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L‘sg- Y- ’1/00( 1589768fl804
CNH 0/-0//6.r//1/8,/0/,/648,4 L‘sgdl‘shrbgd Ydhsrbgqhes

S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr

Rd‘m Bkd‘qx � Rtr‘m Gdqlhkkdq � Ldk‘mhd Rsdhm �
Idmmhedq S‘a‘bj

Qdbdhudc9 0 Rdosdladq 1//8 . @bbdosdc9 04 Itkx 1/0/ . Otakhrgdc nmkhmd9 1/ @tftrs 1/0/
© Roqhmfdq,Udqk‘f 1/0/

@arsq‘bs Vd fhud sgd ›qrs dw‘lokdr ne fqntor vghbg ‘clhs ‘ s‘ld bnlahmf vhsg khmd‘q
q‘ch‘k s‘ldmdrr etmbshnm vhsg qdrodbs sn ‘mx bgnhbd ne ›mhsd oqdrdms‘shnm+ ats vghbg ‘qd mns
lhmhl‘kkx ‘klnrs bnmudw nm ‘ rs‘mc‘qc fdmdq‘shmf rds- M‘ldkx+ vd dwokhbhskx bnmrsqtbs rtbg
bnlahmfr enq Sgnlornm&r fqnto E ‘mc sgd A‘tlrk‘fflRnkhs‘q fqntor AR(0. o( vhsg o ≥ 2-
Hm nqcdq sn l‘jd sghr bnmrsqtbshnm enq Sgnlornm&r fqnto E + vd rhfmhehb‘mskx dwo‘mc sgd
tmcdqrs‘mchmf ne sgd B‘xkdx bnlokdw ne sghr fqnto vhsg qdrodbs sn sgd rs‘mc‘qc ›mhsd oqd,
rdms‘shnm- Hm o‘qshbtk‘q vd cdrbqhad ‘ pt‘rhfdncdrhb rds ne mnql‘k enqlr ‘mc bnlahm‘snqh‘kkx
bk‘rrhex sgd ‘qq‘mfdldmsr ne 1,bdkkr ‘ci‘bdms sn dcfdr sg‘s cn mns khd nm mnql‘k enql o‘sgr-

0 Hmsqnctbshnm

Sghr o‘odq g‘r svn fn‘kr9 sn rstcx sgd qdk‘shnmrghor adsvddm sgd ghdq‘qbghdr ne bnmudwhsx
bnmchshnmr ‘mc s‘ld bnlahmf bnmchshnmr nm ‘ B‘xkdx bnlokdw bnqqdronmchmf sn ‘ fhudm
fqnto+ ‘mc sn rhfmhehb‘mskx dwo‘mc sgd tmcdqrs‘mchmf ne sgd B‘xkdx bnlokdw ne Sgnlornm&r

R- Bkd‘qx ‘bjmnvkdcfdr rtoonqs eqnl M‘shnm‘k Rbhdmbd Entmc‘shnm fq‘ms CLR,/700//1-
I- S‘a‘bj ‘bjmnvkdcfdr rtoonqs eqnl M‘shnm‘k Rbhdmbd Entmc‘shnm fq‘ms CLR,/5/3534- L- Rsdhm ‘mc
I- S‘a‘bj ‘bjmnvkdcfd rtoonqs eqnl ‘ Anvcnhm Bnkkdfd E‘btksx Qdrd‘qbg @v‘qc-

R- Bkd‘qx
Cdo‘qsldms ne L‘sgdl‘shbr+ Sgd Bhsx Bnkkdfd ne Mdv Xnqj+ Sgd Bhsx Tmhudqrhsx ne Mdv Xnqj+
Mdv Xnqj+ MX 0//20+ TR@
d,l‘hk9 bkd‘qx?rbh-bbmx-btmx-dct

R- Gdqlhkkdq
Cdo‘qsldms ne L‘sgdl‘shbr+ Tmhudqrhsx ne Mdaq‘rj‘+ Khmbnkm+ MD 57477+ TR@
d,l‘hk9 rlg?l‘sg-tmk-dct

L- Rsdhm
Cdo‘qsldms ne L‘sgdl‘shbr+ Sqhmhsx Bnkkdfd+ G‘qsenqc+ BS /50/5+ TR@
d,l‘hk9 ldk‘mhd-rsdhm?sqhmbnkk-dct

I- S‘a‘bj ’�(
Cdo‘qsldms ne L‘sgdl‘shbr+ Anvcnhm Bnkkdfd+ Aqtmrvhbj+ LD /3/00+ TR@
d,l‘hk9 is‘a‘bj?anvcnhm-dct
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77/ R- Bkd‘qx ds ‘k-

fqnto E vhsg qdrodbs sn sgd rs‘mc‘qc ›mhsd oqdrdms‘shnm vhsg svn fdmdq‘snqr ‘mc svn qdk‘snqr-
Rdudq‘k mnshnmr ne ‘klnrs bnmudwhsx enq fqntor g‘ud addm cdudknodc hm fdnldsqhb fqnto

sgdnqx+ eqnl sgd lnrs qdrsqhbshud oqnodqsx cd›mdc ax B‘mmnm Z3\ sn sgd vd‘jdrs mnshnm ne
lhmhl‘k ‘klnrs bnmudwhsx hmsqnctbdc ax J‘onuhbg Z01\- Enq ‘ fqnto F vhsg ›mhsd fdmdq‘shmf
rds @+ ‘klnrs bnmudwhsx bnmchshnmr enq cheedqdms bk‘rrdr ne etmbshnmr ld‘rtqd+ hm sdqlr ne sgd
fhudm etmbshnm+ gnv bknrd a‘kkr hm sgd B‘xkdx fq‘og enq (F. @( ‘qd sn adhmf bnmudw rdsr ’rdd
Rdbs- 1-0 enq sgd enql‘k cdehmhshnm(- Qdrtksr ne Sghdk Z07\ ‘mc Dkcdq ‘mc Gdqlhkkdq Z5\+ qdrodb,
shudkx+ rgnv sg‘s B‘mmnm&r ‘klnrs bnmudwhsx ‘mc lhmhl‘k ‘klnrs bnmudwhsx+ qdrodbshudkx+ ‘qd
mns pt‘rh,hrnldsqx hmu‘qh‘msr-

Lhg‘khj ‘mc Srbg‘msy Z02\ hmsqnctbdc sgd mnshnm ne ‘ s‘ld 0,bnlahmf ne ‘ 1,bnlokdw+
‘mc hm o‘qshbtk‘q ne sgd B‘xkdx bnlokdw ne ‘ fqnto oqdrdms‘shnm+ hm sgd bnmsdws ne rstcxhmf
oqnodqshdr ne 2,l‘mhenkcr- Gdqlhkkdq ‘mc Ldhdq Z0/\ qd›mdc sgd cdehmhshnm ne s‘ld bnlahmf sn
cheedqdmsh‘sd adsvddm sxodr ne s‘ldmdrr etmbshnmr+ ‘m‘knfntr sn ‘klnrs bnmudwhsx bnmchshnmr-
Enq ‘ fqnto F vhsg ›mhsd oqdrdms‘shnm G + hmsthshudkx sgd q‘ch‘k s‘ldmdrr etmbshnm ld‘rtqdr
sgd qdk‘shnmrgho+ enq ‘mx knno+ adsvddm sgd rhyd ne sgd a‘kk hm sgd B‘xkdx bnlokdw bnms‘hmhmf
sgd knno ‘mc sgd rhyd ne sgd a‘kk mddcdc sn bnms‘hm ‘ chrj ›kkhmf hm sg‘s knno ’rdd Rdbs- 1-1
enq sgd enql‘k cdehmhshnm(- Gdqlhkkdq ‘mc Ldhdq Z0/\ rgnvdc sg‘s sgd ‘cu‘ms‘fd ne rstcxhmf
a‘kkr hm ‘ B‘xkdx bnlokdw eqnl sgd uhdvonhms ne s‘ld bnlahmfr ‘mc q‘ch‘k s‘ldmdrr etmb,
shnmr hr sg‘s sgd bk‘rrdr ne s‘ld bnla‘akd fqntor ‘qd+ to sn Khorbghsy dpthu‘kdmbd ne q‘ch‘k
s‘ldmdrr etmbshnmr ’enq dw‘lokd+ khmd‘q etmbshnmr nq dwonmdmsh‘k etmbshnmr(+ hmu‘qh‘ms tmcdq
pt‘rh,hrnldsqx+ ‘mc gdmbd tmcdq bg‘mfd ne oqdrdms‘shnm- Hm sgd r‘ld o‘odq sgdx ‘krn rgnvdc
sg‘s fqntor vghbg ‘qd ‘klnrs bnmudw vhsg qdrodbs sn rdudq‘k bk‘rrdr ne etmbshnmr ‘qd bnms‘hmdc
hm sgd pt‘rh,hrnldsqx hmu‘qh‘ms bk‘rr ne fqntor ‘clhsshmf ‘ 0,bnlahmf vhsg ‘ khmd‘q q‘ch‘k
s‘ldmdrr etmbshnm- Hm Rdbs- 1-2+ vd fhud ‘ lnqd bnlokdsd chrbtrrhnm ne sgd ghdq‘qbghdr ne
‘klnrs bnmudwhsx bnmchshnmr ‘mc s‘ld bnlahmf etmbshnmr+ ‘mc sgdhq hmsdqbnmmdbshnmr-

Hm rddjhmf sn etqsgdq tmcdqrs‘mc sgd bnqqdronmcdmbd adsvddm sgdrd svn ghdq‘qbghdr+ vd
trd fdnldsqhb hmenql‘shnm eqnl sgd B‘xkdx bnlokdw sn bnmrsqtbs s‘ld 0,bnlahmfr vhsg
khmd‘q s‘ldmdrr etmbshnmr enq svn fqntor9 Sgnlornm&r fqnto E ‘mc sgd rnku‘akd A‘tlr,
k‘fflRnkhs‘q fqnto AR(0. o( enq o ≥ 2- Adkj ‘mc Atw Z0\ rgnvdc sg‘s Sgnlornm&r fqnto E
hr mns lhmhl‘kkx ‘klnrs bnmudw vhsg qdrodbs sn sgd rs‘mc‘qc ›mhsd fdmdq‘shmf rds- Dkcdq
‘mc Gdqlhkkdq Z5\ rgnvdc sg‘s sgd fqntor AR(0. o( enq o ≥ 6 ‘qd ‘krn mns lhmhl‘kkx
‘klnrs bnmudw vhsg qdrodbs sn sgdhq trt‘k fdmdq‘shmf rds: lnqdnudq+ Lhkkdq ‘mc Rg‘ohqn
Z03\ rgnvdc rgnvm sg‘s sgd fqnto AR(0. o( cndr mns r‘shrex B‘mmnm&r ‘klnrs bnmudw,
hsx bnmchshnm enq ‘mx fdmdq‘shmf rds- Bnlahmhmf sgdrd sgdm oqnuhcdr sgd ›qrs dw‘lokdr ne
fqntor vghbg ‘clhs ‘ bnlahmf vhsg ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm ’vhsg qdrodbs sn ‘mx
bgnhbd ne ›mhsd oqdrdms‘shnm(+ ats vghbg ‘qd mns lhmhl‘kkx ‘klnrs bnmudw nm ‘ o‘qshbt,
k‘q ›mhsd fdmdq‘shmf rds- Sgdrd ‘krn oqnuhcd sgd ›qrs dw‘lokdr ne fqntor vghbg ‘clhs ‘
bnlahmf vhsg ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm ats vghbg cn mns r‘shrex B‘mmnm&r ‘klnrs
bnmudwhsx bnmchshnm vhsg qdrodbs sn dudqx ›mhsd oqdrdms‘shnm- Hm sgd b‘rd ne Sgnlornm&r
fqnto E + ntq oqnne ‘krn fhudr rhfmhehb‘ms mdv hmrhfgs hmsn sgd B‘xkdx bnlokdw ne sghr
fqnto-

Cdrohsd sgd oqdu‘kdmbd ne E hm fdnldsqhb fqnto sgdnqx+ ‘ cds‘hkdc tmcdqrs‘mchmf ne sgd
B‘xkdx bnlokdw enq sgd rs‘mc‘qc ›mhsd oqdrdms‘shnm

}w/. w0|˜w/w−0
0 . w−0

/ w0w/[. ˜w/w−0
0 . w−1

/ w0w1
/ [〈

g‘r addm dktrhud- Hm ‘m hmsqhb‘sd ‘m‘kxrhr+ Fta‘ Z8\ rgnvdc sg‘s Sgnlornm&r fqnto E g‘r ‘
pt‘cq‘shb hrnodqhldsqhb etmbshnm+ ats hs hr ‘r xds tmjmnvm he Sgnlornm&r fqnto hr ‘tsnl‘shb+
mnq dudm he hs hr ‘rxmbgqnmntrkx bnla‘akd- Sgd s‘ld 0,bnlahmf vd bnmrsqtbs enq E tshkhydr
sgd mdrsdc sq‘udqr‘k o‘sgr cd›mdc ax Bkd‘qx ‘mc S‘a‘bj hm Z4\- Vd rgnv sg‘s sgdrd o‘sgr
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 770

xhdkc ‘ rds ne pt‘rhfdncdrhb mnql‘k enqlr enq sgd fqnto- Dwsdmchmf sgdrd o‘sgr sn ‘ s‘ld
0,bnlahmf ne sgd B‘xkdx 1,bnlokdw W enq sgd oqdrdms‘shnm ‘anud sgdm qdpthqdr ‘ b‘qdetk+
cds‘hkdc bk‘rrh›b‘shnm ne sgd dcfdr ‘mc 1,bdkkr ne W - Hm o‘qshbtk‘q vd ‘m‘kxyd vghbg dcfdr
cn mns khd nm sgdrd mnql‘k enql o‘sgr ‘mc enq d‘bg rtbg dcfd+ vd bg‘q‘bsdqhyd vghbg 1,bdkkr
ne W ‘ci‘bdms sn sg‘s dcfd g‘ud sgd oqnodqsx sg‘s sgdhq nsgdq antmc‘qx dcfdr khd 'bknrdq„ sn
sgd hcdmshsx udqsdw γ- Ntq ‘m‘kxrhr ‘mc ld‘rtqd ne bknrdmdrr sn sgd hcdmshsx trd bnlahm‘snqh‘k
oqnodqshdr bnlotsdc eqnl sgd fqnto dkdldmsr k‘adkhmf sgd udqshbdr ‘ci‘bdms sn sg‘s dcfd-

Sgd o‘odq hr nqf‘mhydc ‘r enkknvr- Hm Rdbs- 1+ vd oqnuhcd ‘m nudquhdv ne sgd cdudk,
noldms ne sgd mnshnmr ne bnmudwhsx ‘mc bnlahmfr enq fqntor+ ‘mc sgd qdk‘shnmr adsvddm
sgdl- Hm Rdbs- 2+ vd oqnuhcd ‘ aqhde hmsqnctbshnm sn Sgnlornm&r fqnto E + ‘mc cd›md sgd
rds ne mnql‘k enqlr vghbg vhkk ad trdc hm sgd bnmrsqtbshnm ne sgd s‘ld 0,bnlahmf- Vd ‘krn
rgnv sg‘s sghr rds ne mnql‘k enqlr r‘shr›dr ‘ pt‘rhfdncdrhb oqnodqsx- Hm Rdbs- 3+ vd bnm,
rsqtbs sgd 0,bnlahmf ne E + ‘mc hm Rdbs- 4 vd rgnv sg‘s sghr bnlahmf r‘shr›dr ‘ khmd‘q q‘ch‘k
s‘ldmdrr etmbshnm+ ‘r rs‘sdc hm Sgdnqdl 4-3- Hm Rdbs- 5 vd rgnv sg‘s F + AR(0. o( vhsg
o ≥ 2 g‘r ‘ 0,bnlahmf vghbg r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm+ oqnuhmf Sgdn,
qdl 5-0- Ehm‘kkx+ Rdbs- 6 hr cdunsdc sn sgd oqnne ne Sgdnqdl 6-0+ udqhexhmf sg‘s ‘ksgntfg
F + AR(0. o( vhsg o ≥ 7 ‘mc sgd rs‘mc‘qc oqdrdms‘shnm ‘clhsr ‘ 0,bnlahmf vhsg ‘ khmd‘q
q‘ch‘k s‘ldmdrr etmbshnm+ sghr s‘ldmdrr etmbshnm ltrs g‘ud ‘ ltkshokhb‘shud bnmrs‘ms fqd‘sdq
sg‘m 0-

1 Bnmudwhsx ‘mc bnlahmfr enq fqntor

1-0 @klnrs bnmudwhsx bnmchshnmr nm B‘xkdx fq‘ogr

Enq ‘ fqnto F vhsg ‘ ›mhsd hmudqrd,bknrdc fdmdq‘shmf rds @+ vd kds)(F. @( cdmnsd sgd B‘xkdx
fq‘og ne F vhsg qdrodbs sn @+ ‘mc kds c@ cdmnsd sgd vnqc ldsqhb vhsg qdrodbs sn sghr fdmdq‘shmf
rds- Sgd o‘hq (F. @( r‘shr›dr sgd ‘klnrs bnmudwhsx bnmchshnm @B e enq ‘ etmbshnm e ] � → Q+
he sgdqd hr ‘m q/ ∈ � rtbg sg‘s enq dudqx svn onhmsr ‘. a hm sgd rogdqd R(q( ’bdmsdqdc ‘s sgd
hcdmshsx( vhsg c@(‘. a( ≤ 1 ‘mc dudqx m‘stq‘k mtladq q / q/+ sgdqd hr ‘ o‘sg hmrhcd sgd a‘kk
A(q( eqnl ‘ sn a ne kdmfsg mn lnqd sg‘m e (q(-

Dudqx fqnto r‘shr›dr sgd ‘klnrs bnmudwhsx bnmchshnm @B e enq sgd etmbshnm e (q( + 1q + ‘r
svn onhmsr hm sgd a‘kk ne q‘chtr q b‘m ‘kv‘xr ad bnmmdbsdc ax ‘ o‘sg ne kdmfsg 1q vghbg qdl‘hmr
hmrhcd A(q(+ rhlokx ax fnhmf sn sgd hcdmshsx ‘mc qdstqmhmf ntsv‘qc- Sgtr sgd vd‘jdrs mnmsqhuh‘k
‘klnrs bnmudwhsx bnmchshnm enq ‘ o‘hq (F. @( hr @B e enq sgd etmbshnm e (q( + 1q − 0- J‘on,
uhbg Z01\ ‘mc Qhkdx Z06\ g‘ud rgnvm sg‘s sghr lhmhl‘k ‘klnrs bnmudwhsx bnmchshnm ’L@B(
hlokhdr ›mhsd oqdrdms‘shnm ne sgd fqnto ‘mc sgd dwhrsdmbd ne ‘m ‘kfnqhsgl enq bnmrsqtbshmf sgd
B‘xkdx fq‘og-

@s sgd nsgdq dmc ne sgd rodbsqtl+ (F. @( hr ‘klnrs bnmudw ’@B( hm sgd rdmrd ne B‘m,
mnm Z3\ he hs r‘shr›dr @B e enq ‘ bnmrs‘ms etmbshnm e - Adsvddm sgd bnmrs‘ms etmbshnm ‘mc
e (q( + 1q − 0+ sgdqd ‘qd ‘ mtladq ne nsgdq onrrhakd etmbshnmr vghbg fhud qhrd sn ‘ q‘mfd
ne ‘klnrs bnmudwhsx bnmchshnmr- Enq dw‘lokd+ Ond̀m‘qt Z04+05\ rstchdc sgd oqnodqsx @B e enq
rtakhmd‘q etmbshnmr e -

1-1 S‘ld bnlahmfr ne B‘xkdx bnlokdwdr

Kds F + }@ | Q〈 ad ‘ ›mhsdkx oqdrdmsdc fqnto+ vhsg @ ‘m hmudqrd,bknrdc fdmdq‘shmf rds- Kds
W cdmnsd sgd B‘xkdx bnlokdw bnqqdronmchmf sn sghr oqdrdms‘shnm+ vhsg /, ‘mc 0,rjdkdsnmr
W/ + F ‘mc W0 + )(F. @(: sg‘s hr+ W0 hr sgd B‘xkdx fq‘og vhsg qdrodbs sn sghr oqdrdms‘shnm-
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771 R- Bkd‘qx ds ‘k-

Hm nqcdq sn g‘ud ‘ mnshnm ne ‘ a‘kk bdmsdqdc ‘s sgd hcdmshsx γ hm sgd 1,bnlokdw W + sgd mnshnm
ne chrs‘mbd adsvddm sgd udqshbdr ne ‘ B‘xkdx fq‘og hr dwsdmcdc sn ‘ mnshnm ne kdudk nm sgd
dmshqd bnlokdw- Sgd enkknvhmf cdehmhshnm hr dpthu‘kdms sn sg‘s hm Z0/\-

Cd›mhshnm 1-0 ’0( He f hr ‘ udqsdw hm W/+ sgd kdudk kdu(f( hr cd›mdc sn ad sgd vnqc kdmfsg
k@(f( vhsg qdrodbs sn sgd fdmdq‘shmf rds @-

’1( He w ∈ W0 − W/+ sgdm w hr hm sgd hmsdqhnq ne rnld dcfd vhsg udqshbdr f. g ∈ W/- Sgdm kds

kdu(w( ]+ kdu(f(+ kdu(g(

1
+ 0

3

’2( He w ∈ W − W0+ sgdm w hr hm sgd hmsdqhnq ne rnld 1,bdkk vhsg udqshbdr f0. f1. . . . . fm ‘knmf
sgd antmc‘qx+ ‘mc

kdu(w( ]+ kdu(f0(+ kdu(f1(+ � � � + kdu(fm(

m
+ 0

3
+ 0

b

vgdqd he Q + {q0. q1. . . . . qj{ hr sgd rds ne qdk‘snqr+ ‘mc enq d‘bg 0 ≤ h ≤ j. mh hr sgd
mtladq ne kdssdqr hm sgd qdk‘snq qh + sgdm b ]+ 3m0m1 � � � mj + 0-

Hmsthshudkx+ ‘ /,bnlahmf ne ‘ fqnto F vhsg fdmdq‘shmf rds @ hr ‘ bgnhbd ne o‘sg hm sgd
B‘xkdx fq‘og )(F. @( eqnl sgd hcdmshsx γ sn d‘bg fqnto dkdldms- Sn nas‘hm ‘ 0,bnlahmf enq
(F. }@ | Q〈(+ ‘ /,bnlahmf hr dwsdmcdc bnmshmtntrkx sgqntfg sgd 0,rjdkdsnm ne sgd B‘xkdx
bnlokdw- Uhdvhmf sgd a‘kk ne q‘chtr p hm W ‘r sgd rds ne onhmsr ne kdudk ‘s lnrs p + ‘ q‘ch‘k
s‘ldmdrr etmbshnm ρ ] N → Q+ enq ‘ 0,bnlahmf dmrtqdr sg‘s nmbd ‘ bnlahmf o‘sg kd‘udr
sgd a‘kk ne q‘chtr ρ(p(+ hs mdudq qdstqmr sn sgd a‘kk ne q‘chtr p -

Cd›mhshnm 1-1 Sgd o‘hq (F. }@ | Q〈( r‘shr›dr sgd s‘ld bnlahmf bnmchshnm S Bρ enq ‘
etmbshnm ρ ] N → Q+ he sgdqd hr ‘ bnmshmtntr etmbshnm % ] W0 · ˜/. 0[ → W r‘shrex,
hmf9

’0( Enq ‘kk w ∈ W0.%(w. /( + γ ‘mc %(w. 0( + w +
’1( %(W/ · ˜/. 0[( • W0+ ‘mc
’2( Enq ‘kk w ∈ W0. / ≤ r, s ≤ 0+ ‘mc p ∈ N+ he kdu(%(w. r(( / ρ(p(+ sgdm kdu(%(w. s((/p -

Sgd etmbshnm % hr ‘ 0,bnlahmf ne W + ‘mc ρ hr ‘ q‘ch‘k s‘ldmdrr etmbshnm enq %-

@ bnmshmtntr etmbshnm % ] W/ · ˜/. 0[ → W0 vhsg %(w. /( + γ ‘mc %(w. 0( + w enq
‘kk w ∈ W/ hr b‘kkdc ‘ /,bnlahmf enq sgd o‘hq (F. @(- Sgd qdrsqhbshnm ne ‘ 0,bnlahmf sn sgd
udqshbdr ne W hr ‘ /,bnlahmf-

Hm Z0/\+ Gdqlhkkdq ‘mc Ldhdq rgnv sg‘s sgd bnmchshnm S Bρ hr pt‘rh,hrnldsqx hmu‘qh‘ms+ ‘mc
sgtr hr hmcdodmcdms ne sgd bgnhbd ne oqdrdms‘shnm enq sgd fqnto+ to sn Khorbghsy dpthu‘kdmbd
nm sgd q‘ch‘k s‘ldmdrr etmbshnmr- Gdmbd hs l‘jdr rdmrd sn cd›md sgd bk‘rr ne fqntor ‘clhsshmf
‘ s‘ld 0,bnlahmf vhsg ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm+ ‘mc ‘krn bk‘rrdr vhsg onkxmnlh‘k
‘mc dwonmdmsh‘k q‘ch‘k s‘ldmdrr etmbshnmr-

1-2 Ghdq‘qbghdr ne bnmudwhsx ‘mc bnlahmf etmbshnmr

@ o‘hq (F. }@ | Q〈( l‘x r‘shrex ‘ u‘qhdsx ne ‘klnrs bnmudwhsx ‘mc s‘ld bnlahmf bnmchshnmr-
Hm Ehf- 0+ vd hkktrsq‘sd vg‘s hr jmnvm ‘ants sgd qdkdu‘ms qdk‘shnmrghor adsvddm sgd cheedqdms
bk‘rrdr ne ‘klnrs bnmudwhsx etmbshnmr+ ‘mc sgd cheedqdms bk‘rrdr ne onrrhakd q‘ch‘k s‘ldmdrr
etmbshnmr vghbg ‘qhrd eqnl s‘ld 0,bnlahmfr- Hm o‘qshbtk‘q+ ‘kk cdrbdmchmf udqshb‘k ‘qqnvr hm
Ehf- 0 enkknv hlldch‘sdkx eqnl sgd cdehmhshnmr-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 772

Ehf- 0 Sgd qdk‘shnmrghor adsvddm sgd ghdq‘qbghdr ne bnmudwhsx bnmchshnmr ‘mc cdfqddr ne q‘ch‘k s‘ldmdrr
etmbshnmr enq ‘ o‘hq (F. }@ | Q〈(- @ rk‘rg ‘bqnrr ‘m ‘qqnv hmchb‘sdr sg‘s hs hr jmnvm sg‘s sgdqd dwhrsr ‘ bntm,
sdqdw‘lokd sn sgd hlokhb‘shnm hm sg‘s chqdbshnm- Mtladqr hm aq‘bjdsr ‘qd ahakhnfq‘oghb qdedqdmbdr: sgd svn
hmrs‘mbdr l‘qjdc ax ‘ ∗ ‘qd drs‘akhrgdc hm sghr o‘odq- Sgd s‘ldmdrr oqnodqshdr bnms‘hmdc hm cntakd anwdr ‘qd
hmcdodmcdms ne sgd bgnhbd ne sgd ›mhsd oqdrdms‘shnm enq F

Sgdrd svn bg‘hmr ne bnmchshnmr ‘qd shdc snfdsgdq ‘s sgd a‘rd ax sgd qdrtksr ne Gdqlhkkdq
‘mc Ldhdq Z0/\ vghbg rgnv sg‘s ‘ o‘hq (F. @( hr ‘klnrs bnmudw he ‘mc nmkx he sgdqd hr ‘ rds ne
cd›mhmf qdk‘shnmr Q rtbg sg‘s sgd o‘hq (F. }@ | Q〈( ‘clhsr ‘ 0,bnlahmf r‘shrexhmf sgd q‘ch‘k
s‘ldmdrr etmbshnm ρ(p( + p -

Hm Sgdnqdl C ne Z0/\+ Gdqlhkkdq ‘mc Ldhdq rgnvdc sg‘s sgd oqnodqsx @B e vhsg e rta,
khmd‘q+ snfdsgdq vhsg ‘ khmd‘q hrnch‘ldsqhb etmbshnm ’‘ bnlahm‘shnm ne oqnodqshdr lnshu‘sdc
ax vnqj ne Ond̀m‘qt hm Z04\(+ hlokx sgd dwhrsdmbd ne ‘ 0,bnlahmf vhsg ‘ khmd‘q q‘ch‘k s‘ld,
mdrr etmbshnm- Enq ‘ o‘hq (F. @( r‘shrexhmf @B e enq ‘mx etmbshnm e ] � → Q+ rtbg sg‘s
e (m( ≤ m − 1 enq ‘kk m+ hs enkknvr eqnl Qhkdx Z06+ Dpt‘shnm 2-1\ ‘mc hmctbshnm sg‘s enq ‘kk
m ≥ 1q/ + 1+ vd g‘ud Ch‘l(m( ≤ m + C+ vgdqd C + Ch‘l(1q/ + 1( hr ‘ bnmrs‘ms- Gdmbd
sgd oqnodqsx @B e vhsg e rtakhmd‘q hlokhdr ‘ khmd‘q hrnch‘ldsqhb etmbshnm+ ‘mc rn sghr dwsq‘
‘rrtloshnm v‘r qdctmc‘ms- @r ‘ bnmrdptdmbd+ hs enkknvr sg‘s @B e vhsg e rtakhmd‘q hlokhdr
sgd bnmchshnm S Bρ vhsg ρ khmd‘q-

S‘ms‘khyhmf ptdrshnmr sn bnmrhcdq+ fhudm sgdrd qdrtksr+ hmunkud sgd onsdmsh‘k bnmmdbshnmr
adsvddm vd‘jdq mnshnmr ne ‘klnrs bnmudwhsx ‘mc q‘ch‘k s‘ldmdrr etmbshnmr- @r xds+ sgdqd ‘qd
edv dw‘lokdr jmnvm+ nsgdq sg‘m enq fqntor r‘shrexhmf sgd bnmchshnm @B e vhsg e rtakhmd‘q+
ne fqntor vhsg 0,bnlahmfr ‘clhsshmf qdrsqhbsdc s‘ldmdrr etmbshnmr-

Hm sghr o‘odq sgd qdrtksr ne Sgdnqdlr 4-3 ‘mc 5-0 rgnv sg‘s sgd pt‘rh,hrnldsqx hmcdodm,
cdms bk‘rr S Bkhmd‘q ne fqntor vhsg ‘ 0,bnlahmf r‘shrexhmf ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm
bnms‘hmr fqntor vghbg ‘qd mns dudm lhmhl‘kkx ‘klnrs bnmudw enq rnld o‘qshbtk‘q fdmdq‘shmf
rds+ fhuhmf sgd ch‘fnm‘k mnm,hlokhb‘shnm hm Ehf- 0- Gnvdudq+ sghr kd‘udr nodm sgd ptdrshnm
ne vgdsgdq dudqx fqnto hm S Bkhmd‘q+ ‘mc hm o‘qshbtk‘q vgdsgdq E ‘mc AR(0. o( vhsg o ≥ 2+
lhfgs g‘ud rnld fdmdq‘shmf rds vhsg qdrodbs sn vghbg hs hr lhmhl‘kkx ‘klnrs bnmudw-
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773 R- Bkd‘qx ds ‘k-

Nsgdq hmsqhfthmf ptdrshnmr hmunkud sgd onrrhahkhsx ne tov‘qc hlokhb‘shnmr hm dhsgdq ne sgd
svn ghdq‘qbghdr- Hm Sgdnqdl 6-0 vd rgnv sgd udqshb‘k mnm,hlokhb‘shnm enq s‘ldmdrr etmbshnmr
cq‘vm hm Ehf- 0- Enq ‘klnrs bnmudwhsx+ Dkcdq ‘mc Gdqlhkkdq Z5\ g‘ud dwghahsdc ‘ o‘hq (F. @(
vghbg hr lhmhl‘kkx ‘klnrs bnmudw ats cndr mns r‘shrex sgd bnmchshnm @B e vhsg e rtakhmd‘q-
Hs hr rshkk ‘m nodm ptdrshnm vgdsgdq sgdqd b‘m ad ‘ o‘hq (F. @( r‘shrexhmf sgd Ond̀m‘qt @B e

bnmchshnm vhsg e rtakhmd‘q sg‘s cndr mns ‘krn r‘shrex B‘mmnm&r @B oqnodqsx-

2 @m hmsqnctbshnm sn Sgnlornm&r fqnto E

Vd oqdrdms ‘ aqhde hmsqnctbshnm sn Sgnlornm&r fqnto E ‘mc qdedq sgd qd‘cdq sn Z2\ enq ‘ lnqd
cds‘hkdc chrbtrrhnm+ vhsg ghrsnqhb‘k a‘bjfqntmc- Hm ‘cchshnm+ hm Rdbs- 2-0 vd cd›md ‘ sgd rds
ne mnql‘k enqlr enq E vghbg vhkk ad trdc hm ntq bnmrsqtbshnm ne ‘ 0,bnlahmf-

Sgnlornm&r fqnto E g‘r ‘ rs‘mc‘qc hm›mhsd oqdrdms‘shnm9

}wj . j ≥ /|w−0
h w i wh + w i+0 he h , i〈.

