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9arspUbs- Vd bk]rrhew) to sn bnmitf]bw) ]kk nqhdms]shnm,oqdrdquhmf ]bshnmr ne

LP�1’S( nm bknrdc bnmmdbsdc nqhdms]akd rtqe]bdr vhsg rogdqhb]k ptnshdmsr- Sghr

bk]rrh b]shnm hr u]khc hm sgd snonknfhb]k) OK) rlnnsg) bnmenql]k) fdnldsqhb ]mc

]kfdaq]hb b]sdfnqhdr ]mc hr qdk]sdc sn sgd Hmudqrd F]knhr Oqnakdl-

0- Emspnctbshnm

= bk]rrhb]k e]bs+ drrdmsh]kkx ctd sn Phdl]mm+ rs]sdr sg]s ]mx ffmhsd fqnto F b]m ad
qd]khydc ]r ] rtafqnto ne nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr ne rnld ’bknrdc+
bnmmdbsdc+ nqhdms]akd( rtqe]bd V- Hm e]bs+ nmd b]m ]krn ]qq]mfd hs rn sg]s F hr ]
rtafqnto ne bnlokdw ]m]kxshb ]tsnlnqoghrlr vhsg qdrodbs sn rnld bnlokdw rsqtb,
stqd nm V+ ]mc sgd ptnshdms F|V hr sgd Phdl]mm rogdqd- Sghr hr dpthu]kdms sn
] rnktshnm ne sgd Hmudqrd F]knhr Oqnakdl nudq sgd etmbshnm ffdkc A’s(- ’Sgd ffdkc
ne ldqnlnqoghb etmbshnmr nm V hr ] ffdkc dwsdmrhnm ne A’s( ; sgd ffdkc ne ldqn,
lnqoghb etmbshnmr nm sgd rogdqd F|V vhsg F]knhr fqnto F-( Sghr qd]khy]shnm b]m
ad ]bbnlokhrgdc ax ohbjhmf ] rds ne fdmdq]snqr enq F+ sn ad dwok]hmdc hm cds]hk hm
Rdbshnm 1 adknv- Ehwhmf sgd fqnto F+ vd b]m sgdm ]rj enq Fdm’F( ⊂ S+ sgd rds
ne ]kk onrrhakd fdmdq] ne bknrdc+ bnmmdbsdc+ nqhdms]akd rtqe]bdr nm vghbg F b]m ]bs
e]hsgetkkx+ oqdrdquhmf sgd nqhdms]shnm+ nq sgd rds ne rogdqhb]k fdmdq] vgdm vd ]krn
qdpthqd sg]s sgd ptnshdms F|V hr ] rogdqd- Sgd ]mrvdq hr adrs ogq]rdc hm sdqlr
ne F,rhfm]stqdr ’cdffmdc adknv( ]mc hr fhudm hm ntq Bnqnkk]qhdr 4.8 ]mc 4.0/ enq
OPK1’o(. o / 00- Sgdrd qdrtksr+ rnldvg]s rtqoqhrhmfkx+ r]x sg]s ]mx rhfm]stqd
r]shrexhmf rnld nauhntrkx mdbdrr]qx bnmchshnmr hr ] OPK1’o(,rhfm]stqd-
Mnv kds F ad ] mnmsqhuh]k ffmhsd rtafqnto ne nqhdms]shnm,oqdrdquhmf gnldnlnq,

oghrlr ne ] bknrdc bnmmdbsdc nqhdms]akd rtqe]bd V- Sgdm sgd rhmftjWq rds P ne
onhmsr vhsg mnmsqhuh]k rs]ahkhydq hr chrbqdsd+ gdmbd ffmhsd- Sghr hr d]rx sn rgnv vgdm
sgd ]bshnm hr rlnnsg ’nq ohdbdvhrd,khmd]q(+ ats g]qcdq sn oqnud hm sgd snonknfhb]k
b]sdfnqx YS“- Cdmnsd sgd aqWmbg rds F|P ax A ; {a0. a1. . . . . aj{- Vd ]qd oqhl]qhkx
hmsdqdrsdc hm sgd b]rd vgdm sgd ptnshdms F|V hr gnldnlnqoghb sn ] rogdqd+ rn
A hr mnmdlosx ’nsgdqvhrd V §� F|V vntkc ad ] mnmsqhuh]k qdftk]q bnudq ne sgd
rogdqd(-
=bshnmr ne F nm ] bknrdc bnmmdbsdc nqhdms]akd rtqe]bd V ]qd trt]kkx bk]rrhffdc ax

sgdhq rhfmWstqdr ’g:l0.l1. . . . .lj(+ vgdqd g hr sgd fdmtr ne sgd ptnshdms F|V ]mc
lh ≥ 1 hr sgd nqcdq ne sgd ’mdbdrr]qhkx bxbkhb( rs]ahkhydq ne ]mx oqdhl]fd ne ah hm P-
Vgdm F|V g]r fdmtr g ; /+ sgd rhfm]stqd vhkk ad cdmnsdc ’l0.l1. . . . .lj(- He
vd b]m ffmc ] F,]bshnm vhsg rhfm]stqd ’l0.l1. . . . .lj(+ sgdm ’l0.l1. . . . .lj( hr

Pdbdhudc aw sgd dchsnqr Edaqt]qw 0) 1..2 ]mc) hm qduhrdc enql) L]qbg 03) 1..4-

1... LZsgdlZshbr Rtaidbs AkZrrhffbZshnm- Oqhl]qw 46L5.: Rdbnmc]qw 01E01) 1.G0.) 2.E0.-

b�1--5 9ldphbYm LYsgdlYshbYi Rnbhdsu
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1133 LTO=C N̈Y=UCHM+ BF=OKNSSD RHLLNMR+ =MC IDMMHEDO S=A=BJ

b]kkdc ] F,rhfmWstqd- Sghr hr dpthu]kdms sn ffmchmf ] rds ne fdmdq]snqr {f0. f1. . . . . fj{
ne F rtbg sg]s f0f1 · · · fj ; 0 vhsg sgd nqcdq ne fh dpt]khmf lh ’rdd Oqnonrhshnm
1-0 adknv(- Vd sgdm r]x sg]s ’f0. f1. . . . . fj( hr ] qdWjhyWshnm ne sgd F,rhfm]stqd
’l0.l1. . . . .lj(- He vd cqno sgd qdpthqdldms sg]s {f0. f1. . . . . fj{ fdmdq]sdr F+
sgdm ’l0.l1. . . . .lj( hr ] oWqshWj F,rhfmWstqd- Bkd]qkx j ≥ 1 vgdm F hr mnmsqhuh]k+
]mc he j ; 1+ sgdm l0 ; l1 ]mc F hr bxbkhb ne nqcdq l0-
= ffmdq bk]rrhffb]shnm ne F,]bshnmr vhsg rogdqhb]k ptnshdms hr fhudm ax sgd qWl,

hffbWshnm sxod ’C0. C1. . . . . Cj( vgdqd sgd Ch”r ]qd sgd bnmitf]bx bk]rrdr ne sgd dkd,
ldmsr φ’bh( hm F- = q]lhffb]shnm sxod ’C0. C1. . . . . Cj( bnqqdronmcr sn sgd rhfm]stqd
’l’C0(.l’C1(. . . . .l’Cj((+ vgdqd l’C( hr sgd nqcdq ne ]mx dkdldms ne C- Vd qd]khyd
] q]lhffb]shnm sxod ]m]knfntrkx ’vhsg fh ∈ Bh(+ ]mc ] q]lhffb]shnm sxod xhdkchmf ]
F,rhfm]stqd hr b]kkdc ] F,q]lhffb]shnm sxod-
=mx odqlts]shnm ne ] q]lhffb]shnm sxod xhdkcr ]mnsgdq q]lhffb]shnm sxod: he sgd

dkdldmsr ’f0. f1. . . . . fj( fhud ] qd]khy]shnm enq sgd q]lhffb]shnm sxod ’C0. C1. . . . . Cj(+
sgdm sgd dkdldmsr ’f0. . . . . fh)0. f|0

h)0fhfh)0. . . . . fj( fhud ] qd]khy]shnm enq sgd q]lhff,
b]shnm sxod ’C0. . . . . Ch)0. Ch. . . . . Cj(-
Hm sghr o]odq+ vd cdsdqlhmd ]kk onrrhakd OPK1’o(,q]lhffb]shnm sxodr enq oqhldr

o / 00- Hm o]qshbtk]q vd g]ud sgd enkknvhmf qdrtks-

BnpniiYpx 4�8� Enq o oqhld’ o / 00’ W rhfmWstqd ’l0.l1. . . . .lj( hr W OPK1’o(,
rhfmWstqd he Wmc nmjx he dWbg lh hr dhsgdq o nq W chuhrnq ne o±01 Wmc

)j
h90

∖
0§ 0

l�

(
/

1-

Sgd ffqrs bnmchshnm ’nm sgd lh( hr mdbdrr]qx adb]trd ]mx dkdldms ne OPK1’o( g]r
nqcdq dpt]k sn o nq chuhchmf o±0

1 - Sgd mdbdrrhsx ne sgd rdbnmc bnmchshnm enkknvr eqnl
sgd Phdl]mm,Gtqvhsy enqltk] adknv+ ]mc rhfm]stqdr r]shrexhmf sghr bnmchshnm ]qd
b]kkdc gxodqanjhb- Cdsdqlhmhmf ]kk OPK1’o(,rhfm]stqdr enq o • 00 b]m ad g]mckdc
hmchuhct]kkx: enq hmrs]mbd+ o ; 6 hr cnmd hm cds]hk hm YLR“- Mnsd sg]s Bnqnkk]qx
4-8 hr mns u]khc enq o • 00: enq hmrs]mbd+ nmd b]m d]rhkx bgdbj ’trhmf B=WKDW
enq dw]lokd( sg]s sgd rhfm]stqd ’1. 1. 1. 1. 1( r]shrffdr sgd gxonsgdrhr ats hs hr mns ]
OPK’1. o(,rhfm]stqd enq o • 00-
Vghkd V §� F|V hr ] aq]mbgdc bnudq+ hsr qdrsqhbshnm sn V § P hr ] qdftk]q

bnudq- Gdmbd+ χ’V § P( ; |F|χ’X (+ vgdqd χ cdmnsdr sgd Dtkdq bg]q]bsdqhrshb ]mc
X ; ’F|V(§A- Sghr hr sgd PhdlWmm,Ftqvhsy enqltjW

1§ 1f ; |F|
)

1§ 1g§
j∑

h90

∖
0§ 0

l�

(�

.

vgdqd f hr sgd fdmtr ne V ]mc g hr sgd fdmtr ne F|V- Vgdm sgd ptnshdms F|V hr
] rogdqd+ vd g]ud g ; /+ rn sgd fdmtr f ne V b]m ad bnlotsdc eqnl sgd rhfm]stqd
’l0.l1. . . . .lj(-
Sgd Phdl]mm,Gtqvhsy enqltk] hlonrdr rsqnmf qdrsqhbshnmr nm sgd lh+ ]mc bnm,

rdptdmskx+ nm sgd fqnto F vgdm f • 0+ ]r cdrbqhadc hm sgd s]akd ’mdws o]fd(-
Hm sgd rogdqhb]k b]rd+ sgd rs]mc]qc ]bshnmr ne sgd bxbkhb ]mc sgd chgdcq]k fqntor

’]r qns]shnmr( ]mc sgd qns]shnm]k rxlldsqhdr ne sgd sdsq]gdcqnm+ sgd btad+ ]mc
sgd cncdb]gdcqnm fhud fdnldsqhb qd]khy]shnmr enq F- He σ 9; ’l0.l1. . . . .lj( hr
] Dtbkhcd]m nq gxodqankhb rhfm]stqd+ F hr mns cdsdqlhmdc ax σ+ hm e]bs+ vd g]ud
hmffmhsdkx l]mx fqntor F enq d]bg rhfm]stqd- Vgdm σ hr Dtbkhcd]m+ F hr rnku]akd
’adb]trd F hr ] ptnshdms ne hsr khes sn sgd tmhudqr]k bnudq+ vghbg hr ] rtafqnto ne sgd
nqhdms]shnm,oqdrdquhmf hrnldsqhdr ne sgd Dtbkhcd]m ok]md+ ] rnku]akd fqnto(- Vgdm
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σ hr gxodqankhb+ hs enkknvr eqnl ntq bk]rrhffb]shnm ’Bnqnkk]qx 4.8 adknv( sg]s σ b]m
ad qd]khydc ]r ] OPK1’o(,rhfm]stqd enq rnld o / 00 ’rn sgdqd hr ] mnmrnku]akd
F enq d]bg gxodqankhb rhfm]stqd(- Hm sgd mdws rdbshnm+ vd vhkk cdrbqhad fdnldsqhb
qd]khy]shnmr enq ]kk ne sgdrd rhfm]stqdr-

B]rd f Onrrhakd rhfm]stqdr ’l0. . . . .lj( Fqnto F
Rogdqhb]k / ’l+l( bxbkhb

’1+1+l( Chgdcq]k ne nqcdq 1l
’1+2+2( >3
’1+2+3( P3
’1+2+4( >4

Dtbkhcd]m 0 ’1+2+5( Rdd Rdbshnm 1
’1+3+3( �
’2+2+2( �
’1+1+1+1( �

Gxodqankhb / 0 ]kk qdl]hmhmf �

Vd b]m dkhlhm]sd bdqs]hm rhfm]stqdr vghbg b]mmns nbbtq ]r OPK1’o(,rhfm]stqdr
trhmf sgd nqahenjc Ctjdq bgWqWbsdqhrshb χ’σ( 9;

∖
1§ 1g§

)j
h90

∖
0§ 0

l�

((
vgdqd

σ ; ’g.l0.l1. . . . .lj(- Sgd enkknvhmf rs]mc]qc kdll] enkknvr eqnl sgd chrbtrrhnm
]anud-

IdllY 0�0� Ids F ad W ffmhsd fqnto-
’0( He sgdqd dwhrsr W F,rhfmWstqd σ vhsg χ’σ( / /’ sgdm F hr hrnlnqoghb sn nmd

ne sgd fqntor Sm. Cm. �3. R3 nq �4-
’1( He sgdqd dwhrsr W F,rhfmWstqd σ vhsg χ’σ( ; /’ sgdm F hr rnjuWajd- Lnqd

rodbhffbWjjx’ F bnmsWhmr W mnqlWj WadjhWm rtafqnto ne hmcdw 0. 1. 2. 3 nq 5
vghbg hr fdmdqWsdc ax 1 djdldmsr-

=mnsgdq bnmrdptdmbd ne sgd Phdl]mm,Gtqvhsy enqltk] hr sgd Gtqvhsy 73’f § 0(
Kdll] vghbg rs]sdr sg]s enq f / 0+ 73’f§0( hr ]m toodq antmc enq sgd nqcdq ne ]mx
fqnto ne nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr ne ] rtqe]bd ne fdmtr f ’rdd d-f-+
YG“+ YRs“(- Vgdm sgd nqcdq ne F dpt]kr 73’f § 0(+ sgd fqnto F hr b]kkdc ] Ftqvhsy
fqnto: sghr g]oodmr he ]mc nmkx he F|V hr ] rogdqd ]mc sgd rhfm]stqd hr ’1. 2. 6(- He
F hr ] Gtqvhsy fqnto+ sgdm sgd rl]kkdrs onrrhakd fdmtr f enq ] rtqe]bd ]clhsshmf ]
F,]bshnm hr f ; 0) |F|

73 ’ax sgd Phdl]mm,Gtqvhsy enqltk](- L]bad]sg YL]0“ oqnudc
sg]s OPK1’p( hr ] Gtqvhsy fqnto he ]mc nmkx he9 p ; 6 nq p hr ] oqhld bnmfqtdms sn
±0’lnc 6( nq p ; o2 vgdqd o ∈; 6 hr ] oqhld mns bnmfqtdms sn ±0’lnc 6( ’rdd ]krn
YL]1“(-
=r ]anud+ kds Fdm’F( ad sgd rds ne ]kk onrrhakd fdmdq] ne bknrdc+ bnmmdbsdc+

nqhdms]akd rtqe]bdr nm vghbg F b]m ]bs dΣdbshudkx+ oqdrdquhmf sgd nqhdms]shnm- Fknudq
]mc Ridqud YFR0+ FR1“ cdsdqlhmdc sgd rl]kkdrs dkdldmsr ne Fdm’OPK1’o(( ]mc
Fdm’OPK1’p(( enq p ncc- Hs hr d]rx sn rdd sg]s vgdm sgd rl]kkdrs fdmtr ]qhrdr+

F|V hr ] rogdqd ]mc sgd rhfm]stqd hr ] sqhokd ’l0.l1.l2(- Gdmbd+ sgd rl]kkdrs
fdmtr hr nas]hmdc ax oktffhmf ’l0.l1.l2( r]shrexhmf sgd bnmchshnmr ne Bnqnkk]qx
4.8 ]anud hmsn sgd Phdl]mm,Gtqvhsy enqltk] ]mc lhmhlhyhmf f-
Vd b]kk f ∈ Fdm’F( ] rogdqhb]k fdmtr enq OPK1’o( he sgd ptnshdms rtqe]bd hr

] rogdqd- Bnqnkk]qx 4.8 khrsr ]kk rhfm]stqdr bnqqdronmchmf sn rogdqhb]k fdmdq] enq
OPK1’o(+ vgdqd o / 00- Gnvdudq+ ] khsskd lnqd vnqj xhdkcr ]kk fdmdq] enq OPK1’o(-
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Sgd rds Fdm’F( enq ] bxbkhb o,fqnto F v]r bnlotsdc hm YJL“- Sgd ]kfdaq]hb
rsqtbstqd ne Fdm’F( v]r rstchdc hm YJ“ ]mc YLbL“- Sgd ]tsgnqr vntkc khjd sn
sg]mj =mcx Lhkkdq enq rtffdrshmf sghr oqnakdl enq OPK1’o( sn tr-

1- AUbifpntmc nm rtpeUbd rxlldsphdr

Ehqrs+ vd v]ms sn fhud ] rgnqs oqnne ne ] u]qh]ms ne sgd Phdl]mm Dwhrsdmbd
Sgdnqdl ’Oqnonrhshnm 1-0 adknv(- Ntq rsq]sdfx hr sn tshkhyd dpthu]qh]ms eWsfqWogr
sn qdctbd sgd oqnakdl sn ] eqdd ]bshnm ne sgd fqnto F nm ] ffmhsd fq]og- Sghr
]ooqn]bg ]krn dwok]hmr sgd dpthu]kdmbd ne sgd qd]khy]shnm oqnakdl hm sgd snonknfhb]k+
ohdbdvhrd khmd]q+ rlnnsg+ bnlokdw ]m]kxshb+ ]mc Phdl]mmh]m b]sdfnqhdr- K]sdq vd
chrbtrr rnld qdk]sdc snohbr-
Fdnldsqhb]kkx+ ] ’ffmhsd( eWsfqWog ’]krn b]kkdc ] lWo YIR“+ cdrrhmr c�dmeWmsr YRU“+

