cchmf dwsq]
b]qdsr- Sgdqd l]x ad qdctbshnmr onrrhakd sn sqdd o]hq ch]fq]lr+ nq dpthu]kdmskx sn
sgd mnql]k enqlr+ ctqhmf sghr oqnbdrr+ ats eqnl sgd rs]mconhms ne qns]shnm chrs]mbd
vd cn mns v]ms sn s]jd ]cu]ms]fd ne sgdrd qdctbshnmr- Hmrsd]c+ vd jddo sgd mtladq
ne b]qdsr bnmrs]ms ]s d]bg rs]fd-
Dpthu]kdmskx+ vd b]m sghmj ne ’fm } } } f1f0S0� S1( ]r ] qdoqdrdms]shud ne sgd hcdm,

shsx ]mc vhsmdrr sgd sq]mrenql]shnm ne S0 sn S1 ax bnmrhcdqhmf sgd rdptdmbd ne sqdd
o]hq ch]fq]lr

’S0� S1(� ’f0S0� S1(� , , , � ’fm } } } f1f0S0� S1(,

Adknv+ vd bnmrhcdq nsgdq onrrhakd knb]shnmr enq qns]shnmr sn nbbtq+ ]mc ]f]hm
dwoknhs sgd khmj sn Sgnlornm#r fqnto C + ats mnv bnmrhcdqhmf nsgdq ]ooqnoqh]sd
fdmdq]shmf rdsr enq C + vgdqd sgd fdmdq]snqr ]qd bgnrdm sn qdfidbs sgd knb]shnmr vgdqd
qns]shnmr ]qd odqlhssdc- Ud ]rrhfm ] kdudk sn d]bg mncd nq b]qds hm sgd sqdd ]r enkknvr-
Sgd qnns mncd hr cd“mdc sn g]ud kdudk ydqn- Sgd kdudk ne ] mncd M hr sgd mtladq ne
dcfdr hm ] lhmhl]k kdmfsg o]sg bnmmdbshmf M sn sgd qnns mncd- Sgd kdudk ne ] b]qds
B hr cd“mdc sn ad sgd kdudk ne sgd mncd ]rrnbh]sdc sn sg]s b]qds-
Uqhshmf sgd fdmdq]snqr wm enq m < 0 uh] sgd qdk]snqr wm ; w

±�m±0(
+ w0wm±0

+ + vd
qdk]sd d]bg fdmdq]snq sn sgd enkknvhmf qns]shnm ne ] sqdd S - Ud cdmnsd sgd ]kk,qhfgs
sqdd vhsg sgd ]ooqnoqh]sd mtladq ne b]qdsr ax ∗- Fqnto ltkshokhb]shnm ltrs ad
adsvddm ] o]hq ne dkdldmsr+ ]mc d]bg dkdldms bnqqdronmcr sn ] o]hq ne sqddr+ rn vd
trd sgd sqdd ∗ ]r sgd onrhshud sqdd bnqqdronmchmf sn S - Sgd oqnctbs ne sgd fdmdq]snq
wm ]mc sgd sqdd o]hq ch]fq]l ’S� ∗( odqenqlr ] qhfgs qns]shnm sn S ]s sgd b]qds ]s
kdudk m ]knmf sgd qhfgs ]ql ne S - Hm ]kk sg]s enkknvr+ vgdm vd cdrbqhad ] fdmdq]snq
]r hmctbhmf ] qns]shnm nm ] rhmfkd sqdd S q]sgdq sg]m nm ] sqdd o]hq ch]fq]l+ vd ]qd
enqlhmf sgd oqnctbs vhsg sgd o]hq ’S� ∗( ]r ]anud-

2- Ldsphar nm � ]mc Pns]shnm Chrs]madr

2-0- BdiTshnm sn sgd unpc ldspha

Hm Y4[+ sgd vnqc kdmfsg vhsg qdrodbs sn sgd “mhsd fdmdq]shmf rds Tw+� w0| ne C hr trdc
sn bnlotsd sgd qdrsqhbsdc qns]shnm chrs]mbd adsvddm ] o]hq ne sqddr+ trhmf sdbgmhptdr
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267 R- BkdYpw � G- SYaYbj

ne Enqcg]l Y8[- Enqcg]l cdudknodc ] ldsgnc enq bnlotshmf sgd dw]bs kdmfsg ne ]m
dkdldms ne C chqdbskx eqnl sgd qdctbdc sqdd o]hq ch]fq]l qdoqdrdmshmf sg]s dkdldms-

Cdwmhshnm 2-0- He S0 ]mc S1 ]qd sqddr vhsg sgd r]ld mtladq ne mncdr+ vd cd“md
sgd qdrsqhbsdc qnsWshnm chrsWmbd cAA’S0� S1( ]r sgd lhmhl]k mtladq ne qns]shnmr
qdpthqdc sn sq]mrenql S0 sn S1+ vgdqd qns]shnmr ]qd ]kknvdc ]s sgd qnns ]mc sgd
qhfgs bghkc ne sgd qnns-

Pdrsqhbsdc qns]shnm chrs]mbd hr vdkk cd“mdc enq ]mx svn sqddr vhsg sgd r]ld mtladq
ne kd]udr+ ]r rgnvm hm Y3[- Ud sgdm nas]hm sgd enkknvhmf rg]qo antmc nm qdrsqhbsdc
qns]shnm chrs]mbd-

Sgdnpdl 2-1 U4’ Sgdnpdlr 1 ]mc 2[- Fhudm svn qnnsdc ahmWqx sqddr S0 Wmc S1

dWbg vhsg m mncdr� enq m ≥ 2� sgd qdrsqhbsdc qnsWshnm chrsWmbd adsvddm sgdl rWshrzdr
cAA’S0� S1( ≤ 3m ± 7- Ctqsgdqlnqd� enq m ≥ 2� sgdqd Wqd sqddr S −

0 Wmc S −
1 vhsg m

mncdr qdWihyhmf sghr antmc: sgWs hr� vhsg cAA’S −
0� S −

1( ; 3m ± 7-

Hmsdqldch]sd adsvddm sgd svn,dkdldms fdmdq]shmf rds Tw+� w0| ]mc sgd hm“mhsd fdm,
dq]shmf rds Tw+� w0� , , ,| ]qd nsgdq “mhsd fdmdq]shmf rdsr ne sgd enql Tw+� wf0 � , , , � wf�|+
vgdqd vd ]qq]mfd sgd hmchbdr ne sgd ’chrshmbs( fdmdq]snqr hm hmbqd]rhmf nqcdq- =m],
kxyhmf sgd hm“mhsd fdmdq]shmf rds bnqqdronmcr sn ]kknvhmf ]kk qns]shnmr ]knmf sgd
qhfgs rhcd ne sgd sqdd- Ehmhsd fdmdq]shmf rdsr bnqqdronmc sn ]kknvhmf “mhsd bnkkdbshnmr
ne qns]shnmr ]s sgd qnns mncd ]mc nsgdq mncdr ]knmf sgd qhfgs rhcd ne sgd sqdd-

Cdwmhshnm 2-2- Kds P ; Tw+� wf0 � , , , � wf�| ad ] “mhsd rtards ne sgd hm“mhsd fdmdq,
]shmf rds enq C ]mc S0 ]mc S1 ad sqddr vhsg sgd r]ld mtladq ne kd]udr- Ud cd“md
cIAA4’S0� S1(+ sgd qdrsqhbsdc qhfgs�Wql qnsWshnm chrsWmbd vhsg qdrodbs sn P+ ]r sgd
lhmhl]k mtladq ne qns]shnmr qdpthqdc sn sq]mrenql S0 sn S1+ vgdqd sgd qns]shnmr
]qd nmkx ]kknvdc ]s kdudkr /� h0� , , , � hI±0 ]mc hI ]knmf sgd qhfgs rhcd ne sgd sqdd-

Ud vhkk rdd adknv sg]s tmkhjd qdrsqhbsdc qns]shnm chrs]mbd+ qdrsqhbsdc qhfgs,]ql qns],
shnm chrs]mbd l]x mns ad cd“mdc adsvddm ]kk o]hqr ne sqddr vhsg sgd r]ld mtladq ne
mncdr- Ud trd sgd mns]shnm { } {I sn cdmnsd sgd vnqc kdmfsg ne ]m dkdldms ne C vhsg
qdrodbs sn sgd fdmdq]shmf rds P- Ud mnv qdk]sd sgd qdrsqhbsdc qhfgs,]ql qns]shnm
chrs]mbd cIAA4’S0� S1( sn {’S0� S1({I -
Ud bnmrhcdq svn sqddr S0 ]mc S1 d]bg vhsg m mncdr- Sgd vnqc kdmfsg ne

sgd dkdldms v ; ’S0� S1( ∈ C vhsg qdrodbs sn ] fdmdq]shmf rds P hr sgd kdmfsg
ne sgd rgnqsdrs dwoqdrrhnm enq v hm sg]s fdmdq]shmf rds- Gnvdudq+ vgdm bnmrhcdqhmf
sgd bnqqdronmchmf qns]shnmr sn sgd sqdd o]hq ch]fq]l enq v+ vd g]ud mn ]m]knftd
ne Enqcg]l#r oqnne sg]s ] lhmhl]k kdmfsg qdoqdrdms]shud hm sgdrd fdmdq]snqr b]m
ad bnmrsqtbsdc vghkd l]hms]hmhmf ] bnmrs]ms mtladq ne mncdr hm d]bg sqdd- Sgtr+
hs l]x ad onrrhakd sg]s ] lhmhl]k kdmfsg qdoqdrdms]shud enq v ; ’S0� S1( ∈ C vhsg
qdrodbs sn P hmbktcdr rnld qns]shnmr vghbg vntkc qdpthqd sgd ]cchshnm ne b]qdsr
sn sgd sqddr ]mc ]qd sgtr mns odqlhssdc- Sgdqdenqd+ vd rdd sg]s sgd vnqc kdmfsg
{’S0� S1({I oqnuhcdr nmkx ] knvdq antmc nm sgd qns]shnm chrs]mbd cIAA4’S0� S1(+ vgdm
sghr qns]shnm chrs]mbd hr cd“mdc- He sghr vnqc kdmfsg bnqqdronmcr sn ] rdptdmbd ne
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�0

w

w

w
w

0

+
+

1

Ehf- 4- = phfgs pnsYshnm Ys sgd phfgs bghkc ne sgd pnns odpenpldc nm sgd pdctbdc spdd ax w0 Ymc

nm sgd oYpshYkkx pdctbdc spdd ax w+w1w
S0
+ - Sgd spddr N0 Ymc N1 Ypd sgd rnkhc spddr nm sgd kdes Ymc

phfgs pdrodbshudkx ne sgd sno pnv+ Ymc sgd spddr N −
0 Ymc N −

1 Ypd pdrodbshudkx sgd rYld spddr vhsg sgd

YcchshnmYk rhmfkd cYrgdc bYpds hm dYbg bYrd-

qns]shnmr hm vghbg sgd mtladq ne mncdr qdl]hmr bnmrs]ms ]s d]bg hmsdqldch]sd rsdo+
sgdm vd g]ud bnlotsdc sgd ]bst]k qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm
sgd svn sqddr- Sgdrd b]rdr vhkk ad ]ccqdrrdc adknv-
Enq dw]lokd+ vd bnmrhcdq sgd sqddr rgnvm hm Ehf- 4- Sgd cdrhqdc sq]mrenql]shnm

eqnl sgd sno kdes sqdd S0 cq]vm hm rnkhc khmdr sn sgd sno qhfgs sqdd S1 cq]vm hm rnkhc
khmdr vntkc ad fhudm ax w0+ ] rhmfkd qhfgs qns]shnm ]s sgd qhfgs bghkc ne sgd qnns- Ats
he sgd odqlhssdc knb]shnmr enq qns]shnm ]qd nmkx ]s sgd qnns ’bnqqdronmchmf sn sgd
fdmdq]snq wT0

+ ( ]mc sgd qhfgs bghkc ne sgd qhfgs bghkc ne sgd qnns ’bnqqdronmchmf sn
sgd fdmdq]snq wT0

1 (+ hs vhkk ad hlonrrhakd sn ]bbnlokhrg sgd cdrhqdc sq]mrenql]shnm
vhsgnts ]cchmf dwsq] mncdr+ ]mc sgd bnqqdronmchmf qdrsqhbsdc qhfgs,]ql qns]shnm
chrs]mbd hr mns cd“mdc adsvddm sgnrd svn sqddr-
He vd ]qd odqlhssdc sn ]cc ] mncd sn sgd kdeslnrs kd]e ne d]bg sqdd+ ]r rgnvm

vhsg sgd c]rgdc b]qdsr+ sn nas]hm sgd qdk]sdc oqnakdl ne sq]mrenqlhmf sgd mdv sqdd
S −
0 hmsn S −

1 ’cq]vm hmbktchmf sgd c]rgdc b]qdsr( sgdm sgd sq]mrenql]shnm vntkc
ad onrrhakd trhmf nmkx sgd ]kknvdc qns]shnmr- Sgd tmqdctbdc enql ne sgd sno
sqdd o]hq ch]fq]l ’S −

0� S −
1( cq]vm hmbktchmf sgd c]rgdc b]qds hr w+w1w±0

+ vghbg
qdctbdr sn w0 hm sgd trt]k l]mmdq hm C + he cdrhqdc- He qns]shnmr ]qd odqlhssdc
]s sgd qnns ]mc qhfgs bghkc ne sgd qnns+ sgd qns]shnmr sg]s sq]mrenql S0 sn S1