Sgd dkdldmsr w/ ‘mc w0 ‘qd rte›bhdms sn fdmdq‘sd sgd dmshqd fqnto+ rhmbd onvdqr ne w/ bnmit,
f‘sd w0 sn wh enq h ≥ 1- Nmkx svn qdk‘snqr ‘qd qdpthqdc enq ‘ oqdrdms‘shnm vhsg sgd fdmdq‘shmf
rds @ ]+ {w/. w0{+ qdrtkshmf hm sgd ›mhsd oqdrdms‘shnm enq E 9

}w/. w0|˜w/w−0
0 . w−0

/ w0w/[. ˜w/w−0
0 . w−1

/ w0w1
/ [〈.

Sghr hr sgd lnrs bnllnmkx trdc ›mhsd fdmdq‘shmf rds ‘mc oqdrdms‘shnm enq Sgnlornm&r fqnto
E + ‘mc hm sghr o‘odq vd vhkk athkc sgd 0,bnlahmf enq E trhmf sgd B‘xkdx bnlokdw enq sghr
oqdrdms‘shnm-

Vhsg qdrodbs sn sgd hm›mhsd oqdrdms‘shnm fhudm ‘anud+ d‘bg dkdldms v ∈ E b‘m ad vqhssdm
hm mnql‘k enql ‘r

v + wq0
h0

wq1
h1

. . . wqj
hj

w−rk
ik

. . . w−r1
i1

w−r0
i0

vhsg qh . rh / /. / ≤ h0 , h1 � � � , hj ‘mc / ≤ i0 , i1 � � � , ik - Etqsgdqlnqd+ vd qdpthqd sg‘s
vgdm ansg wh ‘mc w−0

h nbbtq+ rn cndr wh+0 nq w−0
h+0+ ‘r chrbtrrdc ax Aqnvm ‘mc Fdnfgdf‘m Z1\-

Vd vhkk trd sgd sdql hm›mhsd mnql‘k enql sn ld‘m sghr mnql‘k enql+ ‘mc vqhsd v + vovm

vgdqd vo hr sgd l‘whl‘k rtavnqc ne sghr mnql‘k enql vhsg onrhshud dwonmdmsr+ ‘mc vm hr
sgd l‘whl‘k rtavnqc vhsg mdf‘shud dwonmdmsr-

Dkdldmsr ne E b‘m ad uhdvdc bnlahm‘snqh‘kkx ‘r o‘hqr ne ›mhsd ahm‘qx qnnsdc sqddr+ d‘bg
vhsg sgd r‘ld mtladq ne dcfdr ‘mc udqshbdr+ b‘kkdc sqdd o‘hq ch‘fq‘lr- Kds S ad ‘ ›mhsd
qnnsdc ahm‘qx sqdd- Vd cd›md ‘ b‘qds ne S sn ad ‘ udqsdw ne sgd sqdd snfdsgdq vhsg svn cnvm,
v‘qc nqhdmsdc dcfdr+ vghbg vd qdedq sn ‘r sgd kdes ‘mc qhfgs dcfdr ne sgd b‘qds- Sgd qhfgs
’qdrodbshudkx kdes( bghkc ne ‘ b‘qds b hr cd›mdc sn ad ‘ b‘qds vghbg hr ‘ss‘bgdc sn sgd qhfgs ’qdro-
kdes( dcfd ne b- He ‘ b‘qds b cndr mns g‘ud ‘ qhfgs ’qdro- kdes( bghkc+ vd b‘kk sgd qhfgs ’qdro- kdes(
kd‘e ne b dwonrdc- Sgd b‘qds hsrdke hr dwonrdc he ansg ne hsr kd‘udr ‘qd ‘krn kd‘udr ne sgd sqdd:
sg‘s hr+ sgd b‘qds g‘r mn bghkcqdm-

Enq ‘ fhudm sqdd S + kds M (S ( cdmnsd sgd mtladq ne b‘qdsr hm S - Vd mtladq sgd b‘qdsr eqnl
0 sgqntfg M (S ( hm hm›w nqcdq- Sgd hm›w nqcdqhmf hr b‘qqhdc nts ax mtladqhmf sgd kdes cdrbdm,
c‘msr ’sgd kdes bghkc ‘mc ‘kk cdrbdmc‘msr ne sgd kdes bghkc( ne ‘ b‘qds b adenqd mtladqhmf b+
‘mc sgd qhfgs cdrbdmc‘msr ne b ‘esdqv‘qc- Vd trd sgd hm›w mtladqr ‘r m‘ldr enq sgd b‘qdsr+
‘mc sgd rs‘sdldms o , p enq svn b‘qdsr o ‘mc p rhlokx dwoqdrrdr sgd qdk‘shnmrgho adsvddm
sgdhq hm›w mtladqr- Hm ‘ sqdd o‘hq ch‘fq‘l (S. R(+ vd qdedq sn sgd o‘hq ne b‘qdsr vhsg hm›w
mtladq o+ nmd hm d‘bg sqdd+ ‘r sgd b‘qds o‘hq o-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 774

Sgd kdes ’qdro- qhfgs( rhcd ne ‘ ahm‘qx qnnsdc sqdd S bnmrhrsr ne sgd kdes ’qdro- qhfgs( dcfd ne
sgd qnns b‘qds+ snfdsgdq vhsg sgd kdes ’qdro- qhfgs( rhcd ne sgd rtasqdd bnmrhrshmf ne ‘kk kdes ’qdro-
qhfgs( cdrbdmc‘msr ne sgd qnns b‘qds- @ b‘qds hm ‘ sqdd S hr r‘hc sn ad ‘ qhfgs ’qdro- kdes( b‘qds he
nmd ne hsr dcfdr khdr nm sgd qhfgs ’qdro- kdes( rhcd ne S - Sgd qnns b‘qds b‘m ad bnmrhcdqdc dhsgdq
kdes nq qhfgs- @kk nsgdq b‘qdsr ‘qd b‘kkdc hmsdqhnq b‘qdsr- Vd ‘krn mtladq sgd kd‘udr ne sgd sqdd
S eqnl kdes sn qhfgs+ eqnl / sgqntfg M (S (-

@m dkdldms v ∈ E hr qdoqdrdmsdc ax ‘m dpthu‘kdmbd bk‘rr ne sqdd o‘hq ch‘fq‘lr+ ‘lnmf
vghbg sgdqd hr ‘ tmhptd qdctbdc sqdd o‘hq ch‘fq‘l- Vd r‘x sg‘s ‘ o‘hq ne sqddr hr tmqdctbdc
he+ vgdm sgd kd‘udr ‘qd mtladqdc eqnl / sgqntfg M (S (+ sgdqd hr ‘ b‘qds hm ansg sqddr vhsg
svn dwonrdc kd‘udr ad‘qhmf sgd r‘ld kd‘e mtladqr- He rn+ vd qdlnud sg‘s o‘hq ne b‘qdsr+
‘mc qdmtladq sgd b‘qdsr hm ansg sqddr- Qdod‘shmf sghr oqnbdrr tmshk sgdqd ‘qd mn rtbg o‘hqr
oqnctbdr sgd tmhptd qdctbdc sqdd o‘hq ch‘fq‘l qdoqdrdmshmf v-

Sgd dpthu‘kdmbd ne sgdrd svn hmsdqoqds‘shnmr ne Sgnlornm&r fqnto E hr fhudm trhmf sgd
hm›mhsd mnql‘k enql enq dkdldmsr vhsg qdrodbs sn sgd rs‘mc‘qc hm›mhsd oqdrdms‘shnm+ ‘mc sgd
bnmbdos ne kd‘e dwonmdms- Hm ‘ rhmfkd sqdd S vgnrd kd‘udr ‘qd mtladqdc eqnl kdes sn qhfgs
adfhmmhmf vhsg /+ sgd kd‘e dwonmdms DS (j( ne kd‘e mtladq j hr cd›mdc sn ad sgd hmsdfq‘k kdmfsg
ne sgd knmfdrs o‘sg ne kdes dcfdr eqnl kd‘e j vghbg cndr mns qd‘bg sgd qhfgs rhcd ne sgd sqdd-

Fhudm sgd qdctbdc sqdd o‘hq ch‘fq‘l (S. R( qdoqdrdmshmf v ∈ E + bnlotsd sgd kd‘e dwon,
mdmsr DS (j( enq ‘kk kd‘udr j hm S + mtladqdc / sgqntfg m + M (S ( + M (R(- Sgd mdf‘shud
o‘qs ne sgd hm›mhsd mnql‘k enql enq v hr sgdm w−DS (m(

m w−DS (m−0(
m−0 � � � w−DS (0(

0 w−DS (/(
/ - Vd

bnlotsd sgd dwonmdmsr DR(j( enq sgd kd‘udr ne sgd sqdd R ‘mc sgtr nas‘hm sgd onrhshud o‘qs ne
sgd hm›mhsd mnql‘k enql ‘r w DR(/(

/ w DR(0(
0 � � � w DR(m(

m - L‘mx ne sgdrd dwonmdmsr vhkk ad /+ ‘mc
‘esdq cdkdshmf sgdrd+ vd b‘m hmcdw sgd qdl‘hmhmf sdqlr sn bnqqdronmc sn sgd hm›mhsd mnql‘k
enql fhudm ‘anud+ enkknvhmf Z2\ ’rdd Ehf- 1(- @r ‘ qdrtks ne sghr oqnbdrr+ vd nesdm cdmnsd sgd
tmhptd qdctbdc sqdd o‘hq ch‘fq‘l enq v ax v + (S−(v(. S+(v((+ rhmbd sgd ›qrs sqdd hm sgd
o‘hq cdsdqlhmdr sgd sdqlr hm sgd hm›mhsd mnql‘k enql vhsg mdf‘shud dwonmdmsr+ ‘mc sgd rdbnmc
sqdd cdsdqlhmdr sgnrd sdqlr vhsg onrhshud dwonmdmsr- Vd qdedq sn S−(v( ‘r sgd mdf‘shud sqdd
hm sgd o‘hq+ ‘mc S+(v( ‘r sgd onrhshud sqdd-

Fqnto ltkshokhb‘shnm hr cd›mdc ‘r enkknvr vgdm ltkshokxhmf svn dkdldmsr qdoqdrdmsdc ax
sqdd o‘hq ch‘fq‘lr- Kds v + (S−. S+( ‘mc y + (R−. R+(- Sn enql sgd oqnctbs vy+ vd s‘jd
tmqdctbdc qdoqdrdms‘shudr ne ansg dkdldmsr+ (S →

−. S →
+( ‘mc (R→

−. R→
+(+ qdrodbshudkx+ hm vghbg

R→
+ + S →

−- Sgd oqnctbs hr sgdm qdoqdrdmsdc ax sgd ’onrrhakx tmqdctbdc( o‘hq ne sqddr (R→
−. S →

+(-
He sgd edvdrs onrrhakd b‘qdsr ‘qd ‘ccdc sn sgd sqdd o‘hqr enq f ‘mc g hm nqcdq sn l‘jd R→

+ + S →
−+

‘mc xds sgd o‘hq (R→
−. S →

+( hr tmqdctbdc+ vd r‘x sg‘s ‘ b‘qds ltrs ad qdlnudc sn qdctbd sgd
sqdd o‘hq ch‘fq‘l enq vy-

Fhudm ‘mx v + (S−(v(. S+(v(( hm E + kds M (v( ]+ M (S−(v(( + M (S+(v(( cdmnsd sgd
mtladq ne b‘qdsr hm dhsgdq sqdd ne ‘ qdctbdc sqdd o‘hq ch‘fq‘l qdoqdrdmshmf v- Enq ‘mx m‘stq‘k
mtladq j+ kds Qj ’qdrodbshudkx Kj( cdmnsd sgd sqdd vhsg j qhfgs ’qdrodbshudkx kdes( b‘qdsr+ ‘mc
mn nsgdq b‘qdsr: he j + /. Q/ ’nq K/( cdmnsdr sgd dlosx sqdd- Enq v + vovm + vgdqd ‘r ‘anud
vo ‘mc vm ‘qd sgd onrhshud ‘mc mdf‘shud rtavnqcr ne sgd hm›mhsd mnql‘k enql+ sgd sqdd o‘hq
ch‘fq‘l (QM (v(. S+(v(( qdoqdrdmsr vo(v(+ ‘mc (S−(v(. QM (v(( qdoqdrdmsr vm - Gnvdudq+
nmd ne sgdrd sqdd o‘hq ch‘fq‘lr l‘x mns ad qdctbdc- He sgd k‘rs j b‘qdsr ne S−(v( ’qdrodbshudkx

Ehf- 1 Sgd qdctbdc sqdd o‘hq ch‘fq‘lr qdoqdrdmshmf ’qdrodbshudkx( w−0
/ ‘mc w−0

0
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775 R- Bkd‘qx ds ‘k-

S+(v(( ‘qd ‘kk qhfgs b‘qdsr+ sgdm ‘s kd‘rs j − 0 ne sgdl ltrs ad qdlnudc hm nqcdq sn oqnctbd
sgd qdctbdc sqdd o‘hq ch‘fq‘l enq vm ’qdrodbshudkx vo(- Sgd hmudqrd ne v hr qdoqdrdmsdc ax
sgd qdctbdc sqdd o‘hq ch‘fq‘l v−0 + (S+(v(. S−(v((-

Enq ‘ vnqc x ∈ @∗ + {w±0
/ . w±0

0 {∗+ kds k(x( cdmnsd sgd mtladq ne kdssdqr hm sgd vnqc x+
‘mc enq ‘m dkdldms v ∈ E + kds k@(v( ad sgd kdmfsg ne sgd rgnqsdrs vnqc nudq sgd fdmdq‘shmf
rds @ + {w±0

/ . w±0
0 { sg‘s qdoqdrdmsr v- Enkknvhmf sgd mns‘shnm ne Gnq‘j ds ‘k- Z00\+ sgd kdmfsg

k@(v( b‘m ad cdrbqhadc hm sdqlr ne sgd qdctbdc sqdd o‘hq ch‘fq‘l (S−(v(. S+(v(( enq v+
vhsg b‘qdsr mtladqdc hm hm›w nqcdq- Ehqrs+ vd r‘x sg‘s b‘qds mtladq o hm ‘ sqdd S g‘r sxod M
he b‘qds o + 0 hr ‘m hmsdqhnq b‘qds vghbg khdr hm sgd qhfgs rtasqdd ne o-

Cd›mhshnm 2-0 B‘qds o‘hq o hm sgd qdctbdc sqdd o‘hq ch‘fq‘l (S−(v(. S+(v(( hr ‘ odm‘ksx
b‘qds o‘hq he dhsgdq

’0( B‘qds o g‘r sxod M hm dhsgdq S−(v( nq S+(v(+ ‘mc hr mns ‘ kdes b‘qds hm dhsgdq sqdd+ nq
’1( B‘qds o hr ‘ qhfgs b‘qds hm ansg S−(v( ‘mc S+(v( ‘mc b‘qds o hr mdhsgdq sgd ›m‘k b‘qds

hm sgd sqdd o‘hq ch‘fq‘l+ mnq ‘ kdes b‘qds hm dhsgdq sqdd-

Trhmf sghr mns‘shnm+ sgd enkknvhmf oqnonrhshnm hr oqnudc hm Z00\-

Oqnonrhshnm 2-1 Enq v + (S−(v(. S+(v((+ sgd kdmfsg k@(v( + k∞(v( + 1o(v(+ vgdqd
k∞(v( hr sgd sns‘k mtladq ne b‘qdsr hm ansg sqddr ne sgd qdctbdc sqdd o‘hq ch‘fq‘l vghbg ‘qd
mns qhfgs b‘qdsr+ ‘mc o(v( hr sgd mtladq ne odm‘ksx b‘qds o‘hqr-

Hs sgdm enkknvr sg‘s M (v( hr ‘ fnnc drshl‘sd enq sgd k@(v(- Kdll‘ 2-2 l‘jdr sghr qdk‘shnm,
rgho oqdbhrd ‘mc hr trdc hm sgd oqnne sg‘s sgd s‘ldmdrr etmbshnm ne sgd bnlahmf vd bnmrsqtbs
adknv hr khmd‘q-

Kdll‘ 2-2 Enq v ∈ E. M (v(− 1 ≤ k@(v( ≤ 3M (v(-

Oqnne Oqnonrhshnm 2-1 rgnvr sg‘s d‘bg b‘qds o‘hq hm sgd qdctbdc sqdd o‘hq ch‘fq‘l enq v bnm,
sqhatsdr /+ 0+ 1+ 2 nq 3 sn k@(v(+ ‘mc sgd toodq antmc nm k@(v( enkknvr hlldch‘sdkx- Sgd b‘qds
o‘hq b‘m bnmsqhatsd dhsgdq /+ 0+ nq 1 sn k∞(v(+ ‘mc b‘m bnmsqhatsd ‘mnsgdq 1 he hs hr ‘ odm‘ksx
o‘hq- Hm nqcdq enq ‘ b‘qds o‘hq sn bnmsqhatsd ydqn sn sgd vnqc kdmfsg ne sgd dkdldms+ ansg b‘qdsr
ltrs ad nm sgd qhfgs rhcd ne sgd sqdd hm nqcdq sn mns bnmsqhatsd sn k∞(v(+ ‘mc dhsgdq nmd hr
sgd qnns ’hm vghbg b‘rd sgd o‘hq hr mns ‘ odm‘ksx o‘hq adb‘trd sgd qnns hr ‘krn ‘ kdes b‘qds(+ nq
sgd o‘hq hr sgd k‘rs b‘qds o‘hq- Rn ‘s lnrs svn b‘qds o‘hqr cn mns bnmsqhatsd ‘mxsghmf sn k@(v(+
vghbg xhdkcr sgd knvdq antmc nm k@(v(- .\

Ehm‘kkx+ vd hmbktcd gdqd ‘ kdll‘ vghbg vhkk ad trdc hm Rdbs- 3 ‘mc cdrbqhadr ‘ e‘lhkx ne
vnqcr hm E vghbg ‘qd ‘kv‘xr mnmsqhuh‘k-

Kdll‘ 2-3 Kdsv ∈ E+ ‘mc rtoonrdv + ‘0‘1 � � � ‘j vgdqd enq d‘bg h + dhsgdq ‘h nq ‘−0
h hr hm

W∞ + {w/. w0. w1. . . .{- Hm ‘cchshnm+ rtoonrd sg‘s enq d‘bg h + he ‘h + w±0
q + sgdm ‘h+0 + w±0

q+0

nq w±0
q−0- Sgdm v ∈+ 0 hm E-

Oqnne Vd oqnud sgd kdll‘ ax hmctbshnm nm j- Sgd a‘rd b‘rd j + 0 hr sqhuh‘k- Rtoonrd
v + ‘0‘1 � � � ‘j + ‘mc sgd hmchbdr ne sgd fdmdq‘snqr r‘shrex sgd gxonsgdrhr ne sgd kdll‘+ ‘mc
kds h ad sgd rl‘kkdrs hmcdw ‘ood‘qhmf hm v- Vd vhkk rgnv sg‘s he v + 0+ sgdm vd b‘m nas‘hm
‘ rgnqsdq vnqc r‘shrexhmf sgd bnmchshnmr nm hmchbdr vghbg hr ‘krn 0 hm E + bnmsq‘chbshmf sgd
hmctbshud gxonsgdrhr-

Tshkhyhmf sgd qdoqdrdms‘shnm ne dkdldmsr ne E ‘r ohdbdvhrd khmd‘q gnldnlnqoghrlr ne sgd
tmhs hmsdqu‘k ’rdd Z2\ enq cds‘hkr(+ w±0

h g‘r ‘ aqd‘jonhms ‘s 0 − (0<1(h + ‘mc sgd qhfgs cdqhu‘shud
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 776

hr 1±0 ‘s sg‘s aqd‘jonhms+ ats w±0
i g‘r rtoonqs hm ˜0 − (0<1( i . 0[ ⊂ ˜0 − (0<1(h . 0[ enq i ≥ h -

Hs enkknvr sg‘s sgd mds dwonmdms ne ‘kk fdmdq‘snqr w±0
h nbbtqqhmf hm v ltrs ad ydqn- Vd b‘m

vqhsd v + wγ0
h v0wγ1

h � � �vl wγl+0
h + vgdqd enq d‘bg i. v i hr ‘ mnmsqhuh‘k vnqc hm fdmdq‘snqr

ne sgd enql wk enq k / h ‘mc γ i ∈ {0.−0{+ dwbdos onrrhakx γ0 ‘mc γl+0 vghbg l‘x ad ydqn-
Mnsd sg‘s he dhsgdq γ0 nq γl+0 ‘qd ydqn+ sgdm mdbdrr‘qhkx l ≥ 1+ ‘mc he ansg ‘qd ydqn+ sgdm
l ≥ 2- Hm ‘mx b‘rd+ l ≥ 0+ ‘mc enq rnld o‘hq ne hmchbdr q ‘mc r. γq + 0 ‘mc γr + −0-
B‘rd 09 He enq rnld i. γ i + −0 ‘mc γ i+0 + 0+ sgdm kds v→

i ad sgd vnqc nas‘hmdc eqnl v i

ax hmbqd‘rhmf sgd hmcdw ne d‘bg fdmdq‘snq ax 0- Sgdm v→
i + w−0

h v i wh + w
γ i
h v i w

γ i+0
h hm E -

Etqsgdqlnqd+ ‘r h hr sgd lhmhl‘k hmcdw hm sgd vnqc v+ vd jmnv sg‘s v→
i adfhmr ‘mc dmcr

vhsg w±0
h+1. v i−0 dmcr hm w±0

h+0 ’nq cndr mns dwhrs he i + 0(+ ‘mc v i+0 adfhmr hm w±0
h+0 ’nq cndr

mns dwhrs he i + l(+ ‘mc rn qdok‘bhmf w
γ i
h v i w

γ i+0
h ax v→

i oqnctbdr ‘ vnqc ne kdmfsg j − 1
r‘shrexhmf sgd gxonsgdrdr ne sgd kdll‘-
B‘rd 19 He mn rtbg hmcdw i dwhrsr+ ‘mc mdhsgdq γ0 mnq γl+0 hr ydqn+ sgdm v adfhmr vhsg wh ‘mc
dmcr vhsg w−0

h - Sgdqdenqd+ rhmbd v + 0 hm E. w−0
h vwh + 0 ‘r vdkk+ ‘mc he v→ hr sgd vnqc ne

kdmfsg j − 1 nas‘hmdc eqnl v ax cdkdshmf sgd ›qrs ‘mc k‘rs kdssdqr+ sgdm v→ + w−0
h vwh + 0 hm

E + ‘mc v→ r‘shr›dr sgd gxonsgdrdr ne sgd kdll‘-
B‘rd 29 He mn rtbg hmcdw i dwhrsr+ ‘mc γ0 + /+ sgdm l ≥ 1 ‘mc γ1 + 0- Kds v→

0 ad sgd vnqc
v0 vhsg sgd hmcdw ne d‘bg fdmdq‘snq hmbqd‘rdc ax nmd- Sgdm rhmbd v→

0 dmcr hm w±0
h+1 ‘mc v1

adfhmr hm w±0
h+0+ sgdm qdok‘bhmf v0wh ax whv

→
0 qdrtksr hm ‘ vnqc ne sgd r‘ld kdmfsg vghbg rshkk

r‘shr›dr sgd gxonsgdrdr- Dhsgdq sghr mdv vnqc r‘shr›dr sgd bnmchshnmr ne B‘rd 1+ nq dkrd hs
cndr mns dmc hm w−0

h - Ats he mns+ sgdm γl+0 + /+ ‘mc nmd b‘m cn ‘ rhlhk‘q rtarshstshnm ‘s sg‘s
dmc sn nas‘hm ‘ mdv vnqc dmchmf hm w−0

h ‘mc adfhmmhmf hm wh vghbg r‘shr›dr sgd bnmchshnmr
ne B‘rd 1- @ookxhmf sgd ‘qftldms hm B‘rd 1 sn sghr mdv vnqc xhdkcr ‘ vnqc ne kdmfsg j − 1
r‘shrexhmf sgd gxonsgdrdr ne sgd kdll‘- .\

2-0 Mdrsdc sq‘udqr‘k mnql‘k enqlr

Hm fdmdq‘k+ sgdqd ‘qd l‘mx lhmhl‘k kdmfsg qdoqdrdms‘shudr ne dkdldmsr ne E vhsg qdrodbs sn
sgd rs‘mc‘qc ›mhsd fdmdq‘shmf rds+ ‘mc Enqcg‘l Z7\ cdrbqhadc deedbshud ldsgncr enq ›mchmf
‘kk rtbg lhmhl‘k kdmfsg qdoqdrdms‘shudr- Bkd‘qx ‘mc S‘a‘bj Z4\ cdrbqhadc ‘ rsq‘hfgsenqv‘qc
oqnbdctqd vghbg b‘mnmhb‘kkx oqnctbdr ‘ lhmhl‘k kdmfsg dkdldms ’vhsg qdrodbs sn sgd fdmdq,
‘shmf rds @ + {w±0

/ . w±0
0 {( enq ‘ otqdkx onrhshud nq otqdkx mdf‘shud dkdldms hm E : sg‘s hr+ ‘m

dkdldms v vgnrd hm›mhsd mnql‘k enql vovm r‘shr›dr v + vo ’gdmbd bnms‘hmr nmkx sdqlr
vhsg onrhshud dwonmdmsr( nq v + vm ’gdmbd bnms‘hmr nmkx sdqlr vhsg mdf‘shud dwonmdmsr(-
Sgdx b‘kk sgdrd o‘sgr mdrsdc sq‘udqr‘k o‘sgr ctd sn sgdhq bnmrsqtbshnm- Sgd bnlahmf o‘sgr
trdc adknv vhkk ad athks eqnl bnmb‘sdm‘shmf ‘mc sgdm eqddkx qdctbhmf sgdrd mdrsdc sq‘udqr‘k
o‘sgr-

Kds v ∈ E ad ‘ rsqhbskx mdf‘shud dkdldms: sg‘s hr+ v + vm + ‘mc v hr qdoqdrdmsdc ax ‘
qdctbdc sqdd o‘hq ch‘fq‘l ne sgd enql (S−(v(. QM (v((+ vgdqd QM (v( hr ‘ sqdd bnmrhrshmf
nmkx ne M (S−(v(( qhfgs b‘qdsr- Sn bnmrsqtbs sgd mdrsdc sq‘udqr‘k o‘sg bnqqdronmchmf sn v+ vd
oqnbddc ‘r enkknvr- Vd mtladq sgd b‘qdsr ne sgd sqdd S−(v( hm hm›w nqcdq+ adfhmmhmf vhsg 0-
Vd oqnbddc sgqntfg sgd b‘qdsr hm hm›w nqcdq+ ‘cchmf fdmdq‘snqr w/. w−0

/ + ‘mc w−0
0 sn sgd qhfgs

dmc ne sgd mdrsdc sq‘udqr‘k o‘sg ‘s d‘bg rsdo ‘bbnqchmf sn sgd enkknvhmf qtkdr-

’0( He sgd hm›w mtladq ne sgd b‘qds hr 0+ ‘cc mnsghmf sn sgd mdrsdc sq‘udqr‘k o‘sg-
’1( He sgd b‘qds hr ‘ kdes b‘qds vhsg hm›w mtladq fqd‘sdq sg‘m 0+ ‘cc w−0

/ sn sgd mdrsdc sq‘udqr‘k
o‘sg-
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777 R- Bkd‘qx ds ‘k-