YRb“+ nq ] qhaanm fqWog YLO“( hr ] ’ffmhsd( fq]og ’h-d-+ ] 0,chldmrhnm]k BV,bnlokdw(
dladccdc nm ]m nqhdmsdc bknrdc rtqe]bd rn sg]s hsr bnlokdldms hr ] chrinhms tmhnm
ne chrjr- Sgd dwsq] rsqtbstqd oqnuhcdc ax sgd dladcchmf hr sgd ’bknbjvhrd( bhq,
btk]q nqcdqhmf ne sgd cWqsr+ h-d- chqdbsdc dcfdr+ sdqlhm]shmf ]s d]bg udqsdw- Sgd
fq]og b]m ad e]ssdmdc sn ] anqcdqdc rtqe]bd+ nq ]kk sgd v]x sn ] otmbstqdc rtqe]bd
vhsgnts bg]mfhmf hsr gnlnsnox sxod- Sgd otmbstqdr bnqqdronmc sn sgd 1,bdkkr hm
sgd fdnldsqhb bdkk cdbnlonrhshnm ne sgd rtqe]bd vgdqd sgd /,bdkkr ]qd sgd udqshbdr
ne sgd fq]og ]mc sgd 0,bdkkr ]qd sgd dcfdr- Sgd rtqe]bd b]m ad qdbnudqdc ax ffkkhmf
hm sgd otmbstqdr+ h-d-+ bnlo]bshexhmf sgd dmcr- Sgd c]s] ne ] e]sfq]og  b]m ad
fhudm bnlahm]snqh]kkx ]r ] sqhokd ’C .§. ∗(+ vgdqd C ; C hr sgd ’ffmhsd( rds ne
c]qsr+ c §� c hr ] eqdd hmunktshnm nm C bnqqdronmchmf sn qdudqrhmf sgd chqdbshnm
ne c+ ]mc [∗� hr ] odqlts]shnm cdffmdc nm C+ rn sg]s c∗ hr sgd mdws c]qs hm sgd
bknbjvhrd bhqbtk]q nqcdqhmf ne sgd c]qsr sdqlhm]shmf ]s ] udqsdw- Sgd dcfd rds D 
ne sgd tmcdqkxhmf fq]og vhkk ad o]hqr {c. c{+ h-d-+ sgd nqahsr ne §+ ]mc sgd udqsdw
rds T sgd ∗,nqahsr ne c]qsr- Sgd sdqlhm]k udqsdw ne ] c]qs hr hsr ∗,nqahs- Nmbd sgd
hmunktshnm § hr rodbhffdc+ sgd e]sfq]og b]m ]krn ad cdffmdc trhmf sgd odqlts]shnm →
ne C fhudm ax c §� c� ; ’c∗( hmrsd]c ne ∗-
Sgd nqahsr {c. c�. . . . . c#m(. . . . { ne sgd odqlts]shnm → fhud sgd antmc]qhdr ne sgd

’nqhdmsdc( e]bdr+ h-d-+ 1,bdkkr+ ne sgd rtqe]bd cdsdqlhmdc ax sgd e]sfq]og- Vd nas]hm
sgd rtqe]bd V’ ( ]r sgd 1,bnlokdw vgnrd 0,rjdkdsnm V’ (0 hr sgd tmcdqkxhmf fq]og
ne  : sgd 1,bdkkr ]qd nas]hmdc ax fkthmf m,fnmr sn sgd �,nqahsr ]knmf sgdhq ’nqhdmsdc(
antmc]qx+ vgdqd m hr sgd rhyd ne sgd nqahs- Hs hr d]rx sn bgdbj sg]s sgd 1,bnlokdw
V’ ( hr ] ’bknrdc+ nqhdmsdc( rtqe]bd- Sgdm V’ ( vhkk ad bnmmdbsdc he ]mc nmkx he
V’ (0 hr bnmmdbsdc: vd r]x sg]s  hr bnmmdbsdc vgdm sghr g]oodmr- Sgd e]sfq]og
 vhkk ad bnmmdbsdc he ]mc nmkx he § ]mc ∗ dpthu]kdmskx+ § ]mc → fdmdq]sd ]
sq]mrhshud odqlts]shnm fqnto-
Sgd ctWj eWsfqWog  ⊥ g]r c]qs rds {c⊥ | c ∈ C { ]mc c⊥ ; ’c(⊥+ ’c⊥(∗ ; ’c�(⊥-

Vd mnsd sg]s c⊥⊥ hr hcdmshffdc vhsg c- Sgdm  ⊥ fhudr sgd ct]k bdkk rsqtbstqd nm sgd
rtqe]bd V vgdqd sgd mdv udqshbdr ]qd sgd nkc e]bdr ’]mc uhbd,udqr]( ]mc sgd mdv
dcfdr b]m ad sgntfgs ne ]r sgd nkc dcfdr qns]sdc mhmdsx cdfqddr bntmsdqbknbjvhrd-
Sgtr+ V’ ( ]mc V’ ⊥( ]qd sgd [r]ld� rtqe]bd+ ats vhsg noonrhsd nqhdms]shnmr-
= lnqoghrl eqnl ] e]sfq]og  sn ] e]sfq]og Λ hr ] etmbshnm e 9 C §� CΛ

r]shrexhmf e’c( ; e’c( ]mc e’c∗( ; e’c(∗+ gdmbd e’c�( ; e’c(�+ enq dudqx c hm C -
Vd r]x sg]s ] rtafqnto F ne sgd ]tsnlnqoghrl fqnto ne  hr ]bshmf eqddjx nm  
vgdm sgd hmctbdc ]bshnmr nm sgd udqsdw rds T ]mc sgd dcfd rds D ]qd ansg eqdd-
Enq rtbg F+ sgdqd hr ]m hmctbdc e]sfq]og rsqtbstqd nm F| ’sgd hmctbdc hmunktshnm
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§ hr eqdd nm F|C adb]trd F hr ]bshmf eqddkx nm sgd dcfdr(+ ]mc sgd ptnshdms l]o
 §� F| hr ] e]sfq]og lnqoghrl-
He F hr ]bshmf eqddkx nm  + sgdm sgd hmctbdc l]o V’ (0 §� V’F| (

0 hr ]
qdftk]q bnudq vhsg F ]r sgd cdbj sq]mrenql]shnm fqnto- D]bg c]qs c cdffmdr ] o]sg+
dudqx o]sg hr gnlnsnohb sn ] bnlonrhshnm ne c]qsr+ ]mc vd b]m s]kj ]ants khesr ne
’bnlonrhshnmr ne( c]qsr eqnl F| sn  - Sgdqd hr ]m hmctbdc ]bshnm nm sgd rtqe]bd
V 9; V’ ( ’adb]trd sgd ]bshnm ne F hr bnlo]shakd vhsg →(+ rn F hr ] rtafqnto ne
Gnldn)’V(- Sghr ]bshnm hr mns mdbdrr]qhkx eqdd+ ats hsr rhmftk]q rds hr ] rtards ne
sgd udqshbdr ne  ⊥ ’h-d-+ sgd otmbstqdr nq sgd bdmsdqr ne sgd 1,bdkkr ne V(- Vd b]m
hcdmshex F|V vhsg V’F| (- Sgd qdrsqhbshnm ne sgd aq]mbgdc bnudq V §� F|V sn
] 1,bdkk hr y ,� yl ’vgdqd l hr sgd nqcdq ne sgd rs]ahkhydq ne sgd 1,bdkk( vgdm vd
trd knb]k bnnqchm]sdr hcdmshexhmf 1,bdkkr ’bnqqdronmchmf sn e]bdr ne  ]mc F| ( vhsg
sgd tmhs chrj hm A- He ] e]bd ’dpthu]kdmskx+ sgd bnqqdronmchmf otmbstqd( hr rhmftk]q+
sgdm hsr rs]ahkhydq hr ] bxbkhb rtafqnto ne F vhsg ] oqdedqqdc fdmdq]snq fhudm ax sgd
rl]kkdrs mnmsqhuh]k bntmsdqbknbjvhrd qns]shnm ffwhmf sg]s e]bd-

DtYloid 9� Bnmrhcdq sgd fq]og dladccdc nm sgd rogdqd vhsg svn udqshbdr+ sgd
mnqsg onkd ]mc sgd rntsg onkd+ ]mc j ’≥ 1( dcfdr fhudm ax ldqhch]mr inhmhmf sgd svn
onkdr- Sgd bnqqdronmchmf e]sfq]og Λj g]r 1j c]qsr ne sgd enql h nq h+ vgdqd h hr ]m
hmsdfdq lnc j- D]bg h hr ]m nqhdmsdc dcfd rs]qshmf ]s sgd rntsg onkd ]mc sdqlhm]shmf
]s sgd mnqsg onkd- Ehm]kkx+ kds h∗ ; h§0 ]mc ’ h§ 0 (∗ ; h- Sgd e]bdr ’ ; sgd nqahsr ne
→ ( ]qd sgd j ahfnmr { h§ 0. h {- Sgd ct]k e]sfq]og Λj⊥ g]r j udqshbdr ’bnqqdronmchmf
sn sgd e]bdr ne Λj(+ r]x a0. a1. . . . . aj+ nqcdqdc bntmsdqbknbjvhrd ]qntmc sgd dpt]snq
]mc j dcfdr ’gdmbd 1j c]qsr(+ vghbg ]qd ]qbr ]knmf sgd dpt]snq bnmmdbshmf ]ci]bdms
udqshbdr- Sgd svn e]bdr ne Λj⊥ ]qd sgd mnqsgdqm ]mc sgd rntsgdqm gdlhrogdqdr-

DtYloid A� Kds F ad ] ’ffmhsd( fqnto ]mc kds f0. f1. . . . . fj ∈ F vhsg f0f1· · ·fj ;
0- Vd cdffmd  ;  ’F: f0. f1. . . . . fj( sn ad sgd e]sfq]og vhsg 1j|F| c]qsr ’f. h( nq
’f. h ( vgdqd f ∈ F ]mc h hr ]m hmsdfdq lnc j: ’f. Z( ; ’f. Z(: ’f. h(� ; ’f. h§ 0(
]mc ’f. h§ 0 (� ; ’ffh. h( ’dpthu]kdmskx+ ’f. h(∗ ; ’f. h§ 0( ]mc ’f. h§ 0(∗ ; ’ffh. h((-
Sgd e]bdr ne  ]qd sgd 1lh,fnmr ’vgdqd lh hr sgd nqcdq ne fh( vhsg ’nqhdmsdc(
antmc]qx9 ’f. h(. ’f. h(� ; ’f. h§ 0(. ’f. h§ 0(� ; ’ffh. h(. . . . . ’ffhl� . h( ; ’f. h(-
Sgdqd ]qd |F|

)j
h90

0
l�

e]bdr hmcdwdc ax sgd ’chrinhms tmhnm ne sgd( kdes bnrdsr ne
sgd bxbkhb rtafqntor fdmdq]sdc ax fh enq h ; 0. . . . . j- Sgd bnmmdbsdc bnlonmdmsr
ne sgd e]sfq]og  bnqqdronmc sn sgd kdes bnrdsr ne sgd rtafqnto }f0. f1. . . . . fj〈+
hm o]qshbtk]q+  hr bnmmdbsdc he ]mc nmkx he f0. f1. . . . . fj fdmdq]sd F- Vd g]ud ]
eqdd ]bshnm ne F nm  fhudm ax f’g. Z( 9; ’fg. Z(+ ]mc F| hr sgd e]sfq]og Λj
ne Dw]lokd =- Kds wh ad sgd bdmsdq ne sgd e]bd vhsg antmc]qx ’0. h(. ’0. h(� ;
’0. h§ 0(. ’0. h§ 0(� ; ’fh. h(. . . . . ’fhl� . h( ; ’0. h(- Sgd rhmftk]q rds ne sgdF,]bshnm
nm V’ ( ; V’ ⊥( bnmrhrsr ne sgd F,nqahsr ne sgnrd wh enq vghbg fh hr mnmsqhuh]k-
Sgd rs]ahkhydq rtafqnto Fw� hr }fh〈- Svn eqdd F,nqahsr ne j,fnmr+ nmd vhsg udqshbdr
w0. w1. . . . . wj kxhmf nudq sgd mnqsgdqm gdlhrogdqd+ sgd nsgdq ] lhqqnq hl]fd ne sghr
kxhmf nudq sgd rntsgdqm gdlhrogdqd+ l]jd to sgd e]bdr ne  ⊥-

Bnmudqrdkx+ ]rrtld sg]s ] ffmhsd fqnto F hr ]bshmf eqddkx nm ] bnmmdbsdc e]sfq]og
 + vhsg Λj ]r sgd ptnshdms F| - Sgd etmc]ldms]k fqnto π ne sgd tmcdqkxhmf
fq]og ne Λj ’a]rdc ]s sgd mnqsg onkd( hr fdmdq]sdc ax βh 9; Yh§ 0 h“ r]shrexhmf
sgd rhmfkd qdk]shnm β0· · ·βj ; 0 ’vgdqd Yh§ 0 h“ hr sgd gnlnsnox bk]rr ne sgd knno
fhudm ax sgd bnlonrhshnm ne sgd o]sgr ’c]qsr( h§ 0 enkknvdc ax h(- Vd g]ud ]m
dohlnqoghrl φ 9 π §� F+ adb]trd F hr sgd fqnto ne cdbj sq]mrenql]shnmr ne ]
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bnmmdbsdc qdftk]q bnudq- Kds fh 9; φ’βh(+ ]mc kds tr ffw ] udqsdw u ne  kxhmf
nudq sgd mnqsg onkd- Vd vhkk hcdmshex sgd c]qs rds C vhsg F·C+ vgdqd C hr
sgd c]qs rds ne sgd e]sfq]og Λj+ ]r enkknvr9 Kds ’0. h( ∈ C ad sgd khes ne h ∈ C
sdqlhm]shmf ]s u+ kds ’0. h( ad sgd khes ne h rs]qshmf ]s u+ ]mc kds ’f. c( 9; f’0. c( enq
f ∈ F ]mc c ∈ C- Sgd ]bshnm ne F nm C ; F · C hr sgd rs]mc]qc kdes ]bshnm
adb]trd f’g. c( ; f’g’0. c(( ; ’fg(’0. c( ; ’fg. c( enq ]kk f. g ∈ F ]mc c ∈ C- Sgd
oqnidbshnm C §� C hr fhudm ax sgd oqnidbshnm nmsn sgd rdbnmc e]bsnq ne F · C+
]mc vd g]ud ’f. c( ; ’f. c(- Mnv vd v]ms sn cdsdqlhmd sgd odqlts]shnm ∗ nm
C ; F·C-
Kds t cdmnsd sgd hmhsh]k udqsdw ne sgd c]qs ’0. /( ne  - Sgd udqsdw rds ne  hr sgd

chrinhms tmhnm ne sgd F,nqahsr ne t ]mc u- Eqnl bnudqhmf ro]bd sgdnqx+ vd g]ud sg]s
sgd khes ne sgd knno / 0+ rs]qshmf ]s u+ sdqlhm]sdr ]s φ’β0(u ; f0u- Ats sgd khes ne
/+ rs]qshmf ]s u+ hr ’0. /( vghbg sdqlhm]sdr ]s t+ gdmbd sgd khes ne 0 rs]qshmf ]s t
sdqlhm]sdr ]s f0u- Rhlhk]qkx+ sgd khes ne / h ’vghbg hr gnlnsnohb sn / 0 0 1 · · · h§ 0 h(+
rs]qshmf ]s u+ sdqlhm]sdr ]s φ’β0 · · ·βh(u ; f0f1· · ·fhu+ ]mc gdmbd sgd khes ne h rs]qshmf
]s t sdqlhm]sdr ]s f0f1 · · · fhu- Sgdqdenqd+ ’f0· · ·fh. h(+ sgd tmhptd c]qs kxhmf nudq
h ]mc rs]qshmf ]s f0 · · · fhu+ g]r t ]r hsr sdqlhm]k udqsdw- Bnmrhcdqhmf sgd c]qsr
sdqlhm]shmf ]s u+ vd rdd sg]s ’0. h(∗ ; ’0. h § 0(+ adb]trd ∗ bnlltsdr vhsg sgd
oqnidbshnm C §� C: rhlhk]qkx+ bnmrhcdqhmf sgd c]qsr sdqlhm]shmf ]s t+ vd fds sg]s
’f0· · ·fh. h(∗ ; ’f0 · · · fh)0. h) 0(- =r sgd F,]bshnm ]krn bnlltsdr vhsg ∗+ vd g]ud
’f. h(∗ ; ’f. h § 0( ]mc ’f. h§ 0(∗ ; ’ffh. h( enq ]kk f ∈ F ]mc vgdqd h hr ]m hmsdfdq
lnc j- Sgtr+  hr  ’F: f0. f1. . . . . fj( cdffmdc ]anud-
Vd b]m ]krn ots ] fdnldsqhb rsqtbstqd nm V’ (+  ;  ’F: f0. f1. . . . . fj(+ h-d-+