]qd dw]bskx sgd r]ld ]r sgnrd sn odqenql sgd sq]mrenql]shnm eqnl S −
0 sn S −

1 ]mc
sgd ]ccdc c]rgdc b]qds hr rhlokx b]qqhdc ]knmf hms]bs- Gnvdudq+ he vd ]qd nmkx
odqlhssdc sn qns]sd ]s sgd qnns ]mc qhfgs bghkc ne sgd qhfgs bghkc ne sgd qnns+
sgd ]ccdc b]qds hr drrdmsh]k hm ]kknvhmf sg]s sq]mrenql]shnm+ sgntfg hs cndr s]jd
svn ]cchshnm]k rsdor- Ud b]mmns sq]mrenql S0 sn S1 vhsg sgdrd qns]shnmr ats
vd b]m d]rhkx sq]mrenql S −

0 sn S −
1 ax qns]shmf qhfgsv]qcr ]s sgd qnns+ qhfgsv]qcr
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27. R- BkdYpw � G- SYaYbj

]s sgd qhfgs bghkc ne sgd qhfgs bghkc ne sgd qnns+ ]mc sgdm kdesv]qcr ]s sgd qnns+
]r rgnvm-
Ud b]m cdrbqhad dw]bskx vgdm ] sqdd S0 b]m ad sq]mrenqldc hmsn S1 vhsgnts

]cchmf mncdr vhsg qdrodbs sn ] rodbh“dc rds ne ]kknvdc qns]shnmr ]knmf sgd qhfgs
]ql ne sgd sqdd: sg]s hr+ dw]bskx vgdm sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd hr
cd“mdc- Ehqrs+ vd bnmrhcdq sgd b]rd vgdm sgd vnqc hm mnql]k enql ]rrnbh]sdc sn
’S0� S1( hr ]kqd]cx qdctbdc: sg]s hr+ vgdm ’S0� S1( hr ] qdctbdc sqdd o]hq ch]fq]l-

Idll] 2-3- Ids P ; Tw+� wf0 � , , , � wf�| ad W fdmdqWshmf rds enq C vhsg / . h0 .

h1 . } } } . hI- Td bnmrhcdq sgd bnqqdronmchmf qdrsqhbsdc qhfgs�Wql qnsWshnm chrsWmbd
cIAA4� vgdqd qnsWshnmr Wqd Wiinvdc Ws mncdr Ws idudir /� h0� , , , � hI nm sgd qhfgs rhcd
ne sgd sqdd- Ltoonrd S0 Wmc S1 Wqd zmhsd qnnsdc ahmWqx sqddr vhsg sgd rWld mtladq
ne mncdr enqlhmf W qdctbdc sqdd oWhq chWfqWl v ; ’S0� S1( ∈ C vhsg tmhptd mnqlWi
enql fhudm ax

wn0
f0

wn1
f1
} } }wnj

fj
w±rk
ik

} } }w±r1
i1

w±r0
i0

,

Ge wT0
s enq rnld 0 ≤ s ≤ h0 ± 0 WoodWqr hm sghr mnqlWi enql� sgdm sgd qdrsqhbsdc

qhfgs�Wql qnsWshnm chrsWmbd cIAA4’S0� S1( hr mns cdzmdc- .nmudqrdix� he mn wT0
s enq

0 ≤ s ≤ h0 ± 0 WoodWqr hm sgd tmhptd mnqlWi enql� sgdm sgd qdrsqhbsdc qhfgs�Wql
qnsWshnm chrsWmbd cIAA4’S0� S1( hr cdzmdc-

Ugdm h0 ; 0+ hs enkknvr eqnl Kdll] 2-3 sg]s cIAA4 vhkk ]kv]xr ad cd“mdc- Sghr
hmbktcdr sgd rodbh]k b]rd ne qdrsqhbsdc qns]shnm chrs]mbd+ vgdm P ; Tw+� w0|-

Opnne- Ud qdb]kk sg]s sgd kd]e dwonmdms ne sgd kd]e mtladqdc m hm ] sqdd hr sgd
kdmfsg ne sgd l]whl]k o]sg ne kdes dcfdr eqnl kd]e m vghbg cndr mns qd]bg sgd qhfgs
rhcd ne sgd sqdd- Nardqud sg]s sgd kd]e dwonmdms sg]s bg]mfdr ]r ] qdrtks ne ] qns]shnm
]s sgd mncd ]s kdudk g nm sgd qhfgs ]ql ne sgd sqdd bnqqdronmcr sn sgd kdeslnrs kd]e
hm sgd kdes rtasqdd ne sgd mncd vgdqd sgd qns]shnm nbbtqr-
Ehqrs+ vd rtoonrd sg]s wT0

s enq rnld 0 ≤ s ≤ h0±0 ]ood]qr hm sgd tmhptd mnql]k
enql enq ’S0� S1(- Rn s ]ood]qr ]r sgd kd]e mtladq ne ] kdes kd]e ne ] b]qds dhsgdq hm S0

nq S1 nq onrrhakx ansg- He sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd cIAA4’S0� S1( hr
cd“mdc+ sgdm sgd rdptdmbd ne qns]shnmr sq]mrenqlhmf S0 hmsn S1 cndr mns bg]mfd sgd
mtladq ne mncdr hm sgd sqdd ]s ]mx hmsdqldch]sd rsdo ]mc sgtr mn kd]udr ]qd ]ccdc nq
qdlnudc ctqhmf sghr oqnbdrr- Rn sgdqd hr mn onsdmsh]k qdmtladqhmf ne kd]udr+ ]r sgdqd
l]x ad vgdm bnmrhcdqhmf dpthu]kdmbd bk]rrdr ne sqdd o]hqr hm Sgnlornm#r fqnto C -
Ud bnmrhcdq sgd kd]e mtladqr vgnrd dwonmdmsr b]m ad ]—dbsdc ax qns]shnmr ]s sgd
odqlhssdc mncdr- Pns]shnmr ]qd odqlhssdc ]s sgd qnns mncd ]mc ]s kdudkr hi ]knmf
sgd qhfgs rhcd ne sgd sqdd- Pns]shnmr ]s sgd qnns b]m ]—dbs nmkx sgd dwonmdms ne kd]e
ydqn+ ]r hs vhkk ad sgd kdeslnrs kd]e hm sgd kdes rtasqdd ]ss]bgdc ]s sgd qnns- Nsgdq
qns]shnmr b]m ]—dbs sgd dwonmdmsr ne kd]udr vghbg ]qd sgd kdeslnrs kd]udr ne kdes
rtasqddr ne qhfgs mncdr ]s kdudkr h0 ]mc knvdq- Sgd kdes rtasqdd ne sgd qhfgs mncd ]s
kdudk g vhkk g]ud kd]udr mtladqdc ]s kd]rs g+ rn he s . h0+ sgdm mn qns]shnm ]s kdudk hi
b]m ]—dbs sgd dwonmdms ne kd]e s- Rn he sgdqd hr ] kdes kd]e hm sgd q]mfd 0 ≤ s ≤ h0 ± 0
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oqdrdms hm S0+ qns]shnmr ]s sgd qnns b]mmns ]—dbs hsr dwonmdms+ ]mc qns]shnmr ]s
kdudkr h0 ]mc fqd]sdq b]mmns ]—dbs hsr dwonmdms-
He kd]e s g]r ch—dqdms dwonmdmsr hm S0 ]mc S1+ rhmbd sgd ]kknvdc qns]shnmr b]mmns

bg]mfd hsr dwonmdms+ S0 b]mmns ad sq]mrenqldc hmsn sqdd S1 ax sgd ]kknvdc qns]shnmr-
He kd]e s hr oqdrdms hm ansg sqddr vhsg sgd r]ld dwonmdms+ sgdm rhmbd v hr hm tmhptd
mnql]k enql+ sgd dwonmdms ne kd]e s)0 ltrs ]krn ad mnm,ydqn hm ]s kd]rs nmd ne sgd
sqddr- Lnqdnudq+ kd]udr mtladqdc s ]mc s)0 adknmf sn sgd kdes rtasqdd ne sgd r]ld
mncd nm sgd rohmd- Sgtr mnmd ne sgd ]kknvdc qns]shnmr b]m ]—dbs sgd kd]e dwonmdms
ne kd]e s ) 0 ]r vdkk- Ud hsdq]sd sghr ]qftldms vhsg kd]udr s ) 0 ]mc s ) 1- Sgtr+
vd rdd sg]s he ]mx wT0

s vhsg 0 ≤ s ≤ h0 ± 0 ]ood]qr+ sgdm sgd svn sqddr b]mmns ad
bnmmdbsdc ax ]mx rdptdmbd ne sgd ]kknvdc qns]shnmr vhsgnts sgd ]cchshnm ne dwsq]
mncdr-
Bnmudqrdkx+ he mn wT0

s enq 0 ≤ s ≤ h0 ± 0 ]ood]q hm sgd mnql]k enql+ sgdm vd b]m
qns]sd S0 qhfgsv]qcr ]s sgd qnns ax ]ookhb]shnm ne ]m ]ooqnoqh]sd onvdq ne w+ rn
sg]s ]kk ne sgd mnmsqhuh]k rtasqddr sgdm g]mf eqnl sgd qhfgs ]ql ne sgd sqdd ]s kdudkr
h0 ]mc fqd]sdq- Hm Oqnonrhshnm 2-6+ vd rgnv sg]s sgd qhfgs,]ql qns]shnm chrs]mbd hr
]kv]xr cd“mdc adsvddm svn sqddr vhsg sgd r]ld mtladq ne mncdr- Sghr ]kknvr tr
sn “mhrg sgd oqnne vhsg sgd enkknvhmf ]qftldms-
Ud mnv trd w+� wfi ]mc bnmitf]sdr ne wfi ax onvdqr ne w+ sn qns]sd sgd sqdd sn

]m ]kk,qhfgs sqdd+ itrs ]r hm sgd hm“mhsd fdmdq]shmf rds+ vhsgnts ]cchmf ]mx dwsq]
mncdr- Rn vd b]m sq]mrenql S0 sn sgd ]kk,qhfgs sqdd+ ]mc sgdm eqnl sgd ]kk,qhfgs
sqdd+ vd b]m ]f]hm trd w+� wf0 ]mc bnmitf]sdr ne wf0 ax onvdqr ne w+ ’]mc onr,
rhakx nsgdq wfi + he cdrhqdc( sn sq]mrenql sgd ]kk,qhfgs sqdd sn S1 vhsgnts ]cchmf
dwsq] mncdr- Sgtr+ cIAA4’S0� S1( hr cd“mdc- Sgdqd l]x ad lnqd dffbhdms v]xr ne
]bbnlokhrghmf sghr sq]mrenql]shnm ats hs hr bkd]q sg]s sgdqd hr ]s kd]rs nmd v]x ne
cnhmf hs vhsgnts ]cchmf dwsq] mncdr+ rn sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd
hr cd“mdc-

Sn tmcdqrs]mc sgd b]rd vgdqd ’S0� S1( hr ]m tmqdctbdc sqdd o]hq ch]fq]l+ ]mc
sgtr vd cn mns nas]hm sgd tmhptd mnql]k enq sgd dkdldms chqdbskx eqnl sgd kd]e
dwonmdmsr+ vd hmsqnctbd sgd mnshnm ne oWqshWi qdctbshnm- O]qsh]k qdctbshnm hr rhlhk]q
sn nqchm]qx qdctbshnm dwbdos sg]s vd cn mns v]ms sn qdlnud kdes mncdr bnllnm sn
ansg sqddr- Rs]sdc ]kfdaq]hb]kkx+ hs ld]mr sg]s he sgd mnql]k enql enq sgd dkdldms
bnms]hmr hmrs]mbdr ne w+ ]mc w±0

+ ats mns wT0
0 + vd cn mns rhlokhex sgd dwoqdrrhnm+ ]r

vd cn vgdm wj ]mc w±0
j ]ood]q ats mns wT0

j)0 enq j < /- Sgd oqdrdmbd ne sgdrd ]cch,
shnm]k kdes mncdr l]x ]kknv tr sn odqenql qns]shnmr vghbg vntkc mns ad odqlhssdc
nsgdqvhrd vhsgnts hmbqd]rhmf sgd mtladq ne b]qdsr hm sgd sqddr- Sghr ogdmnldmnm
nbbtqr hm sgd sqdd o]hq rgnvm hm Ehf- 4+ vgdqd sgd qdrsqhbsdc qhfgs,]ql qns]shnm
chrs]mbd vgdqd qns]shnmr ]qd odqlhssdc ]s sgd qnns ]mc sgd qhfgs bghkc ne sgd qhfgs
bghkc ne sgd qnns hr cd“mdc adsvddm S −

0 ]mc S −
1 ats mns adsvddm S0 ]mc S1-

Cdwmhshnm 2-4- = vnqc v hm C hm mnql]k enql hr oWqshWiix qdctbdc he hs hr ne sgd
enql wn0

f0
wn1
f1
} } }wnj

fj
w±rk
ik

} } }w±r1
i1

w±r0
i0

vhsg / ≤ h0 . } } } . hj ]mc / ≤ i0 . } } } . ik+
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vhsg pm ]mc rm ]kk onrhshud+ ]mc he vd etqsgdq qdpthqd sgd o]qsh]k qdctbshnm bnmchshnm
sg]s enq h < /+ vgdm ansg wf ]mc w±0

f nbbtq+ rn cndr ]s kd]rs nmd ne wf)0 nq w±0
f)0-

Enq ]mx vnqc v hm ’mns mdbdrr]qhkx tmhptd( mnql]k enql+ sgdqd vhkk ad ] l]whl]k
kdmfsg vnqc v− r]shrexhmf sgd o]qsh]k qdctbshnm bnmchshnm vghbg vd b]m d]rhkx nas]hm
trhmf sgd oqnbdctqd cdrbqhadc ]anud-
Sgd o]qsh]k qdctbshnm ]kknvr tr sn oqnud sgd enkknvhmf kdll]+ vghbg cdrbqhadr

vgdm nmd fhudm sqdd b]m ad sq]mrenqldc hmsn ]mnsgdq vhsg qdrodbs sn ] rodbh“dc rds
ne qns]shnmr+ vgdm sgd hmhsh]k sqdd o]hq ch]fq]l hr tmqdctbdc- Sgd oqnne hr hcdmshb]k
sn sg]s ne Kdll] 2-3-