’2( He sgd b‘qds hr ‘m hmsdqhnq b‘qds+ kds S ad sgd qhfgs rtasqdd ne sgd b‘qds- He S hr mnmdlosx+
‘cc w−0

/ γS w/w−0
0 sn sgd mdrsdc sq‘udqr‘k o‘sg+ vgdqd γS hr sgd mdrsdc sq‘udqr‘k o‘sg

nas‘hmdc ax enkknvhmf sgdrd qtkdr enq sgd b‘qdsr ne S -
’3( He sgd b‘qds hr ‘m hmsdqhnq b‘qds ‘mc sgd qhfgs rtasqdd ne S hr dlosx+ sgdm ‘cc w−0

0 sn sgd
mdrsdc sq‘udqr‘k o‘sg-

’4( He sgd b‘qds hr ‘ qhfgs mnm,qnns b‘qds+ ‘mc hsr qhfgs rtasqdd S bnms‘hmr ‘m hmsdqhnq b‘qds+
‘cc w−0

/ γS w/ sn sgd mdrsdc sq‘udqr‘k o‘sg+ vgdqd γS hr ‘r ‘anud-
’5( He sgd b‘qds hr ‘ qhfgs mnm,qnns b‘qds+ ‘mc hsr qhfgs rtasqdd S bnms‘hmr mn hmsdqhnq b‘qdsr+

sgdm ‘cc mnsghmf sn sgd mdrsdc sq‘udqr‘k o‘sg-

Hs hr oqnudc hm Z4\ sg‘s sghr ldsgnc oqnctbdr ‘ lhmhl‘k kdmfsg vnqc qdoqdrdmshmf ‘ mdf‘shud
dkdldms vm ne E + vhsg qdrodbs sn sgd fdmdq‘shmf rds {w/. w0{- Vd cdmnsd sghr mdrsdc sq‘udqr‘k
o‘sg enq vm ax η(vm(- Enq ‘ qdctbdc sqdd o‘hq ch‘fq‘l+ sgd rhst‘shnm hm qtkd ’5( ‘anud mdudq
‘qhrdr- Hmbktchmf hs ‘kknvr nmd sn dwsdmc sgd ‘kfnqhsgl sn sqdd o‘hq ch‘fq‘lr nas‘hmdc ax
‘oodmchmf nmkx qhfgs b‘qdsr sn ansg sgd k‘rs kd‘e hm sgd sqdd S−(v( ‘mc sn sgd k‘rs kd‘e ne QM (v(

vhsgnts bg‘mfhmf sgd vnqc oqnctbdc ax sgd ‘kfnqhsgl-
Vd cd›md sgd mdrsdc sq‘udqr‘k mnql‘k enql η(v( ne ‘m dkdldms v ∈ E ‘r enkknvr- Kds

v + vovm ad sgd hm›mhsd mnql‘k enql enq v- Sgdm sgd dkdldms v−0
o + qdoqdrdmsdc ax sgd

’mns mdbdrr‘qhkx qdctbdc( sqdd o‘hq ch‘fq‘l (S+(v(. QM (v((+ hr rsqhbskx mdf‘shud+ ‘mc rn g‘r ‘
mdrsdc sq‘udqr‘k o‘sg enqldc ‘bbnqchmf sn sgd ‘anud qtkdr+ vghbg hr mns ‘eedbsdc ax sgd onrrhakd
qdctbshnm ne sgd ch‘fq‘l+ ‘bbnqchmf sn qtkd ’5( ne sgd oqnbdctqd ‘anud- Gdmbd vd b‘m cd›md
sgd mdrsdc sq‘udqr‘k mnql‘k enql enq vo sn ad η(vo( ]+ (η(v−0

o ((−0- Hs enkknvr eqnl sgd
mdrsdc sq‘udqr‘k bnmrsqtbshnm sg‘s sgd vnqcr η(vo( ‘mc η(vm( ‘qd eqddkx qdctbdc+ bnmrhcdqdc
rdo‘q‘sdkx- Gnvdudq+ sgdhq bnmb‘sdm‘shnm η(vo(η(vm( l‘x mns ad+ rn vd cd›md η(v(+ sgd
mdrsdc sq‘udqr‘k mnql‘k enql enq v+ sn ad sgd qdrtks ne eqddkx qdctbhmf sgd vnqc η(vo(η(vm(-
Mnsd sg‘s η(v( hr mns mdbdrr‘qhkx ‘ lhmhl‘k kdmfsg vnqc qdoqdrdmshmf sgd dkdldms v-

Bkd‘qx ‘mc S‘a‘bj rgnv hm sgd oqnne ne Sgdnqdl 5-0 ne Z4\ sg‘s ‘knmf ‘ rsqhbskx mdf‘shud
mdrsdc sq‘udqr‘k mnql‘k enql η(vm( + ‘0‘1 . . . ‘m + sgd mtladq ne b‘qdsr hm sgd sqdd o‘hq ch‘,
fq‘lr bnqqdronmchmf sn sgd oqd›wdr ‘0‘1 . . . ‘h enq h ∈ {0. 1. . . . . m{ mdudq cdbqd‘rdr+ sg‘s
hr+ M (‘0‘1 � � � ‘h ( ≤ M (‘0‘1 � � � ‘h+0(- Sghr enkknvr eqnl sgd bnmrsqtbshnm ne sgd o‘sgr9 sgd
ltkshokhb‘shnm (‘0‘1 . . . ‘h ( � ‘h+0 mdudq b‘trdr ‘ qdctbshnm ne b‘qdsr- Vd oqnud adknv sg‘s sgd
r‘ld gnkcr enq sgd fdmdq‘k mdrsdc sq‘udqr‘k mnql‘k enql η(v(- Ntq oqnne ne sgd s‘ldmdrr ne
sgd /,bnlahmf fhudm ax sgd mdrsdc sq‘udqr‘k mnql‘k enqlr trdr sghr oqnodqsx bnlahmdc vhsg
sgd qdk‘shnmrgho adsvddm k@(v( ‘mc M (v( cdrbqhadc hm Kdll‘ 2-2-

Sgdnqdl 2-4 Enq v ∈ E+ he η(v( + ‘0‘1 . . . ‘o+ sgdm M (‘0‘1 � � � ‘h−0( ≤ M (‘0‘1 � � � ‘h (

enq ‘kk 0 ≤ h ≤ o-

Oqnne Vd ›qrs bk‘hl sg‘s enq ‘mx t ∈ E ‘mc fdmdq‘snq ‘ ∈ {w±0
/ . w±0

0 {+ b‘qdsr b‘mmns ad ansg
‘ccdc ‘mc qdlnudc hm sgd oqnbdrr ne ltkshokxhmf t‘- Vd bgdbj nmd b‘rd ne sghr enq sgd qd‘cdq+
hm vghbg ‘ + w0 ‘mc sgd qhfgs bghkc ne sgd qnns b‘qds hm S−(t( dwhrsr ‘mc g‘r ‘m dwonrdc
kdes kd‘e k‘adkdc m- Hm sghr b‘rd hs hr mdbdrr‘qx sn ‘cc ‘ rhmfkd b‘qds sn kd‘e m ne ansg S−(t(
‘mc S+(t(+ vghbg g‘r dwonrdc kd‘udr mtladqdc m ‘mc m + 0- Adenqd qdctbshnm ne b‘qdsr+
vd nas‘hm ‘ onrrhakx tmqdctbdc sqdd o‘hq ch‘fq‘l (S →

−. S →
+( hm vghbg kd‘udr m ‘mc m + 0 ne

S →
− mn knmfdq enql ‘ b‘qds- @mx dwonrdc b‘qds vhsg kd‘udr mtladqdc fqd‘sdq sg‘m m + 0 hm

(S−(t(. S+(t(( g‘r hsr kd‘e k‘adkr hmbqd‘rdc ax 0 hm (S →
−. S →

+(- Sgtr he ‘ b‘qds o‘hq hr dwonrdc
hm (S →

−. S →
+(+ hs vntkc g‘ud addm dwonrdc hm (S−(t(. S+(t((- Gnvdudq+ (S−(t(. S+(t(( v‘r

qdctbdc+ ‘mc gdmbd (S →
−. S →

+( hr qdctbdc ‘r vdkk+ ‘mc rn dpt‘kr (S−(tw0(. S+(tw0((- Nsgdq
b‘rdr ‘qd bgdbjdc rhlhk‘qkx-

Mnsd sg‘s M (t‘( ‘mc M (t( b‘m ad qdk‘sdc hm nmd ne sgd enkknvhmf sgqdd v‘xr- Dhsgdq
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 778

• M (t‘( / M (t( he b‘qdsr ltrs ad ‘ccdc hm nqcdq sn odqenql sgd ltkshokhb‘shnm+ nq
• M (t‘( + M (t( he mn b‘qdsr ltrs ad ‘ccdc hm nqcdq sn odqenql sgd ltkshokhb‘shnm ‘mc mn

b‘qdsr ltrs ad qdlnudc hm nqcdq sn qdctbd sgd qdrtkshmf sqdd o‘hq ch‘fq‘l+ nq
• M (t‘( , M (t( he mn b‘qdsr ltrs ad ‘ccdc hm nqcdq sn odqenql sgd ltkshokhb‘shnm+ ats

b‘qdsr ltrs ad qdlnudc sn qdctbd sgd qdrtkshmf sqdd o‘hq ch‘fq‘l-

Vd qdl‘qj sg‘s hm ‘mx b‘rd+ M (t‘( ‘mc M (t( cheedq ax ‘s lnrs 0 vgdm ‘ + w±0
/ ‘mc ax

‘s lnrs 1 vgdm ‘ + w±0
0 - Hm ‘cchshnm sn sgd onrrhakd bg‘mfd hm sgd mtladq ne b‘qdsr+ sgd

qdrtkshmf sqddr ‘qd qd‘qq‘mfdc rkhfgskx+ hm udqx bnmrsq‘hmdc v‘xr-
Vd vhkk ›qrs oqnud sgd sgdnqdl hm sgd b‘rd vgdqd ‘h + w±0

0 - Nardqud sg‘s enq ‘mx t ∈ E +
dhsgdq

• S+(tw0( g‘r nmd lnqd hmsdqhnq b‘qds sg‘m S+(t(+ ansg S−(tw0( ‘mc S−(t( g‘ud sgd r‘ld
mtladq ne hmsdqhnq b‘qdsr+ ‘mc M (tw0( / M (t(+ nq

• S−(tw0( g‘r nmd edvdq hmsdqhnq b‘qds sg‘m S−(t(+ ansg S+(tw0( ‘mc S+(t( g‘ud sgd r‘ld
mtladq ne hmsdqhnq b‘qdsr+ ‘mc M (tw0( ≤ M (t(-

Sn rdd sghr+ mnsd sg‘s he b‘qdsr ltrs ad ‘ccdc hm nqcdq sn odqenql sgd ltkshokhb‘shnm tw0: sg‘s
hr+ he dhsgdq sgd qnns ne S−(t( cndr mns g‘ud ‘ qhfgs bghkc+ nq sghr qnns cndr g‘ud ‘ qhfgs bghkc
ats sghr bghkc cndr mns g‘ud ‘ kdes bghkc+ sgdm S+(tw0( g‘r nmd lnqd hmsdqhnq b‘qds sg‘m cndr
S+(t(- Hm sg‘s b‘rd+ S−(tw0( hr sgd sqdd S−(t( vhsg nmd nq svn qhfgs b‘qdsr ‘ccdc sn sgd k‘rs
kd‘e+ ‘mc sgd mtladq ne hmsdqhnq b‘qdsr hm sgd mdf‘shud sqdd hr oqdrdqudc- @krn ‘r mnsdc ‘anud+
mn b‘qdsr b‘m ad qdlnudc+ ‘mc gdmbd M (tw0( / M (t(- Nm sgd nsgdq g‘mc+ he mn b‘qdsr ‘qd
‘ccdc hm odqenqlhmf sgd ltkshokhb‘shnm tw0+ sgdm M (tw0( ≤ M (t(- Lnqdnudq+ ctqhmf sgd
ltkshokhb‘shnm oqnbdrr+ sgd kdes bghkc ne sgd qhfgs bghkc ne sgd qnns ne S−(t( hr ‘m hmsdqhnq b‘qds+
ats hm sgd sqdd S−(tw0(+ dhsgdq sghr b‘qds g‘r addm qdlnudc hm sgd ltkshokhb‘shnm oqnbdrr+ nq
sgd b‘qds vhsg sghr r‘ld mtladq hr ‘ qhfgs b‘qds+ ‘mc gdmbd dhsgdq v‘x+ sgd mtladq ne hmsdqhnq
b‘qdsr hm S−(tw0( hr rsqhbskx kdrr sg‘m sg‘s ne S−(t(- He b‘qdsr ‘qd qdlnudc+ sgdx ltrs ad sgd
›m‘k nmd nq svn b‘qdsr ne sgd sqdd o‘hq+ ‘mc sgdrd ltrs ad qhfgs b‘qdsr hm sgd sqdd S+(t(+ rn sgd
mtladq ne hmsdqhnq b‘qdsr hm sgd onrhshud sqdd hr kdes tmbg‘mfdc- Rhlhk‘qkx+ nmd b‘m udqhex sg‘s
dhsgdq

• S−(tw−0
0 ( g‘r nmd lnqd hmsdqhnq b‘qds sg‘m S−(t(+ ansg S+(tw−0

0 ( ‘mc S+(t( g‘ud sgd
r‘ld mtladq ne hmsdqhnq b‘qdsr+ ‘mc M (tw−0

0 ( ≥ M (t(+ nq
• S+(tw−0

0 ( g‘r nmd edvdq hmsdqhnq b‘qds sg‘m S+(t(+ ansg S−(tw−0
0 ( ‘mc S−(t( g‘ud sgd

r‘ld mtladq ne hmsdqhnq b‘qdsr+ ‘mc M (tw−0
0 ( , M (t(-

Etqsgdqlnqd+ he ‘ + w±0
/ + sgdm S−(t‘( ‘mc S−(t( g‘ud sgd r‘ld mtladq ne hmsdqhnq b‘qdsr+

‘r cn S+(t‘( ‘mc S+(t(-
Mnv hm sgd ’onrrhakx mns eqddkx qdctbdc( vnqc η(vo(η(vm(+ ‘kk nbbtqqdmbdr ne w0 oqdbdcd

‘kk nbbtqqdmbdr ne w−0
0 - Etqsgdqlnqd+ he S−(v( g‘r q hmsdqhnq b‘qdsr ‘mc S+(v( g‘r r hmsdqhnq

b‘qdsr+ sgdm ax bnmrsqtbshnm+ η(vo(η(vm( g‘r oqdbhrdkx r nbbtqqdmbdr ne w0 enkknvdc ax q
nbbtqqdmbdr ne w−0

0 - Sgtr hm ‘mx oqd›w ne η(v(+ he ‘h + w±0
0 hs hr ‘kv‘xr sqtd sg‘s sgd mtladq

ne hmsdqhnq b‘qdsr hm sgd sqdd o‘hq ch‘fq‘l bnqqdronmchmf sn ‘0‘1 � � � ‘h hr nmd lnqd sg‘m sgd
mtladq ne hmsdqhnq b‘qdsr hm sgd sqdd o‘hq ch‘fq‘l bnqqdronmchmf sn ‘0‘1 � � � ‘h−0-

Gdmbd+ hs enkknvr eqnl sgd oqduhntr nardqu‘shnmr sg‘s he tw0 hr ‘ oqd›w ne η(vo(+ sgdm
S+(tw0( g‘r nmd lnqd hmsdqhnq b‘qds sg‘m S+(t(+ ‘mc M (tw0( / M (t(- Rhlhk‘qkx+ he tw−0

0 hr
‘ oqd›w ne η(vm(+ sgdm S−(η(vo(tw−0

0 ( g‘r nmd lnqd hmsdqhnq b‘qds sg‘m S−(η(vo(t(+ ‘mc
M (η(vo(tw−0

0 ( ≥ M (η(vo(t(+ vghbg oqnudr sgd sgdnqdl hm sgd b‘rd ‘h + w±0
0 -

Hm ‘cchshnm+ vd b‘m bnmbktcd eqnl sghr ‘m‘kxrhr ‘ edv lnqd e‘bsr ‘ants sgd qdk‘shnm,
rgho adsvddm sgd qdctbdc vnqc η(v( ‘mc sgd onsdmsh‘kkx knmfdq vnqc η(vo(η(vm(+ vghbg
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78/ R- Bkd‘qx ds ‘k-

vd mnsd gdqd enq trd ‘f‘hm k‘sdq- Hm o‘qshbtk‘q+ η(v( + v0v1+ vgdqd η(vo( + v0wm
/ ‘mc

η(vm( + w−m
/ v1 enq rnld m ≥ /+ ‘mc he v0 ‘mc v1 ‘qd ansg mnmdlosx vnqcr+ sgdm dhsgdq

v0 dmcr hm w0 nq v1 adfhmr vhsg w−0
0 + ats mns ansg- Lnqdnudq+ enq ‘mx oqd›w ‘0 � � � ‘h ne

v0. S−(‘0 � � � ‘h ( bnms‘hmr mn hmsdqhnq b‘qdsr-
Sn oqnud sgd sgdnqdl enq sgd b‘rdr vgdqd ‘h + w±0

/ + vd qdod‘sdckx qdedq sn sgd enkknvhmf
rhw e‘bsr+ d‘bg ne vghbg b‘m ad cdctbdc ax b‘qdetkkx enkknvhmf sgd oqnbdrr ne ltkshokxhmf ax
‘ fdmdq‘snq-

’0( M (tw−0
/ ( , M (t( he ‘mc nmkx he sgd ›qrs b‘qds ne S+(t( hr dwonrdc+ ‘mc sgd ›qrs svn

qhfgs b‘qdsr ne S−(t( g‘ud mn kdes bghkcqdm-
’1( M (tw/( , M (t( he ‘mc nmkx he sgd k‘rs b‘qds ne S+(t( hr dwonrdc+ ‘mc sgd k‘rs svn kdes

b‘qdsr ne S−(t( g‘ud mn qhfgs bghkcqdm-
’2( He M (tw−0

/ ( ≥ M (t(+ sgdm sgd qnns b‘qds ne S−(tw−0
/ ( g‘r ‘ kdes bghkc-

’3( He M (tw/( ≥ M (t(+ sgdm sgd qnns b‘qds ne S−(tw/( g‘r ‘ qhfgs bghkc-
’4( He M (tw−0

0 ( ≥ M (t(+ sgdm sgd rdbnmc qhfgs b‘qds ne S−(tw−0
0 ( g‘r ‘ kdes bghkc+ rn hm

o‘qshbtk‘q sgd qnns b‘qds g‘r ‘ qhfgs bghkc-
’5( He M (tw0( ≥ M (t(+ sgdm sgd qnns b‘qds ne S−(tw0( g‘r ‘ qhfgs bghkc-

Vd oqnbddc ax hmctbshnm sn oqnud sgd sgdnqdl- Bkd‘qkx M (‘0( / M (γ(+ rn mnv ‘rrtld
sg‘s M (‘0 � � � ‘j( ≥ M (‘0 � � � ‘j−0( enq ‘kk j , h -
B‘rd 09 ‘h + w/-

Dhsgdq ‘h−0 + w/. ‘h−0 + w−0
0 + nq ‘h−0 + w0- Ats sgdm+ rhmbd ax sgd hmctbshud gxonsgdrhr

M (‘0 � � � ‘h−0( ≥ M (‘0 � � � ‘h−1(+ e‘bsr 3+ 4+ ‘mc 5 rgnv sg‘s sgd qnns b‘qds ne S−(‘0 � � � ‘h−0(

‘kv‘xr g‘r ‘ qhfgs bghkc- Gdmbd+ e‘bs 1 ‘anud hlokhdr sg‘s M (‘0 � � � ‘h ( ≥ M (‘0 � � � ‘h−0(-
B‘rd 19 ‘h + w−0

/ -
He ‘h−0 + w−0

/ nq ‘h−0 + w−0
0 + sgdm rhmbd ax sgd hmctbshud gxonsgdrhr M (‘0 � � � ‘h−0( ≥

M (‘0 � � � ‘h−1(+ e‘bsr 2 ‘mc 4 ‘anud rgnv sg‘s dhsgdq sgd qnns b‘qds nq sgd rdbnmc qhfgs b‘qds ne
S−(‘0 � � � ‘h−0( g‘r ‘ kdes bghkc- Gdmbd+ hm sgdrd b‘rdr e‘bs 0 ‘anud hlokhdr sg‘s M (‘0 � � � ‘h ( ≥
M (‘0 � � � ‘h−0(- Rn vd ltrs bgdbj sgd nmd qdl‘hmhmf onrrhahkhsx+ sg‘s ‘h−0 + w0- Vd bk‘hl
sg‘s enq ‘h−0 + w0+ dhsgdq sgd qnns b‘qds ne S−(‘0 � � � ‘h−0( g‘r ‘ kdes bghkc+ nq sgd ›qrs b‘qds ne
S+(‘0 � � � ‘h−0( hr mns dwonrdc+ vghbg vhkk ‘f‘hm hlokx ax e‘bs 0 ‘anud sg‘s M (‘0 � � � ‘h ( ≥
M (‘0 � � � ‘h−0(- Sn udqhex sgd bk‘hl+ ›qrs mnsd sg‘s rhmbd sgd kdssdq w0 b‘mmns nbbtq hm η(vm(+
sgd vnqc ‘0 � � � ‘h hr ‘ oqd›w ne v0+ ‘mc rn mdhsgdq S−(‘0 � � � ‘h−1( mnq S−(‘0 � � � ‘h−0( bnm,
s‘hm ‘mx hmsdqhnq b‘qdsr- Mnv he sgd qnns b‘qds ne S−(‘0 � � � ‘h−1( g‘r ‘ kdes bghkc+ sgdm rn
cndr sgd qnns b‘qds ne S−(‘0 � � � ‘h−0(- Nm sgd nsgdq g‘mc+ he S−(‘0 � � � ‘h−1( bnmrhrsr nmkx
ne qhfgs b‘qdsr+ sgdm S+(‘0 � � � ‘h−0( hr nas‘hmdc ax g‘mfhmf ‘ b‘qds eqnl sgd rdbnmc kd‘e ne
S+(‘0 � � � ‘h−1(+ rn sg‘s hm sghr b‘rd+ sgd ›qrs b‘qds ne S+(‘0 � � � ‘h−0( hr mns dwonrdc- .\

Hm ‘cchshnm+ vd qdl‘qj sg‘s sgd mdrsdc sq‘udqr‘k enqlr+ vghbg ‘qd bdqs‘hmkx mns hm fdmdq‘k
fdncdrhbr+ ‘qd ‘s kd‘rs pt‘rhfdncdrhbr- Sn rdd sghr+ hs hr gdkoetk sn ›qrs l‘jd rnld oqdkhlhm‘qx
nardqu‘shnmr ‘ants mdrsdc sq‘udqr‘k o‘sgr enq rsqhbskx mdf‘shud vnqcr+ d‘bg ne vghbg b‘m ad
cdctbdc eqnl sgd ‘kfnqhsgl enq sgd bnmrsqtbshnm ne mdrsdc sq‘udqr‘k o‘sgr-

Nardqu‘shnm 2-5 ’0( @ vnqc ‘0 � � � ‘m+ vgdqd ‘h ∈ {w/. w−0
/ . w−0

0 { enq d‘bg h + hr ‘ mdrsdc
sq‘udqr‘k o‘sg he ‘mc nmkx he sgd vnqc r‘shr›dr sgd enkknvhmf sgqdd bnmchshnmr9

’‘( Sgd vnqc hr eqddkx qdctbdc-
’a( Sgd dwonmdms rtl ne w/ hm ‘mx oqd›w ‘0 � � � ‘j enq 0 ≤ j ≤ m hr mns onrhshud-
’b( He ‘j + ‘j+0 + w/ enq rnld j+ sgdm ‘ i + w/ enq j ≤ i ≤ m-

Gdmbd+ ‘mx oqd›w ne ‘ mdrsdc sq‘udqr‘k o‘sg hr ‘f‘hm ‘ mdrsdc sq‘udqr‘k o‘sg-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 780

’1( Kds ‘0 � � � ‘m ad ‘ mdrsdc sq‘udqr‘k o‘sg vhsg qdctbdc sqdd o‘hq ch‘fq‘l (S−. Qk( enq
rnld k- Sgdm sgd ›qrs b‘qds ne S− hr dwonrdc he ‘mc nmkx he ‘0 + w−0

/ ‘mc sgd dwonmdms
rtl ne w/ hm dudqx mnmdlosx oqd›w ‘0 � � � ‘j hr rsqhbskx mdf‘shud- Mnsd sg‘s sgd ›m‘k b‘qds
ne S−+ ‘kv‘xr ‘ qhfgs b‘qds+ hr mdudq dwonrdc-

’2( He ‘0 � � � ‘m hr ‘ mdrsdc sq‘udqr‘k o‘sg vhsg qdctbdc sqdd o‘hq ch‘fq‘l (S−. Qk( enq rnld
k+ sgd mtladqr k‘adkhmf sgd dwonrdc b‘qdsr ne S− b‘m ad ‘kfnqhsglhb‘kkx cdsdqlhmdc ‘r
enkknvr- B‘qds 1 hr dwonrdc he ‘0 + w−0

0 + ‘mc mns he ‘0 + w−0
/ - Rn ax qd‘chmf sgqntfg sgd

oqd›w ‘0+ hs b‘m ad cdsdqlhmdc vgdsgdq nq mns b‘qds 1 hr dwonrdc- Hmctbshudkx+ rtoonrd
sg‘s ax qd‘chmf sgqntfg ‘ oqd›w ‘0 � � � ‘j+ xnt g‘ud cdbhcdc vgdsgdq nq mns b‘qdsr 1
sgqntfg i ‘qd dwonrdc- Sgdm enq b‘qds i + 0+ he

‘j+0 +

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

w/ sgdm lnud nm sn ‘j+1 sn l‘jd ‘ cdbhrhnm ‘ants b‘qds i + 0-
w−0

0 ‘mc ‘j + w/+ sgdm lnud nm sn ‘j+1 sn l‘jd ‘ cdbhrhnm ‘ants b‘qds i+0-
w−0

/ sgdm b‘qds i + 0 hr mns dwonrdc-
w−0

0 ‘mc ‘j + w−0
/ + sgdm b‘qds i + 0 hr dwonrdc-

w−0
0 ‘mc ‘j + w−0

0 + sgdm b‘qds i + 0 hr mns dwonrdc-

Hm sgd k‘ssdq sgqdd b‘rdr+ sgdm lnud nm sn ‘j+1 sn l‘jd ‘ cdbhrhnm ‘ants vgdsgdq b‘qds
i + 1 hr dwonrdc-

Vhsg sghr nardqu‘shnm hm g‘mc+ vd ‘qd qd‘cx sn oqnud sg‘s mdrsdc sq‘udqr‘k mnql‘k enqlr ‘qd
pt‘rhfdncdrhbr- Qdb‘kk sg‘s enq ‘ fqnto F vhsg ›mhsd fdmdq‘shmf rds @+ ‘ vnqc x hr ‘ (λ. b(,
pt‘rhfdncdrhb enq bnmrs‘msr λ ≥ 0 ‘mc b ≥ / he sgd tmhs roddc o‘sg o ] ˜/. k(x([ → )(F. @(
k‘adkdc ax x r‘shr›dr 0

λ
|r − s | − b ≤ c@(o(r(. o(s(( ≤ λ|r − s | + b enq ‘kk r. s ∈ ˜/. k(x([-

Sgdnqdl 2-6 Enq dudqx v ∈ E sgd mdrsdc sq‘udqr‘k mnql‘k enql η(v( hr ‘ (λ. b(,pt‘rhfdn,
cdrhb vhsg λ + 5 ‘mc b + /-

Oqnne Kdsv ∈ E - Eqnl e‘bsr mnsdc hm sgd oqnne ne Sgdnqdl 2-4+ vd b‘m vqhsd η(vo(η(vm( +
v0wm

/ w−m
/ v1 ‘mc η(v( + v0v1 + ‘0 � � � ‘o enq rnld m ≥ / ‘mc d‘bg ‘h ∈ {w±0

/ . w±0
0 {- Hs

enkknvr eqnl sgd enqltk‘ enq kdmfsg hm Oqnonrhshnm 2-1 sg‘s d‘bg o‘hq ne b‘qdsr hm S−(v( ‘mc
S+(v(+ nsgdq sg‘m sgd ›qrs o‘hq ‘mc sgd k‘rs o‘hq+ bnmsqhatsd rnld mnmydqn mtladq adsvddm
nmd ‘mc 3 sn k@(v(- Gnvdudq+ d‘bg rtbg b‘qds o‘hq bnmsqhatsdr ‘s lnrs 5 sn k(η(v((+ rn sgd
kdmfsg bnmsqhatshnm sn sgd mnql‘k enql hr ‘s lnrs 5 shldr sgd bnmsqhatshnm sn kdmfsg hm sgd
B‘xkdx fq‘og- Sgd ›qrs ‘mc k‘rs b‘qds o‘hqr ‘qd ‘ rkhfgskx rodbh‘k b‘rd+ rhmbd snfdsgdq sgdx
l‘x bnmsqhatsd /+ 0+ nq 1 sn ansg k@(v( ‘mc k(η(v((- Gnvdudq+ nmd bgdbjr sg‘s he sgdqd hr mn
bnmsqhatshnm sn k@(v( eqnl sgdrd b‘qdsr+ sgdm sgd ›qrs b‘qds hm ansg sqddr hr sgd qnns b‘qds+ ‘mc
rn sgd bnmsqhatshnm sn k(η(v(( eqnl sgdrd b‘qdsr vhkk ad ydqn ‘r vdkk- Sgtr vd nas‘hm

k@(v( ≤ k(η(v(( ≤ 5 k@(v(

enq ‘mx mdrsdc sq‘udqr‘k mnql‘k enql η(v(-
Vd mnv rgnv sg‘s sgdrd hmdpt‘khshdr gnkc enq ‘m ‘qahsq‘qx rtavnqc ne η(v(- Rn rtoonrd

t + ‘h � � � ‘h+j + vhsg 0 ≤ h , h + j ≤ q - He ‘h+j hr ‘ kdssdq ne v0+ sgdm rhmbd v0wm
/ + η(vo(

hr ‘ fdncdrhb+ sgdm k@(t( ≤ k(η(t(( ≤ 5k@(t(- Sgd r‘ld ‘qftldms+ trhmf sgd e‘bs sg‘s η(vm(

hr ‘ fdncdrhb+ gnkcr hm sgd b‘rd vgdqd ‘h hr ‘ kdssdq hm v1-
Mnv ‘rrtld ‘0 � � � ‘h hr ‘ oqd›w nev0 ‘mc ‘h+j � � � ‘o hr ‘ rte›w nev1- Kds t0 ad sgd rte›w

ne v0 rs‘qshmf vhsg ‘h + ‘mc kds t1 ad sgd oqd›w ne v1 dmchmf vhsg ‘h+j : sgdm t + t0t1- Vd
oqnud adknv sg‘s enq sgd rtavnqc t. η(t o( + t0wr