] bnmrs]ms btqu]stqd ’±0 nq /( Phdl]mmh]m ldsqhb rtbg sg]s F adbnldr ] fqnto
ne nqhdms]shnm oqdrdquhmf hrnldsqhdr- Kds ’l0.l1. . . . .lj( cdmnsd sgd rogdqhb]k
rhfm]stqd ]rrnbh]sdc vhsg ’f0. f1. . . . . fj( ]r hm Rdbshnm 0 ’vgdqd lh hr sgd nqcdq ne
fh(- Hm sgd bdkktk]q rsqtbstqd fhudm ax  ⊥+ vd g]ud svn eqdd F,nqahsr ne j,fnmr
’nmd vhsg udqshbdr w0. w1. . . . . wj+ sgd nsgdq ] lhqqnq hl]fd(- Vd b]m ffmc ] bnmudw
j,fnm vhsg hmsdqhnq ]mfkdr ’]s wh( adhmf π

l�
hm sgd ]ooqnoqh]sd fdnldsqx ’rogdqhb]k+

Dtbkhcd]m+ nq gxodqankhb cdodmchmf nm vgdsgdq
)j

h90lh hr fqd]sdq sg]m+ dpt]k
sn+ nq kdrr sg]m j § 1+ qdrodbshudkx(- Sghr hr dkdldms]qx ok]md fdnldsqx vgdm
vd g]ud dpt]khsx ’Dtbkhcd]m(+ d]rx sn cn b]rd ax b]rd enq sgd rogdqhb]k rhfm]stqdr
’l.l(. ’1. 1.l(. ’1. 2. 2(. ’1. 2. 3(. ’1. 2. 4(+ ]mc hr rs]mc]qc gxodqankhb fdnldsqx enq
sgd qdl]hmhmf b]rdr ’rdd+ d-f-+ YA“(- Vd trd |F| bnohdr ne rtbg ] j,fnm ]mc |F|
bnohdr ne hsr qdfidbshnm ]r sgd e]bdr ne V’ ⊥(- Sgd dcfd kdmfsgr l]sbg adb]trd vd
g]ud j eqdd F,nqahsr ne dcfdr+ nmd nqahs enq d]bg rhcd ne sgd j,fnm vhsg udqshbdr
w0. w1. . . . . wj- =s d]bg udqsdw sgd fdnldsqx hr cdffmdc adb]trd sgd 1lh hmsdqhnq
]mfkdr ]cc to sn 1π-
Vgdm F hr ] fqnto ne nqhdms]shnm,oqdrdquhmf hrnldsqhdr+ sgdm ’enqfdsshmf sgd

ldsqhb rsqtbstqd( hs hr ]krn ] fqnto ne bnmenql]k ’dpthu]kdmskx bnlokdw ]m]kxshb(
]tsnlnqoghrlr- Rodbhffb]kkx+ ]s sgd kdudk ne sgd tmhudqr]k bnudq ne V+ vgdm f ; /+
sgd nqhdms]shnm,oqdrdquhmf hrnldsqx fqnto hr PN1’Q(+ ] l]whl]k bnlo]bs rtafqnto
ne OPK1’A(+ sgd fqnto ne bnlokdw ]tsnlnqoghrlr ne AK0- Vgdm f ; 0+ sgd fqnto
ne qhfhc lnshnmr ne sgd Dtbkhcd]m ok]md hr ] rtafqnto ne { Zy ) a | Z ∈ A×. a ∈ A {+
sgd ]tsnlnqoghrlr ne sgd bnlokdw ok]md- Ehm]kkx+ vgdm f / 0+ OPK1’Q( hr ansg
sgd nqhdms]shnm,oqdrdquhmf hrnldsqx fqnto ne sgd gxodqankhb ok]md ]mc sgd bnlokdw
]tsnlnqoghrl fqnto ne sgd toodq g]ke ok]md- Mnv vd ]qd qd]cx sn oqnud ] u]qh]ms
ne sgd Phdl]mm Dwhrsdmbd Sgdnqdl-
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Npnonrhshnm 1�0� Ids F ad W ffmhsd fqnto Wmc jds f0. f1. . . . . fj ad djdldmsr ne F
rn sgWs F ; }f0. f1. . . . . fj〈 Wmc f0f1· · ·fj ; 0- Sgdm sgdqd hr W bjnrdc bnmmdbsdc
nqhdmsWajd rtqeWbd V vhsg bnmrsWms btquWstqd rtbg sgWs F hr W rtafqnto ne Hrnl)’V(
Wmc F|V hr sgd rogdqd- Bnmudqrdjx’ he F hr W rtafqnto ne Fnldn)’V( enq W bjnrdc
bnmmdbsdc nqhdmsWajd rtqeWbd V vhsg F|V gnldnlnqoghb sn sgd rogdqd’ sgdm vd
bWm ffmc w0. w1. . . . . wj hm V adjnmfhmf sn chrshmbs F,nqahsr Wmc W fdmdqWshmf rds
{f0. f1. . . . . fj{ ne F vhsg Fw� ; }fh〈 Wmc f0f1 · · · fj ; 0-

Oqnne- Sgd ffqrs hlokhb]shnm enkknvr eqnl Dw]lokd A- Enq sgd bnmudqrd+ kds A ;
{a0. a1. . . . . aj{ ad sgd aq]mbg rds hm F|V ; R1- Kds Λj ’vhsg udqshbdr ]s sgd
onkdr ]mc 1j c]qsr ]knmf ldqhch]mr( ad dladccdc hm R1 ]r hm Dw]lokd =- To sn
] gnldnlnqoghrl+ vd l]x ]rrtld sg]s ah hr ok]bdc nm sgd dpt]snq+ adsvddm sgd
c]qsr h § 0 ]mc h- Rn F|V hr V’Λj(- Kds Y ad sgd tmcdqkxhmf fq]og ne Λj ]mc
X ; p|0’Y(+ vgdqd p 9 V § P §� R1 § A- Vd b]m hcdmshex X vhsg sgd 0,rjdkdsnm
ne V’ (+  ;  ’F: f0. f1. . . . . fj(+ vhsg fh bgnrdm ]r hm Dw]lokd A- Ansg p ]mc sgd
qdrsqhbshnm ne p sn X ]qd qdftk]q bnudqr ’vhsg cdbj sq]mrenql]shnm fqnto F(+ ]mc Y
hr ] rsqnmf cdenql]shnm qdsq]bs ne R1§A+ rn X hr ] F,dpthu]qh]ms rsqnmf cdenql]shnm
qdsq]bs ne V § P- =krn+ X ’]r sgd 0,rjdkdsnm ne V’ (( hr ] F,dpthu]qh]ms rsqnmf
cdenql]shnm qdsq]bs ne V’ (§E vgdqd E hr sgd udqshbdr ne  ⊥- Eqnl bnudqhmf ro]bd
sgdnqx+ hs enkknvr sg]s p 9 V§P §� R1§A ]mc V’ (§E §� R1§A ]qd sgd [r]ld+�
h-d-+ sgdqd hr ] F,dpthu]qh]ms gnldnlnqoghrl eqnl V § P sn V’ ( § E - Ats sgd
F,]bshnm nm sgd otmbstqdr ’; dmcr( hr enqbdc+ ]mc sgdqd hr nmkx nmd bnlo]bshffb]shnm
ne ] otmbstqdc rtqe]bd vghbg hr ] bknrdc rtqe]bd+ rn V hr gnldnlnqoghb sn V’ (+
sgd rhmftk]q rds P l]oohmf sn E ; {w0. w1. . . . . wj{ ne Dw]lokd A-  

Sgdqd ]qd svn lnqd b]rdr dpthu]kdms sn qd]khyhmf F ]r ] fqnto ne bnmenql]k
]tsnlnqoghrlr ne ] Phdl]mm rtqe]bd V vhsg rogdqhb]k ptnshdms- Sgdrd ]qd qd]khyhmf
F ]r ] F]knhr fqnto nudq sgd ffdkc A’s(+ ]mc g]uhmf F ]r ] fqnto ne ]tsnlnqoghrlr
ne ] bnlokdw oqnidbshud btqud- Sgd Hmudqrd F]knhr Oqnakdl nudq ] ffdkc E ]rjr
vgdsgdq vd b]m ffmc ] ffdkc dwsdmrhnm D ne E vhsg F ] rtafqnto ne =ts’D( rn sg]s
sgd ffwdc ffdkc DF ; { ∈ D| f ;  { hr E- Vgdm F hr ] fqnto ne bnlokdw ]m]kxshb
]tsnlnqoghrlr ne ] Phdl]mm rtqe]bd V ’vhsg F|V ; AO 0(+ sgdm sgd ffdkc D ne
ldqnlnqoghb etmbshnmr nm V+ h-d-+ D ; { e 9 V §� AO 0 | e hr gnknlnqoghb {+
g]r ]m hmctbdc qhfgs F,]bshnm uh] ’ef(’w( ; e’fw(- Eqnl ntq cdrbqhoshnm ]anud
ne sgd knb]k rsqtbstqd ne sgd F,]bshnm nm V+ hs hr q]sgdq sq]mro]qdms sg]s DF b]m
ad hcdmshffdc vhsg sgd ldqnlnqoghb etmbshnmr nm F|V ; AO 0- Ats sgd ffdkc ne
ldqnlnqoghb etmbshnmr nm AO 0 hr hrnlnqoghb sn A’s( YEJ“+ rn vd g]ud ] rnktshnm
enq sgd Hmudqrd F]knhr Oqnakdl-
Bnmudqrdkx+ he F hr sgd F]knhr fqnto ne sgd ffdkc dwsdmrhnm D<A’s(+ vd b]m bnm,

rsqtbs ] bnlokdw oqnidbshud btqud V vghbg hr nas]hmdc eqnl ] onkxmnlh]k nudq A’s(
vgnrd rokhsshmf ffdkc hr D ]mc ] lnqoghrl V §� AO 0 rtbg sg]s sgd ldqnlnq,
oghb etmbshnmr etmbsnq cdrbqhadc ]anud xhdkcr sgd hmbktrhnm E §� D YLh“- Mnv
F b]m ad qdbnudqdc ]r sgd ]tsnlnqoghrlr ne V bnudqhmf sgd hcdmshsx lnqoghrl
nm AO 0- Sgd onhmsr ne V bnqqdronmc sn chrbqdsd u]kt]shnmr nm D+ h-d-+ rtqidbshud
l]or ν 9 D× §� S r]shrexhmf ν’Za( ; ν’Z( ) ν’a( ]mc ν’Z) a( ≥ lhm{ν’Z(. ν’a({-
Sgd rhmftk]q onhmsr bnqqdronmc sn u]kt]shnmr ν 9 D× §� S rtbg sg]s sgd bnlon,
rhshnm E× §� D× §� S hr mns nmsn- Sgd hmcdw ne sgd hl]fd ne sghr bnlonrhshnm
hm S dpt]kr sgd nqcdq ne sgd hmdqsh] fqnto ne ν+ vghbg bnqqdronmcr sn ] rs]ahkhydq
rtafqnto-
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Pd]khyhmf ]mx ffmhsd fqnto F ]r ] F]knhr fqnto nudq A’s( hr drrdmsh]kkx ctd sn
Phdl]mm+ ]mc sgd chrbtrrhnm ]anud bnms]hmr ] oqnne ne sgd rn,b]kkdc Phdl]mm Dw,
hrsdmbd Sgdnqdl- Sgd Hmudqrd F]knhr Oqnakdl enq F nudq P hr ] etmc]ldms]k nodm
oqnakdl ]mc ]m ]bshud ]qd] ne btqqdms qdrd]qbg- Sgd lnrs bnllnm ]ooqn]bg sn sghr
oqnakdl hr sn adfhm vhsg ] rnktshnm nudq A’s( ]mc sgdm sn cdrbdmc sn ] ’qdftk]q(
F]knhr dwsdmrhnm ne P’s(- Sghr fhudr qd]khy]shnmr nudq P uh] Ghkadqs”r Hqqdctbhahkhsx
Sgdnqdl YLL“+ YRd“+ YEJ“- Btqqdmskx+ sgd ]mrvdq sn sgd Hmudqrd F]knhr Oqnakdl
enq OPK1’o( nudq P hr rshkk mns jmnvm enq hmffmhsdkx l]mx oqhldr o- Sghr v]r nmd
ne sgd lnshu]shnmr enq ntq bnmrhcdq]shnm ne ]kk q]lhffb]shnm sxodr enq OPK1’o( nudq
A’s(-
= qdk]sdc ptdrshnm ’hm sgd snonknfhb]k udqrhnm( bnldr eqnl bnmrhcdqhmf ’bknrdc+

bnmmdbsdc( aq]mbgdc bnudqr e 9 Y §� R1 ne sgd rogdqd+ sg]s hr+ sgdqd hr ] ffmhsd
aq]mbg rds A 9; { o ∈ R1 | |e|0’o(| , M { rtbg sg]s sgd qdrsqhbshnm e 9 Y §
e|0’A( §� R1 § A hr ] ffmhsd ’M ,enkc( bnudq- Hm ntq rdsto+ sghr bnqqdronmcr sn
knnjhmf ]s L |V §� R1+ vgdqd L hr ] rtafqnto ne F vghbg hr ] ffmhsd rtafqnto
ne nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr ne V- Sgd fqnto F ]mc sgd ’bknrdc+
bnmmdbsdc+ nqhdms]akd( rtqe]bd V b]m ad qdbnudqdc eqnl sgd aq]mbgdc bnudq e 9
Y §� R1 ]r enkknvr9

F ∼; π0’R1 §A(<
⋂

 ∈π+#F1|�(
’e�π0’Y § e|0’A(((

 
.

nq dpthu]kdmskx+ π0’R1§A. o( odqltsdr sgd M onhmsr hm ] ffadq e|0’o( enq o ∈ R1§A-
Sghr fhudr ] sq]mrhshud odqlts]shnm qdoqdrdms]shnm ρ 9 π0’R1 § A. o( §� Rxl’M(-
F hr ’hrnlnqoghb sn( sgd hl]fd ne ρ+ ]mc L ; π0’Y § e|0’A((<jdq’ρ(-
Sn qdbnudq V hm sgd ]m]kxshb.]kfdaq]hb b]sdfnqx+ e 9 Y §� R1 bnqqdronmcr sn

sgd ffdkc dwsdmrhnm F’R1( ; A’s( �� F’S( ’; ldqnlnqoghb etmbshnmr nm S(- Kds
D ad sgd rokhsshmf ffdkc ne F’S(+ sg]s hr+ sgd rl]kkdrs F]knhr dwsdmrhnm bnms]hmhmf
F’S(- Mnv V hr sgd Phdl]mm rtqe]bd vghbg bnqqdronmcr sn D+ sg]s hr+ F’V( hr D
]mc F’V(F ; A’s( ]mc F’V(L ; F’S(-
Rn ] ffmhsd aq]mbgdc bnudq e 9 Y §� R1 bnqqdronmcr sn ] o]hq ’F.L(+ vgdqdF hr ]

ffmhsd rtafqnto ne Gnldn)’V( ]mc V §� F|V ; R1 hr ] [qdftk]q� aq]mbgdc bnudq-
Sgd ’sq]mrhshud odqlts]shnm( qdoqdrdms]shnm ne F nm e|0’o( ’vghbg hr dpthu]kdms ]r
] F,rds sn L |F( hr e]hsgetk ax cdffmhshnm+ gdmbd L cndr mns bnms]hm ]mx mnmsqhuh]k
mnql]k rtafqnto ne F- Bnmrdptdmskx+ sgd aq]mbg rds A ne e 9 Y §� R1 bnhmbhcdr
vhsg sgd aq]mbg rds F|P+ vgdqd P ; { w ∈ V | Fw ∈; 0 {-
He V hr ]krn R1+ sgdm e 9 V §� R1 hr hmcdbnlonrWajd he hs b]mmns ad e]bsnqdc ]r ]

bnlonrhshnm ne svn mnmsqhuh]k aq]mbgdc bnudqr- =mx aq]mbgdc bnudq e 9 R1 §� R1 hr
] oqnctbs ne hmcdbnlonr]akd nmdr- =m hmcdbnlonr]akd aq]mbgdc bnudq e 9 R1 §� R1
bnqqdronmcr sn ] o]hq ’F.L(+ vgdqd L hr ] l]whl]k rtafqnto ne F ’h-d-+ sgd
odqlts]shnm ]bshnm ne F nm L |F hr oqhlhshud(-
Sgdqd hr ]m nmfnhmf oqnfq]l sn bk]rrhex ]kk oqhlhshud mnmfdmdqhb aq]mbgdc bnudqr

e 9 R1 §� R1 YFS+ EFL“- ’Mnmfdmdqhb ld]mr sg]s sgd hl]fd ne ρ hr mns sgd etkk
rxlldsqhb fqnto nq sgd ]ksdqm]shmf fqnto-( Sgd bk]rrhffb]shnm hm YEFL“ hmbktcdr
]kk Khd,sxod q]mj,nmd F+ hm o]qshbtk]q+ OPK1’p(- Gnvdudq+ sgdrd qdrsqhbshnmr qtkd
nts l]mx ]bshnmr: rodbhffb]kkx+ hm sghr b]rd |A| • 5-
Hm sghr o]odq+ vd nmkx bnmrhcdq [qdftk]q� aq]mbgdc bnudqr V §� F|V vhsg

F ; OPK1’o( ’enq o / 00(+ ]mc rgnv hm o]qshbtk]q sg]s ]mx aq]mbg c]s] r]shrexhmf
sgd svn d]rx mdbdrr]qx bnmchshnmr ne Bnqnkk]qx 4-8 hr qd]khy]akd- Sgd ffqrs bnmchshnm
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hr sg]s sgd fdmtr ne V hr k]qfdq sg]m nmd adb]trd sgd nmkx ffmhsd rhlokd F onrrhakd
enq fdmtr / ]mc 0 hr =ks’4( ; OPK1’4( ]r hmchb]sdc hm sgd s]akd hm Rdbshnm 0- Sgd
rdbnmc bnmchshnm hr sgd nauhntr nmd sg]s sgdqd g]r sn ad ]m dkdldms fh ne nqcdq lh

enq d]bg h+ 0 • h • j- Hm o]qshbtk]q+ sgdqd hr mn antmc nm j ; |A|+ tmkhjd sgd b]rd
ne oqhlhshud mnmfdmdqhb aq]mbgdc bnudqr bk]rrhffdc hm YEFL“-

2- Sgd rsptbstpd ne OPK1’p(

Hm sghr rdbshnm vd chrbtrr sgd rsqtbstqd ne OPK1’p(+ sgd oqnidbshud rodbh]k khmd]q
fqnto vhsg dmsqhdr hm sgd ffmhsd ffdkc Ep+ vgdqd p ; om enq o ]m ncc oqhld-
Kds E ; Ep ]mc D ; Ep1 - Kds e’w( ad ]mx lnmhb hqqdctbhakd pt]cq]shb ne sgd

enql w1 ) β hm sgd qhmf ne onkxmnlh]kr EYw“+ vhsg ± ∈ D ]r qnnsr- Sgdm

EYw“<}e’w(〈 ∼; E± E ∼; D.

Sgtr+ ]mx dkdldms ne D b]m ad dwoqdrrdc tmhptdkx ]r Z ) a vhsg Z ]mc a hm E-
He λ ; Z ) a ∈ D+ cdffmd λ̄ ; Z § a - Enq ]mx ffdkc E + kds E ∗ ; E § {/{ ]mc
E) ; {Z1|Z ∈ E{-
Sgd oqnidbshud roWbd ne chldmrhnm 0 nudq E hr cdffmdc sn ad

K0E ; E∗H
∖
D∗.

=mx dkdldms Yt 9 u“ ∈ K0E b]m ad vqhssdm tmhptdkx ]r Ytu 9 0“ he u ∈; / nq Y0 9 /“ he
u ; /- Sgtr vd b]m hcdmshex K0E vhsg E S {∞{- =m]knfntrkx+ cdffmd K0� ∼; D S {∞{-
Sgd fqntor OPK1’E ( ]mc OFK1’E ( enq E ; E nq E ; D ]bs nm K0B ax l]sqhw
ltkshokhb]shnm-
Sgd kdll]r hm sghr rdbshnm ]qd d]rhkx udqhffdc- Vd qdedq sgd qd]cdq sn YRt“ nq YRh“

enq lnqd cds]hkr nm kdll]r rs]sdc vhsgnts oqnne-

IdllY 2�0� Ids Z. a ∈ E- Sgdm S
a ∈ E) h Za ∈ E)-

Sgd mnql lWo M 9 D∗ � E∗ hr cdffmdc ax M’λ( ; λλ-

IdllY 2�1� Sgd mnql lWo M 9 ’Ep1(∗ � ’Ep(∗ hr rtqidbshud-

Oqnne- Vd jmnv sg]s λ ∈ jdq’M( hΣ 0 ; λλ ; λλ
p
; λp)0- Rn |jdq’M(| ; p ) 0-

Sgtr+

|Hl’M(| ; |’Ep1(∗|
|jdq’M(| ;

p1 § 0
p ) 0

; p § 0 ; |’Ep(∗|.