Idll] 2-5- Ids P ; Tw+� wf0 � , , , � wf�| ad W fdmdqWshmf rds enq C vhsg / . h0 .

h1 . } } } . hI- Td bnmrhcdq sgd bnqqdronmchmf qdrsqhbsdc qhfgs�Wql qnsWshnm chrsWmbd
cIAA4 vgdqd qnsWshnmr Wqd Wiinvdc Ws sgd qnns mncd Wmc Ws qhfgs mncdr ne idudir
h0� , , , � hI- Ltoonrd S0 Wmc S1 Wqd zmhsd qnnsdc ahmWqx sqddr vhsg sgd rWld mtladq
ne mncdr enqlhmf W sqdd oWhq chWfqWl v ; ’S0� S1( ∈ C Wmc sgWs v gWr sgd oWqshWiix
qdctbdc mnqlWi enql ne lWwhltl idmfsg fhudm ax sgd vnqc

v− ; wn0
f0

wn1
f1
} } }wnj

fj
w±rk
ik

} } }w±r1
i1

w±r0
i0

,

Ge wT0
s enq 0 ≤ s ≤ h0 ± 0 WoodWqr hm sghr oWqshWiix qdctbdc mnqlWi enql� sgdm sgd

qdrsqhbsdc qhfgs�Wql qnsWshnm chrsWmbd cIAA4’S0� S1( hr mns cdzmdc- .nmudqrdix� he mn
wT0
s enq 0 ≤ s ≤ h0 ± 0 WoodWqr hm sghr oWqshWiix qdctbdc mnqlWi enql� sgdm sgd

qdrsqhbsdc qhfgs�Wql qnsWshnm chrsWmbd cIAA4’S0� S1( hr cdzmdc-

Ugdm qns]shnmr ]s ]kk mncdr ]knmf sgd qhfgs rhcd ne sgd sqdd ]qd ]kknvdc+ vd
nas]hm sgd qhfgs,]ql qns]shnm chrs]mbd cA4+ tmcdqrsnnc ax sgd ldsgncr ne Btkhj
]mc Unnc Y7[ ]mc O]kkn Y01[- Btkhj ]mc Unnc bnmrhcdqdc fdmdq]k qns]shnm chrs]mbd
ats trdc nmkx qns]shnmr nm sgd qhfgs rhcd ne sgd sqdd sn rgnv sgdhq toodq antmc ne
1m± 1+ vghkd O]kkn hmsdmshnm]kkx qdrsqhbsr sn nmkx ]kknv qns]shnmr nm sgd qhfgs,g]mc
rhcd ne sgd sqdd- O]kkn#r rhst]shnm hr ]m]knfntr sn qdrsqhbsdc qns]shnm chrs]mbd+ vghbg
bnmrhcdqr nmkx sgd qns]shnmr bnqqdronmchmf sn sgd fdmdq]snqr w+ ]mc w0+ adb]trd sgd
vnqc kdmfsg nmbd ]f]hm xhdkcr sgd dw]bs qns]shnm chrs]mbd-

Opnonrhshnm 2-6- Ids � cdmnsd sgd rsWmcWqc hmzmhsd fdmdqWshmf rds enq C� Wmc ids
S0 Wmc S1 ad ahmWqx sqddr� dWbg vhsg m mncdr- Sgdm

cA4’S0� S1( ; {’S0� S1({� ,

Opnne- Ud vhkk ]rrtld sg]s sgd sqdd o]hq ch]fq]l ’S0� S1( hr qdctbdc- He hs hr mns+
vd enql sgd sqdd o]hq ch]fq]l ’S −

0� S −
1( qdoqdrdmshmf sgd r]ld fqnto dkdldms vghbg

hr qdctbdc- Sgd qns]shnmr mdbdrr]qx sn sq]mrenql S −
0 hmsn S −

1 vhkk ]krn sq]mrenql S0

hmsn S1+ rhmbd mn ]cchshnm]k qns]shnmr ]qd mdbdrr]qx sn ]ksdq sgd mncdr vghbg b]trd
S0 ]mc S1 sn ad tmqdctbdc- Sgd mncdr vghbg vdqd qdlnudc ctqhmf sgd qdctbshnm ]qd
hcdmshb]k hm ansg sqddr ]mc ]qd b]qqhdc ]knmf tmbg]mfdc ctqhmf sgd qns]shnmr vghbg
sq]mrenql S −

0 sn S −
1- Sgd kd]e dwonmdms ldsgnc ne ]rrnbh]shmf sgd tmhptd mnql]k
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enql sn sgd sqdd o]hq ch]fq]l cdrbqhadc ]anud rgnvr sg]s d]bg sqdd oqnuhcdr nmd
o]qs ne sgd mnql]k enql: hm sgd o]hq ’S0� S1( sgd sqdd S0 bnqqdronmcr sn sgd sdqlr
vhsg mdf]shud dwonmdmsr ]mc S1 sn sgnrd vhsg onrhshud dwonmdmsr- Ud sgtr vqhsd sgd
mnql]k enql ]r sgd oqnctbs N M + vgdqd M bnms]hmr sgd fdmdq]snqr vhsg mdf]shud
dwonmdmsr+ ]mc N sgnrd vhsg onrhshud dwonmdmsr-
Ud rdd sg]s M hr ] vnqc vghbg qns]sdr sgd sqdd S0 hmsn sgd ]kk,qhfgs sqdd vhsgnts

qdpthqhmf sgd ]cchshnm ne ]mx mncdr+ ]mc sgd rtavnqc N hr ] rsqhmf ne fdmdq]snqr
vghbg qns]sdr sgd ]kk,qhfgs sqdd hmsn sgd sqdd S1-
Sgtr vd rdd sg]s ] knvdq antmc enq qhfgs ]ql qns]shnm chrs]mbd hr {’S0� S1({� +

]mc ]m toodq antmc hr fhudm ax bnlahmhmf sgd kdmfsgr ne sgd rsqhmfr N ]mc M -
Hs enkknvr eqnl Kdll] 1-0 sg]s {’S0� S1({� ; {’S0� ∗({� ) {’S1� ∗({� vgdqd ∗ hr sgd
]kk,qhfgs sqdd vhsg m mncdr+ oqnuhmf sgd oqnonrhshnm-

2-1- ’ntmcr nm pdrsphasdc pnsTshnm chrsTmadr

Mnv sg]s vd g]ud cdrbqhadc sgd qdk]shnmrgho adsvddm sgd ch—dqdms qns]shnm chrs]mbdr
]mc vnqc kdmfsgr hm C + vd nas]hm mtldqhb]k antmcr nm sgdrd qns]shnm chrs]mbdr ]r
rtll]qhydc hm S]akd 0- Ud mnsd sg]s vnqc kdmfsg ne ]m dkdldms ne C bnlotsdc
vhsg qdrodbs sn ] fdmdq]shmf rds ne sgd enql P fhudm ]anud g]r sgd onsdmsh]k sn ad
ltbg rgnqsdq sg]m sgd vnqc kdmfsg ne sgd r]ld dkdldms bnlotsdc vhsg qdrodbs sn
sgd fdmdq]shmf rds Tw+� w0|- Sgtr vd lhfgs dwodbs rhfmh“b]mskx rl]kkdq ]rxlosnshb
toodq antmcr nm qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd sg]m nm qdrsqhbsdc qns]shnm
chrs]mbd- Hm e]bs+ sghr hr mns sgd b]rd+ ]mc sgd ch—dqdmbd adsvddm sgd toodq antmcr
nm sgd svn qns]shnm chrs]mbdr hr ]s lnrs ] bnmrs]ms-
Sgd fn]k ne sghr rdbshnm hr sn oqnud sg]s sgd ltkshokhb]shud bnmrs]ms ne 3 hm sgd

toodq antmc nm qdrsqhbsdc qns]shnm chrs]mbd b]mmns ad hloqnudc tonm vgdm vd
]kknv ]cchshnm]k qns]shnmr ]knmf sgd qhfgs ]ql ne sgd sqdd- Ansg ne sgdrd qns]shnm
chrs]mbdr adsvddm svn sqddr vhsg m mncdr d]bg+ vgdm cd“mdc+ ]qd antmcdc ]anud
ax 3m lhmtr ] bnmrs]ms- Sghr bnmrs]ms cdodmcr tonm sgd o]qshbtk]q “mhsd rds ne
qns]shnmr odqlhssdc- Sgdrd antmcr ]qd rgnvm sn ad rg]qo enq qdrsqhbsdc qns]shnm
chrs]mbd hm Y4[- Ud rgnv adknv sg]s sgdx ]qd ]rxlosnshb]kkx rg]qo enq qdrsqhbsdc
qhfgs,]ql qns]shnm chrs]mbd ]r vdkk- Ughkd ]kknvhmf ]cchshnm]k qns]shnmr l]x rgnqsdm
sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm bdqs]hm o]hqr ne sqddr+ ]rxlosns,
hb]kkx sgd vnqrs,b]rd rbdm]qhn ch—dqr eqnl qdrsqhbsdc qns]shnm chrs]mbd nmkx ax ]m
]cchshud bnmrs]ms- Nmd v]x sn hloqnud sgd ltkshokhb]shud bnmrs]ms ne 3 hr sn ]kknv
qns]shnm ]s ]m hm“mhsd bnkkdbshnm ne mncdr ]knmf sgd qhfgs rhcd ne sgd sqdd+ hm vghbg
b]rd sgd ltkshokhb]shud bnmrs]ms ne sgd antmc l]x cdbqd]rd sn 1-
Sgd mdbdrrhsx ne sgd bnmrs]ms 3 hr rgnvm hm svn rsdor- Ud “qrs rgnv sg]s sgd

qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd+ vgdm cd“mdc+ hr ]kv]xr antmcdc ]anud ax
3m± 7+ vgdqd m hr sgd mtladq ne mncdr hm dhsgdq sqdd- Ud sgdm rgnv sg]s sgdqd ]qd
vnqcr vghbg ]ooqn]bg sghr antmc sn vhsghm ]m ]cchshud bnmrs]ms-

Opnonrhshnm 2-7- Ids P ; Tw+� wf0 � wf1 � , , , � wf�| ad W fdmdqWshmf rds enq C vhsg
/ . h0 . h1 . } } } . hI� Wmc ids cIAA4 ad sgd bnqqdronmchmf qdrsqhbsdc qhfgs�Wql
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qnsWshnm chrsWmbd- Ids S0 Wmc S1 ad ahmWqx sqddr� dWbg vhsg m mncdr vhsg m ≥ 2� enq
vghbg cIAA4’S0� S1( hr cdzmdc- Sgdm

cIAA4’S0� S1( ≤ 3m ± 7,

Opnne- Sgd b]rd vgdqd h0 ; 0 hr ]kqd]cx ]ccqdrrdc ax sgd ]m]kxrhr ne nqchm]qx
qns]shnm chrs]mbd+ cdrbqhadc hm Y4[- Ud bnmrhcdq sgd dkdldms v ; ’S0� S1( ∈ C + vgdqd
S0 ]mc S1 ]qd sqddr enq vghbg sgd qdkdu]ms qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd
cIAA4 hr cd“mdc+ ]mc ]rrtld sg]s h0 < 0-

B]rd 0- Sgd spdd o]hp ch]fp]l ’S0� S1( hr pdctadc-
Hm sghr b]rd+ vd jmnv sg]s sgd mnql]k enql ne v bnms]hmr mn fdmdq]snqr wT0

s enq
0 ≤ s ≤ h0 ± 0- Hm ]cchshnm+ sghr mnql]k enql b]m bnms]hm w+ nq w±0

+ ats mns ansg-
He ansg w+ ]mc w±0

+ vdqd oqdrdms hm sgd mnql]k enql vhsg mn wT0
0 fdmdq]snq+ sgdm

sgd mnql]k enql bntkc ad qdctbdc- Ud b]m ]rrtld ax rxlldsqx sg]s sgd mnql]k
enql enq v bnms]hmr w±j

+ ats mn e]bsnqr ne w+-
Trhmf sgd bnqqdronmcdmbd adsvddm sgd mnql]k enql ]mc sgd kd]e dwonmdmsr hm

sgd sqddr S0 ]mc S1+ vd rdd sg]s sgd kd]udr ne ansg sqddr mtladqdc eqnl 0 sgqntfg
h0 ± 0 ]qd dhsgdq dwonrdc qhfgs kd]udr ne kdes mncdr nq dwonrdc kdes kd]udr ne qhfgs
mncdr- Hm S0+ cdmnsd sgd ’onrrhakx dlosx( rtasqddr ne sgd kdes ]mc qhfgs mncdr ax
>0� >1� , , , � >m+ vgdqd sgd rl]kkdrs kd]e mtladq hm >0 hr h0- He >0 hr dlosx+ ax
zrl]kkdrs kd]e mtladq–+ vd ld]m sgd mtladq ne sgd kd]e ]ss]bgdc sn sgd rohmd ne
sgd sqdd hm sg]s onrhshnm- Rhlhk]qkx+ hm S1 cdmnsd sgdrd rtasqddr ax A0� A1� , , , � Al+
vgdqd sgd rl]kkdrs kd]e mtladq hm A0 hr h0-
Kds v− ; vwj

+ + rn sg]s sgd sqdd o]hq ch]fq]l ’R0� S1( ne v− g]r sqdd R0 bnms]hmhmf
] rhmfkd kdes mncd+ m]ldkx sgd qnns mncd+ ]mc h0 ± 0 qhfgs mncdr vhsg dwonrdc kdes
kd]udr+ enkknvdc ax qhfgs mncdr g]uhmf >0� , , , � >m ]r sgdhq kdes rtasqddr- Sgd o]hq
’R0� S1( g]r sgd enql fhudm hm Ehf- 5-
Ud bnmrhcdq sgd dkdldms u ∈ C vghbg g]r sqdd o]hq ch]fq]l ’P0� P1(+ vgdqd

