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Eqdd khlhsr ne Sgnlornm&r fqnto �

@ydq @jgldcnu � Ldk‘mhd Rsdhm � Idmmhedq S‘a‘bj

Pdbdhudc9 06 Rdosdladq 1/0/ . @bbdosdc9 01 I]mt]qx 1/00 . Otakhrgdc nmkhmd9 18 I]mt]qx 1/00
´ Roqhmfdq Rbhdmbd)Atrhmdrr Ldch] A-U- 1/00

@arsq‘bs Vd oqnctbd ] rdptdmbd ne l]qjhmfr Rj ne Sgnlornm�r fqnto E vhsghm sgd
ro]bd Fm ne ]kk l]qjdc m,fdmdq]snq fqntor rn sg]s sgd rdptdmbd (E. Rj( bnmudqfdr sn sgd
eqdd fqnto nm m fdmdq]snqr+ enq m ≥ 2- Hm ]cchshnm+ vd fhud oqdrdms]shnmr enq sgd khlhsr ne
rnld nsgdq m]stq]k ’bnmudqfdms( rdptdmbdr ne l]qjhmfr sn bnmrhcdq nm E vhsghm F2+ hmbktchmf
(E. {w/. w0. wm{( ]mc (E. {w/. w0. wm

/ {(-

Jdxvnqcr Sgnlornm�r fqnto � Khlhs fqnto � Eqdd fqnto � Fhqsg

L‘sgdl‘shbr Rtaidbs Bk‘rrh›b‘shnm ’1///( 1/E54 � 1/E/4 � /4B27

0 Hmsqnctbshnm

Rdk] cd“mdc sgd mnshnm ne ] khlhs fqnto hm bnmitmbshnm vhsg ghr rnktshnm sn sgd oqnakdl ne
S]qrjh vghbg ]rjr vgdsgdq ]kk eqdd fqntor ne q]mj ]s kd]rs 1 g]ud sgd r]ld dkdldms]qx sgdnqx
Z06+07[- Khlhs fqntor ]qhrd hm Rdk]�r ]m]kxrhr ne dpt]shnmr hm eqdd fqntor+ ]mc gd rgnvr sg]s
sgdx bnhmbhcd vhsg sgd bk]rr ne “mhsdkx fdmdq]sdc+ etkkx qdrhct]kkx eqdd fqntor ZRd0[- Vnqj
ne Rdk]+ ]knmf vhsg Jg]qk]lonuhbg ]mc Lx]rmhjnu Z03+04+06[ rgnvr sg]s khlhs fqntor b]m
ad bnmrsqtbsdc qdbtqrhudkx eqnl athkchmf aknbjr bnmrhrshmf ne eqdd+ rtqe]bd ]mc eqdd ]adkh]m
fqntor ax s]jhmf ] “mhsd rdptdmbd ne eqdd oqnctbsr ]mc ]l]kf]l]shnmr nudq N- @ksdqm]sdkx+
] fqnto hr ] khlhs fqnto hm sgd rdmrd ne Rdk] he ]mc nmkx he hs hr ]m hsdq]sdc fdmdq]khydc cntakd+
cd“mdc adknv hm Rdbs- 3-

@- @jgldcnu
Cdo]qsldms ne L]sgdl]shbr+ Mnqsg C]jns] Rs]sd Tmhudqrhsx+ E]qfn+ MC 470/1+ TR@
d,l]hk9 ]ydq-]jgldcnu=mcrt-dct

L- Rsdhm
Cdo]qsldms ne L]sgdl]shbr+ Sqhmhsx Bnkkdfd+ G]qsenqc+ BS /50/5+ TR@
d,l]hk9 ldk]mhd-rsdhm=sqhmbnkk-dct

I- S]a]bj ’�(
Cdo]qsldms ne L]sgdl]shbr+ Anvcnhm Bnkkdfd+ Aqtmrvhbj+ LD /3/00+ TR@
d,l]hk9 is]a]bj=anvcnhm-dct