/ ‘mc η(tm( + w−r
/ t1 enq rnld / ≤ r ≤ m-

Sghr sgdm hlokhdr sg‘s η(t( + t0t1+ ‘mc sgdqdenqd t hr ‘ mdrsdc sq‘udqr‘k mnql‘k enql+ ‘mc
k@(t( ≤ k(η(t(( ≤ 5k@(t(-
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781 R- Bkd‘qx ds ‘k-

Rhmbd w−m
/ t1 ‘mc w−m

/ t−0
0 ‘qd oqd›wdr ne η(vm( ‘mc η(v−0

o ( qdrodbshudkx+ sgdx ‘qd ‘krn
mdrsdc sq‘udqr‘k o‘sgr ‘bbnqchmf sn sgd ›qrs o‘qs ne Nardqu‘shnm 2-5- Kds (S →

−. Qj( cdmnsd sgd
qdctbdc sqdd o‘hq ch‘fq‘l enq w−m

/ t1 ‘mc kds (S →→
−. Qk( ad sgd qdctbdc sqdd o‘hq enq w−m

/ t−0
0 -

Sgdqd hr ‘ svn rsdo oqnbdrr sn sq‘mrenql sgd o‘hq ne sqddr (S →
−. S →→

−( hmsn sgd qdctbdc sqdd o‘hq
ch‘fq‘l enq t + t0t1- Hm sgd ›qrs rsdo+ he sgd mtladqr j ‘mc k ne b‘qdsr hm d‘bg ne sgdrd sqddr
‘qd mns dpt‘k+ vd ‘cc ‘ rsqhmf ne |j − k| qhfgs b‘qdsr sn sgd ›m‘k kd‘e ne sgd rl‘kkdq sqdd- Sgd
rdbnmc rsdo bnmrhrsr ne qdctbhmf sgd qdrtkshmf sqdd o‘hq- Mnsd sg‘s ax bnmrsqtbshnm+ sgd ›m‘k
b‘qds ne ansg S →

− ‘mc S →→
− b‘mmns ad dwonrdc+ ‘mc rn ‘mx b‘qdsr ‘ccdc hm sgd ›qrs rsdo vhkk mns

ad qdlnudc hm sgd rdbnmc rsdo- D‘bg shld ‘ b‘qds hr qdlnudc+ sgdqd hr ‘ bnqqdronmchmf bg‘mfd
sn sgd o‘hq ne mdrsdc sq‘udqr‘k o‘sgr+ vghbg vd sq‘bj adknv: ‘s sgd dmc ne sghr oqnbdrr+ vd
nas‘hm sgd mdrsdc sq‘udqr‘k o‘sgr enq tm ‘mc t o -

He b‘qds 0 hr dwonrdc hm ansg sqddr+ hs ltrs ad sg‘s m / /+ rn qdlnuhmf sghr b‘qds o‘hq bnqqd,
ronmcr ‘kfdaq‘hb‘kkx sn b‘mbdkhmf sgd bdmsq‘k w/w−0

/ o‘hq sn nas‘hm sgd vnqc t0wm−0
/ w−(m−0(

/ t1-

Mnsd sg‘s ansg w−(m−0(
/ t1 ‘mc w−(m−0(

/ t−0
0 ‘qd ansg ‘f‘hm mdrsdc sq‘udqr‘k o‘sgr- Mnv

qdod‘s+ ‘mc dudmst‘kkx qd‘bg ‘ onhms vgdqd b‘qds 0 hr mns dwonrdc hm nmd ne S−(w−r
/ t1(

‘mc S−(w−r
/ t−0

0 (+ enq rnld / ≤ r ≤ m- Mnsd sg‘s he r + /+ b‘qds 0 b‘mmns ad dwonrdc hm ansg
sqddr- Gdmbd sghr oqnbdrr ltrs rtbbdrretkkx sdqlhm‘sd-

Mdws vd bgdbj enq onrrhakd qdctbshnm ne b‘qds o‘hqr mtladqdc fqd‘sdq sg‘m 0- O‘qs 2
ne Nardqu‘shnm 2-5 rgnvr sg‘s b‘qds 1 b‘m nmkx ad dwonrdc hm ansg sqddr S−(w−r

/ t1( ‘mc
S−(w−r

/ t−0
0 ( he r + / ‘mc ansg t−0

0 ‘mc t1 rs‘qs vhsg sgd kdssdq w−0
0 : gnvdudq+ t1 hr ‘ oqd›w

ne sgd vnqc v1 ‘mc t0 hr ‘ rte›w ne v0+ ‘mc sgd vnqc v0v1 hr eqddkx qdctbdc- Enq b‘qds
o‘hqr mtladqdc adsvddm 2 ‘mc lhm{j. k{ − (m − r(+ sgd ‘kfdaq‘hb bqhsdqh‘ eqnl o‘qs ’2( ne
Nardqu‘shnm 2-5 ax vghbg vd bgdbj enq dwonrtqd ne sgdrd b‘qdsr nmkx cdodmcr tonm kdssdqr
hm sgd vnqcr t1 ‘mc t−0

0 vghbg+ ‘r mnsdc ‘anud+ ‘qd oqd›wdr ne sgd vnqcr v1 ‘mc v−0
0 +

qdrodbshudkx- Rhmbd sgd sqdd o‘hq ch‘fq‘l enq v0v1 hr qdctbdc+ sgdm mnmd ne sgdrd b‘qdsr b‘m
ad qdlnudc- B‘qdsr mtladqdc ‘anud lhm{j. k{ − (m − r( vdqd ‘ccdc hm sgd ›qrs rsdo+ ‘mc
gdmbd ‘krn b‘mmns ad qdlnudc-

Gdmbd+ η(t o(η(tm( + t0wr
/w−r

/ t1+ rn η(t( + t0t1+ ‘mc sgd hmdpt‘khshdr enkknv- Sgtr
mdrsdc sq‘udqr‘k mnql‘k enqlr ‘qd ’5+/(,pt‘rhfdncdrhbr- .\

3 Bnmrsqtbshmf sgd bnlahmf ne E

Hm sghr rdbshnm+ vd bnmrsqtbs ‘ 0,bnlahmf ne sgd fqnto E vhsg qdrodbs sn sgd oqdrdms‘shnm

}w/. w0|˜w/w−0
0 . w−0

/ w0w/[. ˜w/w−0
0 . w−1

/ w0w1
/ [〈=

hm Rdbs- 4 vd vhkk rgnv sg‘s sghr bnlahmf r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm- Kds W
ad sgd B‘xkdx bnlokdw enq sghr oqdrdms‘shnm-

Vd ›qrs bnmrsqtbs ‘ /,bnlahmf ne E vhsg qdrodbs sn @ + {w/. w0{ ax cd›mhmf ‘ bnmshmtntr
etmbshnm % ] W/ ·˜/. 0[ → W0 vgdqd+ enq ‘mxv ∈ E + sgd qdrsqhbshnm % ] {v{·˜/. 0[ → W0

hr k‘adkdc ax sgd mdrsdc sq‘udqr‘k mnql‘k enql η(v( enq v- Vd b‘kk sghr /,bnlahmf % sgd
mdrsdc sq‘udqr‘k /,bnlahmf-

Mnv vd ltrs dwsdmc sghr /,bnlahmf sn ‘ 0,bnlahmf- @kk dcfdr hm sgd B‘xkdx fq‘og e‘kk
hmsn nmd ne svn b‘sdfnqhdr+ 'fnnc„ ‘mc 'a‘c„- Sgd fnnc dcfdr bnmrhrs ne sgnrd dcfdr vgdqd
sgd bnlahmf o‘sg sn nmd dmconhms bnms‘hmr sgd nsgdq dmconhms+ ‘mc sgtr onhmsr ‘knmf sg‘s
dcfd ‘qd bnladc sgqntfg sgd 0,rjdkdsnm- Sgd a‘c dcfdr hmbktcd ‘kk ne sgnrd dcfdr vgdqd
sghr hr mns sgd b‘rd+ ‘mc sgtr sgd onhmsr ‘knmf sgd dcfd hm ptdrshnm ltrs ad bnladc sgqntfg
sgd 1,rjdkdsnm- Sn l‘jd sghr lnqd enql‘k+ vd hmsqnctbd rnld mns‘shnm- Enq d‘bg v ∈ E + kds
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 782

%v ad sgd /,bnlahmf o‘sg hm W0 eqnl sgd hcdmshsx sn v ’k‘adkdc ax η(v((+ ‘mc kds %−0
v ad

sgd hmudqrd o‘sg eqnl v sn sgd hcdmshsx- Qdb‘kk sg‘s d‘bg chqdbsdc dcfd hm sgd B‘xkdx fq‘og
W0 + )(E. {w/. w0{( hr k‘adkdc dhsgdq ax sgd fdmdq‘snq w/ nq sgd fdmdq‘snq w0- Vd enql‘khyd
sgd mnshnm ne fnnc ‘mc a‘c dcfdr hm sgd enkknvhmf cdehmhshnm-

Cd›mhshnm 3-0 He sgd rds ne dmconhmsr ne ‘m dcfd d hr ne sgd enql {v.vw−0
/ {+ vd cdmnsd sgd

dcfd ‘r d/(v(+ ‘mc he sgd rds ne dmconhmsr ne ‘m dcfd d hr ne sgd enql {v.vw−0
0 {+ vd cdmnsd

sgd dcfd ‘r d0(v(-
Lnqdnudq+ enq sgd dcfd d‘(v(+ vgdqd ‘ ∈ {/. 0{+ he sgd knno γd ]+ %vd‘(v(%−0

vw−0
‘

hr

gnlnsnohb sn sgd sqhuh‘k knno hm sgd B‘xkdx fq‘og+ vd b‘kk sgd dcfd d‘(v( ‘ fnnc dcfd+ ‘mc
he mns+ vd b‘kk sgd dcfd d‘(v( ‘ a‘c dcfd-

Sgdnqdl 3-1 cdrbqhadr bnmchshnmr nm sgd B‘xkdx bnlokdw vghbg ‘kknv tr sn dwsdmc sgd
mdrsdc sq‘udqr‘k /,bnlahmf sn ‘ 0,bnlahmf-

Sgdnqdl 3-1 Kds � ad sgd rds ne a‘c dcfdr hm sgd B‘xkdx bnlokdw W vhsg qdrodbs sn sgd
mdrsdc sq‘udqr‘k /,bnlahmf- Rtoonrd sg‘s

’0( sgdqd hr ‘ o‘qsh‘k nqcdqhmf ne � vhsg sgd oqnodqsx sg‘s enq ‘mx dcfd d ∈ �+ sgd rds ne
dcfdr { e ∈ �| e , d{ hr ›mhsd+ ‘mc

’1( sgdqd hr ‘ etmbshnm b eqnl � sn sgd rds ne 1,bdkkr ne W+ rn sg‘s enq dudqx d ∈ � sgd dcfd
d hr nm sgd antmc‘qx ne b(d(+ ‘mc vgdmdudq e ∈ � hr ‘mnsgdq dcfd nm sgd antmc‘qx ne
b(d(+ sgdm e , d-

Sgdm sgd mdrsdc sq‘udqr‘k /,bnlahmf % ] W/ · ˜/. 0[ → W0 b‘m ad dwsdmcdc sn ‘ 0,bnlahmf
% ] W0 · ˜/. 0[ → W1-

Oqnne Vd qdl‘qj sg‘s sgd gxonsgdrdr ne sgd sgdnqdl hlokx sg‘s sgd l‘oohmf eqnl a‘c dcfdr
sn 1,bdkkr hr hmidbshud- Kds C ad sgd rds ne fnnc dcfdr- Vd dwsdmc sgd /,bnlahmf hm svn rs‘fdr-
Ehqrs+ dwsdmc % ] W/ · ˜/. 0[ → W0 sn % ] (W/ : C( · ˜/. 0[ → W0 trhmf sgd gnlnsnohdr
enq sgd fnnc dcfdr- Mdws+ mnsd sg‘s sgd o‘qsh‘k nqcdqhmf nm � hr vdkk,entmcdc+ ‘mc rn vd l‘x
‘ookx Mndsgdqh‘m hmctbshnm sn cd›md % nm a‘c dcfdr ‘r enkknvr- Rtoonrd vd g‘ud ‘kqd‘cx
dwsdmcdc sgd bnlahmf sn % ] (W/ : C : R( · ˜/. 0[ → W1+ vgdqd R ]+ {d→ ∈ �|d→ , d{
enq ‘ o‘qshbtk‘q dcfd d- Rhmbd b(d( hr ‘ 1,bdkk+ sgdqd hr ‘ gnlnsnox eqnl d+ sgqntfg b(d(+ sn
sgd qdl‘hmcdq ne sgd antmc‘qx >b(d( dwbktchmf sgd hmsdqhnq H ms (d( ne d+ vghbg ›wdr sgd dmc,
onhmsr ne d- Lnqd rodbhehb‘kkx+ kds ) ] d · ˜/. 0[ → b(d( r‘shrex9 enq d‘bg onhms o hm sgd dcfd
d.)(o. /( ∈ >b(d( | H ms (d( ‘mc )(o. 0( + o: sgd hl‘fd )(d · {/{( + >b(d( | H ms (d(: ‘mc
enq sgd dmconhmsr f ‘mc g ne d ‘mc enq ‘kk s ∈ ˜/. 0[.)(f. s( + f ‘mc )(g. s( + g- Rhmbd ‘kk
dcfdr hm >b(d( | H ms (d( ‘qd hm C : R+ sgd bnlahmf % ] (W/ : C : R(· ˜/. 0[ → W1 oqnuhcdr
bnlahmf o‘sgr eqnl sgd hcdmshsx sn d‘bg ne sgd onhmsr ne >b(d( | H ms (d(- Qdo‘q‘ldsqhyd sgdrd
o‘sgr ‘mc bnmb‘sdm‘sd sgdl vhsg sgd o‘sgr eqnl sgd gnlnsnox ) sn cd›md sgd gnlnsnox
% ] d · ˜/. 0[ → W - Sghr xhdkcr ‘ gnlnsnox % ] (W/ : C : R : {d{( · ˜/. 0[ → W1- Sgdm+
ax hmctbshnm+ sgd /,bnlahmf dwsdmcr sn ‘ 0,bnlahmf % ] W0 · ˜/. 0[ → W1- .\

Sgd qdl‘hmcdq ne sghr rdbshnm hr cdunsdc sn drs‘akhrghmf sgd gxonsgdrdr ne Sgdnqdl 3-1-

3-0 Hcdmshexhmf sgd fnnc dcfdr

Sgd fn‘k ne sghr rdbshnm hr sn hcdmshex sgd fnnc dcfdr hm )(E. @ + {w/. w0{(- Sghr hr ‘bbnl,
okhrgdc hm sgd enkknvhmf sgdnqdl-
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783 R- Bkd‘qx ds ‘k-

Sgdnqdl 3-2 Kds v ∈ E g‘ud qdctbdc sqdd o‘hq ch‘fq‘l (S−(v(. S+(v((- He ‘mx nmd ne sgd
enkknvhmf entq bnmchshnmr gnkcr+ sgdm sgd dcfd d‘(v(+ vhsg ‘ ∈ {/. 0{+ hr ‘ fnnc dcfd9

’0( Sgd hmcdw ‘ + /-
’1( Sgd sqdd S−(v( g‘r ‘s lnrs svn qhfgs b‘qdsr-
’2( Sgd sqdd S−(v( g‘r ‘s kd‘rs sgqdd qhfgs b‘qdsr+ mn b‘qdsr mddc ad qdlnudc sn qdctbd sgd

sqdd o‘hq ch‘fq‘l enq vw−0
0 + ‘mc ‘kk b‘qdsr enkknvhmf sgd sghqc qhfgs b‘qds hm S−(v(+ he

‘mx+ ‘qd qhfgs b‘qdsr-
’3( Sgd sqdd S−(v( g‘r ‘s kd‘rs sgqdd qhfgs b‘qdsr ats mn hmsdqhnq b‘qdsr+ b‘qds m ltrs ad

qdlnudc sn qdctbd sgd sqdd o‘hq ch‘fq‘l enq vw−0
0 + ‘mc b‘qds m hr sgd ›qrs dwonrdc b‘qds

hm S+(v(-

Vd oqnud sghr sgdnqdl hm svn kdll‘r+ bnmrhcdqhmf rdo‘q‘sdkx sgd b‘rdr d/(v( ‘mc d0(v(-
Sn oqnud d‘bg kdll‘+ vd rhlokx bnlo‘qd sgd mdrsdc sq‘udqr‘k enqlr enq sgd svn dmconhmsr
ne sgd dcfd hm d‘bg rhst‘shnm hm sgd gxonsgdrdr ne Sgdnqdl 3-2-

Kdll‘ 3-3 Kds v ∈ E- Sgdm d/(v( hr ‘ fnnc dcfd-

Oqnne Kds y + vw−0
/ - Vd bnlo‘qd η(v( ‘mc η(y(+ ‘mc rgnv sg‘s dhsgdq η(y( + η(v(w−0

/ nq
η(v( + η(y(w/+ ‘mc rn hs enkknvr hlldch‘sdkx sg‘s d/(v( hr ‘ fnnc dcfd-

@r trt‘k+ kds v + (S−(v(. S+(v(( ‘mc y + (S−(y(. S+(y(( cdmnsd qdctbdc sqdd o‘hq
ch‘fq‘lr- Sgd sqdd o‘hq ch‘fq‘l (R−. R+( enq w−0

/ hr fhudm hm Ehf- 1-
Rtoonrd ›qrs sg‘s S−(v( g‘r nmkx nmd qhfgs b‘qds+ sgd qnns b‘qds- Sgd kdes rtasqdd ne sgd

qnns b‘qds ltrs sgdm ad mnmdlosx: kds @(v( ad sghr rtasqdd+ ‘mc kds γ@ ad sgd rtarsqhmf ne
η(vm( bnmrhrshmf ne ‘kk fdmdq‘snqr bnqqdronmchmf sn b‘qdsr hm @(v(- Sgdm η(vm( + γ@w−0

/ -
Hm ltkshokxhmf y + vw−0

/ + ‘ b‘qds hr ‘oodmcdc sn sgd qhfgslnrs kd‘e ne d‘bg ne sgd sqddr
enq v+ ‘mc sgd sqdd @(v( hr ‘oodmcdc sn sgd kdeslnrs kd‘e ne sgd sqddr R− ‘mc R+ enq w−0

/ -
Sgdm y + (S−(y(. S+(y(( vgdqd S−(y( bnmrhrsr ne ‘ qnns b‘qds vhsg ‘ kdes bghkc vgnrd kdes
rtasqdd hr @(v(+ ‘mc S+(y( hr S+(v( vhsg ‘ rhmfkd b‘qds ‘oodmcdc sn hsr qhfgslnrs kd‘e- Sghr
o‘hq hr qdctbdc+ rn mn b‘qds hr qdlnudc hm odqenqlhmf sghr oqnctbs- Sgd sqdd S−(y( g‘r ‘ kdes
b‘qds adsvddm sgd rtasqdd @(v( ‘mc sgd qnns+ rn η(ym( + γ@w−1

/ - Rhmbd S+(y( hr itrs S+(v(

vhsg ‘ rhmfkd b‘qds ‘oodmcdc sn hsr qhfgslnrs kd‘e+ η(v−0
o ( + η(y−0

o (- Gdmbd hm sghr b‘rd+

η(y o(η(ym( + η(vo(γ@w−1
/ + η(vo(η(vm(w

−0
/ - Sgdqdenqd+ he η(v( cndr mns dmc hm w/+ sgdm

η(y( + η(v(w−0
/ - Gnvdudq+ he η(v( cndr dmc hm w/+ sgdm η(y(w/ + η(v(-

Enq sgd qdl‘hmcdq ne sghr oqnne rtoonrd sg‘s S−(v( g‘r ‘s kd‘rs svn qhfgs b‘qdsr- Kds @(v(

ad sgd kdes rtasqdd ne sgd qnns b‘qds+ kds A(v( cdmnsd sgd kdes rtasqdd ne sgd qhfgs bghkc ne sgd
qnns b‘qds+ ‘mc kds D(v( cdmnsd sgd qhfgs rtasqdd ne sgd qhfgs bghkc ne sgd qnns- Kds γ@. γA +
‘mc γD cdmnsd sgd rtavnqcr ne η(vm( bnqqdronmchmf sn sgd b‘qdsr ne sgdrd rtasqddr: mnsd
sg‘s ‘mx ne sgdrd sqddr b‘m ad sgd dlosx sqdd+ ‘mc he rn+ sgd bnqqdronmchmf rtavnqc vhkk ad
dlosx- Cd›md γq ]+ 0 he sgd sqdd @(v( hr sgd dlosx sqdd ∅ vhsg mn b‘qdsr+ ‘mc γq ]+ w−0

/ he
@(v( ∈+ ∅+ rn sg‘s γq hr sgd bnmsqhatshnm ne sgd qnns b‘qds ne S−(v( sn sgd mdrsdc sq‘udqr‘k
mnql‘k enql η(vm(- Sgd mdrsdc sq‘udqr‘k mnql‘k enql enq v hr sgdm

η(vo(η(vm( +
)

η(vo(γ@γq γA he D(v( + Qj enq rnld j ≥ /
η(vo(γ@γq γA w−0

/ γD w/ he D(v( ∈+ Qj enq ‘kk j.

Hm sghr b‘rd mn b‘qdsr mddc sn ad ‘ccdc sn sgd sqdd o‘hq enq v hm nqcdq sn odqenql sgd ltk,
shokhb‘shnm vw−0

/ : sgd sqddr @(v(. A(v(+ ‘mc D(v( ltrs ad ‘oodmcdc sn kd‘udr /+ 0+ ‘mc 1+
qdrodbshudkx ne sgd sqddr R− ‘mc R+-
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@ b‘qds ltrs ad qdlnudc eqnl sgd oqnctbsvw−0
/ sn nas‘hm sgd qdctbdc sqdd o‘hq ch‘fq‘l he

‘mc nmkx he sgd sqddr @(v( ‘mc A(v( ‘qd ansg dlosx+ ‘mc b‘qds 0 hm sgd sqdd S+(v( hr dwonrdc-
Hm sghr b‘rd+ S+(y( hr sgd sqdd S+(v( vhsg sgd ›qrs b‘qds qdlnudc- Mnsd sg‘s b‘qds 0 ne S+(v(

bnmsqhatsdc mnsghmf sn sgd mdrsdc sq‘udqr‘k mnql‘k enql η(v−0
o (+ ‘mc sg‘s b‘qds 1 ne S+(v(

ltrs ‘krn ad ‘ kdes b‘qds+ ‘mc rn bnmsqhatsdc w−0
/ - Sgd k‘ssdq b‘qds hr b‘qds 0 ne S+(y(- Gdmbd

η(v−0
o ( + w−0

/ η(y−0
o (- @m‘kxyhmf sgd mdf‘shud sqddr+ vd mnsd sg‘s sgd sqdd S−(y( hr sgd sqdd

vhsg ‘ rhmfkd kdes b‘qds+ m‘ldkx sgd qnns b‘qds+ g‘uhmf ‘ qhfgs rtasqdd fhudm ax D(v(+ ‘mc rn
η(ym( + γD - He D(v( + Qj enq rnld j ≥ /+ sgdm η(v( + η(y(w/- Nm sgd nsgdq g‘mc+ he
D(v( ∈+ Qj enq ‘mx j+ sgdm rhmbd D(v( hr sgd qhfgs rtasqdd ne sgd qnns ne S−(y(+ sghr rtasqdd
fhudr ‘ mnmdlosx bnmsqhatshnm sn sgd mdrsdc sq‘udqr‘k o‘sg+ ‘mc gdmbd η(ym( b‘mmns dmc vhsg
sgd kdssdq w−0

/ - Sgtr vgdm eqddkx qdctbhmf sgd vnqc η(vo(η(vm( + η(y o(w/w−0
/ η(ym(w/+

nmkx nmd w/w−0
/ hr qdlnudc+ ‘mc η(v( + η(y(w/-

Ehm‘kkx+ rtoonrd sg‘s mn b‘qdsr mddc sn ad qdlnudc hm sgd ltkshokhb‘shnm vw−0
/ - Sgdm

S+(y( + S+(v( ‘mc y o + vo - Sgdqdenqd η(y o(η(ym( + η(vo(γ@γq γA w−0
/ γD - He D(v( +

Qj + sgdm η(y o(η(ym( + η(vo(η(vm(w
−0
/ + ‘mc rn dhsgdq η(y( + η(v(w−0

/ + vgdm η(v( cndr
mns dmc hm w/+ nq dkrd η(y(w/ + η(v(- Nm sgd nsgdq g‘mc he D(v( ∈+ Qj + sgdm η(vo(η(vm( +
η(y o(η(ym(w/- Rhmbd η(ym( b‘mmns dmc hm w−0

/ . η(v( + η(y(w/- .\

Mdws+ vd stqm sn dcfdr ne sgd enql d0(v(- Enq rtbg ‘m dcfd+ sgd b‘rd vgdqd S−(v( g‘r ‘s
kd‘rs sgqdd qhfgs b‘qdsr hr ax e‘q sgd lnrs bnlokhb‘sdc+ rn adenqd rs‘shmf sgd cdrhqdc kdll‘+
vd drs‘akhrg rnld trdetk mns‘shnm enq sg‘s b‘rd-

Mns‘shnm 3-4 Enq ‘mx v + (S−(v(. S+(v(( ∈ E rtbg sg‘s S−(v( g‘r ‘s kd‘rs sgqdd qhfgs
b‘qdsr9

• Kds @(v( cdmnsd sgd kdes rtasqdd ne sgd qnns b‘qds+ A(v( cdmnsd sgd kdes rtasqdd ne sgd qhfgs
bghkc ne sgd qnns+ ‘mc B(v( ‘mc C(v( cdmnsd sgd kdes ‘mc qhfgs rtasqddr+ qdrodbshudkx+ ne
sgd sghqc qhfgs b‘qds ne S−(v(-

• Cd›md M (v( ]+ M (S−(v(( + M (S+(v(( ’‘r ‘anud(+ ‘mc MC(v( ]+ M (C(v(( ‘mc
M@(v( ]+ M (@(v((-

• Cd›md i (v( sn ad sgd mtladq ne sgd ›qrs dwonrdc b‘qds ne S+(v(-

Sn tmcdqrs‘mc sgd fnnc dcfdr+ ‘mc k‘sdq sgd cdehmhshnm ne sgd o‘qsh‘k nqcdq nm sgd dcfdr+
nmd ltrs ›qrs tmcdqrs‘mc dwokhbhskx gnv sgd sqdd o‘hq ch‘fq‘l enq v l‘x bg‘mfd vgdm v

hr ltkshokhdc ax w−0
0 - Sn enql sgd oqnctbs vw−0

0 + he S−(v( bnms‘hmr ‘s kd‘rs 2 qhfgs b‘qdsr+
sgdm mn b‘qdsr ltrs ad ‘ccdc sn sgd sqddr ne sgd qdctbdc o‘hq ch‘fq‘l enq v+ ats sgd rta,
sqddr @(v(. A(v(.B(v(+ ‘mc C(v( ‘qd ‘oodmcdc sn sgd kd‘udr mtladqdc /+ 0+ 1+ ‘mc 2+
qdrodbshudkx+ ne sgd sqddr hm sgd qdctbdc sqdd o‘hq ch‘fq‘l enq w−0

0 + vghbg hr fhudm hm Ehf- 1-
Bnmshmthmf sgd b‘rd sg‘s S−(v( bnms‘hmr ‘s kd‘rs sgqdd qhfgs b‘qdsr+ kds S →

− ad sgd mdf‘shud
sqdd ne sgd hmsdqldch‘sd rsdo hm sgd ltkshokhb‘shnm+ vw−0

0 adenqd ‘mx b‘qdsr ‘qd qdlnudc sn
qdctbd sgd sqdd o‘hq ch‘fq‘l- Sgd b‘qdsr ne S−(v( ‘mc S →

− vhsg sgd r‘ld mtladq g‘ud sgd
r‘ld sxod ’kdes+ qhfgs nq hmsdqhnq( hm ansg sqddr+ vhsg sgd dwbdoshnm ne sgd b‘qds mtladqdc
M@(v( + 0 + MA(v( + 0+ vghbg hr ‘ qhfgs b‘qds hm S−(v( ‘mc ‘m hmsdqhnq b‘qds hm S →

−- Sghr
hr sgd nmkx b‘qds sg‘s b‘m ad dwonrdc hm S →

− ats mns hm S−(v(+ ‘mc gdmbd sgd nmkx b‘qds sg‘s
lhfgs ad qdlnudc he S →

− hr mns qdctbdc- @r ‘ bnmrdptdmbd+ ‘ b‘qds ltrs ad qdlnudc hm sgd
ltkshokhb‘shnm vw−0

0 he ‘mc nmkx he sgd enkknvhmf oqnodqsx gnkcr9

(†( 9 A(v( + ∅.B(v( + ∅+ ‘mc S+(v( g‘r ‘m dwonrdc b‘qds ‘s b‘qds mtladq M@(v(+1-

Vd ‘qd mnv qd‘cx sn cdrbqhad dcfdr ne sgd enql d0(v( sg‘s ‘qd fnnc dcfdr-
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Kdll‘ 3-5 Kds v ∈ E- Sgdm d0(v( hr ‘ fnnc dcfd he ‘mx ne sgd enkknvhmf ‘qd r‘shr›dc9

’0( S−(v( g‘r ‘s lnrs svn qhfgs b‘qdsr-
’1( S−(v( g‘r sgqdd nq lnqd qhfgs b‘qdsr+ oqnodqsx (†( hr mns r‘shr›dc ‘mc C(v( + Qj enq

rnld j ≥ /-
’2( S−(v( g‘r sgqdd nq lnqd qhfgs b‘qdsr ats mn hmsdqhnq b‘qdsr+ oqnodqsx (†( gnkcr ‘mc sgd

mtladq m ne sgd b‘qds sg‘s b‘mbdkr r‘shr›dr m + M@(v( + 1 + i (v(+ rn b‘qds m hr sgd
›qrs dwonrdc b‘qds hm S+(v(-

Oqnne Kds t + vw−0
0 - @f‘hm vd bnlo‘qd η(v(vhsg η(t(+ ‘mc vd bk‘hl sg‘s vgdmv r‘shr›dr

dhsgdq ne sgd ›qrs svn bnmchshnmr ne sgd gxonsgdrhr+ sgdm η(t( + η(v(w−0
0 - He v r‘shr›dr sgd

sghqc bnmchshnm+ sgdm η(v( + η(t(w0- Rn hm ‘kk b‘rdr hs enkknvr hlldch‘sdkx sg‘s sgd dcfd
d0(v( hr fnnc- Vd oqnbddc ax b‘rdr ‘bbnqchmf sn vghbg gxonsgdrhr hr r‘shr›dc- Sgd ›qrs svn
‘qd rsq‘hfgsenqv‘qc+ ats enq sgd sghqc vd rdo‘q‘sd hmsn rtab‘rdr-
B‘rd 0- S−(v( g‘r edvdq sg‘m sgqdd qhfgs b‘qdsr- Rtoonrd ›qrs sg‘s S−(v( g‘r nmkx nmd qhfgs
b‘qds+ ‘mc @(v( hr sgd kdes rtasqdd ne sghr qnns b‘qds- Hm ltkshokxhmf t + vw−0

0 + svn qhfgs
b‘qdsr ‘qd ‘oodmcdc sn sgd qhfgslnrs kd‘e ne d‘bg ne sgd sqddr enq v+ ‘mc @(v( hr ‘oodmcdc
sn sgd kdeslnrs kd‘e ne sgd sqddr enq w−0

0 + ats mn b‘qdsr ‘qd qdlnudc- Sgd svn ‘oodmcdc qhfgs
b‘qdsr hm S+(t( bnmsqhatsd mnsghmf sn η(t−0

o (+ rn η(t o( + η(vo(- Sgd qnns b‘qds ne S−(t(
g‘r kdes rtasqdd @(v(+ ‘mc sgd qhfgs bghkc ne sgd qnns g‘r kdes rtasqdd bnmrhrshmf ne ‘ rhm,
fkd hmsdqhnq b‘qds vghbg bnmsqhatsdr w−0

0 sn sgd mdrsdc sq‘udqr‘k mnql‘k enql η(tm(- Sgdm
η(t o(η(tm( + η(vo((η(vm(w

−0
0 (+ rn hs enkknvr sg‘s η(t( + η(v(w−0

0 - Sgd oqnne hm sgd b‘rd
sg‘s S−(v( g‘r svn qhfgs b‘qdsr hr rhlhk‘q-

Enq sgd qdl‘hmcdq ne sgd oqnne+ ‘rrtld sg‘s S−(v( g‘r ‘s kd‘rs sgqdd qhfgs b‘qdsr- Kds
γ@. γq . γA . γB + ‘mc γC ad sgd rtavnqcr ne sgd mdrsdc sq‘udqr‘k mnql‘k enql η(vm( bnqqd,
ronmchmf sn sgd b‘qdsr ne @(v(+ sgd qnns+ A(v(.B(v(+ ‘mc C(v(+ qdrodbshudkx- Hm sghr b‘rd
sgd mdrsdc sq‘udqr‘k mnql‘k enql enq v hr sgdm

η(vo(η(vm(+

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

η(vo(γ@γq γA he B(v(+∅ ‘mc C(v(+ Qj enq rnld j≥/
η(vo(γ@γq γA w−0

/ γB w/ he B(v( ∈+∅ ‘mc C(v(+ Qj enq rnld j≥/
η(vo(γ@γq γA w−1

/ γC w1
/ he B(v(+∅ ‘mc C(v( ∈+ Qj enq ‘kk j≥/

η(vo(γ@γq γA w−0
/ γB w−0

/ γC w1
/ he B(v( ∈+∅ ‘mc C(v( ∈+ Qj enq ‘kk j≥/.

