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9arspYbs- Vd chrbtrr ldsqhb Ymc bnlahmYsnqhYk oqnodqshdr ne Sgnlornm�r

fqnto P ) hmbktchmf mnqlYk enqlr enq dkdldmsr Ymc tmhptd sqdd oYhq chYfqYl

qdoqdrdmsYshudr- Vd qdkYsd sgdrd oqnodqshdr sn sgnrd ne Sgnlornm�r fqnto �

vgdm onrrhakd) Ymc ghfgkhfgs bnlahmYsnqhYk ch dqdmbdr adsvddm sgd svn fqntor-

Vd cdffmd Y rds ne tmhptd mnqlYk enqlr enq dkdldmsr ne P Yqhrhmf eqnl lhmhlYk

eYbsnqhyYshnmr ne dkdldmsr hmsn mYstqYk ohdbdr- Vd rgnv sgYs sgd mtladq ne

bYqdsr hm Y qdctbdc qdoqdrdmsYshud ne Ym dkdldms ne P drshlYsdr sgd vnqc kdmfsg)

sgYs � hr tmchrsnqsdc hm P ) Ymc vd cdrbqhad gnv sn qdbnfmhyd snqrhnm dkdldmsr

hm P -

0- Hmspnctbshnm

Sgnlornm�r fqntor E + S ]mc T ]qd ] qdl]qj]akd e]lhkx ne hmffmhsd+ ffmhsdkx,
oqdrdms]akd fqntor rstchdc enq sgdhq nvm oqnodqshdr ]r vdkk ]r enq sgdhq bnmmdbshnmr
vhsg ptdrshnmr hm knfhb+ gnlnsnox sgdnqx+ fdnldsqhb fqnto sgdnqx ]mc sgd ]ldm]ahk,
hsx ne chrbqdsd fqntor-

B]mmnm+ Cknxc ]mc O]qqx fhud ]m dwbdkkdms hmsqnctbshnm sn sgdrd fqntor hm W4[-
Sgdrd sgqdd fqntor b]m ad uhdvdc dhsgdq ]kfdaq]hb]kkx+ bnlahm]snqh]kkx+ nq ]m]kxsh,
b]kkx- =kfdaq]hb]kkx+ d]bg g]r ansg ffmhsd ]mc hmffmhsd oqdrdms]shnmr- Fdnldsqhb]kkx+
]m dkdldms hm d]bg fqnto b]m ad uhdvdc ]r ] sqdd oWhq chWfqWl: sg]s hr+ ]r ] o]hq ne
ffmhsd ahm]qx qnnsdc sqddr vhsg sgd r]ld mtladq ne kd]udr+ vhsg ] mtladqhmf rxrsdl
o]hqhmf sgd kd]udr hm sgd svn sqddr- =m]kxshb]kkx+ ]m dkdldms ne d]bg fqnto b]m ad
uhdvdc ]r ] ohdbdvhrd,khmd]q rdke l]o ne sgd tmhs hmsdqu]k9

· hm E ]r ] ohdbdvhrd khmd]q gnldnlnqoghrl+
· hm S ]r ] gnldnlnqoghrl ne sgd tmhs hmsdqu]k vhsg sgd dmconhmsr hcdmshffdc+
]mc sgtr ne R0+

· hm T ]r ] qhfgs,bnmshmtntr ahidbshnm vghbg hr knb]kkx nqhdms]shnm oqdrdquhmf-
Sgnlornm�r fqnto E hm o]qshbtk]q g]r addm rstchdc dwsdmrhudkx- Sgd fqnto E

g]r ] rs]mc]qc hmffmhsd oqdrdms]shnm hm vghbg dudqx dkdldms g]r ] tmhptd mnql]k
enql+ ]mc ] rs]mc]qc svn,fdmdq]snq ffmhsd oqdrdms]shnm- Cnqcg]l W7[ oqdrdmsdc ]
ldsgnc ne bnlotshmf sgd vnqc kdmfsg ne v � E vhsg qdrodbs sn sgd rs]mc]qc ffmhsd
fdmdq]shmf rds chqdbskx eqnl ] sqdd o]hq ch]fq]l qdoqdrdmshmf v- Pdf]qchmf E ]r ]
ch]fq]l fqnto+ Fta] W8[ ]krn nas]hmdc ]m d dbshud fdnldsqhb ldsgnc enq bnlotshmf

Pdbdhudc aw sgd dchsnqr LYqbg 14) 1..4 Ymc) hm qduhrdc enql) Itkw 13) 1..5-

1... ITsgdlTshbr Rtaidbs AjTrrh bTshnm- OqhlYqw 1.E.4: RdbnmcYqw 1.E54) 1.D21-
Sgd ffqrs) rdbnmc Ymc entqsg Ytsgnqr Ybimnvkdcfd rtoonqs eqnl MRE GmsdqmYshnmYk BnkkYanqY,

shnm fqYms CLR,.2.4434 Ymc Yqd fqYsdetk enq sgd gnrohsYkhsw ne sgd Bdmsqd cd PdbdqbY LYsdlfiYshbY-

b∞1--7 9ldphbYm LYsgdlYshbYi Rnbhdsv
Pdudpsr sn otaihb cnlYhm 17 vdYpr epnl otaihbYshnm
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sgd vnqc ldsqhb vhsg qdrodbs sn sgd rs]mc]qc ffmhsd fdmdq]shmf rds- Adkj ]mc Aqnvm
W0[ g]ud rhlhk]q qdrtksr vghbg ]qhrd eqnl uhdvhmf dkdldmsr ne E ]r enqdrs ch]fq]lr-

Hm sghr o]odq+ vd chrbtrr ]m]knftdr enq S ne rnld oqnodqshdr ne E - Ud adfhm ax
cdrbqhahmf tmhptd mnql]k enqlr enq dkdldmsr vghbg ]qhrd eqnl sgdhq qdctbdc sqdd
o]hq cdrbqhoshnmr- Ud bnmrhcdq ldsqhb]kkx gnv E hr bnms]hmdc ]r ] rtafqnto ne S +
]mc rgnv sg]s sgd mtladq ne b]qdsr hm ] qdctbdc sqdd o]hq ch]fq]l qdoqdrdmshmf
v � S drshl]sdr sgd vnqc kdmfsg ne v vhsg qdrodbs sn ] o]qshbtk]q fdmdq]shmf rds-
Sgtr E hr pt]rh,hrnldsqhb]kkx dladccdc hm S - Ctqsgdqlnqd+ vd rgnv sg]s sgdqd
]qd e]lhkhdr ne vnqcr hm E vghbg ]qd hrnldsqhb]kkx dladccdc hm S vhsg qdrodbs sn
]m ]ksdqm]sd ffmhsd fdmdq]shmf rds- Sgd fqntor S ]mc T + tmkhjd E + bnms]hm snqrhnm
dkdldmsr+ ]mc vd cdrbqhad gnv sn qdbnfmhyd sgdrd snqrhnm dkdldmsr eqnl sgdhq sqdd
o]hq ch]fq]lr- Chm]kkx+ vd rgnv sg]s dudqx snqrhnm dkdldms ne S hr bnmitf]sd sn
] onvdq ne ] fdmdq]snq ne S ]mc sg]s sgd rtafqnto ne qns]shnmr hm S hr pt]rh,
hrnldsqhb]kkx dladccdc-

1- AYbifpntmc nm Sgnlornm&r fpntor E Ymc S

1-0- OpdrdmsUshnmr Umc spdd oUhp chUfpUlr’ Sgnlornm�r fqntor E ]mc S ansg
g]ud qdoqdrdms]shnmr ]r fqntor ne ohdbdvhrd,khmd]q gnldnlnqoghrlr- Sgd fqnto E
hr sgd fqnto ne nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr ne sgd hmsdqu]k W.. 0[+ vgdqd
d]bg gnldnlnqoghrl hr qdpthqdc sn g]ud nmkx ffmhsdkx l]mx chrbnmshmthshdr ne rknod+
b]kkdc aqdWjonhmsr+ g]ud rknodr vghbg ]qd onvdqr ne svn ]mc g]ud sgd bnnqchm]sdr
ne sgd aqd]jonhmsr ]kk khd hm sgd rds ne cx]chb q]shnm]kr- Rhlhk]qkx+ sgd fqnto S
bnmrhrsr ne nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr ne sgd bhqbkd R0 r]shrexhmf sgd
r]ld bnmchshnmr vgdqd vd qdoqdrdms sgd bhqbkd R0 ]r sgd tmhs hmsdqu]k W.. 0[ vhsg sgd
svn dmconhmsr hcdmshffdc-

B]mmnm+ Cknxc ]mc O]qqx fhud ]m dwbdkkdms hmsqnctbshnm sn Sgnlornm�r fqntor E +
S ]mc T hm W4[- Ud qdedq sgd qd]cdq sn sghr o]odq enq etkk cds]hkr nm qdrtksr ldmshnmdc
hm sghr rdbshnm- Rhmbd lnqd qd]cdqr g]ud rnld e]lhkh]qhsx vhsg E sg]m vhsg S + vd
ffqrs fhud ] udqx aqhde qduhdv ne sgd fqnto E + ]mc sgdm ] rkhfgskx lnqd cds]hkdc qduhdv
ne S - =kfdaq]hb]kkx+ E g]r vdkk,jmnvm hmffmhsd ]mc ffmhsd oqdrdms]shnmr- Uhsg qdrodbs
sn sgd hmffmhsd oqdrdms]shnm

}wh. h ≥ . |wiwh ; whwi)0. h , i〈
enq E + fqnto dkdldmsr g]ud rhlokd mnql]k enqlr vghbg ]qd tmhptd- Hs hr d]rx sn rdd
sg]s E b]m ad fdmdq]sdc ax w, ]mc w0+ vghbg enql sgd rs]mc]qc ffmhsd fdmdq]shmf
rds enq E + ]mc xhdkc sgd ffmhsd oqdrdms]shnm

}w,. w0 | Ww,w−0
0 . w−0

, w0w,[. Ww,w−0
0 . w−1

, w0w1
,[〈�

= fdnldsqhb qdoqdrdms]shnm enq ]m dkdldms v hm E hr ] sqdd o]hq ch]fq]l+ ]r
chrbtrrdc hm W4[- = sqdd oWhq chWfqWl hr ] o]hq ne ffmhsd qnnsdc ahm]qx sqddr vhsg sgd
r]ld mtladq ne kd]udr- Ax bnmudmshnm+ sgd kd]udr ne d]bg sqdd ]qd sgntfgs ne ]r
adhmf mtladqdc eqnl . sn m qd]chmf eqnl kdes sn qhfgs- = mncd ne sgd sqdd snfdsgdq
vhsg hsr svn cnvmv]qc chqdbsdc dcfdr hr b]kkdc ] bWqds- Sgd kdes rhcd ne sgd sqdd
bnmrhrsr ne sgd qnns b]qds+ ]mc ]kk b]qdsr bnmmdbsdc sn sgd qnns ax ] o]sg ne kdes
dcfdr: sgd qhfgs rhcd ne sgd sqdd hr cdffmdc ]m]knfntrkx- = b]qds hr b]kkdc ] kdes bWqds
he hsr kdes kd]e khdr nm sgd kdes rhcd ne sgd sqdd- = b]qds hr b]kkdc ] qhfgs bWqds he hs
hr mns sgd qnns b]qds ]mc hsr qhfgs kd]e khdr nm sgd qhfgs rhcd ne sgd sqdd- =kk nsgdq
b]qdsr ]qd b]kkdc hmsdqhnq- = b]qds hr b]kkdc dwonrdc he hs bnms]hmr svn kd]udr ne sgd
sqdd- Cnq v � E + vd vqhsd v ; ’S−. S)( sn dwoqdrr v ]r ] sqdd o]hq ch]fq]l+ ]mc
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qdedq sn S− ]r sgd rntqbd sqdd ]mc S) ]r sgd sWqfds sqdd- Sgdrd sqddr ]qhrd m]stq]kkx
eqnl sgd hmsdqoqds]shnm ne E ]r ] fqnto ne gnldnlnqoghrlr- Sghmjhmf ne v ]r ]
gnldnlnqoghrl ne sgd tmhs hmsdqu]k+ sgd rntqbd sqdd qdoqdrdmsr ] rtachuhrhnm ne sgd
cnl]hm hmsn rtahmsdqu]kr ne vhcsg 0<1m enq u]qxhmf u]ktdr ne m+ ]mc sgd s]qfds sqdd
qdoqdrdmsr ]mnsgdq rtbg rtachuhrhnm ne sgd q]mfd- Sgd gnldnlnqoghrl sgdm l]or
sgd hsa rtahmsdqu]k hm sgd cnl]hm khmd]qkx sn sgd hsa rtahmsdqu]k hm sgd q]mfd-