�12



053 Fdnl Cdchb]s] ’1/00( 0449052fi065

Cd“md ] l]qjdc fqnto (F. R( sn ad ] fqnto F vhsg ] “wdc ]mc nqcdqdc rds ne fdmdq]snqr
R + {f0. f1. . . . . fm{+ ]mc kds Fm ad sgd rds ne ]kk fqntor l]qjdc ax m dkdldmsr to sn hrnlnq,
oghrl ne l]qjdc fqntor- @ l]qjdc fqnto (F. R( hr dpthoodc vhsg ] b]mnmhb]k dohlnqoghrl
eqnl sgd eqdd fqnto nm |R| kdssdqr sn F- Sgd ro]bd Fm ]clhsr ] snonknfx hm vghbg svn l]qjdc
fqntor (F0. R0( ]mc (F1. R1( ]qd ]s chrs]mbd ]s lnrs d−Q he sgdx g]ud r]ld qdk]shnmr ne kdmfsg
]s lnrs Q- Vhsg qdrodbs sn sghr snonknfx+ sgd khlhs fqntor ne Rdk]+ dpthu]kdmskx sgd bk]rr ne ]kk
“mhsdkx fdmdq]sdc etkkx qdrhct]kkx eqdd fqntor+ ]qhrd m]stq]kkx ]r khlhsr ne l]qjdc eqdd fqntor-

Sghr snonknfhb]k ]ooqn]bg snv]qcr l]qjdc fqntor nodmr sgd mnshnm ne khlhs fqntor sn
hmbktcd khlhsr ne nsgdq+ mnm eqdd+ fqntor vhsghm Fm + enq ] “wdc m- Sghr snonknfx v]r cd“mdc hm
Z01[ ax Fqhfnqbgtj+ ]mc ]m d]qkhdq dpthu]kdms bnmrsqtbshnm v]r oqdrdmsdc hm Z8[: Bg]lodshdq
]mc Fthq]qcdk rstcx sghr snonknfx hm Z0/[+ ]mc Ftxns ]mc Rs]kcdq hm Z08+02[ hmudrshf]sd khlhsr
ne l]qjdc bnohdr ne A]tlrk]f,Rnkhs]q fqntor-

Itrs ]r sgd bk]rr ne “mhsdkx fdmdq]sdc etkkx qdrhct]kkx eqdd fqntor ]qhrdr m]stq]kkx ]r khlhsr
ne l]qjdc eqdd fqntor+ nmd b]m dwsdmc sgd cdehmhshnm ne zetkkx qdrhct]kkx– sn mnm,eqdd bk]rrdr
ne fqntor hm rtbg ] v]x sg]s sgdrd fqntor ]qhrd m]stq]kkx ]r khlhsr ne l]qjdc rdptdmbdr ne
nsgdq+ mnm,eqdd+ fqntor- Lnqd rodbhehb]kkx+ ] “mhsdkx fdmdq]sdc fqnto F hr cd“mdc sn ad etkkx
qdrhct‘kkx N ’vgdqd vd uhdv N ]r ] oqnodqsx ne fqntor+ d-f- eqdd nq “mhsd( he enq ]mx “mhsd
bnkkdbshnm {>0. >1. . . . . >j{ ne dkdldmsr ne F+ sgdqd hr ] rtqidbshud gnlnlnqoghrl φ eqnl
F sn ]N fqnto rn sg]s sgd hl]fdr {φ(>0(.φ(>1(. . . . .φ(>j({ ne sgd nqhfhm]k rds ne dkdldmsr
]qd ]kk mnmsqhuh]k- Hm sgd b]rd N;eqdd+ vd b]m nlhs sgd qdpthqdldms sg]s φ ad rtqidbshud+ ]r
]mx rtafqnto ne ] eqdd fqnto hr hsrdke eqdd- Itrs ]r enq sgd rodbh]k b]rd ne etkkx qdrhct]kkx eqdd
fqntor+ he ] fqnto F hr etkkx qdrhct]kkx N + sgdqd hr ] rdptdmbd ne l]qjhmfr ne sgd N fqnto rn
sg]s sgd rdptdmbd ne l]qjdc fqntor bnmudqfdr sn F- Vhsg sghr cdehmhshnm+ ]mx fqnto vghbg hr
etkkx qdrhct]kkx Sgnlornm ]qhrdr ]r ] khlhs ne l]qjdc bnohdr ne Sgnlornm�r fqnto E - Nmd
]hl ne sghr o]odq hr sn rgnv sg]s sgd eqdd fqnto Ej enq j ≥ 2 hr etkkx qdrhct]kkx Sgnlornm-