P0 g]r ] rhmfkd kdes mncd+ m]ldkx sgd qnns mncd+ ]mc sgd kdes rtasqdd ne sgd qhfgs
mncd ]s gdhfgs h hr >f- Sgd sqdd P1 hr cd“mdc ]m]knfntrkx+ trhmf sgd rtasqddr Af

eqnl sgd nqhfhm]k sqdd S1- Rhmbd qdrsqhbsdc qns]shnm chrs]mbd hr vdkk cd“mdc enq ]kk
sqddr vhsg sgd r]ld mtladq ne mncdr+ vd ]ookx Sgdnqdl 2-1 sn nas]hm sgd antmc
cAA’P0� P1( ≤ 3’m ± ’h0 ± 0(( ± 7- Sghr qdrsqhbsdc qns]shnm chrs]mbd hr qd]khydc ax
] rsqhmf α ne sgd fdmdq]snqr TwT0

+ � wT0
0 |-

Ud cd“md ] rsqhmf ne fdmdq]snqr α− ax qdok]bhmf d]bg hmrs]mbd ne wT0
0 hm α vhsg

wT0
f0
- Sgdm sghr rsqhmf ne fdmdq]snqr dw]bskx oqnctbdr sgd sqdd o]hq ch]fq]l ’R0� S1(-

Rhmbd sgd mtladq ne mncdr hm d]bg sqdd qdl]hmr bnmrs]ms ]r d]bg fdmdq]snq eqnl α

hr ]ookhdc sn bqd]sd ’P0� P1(+ sgd r]ld hr sqtd ]r vd ltkshokx sgd fdmdq]snqr hm α−

sn bqd]sd v− ; ’R0� S1(-
Sgtr sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd vhsg qdrodbs sn S ; Tw+� wf0| hr

antmcdc ]r enkknvr9

cSAA4’R0� S1( ≤ 3’m ± ’h0 ± 0((± 7,
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0

N0 N1

9

9

0

91

m Am

A1

A0

R0 S1

9

9

0

91

m Am

A1

A

Ehf- 5- Sgd spdd oYhp chYfpYlr enp sgd vnpcr trdc sn rgnv sgYs sgd pdrsphbsdc phfgs,Ypl pnsYshnm

chrsYmbd hr antmcdc Yanud ax 3k-

Mnv vd mnsd sg]s v ; v−w±j
+ + ]mc rhmbd sgdqd vdqd hmhsh]kkx j ) 0 kdes mncdr

hm sgd sqdd S0+ sgd mtladq ne mncdr hm d]bg sqdd qdl]hmr bnmrs]ms ctqhmf sgdrd
rtbbdrrhud ltkshokhb]shnmr ax w±0

+ - Sgtr sgd rsqhmf α−w±j
+ qd]khydr sgd qdrsqhbsdc

qns]shnm chrs]mbd adsvddm sgd sqddr S0 ]mc S1-
He j ≤ h0 ± 0+ sgdm sgd kdes mncdr vghbg ]qd bg]mfdc sn qhfgs mncdr tmcdq

ltkshokhb]shnm ax w±j
+ cn mns ]ood]q hm P0 ]mc P1+ ]mc rn ]qd mns qdoqdrdmsdc hm

sgd toodq antmc fhudm ]anud- Sgtr+ vgdm sgd qns]shnm chrs]mbd hr hmbqd]rdc ax j+
vd sqhuh]kkx dwsdmc sgd antmc sn

cSAA4’S0� S1( ≤ 3m ± 7,

Rhmbd ]cchmf dwsq] fdmdq]snqr sn sgd fdmdq]shmf rds+ nq dpthu]kdmskx ]kknvhmf qns],
shnmr ]s ]cchshnm]k mncdr+ b]m nmkx cdbqd]rd sgd qns]shnm chrs]mbd+ sgd toodq antmc
rshkk gnkcr vgdm vd bnmrhcdq sgd dmshqd fdmdq]shmf rds P-
He j ≥ h0+ sgdm sgd kdes mncdr vghbg ]qd bg]mfdc sn qhfgs mncdr ax sgdrd ltk,

shokhb]shnmr ax w±0
+ ]qd ne svn sxodr9 sgnrd vghbg ]r qhfgs mncdr g]ud dwonrdc kdes

kd]udr mtladqdc eqnl 0 sn h0 ± 0+ ]mc sgnrd vhsg kdes rtasqddr ne sgd enql >f- Sgd
“qrs sxod ne qhfgs mncd hr mns bntmsdc hm sgd toodq antmc fhudm ]anud+ ]mc sgtr
vd hmbqd]rd sgd mtladq ne mncdr hm sgd antmc ax h0 ± 0 sn ’lnqd sg]m( ]bbntms enq
sgd ]cchshnm]k fdmdq]snqr-
Sgd qhfgs mncdr ne sgd rdbnmc sxod+ vhsg kdes rtasqddr ne sgd enql >f+ ]qd ]kqd]cx

bntmsdc hm sgd antmc fhudm ]anud- Gnvdudq+ vd qdb]kk sg]s sgd vnqc α− vghbg qd]khydr
sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm R0 ]mc S1+ b]ld eqnl sgd vnqc
α hm TwT0

+ � wT0
0 |- Ud jmnv eqnl Enqcg]l#r ldsgnc ne b]kbtk]shmf vnqc kdmfsg vhsg

qdrodbs sn sgd fdmdq]shmf rds Tw+� w0| chqdbskx eqnl sgd sqdd o]hq ch]fq]l sg]s d]bg
o]hq ne mncdr vhsg sgd r]ld hm“w mtladq hm d]bg sqdd bnmsqhatsdr ] bdqs]hm mtladq
ne fdmdq]snqr sn sghr vnqc kdmfsg- Enqcg]l b]kkr sghr sgd vdhfgs ne sgd o]hq ne mncdr-
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Ud rdd eqnl Enqcg]l#r s]akd ne vdhfgsr Y8[ sg]s ]mx o]hq ne mncdr hm vghbg nmd
mncd hr ] qhfgs mncd g]r ] vdhfgs ne ]s lnrs sgqdd- Rn trhmf ]m dwsq] fdmdq]snq ne
sgd enql w±0

+ sn sq]mrenql sghr qhfgs mncd a]bj hmsn ] kdes mncd ld]mr sg]s sgdrd
mncdr bnmsqhatsd ]s lnrs entq fdmdq]snqr d]bg sn sgd kdmfsg ne sgd vnqc qd]khyhmf
sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm S0 ]mc S1- Ud g]ud sgtr rgnvm
sgd dwhrsdmbd ne sgd toodq antmc

cSAA4’S0� S1( ≤ 3m ± 7,

Rhmbd qns]shnm chrs]mbd b]m nmkx cdbqd]rd vgdm ]cchshnm]k qns]shnmr ]qd odqlhssdc+
sghr dwsdmcr hlldch]sdkx sn rgnv

cIAA4’S0� S1( ≤ 3m ± 7,

B]rd 1- Sgd spdd o]hp ch]fp]l ’S0� S1( hr mns pdctadc-
Hm sghr b]rd+ rhmbd cIAA4’S0� S1( hr cd“mdc+ vd jmnv eqnl Kdll] 2-5 sg]s sgd
tmqdctbdc sqdd o]hq ch]fq]l ’S0� S1( xhdkcr ] vnqc α vghbg hr o]qsh]kkx qdctbdc
]mc qdoqdrdmsr v- Ud nas]hm α ax bnmrhcdqhmf sgd tmqdctbdc mnql]k enql ]qhrhmf
eqnl ’S0� S1( ]mc ]ookxhmf sgd trt]k qdctbshnm qtkdr ats vhsgnts qdctbhmf hmrs]mbdr
ne w+ ]mc w±0

+ vhsg mn wT0
0 - Ud l]x ]krn ad ]akd sn o]qsh]kkx qdctbd ’S0� S1( sn

bnqqdronmc sn sghr o]qsh]kkx qdctbdc mnql]k enql enq v: hm sghr b]rd sgd mtladq ne
mncdr hm sgd sqdd o]hq ch]fq]l l]x qdctbd sn m− . m- Sgd oqnne ne sghr b]rd hr mnv
hcdmshb]k sn sg]s ne B]rd 0- Sghr oqnctbdr ]m toodq antmc ne 3m− ± 7 . 3m ± 7 nm
sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm sgd svn sqddr-

Ud mnv rgnv sg]s sgd ltkshokhb]shud bnmrs]ms ne 3 hr mdbdrr]qx enq sgd ]anud
hmdpt]khsx-

Sgdnpdl 2-8- Ids P ; Tw+� wf0 � , , , � wf�|- Sgdm sgdqd dwhrs sqddr S0 Wmc S1� dWbg
vhsg m mncdr� rn sgWs cIAA4’S0� S1( hr cdzmdc� Wmc vhsg

cIAA4’S0� S1( ≥ 3m ± 3hI ± 3,
Sgd fdmdq]shmf rds P trdc hm Sgdnqdl 2-8 bnqqdronmcr sn ] rdqhdr ne qns]shnmr ]knmf
sgd qhfgs rhcd ne sgd sqdd eqnl kdudkr / sn hI ats cndr mns mdbdrr]qhkx hmbktcd ]kk qns],
shnmr ]s kdudkr vhsghm sghr q]mfd- Ud mnv dmk]qfd ntq fdmdq]shmf rds sn bnqqdronmc sn
]kk qns]shnmr ]s kdudkr / sn hI+ ]mc vnqj vhsg sghr rds P − hm Sgdnqdl 2-0/- Hs vhkk ad
dmntfg sn trd sghr k]qfdq rds ne fdmdq]snqr ]mc rgnv sg]s cI

�

AA4’S0� S1( ≥ 3m±3hI±3-
Sgtr vd oqnud sgd enkknvhmf sgdnqdl-

Sgdnpdl 2-0.- Ids P − ; Tw+� w0� w1� , , , � wf�|� vhsg l ; hI- Sgdm sgdqd dwhrs sqddr
S0 Wmc S1� dWbg vhsg m mncdr� rn sgWs cI

�

AA4’S0� S1( hr cdzmdc� Wmc vhsg

cI
�

AA4’S0� S1( ≥ 3m ± 3l ± 3,

Sgd dkdldmsr vd vhkk trd sn oqnud sghr sgdnqdl g]ud mnql]k enql

wl)1wl)2 } } }wm±1w±0
m±2w±0

m±3 } } }w±0
l)0

]mc sqdd o]hq ch]fq]l vghbg vd cdmnsd ’S0� S1(- Sgdrd dkdldmsr ]qd rgnvm hm Ehf- 6-
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m

c�0

c�1

c�0

c�1

c�2

+

0

c

+

0

m�2 m�1 m�1 m�0

m�0
m

Ehf- 6- Sgd spdd oYhp chYfpYl ’N0� N1( enp vnpcr vhsg sgd mnplYk enpl

wc�1wc�2 S S SwmS1w
S0
mS2w

S0
mS3 S S Sw

S0
c�0-

Enqcg]l#r ldsgnc enq bnlotshmf dw]bs vnqc kdmfsg hr nmkx u]khc enq sgd fdmdq,
]shmf rds Tw+� w0|+ rn vd antmc sgd kdmfsgr ne sgdrd dkdldmsr hmchqdbskx hm ] rdqhdr
ne kdll]r vghbg ]m]kxyd gnv l]mx fdmdq]snqr ]qd mddcdc sn bg]mfd ] zcddokx
atqhdc– o]qs ne sgd sqdd-
Ud vqhsd Yh� h)0[ he kd]udr h ]mc h)0 enql ] rhakhmf o]hq hm ] sqdd S - Odqenqlhmf

] qns]shnm bnqqdronmchmf sn sgd fdmdq]snq wm nm ] sqdd S hr dpthu]kdms sn s]jhmf sgd
oqnctbs ne wm vhsg sgd sqdd o]hq ch]fq]l ’S� ∗(+ vgdqd ∗ hr sgd sqdd bnmrhrshmf nmkx
ne sgd qnns mncd ]mc ] rdqhdr ne qhfgs mncdr- Ax ]m]kxyhmf sgd d—dbs ne ] qns]shnm
]s ] qhfgs mncd nm ] sqdd S + vd rdd sg]s sgdqd ]qd nmkx sgqdd bnm“ftq]shnmr ne S

vghbg ]kknv ] rhakhmf o]hq sn ad bqd]sdc nq cdrsqnxdc- Sgdrd ]qd oqdrdmsdc hm Ehf- 7+
vgdqd b]ohs]k kdssdqr qdedq sn mnm,dlosx rtasqddr ne S ]mc knvdq b]rd kdssdqr cdmnsd
kd]e mtladqr- Phfgs qns]shnm ]s sgd ]ooqnoqh]sd mncd M ]knmf sgd qhfgs rhcd ne sgd
sqdd g]r sgd enkknvhmf d—dbs nm sgd rhakhmf o]hqr-

’h( Sgd o]hq YT� a[ hr cdrsqnxdc ]mc sgd o]hq Ya� b[ hr bqd]sdc-
’hh( Sgd o]hq YT� a[ hr cdrsqnxdc-
’hhh( Sgd o]hq Ya� b[ hr bqd]sdc-

Ud b]m rhlhk]qkx bnmrhcdq kdes qns]shnm ]s sgd mncd M + hm vghbg b]rd vd qdedq sn
Ehf- 8- Kdes qns]shnm ]s mncd M ]knmf sgd qhfgs rhcd ne sgd sqdd g]r sgd enkknvhmf
d—dbs nm sgd rhakhmf o]hqr-