= sqdd o]hq ch]fq]l qdoqdrdmshmf v hm E hr mns tmhptd- = mdv ch]fq]l b]m
]kv]xr ad oqnctbdc eqnl ] fhudm sqdd o]hq ch]fq]l qdoqdrdmshmf v rhlokx ax ]cchmf
b]qdsr sn sgd hh� kd]e ne ansg sqddr- Ud hlonrd ] m]stq]k qdctbshnm bnmchshnm9 he
v ; ’S−. S)( ]mc ansg sqddr bnms]hm ] b]qds vhsg svn dwonrdc kd]udr mtladqdc h
]mc h ) 0+ sgdm vd qdlnud sgdrd b]qdsr+ sgtr enqlhmf ] qdoqdrdms]shud enq v vhsg
edvdq b]qdsr ]mc kd]udr- = sqdd o]hq ch]fq]l vghbg ]clhsr mn rtbg qdctbshnmr hr
b]kkdc ] qdctbdc sqdd oWhq chWfqWl+ ]mc ]mx dkdldms ne E hr qdoqdrdmsdc ax ] tmhptd
qdctbdc sqdd o]hq ch]fq]l- Ugdm vd vqhsd v ; ’S−. S)( adknv+ vd ]qd ]rrtlhmf
sg]s sgd sqdd o]hq ch]fq]l hr qdctbdc tmkdrr nsgdqvhrd rodbhffdc-

Sgd fqnto S ]krn g]r ansg ] ffmhsd ]mc ]m hmffmhsd oqdrdms]shnm- Sgd hmffmhsd
oqdrdms]shnm hr fhudm ax svn e]lhkhdr ne fdmdq]snqr+ {wh. h ≥ .{+ sgd r]ld fdmdq]snqr
]r hm sgd hmffmhsd oqdrdms]shnm ne E + ] e]lhkx {ah. h ≥ .{ ne snqrhnm dkdldmsr+ ]mc sgd
enkknvhmf qdk]snqr9

’0( wiwh ; whwi)0+ he h , i+
’1( wjam)0 ; amwj)0+ he j , m+
’2( amw, ; a1m)0+
’3( am ; wmam)0+
’4( am)1

m ; 0-
Sghr mdv e]lhkx ne fdmdq]snqr am ’ne nqcdq m ) 1( hr rhlokd sn cdrbqhad- Sgd

fdmdq]snq am bnqqdronmcr sn sgd gnldnlnqoghrl ne sgd bhqbkd nas]hmdc ]r enkknvr-
Ansg cnl]hm ]mc q]mfd b]m ad sgntfgs ne ]r sgd tmhs hmsdqu]k vhsg sgd dmconhmsr
hcdmshffdc- Ud rtachuhcd sgd hmsdqu]k hmsn m)0 rtahmsdqu]kr ax rtbbdrrhudkx g]kuhmf
sgd qhfgslnrs rtahmsdqu]k: nq hm nsgdq vnqcr hmrdqshmf dmconhmsr ]s 0

1
. 2
3
. � � � . 1

m�+−0
1m�+

-
Sgdm sgd gnldnlnqoghrl l]or W.. 0<1[ khmd]qkx sn W1

m−0
1m . 1m�+−0

1m�+ [+ ]mc rn nm ]qntmc
d]bg bhqbkd- Cnq dw]lokd+ sgd dkdldms a bnqqdronmcr sn sgd gnldnlnqoghrl ne R0

fhudm ax

a’s( ;

�
⎪⎨

⎪⎩

0
1 s ) 2

3 he . • s , 0
1 .

1s| 0 he 0
1 • s , 2

3 .

s| 0
3 he 2

3 • s • 0�

Chftqd 0 rgnvr sgd fq]ogr ne sgd gnldnlnqoghrlr bnqqdronmchmf sn a0 ]mc a1-
Trhmf sgd ffqrs sgqdd qdk]snqr+ vd rdd sg]s nmkx sgd fdmdq]snqr w,+ w0 ]mc a0 ]qd

qdpthqdc sn fdmdq]sd sgd fqnto+ rhmbd sgd nsgdq fdmdq]snqr b]m ad nas]hmdc eqnl
sgdrd sgqdd- Hm sgd enkknvhmf+ vd vhkk trd a sn cdmnsd sgd fdmdq]snq a0- Sgd fqnto S
hr ffmhsdkx oqdrdmsdc trhmf sgd enkknvhmf qdk]snqr+ vhsg qdrodbs sn sgd ffmhsd fdmdq]shmf
rds {w,. w0. a{9

’0( Ww,w−0
0 . w−0

, w0w,[ ; 0+
’1( Ww,w−0

0 . w−1
, w0w1

,[ ; 0+
’2( w0a2 ; a1w1 ’sg]s hr+ w0’w−1

, aw−1
0 ( ; ’w−0

, aw0(’w−0
, w0w,((+

’3( a0w, ; a11 ’sg]s hr+ aw, ; ’w−0
0 aw,(1(+

’4( w0a1 ; a ’sg]s hr+ w0’w−0
, aw0( ; a(.

’5( a2 ; 0-
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0 1/ 0 / 0 1 2 3 4 7 02 3

0

2 3

0 1

0

4 7

2 3

0 1

Ehftpd 0- Sgd fq]ogr ne sgd gnldnlnqoghrlr bnqqdronmchmf sn
sgd dkdldmsr a0 ]mc a1-

=r vhsg Sgnlornm�r fqnto E + vd vhkk eqdptdmskx vnqj vhsg sgd lnqd bnmudmhdms
hmffmhsd rds ne fdmdq]snqr vgdm bnmrsqtbshmf mnql]k enqlr enq dkdldmsr ]mc odqenql,
hmf bnlots]shnmr hm sgd fqnto- Ud vhkk mddc sn dwoqdrr dkdldmsr vhsg qdrodbs sn
] ffmhsd fdmdq]shmf rds vgdm chrbtrrhmf vnqc kdmfsg- Sgdqd ]qd svn m]stq]k ffmhsd
fdmdq]shmf rdsr enq S + ansg dwsdmchmf sgd rs]mc]qc ffmhsd fdmdq]shmf rds enq E - Sgd
ffqrs ]mc sgd nmd sg]s vd trd oqhl]qhkx adknv hr sgd fdmdq]shmf rds {w,. w0. a0{ trdc
hm sgd ffmhsd oqdrdms]shnm ]anud- Hm Rdbshnm 4-1+ enq sgd otqonrdr ne bntmshmf b]qdsr
b]qdetkkx+ vd ]krn trd sgd fdmdq]shmf rds {w,. w0. a,{+ vghbg g]r sgd ]cu]ms]fd sg]s
sgd sqdd o]hq ch]fq]l enq a, g]r nmkx nmd b]qds+ ]r noonrdc sn a0+ vghbg g]r svn
b]qdsr+ ]s sgd dwodmrd ne rkhfgskx lnqd bnlokhb]sdc qdk]snqr-

Itrs ]r enq E + sqdd o]hq ch]fq]lr rdqud ]r dfibhdms qdoqdrdms]shnmr enq dkdldmsr ne
S - Gnvdudq+ rhmbd dkdldmsr ne S qdoqdrdms gnldnlnqoghrlr ne sgd bhqbkd q]sgdq sg]m
sgd hmsdqu]k+ sgd sqdd o]hq ch]fq]l ltrs ]krn hmbktcd ] ahidbshnm adsvddm sgd kd]udr ne
sgd rntqbd sqdd ]mc sgd kd]udr ne sgd s]qfds sqdd sn etkkx dmbncd sgd gnldnlnqoghrl-
Rhmbd sghr ahidbshnm b]m ]s lnrs bxbkhb]kkx rghes sgd kd]udr+ hs hr cdsdqlhmdc ax sgd
hl]fd ne sgd kdeslnrs kd]e hm sgd rntqbd sqdd- Rhmbd ax bnmudmshnm sghr kd]e hm sgd
rntqbd sqdd hr ]kqd]cx sgntfgs ne ]r kd]e .+ sghr hmenql]shnm hr qdbnqcdc ax vqhshmf
] . tmcdq sgd hl]fd kd]e hm sgd s]qfds sqdd- Gdmbd+ enq v � S + ] lWqjdc sqdd oWhq
chWfqWl qdoqdrdmshmf v hr ] o]hq ne ffmhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld mtladq
ne kd]udr+ snfdsgdq vhsg ] l]qj ’sgd mtldq]k .( nm nmd kd]e ne sgd rdbnmc sqdd- =r
trt]k+ vd vqhsd v ; ’S−. S)( sn dwoqdrr v ]r ] sqdd o]hq ch]fq]l+ ]mc qdedq sn S−
]r sgd rntqbd sqdd ]mc S) ’sgd nmd vhsg sgd l]qj( ]r sgd sWqfds sqdd- Ud qdl]qj
sg]s sn dwsdmc sghr sn T + rhmbd mnv sgd ahidbshnm ne sgd rtahmsdqu]kr l]x odqltsd
sgd nqcdq hm ]mx v]x+ sgd l]qjhmf qdpthqdc nm sgd s]qfds sqdd sn qdbnqc sgd ahidbshnm
bnmrhrsr ne ] mtladq nm dudqx kd]e ne sgd s]qfds sqdd- Itrs ]r enq E + sgdqd ]qd l]mx
onrrhakd sqdd o]hq ch]fq]lr enq d]bg dkdldms ne S + vghbg b]m ad nas]hmdc ax ]cchmf
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b]qdsr sn sgd bnqqdronmchmf kd]udr hm sgd rntqbd ]mc s]qfds sqddr hm sgd ch]fq]lr-
Gnvdudq+ vgdm ]cchmf sgd b]qdsr+ ok]bdldms hr fthcdc ax sgd l]qjhmf- Sgd kd]udr
ne sgd rntqbd sqdd ]qd sgntfgs ne ]r mtladqdc eqnl . sn m qd]chmf eqnl kdes sn qhfgs+
vgdqd]r sgd l]qjhmf ne sgd s]qfds sqdd rodbhffdr vgdqd kd]e mtladq . ne sg]s sqdd
hr+ ]mc nsgdq kd]udr ]qd mtladqdc eqnl 0 sn m qd]chmf eqnl kdes sn qhfgs bxbkhb]kkx
vq]oohmf a]bj sn sgd kdes nmbd xnt qd]bg sgd qhfgslnrs kd]e- Uhsg sghr mtladqhmf
hm lhmc+ b]qdsr b]m ad ]ccdc ]r adenqd sn kd]e h ne ansg sqddr- He h ∈; .+ sgd l]qj
rs]xr vgdqd hs hr- Nsgdqvhrd+ he h ; .+ sgd l]qj nm sgd mdv s]qfds sqdd hr ok]bdc nm
sgd kdes kd]e ne sgd ]ccdc b]qds- Rn enq S + vd g]ud ] rhlhk]q qdctbshnm bnmchshnm9 he
v ; ’S−. S)( ]mc ansg sqddr bnms]hm ] b]qds vhsg svn dwonrdc kd]udr mtladqdc h
]mc h ) 0+ sgdm vd qdlnud sgdrd b]qdsr ]mc qdmtladq sgd kd]udr+ lnuhmf sgd l]qj
he mddcdc+ sgtr enqlhmf ] qdoqdrdms]shud enq v vhsg edvdq b]qdsr ]mc kd]udr-

= sqdd o]hq ch]fq]l vghbg ]clhsr mn rtbg qdctbshnmr hr ]f]hm b]kkdc ] qdctbdc
sqdd oWhq chWfqWl+ ]mc ]mx dkdldms ne S hr qdoqdrdmsdc ax ] tmhptd qdctbdc sqdd o]hq
ch]fq]l- Hm S ]r vdkk ]r hm E + vgdm vd vqhsd v ; ’S−. S)( adknv+ vd ]qd ]rrtlhmf
sg]s sgd sqdd o]hq ch]fq]l hr qdctbdc tmkdrr nsgdqvhrd rodbhffdc- Bgdbjhmf vgdsgdq
nq mns ] sqdd o]hq ch]fq]l hr qdctbdc hr rkhfgskx lnqd chfibtks hm S sg]m hm E - Sgd
oqnbdrr ne bgdbjhmf enq onrrhakd qdctbshnmr hr hkktrsq]sdc hm Chftqd 1- = l]qjdc sqdd
o]hq ch]fq]l enq ]m dkdldms ne S hr rgnvm nm sgd sno kdes ne Chftqd 1- Hm sgd sno
qhfgs sqdd o]hq ch]fq]l ne Chftqd 1+ sgd tmcdqkxhmf mtladqhmf ne sgd kd]udr ne ansg
sqddr cdsdqlhmdc ax sgd l]qjhmf hr vqhssdm dwokhbhskx+ qdud]khmf sgd qdctbhakd b]qdsr-
Sgd anssnl sqdd o]hq ch]fq]l rgnvr sgd qdrtkshmf qdctbdc ch]fq]l-

Mnsd sg]s sgd snqrhnm fdmdq]snqr ah g]ud o]qshbtk]qkx rhlokd sqdd o]hq ch]fq]lr-
Hm sgd ch]fq]l enq ah+ ansg rntqbd ]mc s]qfds sqddr bnmrhrs ne sgd qnns b]qds oktr h
qhfgs b]qdsr- Sgd l]qj . hr ok]bdc nm sgd qhfgslnrs kd]e ne sgd s]qfds sqdd-