Sgd fn]k ne sghr o]odq hr sn ]m]kxyd rdudq]k rdptdmbdr ne l]qjhmfr ne Sgnlornm�r fqnto E -
Vd adfhm hm Rdbs- 2 ax o]qsh]kkx ]mrvdqhmf ] ptdrshnm ne R]ohq+ ]mc rgnv hm Bnqnkk]qx 2-6
sg]s sgdqd dwhrs rdptdmbdr ne l]qjdc bnohdr ne Sgnlornm�r fqnto E vghbg bnmudqfd sn sgd
eqdd fqnto Ej vhsghm Fj enq ]mx j ≥ 2+ sg]s hr+ vd rgnv sg]s sgd eqdd fqnto hr etkkx qdrhct]kkx
Sgnlornm- Aqhm Z3[ g]r qdbdmskx rgnvm sg]s sgdqd hr ] rdptdmbd ne l]qjhmfr ne E hm F1 vghbg
bnmudqfdr sn sgd eqdd fqnto E1- Sghr hr qdk]sdc sn sgd mnshnm ne ] fqnto dwghahshmf j,eqdd,khjd
adg‘uhnq+ cd“mdc ax Nkrg]mrjhh ]mc R]ohq hm Z05[- @ fqnto F hr r]hc sn ad j,eqdd,khjd enq
j ≥ 1 he sgdqd dwhrsr ] rdptdmbd ne fdmdq]shmf rdsr Yh enq h ≥ 0+ d]bg vhsg j dkdldmsr+ rtbg
sg]s sgd B]xkdx fq]og )(F. Yh ( r]shr“dr mn qdk]shnm ne kdmfsg kdrr sg]m h + ]mc sgd Bgddfdq
bnmrs]ms ne sghr fq]og hr tmhenqlkx ’hm h( antmcdc ]v]x eqnl ydqn- Sgd Bgddfdq bnmrs]ms hr
sgd hmehltl nudq ]kk rtardsr @ ne sgd fqnto ne sgd q]shn ne sgd rhyd ne sgd antmc]qx ne @ sn
sgd rhyd ne @+ vhsg qdrodbs sn ] “wdc fdmdq]shmf rds- @m ]mrvdq sn sgd ptdrshnm ne vgdsgdq E
hr ]ldm]akd vhkk ]krn cdbhcd vgdsgdq E dwghahsr j,eqdd,khjd adg]uhnq-

Hm Rdbs- 3 vd hmudrshf]sd sgd khlhsr ne rdudq]k rdptdmbdr ne l]qjdc bnohdr ne E vhsghm F2

vgdqd sgd l]qjhmfr ]qd bgnrdm sn ad udqx zm]stq]k–+ enq dw]lokd sgd rdptdmbd {w/. w0. wm{+
vgdqd sgd fdmdq]snqr ]qd s]jdm eqnl sgd rs]mc]qc hm“mhsd oqdrdms]shnm enq E - Vd fdmdq]khyd
ntq bnmbqdsd dw]lokdr sn rdptdmbdr ne l]qjhmfr vgdqd sgd sghqc dkdldms hm sgd sqhokd hr
rhlokx rtaidbs sn bdqs]hm bnmchshnmr nm hsr rtoonqs- Vd mnsd sg]s hm d]bg b]rd+ sgdqd hr ]m
]l]kf]l]sdc oqnctbs ’nq GMM dwsdmrhnm( ne bnohdr ne Sgnlornm�r fqnto E + nq rtafqntor
ne E + nudq ] l]whl]k ]adkh]m rtafqnto vghbg hr ] fdmdq]khydc cntakd nudq sgd khlhs fqnto
nas]hmdc-