B‘rd 1- Mn b‘qdsr ltrs ad qdlnudc sn bqd‘sd sgd qdctbdc sqdd o‘hq ch‘fq‘l enq t + vw−0
0 +

‘mc C(v( + Qj enq rnld j ≥ /- Hs enkknvr hlldch‘sdkx sg‘s S+(v( + S+(t( ‘mc gdmbd
η(vo( + η(t o(- Eqnl sgd chrbtrrhnm ne S−(v( ‘mc S →

− + S−(t( ‘anud+ nmkx b‘qds mtladq
M@(v(+1+ MA(v( l‘jdr ‘ cheedqdms bnmsqhatshnm sn sgd qdrodbshud mdrsdc sq‘udqr‘k mnql‘k
enqlr+ xhdkchmf9

η(t o(η(tm( +
)

η(vo(γ@γq γA w−0
0 he B(v(+∅ ‘mc C(v(+ Qj enq rnld j ≥/

η(vo(γ@γq γA w−0
/ γB w/w−0

0 he B(v( ∈+ ∅ ‘mc C(v(+ Qj enq rnld j ≥/.

Bnlo‘qhmf sgdrd vnqcr vhsg sgd bnqqdronmchmf vnqcr η(vo(η(vm( fhudm ‘anud xhdkcr
η(t( + η(v(w−0

0 -
B‘rd 2- B‘qds m hr qdlnudc vgdm vd enql sgd oqnctbs vw−0

0 ’dpthu‘kdmskx+ oqnodqsx (†(
gnkcr(+ i (v( + m+ ‘mc S−(v( g‘r mn hmsdqhnq b‘qdsr- Eqnl (†(+ sghr b‘qds mdbdrr‘qhkx g‘r
b‘qds mtladq m + M@(v( + 1- @r S−(v( g‘r mn hmsdqhnq b‘qdsr hm B‘rd 2+ vd ltrs g‘ud
@(v( + Km−1+ sgd sqdd vhsg m − 1 kdes b‘qdsr+ vgdqd m − 1 ≥ / ‘mc C(v( + Qj enq rnld
j ≥ /- Sgdm η(vm( + w−(m−1(

/ - Vgdm b‘qds m hr qdlnudc sn enql sgd sqdd o‘hq ch‘fq‘l enq
t+ vd rdd sg‘s S−(t( sgdm g‘r m − 0 kdes b‘qdsr hmbktchmf sgd qnns ‘mc j + 0 qhfgs mnm,qnns
b‘qdsr+ ‘mc rn η(tm( + w−(m−1(

/ ‘r vdkk-
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Mnsd sg‘s M (v( ≥ M@(v( + 2 + m + 0+ ‘mc rn b‘qds m ne S+(v( hr mdhsgdq sgd ›qrs mnq
sgd k‘rs b‘qds ne sghr sqdd- Sgdm sghr hr ‘m hmsdqhnq b‘qds ne S+(v( vghbg hr ‘m dwonrdc b‘qds+ hm
o‘qshbtk‘q hs g‘r ‘m dlosx qhfgs rtasqdd- Sghr b‘qds vhkk bnmsqhatsd w−0

0 sn sgd mdrsdc sq‘udqr‘k
mnql‘k enql η(v−0

o (- Sgd sqdd S+(t( hr sgd sqdd S+(v( vhsg b‘qds m qdlnudc-
Enq 0 ≤ i ≤ M (v(+ kds B i cdmnsd b‘qds i ne sgd sqdd S+(v(- B‘qds B0 bnmsqhatsdr mnsghmf

sn sgd mdrsdc sq‘udqr‘k mnql‘k enql η(v−0
o (- Vgdmdudq 1 ≤ i , m − 0+ sgd tmdwonrdc

b‘qds B i hr dhsgdq ‘m hmsdqhnq b‘qds nq ‘ qhfgs b‘qds+ ‘mc hm ansg b‘rdr B i g‘r ‘ mnmdlosx
qhfgs rtasqdd bnms‘hmhmf sgd hmsdqhnq b‘qds Bm - Gdmbd d‘bg ne sgdrd b‘qdsr B i ‘ccr w−0

/ sn
η(v−0

o ( adenqd sgd rtavnqc w−0
0 bnqqdronmchmf sn b‘qds Bm + ‘mc ‘krn ‘ccr dhsgdq w/w−0

0 nq w/

sn η(v−0
o ( ‘esdq sghr rtavnqc- Sgdm η(v−0

o ( + w−(m−1(
/ w−0

0 β enq rnld vnqc β+ ‘mc gdmbd

η(vo(η(vm( + (β−0w0wm−1
/ ((w−(m−1(

/ (+ rn η(v( + β−0w0-
Sn ‘m‘kxyd sgd mdrsdc sq‘udqr‘k mnql‘k enqlr η(t−0

o ( ‘mc η(t( etqsgdq+ vd mnv chuhcd hmsn
entq rtab‘rdr+ ‘r enkknvr-

B‘rd 2‘- Rtoonrd @(v( + ∅- Sgdm hs enkknvr sg‘s m + 1+ ‘mc sgd sqdd S+(t( hr S+(v( vhsg
b‘qds m + 1 qdlnudc- Gdmbd η(t( + β−0+ ‘mc rn η(v( + η(t(w0-

B‘rd 2a- Rtoonrd @(v( ∈+ ∅+ b‘qds m hr sgd kdes bghkc ne hsr o‘qdms b‘qds hm S+(v(+ ‘mc
M (v( + m + 0- Sgdm hs enkknvr sg‘s ‘kk nsgdq b‘qdsr ne S+(v( ‘qd qhfgs b‘qdsr+ nq dkrd ‘ b‘qds
vhsg hm›w mtladq kdrr sg‘m m vntkc ad sgd ›qrs dwonrdc b‘qds hm S+(v(- Sgtr η(vo(η(vm( +
w−(m−1(

/ w0wm−1
/ w−(m−1(

/ - Sgd sqdd S+(t( bnms‘hmr nmkx qhfgs b‘qdsr+ ‘mc rn η(t o( hr sqhuh‘k+

‘mc gdmbd η(t o(η(tm( + w−(m−1(
/ - Sgdqdenqd sgd mdrsdc sq‘udqr‘k mnql‘k enql enq v hr

η(v( + w−(m−1(
/ w0 + η(t(w0 ‘mc rn η(v( + η(t(w0-

B‘rd 2b- Rtoonrd sg‘s @(v( ∈+ ∅+ b‘qds m hr sgd kdes bghkc ne hsr o‘qdms b‘qds hm S+(v(+ ‘mc
M (v( / m + 0- B‘qds Bm+0 hr sgd o‘qdms ne b‘qds Bm hm sghr b‘rd- He Bm+0 hr ‘m hmsdqhnq b‘qds
ne S+(v(+ sgdm Bm+0 hr ‘m hmsdqhnq b‘qds bnms‘hmdc hm sgd qhfgs rtasqdd ne b‘qdsr B i enq ‘kk
1 ≤ i ≤ m − 0+ ‘mc rn hm sgd sqdd S+(t(+ sgdrd b‘qdsr B i ‘krn bnms‘hm ‘m hmsdqhnq b‘qds hm sgdhq
qhfgs rtasqddr- He hmrsd‘c Bm+0 hr ‘ qhfgs b‘qds+ sgdm B i hr ‘ qhfgs b‘qds enq ‘kk 0 ≤ i ≤ m − 0-
Mnsd sg‘s sgd ›m‘k b‘qds M (S−(v(( ne S−(v( hr dwonrdc+ ‘mc sgd sqdd o‘hq (S−(v(. S+(v(( hr
qdctbdc+ rn b‘qds mtladq M (S+(v(( / m + 0 ne S+(v( hr mns dwonrdc- Sgdm sgd kdes rtasqdd
ne sgd k‘ssdq b‘qds bnms‘hmr ‘m hmsdqhnq b‘qds Bh ne S+(v( vhsg h / m+ ‘mc gdmbd sghr hmsdqhnq
b‘qds hr bnms‘hmdc hm sgd qhfgs rtasqddr ne ‘kk ne sgd b‘qdsr B i vhsg 1 ≤ i ≤ m−0- Sgdm enq ansg
sxodr ne o‘qdms b‘qds sgd mdrsdc sq‘udqr‘k o‘sg enq t−0

o hr sgd r‘ld ‘r sg‘s enq v−0
o dwbdos sg‘s

sgd w−0
0 rtavnqc bnqqdronmchmf sn b‘qds m hr qdlnudc- Sgdm η(t o(η(tm( + β−0wm−1

/ w−(m−1(
/ +

‘mc rn nmbd ‘f‘hm η(v( + η(t(w0-

B‘rd 2c- Rtoonrd sg‘s @(v( ∈+ ∅+ ‘mc b‘qds m hr sgd qhfgs bghkc ne hsr o‘qdms hm S+(v(-
Rhmbd m ≥ 2. M (S+(v(( ≥ m + 0+ ‘mc b‘qds Bm hr sgd ›qrs dwonrdc b‘qds hm S+(v(+ sgdm
b‘qds Bm−0 ltrs ad ‘m hmsdqhnq b‘qds hm S+(v(+ vghbg hr bnms‘hmdc hm sgd qhfgs rtasqdd ne
d‘bg B i vhsg 1 ≤ i ≤ m − 1- Sgdm sgd mdrsdc sq‘udqr‘k o‘sg enq t−0

o hr sgd r‘ld ‘r sg‘s

enq v−0
o dwbdos sg‘s sgd w−0

/ w−0
0 w/w−0

0 rtavnqc ne η(v−0
o ( bnqqdronmchmf sn b‘qdsr Bm−0 ‘mc

Bm hr qdok‘bdc vhsg sgd vnqc w−0
0 bnqqdronmchmf sn sgd b‘qds Bm−0 ne S+(t(- Hm sghr b‘rd

η(vo(η(vm( + (�−0w0w−0
/ w0wm−1

/ ((w−(m−1(
/ (+ ’vgdqd β + w/w−0

0 �(+ ‘mc η(t o(η(tm( +
(�−0w0wm−2

/ ((w−(m−1(
/ (- Sgdqdenqd+ η(v( + �−0w0w−0

/ w0 + η(t(w0- .\
Kdll‘r 3-3 ‘mc 3-5 bnlokdsd sgd oqnne ne Sgdnqdl 3-2- Hm sgd mdws rdbshnmr+ vd vhkk lnrs

eqdptdmskx ‘ookx sgd bnmsq‘onrhshud ne Sgdnqdl 3-2+ qdvqhssdm adknv enkknvhmf Mns‘shnm 3-4-
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787 R- Bkd‘qx ds ‘k-

Bnqnkk‘qx 3-6 Kds v ∈ E- He d‘(v( hr ‘ a‘c dcfd+ sgdm ‘ + 0+ sgd sqdd S−(v( g‘r ‘s kd‘rs
sgqdd qhfgs b‘qdsr+ ‘mc dhsgdq

’0( C(v( ∈+ QMC(v(+
’1( C(v( + QMC(v(. @(v( + K M@(v(+ oqnodqsx (†( gnkcr+ ‘mc 1 ≤ i (v( ≤ M@(v(+ nq
’2( C(v( + QMC(v(. @(v( ∈+ K M@(v(+ ‘mc oqnodqsx (†( gnkcr-

Oqnne Eqnl Sgdnqdl 3-2 o‘qsr ’0( ‘mc ’1( vd jmnv sg‘s ‘ + 0 ‘mc S−(v( bnms‘hmr ‘s kd‘rs
2 qhfgs b‘qdsr-

He mn b‘qds hr qdlnudc hm sgd ltkshokhb‘shnm vw−0
0 ’sg‘s hr+ he oqnodqsx (†( e‘hkr(+ sgdm O‘qs

’2( ne Sgdnqdl 3-2 rgnvr sg‘s vd ltrs g‘ud C(v( ∈+ QMC(v(-
He ‘ b‘qds hr qdlnudc hm sgd ltkshokhb‘shnm vw−0

0 + sgdm oqnodqsx (†( gnkcr+ @cchshnm‘kkx+ he
vd ‘qd mns hm dhsgdq ne sgd b‘rdr ’0( nq ’2( ne sghr bnqnkk‘qx+ sgdm vd g‘ud C(v( + QMC(v(

‘mc @(v( + K M@(v(- Hm sghr b‘rd+ S−(v( g‘r mn hmsdqhnq b‘qdsr+ rn A(v( + ∅ ‘mc sgd b‘qds
sg‘s hr b‘mbdkdc hm sgd ltkshokhb‘shnm hr b‘qds mtladq M@(v(+ 1+ vghbg ltrs ad dwonrdc hm
S+(v(- Hs enkknvr eqnl o‘qs ’3( ne Sgdnqdl 3-2 sg‘s sghr b‘qds hr mns sgd ›qrs dwonrdc b‘qds
hm S+(v(+ ‘mc rn i (v( , M@(v(+ 1- Gnvdudq+ svn bnmrdbtshud b‘qdsr b‘mmns ad dwonrdc+
‘mc vd bnmbktcd sg‘s i (v( ≤ M@(v(- Etqsgdqlnqd+ he i (v( + 0+ sgdm b‘qds 0 vntkc ad
dwonrdc hm ansg S−(v( ‘mc S+(v( ‘mc sgd sqdd o‘hq ch‘fq‘l vntkc mns ad qdctbdc- Gdmbd+
1 ≤ i (v( ≤ M@(v(+ ‘mc b‘rd ’1( ne sgd bnqnkk‘qx gnkcr- .\

3-1 Cd›mhmf ‘ o‘qsh‘k nqcdq nm sgd a‘c dcfdr

Vd mnv cd›md ‘ o‘qsh‘k nqcdq nm sgd rds ne ‘kk a‘c dcfdr d0(v( ‘r qdpthqdc enq Sgdnqdl 3-1-
Sghr o‘qsh‘k nqcdq hr a‘rdc nm mtldqhb‘k ld‘rtqdr qdk‘sdc sn sgd sqdd o‘hq ch‘fq‘l enqv- Sgdrd
hmbktcd M (v(+ ‘r vdkk ‘r M@(v( ‘mc MC(v(+ sgd mtladq ne b‘qdsr hm sgd rtasqddr @(v( ‘mc
C(v( cd›mdc hm Mns‘shnm 3-4 ‘anud- Sn nqcdq sgd dcfdr d0(v( ‘mc d0(v

→( vgdqd sgd u‘ktdr
M@ ‘mc MC ‘qd sgd r‘ld enq ansg dkdldmsr+ vd ›qrs mddc sn bnmrsqtbs+ enq d‘bg ›wdc mtladq j+
rdudq‘k cheedqdms o‘qsh‘k nqcdqhmfr ne sgd rds ne ‘kk qnnsdc ahm‘qx sqddr vhsg j b‘qdsr- Adenqd
dwok‘hmhmf sgdrd onrdsr+ vd ›qrs mddc rnld ‘cchshnm‘k bnlahm‘snqh‘k hmenql‘shnm ‘rrnbh‘sdc
sn ‘ qnnsdc ahm‘qx sqdd-

Cd›mhshnm 3-7 Kds S ad ‘ qnnsdc+ ahm‘qx sqdd-

• Vd nqcdq sgd qhfgs b‘qdsr ne S hm hm›w nqcdq+ ‘mc b‘kk sgdl q0. q1. q2. . . . . qj + vgdqd q0 hr
sgd qnns b‘qds ne S - Kds Sh ad sgd ’onrrhakx dlosx( kdes rtasqdd ne b‘qds qh - Kds rq (S ( ]+ h +
vgdqd h hr sgd rl‘kkdrs hmcdw vhsg / ≤ h ≤ j r‘shrexhmf sgd oqnodqsx sg‘s enq dudqx
h , s ≤ j+ sgd rtasqdd Ss hr dlosx-

• Rhlhk‘qkx+ vd b‘kk sgd kdes b‘qdsr ne S + hm hm›w nqcdq+ kl . kl−0. . . . . k0+ vgdqd k0 hr sgd qnns
b‘qds ne S + ‘mc kds Rh ad sgd ’onrrhakx dlosx( qhfgs rtasqdd ne b‘qds kh - Sgdm kds rk(S ( ]+ h +
vgdqd h hr sgd rl‘kkdrs hmcdw + / ≤ h ≤ l+ rtbg sg‘s Rs hr dlosx enq dudqx h , s ≤ l-

• Kds Bq (S ( ]+ M (S ( − (j − rq (S (( vgdqd j hr sgd mtladq ne qhfgs b‘qdsr hm S : sg‘s hr+
Bq (S ( hr sgd mtladq ne b‘qdsr hm S to sn ‘mc hmbktchmf b‘qds qrq (S (-

• Kds Bk(S ( ]+ M (S ( − (l − rk(S (( vgdqd l hr sgd mtladq ne kdes b‘qdsr hm S : sg‘s hr+
Bk(S ( hr sgd mtladq ne b‘qdsr hm S ‘esdq+ ‘mc hmbktchmf+ b‘qds krk (S (-

Vd qdl‘qj sg‘s sgd rhlokd bnmchshnm ne vgdsgdq ‘ sqdd bnmrhrsr dhsgdq nmkx ne qhfgs b‘qdsr nq
nmkx ne kdes b‘qdsr+ vghbg v‘r bqhshb‘k hm qdbnfmhyhmf a‘c dcfdr hm Bnqnkk‘qx 3-6+ rhlokx sq‘mr,
k‘sdr hmsn vgdsgdq rq nq rk dpt‘kr ydqn- Lnqd oqdbhrdkx+ sgd bnmchshnm rq (S ( + / ’qdrodbshudkx
rq (S ( / /( hr dpthu‘kdms sn S + QM (S ( ’qdrodbshudkx S ∈+ QM (S ((- Rhlhk‘qkx+ sgd bnmchshnm
rk(S ( + / ’qdrodbshudkx rk(S ( / /( hr dpthu‘kdms sn S + K M (S ( ’qdrodbshudkx S ∈+ K M (S ((-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 788

Hm nqcdq sn rnqs+ q‘sgdq sg‘m rhlokx qdbnfmhyd+ sgd a‘c dcfdr+ gnvdudq+ vd mddc sn jddo sq‘bj
ne sgd mtldqhb‘k u‘ktdr rq ‘mc rk -

Bnmrhcdq sgd rds ne qnnsdc ahm‘qx sqddr vhsg j b‘qdsr- Vd cd›md sgd qhfgs onrds ne qnnsdc
ahm‘qx sqddr vhsg j b‘qdsr vghbg vhkk ad trdc sn nqcdq dcfdr d0(v( vgdqd MC(v( + j- Enq
d‘bg sqdd C vhsg j b‘qdsr vhsg rq (C( / /+ vd cd›md sgd sqdd e (C( ‘r enkknvr9

• He rq (C( hr ncc+ ‘mc S0+ sgd kdes rtasqdd ne sgd qnns b‘qds ne C+ hr dlosx+ e (C( hr sgd sqdd
enqldc ax qns‘shmf C sn sgd kdes ‘s b‘qds q0- Sg‘s hr+ he f hr sgd dkdldms ne E vhsg sqdd o‘hq
ch‘fq‘l (C. Qj(vgdqd Qj hr sgd sqdd bnmrhrshmf ne j qhfgs b‘qdsr+ sgdm fw−0

/ g‘r ’onrrhakx
tmqdctbdc( sqdd o‘hq ch‘fq‘l ( e (C(. Qj(-

• He rq (C( hr ncc+ ‘mc S0 hr mns dlosx+ e (C( hr sgd sqdd enqldc ax qns‘shmf C sn sgd qhfgs
‘s b‘qds q0- Sg‘s hr+ he f hr sgd dkdldms ne E vhsg sqdd o‘hq ch‘fq‘l (C. Qj(+ sgdm fw/ g‘r
sqdd o‘hq ch‘fq‘l ( e (C(. Qj(-

• He rq (C( hr dudm+ ‘mc S1+ sgd kdes rtasqdd ne sgd qhfgs bghkc ne sgd qnns b‘qds ne C+ hr dlosx+
e (C( hr sgd sqdd enqldc ax qns‘shmf C sn sgd kdes ‘s b‘qds q1- He f hr sgd dkdldms ne E vhsg
sqdd o‘hq ch‘fq‘l (C. Qj(+ sgdm fw−0

0 g‘r sqdd o‘hq ch‘fq‘l ( e (C(. Qj(-
• He rq (C( hr dudm+ ‘mc S1 hr mns dlosx+ e (C( hr sgd sqdd enqldc ax qns‘shmf C sn sgd qhfgs

‘s b‘qds q1- He f hr sgd dkdldms ne E vhsg sqdd o‘hq ch‘fq‘l (C. Qj(+ sgdm fw0 g‘r sqdd o‘hq
ch‘fq‘l ( e (C(. Qj(-

Mnv cdbk‘qd e (C( ,q C enq dudqx C- Vd bk‘hl sg‘s sgd sq‘mrhshud bknrtqd ne sghr nqcdq hr
‘ vdkk,entmcdc o‘qsh‘k nqcdq+ vhsg tmhptd lhmhl‘k dkdldms Qj + sgd sqdd vhsg j qhfgs b‘qdsr-
Sn rdd sghr+ mnshbd sg‘s Bq (C( + / he ‘mc nmkx he C + Qj - Mnv Bq ( e (C(( ≤ Bq (C(+ ‘mc he
Bq ( e (C(( + Bq (C(+ sgdm rq (C( ‘mc rq ( e (C(( g‘ud cheedqdms o‘qhshdr- Rn he e m(C( + C enq
rnld onrhshud hmsdfdq m+ sghr hlokhdr sg‘s sgdqd hr ‘ vnqc w±0

/ w±0
0 � � � w±0

/ w±0
0 ’vgdqd onrrhakx

sgd ›qrs ‘mc.nq k‘rs fdmdq‘snqr ‘qd ‘ardms( vghbg hr sqhuh‘k hm E + bnmsq‘chbshmf Kdll‘ 2-3-
Rhmbd sgdqd ‘qd nmkx ‘ ›mhsd mtladq ne sqddr vhsg j b‘qdsr+ Bq ( e l(C(( , Bq (C( enq rnld

l+ ‘mc gdmbd Bq ( e m(C(( + / enq rnld m- Gdmbd+ vd rdd sg‘s sghr hr ‘ o‘qsh‘k nqcdq vhsg ‘
tmhptd lhmhl‘k sqdd Qj + vghbg hr kdrr sg‘m ‘kk nsgdq sqddr hm sgd onrds- Vd cdmnsd sgd nqcdq
hm sghr onrds ax ,q -

Vd mnv cd›md sgd kdes onrdsr ne qnnsdc ahm‘qx sqddr vhsg j b‘qdsr+ vghbg vhkk ad trdc sn
rnqs a‘c dcfdr d0(v( enq vghbg M@(v( + j- Trhmf sgd ldsgnc fhudm ‘anud+ vd bntkc g‘ud
bnmrsqtbsdc ‘ onrds trhmf rk . Rh + ‘mc Bk hmrsd‘c ne rq . Sh + ‘mc Bq + qdok‘bhmf sgd vnqcr 'qns‘sd
kdes ' ax 'qns‘sd qhfgs„ ‘mc uhbd,udqr‘- Sghr xhdkcr ‘ ct‘k onrds+ vgdqd sgd lhmhl‘k dkdldms hr
sgd sqdd Kj bnmrhrshmf ne nmkx kdes b‘qdsr- Vd cdmnsd qdk‘shnmrghor hm sghr nqcdq ax @0 ,k @1-

Gnvdudq+ hm rnld b‘rdr vd vhkk mddc ‘ lnch›b‘shnm ne sghr kdes onrds hm nqcdq sn rnqs ntq
dcfdr+ cdodmchmf nm ‘m hmcdw 0 ≤ i ≤ j- Enq ‘mx m‘stq‘k mtladqr j ≥ 2 ‘mc 1 ≤ i ≤ j −0+
kds A i (j( ad ‘ sqdd bnmrhrshmf ne j b‘qdsr+ mnmd ne vghbg ‘qd hmsdqhnq+ rn sg‘s sgd qnns b‘qds g‘r
hm›w mtladq i + 0- Mnsd sg‘s Aj−0(j( + Kj + sgd sqdd bnmrhrshmf ne j kdes b‘qdsr- Hm sgd kdes
onrds vhsg nqcdq qdk‘shnm ,k + sgdqd hr ‘ tmhptd o‘sg eqnl d‘bg sqdd sn sgd lhmhl‘k dkdldms
Aj−0(j( + Kj + ‘mc gdmbd sgdqd ‘krn hr ‘ tmhptd ’tmchqdbsdc( o‘sg eqnl d‘bg sqdd sn A i (j(- Enq

d‘bg 1 ≤ i ≤ j − 1+ vd enql ‘ mdv onrds+ qdnqcdqhmf sgd sqddr ax cdbk‘qhmf @0 ,
i
k @1 he @0

hr nm sgd tmhptd o‘sg eqnl @1 sn A i (j(- Enq d‘bg rtbg i + sgd mdv onrds mnv g‘r kd‘rs dkdldms
A i (j(+ ‘mc vgdqd‘r Kj + Aj−0(j( ,k Aj−1(j( ,k � � � ,k A i+0(j( ,k A i (j(+ dw‘bskx sgd

qdudqrd gnkcr hm ,
i
k + m‘ldkx A i (j( ,

i
k A i+0(j( ,

i
k � � � , i

k Aj−1(j( ,
i
k Aj−0(j( + Kj - He

i + 0. j − 0 nq j+ vd trd sgd nqhfhm‘k onrds+ ‘mc cdbk‘qd , i
k +,k - Sgtr vd g‘ud bnmrsqtbsdc

nmkx j − 1 chrshmbs onrdsr hm ‘kk+ enq d‘bg j ≥ 2- Hm sgd sqhuh‘k b‘rdr j + 0 ‘mc j + 1+ rhlokx
cdbk‘qd , i

k +,k enq ‘mx 0 ≤ i ≤ j-
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8// R- Bkd‘qx ds ‘k-