Chftqd 2 rgnvr sgd sqdd o]hq ch]fq]lr ne sgd ffqrs sgqdd fdmdq]snqr a0. a1+ ]mc a2+
snfdsgdq vhsg ] fdmdq]k am- Sgd fdmdq]snq a, hr ldqdkx ] o]hq ne rhmfkd b]qds sqddr+
vhsg sgd l]qj nm sgd qhfgslnrs kd]e ne sgd s]qfds sqdd-

Ugdsgdq v � E nq v � S + vd cdmnsd sgd mtladq ne b]qdsr hm dhsgdq sqdd ne ]
sqdd o]hq ch]fq]l qdoqdrdmshmf v ax K’v(- Ugdm n hr ] vnqc hm sgd fdmdq]snqr
ne E nq S + sgdm n qdoqdrdmsr ]m dkdldms v hm dhsgdq E nq S + ]mc vd vqhsd K’n(
hmsdqbg]mfd]akx vhsg K’v(-

1-1- Fpnto ltishoihaUshnm hm E Umc S ’ Fqnto ltkshokhb]shnm hm E ]mc S bnqqd,
ronmcr sn sgd bnlonrhshnm ne gnldnlnqoghrlr+ vghbg vd b]m hmsdqoqds nm sgd kdudk
ne sqdd o]hq ch]fq]lr ]r vdkk- Chqrs+ vd bnmrhcdq t. u � E + vgdqd t ; ’S−. S)( ]mc
u ; ’R−. R)(- Sn bnlotsd sgd sqdd o]hq ch]fq]l bnqqdronmchmf sn sgd oqnctbs ut+
vd bqd]sd tmqdctbdc qdoqdrdms]shudr ’S �

−. S �
)( ]mc ’R�

−. R�
)( ne sgd svn dkdldmsr hm

vghbg S �
) ; R�

−- Sgdm sgd oqnctbs hr qdoqdrdmsdc ax sgd onrrhakx tmqdctbdc sqdd
o]hq ch]fq]l ’S �

−. R�
)(- Sgd ltkshokhb]shnm hr vqhssdm enkknvhmf sgd bnmudmshnmr nm

sgd bnlonrhshnm ne gnldnlnqoghrlr+ rn sgd oqnctbs ut g]r ]r ] rntqbd ch]fq]l
sg]s ne t+ ]mc ]r ] s]qfds ch]fq]l sg]s ne u- Sg]s hr+ sgd ch]fq]l nm sgd kdes hr sgd
rntqbd ne t ]mc sgd ch]fq]l nm sgd qhfgs hr sgd s]qfds ne u-

Sn ltkshokx sqdd o]hq ch]fq]lr qdoqdrdmshmf dkdldmsr ne S vd enkknv ] rhlhk]q
oqnbdctqd- Ud kds t. u � S + vgdqd t ; ’S−. S)( ]mc u ; ’R−. R)(- Sn bnlotsd
sgd sqdd o]hq ch]fq]l bnqqdronmchmf sn sgd oqnctbs ut+ vd bqd]sd tmqdctbdc qdo,
qdrdms]shudr ’S �

−. S �
)( ]mc ’R�

−. R�
)( ne sgd svn dkdldmsr hm vghbg S �

) ; R�
− ]r sqddr-

Sgd oqnctbs ut vhkk ad qdoqdrdmsdc ax sgd o]hq ’S �
−. R�

)( ne sqddr- Sn cdbhcd vghbg
kd]e hm R�

) sn l]qj vhsg sgd ydqn+ vd itrs mnsd sg]s hs rgntkc ad sgd kd]e vghbg hr
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Ehftpd 1- =m dw]lokd ne ] b]qds qdctbshnm hm ] sqdd o]hq ch]fq]l
qdoqdrdmshmf ]m dkdldms ne S - Sgd ch]fq]l nm sgd sno kdes hr qd,
ctbhakd- Sgd svn cnssdc b]qdsr nm sgd sno qhfgs ]qd o]hqdc vhsg
d]bg nsgdq+ rhmbd sgd mtladqhmf hr hcdmshb]k- Sgd qdrtkshmf qdctbdc
ch]fq]l hr rgnvm nm sgd anssnl-

bTqcsr
l)0 l)0

bTqcsr

Ehftpd 2- Sqdd o]hq ch]fq]lr qdoqdrdmshmf sgd dkdldmsr a0+ a1 ]mc
a2 nm sno+ oktr am nm sgd anssnl-
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Ehftpd 3- Sgd sqdd o]hq ch]fq]l enq r]lokd dkdldmsr t ]mc u hm S -

u

1 20

3 4

.

. 0

1 2 3 4

.

2

0

1

3 4

2

10

.

3 4

t

Ehftpd 4- Tmqdctbdc udqrhnmr ne t ]mc u mdbdrr]qx enq sgd ltksh,
okhb]shnm ut hm S + vhsg b]qdsr ]ccdc sn odqenql sgd ltkshokhb]shnm
hmchb]sdc vhsg c]rgdr- Mnv sgd s]qfds sqdd ne t g]r sgd r]ld rg]od
]r sgd rntqbd sqdd ne u+ ]kknvhmf sgd bnlonrhshnm-

. 2

1 3 4 2

3 4

.

0

1

0

Ehftpd 5- Sgd sqdd o]hq ch]fq]l qdoqdrdmshmf sgd oqnctbs ut
nas]hmdc eqnl Chftqd 4- Sgd cnssdc b]qdsr ltrs ad dq]rdc sn ffmc
sgd qdctbdc ch]fq]l-

o]hqdc vhsg sgd ydqn kd]e hm S �
−- Sn hcdmshex sghr kd]e+ vd ffmc sgd ydqn kd]e hm S �

)-
Rhmbd S �

) ; R�
− ]r sqddr+ sghr kd]e uhdvdc ]r ] kd]e hm R�

− vhkk ad k]adkkdc k- Sgdm
sgd kd]e k]adkkdc k hm R�

) vhkk ad sgd mdv ydqn kd]e hm sgd sqdd o]hq ch]fq]l ’S �
−. R�

)(
enq ut- =ksdqm]sdkx+ vd b]m enkknv sgd bnlonrhshnm hm ansg o]hqr ne sqddr sn rdd gnv
sgd kd]udr ]qd o]hqdc- Sghr mdvkx bnmrsqtbsdc sqdd o]hq ch]fq]l vhkk qdoqdrdms ut
]mc hr mns mdbdrr]qhkx qdctbdc- Cnq ]m dw]lokd ne sghr ltkshokhb]shnm+ rdd Chftqdr
3+ 4 ]mc 5-

2- Vnpcr Ymc chYfpYlr

2-0- MnplUi enplr Umc spdd oUhp chUfpUlr hm E ’ Uhsg qdrodbs sn sgd hmffmhsd
oqdrdms]shnm enq E fhudm ]anud+ dudqx dkdldms ne E g]r ] tmhptd mnql]k enql- =mx
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v hm E b]m ad vqhssdm hm sgd enql

v ; wq+h+ wq1h1 � � � wqihi w−rk
ik

� � � w−r1
i1

w−r+
i+

vgdqd qh. rh / .+ . • h0 , h1 , � � � , hj ]mc . • i0 , i1 , � � � , ik- Gnvdudq+ sghr
dwoqdrrhnm hr mns tmhptd- Tmhptdmdrr hr ft]q]msddc ax sgd ]cchshnm ne sgd enkknvhmf
bnmchshnm9 vgdm ansg wh ]mc w−0

h nbbtq hm sgd dwoqdrrhnm+ rn cndr ]s kd]rs nmd ne
wh)0 nq w−0

h)0+ ]r chrbtrrdc ax Aqnvm ]mc Fdnfgdf]m W1[- Ugdm vd qdedq sn dkdldmsr
ne E hm mnql]k enql+ vd ld]m sghr tmhptd mnql]k enql-

He sgd mnql]k enql enq v � E bnms]hmr mn fdmdq]snqr vhsg mdf]shud dwonmdmsr+
vd qdedq sn v ]r ] onrhshud vnqc ]mc rhlhk]qkx+ vd r]x ] mnql]k enql qdoqdrdmsr ]
mdfWshud vnqc he sgdqd ]qd mn fdmdq]snqr vhsg onrhshud dwonmdmsr-

Ud b]kk ]mx vnqc vghbg g]r sgd enql

v ; wq+h+ wq1h1 � � � wqihi w−rk
ik

� � � w−r1
i1

w−r+
i+

vgdqd qh. rh / .+ . • h0 , h1 , � � � , hj ]mc . • i0 , i1 , � � � , ik+ ] vnqc hm op
enql+ vgdqd n hr sgd onrhshud o]qs ne sgd mnql]k enql ]mc p sgd mdf]shud o]qs- Sgd
mnql]k enql enq ]m dkdldms ne E hr sgd rgnqsdrs vnqc ]lnmf ]kk vnqcr hm np enql
qdoqdrdmshmf sgd fhudm dkdldms-

Sn ]mx ’mns mdbdrr]qhkx qdctbdc( sqdd o]hq ch]fq]l ’S−. S)( enq ]m dkdldms ne
E vd l]x ]rrnbh]sd ] vnqc hm np enql qdoqdrdmshmf sgd dkdldms+ trhmf sgd kdWe
dwonmdmsr hm sgd s]qfds ]mc rntqbd sqddr- Ugdm sgd kd]udr ne ] ffmhsd qnnsdc ahm]qx
sqdd ]qd mtladqdc eqnl kdes sn qhfgs+ adfhmmhmf vhsg ydqn+ sgd kd]e dwonmdms ne kd]e
j hr sgd hmsdfdq kdmfsg ne sgd knmfdrs o]sg bnmrhrshmf nmkx ne kdes dcfdr ne b]qdsr
vghbg nqhfhm]sdr ]s kd]e j ]mc cndr mns qd]bg sgd qhfgs rhcd ne sgd sqdd- = sqdd o]hq
ch]fq]l sgdm fhudr sgd vnqc

wq+h+ wq1h1 � � � wqmhm w−rl
il

� � � w−r1
i1

w−r+
i+

oqdbhrdkx vgdm kd]e hj hm S) g]r dwonmdms qj+ kd]e ij hm S− g]r kd]e dwonmdms rj+
]mc fdmdq]snqr vghbg cn mns ]ood]q hm sgd vnqc bnqqdronmc sn kd]udr vhsg dwonmdms
ydqn- Ud sghmj ne sghr vnqc ]r sgd np e]bsnqhy]shnm ne sgd dkdldms fhudm ax sgd
o]qshbtk]q sqdd o]hq ch]fq]l- Ud b]kk ] sqdd ]m Wkk,qhfgs sqdd he hs bnmrhrsr ne ] qnns
b]qds snfdsgdq vhsg nmkx qhfgs b]qdsr- Mnsd sg]s he vd kds N ad sgd ]kk,qhfgs sqdd vhsg
sgd r]ld mtladq ne b]qdsr ]r S− nq S)+ sgdm ’S−. N( hr ] ch]fq]l enq sgd vnqc p
]mc ’N. S)( hr ] ch]fq]l enq sgd vnqc n- Nm sgd nsgdq g]mc+ ]mx vnqc hm np enql
b]m ad sq]mrk]sdc hmsn ] sqdd o]hq ch]fq]l- Hs b]m ad nas]hmdc ax s]jhmf ch]fq]lr
enq n ’qdrodbshudkx+ p(+ vghbg vhkk g]ud ]kk qhfgs rntqbd ’qdrodbshudkx+ s]qfds( sqddr-
Sgdm+ he nmd ch]fq]l g]r edvdq b]qdsr+ nmd ]ccr qhfgs b]qdsr sn hsr ]kk,qhfgs sqdd+
]mc ] bnqqdronmchmf o]sg ne qhfgs b]qdsr sn hsr nsgdq sqdd+ sn l]jd ansg ch]fq]lr
g]ud dw]bskx sgd r]ld ]kk,qhfgs sqdd- Ctqsgdqlnqd+ tmcdq sghr bnqqdronmcdmbd enq
E + qdctbdc sqdd o]hq ch]fq]lr bnqqdronmc dw]bskx sn mnql]k enqlr- Chftqd 6 hr ]m
dw]lokd ne sghr bnqqdronmcdmbd+ ]mc lnqd cds]hkr b]m ad entmc hm W4+ 5+ 6[-