Sgd oqnakdl ne cdsdqlhmhmf ]kk rdptdmbdr ne l]qjhmfr ne sgd enql {w/. w0. fm{ ne E +
vgdqd fm ∈ E vghbg bnmudqfd hm F2+ ]mc sgd oqdrdms]shnm ne ]mx qdrtkshmf khlhs fqntor+ hr
dwsqdldkx hmsdqdrshmf sn sgd ]tsgnqr- Hm ghr sgdrhr+ Y]qyxbjh bnmrhcdqr sghr oqnakdl ]r vdkk:
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Ehf- 0 Sgd fdmdq]snqr w/ ]mc wm
ne E ]r gnldnlnqoghrlr ne
´/. 0[

gd g]r nas]hmdc oqdkhlhm]qx qdrtksr vghbg rs]sd sg]s khlhs ne ] rdptdmbd ne l]qjdc bnohdr ne
E trhmf l]qjhmfr ne sgd enql {w/. w0. fm{ b]m mdudq ad ] bdmsq]k GMM,dwsdmrhnm Z1/+10[-
Ghr ldsgncr ]qd rhfmhehb]mskx cheedqdms eqnl sgd sdbgmhptdr oqdrdmsdc gdqd-

1 Oqdkhlhm‘qhdr

Hm sghr rdbshnm vd oqdrdms aqhde a]bjfqntmc l]sdqh]k nm rdudq]k snohbr trdc hm sghr o]odq-

1-0 @ aqhde hmsqnctbshnm sn Sgnlornm�r fqnto E

Sgnlornm�r fqnto E b]m ad uhdvdc ]r sgd fqnto ne ohdbdvhrd,khmd]q nqhdms]shnm,oqdrdquhmf
gnldnlnqoghrlr ne sgd tmhs hmsdqu]k+ rtaidbs sn svn bnmchshnmr9

’0( sgd bnnqchm]sdr ne ]kk aqd]jonhmsr khd hm sgd rds ne cx]chb q]shnm]k mtladqr+ ]mc
’1( sgd rknodr ne ]kk khmd]q ohdbdr ]qd onvdqr ne 1-

Fqnto dkdldmsr b]m ad uhdvdc tmhptdkx hm sghr v]x he vd qdpthqd sg]s sgd rknod bg]mfd ]s ]kk
fhudm aqd]jonhmsr- Fqnto ltkshokhb]shnm sgdm rhlokx bnqqdronmcr sn etmbshnm bnlonrhshnm-

Sghr fqnto hr bnllnmkx rstchdc uh] ] rs]mc]qc hm“mhsd oqdrdms]shnm N9

N + }w/. w0. w1. . . . |w−0
h w i wh + w i+0 enq h , i〈.

Hs hr bkd]q eqnl sgd ]anud oqdrdms]shnm sg]s w/ ]mc w0 ]qd rte“bhdms sn fdmdq]sd sgd fqnto+ ]mc
vd sgtr nas]hm sgd rs]mc]qc “mhsd oqdrdms]shnm � 9

� + }w/. w0|´w0w−0
/ . w−0

/ w0w/[. ´w0w−0
/ . w−1

/ w0w1
/ [〈.