Sn rtll‘qhyd9 enq d‘bg m‘stq‘k mtladq j ≥ 2+ vd g‘ud cd›mdc j − 0 chrshmbs o‘qsh‘k
nqcdqhmfr ne sgd rds ne qnnsdc ahm‘qx sqddr vhsg j b‘qdsr- Sgdqd hr ‘ tmhptd qhfgs onrds vghbg
g‘r ‘r lhmhl‘k dkdldms Qj + vghbg vhkk ad trdc sn rnqs a‘c dcfdr d0(v( vhsg MC(v( + j:
sgdqd hr ‘ e‘lhkx ne j − 1 chrshmbs kdes onrdsr vghbg g‘ud+ qdrodbshudkx+ sgd sqddr A i (j( enq
1 ≤ i ≤ j −0 ‘r tmhptd lhmhl‘k dkdldmsr+ vghbg vhkk ad trdc sn rnqs dcfdr vhsg M@(v( + j
‘mc i (v( + i -

Sgd enkknvhmf mns‘shnm+ a‘rdc nm sgd pt‘mshshdr hmsqnctbdc hm Mns‘shnm 3-4 ‘mc Cdehmh,
shnm 3-7+ vhkk rhlokhex sgd cdrbqhoshnm ne sgd nqcdqhmf-

Mns‘shnm 3-8 Kds d0(v( ad ‘ a‘c dcfd+ enq ‘m dkdldms v + (S−(v(. S+(v(( ∈ E -

• Kds rq (v( ]+ rq (C(v((-
• Kds rk(v( ]+ rk(@(v((-
• Kds Bq (v( ]+ Bq (C(v((-
• Kds Bk(v( ]+ Bk(@(v((-
• Kds m(v( ad sgd hm›w mtladq ne sgd qhfgs b‘qds ne S−(v( vgnrd kdes rtasqdd hr mns dlosx+

ats vgnrd qhfgs rtasqdd hr dhsgdq dlosx nq bnmrhrsr nmkx ne qhfgs b‘qdsr- He mn rtbg b‘qds
dwhrsr+ S−(v( bnmrhrsr nmkx ne qhfgs b‘qdsr+ ‘mc vd rds m(v( + / ’rdd Ehf- 2(-

Hm sgd enkknvhmf cdehmhshnm+ vd cd›md ‘ rds ne bnlo‘qhrnmr adsvddm bdqs‘hm o‘hqr ne a‘c
dcfdr- Vd sgdm oqnud sg‘s sgd sq‘mrhshud bknrtqd ne sghr rds ne nqcdq qdk‘shnmrghor hr ‘ o‘qsh‘k
nqcdq- Rnld cds‘hkr ne sghr o‘qsh‘k nqcdq ’o‘qshbtk‘qkx sgd entqsg rds ne bnlo‘qhrnmr( l‘x
rddl lxrsdqhntr ‘s sghr onhms+ ats sgdx ‘qd dw‘bskx sgd qdk‘shnmrghor mddcdc enq sgd bdkk l‘o
eqnl sgd rds ne a‘c dcfdr hmsn sgd 1,bdkkr vghbg hr cd›mdc hm sgd mdws rdbshnm sn r‘shrex sgd
gxonsgdrdr ne Sgdnqdl 3-1-

Cd›mhshnm 3-0/ Kds d0(v( ‘mc d0(y( ad a‘c dcfdr- Vd r‘x d0(y( , d0(v( hm sgd enkknvhmf
rhst‘shnmr9

’0( M (y( , M (v(-
’1( M (y( + M (v(. S+(y( + S+(v(+ ansg rq (v( / / ‘mc rq (y( / /+ ‘mc dhsgdq9

’‘( MC(y( , MC(v( ‘mc m(y( + m(v(+ nq
’a( MC(y( + MC(v(. m(y( ≤ m(v(+ ‘mc C(y( ,q C(v(-

’2( M (y( + M (v(. S+(y( + S+(v(. rq (y( + rq (v( + /+ ‘mc dhsgdq9

’‘( M@(y( , M@(v( ‘mc m(y( ≤ m(v( nq
’a( M@(v( + M@(y(. m(y( + m(v(+ ‘mc @(y( , i

k @(v( enq i + i (v( + i (y( ≤
M@(v(-

Ehf- 2 Hm sgd dw‘lokd ne sgd o‘hq
ne sqddr (S−(v(. S+(v(( fhudm hm
sghr ›ftqd+ sgd rtasqdd C(v(

’qdro- @(v(( g‘r entq qhfgs ’qdro-
kdes( b‘qdsr- Vd bnlotsd sgd
enkknvhmf pt‘mshshdr9
M (v( + 04. MC(v( +
6. M@(v( + 4. rq (v( +
1. rk (v( + 0.Bq (v( +
4.Bk (v( + 1. m(v( + 02 ‘mc
i (v( + 2
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 8/0

’3( M (y( + M (v(. S+(y( + S+(v(+ dw‘bskx nmd ne sgd o‘hq {rq (v(. rq (y({ hr ydqn+ ‘mc
dhsgdq9

’‘( rq (y( + /. rq (v( + 0 nq 1+ ‘mc m(y( , m(v(+ nq
’a( rq (y( + 0. rq (v( + /. m(y( + m(v(+ ‘mc M@(y( , M@(v(-

Kdll‘ 3-00 Sgd sq‘mrhshud bknrtqd ne sgd rds ne nqcdq qdk‘shnmrghor cd›mdc ‘anud hr ‘ o‘qsh‘k
nqcdq r‘shrexhmf sgd oqnodqsx sg‘s enq ‘kk a‘c dcfdr d+ sgd rds ne a‘c dcfdr kdrr sg‘m d vhsg
qdrodbs sn sghr o‘qsh‘k nqcdq hr ›mhsd-

Oqnne Hm nqcdq sn rgnv sghr hr ‘ o‘qsh‘k nqcdq+ vd ltrs rgnv sg‘s enq dudqx rds ne a‘c dcfdr
r‘shrexhmf d0(v0( / d0(v1( / � � � / d0(vm(. v0 ∈+ vm - Rtoonrd d0(v0( / d0(v1( / � � � /
d0(vm(- He M (vh ( hr mns bnmrs‘ms enq ‘kk h + sgdm M (vm( , M (v0(+ ‘mc rn v0 ∈+ vm - Rn vd
l‘x ‘rrtld M + M (vh ( enq 0 ≤ h ≤ m- Mdws vd nardqud sg‘s he rq (vh ( / / enq dudqx
0 ≤ h ≤ m+ sgdm enq d‘bg h dhsgdq MC(vh+0( , MC(vh (+ nq dkrd MC(vh+0( + MC(vh ( ‘mc
C(vh+0( ,k C(vh (+ rn v0 ∈+ vm - Rhlhk‘qkx+ he rq (vh ( + / enq dudqx h + dhsgdq M@(vh+0( ,

M@(vh (+ nq dkrd M@(vh+0( + M@(vh ( ‘mc @(vh+0( ,
i
k @(vh ( enq i + i (vh ( + i (vh+0(+

rn v0 ∈+ vm - Sgdqdenqd+ he v0 + vm sgd u‘ktd ne sgd u‘qh‘akd rq ltrs bg‘mfd svhbd hm
sgd rdptdmbd ne dcfdr adsvddm ‘ rsqhbskx onrhshud u‘ktd ‘mc /- Sgtr sgdqd ltrs ad hmchbdr
enq vghbg sgd u‘ktd ne rq hmbqd‘rdr eqnl / sn ‘ ’rsqhbskx( onrhshud mtladq ‘mc enq vghbg
sgd u‘ktd cdbqd‘rdr eqnl onrhshud sn /- Hm o‘qshbtk‘q+ sgdqd ltrs ad rnld hmcdw h enq vghbg
rq (C(vh (( + 0 nq 1+ rq (C(vh+0(( + /+ ‘mc m(vh+0( , m(vh (- Ats rhmbd enq dudqx hmcdw
i vd g‘ud m(v i+0( ≤ m(v i (+ sgdm m(vm( , m(v0(+ ‘mc gdmbd v0 ∈+ vm - Ehm‘kkx+ rhmbd
sgd rtards ne ‘kk dcfdr d0(v( vhsg ‘ ›wdc u‘ktd ne M (v( hr ›mhsd+ sgd ›mhsdmdrr bnmchshnm hr
r‘shr›dc ‘mc sghr o‘qsh‘k nqcdq hr vdkk,entmcdc- .\

3-2 Sgd l‘oohmf eqnl sgd rds ne a‘c dcfdr sn sgd rds ne 1,bdkkr hm sgd B‘xkdx bnlokdw

Hm sghr rdbshnm vd cd›md ‘ l‘oohmf b eqnl sgd rds ne a‘c dcfdr sn sgd rds ne 1,bdkkr hm sgd
B‘xkdx bnlokdw- Vd vhkk rds to sgd l‘o b rn sg‘s sgd a‘c dcfd d0(v( hr nm sgd antmc‘qx ne
sgd bdkk b(d0(v((-

Hm nqcdq sn rodbhex sghr l‘oohmf+ vd vhkk ›qrs cd›md mns‘shnm enq 1,bdkkr hm sgd B‘xkdx
bnlokdw vhsg ‘ rodbh›dc a‘rdonhms ‘mc nqhdms‘shnm- Enq d‘bg udqsdw v ‘mc dcfd d0(v( hm sgd
B‘xkdx bnlokdw+ sgdqd ‘qd dhfgs 1,bdkkr bnms‘hmhmf sghr dcfd hm sgdhq antmc‘qhdr- Enq entq ne
sgdrd 1,bdkkr+ sgdqd ‘qd 0/ dcfdr nm sgd antmc‘qx: sgdrd ‘qd sgd 1,bdkkr k‘adkdc Qq±0

0 (v( ‘mc
Qk±0

0 (v( hm Ehf- 3- Enq sgd nsgdq entq 1,bdkkr vgnrd antmc‘qhdr bnms‘hm d0(v(+ sgdqd ‘qd 03
antmc‘qx dcfdr: sgdrd ‘qd sgd 1,bdkkr k‘adkdc Qq±0

1 (v( ‘mc Qk±0
1 (v( hm Ehf- 4-

Hm d‘bg ne sgdrd 1,bdkkr+ hm ‘cchshnm sn d0(v( sgd antmc‘qx bnms‘hmr sgqdd nsgdq dcfdr ne sgd
enql d0(v( enq rnld v ∈ E + ‘mc mnmd ne sgd d0 dcfdr hm sgd antmc‘qx ne ‘ o‘qshbtk‘q 1,bdkk ‘qd
‘ci‘bdms- Sgd dcfd d0(v( vhkk ad qdedqqdc sn ‘r sgd sno d0 dcfd hm sgdrd dhfgs 1,bdkkr- Sgd d0

dcfdr bknrdrs sn v ‘mc vw−0
0 ‘qd sgd kdes ‘mc qhfgs rhcd dcfdr d0(yk( ‘mc d0(yq (+ qdrodbshudkx+

‘mc sgd k‘rs d0 dcfd hr sgd anssnl dcfd d0(ya(-
Enq ‘ a‘c dcfd d0(v(+ sgd 1,bdkk b(d0(v(( ltrs ad bgnrdm eqnl ‘lnmf sgdrd dhfgs bdkkr-

Sgd l‘o vhkk ad cd›mdc rn sg‘s ya b‘m ad qdoqdrdmsdc ax ‘ ’mns mdbdrr‘qhkx qdctbdc( sqdd
o‘hq ch‘fq‘l (S →

−(ya(. S →
+(ya((+ vgdqd sgd mdf‘shud sqddr S−(v( ‘mc S →

−(ya( cheedq ax ‘ rhmfkd
qns‘shnm ‘s ‘ o‘qshbtk‘q b‘qds+ ‘mc sgd onrhshud sqddr r‘shrex S+(v( + S →

+(ya(- Sgd mns‘shnm
Q‘±0

m (v( ’vgdqd Q rs‘mcr enq qdk‘snq+( g‘r addm lnshu‘sdc ax sghr- Sgd kdssdq ‘ + k nq ‘ + q
cdodmcr nm vgdsgdq sgd qns‘shnm mddcdc sn sq‘mrenql S−(v( sn S →

−(ya( s‘jdr ok‘bd ‘s ‘ kdes
nq qhfgs b‘qds ne S−(v(- Sgd rtodqrbqhos ±0 s‘jdr hmsn ‘bbntms sgd chqdbshnm ne sghr qns‘shnm+
‘mc sgd rtarbqhos m rodbh›dr ‘s vghbg b‘qds sgd qns‘shnm s‘jdr ok‘bd- Lnqd rodbhehb‘kkx+ hm sgd
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8/1 R- Bkd‘qx ds ‘k-

Ehf- 3 Sgd entq 1,bdkkr Qq±0
0 (v( ‘mc Qk±0

0 (v( vhsg antmc‘qx bnmrhrshmf ne 0/ dcfdr hmbktchmf d0(v(-
Hm d‘bg qdbs‘mfkd+ sgd udqshbdr v. yk . yq + ‘mc ya ‘qd k‘adkdc

Ehf- 4 Sgd entq 1,bdkkr Qq±0
1 (v( ‘mc Qk±0

1 (v( vhsg antmc‘qx bnmrhrshmf ne 03 dcfdr hmbktchmf d0(v(-
Hm d‘bg qdbs‘mfkd+ sgd udqshbdr v. yk . yq + ‘mc ya ‘qd k‘adkdc

b‘rd ne ‘ qns‘shnm ‘s ‘ kdes b‘qds+ m + 0 ld‘mr sghr b‘qds hr sgd kdes bghkc ne sgd qnns ne S−(v(+
vghkd m + 1 ld‘mr qns‘shnm hr ‘s sgd kdes bghkc ne sgd kdes bghkc ne sgd qnns- Hm sgd b‘rd ne ‘
qns‘shnm ‘s ‘ qhfgs b‘qds+ he b‘qds l hr sgd qhfgs bghkc ne sgd qhfgs bghkc ne sgd qnns ne S−(v(+
sgdm m + 0 ld‘mr qns‘shmf ‘s sgd qhfgs bghkc ne b‘qds l+ ‘mc m + 1 ld‘mr qns‘shmf ‘s sgd qhfgs
bghkc ne sgd qhfgs bghkc ne b‘qds l-

Qdvqhshmf sgd qdrtks ne Bnqnkk‘qx 3-6 trhmf sgd pt‘mshshdr hm Mns‘shnm 3-8+ vd g‘ud sg‘s sgd
a‘c dcfd d0(v( r‘shr›dr dhsgdq rq (v( / / nq dkrd oqnodqsx (†( gnkcr ‘mc dhsgdq rk(v( / / nq
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 8/2

1 ≤ i (v( ≤ M@(v(- Hs vhkk ad trdetk sn qd,nqf‘mhyd sgdrd b‘rdr enq sgd cdehmhshnm ne sgd l‘o
b+ ‘r enkknvr-

Bnqnkk‘qx 3-01 Kds v ∈ E- He d‘(v( hr ‘ a‘c dcfd+ sgdm ‘ + 0+ sgd sqdd S−(v( g‘r ‘s kd‘rs
2 qhfgs b‘qdsr+ ‘mc dhsgdq

’0( rq (v( / /+
’1( rq (v( + /. rk(v( ∈ {/. 0{+ oqnodqsx (†( gnkcr+ M@(v( ≥ 1+ ‘mc dhsgdq

’‘( 1 ≤ i (v( ≤ M@(v(− 0 ‘mc @(v( + A i (v((M@(v((+
’a( i (v( + M@(v( ‘mc @(v( + AM@(v(−0(M@(v((+ nq
’b( 1 ≤ i (v( ≤ M@(v(−1 ‘mc @(v( + Ah (M@(v((vhsg i (v(+0 ≤ h ≤ M@(v(−0+

nq
’2( rq (v( + /. rk(v( / /+ oqnodqsx (†( gnkcr+ ‘mc sgd bnmchshnmr ne b‘rd ’1( ‘qd mns

r‘shr›dc-

Sgd oqnne ne sghr bnqnkk‘qx enkknvr chqdbskx eqnl Bnqnkk‘qx 3-6+ trhmf sgd e‘bs sg‘s vgdm
rk(v( + / sgdm @ + K M@(v( + AM@(v(−0(M@(v((+ ‘mc hr kdes sn sgd qd‘cdq-

Trhmf sgdrd b‘rdr+ vd vhkk bgnnrd b(d0(v(( sn ‘bbnlokhrg sgd enkknvhmf9

• He rq (v( / /+ sgdm C(v( hr mns sgd lhmhl‘k dkdldms QMC(v( qdk‘shud sn ,q : hm sghr b‘rd
b(d0(v(( hr bgnrdm rn sg‘s dhsgdq M (ya( , M (v(+ nq M (ya( + M (v(. MC(ya( + MC(v(

‘mc C(ya( ,q C(v( ’rdd o‘qs ’0( ne sgd cdehmhshnm adknv(-
• He rq (v( + /+ ats @(v( hr mns sgd lhmhl‘k sqdd qdk‘shud sn ,

i (v(
k . b(d0(v(( hr bgn,

rdm ’hm o‘qsr ’1b( ‘mc ’2( ne sgd cd›mhshnm adknv( rn sg‘s dhsgdq M (ya( , M (v(+ nq
M (ya( + M (v(. M@(ya( + M@(v( ‘mc @(ya( ,

i (v(
k @(v(-

• Ehm‘kkx+ he ansg @(v( ‘mc C(v( ‘qd lhmhl‘k+ sgdm b(d0(v(( hr bgnrdm ’hm o‘qsr ’1‘( ‘mc
’1a( ne sgd cd›mhshnm adknv( rn sg‘s b‘qds i (v( hr qdlnudc hm lnuhmf ‘qntmc sgd 1,bdkk
eqnl v sn ya+ rn M (ya( , M (v(-

Cd›mhshnm 3-02 Vd cd›md ‘ l‘o b eqnl sgd rds ne a‘c dcfdr sn sgd rds ne 1,bdkkr hm rdudq‘k
b‘rdr- Bnmrhcdq ‘ a‘c dcfd d0(v(+ ‘mc kds j + M@(v(- Kds S0 ad sgd kdes rtasqdd ne sgd qnns
ne C(v(+ ‘mc kds S1 ad sgd kdes rtasqdd ne sgd qhfgs bghkc ne sgd qnns ne C(v(- Rhlhk‘qkx+ kds R0

ad sgd qhfgs rtasqdd ne sgd qnns b‘qds ne @(v(+ ‘mc kds R1 ad sgd qhfgs rtasqdd ne sgd kdes bghkc
ne sgd qnns b‘qds ne @(v(-

’0( He rq (v( / / ‘mc9

• He rq (v( hr ncc+ ‘mc S0 hr dlosx+ kds b(d0(v(( ]+ Qq0(v(-
• He rq (v( hr ncc+ ‘mc S0 hr mns dlosx+ kds b(d0(v(( ]+ Qq−0

0 (v(-
• He rq (v( hr dudm+ ‘mc S1 hr dlosx+ kds b(d0(v(( ]+ Qq1(v(-
• He rq (v( hr dudm+ ‘mc S1 hr mns dlosx+ kds b(d0(v(( ]+ Qq−0

1 (v(-

’1( He rq (v( + /. rk(v( ∈ {/. 0{+ oqnodqsx (†( gnkcr+ j ≥ 1+ ‘mc9

’‘( He 1 ≤ i (v( ≤ j − 0 ‘mc @(v( + A i (v((j(+ sgdm kds b(d0(v(( ]+ Qk1(v(-
’a( He i (v( + j ‘mc @(v( + Aj−0(j(+ sgdm kds b(d0(v(( ]+ Qk0(v(-
’b( He 1 ≤ i (v( ≤ j − 1 ‘mc @(v( + Ah (j( enq i (v( + 0 ≤ h ≤ j − 0+ kds

b(d0(v(( ]+ Qk0(v(-

’2( He rq (v( + /. rk(@( / /+ oqnodqsx (†( gnkcr+ sgd bnmchshnmr ne b‘rd ’1( ‘qd mns r‘shr›dc+
‘mc9

• He rk(v( hr ncc+ ‘mc R0 hr dlosx+ sgdm kds b(d0(v(( ]+ Qk0(v(-
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8/3 R- Bkd‘qx ds ‘k-

• He rk(v( hr ncc+ ‘mc R0 hr mns dlosx+ kds b(d0(v(( ]+ Qk−0
0 (v(-

• He rk(v( hr dudm+ ‘mc R1 hr dlosx+ kds b(d0(v(( ]+ Qk1(v(-
• He rk(v( hr dudm+ ‘mc R1 hr mns dlosx+ kds b(d0(v(( ]+ Qk−0

1 (v(-

Rdd Ehfr- 5 ‘mc 7 enq dw‘lokdr ne a‘c dcfdr ‘mc sgdhq bnqqdronmchmf svn bdkkr- Ehftqdr 6
‘mc 8 rgnv sgd sqdd o‘hq ch‘fq‘lr bnqqdronmchmf sn sgd dkdldmsr v ‘mc ya+ vgdqd d0(ya( hr
sgd dcfd ‘bqnrr sgd svn,bdkk eqnl sgd a‘c dcfd d0(v(-

Hm sgd enkknvhmf sgdnqdl+ vd udqhex sg‘s sgd l‘o cd›mdc ‘anud ‘mc sgd o‘qsh‘k nqcdq nm
sgd rds ne a‘c dcfdr r‘shrex sgd gxonsgdrhr ne Sgdnqdl 3-1- Hm ‘cchshnm+ vd oqnud ‘mnsgdq

Ehf- 5 Sgd 1,bdkk bnqqdronmchmf
sn sgd a‘c dcfd d0(w−0

4 w−1
2 (+

vgdqd ya + w−0
4 w−0

2

Ehf- 6 Sgd kdes ’mdf‘shud( sqddr
eqnl sgd o‘hq ch‘fq‘lr
bnqqdronmchmf sn v + w−0

4 w−1
2

‘mc ya + w−0
4 w−0

2 - Mnshbd sg‘s
sgdrd svn sqddr cheedq ax ‘
qns‘shnm ‘s sgd qnns b‘qds ne sgd
rtasqdd C(v(

Ehf- 7 Sgd 1,bdkkr bnqqdronmchmf sn sgd a‘c dcfdr d0(v( ‘mc d0(v→(+ enq v + w/w0w1w3w−0
0 w−1

/ ‘mc v→ +
w/w0w1w3w−2

/ - Sgd dcfd ‘bqnrr sgd anssnl 1,bdkk eqnl d0(v→( hr d0(v→→( vgdqd v→→ + w/w0w2w−1
/
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 8/4

Ehf- 8 Sgd sqdd o‘hq ch‘fq‘lr bnqqdronmchmf sn v + w/w0w1w3w−0
0 w−1

/ . v→ + w/w0w1w3w−2
/ + ‘mc v→→ +

w/w0w2w−1
/ vghbg ‘qd k‘adkdc hm Ehf- 7

e‘bs vghbg vhkk ad trdc k‘sdq hm rgnvhmf sg‘s sgd bnlahmf r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr
etmbshnm-

Sgdnqdl 3-03 He d0(v( hr ‘ a‘c dcfd+ sgdm ‘kk nsgdq udqshbdr y nm sgd antmc‘qx ne b(d0(v((

g‘ud M (y( ≤ M (v(- Etqsgdqlnqd+ dudqx dcfd ne sgd enql d0(y( ‘knmf sgd antmc‘qx hr dhsgdq
‘ fnnc dcfd+ nq oqdbdcdr d0(v( hm sgd nqcdqhmf ne sgd a‘c dcfdr-

Oqnne Kds d0(ya( ad sgd anssnl d0 dcfd hm sgd 1,bdkk b(d0(v((+ ‘mc d0(yk( ’qdrodbshudkx d0(yq ((
ad sgd kdes ’qdrodbshudkx qhfgs( rhcd d0 dcfdr- Sgd ›qrs rs‘sdldms hm sgd sgdnqdl hr ‘ bnmrd,
ptdmbd ne sgd enkknvhmf nardqu‘shnm- Sgd sqdd S−(v( g‘r dmntfg b‘qdsr hm sgd kdes rtasqdd ne
sgd qnns b‘qds+ ‘mc hm ansg rtasqddr ne sgd qhfgs bghkc ne sgd qnns b‘qds sn dmrtqd sg‘s ‘r vd
qd‘c ‘qntmc b(d0(v(( sn sgd kdes+ rs‘qshmf eqnl v+ sdqlhm‘shmf ‘s ya+ ‘mc enql sgd rtbbdrrhud
oqnctbsr+ mn b‘qdsr dudq mddc sn ad ‘ccdc sn sgd sqdd o‘hq ch‘fq‘lr hm nqcdq sn odqenql sgdrd
ltkshokhb‘shnmr- Sgd r‘ld gnkcr enq sgd o‘sg eqnlvw−0

0 + ‘qntmc sn sgd qhfgs dmchmf ‘s yaw−0
0 -

Rhmbd M (vw−0
0 ( ≤ M (v(+ hs enkknvr sg‘s enq d‘bg udqsdw y ne b(d0(v((. M (y( ≤ M (v(- Hm

‘cchshnm+ he M (y( + M (v(+ sgdm S+(y( + S+(v(-
Sn oqnud sgd rdbnmc rs‘sdldms ne sgd sgdnqdl+ vd oqnbddc ax b‘rdr ‘bbnqchmf sn sgd rhyd

ne rq (v(- Hm d‘bg b‘rd vd rgnv sg‘s d0(y( , d0(v(+ nq dkrd d0(y( hr ‘ fnnc dcfd- Vd bnmrhcdq
rdo‘q‘sdkx sgd sgqdd rtab‘rdr ne d0(y( enq y ∈ {ya. yk . yq {-
B‘rd 09 rq (v( / /- Hm sghr b‘rd b(d0(v(( + Qq±0

m enq m ∈ {0. 1{- @krn+ mnsd sg‘s m(v( +
M (v(− MC(v(+ Bq (v(-

’‘( y + yk - Hm sghr b‘rd dhsgdq9

• M (yk( , M (v( ’‘mc d0(yk( , d0(v( ax ’0( ne Cdehmhshnm 3-0/ he d0(yk( hr ‘ a‘c
dcfd(+ nq

• M (yk( + M (v(. rq (yk( / / + MC(yk( , MC(v( ‘mc m(yk( + m(v( ’‘mc d0(yk( ,

d0(v( ax ’1‘( ne Cdehmhshnm 3-0/ he d0(yk( hr ‘ a‘c dcfd(+ nq
• M (yk( + M (v( ‘mc rq (y( + /- Ats nmd bgdbjr sg‘s he rq (y( + /+ sgdm b(d0(v(( +

Qq−0
m . m ∈ {0. 1{+ ‘mc rq (v( + m- Ats rhmbd mn b‘qdsr ‘qd dudq ‘ccdc hm lnuhmf eqnl

yk w
−0
0 sn yk . d0(yk( hr ‘ fnnc dcfd-

’a( y + yq - He hs hr mns sgd b‘rd sg‘s M (yq ( , M (v(+ sgdm hs hr d‘rhkx bgdbjdc sgqntfg sgd
cdehmhshnm ne Qq±0

m (v( sg‘s S−(yk( ‘mc S−(yq ( cheedq nmkx hm sgd bnm›ftq‘shnm ne sgd
b‘qdsr hm sgd kdes rtasqdd ne sgd qnns- Sgdqdenqd+ sgd ‘qftldms enq d0(yk( fndr sgqntfg
dw‘bskx+ qdok‘bhmf yk ax yq -

’b( y + ya- Hm sghr b‘rd dhsgdq9

• M (ya( , M (v( ’‘mc d0(ya( , d0(v( ax ’0( ne Cdehmhshnm 3-0/ he d0(ya( hr ‘ a‘c
dcfd(+ nq
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8/5 R- Bkd‘qx ds ‘k-

• M (ya( + M (v( ‘mc rq (ya( / /+ hm vghbg b‘rd MC(ya( + MC(v(+ ‘mc C(ya( ,q

C(v(- Sgdm Bq (ya( ≤ Bq (v(+ vghbg hlokhdr sg‘s m(ya( ≤ m(v(+ ’‘mc d0(ya( ,

d0(v( ax ’1a( ne Cdehmhshnm 3-0/ he d0(ya( hr ‘ a‘c dcfd(+ nq
• M (ya( + M (v( ‘mc rq (ya( + /- Gnvdudq+ sghr b‘m g‘oodm nmkx vgdm rq (v( + m

enq m ∈ {0. 1{. b(d0(v(( + Qq−0
m (v(+ ‘mc m(ya( , (mv( ’‘mc d0(ya( , d0(v( ax

’3‘( ne Cdehmhshnm 3-0/ he d0(ya( hr ‘ a‘c dcfd(-

B‘rd 19 rq (v( + /- Hm sghr b‘rd+ b(d0(v(( + Qk±0
m enq m ∈ {/. 0{- @krn+ mnsd sg‘s m(v( +

M@(v(+ 0-

’‘( y + yk - Hm sghr b‘rd+ M@(yk( , M@(v(- Mnv dhsgdq9

• M (yk( , M (v( ’‘mc d0(yk( , d0(v( ax ’0( ne Cdehmhshnm 3-0/ he d0(yk( hr ‘ a‘c
dcfd(+ nq

• M (yk( + M (v( ‘mc rq (yk( + /+ ‘mc gdmbd m(y( ≤ m(v( ’‘mc d0(yk( , d0(v( ax
’2‘( ne Cdehmhshnm 3-0/ he d0(yk( hr ‘ a‘c dcfd(+ nq

• M (yk( + M (v( ‘mc rq (yk( / /- Gnvdudq+ sghr nmkx nbbtqr he b(d0(v(( + Qk±0
1 (v(+

‘mc sgdm rq (yk( + 0 ‘mc m(yk( + m(v( ’‘mc d0(yk( , d0(v( ax ’3a( ne Cdehmhshnm 3-0/
he d0(yk( hr ‘ a‘c dcfd(-

’a( y + yq - He d0(yq ( hr ‘ a‘c dcfd+ sgdm rq (v( + / hlokhdr sg‘s oqnodqsx (†( gnkcr- Hm sghr
b‘rd+ M (yq ( , M (v( adb‘trd ‘ b‘qds hr qdlnudc vgdm lnuhmf eqnl v sn vw−0

0 -
’b( y + ya- Sgdm dhsgdq9

• Hm b‘rdr ’1‘( ‘mc ’1a( ne Cdehmhshnm 3-02+ M (ya( , M (v(+ rhmbd b‘qds i (v( hr
qdlnudc hm lnuhmf eqnl yk sn yk w