He ]m dwonrdc b]qds g]r kd]udr mtladqdc h ]mc h ) 0+ sgdm kd]e h ) 0 ltrs g]ud
kd]e dwonmdms ydqn+ rhmbd hs hr ] qhfgs kd]e- He ansg sqddr hm ] sqdd o]hq ch]fq]l g]ud
dwonrdc b]qdsr vhsg kd]udr mtladqdc h ]mc h ) 0+ sgdm sgd bnqqdronmchmf mnql]k
enql+ bnlotsdc uh] kd]e dwonmdmsr+ bnms]hmr sgd fdmdq]snqr wh sn ansg onrhshud
]mc mdf]shud onvdqr+ ats mn hmrs]mbdr ne sgd fdmdq]snq wh)0- Sghr hr oqdbhrdkx
sgd rhst]shnm vgdm sgd mnql]k enql b]m ad qdctbdc ax ] qdk]snq ne E - Sgtr sgd
bnmchshnm sg]s sgd mnql]k enql hr tmhptd hr dw]bskx sgd bnmchshnm sg]s sgd sqdd o]hq
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Ehftpd 6- Bnlotshmf kd]e dwonmdmsr- Sgd sghbj dcfdr hmchb]sd
dcfdr vghbg bnmsqhatsd sn mnm,ydqn kd]e dwonmdmsr- He ] kd]e k],
adkkdc h g]r qh sghbj dcfdr ’] o]sg ne qh kdes dcfdr fnhmf to vhsgnts
qd]bghmf sgd qhfgs rhcd ne sgd sqdd(+ sgdm sgd hsa kd]e dwonmdms hr qh
]mc sgd fdmdq]snq ]ood]qhmf hm sgd mnql]k enql hr wq�h - Sghr rhmfkd
sqdd S ohbstqdc ]anud hr sgd s]qfds sqdd ne sgd sqdd o]hq ch]fq]l
’N. S (+ vgdqd N hr sgd ]kk,qhfgs sqdd vhsg 01 kd]udr+ ]mc g]r kd]e
dwonmdmsr 0+.+2+.+0+.+.+.+1+.+.+ ]mc . enq sgd kd]udr .,00 hm nqcdq-
Sgd sqdd o]hq ch]fq]l ’N. S ( qdoqdrdmsr sgd dkdldms w,w2

1w3w1
7-

ch]fq]l hr qdctbdc- Sghr bnqqdronmcdmbd vhkk ad dwsdmcdc sn dkdldmsr ne S hm sgd
mdws rdbshnm-

2-1- Spdd oUhp chUfpUlr enp didldmsr ne S ’ Ud mnv chrbtrr sgd qdk]shnmrgho
adsvddm vnqcr hm S ]mc sqdd o]hq ch]fq]lr- Sghr qdk]shnmrgho hr lnqd bnlokhb]sdc hm
S sg]m hs hr hm E - Sgd qdoqdrdms]shnm ne dkdldmsr ne S ax l]qjdc sqdd o]hq ch]fq]lr
rtffdrsr ] v]x sn cdbnlonrd ]m dkdldms ne S hmsn ] oqnctbs ne sgqdd dkdldmsr9 sgd
onrhshud ]mc mdf]shud o]qsr snfdsgdq vhsg ] snqrhnm o]qs hm sgd lhcckd+ ]r cdrbqhadc
hm W4[-

Cd mhshnm 2’.’ Jds sgd l]qjdc sqdd o]hq ch]fq]l ’S−. S)( qdoqdrdms f � S - He S−
]mc S) d]bg g]ud h ) 0 b]qdsr+ sgdm vd kds N ad sgd ]kk,qhfgs sqdd vghbg g]r h ) 0
b]qdsr- Ud b]m vqhsd f ]r ] oqnctbs naihp+ vgdqd9

’0( n+ ] onrhshud vnqc hm sgd fdmdq]snqr ne E + hr sgd mnql]k enql enq sgd dkdldms
ne E vhsg sqdd o]hq ch]fq]l ’N. S)(+ hfmnqhmf sgd l]qjhmf nm S)+

’1( aih hr ] bxbkhb odqlts]shnm ne sgd kd]udr ne N+ vhsg 0 • i • h ) 1+ ]mc
’2( p+ ] mdf]shud vnqc+ hr sgd mnql]k enql enq sgd dkdldms ne E qdoqdrdmsdc ax

’S−. N(-
Sgdm sgd vnqc f ; naih p hr b]kkdc sgd obp eWbsnqhyWshnm ne f ]rrnbh]sdc sn sgd
l]qjdc sqdd o]hq ch]fq]l ’S−. S)(- Hm sgd rodbh]k b]rd vgdqd f � E ⊂ S + sgd nap
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obp

Ehftpd 7- Sgqdd sqdd o]hq ch]fq]lr qdoqdrdmshmf sgd vnqc
w0w1a44w−1

1 w−0
0 w−1

, e]bsnqhydc ]r nap-

e]bsnqhy]shnm vhkk itrs ad sgd trt]k np e]bsnqhy]shnm+ ]r vd bnmrhcdq sgd a o]qs ne sgd
vnqc sn ad dlosx ’nq dpthu]kdmskx+ vd b]m ]kknv sgd dwonmdms i hm sgd snqrhnm o]qs
sn ad ydqn(-

Chftqd 7 hkktrsq]sdr ]m dw]lokd ne ]m dkdldms ne S cdbnlonrdc hm sghr v]x-
Sgd enkknvhmf sgdnqdl enkknvr eqnl sgd dwhrsdmbd ne sgdrd cdbnlonrhshnmr+ ]mc

]m ]kfdaq]hb oqnne ne sghr qdrtks hr entmc hm W4[-

Sgdnpdl 2’1 ’W4[+ Sgdnqdl 4-6(’ :mx dkdldms w � S Wclhsr Wm dwoqdrrhnm ne sgd
enql

wq+h+ wq1h1 � � � wqmhm aih w−rl
il

� � � w−r1
i1

w−r+
i+

.

vgdqd . • h0 , h1 , · · · , hm Wmc . • i0 , i1 , · · · , il Wmc dhsgdq 0 • i , h ) 1
nq aih hr mns oqdrdms-

Ud qdedq sn ]mx vnqc r]shrexhmf sgd gxonsgdrdr ne Sgdnqdl 2-1 ]r ] vnqc hm nap
enql enq ]m dkdldms ne S ’itrs ]r vnqcr ne sghr enql vhsg mn aih sdql ]qd b]kkdc
vnqcr hm np enql hm sgd fqnto E (- Mdhsgdq oqnne ne sgd dwhrsdmbd ne nap enqlr fhudr
]m d]rx dwokhbhs ldsgnc enq sq]mrenqlhmf ] fdmdq]k vnqc hm sgd fdmdq]snqr w±0

h . ah
hmsn nap enql vhsgnts qdrnqshmf sn cq]vhmf sqdd o]hq ch]fq]lr+ rn vd vhkk ntskhmd
]m ]kfdaq]hb ldsgnc adknv- Ud qdb]kk sg]s sgd ffud sxodr ne qdk]snqr vd ]qd trhmf
hm S ]qd9

’0( wiwh ; whwi)0+ he h , i+
’1( wjam)0 ; amwj)0+ he j , m+
’2( amw, ; a1m)0+
’3( am ; wmam)0+
’4( am)1

m ; 0-

IdllU 2’2 ’Otlohmf Jdll](’ Pgd fdmdqWsnqr wh Wmc ai ne S rWshrex sgd hcdmsh,
shdr

alm ; wm−l)0alm)0. alm ; al)0
m)0 w−0

l−0

he 0 • k , m ) 1-

Lqnne- Sghr enkknvr hlldch]sdkx eqnl sgd qdk]snqr- Cnq hmrs]mbd+ enq sgd ffqrs hcdm,
shsx+ vd g]ud sg]s

alm ; al−0
m am ; al−0

m wmam)0

ax ]m ]ookhb]shnm ne qdk]snq ne sxod ’3(- Mnv+ rdudq]k qdod]sdc ]ookhb]shnmr ne
qdk]snq ’1( ]kknv sgd wm sn rvhsbg vhsg sgd al−0

m sn nas]hm sgd cdrhqdc qdrtks- Sgd
rdbnmc hcdmshsx hr sgd ffqrs nmd s]jhmf hmudqrdr+ ]mc ax mnshbhmf sg]s am g]r nqcdq
m ) 1+ vd ]unhc mdf]shud dwonmdmsr enq sgd a-  
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Ud bnmrhcdq ] vnqc v � S vqhssdm hm sgd fdmdq]snqr {wh. ai{+ ]mc vd cdrbqhad
dwokhbhskx ]m ]kfdaq]hb ldsgnc ne qdvqhshmf hs hm nap enql- Sgd hcd] hr sn ffqrs
bnlahmd nbbtqqdmbdr ne ltkshokd ah fdmdq]snqr hmsn ] onvdq ne ] rhmfkd nmd+ ]mc
sgdm sn lnud sgd wm fdmdq]snqr sn sgd ]ooqnoqh]sd rhcd ne hs- Bnmrhcdq ffqrs ]
rtavnqc ne sgd nqhfhm]k vnqc v ne sxod

alm v’wh( akj.

vgdqd v’wh( hr ] vnqc nm sgd fdmdq]snqr wm nmkx+ ]mc vghbg l]x onrrhakx ad dlosx-
Ud vhkk ]ookx qdk]snqr sn qdctbd sghr rtavnqc sn ] vnqc ne sgd enql v0’wh(aaiv1’wh(+
vgdqd v0 g]r nmkx onrhshud onvdqr ne wm fdmdq]snqr ]mc v1 bnmrhrsr ne nmkx mdf]shud
nmdr- Ax sgd qdk]snqr ne sxod ’0(+ vd b]m ]rrtld sg]s v hr ne sgd enql np+ sg]s hr+
vhsg ]kk onrhshud onvdqr ne fdmdq]snqr nm sgd kdes ]mc hm hmbqd]rhmf nqcdq ne hmcdw+
]mc ]kk mdf]shud nmdr nm sgd qhfgs ]mc hm cdbqd]rhmf nqcdq ne hmcdw- Sgd fn]k hr sn
lnud ]kk sgd onrhshud onvdqr ne wm fdmdq]snqr sn sgd kdes ne alm ]mc ]kk mdf]shud nmdr
sn sgd qhfgs ne akj- =ksgntfg sgdrd lnudr l]x bg]mfd sgd hmchbdr ]mc onvdqr ne sgd
ah fdmdq]snqr+ sgdx ldqdkx bg]mfd ] onvdq ne ] rhmfkd ai fdmdq]snq sn ]mnsgdq onvdq
ne ] ch dqdms rhmfkd aj fdmdq]snq- Sn lnud ]kk sgd onrhshud onvdqr ne fdmdq]snqr
sn sgd kdes ne alm + vd nmkx mddc sn trd qdk]snqr ne sxod ’1(+ ]rrtlhmf sgd hmcdw
ne a hr ghfg dmntfg- He hs hr mns+ ax qdod]sdc ]ookhb]shnmr ne sgd ffqrs hcdmshsx ne
sgd Otlohmf Jdll]+ sgd hmcdw b]m ad hmbqd]rdc ]qahsq]qhkx+ ]cchmf nmkx onrhshud
onvdqr ne fdmdq]snqr sn sgd kdes ne alm - Ugdm sgd rtahmcdw hr ghfg dmntfg+ vd b]m
trd qdk]snqr ne sxod ’1( sn lnud ]kk onrhshud onvdqr ne fdmdq]snqr ne v o]rs alm - Ud
mnsd sg]s ] qdk]snq ne sxod ’2( l]x ]kknv tr sn dkhlhm]sd ]m nbbtqqdmbd ne w, sn sgd
hlldch]sd qhfgs ne alm - Hs l]x ad mdbdrr]qx sn bnlahmd sgd ah ]mc ai fdmdq]snqr
nas]hmdc hmsn ] rhmfkd sdql ]esdq sghr dkhlhm]shnm ne w,+ ]r vd rdd hm ]m dw]lokd9

a23w0 ; a13w,a4�

=s sghr onhms w, b]mmns ad lnudc e]qsgdq+ ats vd b]m trd qdk]snq ’2( sn nas]hm

a3a24 ; w4a34

vhsg sgd k]rs dpt]khsx adhmf ]m ]ookhb]shnm ne sgd Otlohmf Jdll] sn a3- Ud g]ud
]bghdudc sgd fn]k ne lnuhmf ] onrhshud onvdq ne ] fdmdq]snq sn sgd kdes ne alm -

Lnuhmf sgd mdf]shud onvdqr ne sgd wm fdmdq]snqr sn sgd kdes hr bnlo]q]akd- Trhmf
sgd rdbnmc hcdmshsx hm sgd Otlohmf Jdll]+ vd b]m hmbqd]rd sgd hmcdw hm akj ]r ltbg
]r mdbdrr]qx sn ad ]akd sn lnud ]kk mdf]shud onvdqr ne sgd wm fdmdq]snqr hm v sn sgd
qhfgs ne akj trhmf sgd qdk]snq ’1( qdvqhssdm ]r am)0w−0

j)0 ; w−0
j am- =esdq sghr oqnbdrr+

vd vhkk g]ud ] vnqc bnmrhrshmf ne onrhshud onvdqr ne wm fdmdq]snqr+ svn onvdqr ne ah
fdmdq]snqr+ ]mc mdf]shud onvdqr ne wm fdmdq]snqr- Ud mnv bnlahmd sgd onvdqr ne
sgd svn ah fdmdq]snqr hmsn ] onvdq ne ] rhmfkd fdmdq]snq ax hmbqd]rhmf sgd rl]kkdq
hmcdw sn qd]bg sgd k]qfdq- Sn cn sghr+ he sgd rl]kkdq hr nm sgd kdes+ vd b]m trd sgd
ffqrs hcdmshsx hm sgd Otlohmf Jdll]+ ]mc he hs hr nm sgd qhfgs+ vd b]m trd sgd rdbnmc
nmd- Sghr v]x mn wm fdmdq]snq vhkk ad ]ccdc hm adsvddm sgd svn ah fdmdq]snqr+ ]mc
]esdq sgdx g]ud sgd r]ld hmcdw sgdx b]m ad bnlahmdc hmsn sgd onvdq ne ] rhmfkd
fdmdq]snq- Sgd onrhshud onvdqr ne sgd wm fdmdq]snqr mnv ]ood]q nmkx sn sgd kdes ne
sgd rhmfkd onvdq ne sgd ah fdmdq]snq+ ]mc mdf]shud onvdqr ne wm fdmdq]snqr nmkx sn
sgd qhfgs-

=esdq qdod]sdc ]ookhb]shnmr ne sghr oqnbdrr sn rtavnqcr ne sgd sxod ava+ vd vhkk
g]ud ]kk nbbtqqdmbdr ne sgd ah fdmdq]snqr bnlahmdc hmsn sgd onvdq ne ] rhmfkd nmd-
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Ntq nqhfhm]k vnqc hr mnv ne sgd sxod

v0’wh( alm v1’wh(.