Sgd fdmdq]snqr w/ ]mc wm ]qd cdohbsdc ]r gnldnlnqoghrlr ne sgd hmsdqu]k hm Ehf- 0- Mnshbd
sg]s sgd rtoonqs ne wm hr dw]bskx sgd hmsdqu]k ´0 − 0

1m . 0[- @r ] bnmrdptdmbd+ ]mx dkdldms vhsg
rtoonqs bnms]hmdc hm ´/. 0− 0

1m [ vhkk bnlltsd vhsg wm + ]r dkdldmsr ne E vhsg chrinhms rtoonqs
]kv]xr bnlltsd- @m]kxyhmf sgd qdk]snqr hm sgd “mhsd oqdrdms]shnm � + hs hr mns g]qc sn rdd sg]s
sgd rtoonqs ne w0w−0

/ hr ´/. 2
3 [+ vghkd sgd rtoonqsr ne w1 + w−0

/ w0w/ ]mc w2 + w−1
/ w0w1

/ ]qd
bnms]hmdc hm ´ 2

3 . 0[+ gdmbd sgdrd dkdldmsr bnlltsd-
Vhsg qdrodbs sn sgd hm“mhsd oqdrdms]shnmN + dkdldmsr ne E g]ud ] rs]mc]qc ’hm“mhsd( mnql]k

enql+ fhudm ax

wq0
h0

wq1
h1

. . . wqj
hj

w−rk
ik

. . . w−r1
i1

w−r0
i0
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vgdqd qh . rh / /. / ≤ h0 , h1 � � � , hj ]mc / ≤ i0 , i1 � � � , ik + ]mc he ansg wh ]mc w−0
h

nbbtq+ rn cndr wh+0 nq w−0
h+0+ ]r chrbtrrdc ax Aqnvm ]mc Fdnfgdf]m hm Z6[- @ onrhshud vnqc

’qdro- mdf‘shud vnqc( g]r mnql]k enql bnms]hmhmf nmkx onrhshud ’qdro- mdf]shud( dwonmdmsr-
Enq ] sgnqntfg hmsqnctbshnm sn Sgnlornm�r fqnto E vd qdedq sgd qd]cdq sn Z7[-

1-1 Fhqsg ]mc khlhs fqntor

Sgd fhqsg ne ] fqnto F vhsg qdrodbs sn ] “mhsd fdmdq]shmf rds R hr cd“mdc sn ad sgd kdmfsg
ne sgd rgnqsdrs qdk]snq r]shr“dc hm (F. R(- Sgd fhqsg ne ] “mhsdkx fdmdq]sdc fqnto F hr sgd
rtoqdltl ne fhq sg(F. R( nudq ]kk “mhsd fdmdq]shmf rdsr R enq F- Hs hr oqnudm hm Z1[ sg]s ]
mnm,bxbkhb+ “mhsdkx fdmdq]sdc gxodqankhb fqnto ’nq nmd,qdk]snq nq khmd]q fqnto( g]r hm“mhsd
fhqsg he ]mc nmkx he hs hr mns uhqst]kkx rnku]akd-

Vd vhkk trd sgd mnshnm ne fhqsg snfdsgdq vhsg sgd enkknvhmf oqnonrhshnm ne Rs]kcdq+ vghbg
oqnuhcdr ]m ]kfdaq]hb enqltk]shnm ne sgd bnmudqfdmbd ne ] rdqhdr ne l]qjdc fqntor hm sgd
snonknfx cd“mdc hm Z8[ ]mc Z01[+ sn dwghahs eqdd khlhsr ne l]qjdc bnohdr ne Sgnlornm�r fqnto
E - He (F. R( hr ] l]qjdc fqnto ]mc |R| + j+ vd r]x sg]s R hr ] l]qjhmf ne F ne kdmfsg j-

Oqnonrhshnm 1-0 Z08[ Kds ()m. Rm( ad ‘ rdptdmbd ne l‘qjdc fqntor nm j fdmdq‘snqr- Sgd
enkknvhmf ‘qd dpthu‘kdms9