’h( Sgd o]hq YT� a[ hr bqd]sdc ]mc sgd o]hq Ya� b[ hr cdrsqnxdc-
’hh( Sgd o]hq YT� a[ hr bqd]sdc-
’hhh( Sgd o]hq Ya� b[ hr cdrsqnxdc-

Eqnl sgdrd nardqu]shnmr+ vd b]m rdd hlldch]sdkx ]s vghbg mncdr hs hr onrrhakd sn
bqd]sd ]mc cdrsqnx rhakhmf o]hqr vhsg ] rds ne qns]shnmr-
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I

a a

b

T a

bB

9
�)( �))( �)))(

T

I I

Ehf- 7- FmrsYmbdr vgdpd phfgs pnsYshnm Ys mncd G Yknmf sgd phfgs rhcd ne sgd spdd bpdYsdr np

cdrspnxr rhakhmf oYhpr hm sgd spdd N - BYohsYk kdssdpr pdopdrdms mnm,dlosx rtaspddr ne N + Ymc knvdp

bYrd kdssdpr cdmnsd kdYe mtladpr-

I

T

a

T

a a bb B

9

�)( �))( �)))(

I I

Ehf- 8- FmrsYmbdr vgdpd kdes pnsYshnm Ys mncd G Yknmf sgd phfgs rhcd ne sgd spdd bpdYsdr np cdrspnxr

rhakhmf oYhpr hm sgd spdd N - BYohsYk kdssdpr pdopdrdms mnm,dlosx rtaspddr ne N + Ymc knvdp bYrd kdssdpr

cdmnsd kdYe mtladpr-

Idll] 2-00- Ltoonrd W sqdd S − hr nasWhmdc eqnl W sqdd S ax Wooixhmf W qhfgs
qnsWshnm Ws W mncd M Ws idudi m nm sgd qhfgs rhcd ne S -

’h( Ge idWudr l Wmc l ) 0 Wqd rhaihmfr hm S Wmc Wqd mns rhaihmfr hm S −� sgdm idWudr
l Wmc l ) 0 Wqd sgd idWudr ne Wm dwonrdc mncd vgnrd oWqdms hr mncd M -

’hh( Ge vd gWud sgd rhaihmf oWhq Yl� l) 0[ hm S − ats mns hm S� sgdm Yl� l) 0[ ltrs
ad sgd qhfgslnrs mncd hm S − Wmc l ltrs ad W idWe hm S vgnrd oWqdms hr sgd mncd
Ws idudi m hm S -

LhlhiWqix� sgd noonrhsd bnmchshnmr gnic enq ides qnsWshnmr-

Ud mnsd sg]s vgdm M hr sgd qnns mncd+ sgd nmkx rhakhmf o]hqr sg]s lhfgs ad ]—dbsdc
ax qns]shnm ]s M bnmrhrs ne sgd “qrs svn ]mc sgd k]rs svn kd]udr hm sgd sqdd-
Ugdm vd bnmrhcdq sgd sqddr S0 ]mc S1 hm Ehf- 6 bnqqdronmchmf sn sgd qdctbdc

sqdd o]hq ch]fq]l qdoqdrdmshmf sgd dkdldms wl)1wl)2 } } }wm±1w±0
m±2w±0

m±3 } } }w±0
l)0+

vd rdd sg]s hm S0+ kd]udr m ± 2 ]mc m ± 1 ]qd rhakhmfr ]mc hm S1+ kd]udr m ± 1 ]mc
m ± 0 ]qd rhakhmfr-
Mnv vd bnmrhcdq sgd lhmhl]k mtladq ne qns]shnmr mddcdc sn bg]mfd sgd rhakhmf

o]hqhmfr eqnl Ym ± 2� m ± 1[ sn Ym ± 1� m ± 0[+ dwoqdrrdc ]r ] vnqc v ; f0 f1 } } } fk+
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vgdqd d]bg ff ∈ P −- Ud vhkk mddc sn “qrs cdrsqnx sgd rhakhmf o]hq Ym ± 2� m ± 1[ ]mc
rtardptdmskx bqd]sd sgd rhakhmf o]hq Ym± 1� m± 0[- Sgd dwonrdc mncdr vhsg rhakhmfr
Ym± 2� m± 1[ ]mc Ym± 1� m± 0[ ]qd zcddokx atqhdc– hm sgd rdmrd sg]s l]mx qns]shnmr
]qd qdpthqdc sn ]—dbs sgnrd mncdr ]mc sgtr sgnrd kd]e o]hqhmfr- Ud ld]rtqd sghr
cdosg lnqd oqdbhrdkx vhsg sgd enkknvhmf cd“mhshnm-

Cdwmhshnm 2-01- Kds b ad ]m dwonrdc b]qds+ ]mc αL sgd lhmhl]k o]sg eqnl sgd
mncd ne b sn sgd rohmd ne sgd sqdd- Sgd mncd vghbg hr sgd dmconhms ne αL kxhmf nm
sgd rohmd ne sgd sqdd hr b]kkdc sgd rohmWi Wmbdrsnq ne b-
Cd“md F’b( ; ’p� r( vgdqd p hr sgd mtladq ne dcfdr hm sgd o]sg αL ]mc r hr sgd

kdudk hm sgd sqdd ne sgd rohm]k ]mbdrsnq ne b-

Mnsd sg]s sgd rohm]k ]mbdrsnq ne b b]m ad dhsgdq ] kdes nq qhfgs b]qds- Enq dw]lokd+
hm sgd sqdd S0 enq v fhudm hm Ehf- 6+ vd bnmrhcdq b ]r sgd b]qds vhsg dwonrdc kd]udr
Ym±2� m±1[- Sgd kdmfsg ne sgd o]sg αL hr m±l±2+ rn F’b( ; ’m±l±2� l ) 0(- He
b− hr sgd b]qds hm S1 vhsg dwonrdc kd]udr Ym±1� m±0[+ sgdm F’b( ; ’m±l±2� l) 1(-
Hm S]akd 1 adknv+ vd rtll]qhyd sgd bg]mfdr hm F’b( ; ’p� r( vgdm ] rhmfkd

qns]shnm ]s kdudk j < / hr odqenqldc nm sgd qhfgs ]ql ne sgd sqdd bnms]hmhmf sgd
dwonrdc b]qds b- Ud k]adk d]bg mnm,rohm]k mncd ]knmf sgd o]sg αL+ adfhmmhmf vhsg
sgd nmd bknrdrs sn sgd rohmd+ ]r enkknvr- Ud fhud sgd mncd sgd k]adk P he hs adknmfr sn
] b]qds vghbg hr sgd qhfgs bghkc ne hsr o]qdms+ ]mc K he sg]s mncd adknmfr sn ] b]qds
vghbg hr sgd kdes bghkc ne hsr o]qdms- He sgd “qrs rohm]k ]mbdrsnq ne b hr nm sgd qhfgs
rhcd ne sgd sqdd+ sgdm αL ltrs adfhm vhsg sgd k]adk K- =m]knfntrkx+ he sgd “qrs rohm]k
]mbdrsnq ne b hr nm sgd kdes rhcd ne sgd sqdd+ sgdm αL ltrs adfhm vhsg sgd k]adk P-
Sgd bg]mfd hm F’b( tmcdq ] rhmfkd qns]shnm hr fnudqmdc ax svn e]bsnqr9

’h( sgd qdk]shud onrhshnmr ne sgd kdudkr j ]mc r+ ]mc
’hh( sgd “qrs svn k]adkr ]knmf sgd o]sg αL-

S]akdr 1 ]mc 2 rtll]qhyd sgd bg]mfdr hm F’b( ; ’p� r( vgdm ch—dqdms qns]shnmr ]qd
odqenqldc ]s kdudk j ]knmf sgd qhfgs rhcd ne sgd sqdd+ rn vd ]qd ]rrtlhmf sg]s sgd

SYakd 1- BgYmfd hm F’T( ; ’n� r( vgdm Y rhmfkd pnsYshnm hr odpenpldc Ys kdudk d Yknmf sgd phfgs

Ypl ne sgd spdd+ Ymc sgd rohmYk Ymbdrsnp ne T hr nm sgd phfgs Ypl ne sgd spdd-

Chpdbshnm FmhshYk KYadkr PdkYshud Nnrhshnm BgYmfd hm

ne PnsYshnm ne xI ne d Ymc r F’T( ; ’n� r(

Kdes pnsYshnm KK np KP d , r · 0 ’n� r· 0(

Phfgs pnsYshnm KK np KP d , r · 0 ’n� r ) 0(

Kdes pnsYshnm KK np KP d ; r · 0 ’n ) 0� r· 0(

Phfgs pnsYshnm KK np KP d ; r · 0 ’n� r ) 0(

Kdes pnsYshnm KK np KP d ; r ’n ) 0� r(

Phfgs pnsYshnm KK d ; r ’n · 0� r(

Phfgs pnsYshnm KP d ; r ’n · 0� r ) 0(

Kdes pnsYshnm KK np KP d < r ’n� r(

Phfgs pnsYshnm KK np KP d < r ’n� r(
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rohm]k ]mbdrsnq ne b khdr nm sgd qhfgs ]ql ne sgd sqdd- He sgd rohm]k ]mbdrsnq ne b khdr
nm sgd kdes ]ql ne sgd sqdd+ sgdm F’b( hr tm]—dbsdc ax ] qns]shnm ]knmf sgd qhfgs
]ql ne sgd sqdd-
Sn fhud ] knvdq antmc nm sgd qdrsqhbsdc qhfgs,]ql chrs]mbd adsvddm sgd sqddr

S0 ]mc S1 vghbg enql sgd sqdd o]hq ch]fq]l enq v+ vd bnmrhcdq sgd rhakhmf o]hqhmfr
hmunkuhmf kd]e m ± 1- Kd]e m ± 1 hr o]hqdc vhsg kd]e m ± 2 hm S0 ]mc o]hqdc vhsg kd]e
m ± 0 hm S1- Hm sgd enkknvhmf kdll]r vd antmc sgd lhmhl]k mtladq ne qns]shnmr
mdbdrr]qx sn rokhs sgdrd rhakhmf o]hqr- Bnlahmdc+ sgdrd drshl]sdr xhdkc sgd cdrhqdc
knvdq antmc- Sgd l]hm snnk hr sgd nqcdqdc o]hq F’b(+ vghbg ]kknvr tr sn sq]bj sgd
onrhshnm ne sgd dwonrdc b]qds bnms]hmhmf kd]e m ± 1 qdk]shud sn sgd qhfgs ]ql ne
sgd sqdd-

Idll] 2-02- Ids v ; ’S0� S1( ∈ C gWud mnqlWi enql

wl)1wl)2 } } }wm±1w±0
m±2w±0

m±3 } } }w±0
l)0

vgdqd m < l ) 3- Sgd sqdd S − qdrtishmf eqnl sgd WooihbWshnm ne Ws lnrs 1m±1l±2
qnsWshnmr Ws inbWshnmr Ws idudir / sn l Winmf sgd qhfgs rhcd ne sgd sqdd sn S0 vhii
bnmsWhm sgd rhaihmf oWhq Ym ± 2� m ± 1[-

Opnne- Ud mnsd sg]s ax Kdll] 2-00+ rhakhmf o]hqr b]m ad cdrsqnxdc ax ] rhmfkd
qns]shnm nmkx vgdm sgdx ]qd bnmmdbsdc ax nmd kdes dcfd sn ] mncd nm sgd qhfgs rhcd
ne sgd sqdd ]s kdudk l nq kdrr+ nq ]qd sgd kd]udr ne sgd qhfgslnrs b]qds hm sgd sqdd-
Sgd dwonrdc b]qds b hm S0 vhsg kd]udr m ± 2 ]mc m ± 1 b]mmns ad lnudc sn ad
sgd qhfgslnrs b]qds ne sgd sqdd+ ]r ]kk qns]shnmr oqdrdqud sgd m]stq]k hm“w nqcdq nm
sgd b]qdsr-
Sgtr+ tmshk sgd b]qds b hr bnmmdbsdc ax ] rhmfkd kdes dcfd sn sgd qhfgs rhcd ne sgd

sqdd ]s kdudk ]s lnrs l+ ]mc sgd bnqqdbs qns]shnm hr odqenqldc sn rdo]q]sd sgdl+
kd]udr m ± 2 ]mc m ± 1 vhkk qdl]hm ] rhakhmf o]hq- Ud trd sgd nqcdqdc o]hq F’b(
sn lnmhsnq sgd onrhshnm ne b qdk]shud sn sgd qhfgs ]ql ne sgd sqdd vghkd odqenqlhmf
] rdqhdr ne qns]shnmr- Sgd kd]udr m ± 2 ]mc m ± 1 vhkk qdl]hm rhakhmf o]hqr tmshk
F’b( ; ’0� k( enq rnld k ≤ l+ vgdm ] rhmfkd qns]shnm b]m ad odqenqldc sn rdo]q]sd
sgdrd kd]udr-
Ud bnmrhcdq sgd rdptdmbd ne sqddr R+ ; S0+ R0� R1� , , , � Rs qdrtkshmf eqnl odqenql,

hmf ] rdqhdr ne s qns]shnmr bnqqdronmchmf sn ] rdptdmbd ne s fdmdq]snqr f0f1 } } } fs-
D]bg Rf hr sgd qdrtks ne ]ookxhmf ff sn Rf±0- Ud sq]bd sgd hl]fdr ne sgd b]qds b

sgqntfg sghr rdptdmbd ]mc cdmnsd hsr hl]fd hm Rf ax bf- Ughkd sgd dwonrdc kd]udr
ne d]bg bf g]ud sgd r]ld kd]e mtladqr hm Rf+ sgd dmsqhdr hm F’bf( l]x bg]mfd ]r ]
qdrtks ne d]bg qns]shnm- Sgd onrrhakd bg]mfdr hm F’bf( ]qd rtll]qhydc hm S]akd 1-
Ud mnsd sg]s hs hr onrrhakd sn lnud sgd b]qds b rn sg]s hsr rohm]k ]mbdrsnq hr