]mc v0 ]mc v1 l]x ]f]hm ad ]rrtldc+ ]esdq trhmf qdk]snq ’0(+ sn ad hm np enql-
Ud nmkx mddc sn lnud sgd onrhshud onvdqr ne fdmdq]snqr hm v1 sn sgd kdes ne alm
]mc sgd mdf]shud onvdqr ne wm fdmdq]snqr ne v0 sn sgd qhfgs ne alm + rshkk l]hms]hmhmf
sgd onvdq ne ] rhmfkd ah fdmdq]snq hm sgd lhcckd- Sgd cdrbqhoshnm ]anud hr sgd ffqrs
rsdo hm ntq ]kfnqhsgl nm oqdbhrdkx gnv sn cn sghr- Ctqsgdqlnqd+ he sgd Otlohmf
Jdll] hr mddcdc sn lnud ] onrhshud onvdq ne ] fdmdq]snq sn sgd kdes+ qdb]kk sg]s
mdv onrhshud onrhshud onvdqr ne fdmdq]snqr l]x ]ood]q hm sgd vnqc+ ats nmkx sn sgd
kdes ne sgd onvdq ne sgd ah fdmdq]snq- Gdmbd+ ]esdq lnuhmf d]bg onrhshud onvdq ne ]
fdmdq]snq+ ]kk onrhshud onvdqr ne fdmdq]snqr hm sgd vnqc ]qd sn sgd kdes ne alm -

Ud mnv lnud d]bg mdf]shud onvdq ne ] fdmdq]snq sn sgd qhfgs+ ]mc mnshbd sg]s
sgd nmkx bnrs ne sghr hr sn ]cc lnqd mdf]shud onvdqr ne wm fdmdq]snqr sn sgd qhfgs
ne alm - Ugdm sghr hr ffmhrgdc+ sgd vnqc g]r nmkx onrhshud onvdqr ne fdmdq]snqr sn
sgd kdes ne sgd onvdq ne ] rhmfkd a ]mc mdf]shud nmdr sn sgd qhfgs- Nmbd sgd onrhshud
onvdqr ne sgd fdmdq]snqr ]qd snfdsgdq nm sgd kdes rhcd ne sgd rhmfkd a sdql+ vd b]m
qdnqcdq sgdl he mdbdrr]qx trhmf qdk]snqr ne sxod ’0(+ ]mc rhlhk]qkx vd b]m qdnqcdq
sgd mdf]shud o]qs ]r vdkk-

Ud vhkk vnqj ]m dw]lokd ]r ]m hkktrsq]shnm- Bnmrhcdq sgd vnqc

w−0
, a0w2a12w−0

0 �

Sgd oqnbdrr rs]qsr ax sqxhmf sn lnud w2 sn sgd kdes ne a0- Rhmbd sgd hmcdw ne w2

dwbddcr sgd hmcdw ne a0+ vd b]mmns ]ookx ] qdk]snq ne sxod ’1( chqdbskx- Trhmf
sgd Otlohmf Jdll]+ vd vqhsd a0 ; w0a1 ; w0w1a2- Gdmbd ntq vnqc hr mnv sgd
enkknvhmf+ ]mc vd b]m ]ookx sgd qdk]snq ne sxod sn a2w2+ nas]hmhmf

w−0
, w0w1a2w2a12w−0

0 ; w−0
, w0w1

1a3a12w−0
0 �

Ud mddc sn ldqfd a3a12 hmsn ] rhmfkd ah sdql- Ud hmbqd]rd sgd hmcdw ne a2 uh]
a12 ; a23w−0

0 sn nas]hm

w−0
, w0w1

1a3a23w−1
0 ; w−0

, w0w1
1a33w−1

0 �

Sgd k]rs rsdo hr sn lnud sgd hmhsh]k w−0
, sn sgd qhfgs rhcd+ trhmf rdudq]k qdk]snqr ne

sxod ’1( sn nas]hm w−0
, a33 ; a34w−0

3 - Sgdqd hr mn mddc sghr shld sn hmbqd]rd sgd hmcdw
ne a33- Sgd ffm]k qdrtks hr

w1w1
2a34w−0

3 w−1
0

vghbg hr hm nap enql-
Sgd qdk]shnmrgho adsvddm vnqcr hm np enql ]mc sqdd o]hq ch]fq]lr hm E hr ch dqdms

sg]m sgd qdk]shnmrgho adsvddm nap enqlr ]mc sqdd o]hq ch]fq]lr hm S - Hm E + dudqx
sqdd o]hq ch]fq]l g]r ] np e]bsnqhy]shnm ]rrnbh]sdc sn hs+ ]mc ]mx vnqc hm np enql
hr hm e]bs sgd np e]bsnqhy]shnm ]rrnbh]sdc sn ] ’mns mdbdrr]qhkx tmhptd( sqdd o]hq
ch]fq]l- Fhudm ]mx vnqc hm E hm np enql+ vd b]m enql ] sqdd o]hq ch]fq]l enq
sghr dkdldms ]r enkknvr- Ud bnmrhcdq qdctbdc sqdd o]hq ch]fq]lr enq n ]mc p+ ]mc
bnmrsqtbs ] sqdd o]hq ch]fq]l enq sgd oqnctbs np ]r cdrbqhadc hm Rdbshnm 1-1- Sgd
lhcckd sqddr ne sgd entq sqddr hmunkudc hm sgd oqnctbs ]qd ]kk,qhfgs sqddr- Sgd ]kk,
qhfgs sqddr hm sghr cdbnlonrhshnm l]x mns g]ud sgd r]ld mtladq ne b]qdsr+ rn hm
enqlhmf sgd ch]fq]l enq np vd rhlokx dmk]qfd sgd rl]kkdq ne sgd svn ne sgdrd ]kk,
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qhfgs sqddr ’]r vdkk ]r sgd nsgdq sqdd hm sg]s ch]fq]l(- Rhmbd nmkx qhfgs b]qdsr ]qd
dudq ]ccdc ctqhmf sghr oqnbdrr+ ]kk ne vgnrd kd]udr g]ud kd]e dwonmdms ydqn+ sghr
qdrtksr hm ] sqdd o]hq ch]fq]l vgnrd np e]bsnqhy]shnm hr oqdbhrdkx sgd vnqc np vd
adf]m vhsg-

Hm S + sgd bnqqdronmcdmbd adsvddm nap e]bsnqhy]shnmr ]mc fdmdq]k nap vnqcr hr mns
]r rsq]hfgsenqv]qc ]r hm E - Sgdqd hr ] ch dqdmbd adsvddm nap e]bsnqhy]shnm ]mc nap
]kfdaq]hb enql- Sgntfg dudqx dkdldms g]r ] sqdd o]hq ch]fq]l bnqqdronmchmf sn ]
nap e]bsnqhy]shnm ]rrnbh]sdc sn hs+ sgdqd ]qd vnqcr hm ]kfdaq]hb nap enql vghbg ]qd
mns sgd nap e]bsnqhy]shnmr ]rrnbh]sdc sn ] sqdd o]hq ch]fq]l- Sgd chfibtksx ]qhrdr
vgdm sgd sqdd o]hq ch]fq]l enq a cndr mns g]ud ]r l]mx b]qdsr ]r sgnrd enq n nq p+
]r ]cchmf qhfgs b]qdsr sn dmk]qfd a ]ooqnoqh]sdkx mdbdrrhs]sdr ]cchmf fdmdq]snqr sn
sgd mnql]k enqlr enq n ]mc p+ rn sgd sqdd o]hq ch]fq]l nmd nas]hmr ax ltkshokxhmf
]r hm E vhkk mns mdbdrr]qhkx g]ud sgd nqhfhm]k vnqc ]r hsr e]bsnqhy]shnm- Cnq dw]lokd+
sgd vnqc w0a0 hr hm ]kfdaq]hb nap enql+ xds hs hr mns sgd nap e]bsnqhy]shnm ]rrnbh]sdc
sn ]mx sqdd o]hq ch]fq]l- Sgdqd hr ] ch dqdms qdoqdrdms]shud enq sghr dkdldms ne S
vghbg hr sgd nap e]bsnqhy]shnm ]rrnbh]sdc sn sgd qdctbdc sqdd o]hq ch]fq]l enq sghr
fqnto dkdldms9 w0a1w−0

0 - Ud oqdedq sn vnqj vhsg vnqcr vghbg ]qd nap e]bsnqhy]shnmr
]rrnbh]sdc sn sqdd o]hq ch]fq]lr+ vghbg vhkk kd]c tr sn tmhptd mnql]k enqlr-

Ud b]m ]kfdaq]hb]kkx bg]q]bsdqhyd sgd vnqcr ne sxod nap vghbg ]qd nap e]bsnqhy],
shnmr ]rrnbh]sdc sn sqdd o]hq ch]fq]lr- Sgd hlonqs]ms bnmchshnm hr sg]s sgd qdctbdc
sqdd o]hq ch]fq]l enq a rgntkc g]ud ]s kd]rs ]r l]mx b]qdsr ]r sgnrd enq n ]mc p-
Ud r]x sg]s vnqcr hm S vhsg sghr oqnodqsx r]shrex sgd eWbsnqhyWshnm bnmchshnm-

Sgdnpdl 2’3’ Anq dkdldmsr hm S vghbg Wqd mns hm E ) sgd vnqc

wq+h+ wq1h1 � � � wqmhm aih w−rl
il

� � � w−r1
i1

w−r+
i+

.

vgdqd . • h0 , h1 , · · · , hm) . • i0 , i1 , · · · , il) Wmc 0 • i , h ) 1) hr sgd nap
eWbsnqhyWshnm WrrnbhWsdc sn W sqdd oWhq chWfqWl he Wmc nmkx he sgd mtladq ne bWqdsr
hm sgd qdctbdc sqdd oWhq chWfqWl enq aih hr fqdWsdq sgWm nq dptWk sn sgd mtladq ne
bWqdsr hm sgd qdctbdc sqdd oWhq chWfqWl enq ansg ne sgnrd enq sgd vnqcr wq+h+ wq1h1 � � � wqmhm
nq w−rl

il
� � � w−r1

i1
w−r+
i+

hm E -

Lqnne- Fhudm ] sqdd o]hq ch]fq]l+ ax bnmrsqtbshnm+ sgd nap e]bsnqhy]shnm ]rrnbh]sdc
sn hs r]shrffdr sgd e]bsnqhy]shnm bnmchshnm- Fhudm ] vnqc sg]s r]shrffdr sgd e]bsnq,
hy]shnm bnmchshnm+ vd b]m d]rhkx bnmrsqtbs sgd bnqqdronmchmf sqdd o]hq ch]fq]l ]r
cdrbqhadc ]anud- Sgd e]bsnqhy]shnm bnmchshnm dmrtqdr sg]s sn odqenql sgd ltkhsh,
okhb]shnm n · a · p ]r sqdd o]hq ch]fq]lr+ hs hr nmkx mdbdrr]qx sn ’onrrhakx( ]cc b]qdsr
sn sgd sqdd o]hq ch]fq]lr enq sgd vnqcr n ]mc p- Sghr vhkk mns ]ksdq sgd mnql]k
enql+ ]mc sgtr sgd ch]fq]l bnmrsqtbsdc vhkk hmcddc g]ud sgd nqhfhm]k vnqc ]r hsr
nap e]bsnqhy]shnm-  

Ud b]m bnlotsd sgd mtladq ne b]qdsr ne ] qdctbdc sqdd o]hq ch]fq]l enq ] vnqc
v � E ]kfdaq]hb]kkx eqnl sgd mnql]k enql ne v+ ]r cdrbqhadc ax Atqhkkn+ Bkd]qx ]mc
Rsdhm hm W3[-