’0( ()m. Rm( hr bnmudqfdms hm Fj :
’1( enq ‘kk > ∈ Ej vd g‘ud dhsgdq > + 0 hm )m enq m k‘qfd dmntfg+ nq > ∈+ 0 hm )m enq m

k‘qfd dmntfg+ vgdqd Ej hr sgd eqdd fqnto nm j kdssdqr-

Hm sgd rdbshnmr adknv+ vd vhkk ad hmsdqdrsdc mns nmkx hm vgdsgdq o]qshbtk]q rdptdmbdr ne
l]qjdc fqntor bnmudqfd+ ats hm sgd oqdrdms]shnm ne sgd khlhs fqnto ne rtbg ] bnmudqfdms
rdptdmbd- Sgd enkknvhmf oqnonrhshnm+ vghkd ] qdrs]sdldms ne sgd cdehmhshnm ne bnmudqfdmbd
ne ] rdptdmbd ne l]qjdc fqntor+ rs]sdr dwokhbhskx gnv vd bg]q]bsdqhyd sghr khlhs fqnto-

Oqnonrhshnm 1-1 Kds ()m. Rm( ad ‘ rdptdmbd ne l‘qjdc fqntor nm j fdmdq‘snqr- Sgdm ()m. Rm(

bnmudqfdr sn (). R( hm Fj he enq ‘kk vnqcr > ∈ Ej

’0( he > + 0 hm )+ sgdm > + 0 hm )m enq rte›bhdmskx k‘qfd m-
’1( he > + 0 hm )m enq hm›mhsdkx l‘mx m+ sgdm > + 0 hm )-

Hm sgd b]rd sg]s sgd khlhs fqnto hr ] eqdd fqnto+ sgd “qrs oqnodqsx gnkcr sqhuh]kkx+ rn vd mddc
nmkx bgdbj sgd rdbnmc- Bnlahmhmf sgd mnshnm ne fhqsg vhsg sgd ]anud oqnonrhshnm xhdkcr ]
rsq]hfgsenqv]qc bg]q]bsdqhy]shnm ne vgdm ] rdptdmbd ne l]qjhmfr ne ] “wdc fqnto bnmudqfdr
sn ] eqdd fqnto- M]ldkx9

Oqnonrhshnm 1-2 He ‘ fqnto F g‘r ‘ rdptdmbd ne l‘qjhmfr Rm ne kdmfsg j rn sg‘s sgd fhqsg ne
(F. Rm( fndr sn hm›mhsx vhsg m+ sgdm sgd rdptdmbd (F. Rm( bnmudqfdr sn Ej hm Fj -

2 Eqdd khlhsr ne Sgnlornm&r fqnto �

Sgd fn]k ne sghr rdbshnm hr sn oqnud sg]s sgdqd hr ] rdptdmbd {Rm{ ne l]qjhmfr ne E rn sg]s
(E. Rm( bnmudqfdr sn sgd eqdd fqnto ne q]mj j hm Fj + enq ]kk j ≥ 2- Sghr hr oqnudm ax dwghahshmf
] rdptdmbd ne l]qjhmfr ne E ne ] “wdc kdmfsg rn sg]s sgd fhqsg ne sgd fqnto vhsg qdrodbs
sn sgdrd l]qjhmfr ]ooqn]bgdr hm“mhsx- @r ] bnqnkk]qx vd nas]hm sg]s sgd r]ld rdptdmbd ne
l]qjhmfr nm E bnmudqfdr sn sgd eqdd fqnto ne sgd ]ooqnoqh]sd q]mj- @r sgd “mhsdmdrr ne sgd
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fhqsg ne ] fqnto hr bknrdkx qdk]sdc sn vgdsgdq sgd fqnto r]shr“dr ] k]v+ vd “qrs qdb]kk sgd qdrtks
ne Aqhm ]mc Rpthdq Z4[ ’]mc qdoqnudm ax @a =dqs Z0[ ]mc k]sdq ax Drxo Z00[( sg]s Sgnlornm�r
fqnto E r]shr“dr mn k]v-