nm sgd kdes ]ql ne sgd sqdd- Rhmbd qns]shnmr ]qd mns ]kknvdc ]knmf sgd kdes ]ql ne
sgd sqdd+ b]qds b ltrs ad qdstqmdc sn ] rtasqdd ne ] qhfgs mncd adenqd sgd rhakhmf
o]hq Ym ± 2� m ± 1[ b]m ad rokhs- Sghr vhkk mns g]oodm hm ]mx lhmhl]k kdmfsg
sq]mrenql]shnm-
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Ud jmnv sg]s hmhsh]kkx vd g]ud sgd nqcdqdc o]hq F’b( ; ’m ± l ± 2� l ) 0(+
]mc sgd rhakhmf o]hq Ym ± 2� m ± 1[ hr mns cdrsqnxdc tmshk ]esdq F’bf( ; ’0� k(+ enq
rnld ]ooqnoqh]sd k ≤ l- Sgd o]sg αL g]r k]adkr KPPP } } }P- Sgdrd k]adkr qdl]hm
tmbg]mfdc ]r qns]shnmr ]qd odqenqldc ]knmf sgd qhfgs ]ql ne sgd sqdd- =r sgd kdmfsg
ne sgd o]sg αLL hr cdbqd]rdc+ k]adkr ]qd qdlnudc rdptdmsh]kkx eqnl sgd adfhmmhmf ne
sghr khrs+ ats sgd qdl]hmhmf k]adkr ]qd mdudq bg]mfdc ax qns]shnmr ]knmf sgd qhfgs
]ql ne sgd sqdd-
Ud rdd eqnl S]akd 1 sg]s sgd qns]shnmr vghbg qdctbd sgd “qrs bnnqchm]sd ne F’bf(

e]kk hmsn svn sxodr9

’h( qns]shnmr vghbg cdbqd]rd sgd “qrs bnnqchm]sd ]mc hmbqd]rd sgd rdbnmc+
’hh( qns]shnmr vghbg cdbqd]rd sgd “qrs bnnqchm]sd ]mc kd]ud sgd rdbnmc tmbg]mfdc-

Sgdrd b]m nmkx g]oodm vgdm sgd hmhsh]k svn k]adkr ne αLL ]qd KK-
=knmf sgd hmhsh]k o]sg αL+ sgdqd ]qd mn ]ci]bdms kdes k]adkr- Sn bqd]sd rtbg ] o]hq

ne k]adkr+ hm nqcdq sn odqenql ] qdctbshnm ne sgd “qrs bnnqchm]sd neF’bf( ats kd]ud sgd
rdbnmc bnnqchm]sd tmbg]mfdc+ qdpthqdr sgd bqd]shnm ne ]s kd]rs nmd ]cchshnm]k b]qds
vhsg k]adk K- Ughkd sghr hr d]rhkx ]bbnlokhrgdc+ hsr bqd]shnm hmbqd]rdr sgd “qrs bnnq,
chm]sd ne F’bf(- Sgd qdrtkshmf qns]shnm sgdm cdbqd]rdr sghr bnnqchm]sd vhsg mn mds
bg]mfd hm F’bf(- Rn vd rdd sg]s sgdqd vhkk mdudq ad ]mx qns]shnm ne sghr rdbnmc sxod
hm ] lhmhl]k rdptdmbd ne qns]shnmr sg]s rokhsr sgd rhakhmf o]hq Ym ± 2� m ± 1[ hm S0-
Sn qdctbd sgd “qrs bnnqchm]sd ne F’b( ; ’m ± l ± 2� l) 0( sn 0+ vd vhkk mddc

]s kd]rs m ± l ± 1 qns]shnmr+ ]kk ne sgd “qrs sxod khrsdc ]anud- D]bg qdctbshnm vhkk
hmbqd]rd sgd rdbnmc bnnqchm]sd ne F’b( ax nmd- Ud vhkk mddc ]s kd]rs m ± l ± 1
]cchshnm]k qns]shnmr sn qdctbd sgd rdbnmc bnnqchm]sd a]bj sn hsr rs]qshmf u]ktd+
vhsgnts bg]mfhmf sgd “qrs bnnqchm]sd- Ud ltrs sgdm odqenql ]s kd]rs nmd ]cchshnm]k
qns]shnm sn cdbqd]rd sgd rdbnmc bnnqchm]sd sn l adenqd sgd rhakhmf o]hq hm ptdrshnm
b]m ad rokhs- Sghr fhudr ] lhmhltl ne 1m± 1l± 2 qns]shnmr adenqd sgd rhakhmf o]hq
Ym ± 0� m[ b]m ad cdrsqnxdc-

Ud l]jd ]m ]m]knfntr ]qftldms hm sgd kdll] adknv sn antmc sgd lhmhl]k
mtladq ne qns]shnmr mdbdrr]qx sn rokhs sgd rhakhmf o]hq Ym ± 1� m ± 0[ hm sgd sqdd S1-

Idll] 2-03- Ids v ; ’S0� S1( ∈ C gWud mnqlWi enql

wl)1wl)2 } } }wm±1w±0
m±2w±0

m±1 } } }w±0
l)0

vgdqd m < l ) 3- Sgd sqdd S − qdrtishmf eqnl sgd WooihbWshnm ne Ws lnrs 1m±1l±1
qnsWshnmr Ws inbWshnmr Ws idudir / sn l Winmf sgd qhfgs rhcd ne sgd sqdd sn S1 vhii
bnmsWhm sgd rhaihmf oWhq Ym ± 1� m ± 0[-

Opnne- Ud mnsd sg]s hm sghr b]rd+ vgdm b hr sgd b]qds vhsg dwonrdc kd]udr mtladqdc
m ]mc m) 0+ vd g]ud F’b( ; ’m ± l ± 2� l) 1( ]mc sn qdctbd F’b( sn ’/� k( vhsg
k ≤ l vhkk s]jd ]s kd]rs ’m ± l ± 1( ) ’m ± l ± 1( ) 1 ; 1m ± 1l ± 1 qns]shnmr ax
sgd r]ld ]m]kxrhr ]r hm Kdll] 2-02-

Ud bnlahmd sgdrd kdll]r sn oqnud Sgdnqdl 2-0/-
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Opnne ne Sgdnpdl 2-0.- Ud bnmrhcdq sgd qdctbdc sqdd o]hq ch]fq]l ’S0� S1(
bnqqdronmchmf sn sgd dkdldms v ; wl)1wl)2 } } }wm±1w±0

m±2w±0
m±1 } } }w±0

l)0 ∈ C + ]r
hm sgd kdll]r ]anud- He sgd qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd adsvddm sgdrd
svn sqddr hr c+ sgdm vd bnmrhcdq sgd rdptdmbd ne sqddr R+ ; S0+ R0� R1� , , , � Rc ; S1

qdrtkshmf eqnl odqenqlhmf sg]s rdqhdr ne c qns]shnmr sn S0 sn fds S1- Kdll] 2-02
rgnvr sg]s ]mx ]ookhb]shnm ne 1m± 1l± 2 ]kknvdc qns]shnmr sn S0 vhkk rshkk qdrtks hm
] sqdd vhsg kd]udr m±2 ]mc m±1 rshkk o]hqdc+ rn hm sqddr Rf vhsg / ≤ h ≤ 1m±1l±2
kd]e m±1 ltrs ad o]hqdc vhsg m±2- Ud bnmrhcdq sgd s]hk dmc ne sg]s rdptdmbd+ ]mc
“mc sg]s Kdll] 2-03 rgnvr sg]s hm sqddr Rf vhsg c ± ’1m ± 1l ± 1( ≤ h ≤ c kd]e
m ± 1 ltrs ad o]hqdc vhsg m ± 0- Rhmbd hs vhkk s]jd ]s kd]rs nmd ]cchshnm]k qns]shnm
sn bg]mfd sgd o]hqhmf ne kd]e m ± 1 eqnl m ± 2 sn m ± 0+ sgd qdrsqhbsdc qhfgs,]ql
qns]shnm chrs]mbd adsvddm sgd svn sqddr hr ]s kd]rs 3m ± 3l ± 3-

Sgdnqdl 2-0/ fhudr ] e]lhkx ne o]hqr ne sqddr vhsg m mncdr r]shrexhmf ] knvdq
antmc nm qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd vhsg qdrodbs sn ] fdmdq]shmf rds
P − vghbg hmbktcdr ]kk fdmdq]snqr eqnl w+ sn wl- Pdrsqhbshmf sgd fdmdq]shmf rds sn ]
rtards P ne P − vghbg hmbktcdr w+ b]m nmkx hmbqd]rd sgd qdrsqhbsdc qhfgs,]ql qns]shnm
chrs]mbd adsvddm svn sqddr+ nq b]trd hs sn ad tmcd“mdc- Hm sgd b]rd ne sgd vnqcr
trdc hm sgd oqnne ne Sgdnqdl 2-0/+ hs enkknvr eqnl Kdll] 2-5 sg]s sgd qdrsqhbsdc
qhfgs,]ql qns]shnm chrs]mbd vhkk rshkk ad cd“mdc vgdm sgd fdmdq]shmf rds hr etqsgdq
qdrsqhbsdc- Sghr enkknvr adb]trd sgd rl]kkdrs hmcdw hm sgd mnql]k enql ne sgd vnqcr
trdc dwbddcr sgd ghfgdrs kdudk ]knmf sgd qhfgs ]ql ne sgd sqdd vgdqd qns]shnm hr
]kknvdc- Sgtr vd g]ud oqnudm Sgdnqdl 2-8 ]r vdkk-

3- Antmchmf Phfgs,9pl Pns]shnm Chrs]mad

Sgd nqhfhm]k ]qftldmsr ne Btkhj ]mc Unnc Y7[ vghbg fhud ] antmc nm nqchm]qx
qns]shnm chrs]mbd ]ookx sn qhfgs,]ql qns]shnm chrs]mbd ]r vdkk- Sgdhq ]qftldms hr
sg]s ]mx ahm]qx sqdd S vhsg m mncdr b]m ad sq]mrenqldc sn nq eqnl sgd ]kk,qhfgs
sqdd vhsg m mncdr ax mn lnqd sg]m m ± 0 qns]shnmr+ ]kk ne vghbg b]m ad bgnrdm sn
khd nm sgd qhfgs ]ql ne sgd sqdd- Sgtr+ sgd qhfgs,]ql qns]shnm chrs]mbd adsvddm svn
sqddr S0 ]mc S1 d]bg vhsg m mncdr hr mn lnqd sg]m 1m ± 1+ ]r vd b]m sq]mrenql
S0 sn sgd ]kk,qhfgs sqdd ]mc eqnl sgdqd sq]mrenql hs sn S1- Ughkd sghr antmc hr mns
noshl]k enq sgd nqhfhm]k qns]shnm chrs]mbd+ vd rgnv sg]s hs hr noshl]k enq qhfgs,]ql
qns]shnm chrs]mbd-

Sgdnpdl 3-0- Cnq dWbg m ≥ 2� sgdqd Wqd qnnsdc ahmWqx sqddr S0 Wmc S1 dWbg vhsg m

mncdr rn sgWs sgd qhfgs�Wql qnsWshnm chrsWmbd adsvddm sgdl rWshrzdr cA4’S0� S1( ;
1m ± 1-

Opnne- Sn oqnud sghr vd bnmrhcdq sgd dkdldmsr ne C vhsg mnql]k enql

w+w0w1w2 } } }wm±1w±0
m±2w±0

m±3 } } }w±0
0 w±1

+
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1

+

m�2

m

+

m�1

m

0

1

m�1

m�0

0

m�0

Ehf- 0.- Sgd spdd oYhp chYfpYl enp vnpcr ne sgd enpl w+w0w1w2 S S S wmS1w
S0
mS2w

S0
mS3 S S Sw

S0
0 wS1+ +

vhsg k mncdr Ymc kdmfsg 1k · 1 vhsg pdrodbs sn sgd hmzmhsd fdmdpYshmf rds-

rgnvm hm Ehf- 0/+ vghbg g]ud m mncdr ]mc vnqc kdmfsg 1m ± 1 vhsg qdrodbs sn sgd
hm“mhsd fdmdq]shmf rds enq C - Hs enkknvr eqnl Oqnonrhshnm 2-6 sg]s sghr hr ]krn sgd
qhfgs,]ql qns]shnm chrs]mbd adsvddm sgd svn sqddr-

4- Ides,9pl ]mc Rohm]k Pns]shnm Chrs]madr

Ud mnv bnmrhcdq qns]shnm chrs]mbdr vghbg hmbktcd qns]shnmr ]s mncdr ]knmf sgd
kdes rhcd ne sgd sqdd+ hmrsd]c ne nq hm ]cchshnm sn+ mncdr ]knmf sgd qhfgs rhcd ne sgd
sqdd- Hs hr bkd]q ax rxlldsqx sg]s qdrsqhbsdc ides�Wql qnsWshnm chrsWmbd+ vghbg ]kknvr
qns]shnmr nmkx ]s ] “mhsd bnkkdbshnm ne mncdr nm sgd kdes rhcd ne sgd sqdd ]mc sgd
qnns mncd+ vhkk r]shrex sgd r]ld antmcr ]r qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd-
Rhlhk]qkx+ ides�Wql qnsWshnm chrsWmbd+ vghbg ]kknvr qns]shnmr ]s ]mx mncd ]knmf sgd
kdes ]ql ne sgd sqdd+ vhkk r]shrex sgd rg]qo toodq antmc ne 1m ± 1 nm sqddr vhsg m

mncdr+ enq m ≥ 2-
Ehm]kkx+ vd bnmrhcdq ] qns]shnm chrs]mbd vghbg ]kknvr qns]shnmr ]s sgd qnns mncd+