Opnonrhshnm 2’4 ’Oqnonrhshnm 1 ne W3[(’ Fhudm W onrhshud vnqc hm v � E hm mnqlWk
enql

v ; wq+h+ wq1h1 � � � wqmhm .
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sgd mtladq ne bWqdsr K’v( hm dhsgdq sqdd ne W qdctbdc sqdd chWfqWl qdoqdrdmshmf v
hr

K’v( ; l]w{hj ) qj ) � � � ) qm ) 0{. enq j ; 0. 1. � � � . m�

Ud b]m ]kv]xr cdbhcd ]kfdaq]hb]kkx vgdsgdq v � S + vqhssdm hm nap enql+ bnq,
qdronmcr sn ] sqdd o]hq ch]fq]l- Ud trd Oqnonrhshnm 2-4 sn bntms sgd b]qdsr enq
sgd onrhshud ]mc mdf]shud o]qsr ne sgd vnqc- Sgd mtladq ne b]qdsr hm ] sqdd o]hq
ch]fq]l enq aih hr dpt]k sn h ) 0-

3- MnplYk enplr hm S

Hm S + vd vhkk cdbk]qd sgd vnqcr hm nap enql+ vghbg ]qd nap e]bsnqhy]shnmr ]rrn,
bh]sdc sn qdctbdc ch]fq]lr+ sn ad sgd mnql]k enqlr enq dkdldmsr ne S + rhlhk]q sn
sgd ]ooqn]bg trdc hm E - Gnvdudq+ hs hr mn knmfdq sqtd sg]s sgdrd vnqcr b]mmns
ad rgnqsdmdc ax ]ookxhmf ] qdk]snq- =r vd r]v vhsg sgd mnql]k enql w0a1w−0

0 hm
S + ] vnqc l]x ad sgd rgnqsdrs vnqc qdoqdrdmshmf ]m dkdldms vghbg r]shrffdr sgd
e]bsnqhy]shnm bnmchshnm+ xds sgdqd l]x ad rgnqsdq vnqcr vghbg cn mns r]shrex sgd
e]bsnqhy]shnm bnmchshnm sg]s vd b]m nas]hm ax ]ookxhmf ] qdk]snq-

Sgtr+ vgdm ]kfdaq]hb]kkx bg]q]bsdqhyhmf sgd mnql]k enql enq dkdldmsr ne S + vd
qdrsqhbs ntqrdkudr sn vnqcr ne nap enql vghbg r]shrex sgd e]bsnqhy]shnm bnmchshnm+
qdf]qckdrr ne vgdsgdq nq mns ] qdk]snq l]x qdctbd sgd kdmfsg ne sgd vnqc- Ud mdws
rodbhex ]kfdaq]hb bnmchshnmr vghbg bg]q]bsdqhyd sgd nap enqlr sg]s bnqqdronmc sn
mnql]k enqlr+ rhmbd vd g]ud fhudm fdnldsqhb bnmchshnmr hm Sgdnqdl 2-3

Sgdnpdl 3’.’ Ids v ad W nap eWbsnqhyWshnm enq Wm dkdldms f � S WrrnbhWsdc sn W
lWqjdc sqdd oWhq chWfqWl hm vghbg dWbg sqdd gWr h ) 0 bWqdsr) vgdqd sgd a oWqs ne
sgd vnqc hr aih vhsg 0 • i , h) 1- : qdctbshnm ne W oWhq ne bWqdsr eqnl sgd sqdd oWhq
chWfqWl nbbtqr nmkx he sgd vnqc v rWshr dr nmd ne sgd enkknvhmf bnmchshnmr1

’0( Pgd oWhq ne fdmdqWsnqr wj−i Wmc w−0
j WoodWq) vhsg i • j , h) Wmc mdhsgdq

ne sgd svn fdmdqWsnqr wj−i)0 Wmc w−0
j)0 WoodWq- Pgd qdctbshnm bnqqdronmcr

sn Wookxhmf sgd qdkWsnq

wj−ia
i
hw

−0
j ; aih−0

Wesdq Wookxhmf qdkWsnqr eqnl E hm sgd n Wmc p oWqsr ne sgd vnqc) he mdbdrrWqx)
sn lWjd wj)i Wmc w−0

j WciWbdms sn aih -
’1( Pgd fdmdqWsnq wh−i WoodWqr) Wmc wh−i)0 cndr mns- Pgd qdctbshnm bnqqd,

ronmcr sn Wookxhmf
wh−ia

i
h ; aih−0

Wesdq onrrhakx trhmf qdkWsnqr eqnl E Wr hm �.(-
’2( Pgd oWhq ne fdmdqWsnqr wj)h−i)1 Wmc w−0

j enq . • j , i | 1 WoodWq) Wmc
mdhsgdq nmd ne sgd fdmdqWsnqr wj)h−i)0 nq w−0

j)0 WoodWq- Pgd qdctbshnm
bnqqdronmcr sn Wookxhmf

wj)h−i)1a
i
hw

−0
j ; ai−0

h−0

Wesdq onrrhakx Wookxhmf qdkWsnqr eqnl E -
’3( Pgd fdmdqWsnq w−0

i−1 WoodWqr) Wmc sgd fdmdqWsnq w−0
i−0 cndr mns WoodWq- Pgd

qdctbshnm bnqqdronmcr sn

aihw
−0
i−1 ; ai−0

h−0

Wesdq onrrhakx Wookxhmf qdkWsnqr eqnl E -
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Ehftpd 8- Sgd entq b]rdr hm Sgdnqdl 3-0+ rgnvhmf sgd svn k],
adkkhmfr nm sgd kd]udr ne sgd sqddr+ sgd bxbkhb k]adkkhmf vghbg hm,
chb]sdr sgd bnqqdronmcdmbd ne sgd kd]udr+ ]mc sgd kd]e dwonmdms
k]adkkhmf vghbg hmchb]sdr sgd bnqqdronmchmf fdmdq]snqr hm sgd mnq,
l]k enql-

Lqnne- Jds f � S ad qdoqdrdmsdc ax ] l]qjdc sqdd o]hq ch]fq]l ’S−. S)(- He ansg
sqddr g]ud ]m dwonrdc b]qds vgnrd kd]udr ]qd hcdmshb]kkx mtladqdc+ sgdm vd b]kk sg]s
] qdctbhakd bWqds oWhq+ ]r hs ltrs ad qdlnudc hm nqcdq sn nas]hm sgd qdctbdc sqdd
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o]hq ch]fq]l qdoqdrdmshmf f- Ud mnv bnmrhcdq ]kfdaq]hb bnmchshnmr bnqqdronmchmf
sn ] qdctbhakd b]qds hm ] sqdd o]hq ch]fq]l-

Hm sgd sqdd o]hq ch]fq]l ’S−. S)( enq f � S + sgdqd ]qd svn v]xr ne k]adkkhmf
sgd kd]udr hm sgd s]qfds sqdd S)- Sgd ffqrs k]adkkhmf bnqqdronmcr sn sgd nqcdq hm
vghbg sgd hmsdqu]kr hm sgd rtachuhrhnmr cdsdqlhmdc ax sgdrd sqddr ]qd o]hqdc hm
sgd gnldnlnqoghrl+ ]mc hr b]kkdc sgd bxbkhb k]adkkhmf- Sgd bxbkhb k]adkkhmf fhudr
sgd l]qjdc kd]e hm sgd s]qfds sqdd sgd mtladq ydqn+ ]mc sgd nsgdq kd]udr ]qd fhudm
hmbqd]rhmf k]adkr eqnl kdes sn qhfgs ]qntmc sgd kd]udr ne sgd sqdd- Sgd rdbnmc k]adkkhmf
hfmnqdr sgd l]qjhmf ]mc otsr sgd kd]udr hm hmbqd]rhmf nqcdq eqnl kdes sn qhfgs+
adfhmmhmf vhsg ydqn- Sgd ffqrs k]adkkhmf hr trdc sn cdsdqlhmd vghbg kd]udr hm S− ]qd
o]hqdc vhsg vghbg kd]udr hm S)+ ]mc sgd rdbnmc k]adkkhmf hr trdc hm sgd bnlots]shnm
ne kd]e dwonmdmsr sn cdsdqlhmd sgd onvdqr ne sgd fdmdq]snqr sg]s ]ood]q hm sgd vnqc-
Chftqd 8 rgnvr sgd k]adkkhmfr enq sgd entq b]rdr ne sgd sgdnqdl-

Rtoonrd sg]s sgd sqdd o]hq ch]fq]l enq f � S hr mns qdctbdc- Sgd entq b]rdr
]anud bnqqdronmc sn sgd enkknvhmf entq onrrhakd knb]shnmr ne ] qdctbhakd b]qds qdk]shud
sn sgd l]qjdc kd]e hm sgd s]qfds sqdd9

· B]rd ’0( ne sgd sgdqdnl bnqqdronmcr sn sgd b]rd vgdm sgd kdes kd]e ne sgd
qdctbhakd b]qds hr sn sgd kdes ne sgd l]qjdc kd]e hm S)+ ats sgd qdctbhakd
b]qds hr mns sgd qhfgslnrs b]qds hm S−-

· B]rd ’1( bnqqdronmcr sn sgd rodbh]k b]rd vgdm sgd qdctbhakd b]qds hr ] qhfgs
b]qds hm S−+ hm vghbg b]rd mdbdrr]qhkx hsr kdes kd]e hr sn sgd kdes ne sgd l]qjdc
kd]e hm S)- Jd]e dwonmdmsr eqnl kd]udr ne qhfgs b]qdsr vhkk ]kv]xr ad ydqn+
]mc sgtr qhfgs b]qdsr b]mmns bnmsqhatsd fdmdq]snqr sn sgd mnql]k enql-
Sgdx l]x rshkk qdrtks hm ]m dwonrdc qdctbhakd b]qds+ vghbg nbbtqr dw]bskx hm
sghr b]rd+ ]mc sgd qdctbshnm vhkk nmkx ] dbs sgd p o]qs ne sgd mnql]k enql-

· B]rd ’2( bnqqdronmcr sn sgd b]rd vgdm sgd kdes kd]e ne sgd qdctbhakd b]qds
hr dhsgdq sn sgd qhfgs ne nq bnhmbhcdr vhsg sgd l]qjdc kd]e hm S)+ ats sgd
qdctbhakd b]qds hr mns sgd qhfgslnrs b]qds hm S)-

· B]rd ’3( bnqqdronmcr sn sgd rodbh]k b]rd vgdm sgd qdctbhakd b]qds hr ] qhfgs
b]qds hm S)+ hm vghbg b]rd hs b]mmns ad sn sgd kdes ne sgd l]qjdc b]qds hm
S)- =r hm b]rd ’1(+ sgd dwonrdc b]qds hm sghr b]rd hr ] qhfgs b]qds ]mc cndr
mns bnmsqhatsd ] fdmdq]snq sn sgd mnql]k enql+ ats l]x rshkk ad qdctbdc-
Sghr b]mbdkk]shnm ] dbsr nmkx sgd n o]qs ne sgd mnql]k enql-

Sn rdd sg]s sgdrd ]qd ]kk sgd onrrhahkhshdr+ vd mnsd sg]s j+ sgd mtladq ne sgd kdes
kd]e hm sgd bxbkhb mtladqhmf ne sgd qdctbhakd b]qds hm S−+ ]bghdudr ]kk onrrhakd u]ktdr
hm sgd b]rdr ]anud9

· He . • j , i | 1 vd ]qd hm b]rd ’2(-
· He j ; i | 1 vd ]qd hm b]rd ’3(-
· Sgd b]rd j ; i | 0 hr hlonrrhakd adb]trd sgd kd]udr i | 0 ]mc i ]qd ]s sgd
svn dmcr ne sgd sqdd- Uhsg ] bxbkhb nqcdqhmf sgd k]rs ]mc ffqrs kd]udr cn mns
enql ] b]qds-

· He i • j , h vd ]qd hm b]rd ’0(-
· He j ; h vd ]qd hm b]rd ’1(-

Chftqd 8 hkktrsq]sdr sg]s sgdrd ]qd ]kk sgd onrrhahkhshdr-  

Sgd bnmchshnmr hm Sgdnqdl 3-0 snfdsgdq vhsg sgd e]bsnqhy]shnm bnmchshnm ]kfd,
aq]hb]kkx bg]q]bsdqhyd ntq mnql]k enqlr- Sgd mnql]k enqlr enq dkdldmsr hm E g]ud
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]kqd]cx addm bg]q]bsdqhydc+ rn hm ntq cdrbqhoshnm vd qdrsqhbs ntqrdkudr sn dkdldmsr
mns hm E -

Sgdnpdl 3’1’ :mx dkdldms f � S vghbg hr mns Wm dkdldms ne E Wclhsr Wm dw,
oqdrrhnm ne sgd enql nap vgdqd

n ; wq+h+ wq1h1 � � � wqmhm . a ; aih . p ; w−rl
il

� � � w−r1
i1

w−r+
i+

.