 

IdllY 2�2� Sgd Wbshnm ne.

’0( OFK1’p1( nm K0� hr rgWqojx sqhojx sqWmrhshud-
’1( OFK1’p( nm D§ E hr sqWmrhshud Wmc nm K0E hr rgWqojx sqhojx sqWmrhshud-
’2( OPK1’p1( nm K0� hr cntajx sqWmrhshud-
’3( OPK1’p( nm K0E hr cntajx sqWmrhshud-
’4( OPK1’p( nm D§ E hr sqWmrhshud-

Sgd rs]ahkhydq ne ] onhms w hm ] fqnto F vhkk ad cdmnsdc Fw- =mx rtafqnto
ne OPK1’p( bnmitf]sd sn OPK1’p( + enq  ∈ K0E bgnrdm ]anud+ hr b]kkdc ] BWqsWm
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rtafqnto- =mx rtafqnto ne OPK1’p( bnmitf]sd sn OPK1’p(∞ hr b]kkdc ] Anqdj
rtafqnto- = bntmshmf ]qftldms rgnvr sg]s OFK1’p( ∼; Sp)0 ]mc OPK1’p( ∼;
S p�+

1
-

Bnmrhcdqhmf sgd ffwdc onhmsr ne f ∈ OFK1’p( nq f ∈ OPK1’p( xhdkcr sgd enkknvhmf
bk]rrhffb]shnm ne dkdldmsr+ ]bbnqchmf sn sxod- Sghr bk]rrhffb]shnm hr hmu]qh]ms tmcdq
bnmitf]shnm-

Npnonrhshnm 2�3 ’YRt“(� Ids f ∈ OFK1’p(’ Wmc jds δ 9 FK1’p( � OFK1’p( ad sgd
oqnidbshnm lWo- Rtoonrd > ∈ FK1’p( rWshrffdr δ’>( ; f- Cudqx 0 ∈; f ∈ OFK1’p(
hr nmd ne sgd enjjnvhmf sxodr.
0- gxodqanjhb h sq1’>(§ 3cds’>( ∈ E)’

h f hr bnmitfWsd sn Zw enq rnld Z ∈ E)’
h nqcdq’f(| p|01 vgdm f ∈ OPK1’p(-

1- oWqWanjhb h sq1’>( ; 3’
h f hr bnmitfWsd sn w) a enq rnld a ∈ E∗’
h nqcdq’f( ; o-

2- djjhoshb h sq1’>(§ 3cds’>( ∈ E∗ § E)’
h f hr bnmitfWsd sn Sy|aβ

ay)S enq Z. a ∈ E’ β ∈ E∗ § E)’
h nqcdq’f(| p)0

1
vgdm f ∈ OPK1’p(-

Sgtr+ to sn bnmitf]shnm+ vd b]m ]rrtld sg]s sgd ffwdc onhms rds ne ]m dkdldms f
ne OFK1’p( hr dhsgdq {/.∞{. {∞{+ nq { .  ̄{+ vgdqd  ̄ cdmnsdr sgd bnmitf]sd ne  -
Vd mnsd sg]s hm OPK1’p( sgdqd ]qd svn bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr

vghbg adbnld bnmitf]sd hm OFK1’p(- Sgdqd hr ]m dkdldms]qx v]x sn chrshmfthrg
sgd o]q]ankhb bnmitf]bx bk]rrdr-

IdllY 2�4� Sgd oWqWanjhb djdldmsr w) Z Wmc w) a Wqd bnmitfWsd h a
S ∈ E)-

Bnmitf]bx ne gxodqankhb ]mc dkkhoshb dkdldmsr hr sgd r]ld hm ansg fqntor- =m
dkkhoshb dkdldms hm OPK1’o( ’qdro- OFK1’p(( hr bnmitf]sd sn ] gxodqanjhb dkdldms
hm OPK1’p1( ’qdro- OFK1’p1(( ne sgd enql Zy vgdqd Z ∈ ’Ep1() § E) YRt“-

IdllY 2�5� Ids f ∈ OPK1’p(’ Wmc jds δ 9 PK1’p( � OPK1’p( ad sgd oqnidbshnm
lWo- Rtoonrd > ∈ PK1’p( rWshrffdr δ’>( ; f- Sgdm sq1’>( cdsdqlhmdr ansg sgd
sxod Wmc sgd nqcdq ne f hm OPK1’p( Wmc hsr bnmitfWbx bjWrr hm OFK1’p(-

Oqnne- =bbnqchmf sn Oqnonrhshnm 2-3+ f hr o]q]ankhb hΣ |f| ; o hΣ sq1’>( ; 3- Rhmbd
]kk o]q]ankhb dkdldmsr ]qd bnmitf]sd hm OFK1’p(+ sgd kdll] hr oqnudc hm sghr b]rd-
Fhudm f ]mc > ]r ]anud+ vhsg f gxodqankhb nq dkkhoshb+ vd enql sgd bg]q]bsdqhrshb

onkxmnlh]k w1§ sq’>(w)0 vghbg g]r qnnsr λ ]mc 0
λ - Adfhmmhmf vhsg §> vd nas]hm

sgd onkxmnlh]k w1 ) sq’>( ) 0 vghbg g]r qnnsr §λ ]mc |0
λ - Hm dhsgdq b]rd+ f hr

bnmitf]sd sn sgd sq]mrenql]shnm λ1y+ ]mc sgtr hsr nqcdq hr cdsdqlhmdc ax sq1’>(-
Enq dkkhoshb dkdldmsr sghr bnmitf]shnm nbbtqr hm OFK1’p1(+ vghkd gxodqankhb dkdldmsr
b]m ad bnmitf]sdc hm OPK1’p(-
Vgdm f hr dkkhoshb+ λ ∈ D§E+ ]mc vgdm f hr gxodqankhb+ λ ∈ E- Sgtr bnmitf]shnm

ax dkdldmsr ne OPK1’o( cndr mns bg]mfd sgd sxod ne sgd dkdldms- Hs hr ]kqd]cx sqtd
sg]s ]kk dkkhoshb nq gxodqankhb dkdldmsr ne ] fhudm nqcdq hm OPK1’o( ]qd bnmitf]sd+
oqnuhmf sgd kdll]-  

Sgd enkknvhmf dkdldms]qx e]bs khrsr rnld rodbhffb hmrs]mbdr ne Kdll] 2-5-
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IdllY 2�6 ’YFR1“- Nqcdq ]mc sq]bd ne bdqs]hm dkdldmsr(� Ids f ∈ OPK1’p(’ Wmc
jds δ 9 PK1’p( � OPK1’p( ad sgd oqnidbshnm lWo- Rtoonrd > ∈ PK1’p( rWshrffdr
δ’>( ; f- Sgdm.

’0( |f| ; 1 h sq’>( ; /-
’1( He o / 2’ sgdm |f| ; 2 h sq’>( ; ±0-
’2( |f| ; 3 h sq’>(1 ; 1-
’3( He o ∈; 4’ sgdm |f| ; 4 h Z1 ± Z§ 0 ; / vgdqd Z ; sq’>(-

3- 9 bgUpUbsdphyUshnm ne OPK1’o(,pUlhehbUshnm sphokdr

Vd rs]qs vhsg ] rodbh]k b]rd hm ntq bg]q]bsdqhy]shnm ne ]kk OPK1’o(,q]lhffb]shnm
sxodr+ m]ldkx sgd b]rd ne sgqdd bnmitf]bx bk]rrdr ne dkdldmsr- Vd b]kk sgdrd qWl,
hffbWshnm sqhojdr- Hm Rdbshnm 4 vd oqdrdms sgd bnlokdsd cdrbqhoshnm ne ]kk OPK1’o(,
q]lhffb]shnm sxodr ]mc sgdhq bnqqdronmchmf OPK1’o(,rhfm]stqdr- Vd qdb]kk sg]s enq
] rhfm]stqd ’l0. . . . .lj( sn ad ] OPK1’o(,rhfm]stqd+ vd ltrs g]ud lh chuhchmf
sgd nqcdq ne OPK1’o(+ enq ]kk h- Hm ]mx q]lhffb]shnm sxod ’C0. C1. . . . . Cj(+ d]bg Ch
qdoqdrdmsr ] bnmitf]bx bk]rr ne mnmsqhuh]k dkdldmsr ne OPK1’o(-
Rhmbd OPK1’o( enq o / 00 hr mdhsgdq bxbkhb+ chgdcq]k+ onjxgdcqWj ’hrnlnqoghb sn

�3. R3 nq �4( mnq rnku]akd+ ax Kdll] 0-0+ ]kk rhfm]stqdr vhsg mnmmdf]shud Dtkdq
bg]q]bsdqhrshb ]qd mns OPK1’o(,rhfm]stqdr- Sgd enkknvhmf rhfm]stqdr bnloqhrd sghr
khrs9

’m. m(. ’1. 1. m(. ’1. 2. 2(. ’1. 2. 3(. ’1. 2. 4(. ’1. 2. 5(. ’1. 3. 3(. ’2. 2. 2(. ’1. 1. 1. 1(.

Hm sgd enkknvhmf svn rdbshnmr+ vd bnmrhcdq q]lhffb]shnm sqhokdr ’C0. C1. C2( ]bbnqc,
hmf sn svn b]rdr- Ehqrs vd bnmrhcdq q]lhffb]shnm,sxod sqhokdr vgnrd bnqqdronmchmf
rhfm]stqd g]r ] qd]khy]shnm vghbg lhfgs fdmdq]sd ] onkxgdcq]k rtafqnto ne OPK1’o(-
He sgd rhfm]stqd cndr fdmdq]sd ] onkxgdcq]k rtafqnto+ vd b]kk ’C0. C1. C2( ] onjxgdcqWj
qWlhffbWshnm sqhojd- Rdbnmc+ vd bnmrhcdq q]lhffb]shnm sqhokdr vhsgnts ]mx qdrsqhbshnmr
nm rhfm]stqd- Hm dhsgdq b]rd+ vd cdsdqlhmd vghbg q]lhffb]shnm sxodr ]qd OPK1’o(,
q]lhffb]shnm sxodr+ h-d-+ qdoqdrdms ] OPK1’o( ]bshnm nm ] rtqe]bd vhsg rogdqhb]k
ptnshdms- Hm §4 vd fhud ] bnlokdsd bg]q]bsdqhy]shnm ne ]kk OPK1’o(,q]lhffb]shnm
sxodr+ trhmf sgd e]bs sg]s sghr rds g]r sgd rsqtbstqd ne ] rdlhfqnto-
D]bg dkdldms f ∈ OPK1’o( bnqqdronmcr sn ] o]hq ne l]sqhbdr ±> ∈ PK1’o(

vgnrd sq]bdr g]ud sgd r]ld rpt]qd- Rn fhudm ] j,stokd ne dkdldmsr ’f0. f1. . . . . fj(
ne OPK1’o(+ sgdqd hr ] bnqqdronmchmf j,stokd ’±s0.±s1. . . . .±sj(+ vgdqd ±sh hr sgd
sq]bd ne l]sqhw ±>h ∈ PK1’p( bnqqdronmchmf sn fh- He j ; 2 vd b]kk sghr udbsnq ]
sqWbd sqhojd- Vgdm vd bgnnrd ] qdoqdrdms]shud l]sqhw eqnl ±>h sn b]kbtk]sd vhsg+ vd
]qd l]jhmf ]m hmhsh]k bgnhbd ne sq]bd eqnl d]bg o]hq ±sh- Vd nesdm bg]mfd ntq bgnhbd
eqnl > sn §> ’nq sh sn §sh( sn rhlokhex bnlots]shnmr vhsgnts bg]mfhmf bnmitf]bx
bk]rrdr- Hm sgd oqnner adknv+ vd nesdm adfhm ax bnmrhcdqhmf sq]bdr ne dkdldmsr ne
PK1’o( q]sgdq sg]m nqcdqr nq bnmitf]bx bk]rrdr hm OPK1’o(+ rhmbd Kdll] 2-5 rgnvr
sg]s sq1’>h( cdsdqlhmdr sgd nqcdq ]mc bnmitf]bx bk]rr ne fh hm OPK1’o(+ tmkdrr fh
hr o]q]ankhb- Vgdm sh ; ±1+ hs vhkk ad mdbdrr]qx sn bnmrhcdq chΣdqdms b]rdr rhmbd
sgdqd ]qd svn bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr hm OPK1’o(- Vd nesdm qdedq
sn Kdll] 2-6 vghbg khrsr rnld rodbhffb bnqqdk]shnmr adsvddm sq]bd ]mc nqcdq hm
OPK1’o(-
Vd adfhm vhsg ]m dkdldms]qx kdll] fhuhmf ] rodbhffb dw]lokd ne l]sqhbdr vghbg

qd]khyd ] o]qshbtk]q sxod ne sq]bd sqhokd-
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IdllY 3�0� He sgd sqWbd sqhojd ’/.±s1.±s2( bWm ad qdWjhydc hm W BWqsWm rtafqnto
ne OPK1’o(’ sgdm sgd qdWjhyWshnm hr fhudm ax lWsqhbdr ne sgd enql

)
/ §0
0 /

(
Wmc

)
Z §b
b Z

(

enq Z. b ∈ Eo-

3-0- NnixedcpYi pYlh aYshnm sphoidr� Vd adfhm ax rgnvhmf sg]s ]mx q]lhff,
b]shnm sqhokd ’C0. C1. C2( bnqqdronmchmf sn ] onkxgdcq]k rhfm]stqd hr ] OPK1’o(,
q]lhffb]shnm sqhokd- Vd adfhm vhsg sgd enkknvhmf kdll] ]ants sgd rtafqnto rsqtb,
stqd ne OPK1’p(-

IdllY 3�1 ’YC“- Rtafqnto rsqtbstqd ne OPK1’o((� He G hr W rtafqnto ne OPK1’p(’
sgdm G hr dhsgdq.

’0( : oqnidbshud rtafqnto’ h-d-’ OPK1’ol( he l|m nq OPK1’ol( he 1l|m-
’1( : Anqdj rtafqnto-
’2( : BWqsWm rtafqnto-
’3( : onjxgdcqWj rtafqnto’ h-d-’ chgdcqWj’ �3. R3. nq �4’ vgdm sgdrd dwhrs vhsghm

OPK1’p(-

Sgd nmkx chgdcq]k rhfm]stqd hr ’1. 1. m( ]mc χ’1. 1. m( / /- Sgtr+ vd nmkx mddc sn
bnmrhcdq q]lhffb]shnm sxodr bnqqdronmchmf sn onkxgdcq]k rhfm]stqdr-
Kds σ ; ’l0.l1.l2( ad ] onkxgdcq]k rhfm]stqd- He σ hr ]m �3 rhfm]stqd+ sgdm

lh ∈ {1. 2{ enq ]kk h- Rhlhk]qkx+ he σ hr ]m R3 rhfm]stqd+ sgdm lh ∈ {1. 2. 3{ enq ]kk
h ]mc lh ∈ {1. 2. 4{ he σ hr ]m �4 rhfm]stqd- Rhmbd vd qdpthqd sg]s χ’σ( , /+ sgdqd
]qd mn onrrhakd �3 rhfm]stqdr+ ]mc vd g]ud onrrhakd R3 rhfm]stqdr ’2. 2. 3(. ’2. 3. 3(.
]mc ’3. 3. 3( ]mc �4 rhfm]stqdr ’1. 4. 4(. ’2. 2. 4(. ’2. 4. 4(. ]mc ’4. 4. 4(-
Hm R3+ dudqx odqlts]shnm ne nqcdq 2 g]r rhfm 0+ ]mc dudqx odqlts]shnm ne nqcdq

3 g]r rhfm §0- Sgdqdenqd mdhsgdq ’2. 2. 3( mnq ’3. 3. 3( b]m ad qd]khydc hm R3- Vd
]qd sgdm kdes vhsg ] khrs ne ffud onsdmsh]k onkxgdcq]k rhfm]stqdr bnqqdronmchmf sn sgd
q]lhffb]shnm sxod ’C0. C1. C2(- Vd vhkk mddc sgd enkknvhmf dkdldms]qx kdll] ]ants
sgd nqcdqr ne bdqs]hm dkdldmsr hm R3 ]mc �4-

IdllY 3�2 ’Nqcdqr ne oqnctbsr hm OPK1’o((� Ids B Wmc C ad djdldmsr ne
OPK1’o(-

’0( He |B| ; 2’ |C| ; 3 Wmc |BC| ; 3 vhsg }B.C〈 ; R3’ sgdm |BC|0| ; 1-
’1( :rrtld }B.C〈 ; �4-

’]( He |B| ; |C| ; 2 Wmc |BC| ; 4’ sgdm |C|0B| ; 4-
’a( He |B| ; 2’ |C| ; 4 Wmc |BC| ; 2’ sgdm |C|0B| ; 4-
’b( He |B| ; 2’ |C| ; 4 Wmc |BC| ; 4’ sgdm |C|0B| ; 1 nq |C|0B| ; 2-
’c( He |B| ; |C| ; 4 Wmc |BC| ; 4’ sgdm |C|0B| ; 2-
’d( He |B| ; 1’ |C| ; 4 Wmc |BC| ; 4’ sgdm |BCB|0C|0| ; 2-

IdllY 3�3 ’Rtafqntor ne OPK1’p( bnms]hmhmf dkdldmsr ne bdqs]hm nqcdqr(�
’0( He G hr W rtafqnto ne R3’ Wmc B. C ∈ G vhsg |B| ; 2 Wmc |C| ; 3’ sgdm

G ∼; R3-
’1( Ids G ad W rtafqnto ne R4 Wmc B. C ∈ G-

’]( He |B| ; 2 Wmc |C| ; 4’ sgdm G ∼; �4-
’a( He |B| ; 1’ |C| ; 4 Wmc |BC| ; 4’ sgdm G ∼; �4-
’b( He G ; }B.C〈 vhsg |B| ; |C| ; 4’ sgdm G ∼; S4 nq G ∼; �4-
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Vd hmbktcd sgd oqnner ne Kdll]r 3-2 ]mc 3-3 hm sgd =oodmchw-
Kds Σ ; ’C0. C1. C2( ad ] q]lhffb]shnm sqhokd vgnrd bnqqdronmchmf rhfm]stqd σ ;