] “mhsd mnm,dlosx bnkkdbshnm ne mncdr nm sgd qhfgs rhcd ne sgd sqdd+ ]mc ]s ] “mhsd
mnm,dlosx bnkkdbshnm ne mncdr nm sgd kdes rhcd ne sgd sqdd- Rhmbd ]kk mncdr vgdqd
qns]shnmr ]qd odqlhssdc khd nm sgd rohmd ne sgd sqdd+ vd b]kk rtbg ] qns]shnm chrs]mbd
] qdrsqhbsdc rohmWi qnsWshnm chrsWmbd- Hm sdqlr ne Sgnlornm#r fqnto C + kdes qns]shnm
]s kdudk m nm sgd kdes ]ql ne sgd sqdd b]m ad dwoqdrrdc ]r xm ; wm

+w0w±m±0
+ - Rn

sgdqd hr ]m dwsdmcdc hmzmhsd fdmdqWshmf rds enq C bnmrhrshmf ne ]kk wm ]mc xm vghbg
bnqqdronmcr sn ]kknvhmf qns]shnmr ]s ]mx knb]shnm nm sgd rohmd- Gdqd+ vd bnmrhcdq
“mhsd rtardsr ne sghr dmk]qfdc fdmdq]shmf rds- =f]hm+ he vd cn mns hmbktcd w+ hm sgd
fdmdq]shmf rds vd bnmrhcdq+ vd fdmdq]sd dhsgdq ] rtafqnto hrnlnqoghb sn C nq hsr
chqdbs rpt]qd+ rn vd qdrsqhbs sn sgd b]rd vgdqd w+ hr hmbktcdc hm sgd fdmdq]shmf rds-

Cdwmhshnm 4-0- Kds P ; Tw+� wf0 � , , , � wf� � xi0 � , , , � xik| vhsg h0 . h1 . } } } . hI
]mc i0 . i1 . } } } . ik ad ] “mhsd rtards ne sgd dwsdmcdc hm“mhsd fdmdq]shmf rds enq
C ]mc S0 ]mc S1 ad sqddr vhsg sgd r]ld mtladq ne kd]udr- Ud cd“md cIAR’S0� S1(+
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sgd qdrsqhbsdc rohmWi qnsWshnm chrsWmbd vhsg qdrodbs sn P+ ]r sgd lhmhl]k mtladq ne
qns]shnmr qdpthqdc sn sq]mrenql S0 sn S1+ vgdqd sgd qns]shnmr ]qd nmkx ]kknvdc ]s
kdudkr /� h0� , , , � hI±0 ]mc hI ]knmf sgd qhfgs rhcd ne sgd sqdd ]mc ]s kdudkr i0� , , , � ik
nm sgd kdes rhcd ne sgd sqdd-

=f]hm+ sgntfg ]kknvhmf qns]shnmr ]s “mhsdkx l]mx knb]shnmr nm ansg sgd qhfgs
]mc kdes ]qlr ne sgd sqdd l]x qdctbd sgd qns]shnm chrs]mbd adsvddm rnld o]hqr ne
sqddr+ vd oqnud sg]s sgd ltkshokhb]shud bnmrs]ms ne 3 hm sgd toodq antmc b]mmns ad
cdbqd]rdc-
Ud “qrs rgnv sg]s rohm]k qns]shnm chrs]mbd r]shr“dr sgd r]ld toodq antmc ]r

qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd-

Sgdnpdl 4-1- Ids P ; Tw+� wf0 � , , , � wf� � xi0 � , , , � xik| vhsg h0 . h1 . } } } . hI Wmc
i0 . i1 . } } } . ik� vgdqd wf hr W fdmdqWsnq ne C Wmc xm ; wm

+w0w±m±0
+ � Wmc ids cIAR

ad sgd bnqqdronmchmf rohmWi qnsWshnm chrsWmbd- Ids S0 Wmc S1 ad ahmWqx sqddr� dWbg
vhsg m bWqdsr vhsg m ≥ 2� enq vghbg cIAR’S0� S1( hr cdzmdc- Sgdm

cIAR’S0� S1( ≤ 3m ± 7,

Opnne- Kds P − ; Tw+� wf0 � , , , � wf�|+ vghbg hr ]krn ] fdmdq]shmf rds enq C hm vghbg
d]bg fdmdq]snq bnqqdronmcr sn ] qns]shnm ]knmf sgd qhfgs ]ql ne sgd sqdd- Rhmbd
]cchmf ]cchshnm]k dkdldmsr sn ] fdmdq]shmf rds b]m nmkx cdbqd]rd sgd bnqqdronmchmf
qdrsqhbsdc qns]shnm chrs]mbd+ vd rdd hlldch]sdkx sg]s cIAR’S0� S1( ≤ cI

�

AR’S0� S1(-
Rhmbd cI

�

AR’S0� S1( ; cI
�

AA4’S0� S1(+ ]mc Oqnonrhshnm 2-7 oqnudr sg]s cI
�

AA4’S0� S1( ≤
3m ± 7+ sgd sgdnqdl enkknvr-

Mnv vd rgnv sg]s sgd ltkshokhb]shud bndffbhdms ne 3 hr noshl]k hm sgd r]ld rdmrd ]r
vhsg qdrsqhbsdc qhfgs,]ql qns]shnm chrs]mbd- Enq sgdrd dw]lokdr+ sn ]unhc onrrhakd
qdod]sdc dwbdrrhud qdctbshnmr hm F’b(+ vd s]jd vnqcr vghbg g]ud ]m dwonrdc b]qds
bnmmdbsdc sn sgd qhfgs,g]mc rhcd ne sgd sqdd vhsg ] o]sg vghbg ]ksdqm]sdr adsvddm
aq]mbghmf qhfgs ]mc kdes-

Sgdnpdl 4-2- Ids P ; Tw+� wf0 � , , , � wf� � xi0 � , , , � xik| vhsg h0 . h1 . } } } . hI Wmc
i0 . i1 . } } } . ik� vgdqd wf hr W fdmdqWsnq ne C Wmc xm ; wm

+ w0w±m±0
+ - Sgdm sgdqd

dwhrs sqddr S0 Wmc S1 vhsg m mncdr vgdqd m < l]wThI� ik| enq vghbg cIAR’S0� S1( hr
cdzmdc sgWs rWshrex

cIAR’S0� S1( ≥ 3m ± 3l]wThI� ik| ± 01,

Ud ]f]hm hmsqnctbd ] o]qshbtk]q e]lhkx ne dkdldmsr v ∈ C + qdoqdrdmsdc ax qdctbdc
sqdd o]hq ch]fq]lr ’S0� S1(+ vghbg qdpthqdr sghr knvdq antmc nm sgd qdrsqhbsdc rohm]k
qns]shnm chrs]mbd adsvddm S0 ]mc S1- =r hm sgd oqnne ne Sgdnqdl 2-0/+ vd trd sgd
nqcdqdc o]hq F’b( ]r sgd l]hm snnk ne sgd oqnne- Rhmbd qns]shnmr ]qd mnv odqlhssdc
]knmf sgd kdes ]ql ne sgd sqdd+ vd ltrs mnsd sgd bg]mfdr hm F’b( b]trdc ax ] qns]shnm
]knmf sgd kdes ]ql ne sgd sqdd- =r adenqd+ b hr ]m dwonrdc b]qds+ αL hr sgd lhmhl]k
o]sg eqnl sgd mncd ne b sn sgd rohm]k ]mbdrsnq ne b+ d]bg mnm,rohm]k mncd ]knmf αL
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SYakd 2- BgYmfd hm F’T( ; ’n� r( vgdm Y rhmfkd pnsYshnm hr odpenpldc Ys kdudk d ≥ 0 Yknmf sgd kdes

Ypl ne sgd spdd+ Ymc sgd rohmYk Ymbdrsnp ne T hr nm sgd kdes Ypl ne sgd spdd-

Chpdbshnm FmhshYk KYadkr PdkYshud Nnrhshnm BgYmfd hm

ne PnsYshnm ne xI ne d Ymc r F’T( ; ’n� r(

Kdes pnsYshnm PK np PP d , r· 0 ’n� r ) 0(

Phfgs pnsYshnm PK np PP d , r· 0 ’n� r · 0(

Kdes pnsYshnm PK np PP d ; r· 0 ’n� r ) 0(

Phfgs pnsYshnm PK np PP d ; r· 0 ’n ) 0� r· 0(

Kdes pnsYshnm PK d ; r ’n · 0� r ) 0(

Kdes pnsYshnm PP d ; r ’n · 0� r(

Phfgs pnsYshnm PK np PP d ; r ’n ) 0� r(

Kdes pnsYshnm PK np PP d < r ’n� r(

Phfgs pnsYshnm PK np PP d < r ’n� r(

hr fhudm ] k]adk ne P nq K+ ]mc F’b( ; ’p� r(- He sgd rohm]k ]mbdrsnq ne b khdr nm sgd
kdes ]ql ne sgd sqdd+ sgdm sgd hmhsh]k k]adk ]knmf αL ltrs ad P-
S]akd 2 rtll]qhydr sgd bg]mfdr hm F’b( vgdm ] rhmfkd qns]shnm hr odqenqldc

]knmf sgd kdes ]ql ne sgd sqdd- He sgd rohm]k ]mbdrsnq ne b hr nm sgd qhfgs ]ql ne sgd
sqdd+ ]mc ] qns]shnm hr odqenqldc nm sgd kdes ]ql ne sgd sqdd+ ]s kdudk ]s kd]rs nmd+
sgdm F’b( qdl]hmr tmbg]mfdc-
Pns]shnm ]s sgd qnns b]qds+ bnqqdronmchmf sn ltkshokhb]shnm ax sgd fdmdq]snq wT0

+

b]m ]—dbs F’b( hm nmd ne svn v]xr-

’h( He F’b( ; ’p� 0(+ sgdm sghr qns]shnm l]x bg]mfd sgd ]ql ne sgd sqdd nm vghbg
sgd rohm]k ]mbdrsnq ne b khdr- He sghr hr sgd b]rd+ sgdm sgd “qrs k]adk ]knmf sgd
o]sg αL vhkk bg]mfd eqnl K sn P nq uhbd udqr] ]mc F’b( vhkk qdl]hm ’p� 0(-

’hh( He F’b( →; ’p� 0( sgdm sgd p bnnqchm]sd qdl]hmr tmbg]mfdc+ ]mc sgd r bnnqchm]sd
hr bg]mfdc ax ·0+ cdodmchmf nm sgd chqdbshnm ne sgd qns]shnm-

Nsgdq qns]shnmr vghbg cn mns ]cc b]qdsr sn sgd o]sg αL vhkk mns bg]mfd sgd k]adkr
]knmf αL- Pns]shnmr vghbg cdbqd]rd sgd kdmfsg ne αL b]m nmkx qdlnud sgd hmhsh]k
k]adk ]knmf sgd o]sg-
Sgd oqnne ne Sgdnqdl 4-2 trdr ldsgncr ]m]knfntr sn sgd oqnner ne Kdll]r 2-02

]mc 2-03 ]mc Sgdnqdlr 2-8 ]mc 2-0/-

Opnne ne Sgdnpdl 4-2- Ehqrs+ vd b]m ]rrtld vhsgnts knrr ne fdmdq]khsx sg]s hI hr
k]qfdq sg]m ik+ rhmbd he mns+ vd b]m hmsdqbg]mfd sgd kdes ]mc qhfgs rdsr ne fdmdq]snqr
ax s]jhmf qdfidbshnmr ne sgd sqddr bnmrhcdqdc- Fhudm sgd rds P+ vd cd“md sgd kdudk
etqsgdrs eqnl sgd qnns nm sgd qhfgs rhcd ]s vghbg ] qns]shnm b]m s]jd ok]bd ]r G ; hI
enq bnmudmhdmbd ]mc bnmrhcdq sgd dkdldmsr vhsg l < G ne sgd enql

v ; ’S0� S1( ; w�)1w1
�)2w1

�)3 } } }w1
lw±1

l±0w±1
l±1 } } }w±1

�)1w±0
�)0,

Sgd qdctbdc sqdd o]hq ch]fq]l ’S0� S1( enq v hr rgnvm hm Ehf- 00- D]bg Sf bnms]hmr
m ; 1l ± G b]qdsr+ vhsg ] cddokx atqhdc dwonrdc b]qds hm d]bg sqdd bnmmdbsdc sn
sgd qhfgs,g]mc rhcd ne sgd sqdd uh] ] yhfy]f o]sg- Hm S0+ vd k]adk sgd b]qds vhsg
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C�0