−0
0 ’‘mc d0(ya( , d0(v( ax ’0( ne Cdehmhshnm 3-0/

he d0(ya( hr ‘ a‘c dcfd(-
• Hm b‘rdr ’1b( ‘mc ’2( ne Cdehmhshnm 3-02+ dhsgdq M (ya( , M (v( ’‘mc d0(ya( , d0(v(

ax ’0( ne Cdehmhshnm 3-0/ he d0(ya( hr ‘ a‘c dcfd(+ nq M (ya( + M (v(. rq (ya( +
/. M@(ya( + M@(v(. m(ya( + m(v(+ ‘mc @(ya( ,

i (v(
k @(v( ’‘mc d0(ya( , d0(v(

ax ’2a( ne Cdehmhshnm 3-0/ he d0(ya( hr ‘ a‘c dcfd(- .\
Rhmbd ‘kk gxonsgdrdr ne Sgdnqdl 3-1 g‘ud mnv addm udqh›dc+ Sgdnqdl 3-1 rgnvr sg‘s sgd

mdrsdc sq‘udqr‘k /,bnlahmf % dwsdmcr sn ‘ 0,bnlahmf % ] W0 · ˜/. 0[ → W -

4 Sgd bnlahmf ne E r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm

Sgd e‘bs sg‘s ntq bnlahmf % r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm vhkk enkknv eqnl
sgd e‘bs sg‘s sgd mtladq ne b‘qdsr hm sgd sqdd o‘hq ch‘fq‘lr qdoqdrdmshmf sgd udqshbdr ‘knmf ‘
mdrsdc sq‘udqr‘k mnql‘k enql o‘sg mdudq cdbqd‘rdr+ ‘mc eqnl sgd bknrd qdk‘shnmrgho adsvddm
vnqc kdmfsg nudq sgd ‘kog‘ads @ + {w±0

/ . w±0
0 { ‘mc sgd mtladq ne b‘qdsr- Ehqrs+ vd dwsdmc

sgd bnmbdos ne sgd mtladq ne b‘qdsr hm ‘ sqdd o‘hq ch‘fq‘l eqnl E + W/ sn ‘kk ne W -

Cd›mhshnm 4-0 Enq ‘mx w ∈ W + vd cd›md ML‘w(w( ‘mc MLhm(w( ax b‘rdr-

’0( He w ∈ W/+ sgdm w + f ∈ E + ‘mc vd kds ML‘w(w( + MLhm(w( + M (f(+ sgd mtladq ne
b‘qdsr hm dhsgdq sqdd ne ‘ qdctbdc sqdd o‘hq ch‘fq‘l enq f-

’1( He w ∈ W0 − W/+ sgdm w hr nm sgd hmsdqhnq ne rnld dcfd+ vhsg udqshbdr f. g ∈ W/- Sgdm
cd›md ML‘w(w( + L‘w(M (f(. M (g((+ ‘mc MLhm(w( + Lhm(M (f(. M (g((-

’2( He w ∈ W − W0+ sgdm w hr hm sgd hmsdqhnq ne rnld 1,bdkk+ vhsg udqshbdr f0. f1. . . . . fm

‘knmf sgd antmc‘qx- Sgdm vd cd›md ML‘w(w( + L‘w(M (f0(. M (f1(. . . . . M (fm((+ ‘mc
MLhm(w( + Lhm(M (f0(. M (f1(. . . . . M (fm((-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 8/6

Sgd enkknvhmf kdll‘ oqnudr sg‘s trhmf sghr dwo‘mcdc mnshnm ne sgd mtladq ne b‘qdsr ne
w ∈ W + sgd mtladq ne b‘qdsr cndr mns cdbqd‘rd ‘knmf sgd bnlahmf o‘sgr cd›mdc ax %-

Kdll‘ 4-1 Enq ‘mx w ∈ W0 ‘mc / ≤ r , s ≤ 0+ vd g‘ud ML‘w(%(w. r(( ≤ ML‘w(%(w. s((+
vgdqd % hr sgd 0,bnlahmf cd›mdc hm Rdbs- 3-

Oqnne Hm sgd b‘rd vgdqd w ∈ W/+ eqnl Sgdnqdl 2-4 vd jmnv sg‘s ‘knmf sgd mdrsdc sq‘,
udqr‘k mnql‘k enql η(w( + ‘0‘1 . . . ‘m + vd g‘ud M (‘0‘1 � � � ‘h ( ≤ M (‘0‘1 � � � ‘h+0(- Enq
w ∈ W0 − W/+ he w hr hm sgd hmsdqhnq ne ‘ fnnc dcfd sgd bnmbktrhnm ne sghr kdll‘ enkknvr
eqnl sgd oqduhntr rdmsdmbd- He w hr hm sgd hmsdqhnq ne ‘ a‘c dcfd d+ sgdm sgd hmdpt‘khsx enkknvr
eqnl Mndsgdqh‘m hmctbshnm ‘mc sgd e‘bs sg‘s enq x nm ‘mx a‘c dcfd d ‘mc y nm sgd bnlokdldms
ne sgd dcfd d hm sgd bknrtqd ne sgd 1,bdkk b(d(+ vd g‘ud ML‘w(y( ≤ ML‘w(x( ‘r rgnvm hm
Sgdnqdl 3-03- .\

Sgd mdws kdll‘ qdk‘sdr sgd kdudk ne w ∈ W sn sgd pt‘mshshdr MLhm(w( ‘mc ML‘w(w(- Qdb‘kk
sg‘s vgdm w ∈ W/+ sgd kdudk ne w ‘mc k@(w(+ sgd vnqc kdmfsg ne w vhsg qdrodbs sn @+ ‘qd
hcdmshb‘k- Sgd kdmfsgr ne sgd svn qdk‘snqr hm sghr oqdrdms‘shnm ‘qd 0/ ‘mc 03+ rn sgd bnmrs‘ms b
trdc hm cd›mhmf sgd kdudk ne ‘ onhms hm sgd hmsdqhnq ne ‘ 1,bdkk ne sgd B‘xkdx bnlokdw enq sghr
oqdrdms‘shnm ne E vhkk ad b + 3(0/((03(+ 0-

Kdll‘ 4-2 Enq ‘mx w ∈ W vd g‘ud

MLhm(w(− 1 ≤ kdu(w( , 3ML‘w(w(+ 0

‘mc ‘cchshnm‘kkx ML‘w(w(− MLhm(w( ≤ 8-

Oqnne Vgdm w ∈ W/+ Kdll‘ 2-2 fhudr M (w(− 1 ≤ k@(w( ≤ 3M (w(- Sgdqdenqd

MLhm(w(− 1 + M (w(− 1 ≤ kdu(w( + k@(w( ≤ 3M (w( + 3ML‘w(w( , 3ML‘w(w(+ 0

enq w ∈ W/- He+ nm sgd nsgdq g‘mc+ w ∈ W0 − W/+ sgdm w hr hm sgd hmsdqhnq ne ‘m dcfd+ vgnrd
dmconhmsr ‘qd f. g ∈ E - Mnv

kdu(w( + kdu(f(+ kdu(g(

1
+ 0

3
≤ 3M (f(+ 3M (g(

1
+ 0

3
≤ 3L‘w(M (f(. M (g((+ 0

3

+ 3ML‘w(w(+ 0

3
, 3ML‘w(w(+ 0.

Ats+ nm sgd nsgdq g‘mc+

kdu(w( ≥ M (f(+ M (g(

1
− 1 + 0

3

≥ Lhm(M (f(. M (g((− 1 + 0

3
+ MLhm(w(− 1 + 0

3
≥ MLhm(w(− 1.

Hm rtll‘qx+ hm sghr b‘rd+ vd g‘ud

MLhm(w(− 1 ≤ kdu(w( ≤ 3ML‘w(w(+ 0

3
, 3ML‘w(w(+ 0.

@mc ›m‘kkx+ he w ∈ W − W0. w hr hm sgd hmsdqhnq ne rnld 1,bdkk+ vhsg udqshbdr f0. f1. . . . . fj

nm hsr antmc‘qx+ sgdm

kdu(w( + kdu(f0(+ � � � + kdu(g(

j
+ 0

3
+ 0

b
≤ 3(M (f0(+ � � � + M (fj((

j
+ 0

3
+ 0

b

≤ 3L‘w(M (f0(. . . . . M (fj((+ 0

3
+ 0

b
+ 3ML‘w(w(+ 0

3
+ 0

b
, 3ML‘w(w(+ 0.
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8/7 R- Bkd‘qx ds ‘k-

Nm sgd nsgdq g‘mc+

kdu(w( ≥ M (f0(+ � � � M (fj(

j
− 1 + 0

3
≥ Lhm(M (f0(. . . . . M (fj((− 1 + 0

3
+ 0

b

+ MLhm(w(− 1 + 0

3
+ 0

b
≥ MLhm(w(− 1.

@mc rn+ hm sghr b‘rd+ vd g‘ud

MLhm(w(− 1 ≤ kdu(w( ≤ 3ML‘w(w(+ 0

3
+ 0

b
, 3ML‘w(w(+ 0.

Sghr drs‘akhrgdr sgd ›qrs rs‘sdldms ne sgd kdll‘- Mnv he w ∈ W/. ML‘w(w( + MLhm(w(- Enq
w ∈ W0 − W/. ML‘w(w( − MLhm(w( ≤ 1+ rhmbd nmd dhsgdq mddcr sn ‘cc ‘s lnrs 0 b‘qds ’nq
b‘m b‘mbdk ‘s lnrs nmd b‘qds( vgdm ltkshokxhmf ax w±0

/ + ‘mc nmd mddcr sn ‘cc ‘s lnrs svn
b‘qdsr ’nq b‘m b‘mbdk ‘s lnrs svn b‘qdsr( vgdm ltkshokxhmf ax w±0

0 - Mnv sgd qdk‘snqr hm ntq
oqdrdms‘shnm ne E g‘ud kdmfsg dhsgdq 0/ nq 03+ ‘mc svn udqshbdr v ‘mc v nm sgd antmc‘qx
ne ‘ qdk‘snq b‘m ad ‘s lnrs rdudm dcfdr ‘o‘qs- Etqsgdqlnqd+ dw‘lhmhmf sgd qdk‘snqr+ vd rdd
sg‘s ‘s lnrs svn ne sgdrd rdudm dcfdr bnqqdronmc sn ltkshokhb‘shnm ax w±0

0 - Sgdqdenqd+ enq
w ∈ W − W0. ML‘w(w(− MLhm(w( ≤ 1(1(+ 4 + 8- .\

Vd ‘qd mnv ‘akd sn oqnud sg‘s sgd bnlahmf % cd›mdc hm Rdbs- 3 r‘shr›dr ‘ khmd‘q q‘ch‘k
s‘ldmdrr etmbshnm-

Sgdnqdl 4-3 Sgnlornm&r fqnto E hr hm S Bρ vhsg ρ khmd‘q- Lnqd rodbhehb‘kkx+ sgd B‘x,
kdx bnlokdw ne sgd oqdrdms‘shnm E + }w/. w0|˜w/w−0

0 . w−0
/ w0w/[. ˜w/w−0

0 . w−1
/ w0w1

/ [〈 g‘r ‘
0,bnlahmf ‘clhsshmf ‘ q‘ch‘k s‘ldmdrr etmbshnm ne ρ(p( + 3p + 34-

Oqnne Kds % ] W0 · ˜/. 0[ → W ad sgd 0,bnlahmf ne E bnmrsqtbsdc hm sgd oqduh,
ntr rdbshnm- Rtoonrd sg‘s w ∈ W0. / ≤ r , s ≤ 0+ ‘mc kdu(%(w. r(( / 3p + 34- Hm
Kdll‘ 4-2 vd g‘ud rgnvm sg‘s kdu(%(w. r(( , 3ML‘w(%(w. r(( + 0+ vghbg hlokhdr sg‘s
3ML‘w(%(w. r(( / 3p + 33+ nq ML‘w(%(w. r(( / p + 00- Eqnl Kdll‘ 4-1 vd g‘ud
ML‘w(%(w. s(( ≥ ML‘w(%(w. r((+ ‘mc rn ML‘w(%(w. s(( / p + 00- Sgd k‘rs rs‘sdldms hm
Kdll‘ 4-2 ‘krn rgnvr sg‘s ML‘w(%(w. s(( − MLhm(%(w. s(( ≤ 8+ ‘mc rn MLhm(%(w. s(( /
p + 1- Trhmf Kdll‘ 4-2 nmbd lnqd+ vd nas‘hm kdu(%(w. s(( / p - .\

5 Khmd‘q s‘ld bnlahmf enq AR�0) o(

Hm sghr rdbshnm vd oqnud sgd enkknvhmf-

Sgdnqdl 5-0 Enq dudqx m‘stq‘k mtladq o ≥ 2+ sgd fqnto AR(0. o( hr hm sgd bk‘rr S Bρ vhsg
ρ khmd‘q- Lnqdnudq+ sgd B‘xkdx bnlokdw enq sgd oqdrdms‘shnm AR(0. o( + }‘. s | s‘s−0 + ‘ o〈
g‘r ‘ 0,bnlahmf ‘clhsshmf ‘ q‘ch‘k s‘ldmdrr etmbshnm ne ρ(p( + 3(g + 1(p + ˜3(g + 1( +
0[(g + 3( vgdqd g + ∪ o

1 4-

Sgqntfgnts sghr rdbshnm+ kds o ≥ 2.F + AR(0. o(. g + ∪ o
1 4+ ‘mc @ + {‘±0. s±0{- Kds

W cdmnsd sgd B‘xkdx 1,bnlokdw ‘rrnbh‘sdc vhsg sgd oqdrdms‘shnm }‘. s | s‘s−0 + ‘ o〈 ne F-
Fhud sgd B‘xkdx fq‘og W0 + )(F. @( sgd o‘sg ldsqhb- Enq ‘ vnqc v nudq sgd ‘kog‘ads @+
kds k(v( cdmnsd sgd kdmfsg ne sgd vnqc v+ ‘mc kds k)(v( cdmnsd sgd kdmfsg ne ‘ fdncdrhb ’vhsg
qdrodbs sn sgd o‘sg ldsqhb nm )( qdoqdrdms‘shud ne sgd dkdldms ne F qdoqdrdmsdc ax v- D‘bg
dkdldms ne F g‘r ‘ o‘qshbtk‘qkx rhlokd+ mns mdbdrr‘qhkx fdncdrhb+ mnql‘k enql s−l‘ i sr vhsg
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 8/8

l ≥ / ‘mc r ≥ /- Sgd bnlahmf vd bnmrsqtbs vhkk ad a‘rdc nm sghr rds ne mnql‘k enqlr- Sgd
enkknvhmf kdll‘+ vghbg bg‘q‘bsdqhydr ‘ rds ne fdncdrhbr enq dkdldmsr ne F ‘mc qdk‘sdr sgdl
sn sgd mnql‘k enqlr ‘anud+ hr ‘ chqdbs bnmrdptdmbd ne Dkcdq ‘mc Gdqlhkkdq Z5+ Oqno- 1-2\-

Kdll‘ 5-1 Kds f ad ‘m ‘qahsq‘qx dkdldms ne F- Sgdm f hr qdoqdrdmsdc ax ‘ fdncdrhb vnqc v
r‘shrexhmf nmd ne sgd enkknvhmf-

’0( v + sj‘hj s−0‘hj−0 s−0 � � � s−0‘h−l sr vhsg / ≤ r ≤ l. / , l.−l ≤ j. |hk | ≤ g enq
−l ≤ k ≤ j − 0. |hj | ≤ g + 0+ ‘mc dhsgdq 0 ≤ |hj | nq ’j + −l ‘mc r + /(-

’1( v + s−l‘h−l s‘h−l+0 s � � � s‘hj s r−l−j vhsg / ≤ l ≤ r.−l ≤ j. |hk | ≤ g enq −l ≤
k ≤ j − 0. 0 ≤ |hj | ≤ g + 0+ ‘mc dhsgdq 0 ≤ |hj | nq j + −l + /-

Lnqdnudq+ hm d‘bg b‘rd+ f ‘krn g‘r ‘ ’mns mdbdrr‘qhkx fdncdrhb( qdoqdrdms‘shud ne sgd enql
s−l‘ i sr vhsg l ≥ /. r ≥ /+ ‘mc i + h−l + h−l+0 o + � � � + hj oj+l ∈ R-

Sgd mdws svn kdll‘r rgnv sg‘s knvdq ‘mc toodq antmcr nm sgd kdmfsg ne ‘ fdncdrhb qdo,
qdrdms‘shud ne s−l‘ i sr hm sgd B‘xkdx fq‘og hlokx knvdq ‘mc toodq antmcr+ qdrodbshudkx+ nm
sgd u‘ktd ne | i |-

Kdll‘ 5-2 He / ≤ l , m. / ≤ r , m. g + 1 , A+ ‘mc k)(s−l‘ i sr( / Am+ sgdm | i | /
o( 0

g+1 A−1(m-

Oqnne Vd vhkk oqnud sgd bnmsq‘onrhshud: rtoonrd sg‘s / ≤ l , m. / ≤ r , m. g + 1 , A+

‘mc | i | ≤ o( 0
g+1 A−1(m - Kds v ad ‘ vnqc hm nmd ne sgd enqlr ’0(fl’1( eqnl Kdll‘ 5-1 sg‘s hr

‘ fdncdrhb qdoqdrdms‘shud ne sgd dkdldms ne F sg‘s hr ‘krn qdoqdrdmsdc ax s−l‘ i sr - @r v hr ‘
fdncdrhb+ hs enkknvr sg‘s k)(s−l‘ i sr( hr rhlokx sgd kdmfsg k(v( ne sgd vnqc v-

Ehqrs mnsd sg‘s he hj + /+ sgdm i + / ‘mc dhsgdq r + / nq l + /- Hm ansg ne sgdrd hmrs‘mbdr+
vd g‘ud k)(s−l‘ i sr( , m , Am-

Enq sgd qdrs ne sgd oqnne vd rtoonrd sg‘s |hj | ≥ 0- Hm ansg b‘rdr ’0(fl’1(+ vd g‘ud | i | +
|h−l + h−l+0 o + � � � + hj oj+l | ≤ o( 0

g+1 A−1(m + ‘mc gdmbd |hj |oj+l − |�j−0
k+−l hk ok+l | ≤

o( 0
g+1 A−1(m - Rhmbd d‘bg |hk | ≤ g enq −l ≤ k ≤ j − 0+ sgdm |�j−0

k+−l hk ok+l | ≤
�j−0

k+−l gok+l + g oj+l−0
o−0 , 1

2 oj+l + vgdqd sgd k‘rs hmdpt‘khsx trdr sgd gxonsgdrhr sg‘s
o ≥ 2- Oktffhmf sghr hmsn sgd oqduhntr hmdpt‘khsx+ ‘mc trhmf sgd e‘bs sg‘s |hj | ≥ 0+

fhudr 0
2 oj+l ≤ |hj |oj+l − 1

2 oj+l , o( 0
g+1 A−1(m - Sgdm oj+l−( 0

g+1 A−1(m , 2+ ‘mc rn
j + l − ( 0

g+1 A − 1(m ≤ /- Rhmbd / ≤ l+ sghr fhudr j ≤ ( 0
g+1 A − 1(m-

He v hr ne sgd enql hm ’0( vhsg j / /+ sgdm

k(v( + 1j + l + r + |h−l | + � � � + |hj | , 1

⎪
0

g + 1
A − 1

(
m

+ m + m + g(j − 0 + l(+ g + 0

, 1

⎪
0

g + 1
A

(
m + g

⎪⎪
0

g + 1
A − 1

(
m + m

(
, Am.

He v hr ne sgd enql hm ’0( vhsg j ≤ /+ sgdm

k(v( + l + r + |h−l | + � � � + |hj | , m + m + g(l − 0(+ g + 0 , (g + 1(m + 0.
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80/ R- Bkd‘qx ds ‘k-

Enq v ne sgd enql hm ’1( vhsg j / r − l+ vd g‘ud

k(v( + 1l + j + (j − r + l(+ |h−l | + � � � + |hj |

, 1m + 1

⎪
0

g + 1
A − 1

(
m + g(l + j − 0(+ g + 0

≤ 1

⎪
0

g + 1
A

(
m + g

⎪
m +

⎪
0

g + 1
A − 1

(
m

(
, Am.

@mc ›m‘kkx+ enq v ne sgd enql hm ’1( vhsg j ≤ r − l+ vd g‘ud

k(v( + l + r + |h−l | + � � � + |hj | , m + m + g(j − 0 + l(+ g + 0 , 1m + gr + 0

, 1m + gm + 0 + (g + 1(m + 0.

Gdmbd+ hm ‘kk onrrhakd b‘rdr+ k)(s−l‘ i sr( + k(v( , Am + 0+ ‘mc rn sghr mnmmdf‘shud hmsdfdq
r‘shr›dr k)(s−l‘ i sr( ≤ Am- .\

Kdll‘ 5-3 He / ≤ l , m. / ≤ r , m. 0 , D+ ‘mc | i | / oDm+ sgdm k)(s−l‘ i sr( /

(D − 0(m-

Oqnne Rtoonrd sg‘s / ≤ l , m. / ≤ r , m. 0 , D + ‘mc | i | / oDm - Kds v ad ‘ vnqc hm nmd
ne sgd enqlr ’0(fl’1( eqnl Kdll‘ 5-1 sg‘s hr ‘ fdncdrhb qdoqdrdms‘shud ne sgd dkdldms ne F
‘krn qdoqdrdmsdc ax s−l‘ i sr -

Hm ansg b‘rdr+ vd g‘ud oDm , | i | + |h−l + h−l+0 o + � � � + hj oj+l |+ ‘mc hm o‘qshbt,

k‘q vd ltrs g‘ud |hj | ≥ 0- Trhmf sgd e‘bs sg‘s |�j−0
k+−l hk ok+l | , 1

2 oj+l ’rdd sgd oqnne ne
Kdll‘ 5-2( ‘mc sgd hmdpt‘khsx |hj | ≤ g+0 xhdkcr oDm , 1

2 oj+l +|hj |oj+l , (g+1(oj+l -
Rhmbd o ≥ 2+ sghr fhudr oDm−j−l , g + 1 ≤ o+ ‘mc rn Dm − j − l ≤ /- Sgdm (D − 0(m ,

Dm − l ≤ j-
Mnsd sg‘s sgd hmdpt‘khsx (D − 0(m , j hlokhdr sg‘s / , j- Vd ‘f‘hm bnmrhcdq sgd kdmfsg

ne v hm d‘bg b‘rd-
He v hr ne sgd enql hm ’0(+ sgdm

k(v( + 1j + l + r + |h−l | + � � � + |hj | / 1(D − 0(m + / + / + 0.

Enq v ne sgd enql ’1( vhsg j / r − l+ vd g‘ud

k(v( + 1l + j + (j − r + l(+ |h−l | + � � � + |hj | / / + (D − 0(m + / + 0.

@mc ›m‘kkx+ enq v hm enql ’1( vhsg j ≤ r − l+ vd g‘ud j ≤ r ‘mc gdmbd

k(v( + l + r + |h−l | + � � � + |hj | / / + j + (r − j(+ 0 / (D − 0(m + / + 0.

Sgtr hm ‘kk onrrhakd b‘rdr vd g‘ud k)(s−l‘ i sr( + k(v( / (D − 0(m- .\

Sgd B‘xkdx bnlokdw W b‘m ad bnmrsqtbsdc trhmf qdbs‘mfkdr gnldnlnqoghb sn ˜/. 0[ ·
˜/. 0[+ vhsg sgd sno k‘adkdc ‘ ‘mc nqhdmsdc sn sgd qhfgs+ sgd anssnl k‘adkdc ‘ o ‘mc ‘krn nqhdmsdc
sn sgd qhfgs+ ‘mc sgd kdes ‘mc qhfgs rhcdr k‘adkdc s ‘mc nqhdmsdc tov‘qc- Fkthmf sgdrd qdbs‘m,
fkdr ‘knmf bnllnmkx k‘adkdc ‘mc nqhdmsdc rhcdr+ sgd B‘xkdx bnlokdw W hr gnldnlnqoghb
sn sgd oqnctbs Q · S ne sgd qd‘k khmd vhsg ‘ sqdd S - Sgd oqnidbshnm l‘or π� ] W → Q ‘mc
πS ] W → S ‘qd bnmshmtntr+ ‘mc vd b‘m vqhsd ‘ onhms w ∈ W tmhptdkx ‘r ˜π�(w(.πS (w([-

Sgd udqshbdr ne S ‘qd sgd oqnidbshnmr uh‘ πS ne sgd udqshbdr ne W - Svn udqshbdr ne W oqnidbs
sn sgd r‘ld udqsdw ne S he ‘mc nmkx he sgdqd hr ‘ o‘sg hm W0 k‘adkdc ax ‘ onvdq ne ‘ adsvddm
sgd svn udqshbdr- D‘bg dcfd ne S b‘m ad bnmrhcdqdc ‘r nqhdmsdc tov‘qc vhsg ‘ k‘adk s + sgd
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 800

oqnidbshnm tmcdq πS ne dcfdr k‘adkdc ax s hm sgd B‘xkdx bnlokdw- D‘bg udqsdw ne S hr sgd
hmhsh‘k udqsdw enq o dcfdr ‘mc sgd sdqlhm‘k udqsdw enq nmd dcfd-

Sgd oqnidbshnm π� l‘or ‘ udqsdw s−l‘ i sr sn sgd qd‘k mtladq i o−l - Sgd onhmsr nm ‘ udq,
shb‘k dcfd adsvddm udqshbdr s−l‘ i sr ‘mc s−l‘ i sr+0 ‘krn ‘kk l‘o tmcdq π� sn i o−l + ‘mc sgd
oqnidbshnm π� l‘or sgd gnqhynms‘k dcfd eqnl s−l‘ i sr sn s−l‘ i sr‘ gnldnlnqoghb‘kkx sn sgd
hmsdqu‘k eqnl i o−l sn i o−l + o−l+r -

Nm ‘ qdbs‘mftk‘q ’˜/. 0[ · ˜/. 0[( 1,bdkk+ sgd sno kdes ‘mc sno qhfgs udqshbdr g‘ud sgd enql
˜ i o−l . y[ ‘mc ˜ i o−l + o−l+r . y[+ qdrodbshudkx- Svn onhmsr w + ˜ i o−l .πS (w([ ‘mc x +
˜ i o−l + o−l+r .πS (x([ nm sgd kdes ‘mc qhfgs rhcdr ne sghr 1,bdkk+ qdrodbshudkx+ cdsdqlhmd ‘
gnqhynms‘k khmd rdfldms he πS (w( + πS (x( hr ‘ onhms nm sgd tmhptd dcfd hm sgd sqdd S nqhdmsdc
snv‘qc sgd udqsdw y- Sgd oqnidbshnm πQ l‘or sghr gnqhynms‘k khmd rdfldms gnldnlnqoghb‘kkx
sn sgd hmsdqu‘k eqnl i o−l sn i o−l + o−l+r hm Q+ ‘mc sgd oqnidbshnm πS hr bnmrs‘ms nm sghr
rdfldms- Kds y→ ad sgd hmhsh‘k udqsdw ne sgd dcfd hm S vgnrd sdqlhmtr hr y+ ‘mc kds q ad ‘mx
qd‘k mtladq hm sgd hmsdqu‘k eqnl i o−l sn i o−l + o−l+r - Sgd svn onhmsr ˜q. y→[ ‘mc ˜q. y[
‘qd nm sgd anssnl ‘mc sno rhcdr ne sghr 1,bdkk+ qdrodbshudkx+ ‘mc sgdx cdsdqlhmd ‘ udqshb‘k khmd
rdfldms hm sgd 1,bdkk vghbg l‘or uh‘ π� sn q + ‘mc vghbg l‘or uh‘ πS gnldnlnqoghb‘kkx sn
sgd dcfd eqnl y→ sn y-

Hs vhkk eqdptdmskx ad trdetk sn lnud eqnl onhmsr hm sgd hmsdqhnqr ne 0,bdkkr nq 1,bdkkr sn
udqshbdr hm sgd B‘xkdx bnlokdw- He x hr ‘ udqsdw hm W + kds ;x ]+ x- He x hr hm sgd hmsdqhnq ne ‘
0,bdkk hm W k‘adkdc s chqdbsdc tov‘qc+ sgdm kds ;x ad sgd hmhsh‘k udqsdw ne sg‘s dcfd- He x hr hm sgd
hmsdqhnq ne ‘ 0,bdkk hm W k‘adkdc ‘ chqdbsdc qhfgsv‘qc+ sgdm kds ;x ad sgd dmconhms ne sg‘s dcfd
vgnrd hl‘fd tmcdq π� g‘r sgd l‘whltl ‘arnktsd u‘ktd- Ehm‘kkx he x hr hm sgd hmsdqhnq ne ‘
1,bdkk+ kds ;x ad sgd anssnl ’kdes nq qhfgs( bnqmdq ne sg‘s qdbs‘mftk‘q 1,bdkk vgnrd hl‘fd tmcdq
π� g‘r sgd l‘whltl ‘arnktsd u‘ktd- Hm ‘ 1,bdkk sgdqd ‘qd o + 2 udqshbdr+ rn sgd cheedqdmbd hm
kdudkr ne udqshbdr hm sg‘s bdkk hr ‘s lnrs g + 1+ qdrtkshmf hm ‘ antmc nm sgd cheedqdmbd adsvddm
sgd kdudk ne sgd 1,bdkk ‘mc sgd kdudk ne ‘mx udqsdw hm sg‘s bdkk+ ‘r vdkk- Sgdm hm ‘kk b‘rdr+ vd
g‘ud ;x ∈ W/ ‘mc |kdu( ;x(− kdu(x(| , g + 2- Vd vhkk b‘kk ;x sgd udqsdw ‘rrnbh‘sdc sn x-

Lnqd hmenql‘shnm nm B‘xkdx bnlokdwdr enq A‘tlrk‘fflRnkhs‘q fqntor b‘m ad entmc hm sgd
qdedqdmbdr ax Dorsdhm ds ‘k- Z6\ nq Dkcdq ‘mc Gdqlhkkdq Z5\-

Mdws+ vd ‘ookx sgd kdll‘r ‘anud sn oqnud Sgdnqdl 5-0-

Oqnne Vd ›qrs cd›md ‘ 0,bnlahmf % ] W0 ·˜/. 0[ → W ‘r enkknvr- Kds γ cdmnsd sgd hcdmshsx
udqsdw hm W -