’l0.l1.l2( hr nmd ne sgd ffud dwbdoshnm]k rhfm]stqdr khrsdc ]anud- Hm d]bg b]rd vd
vhkk oqnctbd ] qd]khy]shnm ne ’C0. C1. C2( vghbg fdmdq]sdr OPK1’o(-
Kds ’f0. f1. f2( ad ] qd]khy]shnm ne Σ- He σ ∈; ’4. 4. 4(+ sgdm }f0. f1. f2〈 hr mns

]adkh]m- ’Hm ] ffmhsd ]adkh]m fqnto+ n’wx( ; n’w(n’x( vgdm ’n’w(. n’x(( ; 0-( Rhmbd
mn fh hr o]q]ankhb ’o ≥ 00(+ sgd fqnto }f0. f1. f2〈 hr R3 nq OPK1’o( he σ ; ’2. 3. 3(+
]mc �4 nq OPK1’o( nsgdqvhrd- Sgtr+ hs rtflbdr sn rgnv sg]s sgd qd]khy]shnm ne Σ
cndr mns fdmdq]sd R3 nq �4+ qdrodbshudkx- Enq σ ; ’4. 4. 4( vd ltrs rgnv sg]s sgd
qd]khy]shnm ne Σ cndr mns fdmdq]sd �4 nq ] bxbkhb rtafqnto-
Kdll] 3-2 rgnvr sg]s |B|0C| ’qdro- |BCB|0C|0|( hr tmhptdkx cdsdqlhmdc enq

]mx qd]khy]shnm ’B.C. ’BC(|0( ne ] onkxgdcq]k rhfm]stqd ’l0.l1.l2( ∈; ’1. 4. 4(
’qdro- ’1. 4. 4((- Vd vhkk ffmc ] qd]khy]shnm ne sgd ]anud sqhokdr hm vghbg sgd nq,
cdq ne sgd dkdldms B|0C ’qdro- BCB|0C|0( bnmsq]chbsr Kdll] 3-3- Sghr vhkk
ad bgdbjdc uh] sq]bd bnmrhcdq]shnmr trhmf Kdll] 2-6- Hs sgdm enkknvr sg]s sgd
qd]khy]shnm fdmdq]sdr OPK1’o( ]mc mns sgd onkxgdcq]k rtafqnto-
Vd vhkk mddc sgd enkknvhmf dkdldms]qx nardqu]shnmr-

IdllY 3�4� He q rWshrffdr w1±w§ 0 ; /’ sgdm mdhsgdq q)0 mnq q§ 0 rWshrffdr sgd
dptWshnm ’w1 ) w§ 0(’w1 § w§ 0( ; /-

IdllY 3�5� He >.A ∈ PK1’p(’ sgdm

sq’>A( ) sq’>A|0( ; sq’>(sq’A(

Wmc

sq’>A>|0A|0( ; sq’>(1 ) sq’A(1 ) sq’>A(1 § sq’>(sq’A(sq’>A(§ 1.

Vd b]m mnv oqnud sgd enkknvhmf sgdnqdl-

Sednpdl 3�6 ’=kk onkxgdcq]k q]lhffb]shnm sqhokdr ]qd OPK1’o(,q]lhffb]shnm sqhokdr(�
:jj qWlhffbWshnm sqhojdr ’C0. C1. C2( vgnrd bnqqdronmchmf rhfmWstqd σ hr onjxgdcqWj
vhsg χ’σ( , / Wqd OPK1’o(,qWlhffbWshnm sqhojdr-

Oqnne- Kds Σ ; ’C0. C1. C2( g]ud bnqqdronmchmf rhfm]stqd σ ; ’l0.l1.l2( vhsg
χ’σ( , /+ ]mc sq]bd sqhokd ’±s0.±s1.±s2(- L]jd ]m hmhsh]k bgnhbd ne sq]bdr ’s0. s1. s2(-
He lh|o|01 enq ]mx h+ sgdm vd l]x ]rrtld ax odqltshmf sgd lh ’]mc sgtr sgd Ch(
sg]s l1|o|01 -
Vd vhkk oqnctbd ] qd]khy]shnm ’>.A. ’>A(|0( ne ’C0. C1. C2(- Eqnl sgd bnmitf]bx

bk]rrdr C0 ]mc C1+ bgnnrd qdoqdrdms]shudr > ]mc A ]r enkknvr9
’0( He l1|o|01

> ;
)
/ §0
0 c

(
]mc A ;

)
Z S |b

S

/ 0
 

�

.

’1( He l1|o)01

> ;
)

λ /
/ 0

λ

(
]mc A ;

)
w x
x w

(
vhsg ww§ xx ; 0.

vgdqd hm ’0(+ vd g]ud Z. c ∈ Eo ]mc  ∈ ’Eo(∗§ ’Eo()+ ]mc hm ’1( vd g]ud w. x ∈ Eo
]mc λ ∈ ’Eo(∗-
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Vd vhkk oqnud sg]s ]mx q]lhffb]shnm sqhokd Σ vhsg bnqqdronmchmf rhfm]stqd σ ;
’2. 2. 4( hr ] OPK1’o(,q]lhffb]shnm sxod- Enq nsgdq onkxgdcq]k rhfm]stqdr+ rdd sgd
=oodmchw-
Rtoonrd sg]s σ hr ] odqlts]shnm ne ’2. 2. 4(- He l1 ; 2+ vd l]x ]rrtld sg]s

l0 ; 2- Bnmrhcdq sgd qd]khy]shnm ’>.A. ’>A(|0( fhudm ]anud ne sgd sq]bd sqhokd
’±0.±0. s2(+ vgdqd s2 r]shrffdr nmd ne sgd dpt]shnmr w1 ± w§ 0 ; /- Hs enkknvr sg]s
§s2 r]shrffdr sgd nsgdq dpt]shnm+ ]mc sq’A>|0( b]mmns ad ] qnns ne dhsgdq dpt]shnm
ax Kdll] 3-4- Bnmrdptdmskx+ |A>|0| ∈; 4+ bnmsq]chbshmf Kdll] 3-3-
He l1 ; 4+ sgdm l0 ; 2- Hmsdqbg]mfhmf sgd qnkdr ne s1 ]mc s2 hm sgd ]qftldms

]anud ]f]hm xhdkcr |A>|0| ∈; 4- Sgtr }>.A〈  �4+ ]mc vd bnmbktcd sg]s Σ hr ]
OPK1’o(,q]lhffb]shnm sqhokd-  
3-1- MnmonixedcpYi pYlh aYshnm sphoidr� Vd mnv oqnud sgd enkknvhmf sgdnqdl-

Sednpdl 3�7 ’Bnlokdsd bg]q]bsdqhy]shnm ne OPK1’o(,q]lhffb]shnm sqhokdr(� :jj
qWlhffbWshnm sqhojdr ’C0. C1. C2( bnqqdronmchmf sn sgd sqWbd sqhojd ’±s0.±s1.±s2( Wqd
OPK1’o(,qWlhffbWshnm sqhojdr dwbdos.

’0( :jj qWlhffbWshnm sqhojdr bnqqdronmchmf sn nmd ne svn rhfmWstqdr. ’±1.±2.±5(
Wmc ’±1.±1.±3(-

’1( :jj qWlhffbWshnm sqhojdr ’C0. C1. C2( gWuhmf Wjj Ch bnmitfWbx bjWrrdr ne oWqW,
anjhb djdldmsr’ vhsg nmd ne sgd enjjnvhmf bnmchshnmr.
’]( Tgdm §0 hr W rptWqd hm Ep’ Wmx odqltsWshnm ne ’C0. C0. C1(-
’a( Tgdm §0 hr mns W rptWqd hm Ep’ sgd sqhojd ’C0. C0. C0(-

’2( :jj qWlhffbWshnm sqhojdr ’C0. C1. C2( vhsg C0 Wmc C1 chrshmbs bnmitfWbx bjWrrdr
ne oWqWanjhb djdldmsr Wmc C2 mns W bnmitfWbx bjWrr ne oWqWanjhb djdldmsr’
vhsg nmd ne sgd enjjnvhmf bnmchshnmr.
’]( Tgdm 1§ s2 hr W rptWqd hm Ep’ sgd sqhojd ’C0. C1. C2(-
’a( Tgdm 1 § s2 hr mns W rptWqd hm Ep’ nmd ne svn qWlhffbWshnm sxodr

’C0. C0. C2( Wmc ’C1. C1. C2(-
He §0 hr W rptWqd hm Ep’ sgdm C2 hr W bnmitfWbx bjWrr ne gxodqanjhb djdldmsr-
He §0 hr mns W rptWqd hm Ep’ sgdm C2 hr W bnmitfWbx bjWrr ne djjhoshb djdldmsr-

Oqnne- Kds ’±s0.±s1.±s2( ad ] sq]bd sqhokd ]mc bgnnrd hmhsh]k sq]bdr ’s0. s1. s2(- Kds
’B0. B1. B2( ad ] q]lhffb]shnm sqhokd bnqqdronmchmf sn sgd sq]bd sqhokd+ h-d-+ d]bg Bh
hr sgd bnmitf]bx bk]rr ne ]m dkdldms ne OPK1’o( vgnrd sq]bd hr sh- Vd oqdrdms nmd
b]rd ne sgd oqnne ]mc kd]ud sgd qdrs sn sgd =oodmchw- =kk sgd b]rdr ]qd rhlhk]q hm
m]stqd-

BYrd 0� Rtoonrd s0 ; 1 ]mc s1. s2 ∈; 1- Ax Oqnonrhshnm 2-3+ B0 hr ] bnmitf]bx
bk]rr ne o]q]ankhb dkdldmsr- Vd l]x ]rrtld sg]s ’ 0 0, 0 ( hr ] qdoqdrdms]shud ne B0- He
sghr l]sqhw v]r mns hm B0+ ats hm sgd nsgdq bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr+
sgdm vd bnmitf]sd hs ax ]m ]ooqnoqh]sd dkdldms ne OFK1’o( rn sg]s hs khdr hm B0-

Vd v]ms sn ffmc dkdldmsr fh ∈ Bh vhsg f2 ; ’f0f1(|0- Kds ’ w x
y v ( ∈ PK1’o(+ rn

wv § xy ; 0- Bgnnrd sq]bdr ’1. s1. s2(- Ltkshokxhmf sgdrd l]sqhbdr+ vd rdd sg]s
’1. s1. s2( b]m nmkx ad qd]khydc he vd b]m rnkud sgd dpt]shnmr

’0( w) v ; s1. w) v ) y ; s2+
’1( w1 § s1w) ’s2 § s1(x ) 0 ; /+ ]mc
’2( wv § xy ; 0-
’h( Rtoonrd s1 ; / ; s2- Hm sghr b]rd+ sgd rhfm]stqd bnqqdronmchmf sn sgd sq]bd

sqhokd hr ’1. 1. o( ax Kdll] 2-6- Lnqdnudq+ sgd dpt]shnm w1§ s1w)’s2§ s1(x)0 ; /
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adbnldr w1 ) 0 ; /+ vghbg g]r ] rnktshnm he ]mc nmkx he §0 hr ] rpt]qd hm Eo- He
§0 hr ] rpt]qd hm Eo+ sgdm sgd rhfm]stqd ’1. 1. o( b]m ad qd]khydc+ ats hs hr mns ]
OPK1’o(,rhfm]stqd rhmbd hs g]r mnmmdf]shud Dtkdq bg]q]bsdqhrshb- Vgdm §0 hr mns ]
rpt]qd+ sgd chgdcq]k fqnto Co hr mns ] rtafqnto ne OPK1’o( ]mc sgtr sgd rhfm]stqd
’1. 1. o( cndr mns ]qhrd-
’hh( Rtoonrd s1 ]mc s2 ]qd mns ansg ydqn- Rtarshstshmf §s1 enq s1 he mdbdrr]qx+ vd

b]m ]rrtld sg]s s1 § s2 ∈; /- Vd rnkud sgd dpt]shnm w1 § s1w ) ’s2 § s1(x ) 0 ; /+
vgdqd w hr ]mx dkdldms ne Eo+ enq x+ sn fds x ; |w1)s1w|0

s2|s1 - Sgtr+ sgd l]sqhw ’ w x
y v (

adbnldr
∖

w
�t1�q1t�+

q2�q1
s2|s1 s1|w

(
+ ]mc sgd q]lhffb]shnm sxod ’B0. B1. B2( hr qd]khy]akd-

Vd ltrs mnv cdsdqlhmd vgdsgdq ’B0. B1. B2( hr ] OPK1’o(,q]lhffb]shnm sxod-

Kds f0 ; ’ 0 0, 0 ( ]mc f1 ;
∖

w
�t1�q1t�+

q2�q1
s2|s1 s1|w

(
- Rhmbd f0 ffwdr hmffmhsx ats f1 cndr

mns ’rhmbd s2 § s1 ∈; /(+ sgdrd svn dkdldmsr ]qd mns bnms]hmdc hm sgd r]ld Anqdk
rtafqnto- Rhmbd f0 hr o]q]ankhb+ sgd rtafqnto fdmdq]sdc ax sgdrd svn dkdldmsr hr
mns bnms]hmdc hm ] B]qs]m rtafqnto- Lnqdnudq+ f0 g]r nqcdq o ]mc sgdqdenqd }f0. f1〈
b]mmns ad ]m dwbdoshnm]k rtafqnto rhmbd o / 00- Gdmbd+ }f0. f1〈 ∼; OPK1’o( ax
Kdll] 2-1 ]mc ’B0. B1. B2( hr ] OPK1’o(,q]lhffb]shnm sqhokd-  

4- 9 bnlokdsd cdrbphoshnm ne OPK1’o(,pUlhehbUshnm sxodr

Pdb]kk sg]s ] rdlhfqnto H hr ] mnmdlosx rds P snfdsgdq vhsg ] ahm]qx nodq]shnm
nm P vghbg hr ]rrnbh]shud- =m Wsnl Z enq ] rdlhfqnto H r]shrffdr Z ) r ∈ H enq ]kk
r ∈ H- Bnmrhcdq sgd enkknvhmf ]cchshnm nodq]shnm cdffmdc nm F,rhfm]stqdr- Rtoonrd
’f:l0.l1. . . . .lk( ]mc ’g:m0. m1. . . . . mj( ]qd F,rhfm]stqdr- Sgdm sgdhq rtl hr sgd
F,rhfm]stqd

’f ) g:l0.l1. . . . .lk. m0. m1. . . . . mj(.

Hs hr oqnudc hm YLR“ sg]s F,rhfm]stqdr bnqqdronmchmf sn ] ffmhsd fqnto F enql ]
bnllts]shud rdlhfqnto vhsg hcdmshsx ’/: ( tmcdq sghr ]cchshnm- Hm e]bs+ sgd enkknvhmf
rsqnmfdq rs]sdldms hr sqtd-

Npnonrhshnm 4�0� Ids F ad W ffmhsd fqnto vhsg rtafqntor G Wmc I’ Wmc j. k ≥
0- He ’f:B0. B1. . . . . Bj( hr Wm G,qWlhffbWshnm sxod Wmc ’g:C0. C1. . . . . Ck( hr W I,
qWlhffbWshnm sxod vhsg ’Bj(|0 ; Ck’ sgdm sgdqd hr Wm }G.I〈,qWlhffbWshnm sxod

’f ) g:B0. B1. . . . . Bj|0. C0. . . . . Ck|0(.

Oqnne- Ehqrs bgnnrd ] qd]khy]shnm ne d]bg q]lhffb]shnm sxod9

’Z0. a0. . . . . Zd. ad. x0. . . . . xj( ]mc ’Z�
0. a

�
0. . . . . Z

�
g. a

�
g. y0. . . . . yk(.

vhsg ]kk dmsqhdr dkdldmsr ne F- Vd g]ud sgd qdk]shnmr

Πd
h90YZh. ah“Π

j
q90xq ; 0 ; Πg

i90YZ
�
i . a

�
i “Π

k
s90ys

]mc
}{Zh. ah{. {xq{〈 ∼; G ]mc }{Z�

i . a
�
i{. {ys{〈 ∼; I.

Sghr xhdkcr ] qd]khy]shnm ne sgd q]lhffb]shnm sxod

’f ) f�: C0. C1. . . . . Cj|0.C0.C1. . . . .Ck|0(
trhmf sgd dkdldmsr

{Z0. a0. . . . . Zj. aj. Z�
0. a

�
0. . . . . Z

�
k. a

�
k. x0. . . . . xq|0. y0. . . . . ys|0{.
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Enq sghr sn ad ]m }G.I〈,q]lhffb]shnm sxod+ vd ltrs rgnv sg]s

Πd
h90YZh. ah“Π

g
i90YZ

�
i . a

�
i “Π

j|0
q90xqΠ

k|0
s90ys ; 0

]mc
}{Zh. ah{. {Z�

i . a
�
i{. {xq{. {ys{〈 ; }G.I〈.

vgdqd r ; 0. 1. . . . . j§0 ]mc s ; 0. 1. . . . . k§0- He sgd ghfgdrs hmchbdr hm sgd oqnctbs
qdk]shnm ]anud vdqd j ]mc k+ sgdm sgd oqnctbs vntkc ad sgd hcdmshsx ax bnmrsqtbshnm-
Rhmbd vd bgnrd xj ; y|0

k + sgd ]anud oqnctbs qdk]shnm ]krn gnkcr-
Kds D ; {Zh. ah{ S {Z�

h. a
�
h{ S {xq{ S {ys{+ vgdqd r ; 0. 1. . . . . j § 0 ]mc s ;

0. 1. . . . . k § 0- Sn rgnv sg]s D fdmdq]sdr }G.I〈+ mnsd sg]s ansg xj ]mc yk b]m ad
dwoqdrrdc hm sdqlr ne dkdldmsr ne D- Sgtr ansg G ]mc I ]qd rtafqntor ne }D〈+ ]mc
}D〈 hr bkd]qkx ] rtafqnto ne }G.I〈-  

Rn e]q vd g]ud bnlokdsdkx cdrbqhadc ]kk OPK1’o(,q]lhffb]shnm sxodr vhsg dw]bskx
sgqdd bnmitf]bx bk]rrdr ne dkdldmsr ne OPK1’o(- Vd mnv cdrbqhad ]kk OPK1’o(,
q]lhffb]shnm sxodr bnmrhrshmf ne lnqd sg]m sgqdd bnmitf]bx bk]rrdr ne dkdldmsr+
trhmf sgd rdlhfqnto rsqtbstqd ne sgd rds ne q]lhffb]shnm sxodr-
Vd mnsd sg]s C ]mc C|0 qdoqdrdms sgd r]ld bnmitf]bx bk]rr ne dkdldmsr ne

OPK1’o(-

IdllY 4�1� Rtoonrd sgWs ’C0. C1. C2( hr W OPK1’o(,qWlhffbWshnm sqhojd’ Wmc sgWs C
hr W bnmitfWbx bjWrr ne mnmsqhuhWj djdldmsr ne OPK1’o(- Sgdm ’C0. C1. C2. C( hr Wjrn
W OPK1’o(,qWlhffbWshnm sxod-