. • h0 , h1 , · · · , hm) . • i0 , i1 , · · · , il) Wmc 0 • i , h ) 1- :lnmf Wkk
sgd vnqcr hm sghr enql qdoqdrdmshmf Wm dkdldms) sgdqd hr W tmhptd nmd rWshrexhmf sgd
enkknvhmf bnmchshnmr) vghbg vd bWkk sgd mnqlWk enql1

· Pgd vnqc rWshr dr sgd eWbsnqhyWshnm bnmchshnm) vghbg vd mnv rsWsd Wr h)0 ≥
l]w{K’n(. K’p({-

· Pgd vnqc cndr mns Wclhs Wmx qdctbshnmr) Wmc sgtr hsr mnqlWk enql rWshr dr
sgd enkknvhmf bnmchshnmr1
y Ge sgdqd dwhrsr W oWhq ne fdmdqWsnqr wj−i Wmc w−0

j rhltksWmdntrkx) enq
i • j , h) sgdm nmd ne sgd fdmdqWsnqr wj−i)0 nq w−0

j)0 ltrs WoodWq Wr
vdkk-

y Ge sgdqd hr W fdmdqWsnq wh−i) sgdm wh−i)0 ltrs dwhrs) snn-
y Ge sgdqd dwhrsr W oWhq ne fdmdqWsnqr wj)h−i)1 Wmc w−0

j enq . • j , i|1)
sgdm nmd ne sgd fdmdqWsnqr wj)h−i)0 nq w−0

j)0 ltrs WoodWq Wr vdkk-
y Ge sgdqd dwhrsr W fdmdqWsnq w−0

i−1) sgdm W fdmdqWsnq w−0
i−0 ltrs Wkrn Wo,

odWq-

Lqnne- Ud bk]hl sg]s sgd bnmchshnmr ]anud oqdbhrdkx cdrbqhad sgd rds ne tmhptd
mnql]k enqlr enq S - = nap vnqc r]shrexhmf sgd e]bsnqhy]shnm bnmchshnm hr sgd nap
e]bsnqhy]shnm ]rrnbh]sdc sn ] l]qjdc sqdd o]hq ch]fq]l- Gnvdudq+ he sgd nap vnqc
r]shrffdr ]kk entq qdctbshnm bnmchshnmr+ vd g]ud itrs rgnvm hm sgd oqduhntr sgdnqdl
sg]s sghr ch]fq]l hr hm e]bs sgd tmhptd qdctbdc ch]fq]l+ ]mc gdmbd sgd vnqc hr hm
e]bs ] mnql]k enql-  

Ud qdl]qj sg]s sgd Otlohmf Jdll] snfdsgdq vhsg sgd qdctbshnmr hm Sgdnqdl
3-0 fhud ]m dwokhbhs v]x ne ]kfdaq]hb]kkx sq]mrenqlhmf ]mx vnqc hm sgd fdmdq]snqr ne
S hmsn ] mnql]k enql- Fhudm ]mx vnqc+ vd qdvqhsd hs hm nap enql trhmf sgd oqnbdrr
cdrbqhadc enkknvhmf sgd Otlohmf Jdll]- He sgd qdrtkshmf vnqc cndr mns r]shrex sgd
e]bsnqhy]shnm bnmchshnm+ sgdm vd hsdq]sd sgd Otlohmf Jdll] tmshk vd nas]hm ] vnqc
enq vghbg sgd e]bsnqhy]shnm bnmchshnm hr r]shrffdc- Sgd Otlohmf Jdll] hmbqd]rdr
sgd mtladq ne b]qdsr enq a ]mc sgd mtladq ne b]qdsr enq nmd ne sgd vnqcr n ]mc p-
Nmbd ] vnqc hr nas]hmdc vghbg r]shrffdr sgd e]bsnqhy]shnm bnmchshnm+ sgdqd ltrs ad
] bnqqdronmchmf sqdd o]hq ch]fq]l enq sgd dkdldms- Mnv+ he sgd vnqc r]shrffdr ]mx
ne sgd qdctbshnm bnmchshnmr hm Sgdnqdl 3-0+ vd ]ookx sgdl rtbbdrrhudkx trhmf sgd
qdk]snqr cdrbqhadc sgdqd- Sghr ldsgnc sgtr oqnctbdr sgd tmhptd mnql]k enql-

4- Sgd vnpc ldsphb hm S

4-0- DrshlUshmf sgd unpc ldspha’ Cnq ldsqhb ptdrshnmr bnmbdqmhmf S + vd ltrs
bnmrhcdq ] ffmhsd fdmdq]shmf rds hmrsd]c ne sgd nmd trdc sn nas]hm sgd mnql]k enql
enq dkdldmsr- Ud mnv ]ooqnwhl]sd sgd vnqc kdmfsg ne ]m dkdldms ne S vhsg qdrodbs
sn sgd fdmdq]shmf rds {w,. w0. a0{+ trhmf hmenql]shnm bnms]hmdc hm sgd mnql]k enql
]mc sgd qdctbdc sqdd o]hq ch]fq]l- Sgdrd drshl]sdr ]qd rhlhk]q sn sgnrd enq sgd
drshl]sdr ne vnqc ldsqhb hm E vhsg qdrodbs sn sgd fdmdq]shmf rds {w,. w0{ cdrbqhadc
hm W2[+ W3[-
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Sgdnpdl 4’.’ Ids v � S gWud mnqlWk enql

v ; wq+h+ wq1h1 � � � wqmhm aih w−rl
il

� � � w−r1
i1

w−r+
i+

�

Td cd md

C’v( ;
m∑

j90

qj )
l∑

k90

rk ) hm ) il ) h�

Ids |v| cdmnsd sgd vnqc ldsqhb hm S vhsg qdrodbs sn sgd fdmdqWshmf rds {w,. w0. a0{-
Pgdqd dwhrsr W bnmrsWms B / . rn sgWs enq dudqx v � S )

C’v(
B

• |v| • B C’v(

Wmc rhlhkWqkx) enq K’v( sgd mtladq ne bWqdsr hm sgd qdctbdc sqdd oWhq chWfqWl qdo,
qdrdmshmf v)

K’v(
B

• |v| • B K’v(�

Lqnne- Sgdrd hmdpt]khshdr enkknv eqnl sgd bnqqdronmcdmbd adsvddm sgd mnql]k enql
]mc sgd sqdd o]hq ch]fq]l enq ]m dkdldms v � S - Hs hr bkd]q+ eqnl Oqnonrhshnm
2-4+ sg]s K’v( ≥

⎪m
j90 qj+ K’v( ≥

⎪l
k90 rk+ K’w( ≥ hm+ ]mc K’v( ≥ il- Sgd

hmdpt]khsx K’v( ≥ h hr bkd]q eqnl sgd e]bs sg]s ah g]r h)0 b]qdsr- Sgdrd hmdpt]khshdr
oqnud sg]s

C’v( • 4K’v(�

Ud qdvqhsd sgd fdmdq]snqr wh ]mc ai hm sdqlr ne w,+ w0 ]mc a0 ]mc knnj ]s sgd
kdmfsgr ne sgd qdrtkshmf vnqcr sn nas]hm sgd hmdpt]khsx

|v| • B C’v(

enq rnld bnmrs]ms B / .- Bnlahmhmf sgd svn hmdpt]khshdr ]anud+ vd g]ud

|v| • B � K’v(�

Sn nas]hm ] knvdq antmc nm sgd vnqc kdmfsg+ vd bnmrhcdq sgd e]bs sg]s sgd sqdd
o]hq ch]fq]l enq d]bg fdmdq]snq g]r dhsgdq svn nq sgqdd b]qdsr- He t hr ] vnqc hm
w,+ w0 ]mc a vhsg kdmfsg m+ sgdm ]r sgdrd fdmdq]snqr ]qd ltkshokhdc snfdsgdq+ d]bg
oqnctbs l]x ]cc ]s lnrs 2 b]qdsr sn sgd sqdd o]hq ch]fq]l- Sgtr sgd ch]fq]l enq
t vhkk g]ud ]s lnrs 2m b]qdsr- Hs sgdm enkknvr sg]s

K’v( • 2|v|�

Bnlahmhmf sghr vhsg sgd ]anud hmdpt]khsx+ vd nas]hm sgd cdrhqdc antmcr-  

Ud trd Sgdnqdl 4-0 sn rgnv sg]s sgd hmbktrhnm ne E hm S hr ] pt]rh,hrnldsqhb
dladcchmf- Sghr ld]mr sg]s sgdqd ]qd bnmrs]msr H / . ]mc B rn sg]s enq ]mx
v. y � E vd g]ud

0
H

c� ’v. y(| B • cH ’v. y( • Hc� ’v. y( ) B

vgdqd c� ]mc cH qdoqdrdms sgd vnqc ldsqhb hm E ]mc S + qdrodbshudkx+ vhsg qdf]qc
sn sgd fdmdq]shmf rds {w,. w0{ ne E ]mc {w,. w0. a0{ ne S -

Ugdm bnmrhcdqhmf vgdsgdq sgd hmbktrhnm ne ] ffmhsdkx fdmdq]sdc rtafqnto G hmsn
] ffmhsdkx fdmdq]sdc fqnto F hr ] pt]rh,hrnldsqhb dladcchmf+ vd b]m hmrsd]c dpthu,
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]kdmskx rgnv sg]s sgd chrsnqshnm etmbshnm hr antmcdc- Sgd chrsnqshnm etmbshnm hr
cdffmdc ax

g’q( ;
0
q
l]w{|w|G 9 w � G ]mc |w|F • q{�

Ax Sgdnqdl 2 ne W3[ nq lnqd chqdbskx ax Cnqcg]l�r ldsgnc W7[+ sgd vnqc kdmfsg hm
E hr bnlo]q]akd sn sgd mtladq ne b]qdsr hm sgd qdctbdc sqdd o]hq ch]fq]l qdoqdrdms,
hmf sgd vnqc- Sghr+ bnlahmdc vhsg Sgdnqdl 4-0+ d]rhkx rgnvr sg]s sgd chrsnqshnm
etmbshnm hr antmcdc+ ]mc sgtr oqnudr sgd enkknvhmf bnqnkk]qx vhsg qdrodbs sn sgd
fdmdq]shmf rdsr {w,. w0{ ]mc {w,. w0. a0{ ]mc sgtr ]kk o]hqr ne ffmhsd fdmdq]shmf rdsr9

BnpniiUpw 4’1’ Pgd hmbktrhnm ne E hm S hr W ptWrh,hrnldsqhb dladcchmf-

4-1- BnloUphmf unpc idmfsg hm E Umc S ’ =ksgntfg Bnqnkk]qx 4-1 rgnvr sg]s
E hr pt]rh,hrnldsqhb]kkx dladccdc hm S + hm e]bs sgd vnqc kdmfsg ne l]mx dkdldmsr
ne E cndr mns bg]mfd ]s ]kk vgdm sgdrd dkdldmsr ]qd bnmrhcdqdc ]r dkdldmsr ne S +
vhsg qdrodbs sn m]stq]k ffmhsd fdmdq]shmf rdsr- =r ]m dw]lokd ne sghr ogdmnldmnm+
vd bg]q]bsdqhyd nmd sxod ne dkdldms ne E vgnrd vnqc kdmfsg hr tmbg]mfdc vgdm
uhdvdc ]r ]m dkdldms ne S + trhmf sgd fdmdq]shmf rds {w,. w0{ enq E ]mc {w,. w0. a,{
enq S - Sgdrd ]qd dkdldmsr v � E enq vghbg K’v( dwbddcr sgd vnqc kdmfsg |v|� -
Cnqcg]l W7[ bnlotsdr |v|� ax ]rrhfmhmf ]m hmsdfdq vdhfgs adsvddm ydqn ]mc entq
sn d]bg o]hq ne b]qdsr hm sgd sqdd o]hq ch]fq]l qdoqdrdmshmf v- Hm ] fhudm vnqc sgdqd
]qd ]s lnrs svn vdhfgsr ne ydqn- Gdqd vd hmudrshf]sd vnqcr hm vghbg lnrs vdhfgsr
]qd nmd- Rtbg vnqcr+ enq dw]lokd+ ]qd qdoqdrdmsdc ax sqdd o]hq ch]fq]lr vhsg mn
hmsdqhnq b]qdsr g]uhmf qhfgs bghkcqdm-

Sgdnpdl 4’2’ Ge v � E vhsg K’v( ≥ |v|� ) 0) sgdm |v|H ; |v|� ) vgdqd vnqc
kdmfsg hr bnlotsdc vhsg qdrodbs sn sgd fdmdqWshmf rds {w,. w0{ enq E Wmc {w,. w0. a,{
enq S -