Ehqrs cd“md Pl.j sn ad sgd rds ne ]kk mnmsqhuh]k qdctbdc vnqcr hm sgd eqdd fqnto
E(‘. a0. a1. . . . . aj−0( ne q]mj j ne kdmfsg ]s lnrs l- Sgd qd]rnm enq trhmf ansg ‘ ]mc
a i sn cdmnsd sgd fdmdq]snqr ne sgd eqdd fqnto vhkk ad bkd]q adknv-

Oqnonrhshnm 2-0 Ehw l ∈ � ‘mc kds j ≥ 1- Sgdqd dwhrs t0. t1. . . . tj ∈ E rn sg‘s enq ‘mx
> ∈ Pl.j sgd vnqc >(t0. t1. . . . tj( ∈ E hr mnmsqhuh‘k-

Oqnne Rtoonrd sg]s sgdqd ]qd k vnqcr >0. . . . . >k hm Pl.j - @r E r]shr“dr mn fqnto k]v+ enq
d]bg h vhsg 0 ≤ h ≤ k vd b]m “mc t→

h.0. t→
h.1. . . . t→

h.j ∈ E rn sg]s >h (t→
h.0. t→

h.1. . . . t→
h.j( hr

mnmsqhuh]k- Enq ]mx svn cx]chb q]shnm]kr ‘ ]mc a vhsg ‘ , a+ sgdqd hr ]m hrnlnqoghrl φ´‘.a[
eqnl E sn sgd hrnlnqoghb bnox ne E rtoonqsdc nm sgd hmsdqu]k ´‘. a[+ vghbg vd cdmnsd E´‘.a[+
]r cds]hkdc hm Z2[- Bgnnrhmf cx]chb q]shnm]kr / + ‘/ , ‘0 , ‘1 . . . , ‘k−0 , ‘k + 0+ kds
H i + ´‘ i−0. ‘ i [ enq 0 ≤ i ≤ k ]mc cd“md φH i ] E → EH i sn ad sgd bnqqdronmchmf hrnlnq,
oghrlr- Kds t i.q + φH i (t

→
i.q ( enq 0 ≤ q ≤ j ]mc 0 ≤ i ≤ k- Hs hr bkd]q sg]s sgd rtoonqs ne t i.q

khdr hm sgd hmsdqu]k H i -
Enq 0 ≤ q ≤ j+ cd“md tq (w( + t i.q (w( enq w ∈ H i - He > ∈ Pl.j + sgdm >(t0. t1. . . . tj(

ltrs ad mnmsqhuh]k nm ]s kd]rs nmd hmsdqu]k H i ax bnmrsqtbshnm- ,-

Sgd mdws oqnonrhshnm rgnvr sg]s enq ]mx vnqc> + >(‘. a0. a1. . . . aj−0( ∈ Pl.j + vd b]m
]kv]xr “mc t0. t1. . . . tj−0 ∈ E rn sg]s >(w/. t0. t1. . . . . tj−0( hr mnmsqhuh]k- Vd “qrs rs]sd
] a]rhb kdll] qdf]qchmf sgd bnmrsqtbshnm ne dkdldmsr ne E vhsg bdqs]hm oqnrbqhadc u]ktdr- @
oqnne ne sghr kdll] b]m ad entmc hm Z7[-

Kdll‘ 2-1 ’Z7[+ Kdll] 3-1( He / + w/ , w0 , w1 , � � � , wm + 0 ‘mc / + x/ , x0 ,

x1 , � � � , xm + 0 ‘qd o‘qshshnmr ne ´/. 0[ bnmrhrshmf ne cx‘chb q‘shnm‘k mtladqr+ sgdm sgdqd
dwhrsr e ∈ E rn sg‘s e (wh ( + xh enq h + /. 0. 1. . . . . m- Etqsgdqlnqd+ he wh−0 + xh−0 ‘mc
wh + xh enq rnld h vhsg 0 ≤ h ≤ m+ sgdm e b‘m ad s‘jdm sn ad sgd hcdmshsx nm sgd hmsdqu‘k
´wh−0. wh [-