Oqnne- Trhmf Sgdnqdl 3-7+ vd b]m cdsdqlhmd he ’Ch. C. Ch( hr ] OPK1’o(,q]lhffb]shnm
sqhokd enq ]mx h ; 0. 1. 2- He hs hr+ vd l]x ]rrtld sg]s h ; 2+ ]mc trhmf sgd rdlhfqnto
rsqtbstqd ne sgd rds ne q]lhffb]shnm sxodr ntskhmdc hm Oqnonrhshnm 4-0+ hs enkknvr sg]s
’C0. C1. C2( ) ’C2. C. C2( ; ’C0. C1. C2. C( hr ] OPK1’o(,q]lhffb]shnm sxod-
Rtoonrd sg]s ’Ch. C. Ch( hr mns ] OPK1’o(,q]lhffb]shnm sqhokd enq ]mx h ; 0. 1. 2-

Sghr bntkc g]oodm hm svn v]xr-

BYrd 0� He sgd q]lhffb]shnm sqhokd hr mns qd]khy]akd+ sgdm eqnl Sgdnqdl 3-7 vd jmnv
sg]s Ch hr ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr enq ]kk h-

’0( Rtoonrd sg]s C hr ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr- Svn ne sgd
bnmitf]bx bk]rrdr C0. C1 ]mc C2 ]qd hcdmshb]k: vhsgnts knrr ne fdmdq]khsx
]rrtld sgdx ]qd C0 ]mc C1-
’]( He C2 ]mc C ]qd bnmitf]sd+ kds C ad ]mx bnmitf]bx bk]rr ne gxodq,

ankhb dkdldmsr- Sgdm ansg q]lhffb]shnm sxodr ’C0. C1.C( ]mc ’C2. C.C(
]qd OPK1’o(,q]lhffb]shnm sqhokdr ax Sgdnqdl 3-7+ ]mc hs enkknvr eqnl
Oqnonrhshnm 4-0 sg]s ’C0. C1. C2. C( hr ] OPK1’o(,q]lhffb]shnm sxod-

’a( He C2 ]mc C cn mns qdoqdrdms sgd r]ld bnmitf]bx bk]rr ne dkdldmsr+ sgdm
]bbnqchmf sn Sgdnqdl 3-7 sgdqd hr ] tmhptd bgnhbd ne mnmo]q]ankhb bnm,
itf]bx bk]rr C rn sg]s ’C2. C.C( hr ] OPK1’o(,q]lhffb]shnm sqhokd- Hs
]krn enkknvr eqnl Sgdnqdl 3-7 sg]s ’C0. C1.C( hr ] OPK1’o(,q]lhffb],
shnm sqhokd- Sgdm ax Oqnonrhshnm 4-0+ ’C0. C1. C2. C( hr ] OPK1’o(,
q]lhffb]shnm sxod-

’1( He C hr mns ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr+ sgdm ’C2. C. C2( hr
] OPK1’o(,q]lhffb]shnm sqhokd ]mc hs enkknvr eqnl Oqnonrhshnm 4-0 sg]s
’C0. C1. C2. C( hr ] OPK1’o(,q]lhffb]shnm sxod-
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BYrd 1� He sgd q]lhffb]shnm sqhokd bnqqdronmcr sn ] rhfm]stqd σ vhsg svn hcdmshb]k
dmsqhdr+ vghbg hr mns ] OPK1’o(,rhfm]stqd+ sgdm σ ltrs ad nmd ne ’1. 1. m(. ’1. 2. 2(+ nq
’1. 3. 3(- Hm ]mx ne sgdrd b]rdr+ sgd q]lhffb]shnm sqhokd cndr mns bnms]hm ] bnmitf]bx
bk]rr ne o]q]ankhb dkdldmsr+ vghbg ]qd ]kk ne nqcdq o- ’Mnsd sg]s ’1. 1. o( hr mns ]
OPK1’o(,rhfm]stqd-( Kds C ad ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr ne OPK1’o(+
bgnrdm hm ]bbnqc]mbd vhsg Sgdnqdl 3-7 rn sg]s ’C0. C1.C( hr ] OPK1’o(,q]lhffb]shnm
sqhokd- Rhmbd mdhsgdq C2 mnq C hr ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr+ hs enkknvr
sg]s ’C2. C.C( hr ]krn ] OPK1’o(,q]lhffb]shnm sqhokd- Sgdm ax Oqnonrhshnm 4-0 sgdhq
rtl+ ’C0. C1. C2. C(+ hr ] OPK1’o(,q]lhffb]shnm sxod-  

IdllY 4�2� :jj qWlhffbWshnm sxodr ’C0. C1. C2. C3( Wqd OPK1’o(,qWlhffbWshnm sxodr
dwbdos enq Wmx bnqqdronmchmf sn sgd rhfmWstqd ’1. 1. 1. 1(-

Oqnne- Rtoonrd sgdqd hr ] odqlts]shnm ne sgd Ch rn sg]s sgd sqhokd ’C0. C1. C2( hr ]
OPK1’o(,q]lhffb]shnm sqhokd- Sgdm ax Kdll] 4-1 rn hr ’C0. C1. C2. C3(-
Rtoonrd sg]s mn odqlts]shnm ne sgd Ch xhdkcr ] sqhokd vghbg hr ] OPK1’o(,

q]lhffb]shnm sxod- He sgd rhfm]stqd bnqqdronmchmf sn sghr q]lhffb]shnm sxod hr
’1. 1. 1. 1(+ vghbg hr mns ] OPK1’o(,rhfm]stqd rhmbd hs g]r mnmmdf]shud Dtkdq bg]q]b,
sdqhrshb+ sgdm sgd q]lhffb]shnm sxod hr mns ] OPK1’o(,q]lhffb]shnm sxod-
Nsgdqvhrd+ ]mx odqlts]shnm ’C0. C1. C2( bnms]hmr ]s kd]rs svn bnmitf]bx bk]rrdr

ne o]q]ankhb dkdldmsr- Rhmbd sgdqd ]qd nmkx svn rtbg bnmitf]bx bk]rrdr hm OPK1’o(+
vd l]x ]rrtld sg]s C1 ]mc C2 qdoqdrdms sgd r]ld bnmitf]bx bk]rr ne o]q]ankhb
dkdldmsr-
Kds C�

2 cdmnsd sgd bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr vghbg hr chrshmbs eqnl
C2- Hs enkknvr eqnl Sgdnqdl 3-7 sg]s ansg ’C0. C1. C�

2( ]mc ’C2. C3. C�
2( ]qd OPK1’o(,

q]lhffb]shnm sqhokdr+ ]mc eqnl Oqnonrhshnm 4-0 sg]s ’C0. C1. C2. C3( hr ] OPK1’o(,
q]lhffb]shnm sxod-  

IdllY 4�3� ’1. 1. 1. 1. 1( hr W OPK1’o(,rhfmWstqd-

Oqnne- Vd jmnv sg]s ’1. o±01 . o±01 ( hr ] OPK1’o(,rhfm]stqd vgdm o / 00- Kds
’f0. f1. f2( ad ] qd]khy]shnm ne sghr rhfm]stqd vhsg }f0. f1. f2〈 ; OPK1’o(- Mnv
f1 ]mc f2 ]qd qns]shnmr hm sgd chgdcq]k fqnto C i±+

1
- Bnmrdptdmskx+ d]bg b]m ad

vqhssdm ]r sgd oqnctbs ne svn qdfidbshnmr+ r]x f1 ; g0g1 ]mc f2 ; g2g3- Sgdm
’f0. g0. g1. g2. g3( hr ]krn ] qd]khy]shnm ne ] OPK1’o(,rhfm]stqd- Rhmbd sgd nqcdq ne
]mx qdfidbshnm hr svn+ hs enkknvr sg]s ’1. 1. 1. 1. 1( hr ] OPK1’o(,rhfm]stqd-  

BnpniiYpx 4�4� :jj qWlhffbWshnm sxodr bnqqdronmchmf sn sgd rhfmWstqd ’1. 1. 1. 1. 1(
Wqd OPK1’o(,qWlhffbWshnm sxodr-

Oqnne- Rhmbd ]kk rtafqntor ne OPK1’o( ne nqcdq 1 ]qd bnmitf]sd YC“+ sgd nmkx onrrhakd
q]lhffb]shnm sxod bnqqdronmchmf sn sghr rhfm]stqd hr ’C. C. C. C. C( vgdqd C hr sgd
bnmitf]bx bk]rr ne dkdldmsr ne OPK1’o( ne nqcdq 1-  

Npnonrhshnm 4�5� Enq j ≥ 3’ Wjj qWlhffbWshnm sxodr Wqd OPK1’o(,qWlhffbWshnm sxodr
dwbdos enq Wmx bnqqdronmchmf sn sgd rhfmWstqd ’1. 1. 1. 1(-

Oqnne- Vd oqnud sgd kdll] ax hmctbshnm nm sgd enkknvhmf rs]sdldms- Enq j ≥ 3+
rtoonrd sg]s ’C0. C1. . . . . Cj( hr ] OPK1’o(,q]lhffb]shnm sxod+ ]mc C hr ] bnmitf]bx
bk]rr ne mnmsqhuh]k dkdldmsr ne OPK1’o(- Sgdm ’C0. C1. . . . . Cj. C( hr ]krn ] OPK1’o(,
q]lhffb]shnm sxod+ ]mc ]kk ’C0. C1. . . . . Cj)0( ]qd OPK1’o(,q]lhffb]shnm sxodr dwbdos
enq ]mx bnqqdronmchmf sn sgd rhfm]stqd ’1. 1. 1. 1(-
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Vgdm j ; 3 sgd ]anud rs]sdldms hr oqnudc hm Kdll]r 4-1 ]mc 4-2- Vd trd sghr
]r sgd a]rd b]rd enq ntq oqnne ax hmctbshnm-
=rrtld sg]s sgd rs]sdldms ne sgd oqnonrhshnm hr sqtd enq m ; 3. 4. . . . . j ]mc

bnmrhcdq sgd q]lhffb]shnm sxod ’C0. C1. . . . . Cj. Cj)0(- Rtoonrd sg]s enq rnld odq,
lts]shnm ne sgd Ch+ sgd sqhokd ’Cj. Cj)0. Cj( hr ] OPK1’o(,q]lhffb]shnm sqhokd- Ax
sgd hmctbshnm gxonsgdrhr+ ’C0. C1. . . . . Cj( hr ] OPK1’o(,q]lhffb]shnm sxod- Hs enkknvr
eqnl Oqnonrhshnm 4-0 sg]s ’C0. C1. . . . . Cj. Cj)0( hr ] OPK1’o(,q]lhffb]shnm sxod-
He ’Ci . Cj)0. Ci( hr mns ] OPK1’o(,q]lhffb]shnm sqhokd enq ]mx i ∈ {0. 1. . . . . j{+

sgdm Cj ltrs ad o]q]ankhb enq ]kk i- Sgdqd ltrs ad ] o]hq ne dpthu]kdms bnmitf]bx
bk]rrdr: vhsgnts knrr ne fdmdq]khsx vd ]rrtld sg]s Cj|0 ]mc Cj ]qd hcdmshb]k- Kds C�

j

ad sgd bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr vghbg hr chrshmbs eqnl Cj- Vd jmnv
sg]s ’C0. C1. . . . . C�

j( hr ] OPK1’o(,q]lhffb]shnm sxod ax sgd hmctbshnm gxonsgdrhr+
]mc sg]s ’Cj. Cj)0. C�

j( hr ] OPK1’o(,q]lhffb]shnm sqhokd ax Sgdnqdl 3-7- Hs enkknvr
eqnl Oqnonrhshnm 4-0 sg]s ’C0. C1. . . . . Cj. Cj)0( hr ] OPK1’o(,q]lhffb]shnm sxod-
Vd b]m mnv rgnv sg]s ]kk ’C0. C1. . . . . Cj. Cj)0( ]qd OPK1’o(,q]lhffb]shnm sxodr+

dwbdos enq ]mx q]lhffb]shnm sxodr bnqqdronmchmf sn sgd rhfm]stqd ’1. 1. 1. 1(-
Rtoonrd sg]s j ; 4 ]mc bnmrhcdq sgd q]lhffb]shnm sxod Σ ; ’C0. . . . . C4(- He mn

odqlts]shnm ne Σ xhdkcr ] OPK1’o(,q]lhffb]shnm sxod ’C0. . . . . C3(+ sgdm Σ bnqqd,
ronmcr sn sgd rhfm]stqd ’1. 1. 1. 1. 1(- Hm sghr b]rd+ Σ hr ] OPK1’o(,q]lhffb]shnm sxod
]bbnqchmf sn Bnqnkk]qx 4-4-
He rnld odqlts]shnm ne Σ xhdkcr ] OPK1’o(,q]lhffb]shnm sxod ’C0. . . . . C3(+ sgdm

ax sgd ]anud ]qftldms+ ’C0. . . . . C4( hr ] OPK1’o( q]lhffb]shnm sxod- He j / 4
sgdm sgd ]anud ]qftldms ]krn rgnvr sg]s ]kk q]lhffb]shnm sxodr ’C0. . . . . Cj)0( ]qd
OPK1’o(,q]lhffb]shnm sxodr-  
BnpniiYpx 4�6� Ids C ad W bnmitfWbx bjWrr ne mnmsqhuhWj djdldmsr ne OPK1’o(- Sgdm
’C( hr Wm Wsnl enq sgd rdlhfqnto ne OPK1’o(,qWlhffbWshnm sxodr-

Vd rtll]qhyd sgdrd qdrtksr hm sgd enkknvhmf sgdnqdl-

Sednpdl 4�7� :jj qWlhffbWshnm sxodr ’C0. C1. . . . . Cj( Wqd OPK1’o(,qWlhffbWshnm
sxodr dwbdos vgdm sgd bnqqdronmchmf rhfmWstqd hr ’1. c. c(. ’1. c. 1c( nq ’1. 1. 1. 1(-

BnpniiYpx 4�8� Enq o / 00’ W rhfmWstqd ’l0.l1. . . . .lj( hr W OPK1’o(,rhfmWstqd
he Wmc nmjx he dWbg lh hr dhsgdq o nq W chuhrnq ne o±01 Wmc

)j
h90

∖
0§ 0

l�

(
/ 1’ h-d-’

sgd Ctjdq bgWqWbsdqhrshb hr mdfWshud-

Vd vntkc mnv khjd sn cdsdqlhmd sgd rds ne rogdqhb]k fdmdq] f rn sg]s sgd rtqe]bd
Pd ne fdmtr f ]clhsr ] OPK1’o(,]bshnm vhsg rogdqhb]k ptnshdms- Hs hr d]rhdq sn
cdrbqhad ] sq]mrk]sd ne sghr rds- Enq ] ffmhsd fqnto F+ sgd rds FdmdqZ’F( hr sgd rds
ne ]kk fdmdq] f rn sg]s F ]bsr nm Pd- Sgd rds G’F( ; FdmdqZ’F() |F|§ 0 hr b]kkdc
sgd Ftqvhsy rdlhfqnto enq F ]mc v]r ffqrs cdffmdc hm YLR“- Sgd Gtqvhsy rdlhfqnto
hr ] rtards ne sgd onrhshud hmsdfdqr vghbg hr bknrdc tmcdq ]cchshnm- Hs enkknvr eqnl
sgd Phdl]mm,Gtqvhsy enqltk] sg]s ]m dkdldms g hr hm sgd Gtqvhsy rdlhfqnto he ]mc
nmkx he sgdqd dwhrsr ] F,rhfm]stqd σ vhsg g ; |F|’0 § 0

1χ’σ((- Vd vhkk cdmnsd sgd
RogdqhbWj Ftqvhsy rdlhfqnto+ vghbg hr ] sq]mrk]sd ne sgd rds ne rogdqhb]k fdmdq]+ ax

GqF ; { |F|’0§ 0
1
χ’σ(( | σ ; ’l0.l1. . . . .lk( hr ] F,rhfm]stqd{.