Sghr sgdnqdl hr oqnudc ax s]jhmf ] vnqc hm sgd fdmdq]snqr ne S + ]mc ]m]kxyhmf
gnv d]bg fdmdq]snq bg]mfdr sgd hmsdqldch]sd sqdd o]hq ch]fq]l ]r nmd athkcr to sgd
ffm]k sqdd o]hq ch]fq]l enq v- B]qdetkkx bnmsqnkkhmf sgd oqnbdrr ]kknvr nmd sn nas]hm
]m toodq antmc nm K’v( hm sdqlr ne sgd kdmfsg ne sgd vnqc- He sgd vnqc hr ]bst]kkx
rgnqsdq sg]m |v|� + sgdm sghr antmc+ bnmrhcdqdc snfdsgdq vhsg sgd knvdq antmc fhudm
ax sgd gxonsgdrhr+ xhdkcr ] bnmsq]chbshnm- Ud hlldch]sdkx nas]hm sgd enkknvhmf
bnqnkk]qx+ rhmbd |wm, |� ; |wm0 |� ; m+ vghkd K’wm, ( ; m ) 0 ]mc K’wm0 ( ; m ) 2-

BnpniiUpw 4’3’ Pgd dkdldmsr wm, Wmc wm0 gWud vnqc kdmfsg m hm ansg E Wmc S vhsg
qdrodbs sn sgd  mhsd fdmdqWshmf rdsr {w,. w0{ Wmc {w,. w0. a,{) qdrodbshudkx-

5- Snprhnm dkdldmsr

=ksgntfg sgd fqnto E hr snqrhnm eqdd+ ansg S ]mc T bnms]hm snqrhnm dkdldmsr- Hs
hr d]rx sn bnmrsqtbs snqrhnm dkdldmsr hm S nq T ax bgnnrhmf ]mx ahm]qx sqdd R ]mc
l]jhmf ]mx l]qjdc sqdd o]hq ch]fq]l vhsg R ]r ansg ] rntqbd ]mc ] s]qfds sqdd- He
sgd k]adkkhmf ne sgd s]qfds sqdd hr sgd r]ld ]r sgd k]adkkhmf ne sgd rntqbd sqdd+ vd fds
]m tmqdctbdc qdoqdrdms]shud ne sgd hcdmshsx: nsgdqvhrd+ vd fds ] mnm,sqhuh]k snqrhnm
dkdldms- He sghr hr ]m dkdldms ne S + sgd sqdd o]hq ch]fq]l g]r ] nap e]bsnqhy]shnm
hm vghbg p ; n−0- Hm e]bs+ ]mx snqrhnm dkdldms b]m ad qdoqdrdmsdc ax rtbg ] sqdd
o]hq ch]fq]l+ sgntfg hsr qdctbdc l]qjdc sqdd o]hq ch]fq]l l]x vdkk mns g]ud sgd
r]ld rntqbd ]mc s]qfds sqddr+ bnqqdronmchmf sn sgd e]bs sg]s ]ksgntfg hs g]r ] nap
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vnqc vgdqd p ; n−0+ sgd mnql]k enql l]x vdkk mns g]ud sghr rodbh]k a]k]mbdc
]ood]q]mbd-

Opnonrhshnm 5’.’ Ge d � E. S nq T hr W snqrhnm dkdldms) sgdm hs bWm ad qdoqdrdmsdc
ax W �lWqjdc( sqdd oWhq chWfqWl vhsg sgd rWld rntqbd Wmc sWqfds sqddr-

Adenqd oqnuhmf Oqnonrhshnm 5-0+ vd drs]akhrg rnld mns]shnm vghbg khmjr sgd ]m],
kxshb ]mc ]kfdaq]hb qdoqdrdms]shnmr ne sgdrd fqntor- Cnq d � E + S + nq T + he ’S−. S)(
hr ] l]qjdc sqdd o]hq ch]fq]l qdoqdrdmshmf d + sgdm hs hr rnldshldr bnmudmhdms sn
cdmnsd sgd sqdd S) ax d’S−(- Sgd sqdd S− bnqqdronmcr sn ] bdqs]hm rtachuhrhnm ne
sgd bhqbkd+ vghbg l]or tmcdq d khmd]qkx sn ]mnsgdq rtachuhrhnm ne sgd bhqbkd- Sghr
rtachuhrhnm hr qdoqdrdmsdc ax sgd sqdd S)+ ]mc sgd l]qjhmf cdrbqhadr vgdqd d]bg
rtahmsdqu]k ne sgd bhqbkd hr l]oodc- Sgd dkdldms d b]m ad sgntfgs ne ]r l]oohmf sgd
kd]udr ne S− sn sgd kd]udr ne d’S−( ; S)+ vgdqd sgd l]qjhmf cdffmdr sghr l]oohmf
ne sgd kd]udr- He d cndr mns g]ud ] sqdd o]hq ch]fq]l hm vghbg sgd sqdd S ]ood]qr
]r sgd rntqbd sqdd+ sgdm sgd rxlank d’S ( g]r mn ld]mhmf-

Fhudm svn qnnsdc ahm]qx sqddr S ]mc S �+ vd r]x sg]s S � hr ]m dwoWmrhnm ne S he
S � b]m ad nas]hmdc eqnl S ax ]ss]bghmf sgd qnnsr ne ]cchshnm]k sqddr sn rnld rtards
ne sgd kd]udr ne S - Ud nardqud sg]s he ’S. d’S (( hr ] l]qjdc sqdd o]hq ch]fq]l enq
d + ]mc S � hr ]m dwo]mrhnm ne S + sgdm sgdqd hr ]kv]xr ] sqdd o]hq ch]fq]l ’S �. d’S �((
enq d + ]mc d’S �( hr ]m dwo]mrhnm ne d’S (- Fhudm svn qnnsdc ahm]qx sqddr R ]mc S +
ax sgd lhmhlWk bnllnm dwoWmrhnm ne R ]mc S vd ld]m sgd rl]kkdrs qnnsdc ahm]qx
sqdd vghbg hr ]m dwo]mrhnm ne ansg R ]mc S - Trhmf sghr k]mft]fd+ he ’S. d’S ((
]mc ’R. f’R(( ]qd l]qjdc sqdd o]hq ch]fq]lr enq d ]mc f+ qdrodbshudkx+ sgd oqnbdrr
cdrbqhadc hm Rdbshnm 1-2 enq bqd]shmf ] sqdd o]hq ch]fq]l enq sgd oqnctbs fd bntkc ad
rtll]qhydc ]r enkknvr- He D hr sgd lhmhl]k bnllnm dwo]mrhnm ne d’S ( ]mc R+ sgdm
sgdqd ]qd sqdd o]hq ch]fq]lr ’d−0’D(. D( enq d + ’D. f’D(( enq f+ ]mc ’d−0’D(. f’D((
enq fd ’vhsg ]ooqnoqh]sd l]qjhmfr(-

Lqnne- Rtoonrd sg]s d hr ] snqrhnm dkdldms- Ud adfhm ax cdrbqhahmf sgd bnmrsqtbshnm
ne ’l]qjdc( sqdd o]hq ch]fq]lr ’>m. Am( enq dm enq dudqx m ≥ 0- Sgdrd sqdd o]hq
ch]fq]lr ]qd bnmrsqtbsdc hmctbshudkx+ uhdvhmf dm ]r ] oqnctbs ’dm−0(’d(- Cnq
m ; 0+ kds ’>0. A0( ad sgd qdctbdc l]qjdc sqdd o]hq ch]fq]l enq d - Sgqntfgnts
sghr oqnbdctqd+ ]ksgntfg l]qjhmfr ]qd b]qdetkkx b]qqhdc sgqntfg hm dhsgdq S nq T +
rhmbd ntq fn]k hr ldqdkx sn oqnctbd ] sqdd o]hq ch]fq]l enq d vhsg sgd r]ld rntqbd
]mc s]qfds sqddr ’qdf]qckdrr ne l]qjhmf(+ nmkx sgd sqddr sgdlrdkudr ]qd qdkdu]ms enq
sghr ]qftldms- Gdmbd vd rtooqdrr sgd ldmshnm ne ]mx l]qjhmfr sgqntfgnts sgd
bnmrsqtbshnm- He j ≥ 1+ rtoonrd sgd l]qjdc sqdd o]hq ch]fq]l ’>j−0. Aj−0( enq
dj−0 g]r addm bnmrsqtbsdc- Jds Dj−0 ad sgd lhmhl]k bnllnm dwo]mrhnm ne sgd
sqddr >0 ]mc Aj−0- Sgdm dj g]r sqdd o]hq ch]fq]l ’d−’j−0(’Dj−0(. d’Dj−0((+ ]mc
vd kds Aj ; d’Dj−0( ]mc >j ; d−’j−0(’Dj−0(-

Ax bnmrsqtbshnm+ >j)0 hr ]m dwo]mrhnm ne >j enq ]kk j ≥ 0- Ud bk]hl ]krn sg]s
Aj)0 hr ]m dwo]mrhnm ne Aj enq ]kk j ≥ 0- Cnq j ; 0+ D0 hr ax cdffmhshnm ]m dwo]mrhnm
ne >0+ vghbg hlokhdr sg]s A1 ; d’D0( hr ]m dwo]mrhnm ne A0 ; d’>0(- Rtoonrd
hmctbshudkx sg]s Aj hr ]m dwo]mrhnm ne Aj−0- Mnv Dj hr ]m dwo]mrhnm ne Aj ]mc >0+
rn Dj hr ]m dwo]mrhnm ne Aj−0 ]mc >0- Ats Dj−0 hr sgd lhmhl]k bnllnm dwo]mrhnm
ne Aj−0 ]mc >0+ rn Dj hr ]m dwo]mrhnm ne Dj−0+ vghbg hlokhdr sg]s Aj)0 ; d’Dj(
hr ]m dwo]mrhnm ne Aj ; d’Dj−0(-
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Rhmbd sgdqd dwhrsr ] onrhshud hmsdfdq k rtbg sg]s dl hr sgd hcdmshsx+ hs enkknvr sg]s
]kk sqdd o]hq ch]fq]lr enq dl ltrs g]ud sgd r]ld rntqbd ]mc s]qfds sqddr- Gdmbd
>l ; Al+ ]mc sgdm rhmbd >l hr ]m dwo]mrhnm ne >0+ Al hr ]m dwo]mrhnm ne >0- Ats
rhmbd Dl−0 hr sgd lhmhl]k bnllnm dwo]mrhnm ne Al−0 ]mc >0+ sgd e]bs sg]s Al

hr ]m dwo]mrhnm ne ansg Al−0 ]mc >0 hlokhdr sg]s Al ; d’Dl−0( hr ]m dwo]mrhnm
ne Dl−0- Ats sgdx g]ud sgd r]ld mtladq ne b]qdsr+ rn hm e]bs d’Dl−0( ; Dl−0-
Hm nsgdq vnqcr+ sgd sqdd o]hq ch]fq]l ’Dl−0. Am ; d’Dl−0(( hr sgd cdrhqdc sqdd
o]hq ch]fq]l enq d -  

BnpniiUpw 5’1’ :m dkdldms ne S hr snqrhnm he Wmc nmkx he hs hr W bnmitfWsd ne rnld
aih -

Lqnne- He ]m dkdldms hr snqrhnm+ sgdm hs ]clhsr ] ch]fq]l vhsg svn dpt]k sqddr- Sgd
nap e]bsnqhy]shnm ]rrnbh]sdc vhsg sghr ch]fq]l g]r sgd enql naihn

−0+ vgdqd n hr ]
onrhshud dkdldms ne E -  

= o]qshbtk]qkx m]stq]k snqrhnm rtafqnto hr sgd rtafqnto N ne otqd qns]shnmr+
vgdqd ax ] otqd qns]shnm vd ld]m ] qns]shnm ax c ; T

1m ’vgdqd V hr mns chuhrhakd
ax 1(-

Sghr rtafqnto hr hrnlnqoghb sn sgd fqnto ne cx]chb q]shnm]k mtladqr lnctkn 0+
vghbg g]r ] 1,]chb ldsqhb ]r enkknvr9 he w ; n

1k
+ x ; p

1l + ]mc y ; |w|x| ; q
1i
+ vgdqd

n. p ]mc q ]qd ncc+ sgdm c’w. x( ; 1j- Uhsg qdrodbs sn sghr ldsqhb+ sgd rtafqnto ne
qns]shnmr hr pt]rh,hrnldsqhb]kkx dladccdc hm S -

Opnonrhshnm 5’2’ Pgd rtafqnto N ne sgd otqd qnsWshnmr) vhsg sgd 1,Wchb ldsqhb) hr
ptWrh,hrnldsqhbWkkx dladccdc hm S -

Lqnne- Ud mnsd sg]s he f � S hr sgd qns]shnm ax T
1m vgdqd V hr mns chuhrhakd ax 1+

sgdm sgdqd ]qd 1m | 0 b]qdsr hm sgd qdctbdc sqdd o]hq ch]fq]l qdoqdrdmshmf f+ rn
K’f( ; 1m | 0- Rhmbd vd g]ud rgnvm sg]s sgd vnqc kdmfsg ne f hm S hr ah,Jhorbghsy
dpthu]kdms sn K’f(+ sgd oqnonrhshnm enkknvr-  
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