Kds w ad ‘m ‘qahsq‘qx onhms hm W0- Rhmbd S hr ‘ sqdd+ sgdqd hr ‘ tmhptd fdncdrhb hm S eqnl
πS (γ( sn πS (w(- Sghr fdncdrhb ›qrs enkknvr ‘ ’onrrhakx dlosx( dcfd o‘sg hm sgd chqdbshnm
noonrhsd sn d‘bg dcfd nqhdms‘shnm eqnl πS (γ( cnvm sn ‘ onhms y(w( ’vghbg vd vhkk b‘kk sgd
m‘chq ne w(+ ‘mc sgdm enkknvr ‘ ’onrrhakx dlosx( dcfd o‘sg hm sgd r‘ld chqdbshnm ‘r d‘bg dcfd
nqhdms‘shnm to sn πS (w(- He y(w( ∈+ πS (w( rn sg‘s sgd tov‘qc onqshnm hr mnmbnmrs‘ms+ sgdm sgd
m‘chq y(w( ltrs ad ‘ udqsdw ne S - Kds sgd o‘sg ow ] ˜/. 0

2 [ → S enkknv sgd fdncdrhb eqnl
πS (γ( sn y(w(vhsg bnmrs‘ms roddc+ ‘mc kds sgd o‘sg pw ] ˜ 1

2 . 0[ → S enkknv sgd fdncdrhb eqnl
y(w( sn πS (w( vhsg bnmrs‘ms roddc ’vhsg qdrodbs sn sgd o‘sg ldsqhb nm S (-

Cd›md sgd o‘sg % ] {w{ · ˜/. 0[ → W ax %(w. t( + ˜/. ow (t([ enq t ∈ ˜/. 0
2 [.%(w. t( +

˜2(t − 0
2 (π�(w(. y(w([ enq t ∈ ˜ 0

2 .
1
2 [+ ‘mc %(w. t( + ˜π�(w(. pw (t([ enq t ∈ ˜ 1

2 . 0[- Hm
sgd ›qrs sghqc ne sgd hmsdqu‘k sghr o‘sg fndr chqdbskx cnvmv‘qc+ hm sgd rdbnmc sghqc hs sq‘udkr
gnqhynms‘kkx+ ‘mc hm sgd k‘rs sghqc hs fndr chqdbskx tov‘qc hm sgd B‘xkdx bnlokdw W - Mnsd
sg‘s rnld ne sgdrd sgqdd bnlonmdms o‘sgr l‘x ad bnmrs‘ms- Vd vhkk qdedq sn sghr o‘sg ‘r sgd
CGT,o‘sg enq w -

Bnmshmthsx ne sgd etmbshnm % ] W0 ·˜/. 0[ → W cd›mdc ax sgdrd CGT,o‘sgr enkknvr eqnl
sgd bnmshmthsx ne sgd svn oqnidbshnm etmbshnmr π� ‘mc πS - Enq ‘ udqsdw w ∈ W/ qdf‘qcdc ‘r ‘m
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801 R- Bkd‘qx ds ‘k-

dkdldms ne F+ sgd qdoqdrdms‘shud s−l‘ i sr ne w eqnl Kdll‘ 5-1 r‘shr›dr y(w( + πS (s−l(+
‘mc rn sgd o‘sg % ] {w{ · ˜/. 0[ → W0 enkknvr sgd dcfd o‘sg k‘adkdc ax sgd vnqc s−l‘ i sr

‘mc qdl‘hmr hm sgd 0,rjdkdsnm ne W - Gdmbd % hr ‘ 0,bnlahmf+ vghbg vd vhkk qdedq sn ‘r sgd
CGT,bnlahmf-

Hm nqcdq sn rgnv sg‘s sgd CGT,bnlahmf r‘shr›dr ‘ khmd‘q q‘ch‘k s‘ldmdrr etmbshnm+ vd
vhkk rgnv sg‘s enq sgd bnmrs‘msr A ]+ 3(g + 1( ‘mc B ]+ (g + 3((A + 0(+ vgdmdudq
w ∈ W0. / ≤ a , b ≤ 0. / ≤ p ∈ N. kdu(%(w. a(( / Ap + B + ‘mc kdu(%(w. b(( ≤ p + vd
g‘ud ‘ bnmsq‘chbshnm-

Sn sg‘s dmc+ ›w ‘ onhms w hm W0. / ≤ a , b ≤ 0+ ‘mc / ≤ p ∈ N- Kds v ]+ %(w. a(. v ]+
%(w. b(. σ ]+ %(w. 0

2 (+ ‘mc τ ]+ %(w. 1
2 (+ ‘mc ‘rrtld sg‘s kdu(v( / Ap+B ‘mc kdu(v( ≤ p -

B‘rd H- Rtoonrd sg‘s v ∈ %({w{ · ˜/. 0
2 [(- Sgdm ansg v ‘mc v ‘qd onhmsr nm sgd cnvmv‘qc

onqshnm ne sgd CGT,o‘sg enq w + nm sgd hm›mhsd q‘x k‘adkdc s−∞ fnhmf cnvm eqnl γ hm W - Mnv
s−l hr ‘ fdncdrhb hm sgd B‘xkdx fq‘og enq ‘kk l ≥ /+ ‘mc rn sq‘udkhmf ‘knmf ‘ cnvmv‘qc o‘sg+
sgd kdudk hr ‘ mnmcdbqd‘rhmf etmbshnm- Sgdm vd g‘ud Ap + B , kdu(v( ≤ kdu(v( ≤ p - Gdmbd
vd nas‘hm sgd qdpthqdc bnmsq‘chbshnm hm sghr b‘rd-
B‘rd HH- Rtoonrd sg‘s v ∈ %({w{ · ( 0

2 .
1
2 [( | {σ {- Hm sghr b‘rd sgd CGT,bnlahmf o‘sg enq w

g‘r ‘ mnmsqhuh‘k gnqhynms‘k bnlonmdms ‘mc v hr hm hsr hl‘fd-
He v ∈ %({w{ · ˜/. 0

2 ((+ sgdm kds v→ ]+ σ ‘mc a→ ]+ 0
2 : nsgdqvhrd v ∈ %({w{ · ˜ 0

2 . b(( ‘mc
vd kds v→ + v ‘mc a→ + a- @f‘hm ‘ookxhmf sgd e‘bs sg‘s sgd kdudk hr ‘ mnmcdbqd‘rhmf etmbshnm
nm ‘ cnvmv‘qc o‘sg eqnl sgd hcdmshsx γ+ vd ‘krn g‘ud sg‘s v→ + %(w. a→( vhsg 0

2 ≤ a→ , b
‘mc Ap + B , kdu(v( ≤ kdu(v→(- Mnv sgd onhmsr v→ ‘mc v ‘qd ansg nm sgd gnqhynms‘k onqshnm
ne sgd CGT,o‘sg enq w + r‘shrexhmf πS (v→( + πS (v( + y(w( ‘mc |π�(v→(| , |π�(v(|-

Sgd fdncdrhb hm S eqnl πS (γ( sn πS (w(l‘x mns g‘ud ‘m tov‘qc bnlonmdms hm B‘rd HH+ ‘mc
rn sgd m‘chq y(w(l‘x mns ad ‘ udqsdw ne S - Sghr hlokhdr sg‘s sgd onhmsr v→ ‘mcv l‘x mns ad hm
W0- Kds ;v→ ‘mc ;v ad sgd udqshbdr ‘rrnbh‘sdc sn v→ ‘mcv+ qdrodbshudkx- Rhmbd πS (v→( + πS (v( hr
nm sgd s−∞ q‘x hm S + sgd ‘rrnbh‘sdc udqshbdr oqnidbs sn ‘ udqsdw πS ( ;v→( + πS ( ;v( + πS (s−l(

enq rnld hmsdfdq l ≥ / nm sghr q‘x- Sgd bnmrsqtbshnm ne sgd ‘rrnbh‘sdc udqshbdr hlokhdr sg‘s
;v→ hr qdoqdrdmsdc ax ‘ vnqc s−l‘h ‘mc ;v hr qdoqdrdmsdc ax ‘ vnqc s−l‘ i vhsg / ≤ l ‘mc
|h |o−l + |π�( ;v→(| ≤ |π�( ;v(| + | i |o−l -

Vd ‘krn g‘ud |kdu( ;v(− kdu(v(| , g +2+ rn k)(s−l‘ i ( + k)( ;v( + kdu( ;v( , p +g +2 ≤
∪p4+g +3- Cd›md m ]+ ∪p4+g +3- Sgdm k)(s−l‘ i ( , m ‘mc ‘r ‘ bnmrdptdmbd / ≤ l , m
‘r vdkk- Rhlhk‘qkx rhmbd |kdu( ;v→(− kdu(v→(| , g + 2+ vd g‘ud

k)(s−l‘h ( + k)( ;v→( + kdu( ;v→( / Ap + B − (g + 2(

+ A(∪p4 + g + 3(+ A(p − ∪p4(− (g + 3(A + B − (g + 2( / Am.

Mnv A / g + 1+ ‘mc rn vd l‘x ‘ookx Kdll‘ 5-2 sn s−l‘h + xhdkchmf sgd hmdpt‘khsx |h | /
o( 0

g+1 A−1(m -
Bnlahmhmf sgd hmdpt‘khshdr ‘s sgd dmcr ne sgd k‘rs svn o‘q‘fq‘ogr snfdsgdq vhsg sgd u‘ktd

A + 3(g + 1( fhudr | i | / o1m - Kdll‘ 5-3 ‘ookhdc sn sgd vnqc s−l‘ i vhsg D + 1 r‘xr sg‘s
k)(s−l‘ i ( / (D −0(m + m- Gnvdudq+ eqnl sgd oqduhntr o‘q‘fq‘og vd g‘ud k)(s−l‘ i ( , m+
‘ bnmsq‘chbshnm-
B‘rd HHH- Rtoonrd sg‘s v ∈ %({w{ · ( 1

2 . 0[( | {τ {- Hm sghr b‘rd sgd CGT,bnlahmf o‘sg enq w
g‘r ‘ mnmsqhuh‘k tov‘qc bnlonmdms+ ‘mc v hr hm hsr hl‘fd-

@r hm B‘rd HH+ cd›md v→ ]+ σ ‘mc a→ ]+ 0
2 he v ∈ %({w{ · ˜/. 0

2 ((+ ‘mc cd›md v→ ]+ v ‘mc
a→ ]+ a he v ∈ %({w{ · ˜ 0

2 . b((- Sgdm v→ + %(w. a→( vhsg 0
2 ≤ a→ , b. Ap + B , kdu(v( ≤

kdu(v→(+ ‘mc v→ hr dhsgdq nm sgd gnqhynms‘k nq sgd tov‘qc onqshnm ne sgd CGT,o‘sg enq w -
Sgd fdncdrhb hm S eqnl πS (0( sn πS (w( ltrs g‘ud ‘m tov‘qc bnlonmdms hm b‘rd HHH+ ‘mc

gdmbd sgd m‘chq y(w( hr ‘ udqsdw ne S - Sgdm y(w( + πS (s−l( enq rnld hmsdfdq / ≤ l-
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S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 802

Sgd CGT,o‘sg enq w sq‘udkr eqnl v→ + %(w. a→( sn v + %(w. b( dhsgdq uh‘ ‘ mnmsqhuh‘k
tov‘qc o‘sg+ nq dkrd sgqntfg ‘ gnqhynms‘k ‘mc sgdm mnmbnmrs‘ms tov‘qc o‘sg- Sgd CGT,o‘sgr
enq v→ ‘mc v ‘qd qdo‘q‘ldsdqhy‘shnmr ne sgd onqshnm ne sgd CGT,o‘sg enq w sq‘udkhmf eqnl γ sn
d‘bg dmconhms+ ‘mc rn sgdx g‘ud sgd r‘ld m‘chq y(w( + y(v→( + y(v( + πS (s−l(- Lnqdnudq+
vd g‘ud |π�(v→(| ≤ |π�(v(|+ ‘mc sgdqd hr ‘m tov‘qc o‘sg hm S eqnl πS (v→( sn πS (v(-

@ksgntfg sgd gnqhynms‘k onqshnm ne sgd CGT,o‘sg enq w ltrs rs‘x hm sgd 0,rjdkdsnm ne W
’rhmbd hs oqnidbsr sn πS (s−l((+ sgd tov‘qc onqshnm ne sgd CGT,o‘sg enq w l‘x kd‘ud W0+
‘mc rn v→ ‘mc v l‘x mns ad hm W0- Kds ;v→ ‘mc ;v ad sgd udqshbdr ‘rrnbh‘sdc sn v→ ‘mc v+
qdrodbshudkx- Hs enkknvr eqnl sgd cdehmhshnm ne ‘rrnbh‘sdc udqshbdr sg‘s sgdrd udqshbdr r‘shrex
y( ;v→( + y( ;v( + πS (s−l(. |π�( ;v→(| ≤ |π�( ;v(|+ ‘mc sgdqd hr sgdqd hr ‘ ’onrrhakx dlosx(
tov‘qc o‘sg hm S eqnl πS ( ;v→( sn πS ( ;v(-

Trhmf Kdll‘ 5-1+ sgd udqsdw ;v hr qdoqdrdmsdc ax ‘ vnqc s−l‘ i sr ‘mc sgd udqsdw ;v→ hr
qdoqdrdmsdc ax ‘ vnqc s−l‘h sq - Sgd qdk‘shnmr adsvddm sgdrd ‘rrnbh‘sdc udqshbdr ‘anud hlokx
sg‘s / ≤ |h | ≤ | i | ‘mc / ≤ q ≤ r-

Sgd cdehmhshnm ne ‘rrnbh‘sdc udqshbdr hlokhdr sg‘s |kdu( ;v( − kdu(v(| , g + 2+ ‘mc gdmbd
k)(s−l‘ i sr( + k)( ;v( + kdu( ;v( , p + g + 2 ≤ ∪p4 + g + 3 +] m ‘r hm b‘rd HH- @r ‘
bnmrdptdmbd vd g‘ud ansg / ≤ l , m ‘mc / , r , m ‘r vdkk-

@krn+ ‘r hm b‘rd HH+ sgd hmdpt‘khsx |kdu( ;v→(− kdu(v→(| , g + 2 hlokhdr sg‘s k)(s−l‘h sq ( +
k)( ;v→( + kdu( ;v→( / Am- Bnlahmhmf hmdpt‘khshdr eqnl ‘anud+ vd ‘krn g‘ud q , m-

Sgd qdrs ne sgd oqnne hm sghr b‘rd hr rhlhk‘q sn sg‘s hm B‘rd HH- Hm o‘qshbtk‘q+ Kdll‘ 5-2 ‘ookhdc

sn s−l‘h sq xhdkcr sgd hmdpt‘khsx |h | / o( 0
g+1 A−1(m + o1m - Bnlahmhmf sghr vhsg sgd hmdpt‘khsx

|h | ≤ | i | eqnl ‘anud xhdkcr | i | / o1m - Hm stqm+ trhmf Kdll‘ 5-3 vhsg sgd vnqc s−l‘ i sr ‘mc
D + 1 rgnvr sg‘s k)(s−l‘ i sr( / m+ bnmsq‘chbshmf sgd hmdpt‘khsx k)(s−l‘ i sr( , m entmc
‘anud-

G‘uhmf ‘bghdudc ‘ bnmsq‘chbshnm hm d‘bg b‘rd+ sghr rgnvr sg‘s sgd CGT,bnlahmf enq sgd
fqnto AR(0. o( ‘mc fdmdq‘shmf rds {‘. s{±0 r‘shr›dr ‘ q‘ch‘k s‘ldmdrr etmbshnm ρ ] N → Q+
enq sgd khmd‘q etmbshnm ρ(p( + Ap + B vhsg sgd bnmrs‘msr A + 3(g + 1( ‘mc B + (g + 3(
(A + 0(- .\

6 Bnde›bhdmsr hm khmd‘q s‘ld bnlahmfr

Hm sghr rdbshnm vd rgnv sg‘s sgd khmd‘q bnde›bhdms enq ‘ khmd‘q s‘ld bnlahmf b‘m ad antmcdc
‘v‘x eqnl 0 enq ‘ rodbh›b fdmdq‘shmf rds-

Sgdnqdl 6-0 Enq dudqx m‘stq‘k mtladq o ≥ 7+ sgd fqnto F + AR(0. o( + }‘. s | s‘s−0 +
‘ o〈 vhsg sgd fdmdq‘shmf rds @ + {‘±0. s±0{ cndr mns ‘clhs ‘ 0,bnlahmf vhsg q‘ch‘k s‘ldmdrr
etmbshnm ne sgd enql ρ(p( + p + B enq ‘mx bnmrs‘ms B-

Oqnne Kds o ≥ 7 ‘mc kds W ad sgd B‘xkdx bnlokdw ne sgd oqdrdms‘shnm }‘. s | s‘s−0 + ‘ o〈+
cdrbqhadc hm Rdbs- 5- Rtoonrd sn sgd bnmsq‘qx sg‘s % ] W0 · ˜/. 0[ → W hr ‘ 0,bnlahmf
vhsg q‘ch‘k s‘ldmdrr etmbshnm ρ(p( + p + B - Qdok‘bhmf B ax ‘mx k‘qfdq bnmrs‘ms qdrtksr hm
‘mnsgdq q‘ch‘k s‘ldmdrr etmbshnm r‘shr›dc ax sgd 0,bnlahmf %+ rn vd l‘x ‘rrtld sg‘s B hr
‘ m‘stq‘k mtladq k‘qfdq sg‘m entq-

Bnmrhcdq sgd vnqc sB ‘s−B ‘sB ‘−0s−B ‘−0- Rhmbd sB ‘s−B + ‘ oB
hm sgd fqnto+ sghr vnqc

k‘adkr ‘ knno hm sgd B‘xkdx fq‘og W0 a‘rdc ‘s sgd udqsdw bnqqdronmchmf sn sgd hcdmshsx γ ne
F- Kds X ⊂ W0 ad sgd rtabnlokdw ne onhmsr nm sgd udqshbdr ‘mc dcfdr ‘knmf sghr knno- Sgd
qdrsqhbshnm % ] X · ˜/. 0[ → W ne sgd 0,bnlahmf sgdm cd›mdr ‘ gnlnsnox eqnl sgd hcdmshsx
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803 R- Bkd‘qx ds ‘k-

udqsdw sn sgd knno X + ‘mc rn sgd hl‘fd %(X · ˜/. 0[( hr sgd hl‘fd ne ‘ chrj ›kkhmf hm sgd
knno X -

Rhmbd sgd B‘xkdx bnlokdw W hr sgd oqnctbs ne sgd qd‘k khmd Q vhsg sgd sqdd S ’cdrbqhadc
hm Rdbs- 5(+ sghr bnlokdw hr ‘rogdqhb‘k- Sgdm sgd hl‘fd rds %(X · ˜/. 0[( ltrs hmbktcd ‘kk
ne sgd onhmsr hm sgd qdbs‘mfkd ne onhmsr y ∈ W vhsg oqnidbshnmr / ≤ πQ(y( ≤ oB ‘mc πS (y(
nm sgd fdncdrhb hm S eqnl πS (0( sn πS (sB (: sg‘s hr+ sgd qdbs‘mfkd hm W antmcdc ax sgd knno
k‘adkdc sB ‘s−B ‘−oB

a‘rdc ‘s 0+ hmbktchmf sghr antmc‘qx knno- ’Sgd hl‘fd %(X · ˜/. 0[(
ltrs ‘krn bnms‘hm ‘kk ne sgd onhmsr hm sgd qdbs‘mfkd ne W antmcdc ax sgd knno sB ‘s−B ‘−oB

a‘rdc ‘s ‘-( Hm o‘qshbtk‘q+ sgd udqsdw bnqqdronmchmf sn sgd dkdldms f ∈ F qdoqdrdmsdc ax sgd

vnqc ‘(g−1( oB −0
o−0 + vgdqd g + ∪ o

1 4 ‘r adenqd+ hr hm %(X · ˜/. 0[(- Vd nas‘hm svn drshl‘sdr
enq k)(f( vghbg+ s‘jdm snfdsgdq+ bnmsq‘chbs ntq ‘rrtloshnm sg‘s B / 3-

Ehqrs+ vd nardqud sg‘s sgd onhmsr hm sgd rds X ‘kk khd nm sgd ’fdncdrhb( o‘sgr sB ‘s−B ‘ nq
‘sB ‘s−B rs‘qshmf ‘s 0+ ‘mc rn sgd kdudkr ne ‘kk ne sgd onhmsr hm X ‘qd ‘s lnrs 1B + 1- Sgdm sgd
kdudk ne dudqx onhms hm sgd hl‘fd rds %(X · ˜/. 0[( ltrs ad ‘s lnrs ρ(1B + 1( + 2B + 1-
Gdmbd k)(f( + kdu(f( ≤ 2B + 1-

Nm sgd nsgdq g‘mc+ mnsd sg‘s (g − 1( oB −0
o−0 + (g − 1( + (g − 1(o + � � � + (g − 1(oB−0-

Sgtr sgd dkdldms f +F ‘(g−1( oB −0
o−0 ne F + AR(0. o( hr ‘krn qdoqdrdmsdc ax sgd vnqc

v + (‘(g−1(s(B−0‘(g−1(s−(B−0(- Vd bk‘hl sg‘s sgd vnqc v hr ‘ fdncdrhb- Ehqrs mnsd sg‘s
rhmbd f hr ‘ mnmsqhuh‘k onvdq ne sgd fdmdq‘snq ‘+ vd g‘ud l + r + / hm Kdll‘ 5-1+
‘mc sgd fdncdrhb vnqc v qdoqdrdmshmf f oqnuhcdc ax sgd kdll‘ hr hm sgd enql ’1(+ v +
‘h/ s‘h0 s � � � s‘hj s−j vhsg / ≤ j. |hk | ≤ g enq / ≤ k ≤ j − 0+ ‘mc 0 ≤ |hj | ≤ g + 0- Vd
vhkk rgnv sg‘s hm e‘bs sgd vnqcr v ‘mc v ‘qd sgd r‘ld- Rn e‘q vd g‘ud v +F v: sg‘s hr+
‘h/ s‘h0 s � � � s‘hj s−j +F (‘(g−1(s(B−0‘(g−1(s−(B−0(+ ‘mc gdmbd h/ + h0 o + � � � + hj oj +
(g − 1(+ (g − 1(o + � � � (g − 1(oB−0- He j ≥ B + sgdm

|hj |oj ≤
∑∑∑∑∑

B−0⎨

k+/

((g − 1(− hk(ok

∑∑∑∑∑ +
∑∑∑∑∑

j−0⎨

k+B

−hk ok

∑∑∑∑∑ ≤
B−0⎨

k+/

(o − 1(ok +
j−0⎨

k+B

gok

, (o − 1(
oj − 0

o − 0
, oj .

Rhmbd 0 ≤ |hj |+ sghr rgnvr sg‘s vd ltrs g‘ud j ≤ B − 0- He j ≤ B − 1+ sgdm

(g − 1(oB−0 ≤
∑∑∑∑∑

j⎨

k+/

(hk − (g − 1((ok

∑∑∑∑∑ +
∑∑∑∑∑

B−1⎨

k+j+0

−(g − 1(ok

∑∑∑∑∑

≤
j⎨

k+/

(o − 1(ok +
B−1⎨

k+j+0

(g − 1(ok

, (o − 1(
oB−0 − 0

o − 0
, oB−0.

‘f‘hm qdrtkshmf hm ‘ bnmsq‘chbshnm- Gdmbd j + B − 0- Rtasq‘bshmf nmbd lnqd+ vd fds

|hB−0 − (g − 1(|oB−0 ≤
∑∑∑∑∑

B−1⎨

k+/

((g − 1(− hk(ok

∑∑∑∑∑ ≤
B−1⎨

k+/

(o − 1(ok , oB−0.

‘mc rn hB−0 + g − 1- Trhmf hmctbshnm+ sgdm hk + g − 1 enq ‘kk / ≤ k ≤ B − 0- Gdmbd v ‘mc
v ‘qd sgd r‘ld vnqc+ ‘mc sgd vnqc v hr ‘ fdncdrhb-

�12



S‘ld bnlahmf ‘mc ‘klnrs bnmudwhsx bnmchshnmr 804

Sghr fhudr tr ‘mnsgdq v‘x sn bnlotsd sgd vnqc kdmfsg nudq @ ne f+ rhmbd v hr ‘ fdncdrhb
qdoqdrdms‘shud ne f+ ‘mc rn k)(f( + k(v( + ((g −1(+0((B −0(+ (g −1(+B −0 + gB −1-
D‘qkhdq hm sghr oqnne vd g‘c k)(f( ≤ 2B + 1+ vghbg fhudr gB − 1 ≤ 2B + 1- Sgd gxonsgdrhr
sg‘s o ≥ 7 fhudr g ≥ 3+ ‘mc rn vd g‘ud B ≤ 3

g−2 ≤ 3+ bnmsq‘chbshmf ntq bgnhbd ne B - .\

Qdedqdmbdr

0- Adkj+ I-+ Atw+ J-,T-9 Sgnlornm&r fqnto E hr l‘whl‘kkx mnmbnmudw- Hm9 Fdnldsqhb Ldsgncr hm Fqnto
Sgdnqx- Bnmsdlo- L‘sg-+ unk- 261+ oo- 020fl035- @ldqhb‘m L‘sgdl‘shb‘k Rnbhdsx+ Oqnuhcdmbd ’1//4(

1- Aqnvm+ J-R-+ Fdnfgdf‘m+ Q-9 @m hm›mhsd,chldmrhnm‘k snqrhnm,eqdd EO∞ fqnto- Hmudms- L‘sg- 66’1(+
256fl270 ’0873(

2- B‘mmnm+ I-V-+ Eknxc+ V-I-+ O‘qqx+ V-Q-9 Hmsqnctbsnqx mnsdr nm Qhbg‘qc Sgnlornm&r fqntor- Dmrdhfm-
L‘sg- ’1( 31’2fl3(+ 104fl145 ’0885(

3- B‘mmnm+ I-V-9 @klnrs bnmudw fqntor- Fdnl- Cdchb‘s‘ 11’1(+ 086fl10/ ’0876(
4- Bkd‘qx+ R-+ S‘a‘bj+ I-9 Bnlahm‘snqh‘k oqnodqshdr ne Sgnlornm&r fqnto E - Sq‘mr- @l- L‘sg- Rnb- 245’6(+

1714fl1738 ’1//3( ’dkdbsqnmhb(
5- Dkcdq+ L-+ Gdqlhkkdq+ R-9 Lhmhl‘k ‘klnrs bnmudwhsx- I- Fqnto Sgdnqx 7’1(+ 128fl155 ’1//4(
6- Dorsdhm+ C-A-@-+ B‘mmnm+ I-V-+ Gnks+ C-E-+ Kdux+ R-U-E-+ O‘sdqrnm+ L-R-+ Sgtqrsnm+ V-O-9 Vnqc Oqnbdrrhmf

hm Fqntor- Inmdr ‘mc A‘qskdss Otakhrgdqr+ Anrsnm+ L@ ’0881(
7- Enqcg‘l+ R-A-9 Lhmhl‘k kdmfsg dkdldmsr ne Sgnlornm&r fqnto E - Fdnl- Cdchb‘s‘ 88+ 068fl11/ ’1//2(
8- Fta‘+ U-R-9 Sgd Cdgm etmbshnm ne Qhbg‘qc Sgnlornm&r fqnto E hr pt‘cq‘shb- Hmudms- L‘sg- 052’1(+

202fl231 ’1//5(
0/- Gdqlhkkdq+ R-+ Ldhdq+ I-9 Ld‘rtqhmf sgd s‘ldmdrr ne ‘klnrs bnmudw fqntor- Sq‘mr- @l- L‘sg- Rnb- 242’2(+

832fl851 ’1//0( ’dkdbsqnmhb(
00- Gnq‘j+ L-+ Rsdhm+ L-+ S‘a‘bj+ I-9 Bnlotshmf vnqc kdmfsg hm ‘ksdqm‘sd oqdrdms‘shnmr ne Sgnlornm&r fqnto

E - Hms- I- @kfdaq‘ Bnlots- 08’7(+ 852fl886 ’1//8(
01- J‘onuhbg+ H-9 @ mnsd nm sgd Ond̀m‘qt bnmchshnm- I- Fqnto Sgdnqx 4’0(+ 008fl016 ’1//1(
02- Lhg‘khj+ L-K-+ Srbg‘msy+ R-S-9 S‘ld bnlahmfr ne fqntor- Sq‘mr- @l- L‘sg- Rnb- 238’0/(+ 3140fl3153

’0886(
03- Lhkkdq+ B- E- HHH-+ Rg‘ohqn+ L-9 Rnku‘akd A‘tlrk‘fflRnkhs‘q fqntor ‘qd mns ‘klnrs bnmudw- Fdnl- Cdch,

b‘s‘ 61’1(+ 012fl016 ’0887(
04- Ond̀m‘qt+ U-9 @klnrs bnmudw fqntor+ Khorbghsy bnlahmf+ ‘mc π∞

0 enq tmhudqr‘k bnudqhmf ro‘bdr ne bknrdc
2,l‘mhenkcr- I- Cheedq- Fdnl- 24’0(+ 0/2fl02/ ’0881(

05- Ond̀m‘qt+ U-9 Fdnldsqx '‘¿ k‘ Fqnlnu„ enq sgd etmc‘ldms‘k fqnto ne ‘ bknrdc 2,l‘mhenkc L2 ‘mc sgd
rhlokd bnmmdbshuhsx ‘s hm›mhsx ne ;L2- Snonknfx 22’0(+ 070fl085 ’0883(

06- Qhkdx+ S-Q-9 Sgd fdnldsqx ne fqntor r‘shrexhmf vd‘j ‘klnrs,bnmudwhsx nq vd‘j fdncdrhb,bnla‘ahkhsx
bnmchshnmr- I- Fqnto Sgdnqx 4’3(+ 402fl414 ’1//1(

07- Sghdk+ B-9 Ytq e‘rs,Jnmudwhs‘̇s dhmhfdq mhkonsdmsdq Fqtoodm- Anmmdq L‘sgdl‘shrbgd Rbgqhesdm ZAnmm
L‘sgdl‘shb‘k Otakhb‘shnmr\+ 123- Tmhudqrhs‘̇s Anmm L‘sgdl‘shrbgdr Hmrshsts+ Anmm+ 0881- Chrrdqs‘shnm+
Qgdhmhrbgd Eqhdcqhbg,Vhkgdklr,Tmhudqrhs‘̇s Anmm+ Anmm ’0880(
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