Vd cdffmd

Gn’F( ; { |F|’0§ 0
1
χ’σ(( | σ ; ’l0.l1. . . . .lk(. 0 ∈; lh. chuhcdr |F| enq ]kk h {.
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Vd ]qd mnv ]akd sn fhud ] bnmbhrd cdrbqhoshnm ne Gq’OPK1’o((-

BnpniiYpx 4�0.� Gq’OPK1’o(( ; Gn’OPK1’o((∩ Y|OPK1’o(|)0.∞( vgdm o / 00-

Oqnne- Ehqrs nardqud sg]s sgd Gtqvhsy rdlhfqnto hr ]kv]xr bnms]hmdc hm sgd hmsdqu]k
Y|OPK1’o(| § 0.∞(- Sgd nmkx rhfm]stqdr vghbg ]qd mns OPK1’o(,rhfm]stqdr ]qd
sgnrd vhsg mnmmdf]shud Dtkdq bg]q]bsdqhrshb+ vghbg nbbtq hm Gn’OPK1’o(( ]r9

• |OPK1’o(|§ 0+ bnqqdronmchmf sn ]bshnmr ne OPK1’o( nm sgd rogdqd+ ]mc
• |OPK1’o(|+ bnqqdronmchmf sn ]bshnmr ne OPK1’o( nm sgd snqtr-

Sgdqdenqd Gq’OPK1’o(( ; Gn’OPK1’o(( ∩ Y|OPK1’o(|) 0.∞(-  

Sgd cdrbqhoshnm ne sgd rdsr G’OPK1’6(( ]mc Gq’OPK1’6(( ]qd fhudm hm YLR“-
Sgd ]m]knf ne Kdll] 4-3 e]hkr hm sghr b]rd rhmbd ’1. 1. 1. 1. 1( hr mns ] OPK1’6(,
rhfm]stqd- Lnqdnudq+ ] b]qdetk ]m]kxrhr ne ntq oqnner rgnvr sg]s dudqx onrrhakd
rhfm]stqd enq OPK1’00( vhsg mdf]shud Dtkdq bg]q]bsdqhrshb hr ] OPK1’00( rhfm]stqd
vhsg sgd onrrhakd dwbdoshnm ne ’1. 1. 1. 2(- = bnlotsdq bgdbj rgnvr sg]s ’1. 1. 1. 2(
b]mmns onrrhakx ad ] OPK1’00(,rhfm]stqd- Sgdrd ]qd sgd nmkx dwbdoshnmr sn Bnqnk,
k]qx 4-8 enq o ; 6 nq o ; 00- =r OPK1’1( ; C2. OPK1’2( ; �3+ ]mc OPK1’4( ; �4+
vd rdd sg]s sgdqd hr mn knrr ne fdmdq]khsx hm qdrsqhbshmf sn sgd b]rd o / 00-

9oodmchw

Vd mnv oqdrdms oqnner ne rdudq]k qdrtksr rs]sdc hm Rdbshnm 3-

Oqnne ne IdllW 3-2- Mqcdqr ne oqnctbsr hm OPK1’o(-
’0( Rhmbd }B.C〈 ; R3+ vd jmnv sg]s sgd rhfm]stqd

’|B|0|. |C|. |C|0B|( ; ’2. 3. |C|0B|(
hr ]m R3,rhfm]stqd- Sgdqdenqd sgd nqcdq |BC|0| ∈; 2+ rhmbd ’2. 2. 3( hr mns ]
onrrhakd R3,rhfm]stqd- Pdk]adkkhmf he mdbdrr]qx+ vd l]x ]rrtld sg]s ]r ]m
dkdldms ne R3+ vd g]ud B ; ’012(- Rhmbd |BC| ; 3+ sgd dkdldms BC g]r
mn ffwdc onhmsr- Bnmrdptdmskx+ vd jmnv sg]s ]r ] odqlts]shnm nm 2 kdssdqr+
C’1( ∈; 0. C’2( ∈; 1 ]mc C’0( ∈; 2- He |C|0B| ; |B|0C| ; 3 sgdm B|0C
g]r mn ffwdc onhmsr- Rhmbd B|0 ; ’021(+ vd jmnv sg]s C’2( ∈; 0. C’1( ∈; 2
]mcC’0( ∈; 1- AtsC g]r mn ffwdc onhmsr rhmbd |C| ; 3- SgtrC r]shrffdr sgd
enkknvhmf bnmchshnmr9 C’0( ; 3. C’1( ; 3 ]mcC’2( ; 3 ]mc rn |C|0B| ; 1-

’1( =rrtld }B.C〈 ; �4-
’]( Rhmbd }B.C〈 ; �4+ sgd rhfm]stqd

’|B|0|. |C|. |C|0B|( ; ’2. 2. |C|0B|(
hr ]m �4,rhfm]stqd- Rhmbd χ’2. 2. 2( ; / ]mc �4 hr mns rnku]akd+ |C|0B|
∈; 2- He |C|0B| ; 1+ sgdm vd l]x ]rrtld sg]s C ; ’012( ]mc 0
hr sgd ffwdc onhms ne C|0B- Rhmbd |B| ; 2 ]mc B ∈; C+ vd ltrs
g]ud B ; ’013( nq B ; ’014(+ bnmsq]chbshmf sgd nqcdq ne BC- Sgtr
|C|0B| ∈; 1+ ]mc vd ltrs g]ud |C|0B| ; 4-

’a( Rhmbd |B|0| ; 2+ |BC| ; 2 ]mc |b|0BC| ; |C| ; 4+ hs enkknvr eqnl ’](
]anud sg]s |C|0B| ; 4-

’b( Sgd ]qftldms fhudm ]anud hm ’0( rgnvr sg]s |C|0B| ∈; 4- He |C|0B| ;
1+ sgdm vd g]ud entmc ] qd]khy]shnm ne sgd sqhokd ’1. 2. 4(+ ] bnmsq]chb,
shnm- Sgtr |C|0B| ; 2-
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’c( Pdk]adkkhmf he mdbdrr]qx+ vd l]x ]rrtld sg]s C ; ’01234(- Rhmbd
|B| ; |BC| ; 4+ mdhsgdq B mnq C g]r ffwdc onhmsr- Vd sgdm cdctbd
sg]s B’m( b]mmns ad m nq m§ 0+ enq 0 • m • 4+ ]mc vd qdctbd lnctkn
4- He hm ]cchshnm |C|0B| ; 4+ vd ]cc sgd qdrsqhbshnm sg]s B’m( ∈; m)0-
Bgnnrhmf B’0(+ vd rdd sg]s dhsgdq B ; ’02413( nq B ; ’03142(- Hs
enkknvr hm sgd ffqrs b]rd sg]s C|0B ; C ]mc hm sgd rdbnmc sg]s BC ;
C|0- Hm dhsgdq b]rd vd bnmsq]chbs sgd e]bs sg]s }B.C〈 ; �4- Sgtr
|C|0B| ∈; 4-
He |C|0B| ; 1+ vhsgnts knrr ne fdmdq]khsx ]rrtld sg]s C|0 ; ’0Z(’ab(
vgdqd Z. a. b ∈ {1. 2. 3{+ l]jhmf 4 sgd ffwdc onhms ne C- Sgd ]rrtlo,
shnmr Z ; 1. 2. 3 qdrodbshudkx fhud sgd bnmsq]chbshnmr B’1( ; 1. B’1( ;
0 ]mc B’4( ; 3- Sgtr |C|0B| ∈; 1+ ]mc vd ltrs g]ud |C|0B| ; 2-

’d( Vd l]x ]rrtld sg]s C ; ’01234( ]mc 2 hr sgd ffwdc onhms ne B- Rhmbd
BC g]r mn ffwdc onhmsr+ vd jmnv sg]s B’0( ∈; 4+ B’1( ∈; 0+ B’2( ∈; 1+
B’3( ∈; 2 ]mc B’4( ∈; 3- Rhmbd B ; ’0a(’bc( vhsg a. b. c ∈ {1. 3. 4{+ vd
ltrs g]ud B ; ’03(’14(- Bnmrdptdmskx+ BCB|0C|0 ; ’023(+ vghbg
g]r nqcdq 2-  

Oqnne ne IdllW 3-3- Rtafqntor ne OPK1’p( bnmsWhmhmf djdldmsr ne bdqsWhm nqcdqr-

’0( Rhmbd |B| ; 2 ]mc |C| ; 3+ vd jmnv sg]s 01||G|- Rhmbd C ∈ G ]mc G ∈; �3+
vd jmnv sg]s |G| ∈; 01- Sgtr |G| ; 13 ]mc G ; R3-

’1( Rhmbd �4 hr rhlokd+ hs g]r mn rtafqntor ne nqcdq 04. 1/ nq 2/-
’]( Rhmbd 04||G| ]mc |G||5/+ vd ltrs g]ud |G| ; 5/ ]mc G ; �4-
’a( Rhmbd 0/||G| ]mc |G||5/+ vd ltrs g]ud |G| ; 0/ nq G ; �4- He

|G| ; 0/+ sgdm G g]r ] tmhptd Rxknv 4,rtafqnto P- Rhmbd C ]mc BC
]qd hm P+ vd ltrs g]ud B ∈ P- Ats |B| ; 1- Sgtr G ; �4-

’b( Rhmbd 4||G| ]mc |G||5/+ vd ltrs g]ud |G| ∈ {4. 0/. 5/{- He |G| ; 0/+
sgdm G g]r ] tmhptd Rxknv 4,rtafqnto P- Rhmbd B ]mc C|0 ]qd hm
P+ vd ltrs g]ud C|0B ∈ P- Sghr bnmsq]chbsr Kdll] 3-2+ vghbg r]xr
sg]s |C|0B| ; 2- Sghr G ∼; S4 nq G ; �4-  

Oqnne ne Sgdnqdl 3-6- =kk onkxgdcq]k q]lhffb]shnm sqhokdr ]qd OPK1’o(,q]lhffb]shnm
sqhokdr-

’0( Kds σ ad ] odqlts]shnm ne ’2. 2. 3(- Rtoonrd l0 ; 2 ]mc l1 ; 3- Bgnnrd
] qd]khy]shnm ’>.A. ’>A(|0( ]r hm Rdbshnm 3-0+ ne sgd sq]bd sqhokd ’0. s.§s(-
Sgdm sq’A|0>( ; 1s ∈; /+ ]mc hs enkknvr eqnl kdll] 3-2 sg]s |A>|0| ∈; 1-
=mx odqlts]shnm ne sgd sq]bd sqhokd xhdkcr |A>|0| ∈;1- Sgtr }>.A. ’>A(|0〈
∈; R3 ax Kdll] 3-3-

’1( Kds σ ad ] odqlts]shnm ne ’2. 4. 4(- Rtoonrd sg]s l0 ; 2 ]mc l1 ; 4-
Bgnnrd ] qd]khy]shnm ’>.A. ’>A(|0( ]r ]anud+ ne sgd sq]bd sqhokd ’0. s.  (+
vgdqd s hr ] qnns ne y1)y§0 ]mc  hr ] qnns ne y1§y§0- Sgdm sq’A|0>( ;
cs§ ; § §0 ∈; / rhmbd s ∈; § - He sq’A|0>( ; ±0+ sgdm dhsgdq § ; s§0
nq s ;  § 0- Hm dhsgdq b]rd hs enkknvr eqnl Kdll] 3-4 sg]s |A|0>| ∈; 0-
Hmsdqbg]mfhmf s ]mc c xhdkcr sgd r]ld bnmsq]chbshnm vgdm l1 ; 2- Sgtr

|A|0>| ∈; 1 ]mc |A|0>| ∈; 2 ax Kdll] 2-6 ]mc }>.A〈 ∈; �4 ax Kdll]
3-2-

’2( Kds σ ad ] odqlts]shnm ne ’1. 4. 4(- He l1 ; 4 vd l]x ]rrtld sg]s l0 ; 1-
Bgnnrd ] qd]khy]shnm ]r ]anud ne sgd sq]bd sqhokd ’/. s.  (+ vgdqd s hr ] qnns ne
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y1§y§0 ]mc  hr ] qnns ne y1)y§0- Sgdm sq’>A>|0A|0( ; s) 1§1 ;
s§  ∈; ±0- Bnmrdptdmskx+ |>A>|0A|0| ∈; 2-
Vd nas]hm sgd r]ld bnmsq]chbshnm vgdm l1 ; 1+ ]mc hs enkknvr eqnl

Kdll] 3-2 sg]s }>.A. ’>A|0〈 ∈; �4-
’3( Kds σ ad ] odqlts]shnm ne ’4. 4. 4(- Kds ’ .§ .  ( ad ] sq]bd sqhokd bnq,

qdronmchmf sn sghr rhfm]stqd+ vgdqd  r]shrffdr y1 § y § 0+ ]mc bgnnrd ]
qd]khy]shnm ’>.A. ’>A(|0( ]r ]anud- Bnlotsd sg]s sq’A|0>( ; § 1 §  -
He sq’A|0>( ; ±0+ sgdm  r]shrffdr sgd dpt]shnmr § 1 §  ± 0 ; / ]mc
 1§ § 0 ; / rhltks]mdntrkx+ kd]chmf sn sgd bnmsq]chbshnm  ; / nq  ; 0-
Sgtr |A|0>| ∈; ±0 ]mc |A|0>| ∈; 2-
Bgnnrd ] qd]khy]shnm ne sgd sq]bd sqhokd ’ . |0

 .  ( ]r ]anud+ vgdqd  
r]shrffdr y1 § y § 0 ; /- Sgdm sq’A|0>( ; 0 §  ∈; ±0 ]mc |A|0>| ∈; 2-
Sgtr }>.A. ’>A(|0〈 ∈; �4-
Vd mnv bgdbj sg]s }>.A. ’>A(|0〈 hr mns bxbkhb- He l1|o|01 + sgdm sgd

l]sqhw A hm ntq qd]khy]shnm ffwdr ∞+ vghkd sgd l]sqhw > cndr mns- Sgtr
}>.A. ’>A(|0〈 hr mns ]adkh]m-
He l1|o)01 + sgdm sgd qd]khy]shnm fhudm hm §3-0 xhdkcr sgd l]sqhbdr > ;∖

λ ,
, +
 

(
vhsg sq]bd  ]mc A ;

 w x
x w

)
vhsg sq]bd § nq sq]bd |0

 - Vd vhkk
rgnv sg]s ww ∈; 0+ vghbg hlokhdr sg]s x ∈; / rhmbd ∞ vhkk mns ad ] ffwdc
onhms ne A- Hs sgdm enkknvr sg]s }>.A. ’>A(|0〈 hr mns ]adkh]m+ gdmbd mns
bxbkhb-
Rnkuhmf sgd dpt]shnm sq’>A(|0 ;  vd rdd sg]s w ; λs| 

λ|λ
+ vgdqd s ; § 

nq s ; |0
 - Rdsshmf ww ; 0 xhdkcr sgd dpt]shnm  2 § 2 1 § 3 ; / vgdm

s ; § ]mc  3 §  2 )  1 § 2 ; / vgdm s ; |0
 
- Rnkuhmf dhsgdq dpt]shnm

rhltks]mdntrkx vhsg  1 §  § 0 ; / xhdkcr ] bnmsq]chbshnm- Bnmrdptdmskx+
}>.A. ’>A(|0〈 hr mns bxbkhb ]mc ltrs ad OPK1’o(-  

Oqnne ne Sgdnqdl 3-7- Bg]q]bsdqhy]shnm ne OPK1’o(,q]lhffb]shnm sqhokdr- Bnmrhcdq
] sq]bd sqhokd ’±s0.±s1.±s2( ]mc bgnnrd hmhsh]k sq]bdr ’s0. s1. s2(- Kds ’B0. B1. B2( ad
] q]lhffb]shnm sqhokd bnqqdronmchmf sn sgd sq]bd sqhokd+ h-d-+ d]bg Bh hr sgd bnmitf]bx
bk]rr ne ]m dkdldms ne OPK1’o( vgnrd sq]bd hr sh-

BYrd 1� Rtoonrd C0 hr ] bnmitf]bx bk]rr ne gxodqankhb dkdldmsr+ ]mc mdhsgdq C1
mnq C2 hr ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr- Vhsgnts bnmitf]bx bk]rrdr ne
o]q]ankhb dkdldmsr+ OFK1’p(,q]lhffb]shnm sxodr ]qd dw]bskx sgd r]ld ]r OPK1’p(,
q]lhffb]shnm sxodr- Vd bnmitf]sd C0 hm OPK1’o( rn sg]s

∖
λ ,
, +

 

(
hr ] qdoqdrdms]shud

ne C0+ vgdqd λ ∈ Ep § {±0{ ]mc s0 ; λ ) 0
λ
- Kds ’ w x

y v ( ad ] qdoqdrdms]shud ne C1+
vhsg w ) v ; s1- He ’C0. C1. C2( b]m ad qd]khydc+ sgdm vd b]m rnkud sgd dpt]shnmr
w) v ; s1 ]mc λw) v

λ ; s2 rtaidbs sn sgd bnmrsq]hms wv § xy ; 0-
Sghr rds ne dpt]shnmr g]r sgd enkknvhmf rnktshnm9

v ;
λs1 § s2
λ§ 0

λ

. w ;
λs2 § s1
λ1 § 0 . xy ;

’λs1 § s2(’λs2 § s1(
’λ§ 0

λ
(’λ1 § 0(

§ 0.

S]jhmf x ; 0 vd rdd sg]s ]kk q]lhffb]shnm sxodr bnms]hmhmf ]s kd]rs nmd bnmitf]bx
bk]rr ne gxodqankhb dkdldmsr b]m ad qd]khydc-
Mnv vd ltrs rdd vghbg ne sgdrd q]lhffb]shnm sxodr ]qd OPK1’o(,q]lhffb]shnm

sxodr+ h-d-+ vgdm dkdldmsr eqnl sgd sgqdd bnmitf]bx bk]rrdr fdmdq]sd OPK1’o(- Vd
vhkk cdmnsd sgd rtafqnto ne OPK1’o( fdmdq]sdc ax qdoqdrdms]shudr ne sgd bnmitf]bx
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bk]rrdr ax }C0. C1. C2〈- Sgd l]sqhw
∖

λ ,
, +

 

(
∈ C0 g]r ffwdc onhmsr / ]mc ∞- Vd mnv

bnmrhcdq vgdsgdq nq mns }C0. C1. C2〈 hr bnms]hmdc hm ] Anqdk rtafqnto-
’0( Rtoonrd sg]s }C0. C1. C2〈 hr bnms]hmdc hm ] Anqdk rtafqnto A- Sgdm A ffwdr

/ nq ∞ vghbg hlokhdr sg]s x ; / nq y ; /- Hm dhsgdq b]rd+ xy ; /-
He xy ; /+ sgdm ’λ1s1§ λs2(’λs2§ s1( ; ’λ1§ 0(’λ1§ 0(- He vd bg]mfd s1

sn §s1 vhsg sgd qdrtks sg]s sghr dpt]shnm bg]mfdr+ sgdm }C0. C1. C2〈 vhkk mn
knmfdq ad bnms]hmdc hm ] Anqdk rtafqnto- He sghr cndr mns nbbtq+ sgdm ]esdq
mdf]shmf+ sgd sq]bd }C0. C1. C2〈 hr rshkk bnms]hmdc hm ] Anqdk rtafqnto+ ]mc
ansg s1 ]mc §s1 r]shrex sgd pt]cq]shb dpt]shnm λw1 § ’λ1 ) 0(s2w ) λs12 )
’λ § 0

λ (
1 ; /- Ats ±s1 ]qd ]krn qnnsr ne sgd pt]cq]shb w1 § s11 ; /+ ]mc

rb]khmf ax λ sn dpt]sd kd]chmf sdqlr+ vd nas]hm

λs1 § ’λ1 ) 0(s2w) λs12 ) ’λ§ 0
λ
(1 ; λ’w1 § s11(.

Hs enkknvr sg]s ’λ1 ) 0(s2 ; /+ rn dhsgdq s2 ; / nq λ1 ) 0 ; /+ vghbg
nbbtqr hΣ s0 ; /- Sgd ]anud dpt]shnm sgdm qdctbdr sn λs2)’λ§ 0

λ (
1 ; §s11λ-

Pd]qq]mfhmf sdqlr xhdkcr s11)s
1
2)’s0§ 1

λ (
1 vghbg rhlokhffdr sn s10)s

1
1)s

1
2 ; 3.