C�1

C�2

C�0

c�0 c c c�0

C�1

C�2

C

Ehf- 00- =m dwYlokd epnl sgd eYlhkx ne dkdldmsr ne sgd enpl s ; ’N0� N1( ;

w��1w
1
��2w

1
��3 S S S w1cwS1cS0w

S1
cS1 S S Sw

S1
��1w

S0
��0 vghbg Ypd trdc sn rgnv sgYs sgd ltkshokhbYshud

bnmrsYms ne 3 hm sgd toodp antmc nm pdrsphbsdc rohmYk pnsYshnm chrsYmbd hr noshlYk-

sgd rhakhmf o]hq Yl ± 0� l[ ]r b ]mc hm S1+ vd k]adk sgd b]qds vhsg sgd rhakhmf o]hq
Yl� l ) 0[ ]r c- Ud rdd sg]s sgd kdmfsgr ne αL ]mc αc ]qd ansg 1l ± 1G ± 2+ ]mc
g]ud k]adkr KPKPKPK } } }PK- Ud adfhm vhsg F’b( ; ’1l ± 1G ± 2� G ) 0( ]mc
F’c( ; ’1l ± 1G ± 2� G ) 1( ]mc sn rokhs d]bg rhakhmf o]hq+ vd mddc sn qdctbd ansg
F’b( ]mc F’c( sn ’0� k( enq rnld ]ooqnoqh]sd k- =r hm sgd qhfgs,]ql b]rd cdrbqhadc
]anud+ vgdm bntmshmf sgd mddcdc qns]shnmr+ vd bntms eqnl sgd adfhmmhmf ne sgd
sq]mrenql]shnm sn cdsdqlhmd sgd mtladq ne qns]shnmr mddcdc sn rdo]q]sd sgd rhakhmf
o]hq hm b]qds b ]mc eqnl sgd dmc ne sgd sq]mrenql]shnm sn cdsdqlhmd sgd mtladq ne
qns]shnmr sn rdo]q]sd sgd o]hq hm b]qds c-
=r hm sgd oqnne ne Sgdnqdl 2-0/+ sgdqd ]qd svn v]xr sg]s ] rhmfkd qns]shnm b]m

cdbqd]rd sgd p bnnqchm]sd ne F’b(+ vghbg vd dwsq]bs eqnl S]akdr 1 ]mc 2-

’h( Pns]shnmr vghbg cdbqd]rd sgd “qrs bnnqchm]sd ]mc hmbqd]rd sgd rdbnmc-
’hh( Pns]shnmr vghbg cdbqd]rd sgd “qrs bnnqchm]sd ]mc kd]ud sgd rdbnmc tmbg]mfdc-

Sgdrd b]m nmkx g]oodm vgdm sgd rohm]k ]mbdrsnq ne b hr nm sgd qhfgs ]ql ne sgd
sqdd ]mc hmhsh]k svn k]adkr ne αLL ]qd KK nq vgdm sgd rohm]k ]mbdrsnq ne b hr nm
sgd kdes ]ql ne sgd sqdd ]mc hmhsh]k svn k]adkr ne αLL ]qd PP- Ud vhkk b]kk sgdrd
anmtr qns]shnmr-
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Ud mnsd sg]s ] rhmfkd qns]shnm vghbg cndr mns hmbqd]rd sgd p bnnqchm]sd dhsgdq kd]udr
sgd k]adkr ]knmf αL tmbg]mfdc+ nq qdlnudr sgd hmhsh]k k]adk- Sgdqd hr mn v]x enq ]
rhmfkd qns]shnm sn bg]mfd ] k]adk hm sgd lhcckd ne sgd o]sg- Pns]shnm ]s sgd qnns
l]x bg]mfd sgd hmhsh]k k]adk eqnl P sn K nq uhbd udqr]+ nq kd]ud ]kk k]adkr tmbg]mfdc-
Ud “qrs dmk]qfd ntq fdmdq]shmf rds sn P − ; Tw+� w0� w1� , , , wf� � x0� x1� , , , � xik|+

rn sg]s qns]shnmr ]qd odqlhssdc ]s ]kk mncdr ]s kdudkr ydqn sgqntfg hI ]knmf sgd
qhfgs rhcd ne sgd sqdd+ ]mc ]s ]kk kdudkr nmd sgqntfg ik ]knmf sgd kdes rhcd ne sgd sqdd-
=r vhsg Sgdnqdlr 2-8 ]mc 2-0/+ he vd b]m oqnctbd sqddr S0 ]mc S1 vghbg qdpthqd
sgd cdrhqdc knvdq antmc nm sgd rohm]k qns]shnm chrs]mbd cI

�

AR’S0� S1(+ sgdm sgd r]ld
antmc gnkcr vhsg qdrodbs sn P+ rhmbd sgd qdlnu]k ne dkdldmsr eqnl sgd fdmdq]shmf rds
b]m nmkx hmbqd]rd sgd rohm]k qns]shnm chrs]mbd nq b]trd hs sn ad tmcd“mdc- Rhmbd sgd
dkdldmsr hm ntq dw]lokd cn mns g]ud ]mx fdmdq]snqr hm sgdhq mnql]k enqlr ne hmcdw
kdrr sg]m hI+ Kdll] 2-5 ft]q]msddr sg]s sgd qdkdu]ms qdrsqhbsdc qhfgs,]ql qns]shnm
chrs]mbd trhmf itrs sgd qns]shnmr nm sgd qhfgs rhcd ne sgd sqdd hr cd“mdc- Sgtr sgd
qdrsqhbsdc rohm]k qns]shnm chrs]mbd trhmf sgd k]qfdq rds ne qns]shnmr bnqqdronmchmf sn
sgd dmshqd fdmdq]shmf rds P vhkk ]krn ad cd“mdc-
Ud mnv fhud ] knvdq antmc nm sgd lhmhl]k mtladq ne qns]shnmr mdbdrr]qx

sn rdo]q]sd sgd rhakhmf o]hq Yl ± 0� l[ hm S0+ vghbg vd b]m dpthu]kdmskx uhdv ]r
ltkshokhb]shnm ax ] lhmhl]k rdptdmbd ne fdmdq]snqr- Ud qdb]kk sg]s vd ltrs qdctbd
F’b( eqnl ’1l ± 1G ± 2� G ) 0(+ vgdqd G ; hI+ sn ’0� k( enq rnld kdudk k ]s vghbg
qns]shnm hr ]kknvdc nm sgd bnqqdbs ]ql ne sgd sqdd- Dudqx qns]shnm+ vgdsgdq ]s ] mncd
nm sgd qhfgs nq kdes ]ql ne sgd sqdd+ vghbg cdbqd]rdr sgd p bnnqchm]sd ne F’b(+ vhsg
sgd dwbdoshnm ne anmtr qns]shnmr+ ]krn hmbqd]rdr sgd r bnnqchm]sd- Sgd r bnnqchm]sd
ne F’b( adfhmr k]qfdq sg]m hI ’]mc sgtr ik ]r vdkk(+ ]mc rn d]bg mnm,anmtr qns]shnm
vghbg qdctbdr sgd p bnnqchm]sd vhkk qdpthqd ]m ]cchshnm]k qns]shnm sn bntmsdq]bs sgd
bnqqdronmchmf hmbqd]rd hm sgd r bnnqchm]sd-
Ud mnv bnmrhcdq sgd qnkd ne anmtr qns]shnmr sg]s b]m ad trdc hm ] lhmhl]k kdmfsg

rdptdmbd ne qns]shnmr- Ud mnsd sg]s sgd k]adkr enq αL adfhm vhsg KPKPKPK } } }-
Sgdqd hr mn m]stq]k nbbtqqdmbd hm sgd rdptdmbd ne k]adkr ne PP nq KK- Hm nqcdq
sn bqd]sd ]m PP nq KK+ vd b]m trd ]m ]ookhb]shnm ne ]s kd]rs nmd wT0

+ vghbg vhkk
bg]mfd sgd hmhsh]k k]adk ats vhkk mns bg]mfd F’b(- Sgtr d]bg rtbg anmtr qns]shnm
vntkc mddc sn ad ]bbnlo]mhdc ax ]m wT0

+ vghbg cndr mns bg]mfd F’b(-
Kds β ad ] lhmhl]k rsqhmf ne qns]shnmr vghbg qdctbdr F’b( ; ’1l±1G±2� G)0(

sn ’0� k(- Ud chuhcd sgd qns]shnmr hm β hmsn sgqdd fqntor9

’h( n0 mnm,anmtr qns]shnmr vghbg bg]mfd sgd bnnqchm]sdr ne F’b(+
’hh( n1 anmtr qns]shnmr vghbg bg]mfd sgd bnnqchm]sdr ne F’b(+ ]mc
’hhh( n2 qns]shnmr vghbg cn mns bg]mfd F’b(-

Sgd ]qftldms ]anud rgnvhmf sg]s sgdqd hr ]s kd]rs nmd wT0
+ ]bbnlo]mxhmf d]bg

anmtr qns]shnm rgnvr sg]s n2 ≥ n1- Sns]kkhmf sgd d—dbsr ne sgdrd n qns]shnmr+ vd
“mc sg]s sn qdctbd F’b( ; ’1l ± 1G ± 2� G ) 0( sn F’b( ; ’0� k( vhsg k ≤ G vhkk
qdpthqd ]s kd]rs 1’1l± 1G ± 3() 0 ; 1m± 1G ± 6 sns]k qns]shnmr+ rhmbd m ; 1l± G-
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Sgtr+ ]r hm Kdll] 2-02+ ]mx rdptdmbd ne ]s lnrs 1m ± 1G ± 6 qns]shnmr ]ookhdc sn
sqdd S0 vhkk oqnctbd ] sqdd hm vghbg kd]udr l ± 0 ]mc l ]qd rhakhmf o]hqr-
Rhlhk]qkx+ vnqjhmf a]bjv]qc ]mc bnmrhcdqhmf sqdd S1+ vd mddc sn bg]mfd sgd

F’c( ; ’1l± 1G ± 2� G )1( sn ’0� k( vhsg k ≤ G+ sn ad ]akd sn ]—dbs sgd rhakhmf o]hq
Yl� l ) 0[- = rhlhk]q b]kbtk]shnm rgnvr sg]s ]mx rdptdmbd ne ]s lnrs 1m ± 1G ± 5
qns]shnmr ]ookhdc sn sgd sqdd S1 vhkk oqnctbd ] sqdd hm vghbg kd]udr l ]mc l ) 0
]qd rhakhmf o]hqr-
Rn vd rdd sg]s hm sgd rdptdmbd ne sqddr R+ ; S0� R0� R1� , , , � Rc ; S1 dwghahshmf

sgd sq]mrenql]shnm ne S0 hmsn S1 uh] qns]shnm+ sgd rhakhmf o]hq Yl ± 0� l[ ltrs ad
oqdrdms hm sgd “qrs 1m± 1G ± 6 sqddr ]mc sgd rhakhmf o]hq Yl� l)0[ ltrs ad oqdrdms
hm sgd k]rs 1m± 1G ± 5 sqddr- Hmbktchmf sgd qns]shnm sn bg]mfd sgd rhakhmf o]hqhmf ne
kd]e l+ vd rdd sg]s sgd rohm]k qns]shnm chrs]mbd ltrs ad ]s kd]rs 3m ± 3G ± 01-
Mnsd sg]s sgd mtladq m ne mncdr hm sgdrd sqddr hr bnmrsqtbsdc sn ad 1l ± G+

rn cdodmchmf tonm vgdsgdq nq mns G hr dudm nq ncc+ sgd mtladq ne mncdr hm sgd
sqddr bnmrsqtbsdc trhmf sgdrd dw]lokdr enq hmbqd]rhmf l vhkk dhsgdq ]kv]xr ad dudm
nq ]kv]xr ad ncc- Sn nas]hm dw]lokdr enq ]kk o]qhsx m k]qfdq sg]m G+ vd b]m qdod]s
sgd ]qftldms ]anud nm dw]lokdr vhsg nmd ]cchshnm]k b]qds+ vhsg mnql]k enqlr

v− ; ’S0� S1( ; w�)1w1
�)2w1

�)3 } } }w1
lwl)0w±0

l w±1
l±0w±1

l±1 } } }w±1
�)1w±0

�)0

]mc “mc sg]s sgd rhakhmf o]hq Yl� l)0[ ltrs ad oqdrdms hm sgd “qrs 1m±1G±4 rsdor
]mc sg]s sgd rhakhmf o]hq Yl)0� l)1[ ltrs ad oqdrdms hm sgd k]rs 1m±1G±5 rsdor+
rn hm sgnrd b]rdr sgd chrs]mbd adsvddm sgd svn sqddr ltrs ad ]s kd]rs 3m± 3G ± 0/-
Sgtr+ vd g]ud sg]s sgd antmc gnkcr enq ]kk m k]qfdq sg]m G ]mc sgtr sgd sgdqnqdl-

9aimnukdcfldmsr

Sgd “qrs ]tsgnq ]bjmnvkdcfdr rtoonqs eqnl ORB,BTMW fq]ms �5538/+ MRE fq]ms
CLR,/2/4434 ]mc sgd gnrohs]khsx ne sgd Bdmsqd cd Pdbdqb] L]sdl”]shb]-
Sgd rdbnmc ]tsgnq ]bjmnvkdcfdr rtoonqs eqnl MRE fq]msr CLR,/2/4434 ]mc

CLR,/326370 ]mc sgd gnrohs]khsx ne sgd Bdmsqd cd Pdbdqb] L]sdl”]shb]-
Ansg ]tsgnqr vntkc khjd sn sg]mj sgd ]mnmxlntr qdedqdd enq l]mx gdkoetk

rtffdrshnmr-

Pdedpdmadr

Y0[ J- R- Aqnvm) Sgd fdnldsqx ne qdvqhshmf rxrsdlr9 : oqnne ne sgd :mhbjfiFqnudrfiRpthdq
sgdnqdl) hm .ifnphsglr Tmc AiTrrhybTshnm hm AnlahmTsnphTi Epnto Sgdnpv) Adqjdkdx)
B:) 0878 ’Roqhmfdq) Mdv Wnqj) 0881() oo- 026fi052-

Y1[ J- R- Aqnvm ]mc P- Fdnfgdf]m) :m hmymhsd,chldmrhnm]k snqrhnm,eqdd �F∞ fqnto)
Gmudms, LTsg, 66 ’0873( 256fi270-

Y2[ I- V- B]mmnm) V- I- Eknxc ]mc V- P- O]qqx) Gmsqnctbsnqx mnsdr nm Phbg]qc
Sgnlornm�r fqntor) Dmrdhfm, LTsg, 31’2fi3( ’0885( 104fi145-

Y3[ R- Bkd]qx) Pdrsqhbsdc qns]shnm chrs]mbd adsvddm ahm]qx sqddr) Gmenpl, Mpnbdrr, Jdss,
73’2( ’1..1( 222fi227-
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