’]( Rtoonrd s2 ; /- Sgdm s10 ) s11 § 3 ; /+ ]mc l]jhmf sgd rtarsh,
stshnm δ ; λ § 0

λ
xhdkcr s11 ) δ1 ; / vghbg g]r ] rnktshnm hΣ §0

hr ] rpt]qd hm Ep- Hm sghr b]rd+ }C0. C1. C2〈 vhkk ]kv]xr fdmdq]sd ]
Anqdk rtafqnto+ ]mc sgd q]lhffb]shnm sxod vhkk mns ad ] OPK1’o(,
q]lhffb]shnm sxod- Sghr q]lhffb]shnm sxod hr qdoqdrdmsdc ax sgd sq]bd
sqhokd ’/.±’λ) 0

λ
(.±
\
§0’λ) 0

λ
((+ ]mc C2 hr ] bnmitf]bx bk]rr ne gx,

odqankhb dkdldmsr-
Vgdm §0 hr mns ] rpt]qd hm Ep sgd dpt]shnm s11)δ1 ; / g]r mn rnktshnmr
]mc sgtr ’C0. C1. C2( hr ] OPK1’o(,q]lhffb]shnm sxod-

’a( Rtoonrd s0 ; /- Sgdm s10 ) s11 ) s12 ; / rhlokhffdr sn s11 ) s12 § 3 ; /+
vghbg ]f]hm g]r ] rnktshnm hΣ §0 hr ] rpt]qd hm Ep- Hm sghr b]rd+ C2 hr ]
bnmitf]bx bk]rr ne gxodqankhb dkdldmsr+ ]mc rvhsbghmf s0 ]mc s2 aqhmfr
tr a]bj sn b]rd ’](-

’1( Mnv rtoonrd sg]s }C0. C1. C2〈 hr mns bnms]hmdc hm ] Anqdk rtafqnto+ rn xy ∈;
/- Rhmbd C0 hr ] bnmitf]bx bk]rr ne gxodqankhb dkdldmsr+ }C0. C1. C2〈 b]mmns
ad bnms]hmdc hm ] B]qs]m rtafqnto ne OPK1’o(- He hs fdmdq]sdr ] onkxgdcq]k
rtafqnto+ sgdm sgd q]lhffb]shnm sxod hr ] OPK1’o(,q]lhffb]shnm sxod- He mns+
sgdm hs ltrs fdmdq]sd OPK1’o(-

Sgtr+ vgdm C0 hr ] bnmitf]bx bk]rr ne gxodqankhb dkdldmsr ]mc C1 ]mc C2 ]qd
mns bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr+ sgd nmkx sqhokd sg]s hr mns ] OPK1’o(,
q]lhffb]shnm sxod bnqqdronmcr sn sgd sq]bd sqhokd ’/.±’λ) 0

λ (.±
\
§0’λ§ 0

λ ((-
Vd mnv bnlotsd sgd rhfm]stqdr bnqqdronmchmf sn sghr q]lhffb]shnm sxod vghbg hr

mns ] OPK1’o(,q]lhffb]shnm sxod- Sgdrd sq]bdr bnqqdronmc sn sgd sq]mrenql]shnmr
S0’y( ; λ1y ]mc S1’y( ; §λ1y hm OPK1’o(- Rtoonrd sg]s c hr sgd ltkshokhb]shud
nqcdq ne S0- He c hr ncc+ sgdm sgd nqcdq ne S1 hr 1c+ vgdqd 1c| p|01 rhmbd S1 hr ]krn
gxodqankhb- Sgdm sgd rhfm]stqd bnqqdronmchmf sn sghr sq]bd sqhokd hr ’1. c. 1c(- He c
hr dudm+ sgdm 3|c ]mc sgd nqcdq ne S1 hr ]krn c+ rn sgd bnqqdronmchmf rhfm]stqd hr
’1. c. c(-

Hm sgd rhfm]stqd ’1. c. c(+ ]kk sgqdd bnmitf]bx bk]rrdr ]qd ne gxodqankhb dkdldmsr+
rhmbd 1c ]mc gdmbd c chuhcd p|0

1 - =ksgntfg sgd pt]cq]shb λ’s1 § s11( g]r nmkx sgd
qnnsr ±s11+ vd b]m ffmc nsgdq sq]bdr ±s�1 fhuhmf qhrd sn dkdldmsr ne nqcdq c- = bntmshmf
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]qftldms rgnvr sg]s sgdqd ]qd φ#b(
1 sq]bdr ’to sn rhfm( fhuhmf dkdldmsr ne nqcdq c+

]mc φ#b(
1

/ 0 tmkdrr c ; 2. 3. 5- Sgd rhfm]stqd ’1. 5. 5( cndr mns bnqqdronmc sn
mnm,OPK1’o(,q]lhffb]shnm sxod adb]trd 5 hr mns chuhrhakd ax 3- Sgtr+ ]kk σ dwbdos
’1. 2. 5( ]mc ’1. 3. 3( b]m ad lnudc nts ne ] Anqdk rtafqnto-

BYrd 2� =kk Ch ]qd bnmitf]bx bk]rrdr ne dkkhoshb dkdldmsr- Vd b]m bnmitf]sd OPK1’o(
hmrhcd OFK1’p( rn sg]s ] qdoqdrdms]shud dkdldms ne C0 hr ne sgd enql

 
λ ,
, λ

)
vgdqd

λ ∈ D§E+ ]mc ] qdoqdrdms]shud dkdldms ne C1 hr ne sgd enql
 w |x
x w

)
vgdqd w. x ∈ D-

Vd jmnv sg]s λ) λ ; s0 ]mc w) w ; s1 ax sq]bd bnmrhcdq]shnmr+ ]mc ww) xx ; 0-
Ltkshokxhmf xhdkcr sgd ]cchshnm]k qdrsqhbshnm λw) λw ; s2-

Rnkuhmf sgd ]anud dpt]shnmr+ vd nas]hm dwoqdrrhnmr enq w ]mc w9

w ;
λs1 § s2
λ§ λ

]mc w ;
λs1 § s2
λ§ λ

.

Pdvqhshmf ww) xx ; 0 ]r xx ; 0§ ww+ vd rdd sg]s tmkdrr ww ; 0 vd ]ookx Kdll]
2-1 sn ffmc ] u]ktd ne x qd]khyhmf sgd ]anud dpt]shnm rhmbd xx ; ||x|| ]mc sgd mnql
l]o hr rtqidbshud nmsn E∗- Sgtr ]kk q]lhffb]shnm sxodr b]m ad qd]khydc vgdm ww ∈; 0-

’0( Rtoonrd ww ; 0 ]mc s1s2 ∈; /- Sgdm ax mdf]shmf ] mnmydqn sq]bd ’dhsgdq s1
nq s2( vd nas]hm mdv dwoqdrrhnmr enq w� ]mc w� enq w ]mc w- Hs hr d]rx sn rdd
sg]s sgd dpt]shnmr ww ; 0 ]mc w�w� ; 0 b]mmns ad r]shrffdc rhltks]mdntrkx+
]kknvhmf tr sn trd sgd ]anud ]qftldms sn qd]khyd sgd q]lhffb]shnm sxod-
Rhmbd sgd qdoqdrdms]shud l]sqhbdr ne C0 ]mc C1 fhudm ]anud g]ud chΣdqdms

ffwdc onhmsr+ }C0. C1. C2〈 b]mmns ad bnms]hmdc hm ] B]qs]m rtafqnto- Hs hr
d]rhkx bgdbjdc sg]s }C0. C1. C2〈 hr mns bnms]hmdc hm ] chgdcq]k nq onkxgdcq]k
rtafqnto ]mc sgtr ltrs fdmdq]sd OPK1’o(-

’1( Rtoonrd ww ; 0 ]mc s1s2 ; /+ rn sg]s dhsgdq C1 nq C2 hr ] bnmitf]bx bk]rr ne
dkdldmsr ne nqcdq 1- He s1 ; / nq s2 ; /+ sgdm sgd bnqqdronmchmf rhfm]stqd
vntkc ad chgdcq]k+ rhmbd sq]bd / bnqqdronmcr sn ]m dkdldms ne nqcdq 1-
Gnvdudq+ vd rgnvdc hm Rdbshnm 3 sg]s ] chgdcq]k rhfm]stqd vhkk mns ad ]
OPK1’o( rhfm]stqd-
Pdvqhshmf s11 ) s12 ; 3 ]r s11 § 3 ; s12 vd rdd sg]s s

1
1 § 3 ∈ E)+ ]mc sgtr

s1 bnqqdronmcr sn ] bnmitf]bx bk]rr ne gxodqankhb dkdldmsr- Rhlhk]qkx s2
bnqqdronmcr sn ] bnmitf]bx bk]rr ne gxodqankhb dkdldmsr- Vd jmnv sg]s
C0 hr mns ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr+ rhmbd o]q]ankhb dkdldmsr
g]ud sq]bd 1+ ]mc sghr b]rd qdctbdr sn b]rd 1-
Sgtr ]kk q]lhffb]shnm sxodr vhsg sgqdd bnmitf]bx bk]rrdr ne dkkhoshb dkd,

ldmsr b]m ad qd]khydc- Vd mnv rgnv sg]s sgdx ltrs ad OPK1’o(,q]lhffb],
shnm sxodr-

BYrd 3� Rtoonrd C0 ]mc C1 qdoqdrdms bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr+ vhsg
bnqqdronmchmf sq]bd sqhokd ’±1.±1.±s2(+ hmbktchmf sgd b]rd s2 ; ±1- Bgnnrd hmhsh]k
sq]bdr ’1. 1.±s2(-
To sn bnmitf]bx hm OFK1’o( kds ’ 0 0, 0 ( ad ] qdoqdrdms]shud ne C0 ]mc kds ’ 0 ,

v 0 ( ad
] qdoqdrdms]shud ne C1- Ltkshokxhmf+ vd fds sgd l]sqhw

 
0)v 0
v 0

)
vhsg s2 ; v ) 1-

Rnkuhmf enq v+ vd fds ] qd]khy]shnm ne sgd sq]bd sqhokd- Vd ffqrs rgnv sg]s ]mx
q]lhffb]shnm sxod bnqqdronmchmf sn sghr sq]bd sqhokd ltrs ad ] OPK1’o(,q]lhffb]shnm
sxod-

Rtoonrd sghr q]lhffb]shnm sxod ’C0. C1. C2( b]m ad qd]khydc- Rhmbd C0 ]mc C1
]qd bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr vhsg chΣdqdms ffwdc onhmsr+ }C0. C1. C2〈
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b]mmns ad bnms]hmdc hm ] Anqdk nq ] B]qs]m rtafqnto ne OPK1’o(- Hs hr d]rhkx
bgdbjdc sg]s hs cndr mns fdmdq]sd ] onkxgdcq]k rtafqnto- Hs b]mmns fdmdq]sd ]
chgdcq]k rtafqnto rhmbd hsr bnqqdronmchmf rhfm]stqd hr ne sgd enql ’o. o. ∗(+ vghbg
b]mmns ad ] chgdcq]k rhfm]stqd- Vd sgdm bnmbktcd sg]s hs ltrs fdmdq]sd OPK1’o(-
Vd mnv cdbhcd vghbg q]lhffb]shnm sxodr bnqqdronmchmf sn sgd sq]bd sqhokd ’1. 1. s2(

b]m ad qd]khydc- Sgd ]anud ]qftldms rgnvr sg]s he hs b]m ad qd]khydc+ sgdm hs hr ]
OPK1’o(,q]lhffb]shnm sxod-

’0( Rtoonrd s2 ; ±1+ rn C2 hr ]krn ] bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr- Vd
bgnnrd s2 ; §1 ]mc bgdbj sg]s

 |2 0
|3 0

)
]mc

 
0 |3
, 0

)
ansg adknmf sn C2- Eqnl

Kdll] 2-4 hs enkknvr sg]s C0 ]mc C2 qdoqdrdms sgd r]ld bnmitf]bx bk]rr hΣ
§3 ]mc sgtr §0 ∈ E)- Rn he §0 ∈ E)+ ]mx qd]khy]akd q]lhffb]shnm sxod hr
ne sgd enql ’C0. C0. C0(- He §0 <∈ E)+ sgdm sgd nmkx qd]khy]akd q]lhffb]shnm
sxod g]r dw]bskx svn hcdmshb]k bnmitf]bx bk]rrdr ne o]q]ankhb dkdldmsr-

’1( Bgnnrd ]m hmhsh]k sq]bd s2 ∈; ±1 ]mc s2 ∈; /+ rn C2 hr mns ] bnmitf]bx bk]rr
ne o]q]ankhb dkdldmsr- Rnkuhmf enq v+ vd rdd sg]s v ; s2 § 1- Sgd l]sqhbdr 

0 ,
s2|1 0

)
]mc

 
0 |s2)1
, 0

)
]qd bnmitf]sd+ sgtr ansg hm C1- He vd g]c bgnrdm

§s1 ]r sgd hmhsh]k sq]bd+ vd vntkc g]ud
 
0 s2)1
, 0

)
]r sgd qdoqdrdms]shud ne

C1- Rhmbd ansg ne sgdrd l]sqhbdr adknmf sn sgd bnmitf]bx bk]rr C1+ vd ]ookx
Kdll] 2-4 sn r]x sg]s sgdx ]qd bnmitf]sd hΣ |#s2|1(

|#|s2|1( ;
|s2|1
s2|1 ∈ E)-

Vd mnv cdsdqlhmd sgd sxod ne C2- Ltkshokx |s2|1
s2|1 ax ’s2 § 1(1 sn rdd

sg]s 3§ s12 ; ’§0(’s12 § 3( ∈ E)- Hs sgdm enkknvr sg]s
• he §0 ∈ Ep+ sgdm s12§ 3 ∈ E)+ vghbg ld]mr sg]s C2 hr ] bnmitf]bx bk]rr
ne gxodqankhb dkdldmsr+ nq

• he §0 <∈ Ep+ sgdm s12§ 3 <∈ E)+ vghbg ld]mr sg]s C2 hr ] bnmitf]bx bk]rr
ne dkkhoshb dkdldmsr-

Vd mnv bnmrhcdq vgdsgdq nq mns C0 ]mc C1 qdoqdrdms sgd r]ld bnmitf]bx
bk]rr ne o]q]ankhb dkdldmsr ne OPK1’o(- Bnmitf]sd ’ 0 ,

v 0 ( sn sgd l]sqhw 
0 |v
, 0

)
sn rdd sg]s hs hr bnmitf]sd sn ’ 0 0, 0 ( hΣ §v ; §s2 ) 1 ∈ E)+ ax

Kdll] 2-4- He vd g]c bgnrdm §s2 ]r ]m hmhsh]k sq]bd enq C2+ vd vntkc g]ud
sgd bnmchshnm s2 ) 1 ∈ E)-
’]( Rtoonrd sg]s C0 ]mc C1 qdoqdrdms sgd r]ld bnmitf]bx bk]rr ne dkdldmsr

ne OPK1’o(- Vd jmnv sg]s |s2|1
s2|1 ∈ E) ax sq]bd bnmrhcdq]shnmr hm C1-

Rhmbd C0 ; C1 vd jmnv sg]s sgd l]sqhbdr ’ 0 0, 0 ( ]mc
 
0 ±s2)1
, 0

)
]qd

bnmitf]sd- Ax Kdll] 2-4 vd ltrs g]ud ±s2 ) 1 ∈ E)-
• He §s2 )1 ∈ E) hs enkknvr eqnl Kdll] 2-0 sg]s s2 )1 ∈ E) ]mc
vd b]m nmkx qd]khyd q]lhffb]shnm sxodr ne sgd enql ’C0. C0. C2(-

• He §s2)1 <∈ E)+ sgdm hs enkknvr eqnl Kdll] 2-0 sg]s s2)1 <∈ E)
]mc vd b]m nmkx qd]khyd q]lhffb]shnm sxodr ne sgd enql ’C0. C1. C2(-

Hm sgdrd b]rdr vd b]mmns qd]khyd ansg q]lhffb]shnm sxodr bnqqdronmchmf
sn sgd sq]bd sqhokd ’±1.±1.±s2( ]r OPK1’o(,q]lhffb]shnm sxodr- Hm sgd
qdl]hmhmf b]rdr ]kk q]lhffb]shnm sxodr ]qd OPK1’o(,q]lhffb]shnm sxodr-

’a( He C0 ]mc C1 ]qd chrshmbs bnmitf]bx bk]rrdr+ sgdm vd g]ud fhudm ] qd]k,
hy]shnm ne sgd q]lhffb]shnm sxod+ vghbg hr ] OPK1’o(,q]lhffb]shnm sxod
ax sgd ]qftldms ]anud-

’2( Rtoonrd sg]s s2 ; / ]mc bnmrhcdq sgd l]sqhw
 
0 ,

|1 0
)
+ vghbg hr bnmitf]sd

sn ’ 0 1, 0 (- Sghr l]sqhw hr bnmitf]sd sn ’ 0 0, 0 ( hΣ 1 ∈ E)- Hm sghr b]rd+ C0
]mc C1 qdoqdrdms sgd r]ld bnmitf]bx bk]rr ne o]q]ankhb dkdldmsr+ ]mc sgd
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q]lhffb]shnm sxod ’C0. C1. C2( hr mns qd]khy]akd- He 1 <∈ E)+ sgdm sgd q]lhffb],
shnm sxod ’C0. C0. C2( hr mns qd]khy]akd- Mnsd sg]s sghr cndr mns qtkd nts ]mx
OPK1’o(,rhfm]stqdr+ nmkx bdqs]hm q]lhffb]shnm sxodr-  

Odedpdmbdr

ZA[ ;- E- Ad]qcnm) Sgd fdnldspx ne chrbpdsd fpntor) Roqhmfdq,Udqk]f) Mdv Wnqj ’0872(-

LP.587666 ’74c911.15(

ZC[ K-D- Chbjrnm) KhmdZp fpntor vhsg Zm dwonrhshnm ne sgd FZknhr ffdkc sgdnpx) Kdhoyhf ’08.0(

qdoqhmsdc aw Cnudq) Mdv Wnqj ’085.(- LP0.3624 ’1092377(

ZDJR[ ;-K- Dclnmcr) P-R- Jtkj]qmh ]mc P- Rsnmf) QdZkhyZahkhsx ne apZmbgdc bnudphmfr ne rtp,

eZbdr) Sq]mr]bshnmr ne sgd ;ldq- L]sg- Rnb-) 171) mn- 1 ’0873() oo- 662,68.- LP.621008

’74j946..4(

ZEJ[ G-L- E]qj]r ]mc H- Jq]) QhdlZmm RtpeZbdr) Roqhmfdq,Udqk]f) Mdv Wnqj ’087.(-

LP.472634 ’71b92..56(

ZEFL[ C- Eqng]qcs) P- Ftq]kmhbj) ]mc J- L]f]]qc) Fdmtr . 2bshnmr ne Fpntor ne Khd QZmj

.) Oqnbddchmfr ne Rwlonrh] hm Otqd L]sgdl]shbr) Eqhdc ]mc Hg]q]) dcr-) 6� ’1..1() oo-

338z372- LP0824306 ’1..2i91..08(

ZFR0[ G- Fknudq ]mc C- Ridqud) Qdopdrdmshmf LP�1’S( nm Z QhdlZmm rtpeZbd ne kdZrs fdmtr)

K�dmrhfmldms L]sgdl]shptd 20 ’0874() oo- 2.4,214- LP.708246 ’76]91..40(

ZFR1[ G- Fknudq ]mc C- Ridqud) Sgd fdmtr ne LP�1’p() Intqm]k efitq chd qdhmd tmc ]mfdv]mcsd

L]sgdl]shj 27� ’0876() oo- 48,75- LP.8051.. ’78d91..76(

ZFS[ P-L- Ftq]kmhbj ]mc I-F- Sgnlornm) Ehmhsd Fpntor ne Fdmtr Udpn) I- ;kfdaq] 020 ’088.()

oo- 2.2,230- LP0.44.00 ’80d91...5(
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