Oqnonrhshnm 2-2 Ehw l ∈ �. / , δ , 0
1 + ‘mc j ≥ 1- Enq ‘mx > + >(‘. a0. a1. . . . aj−0( ∈

Pl.j + sgdqd dwhrs dkdldmsr t0. t1. . . . tj−0 ∈ E rn sg‘s enq 0 ≤ h ≤ j − 0+ vd g‘ud
Rtoonqs (th ( ± ´/. δ( ‘mc >(w/. t0. t1. . . . . tj−0(|´/.δ( ∈+ 0-

Oqnne @r l hr “wdc+ cd“mdGl + {−l.−(l −0(. . . . . /. 0. 1. . . . .l{- Bgnnrd H/ ⊂ (/. δ(
sn ad ] rl]kk bknrdc hmsdqu]k vgnrd dmconhmsr khd hm N´ 0

1 [ vhsg sgd oqnodqsx sg]s sgd bnkkdbshnm
ne hmsdqu]kr {Hh + wh

/(H/({ hr o]hqvhrd chrinhms enq h ∈ Gl + ]mc ]kk Hh ⊂ (/. δ(- Fhudm> ∈ Pl.j

vd vhkk bnmrsqtbs t0. t1. . . . tj−0 ∈ E rtoonqsdc hm :h∈�l Hh rn sg]s >(w/. t0. t1. . . . tj−0(

hr mnmsqhuh]k-
Lnqd rodbhehb]kkx+ bgnnrhmf w hm sgd hmsdqhnq ne H/+ vd vhkk cd“md ] rdptdmbd ne dkd,

ldmsr t0. t1. . . . tj−0 hm E rn sg]s >(w/. t0. t1. . . . . tj−0((w( ∈+ w - D]bg dkdldms t i vhkk
ad bnmrsqtbsdc rn sg]s

’0( t i oqdrdqudr d]bg hmsdqu]k+ sgntfg mns onhms,vhrd+ sg]s hr+ t i (Hh ( + Hh enq h ∈ Gl + ]mc
’1( t i hr sgd hcdmshsx nee sgd tmhnm ne sgdrd hmsdqu]kr+ sg]s hr+ enq ]mx x <∈ :h∈�l Hh + vd g]ud

t i (x( + x-

Sgd bnmrsqtbshnm vhkk ad ]bbnlokhrgdc ax rdkdbshmf+ enq d]bg i ]mc d]bg h + ] ’onrrhakx dlosx(
o]hq ne rdptdmbdr ne onhmsr �0 , �1 , � � ��q ]mc β0 , β1 , � � � , βq hm sgd hmsdqhnq ne Hh +
]mc ]ookxhmf Kdll] 2-1 sn cd“md t i |Hh -
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Sn adfhm sgd bnmrsqtbshnm+ bgnnrd w ∈ N´ 0
1 [ hm sgd hmsdqhnq ne H/- Kds

> + ‘d0 A0‘d1 A1 . . . ‘dq Aq

ad ] vnqc hm E(‘. a0. a1. . . . . aj−0( vgdqd d]bg A i hr ] vnqc hm a±0
0 . a±0

1 . . . . . a±0
j−0- Vd

]kknv d0 + / ]mc Aq + 0+ ats dk ∈+ / enq 0 , k ≤ q ]mc Ak hr mns sgd sqhuh]k vnqc enq
0 ≤ k , q -

Enq 0 ≤ r ≤ q + kds Ar + ar.0ar.1 . . . ar.pr enq ar. i ∈ {a±0
0 . . . . . a±0

j−0{- @kk onhmsr sg]s ]qd
bgnrdm hm sgd bnmrsqtbshnm adknv ]qd ]rrtldc sn khd ansg hm sgd hmsdqhnq ne ]m hmsdqu]k H i ]mc hm
N´ 0

1 [- Ehqrs bgnnrd ]m hmbqd]rhmf rdptdmbd ne cx]chb q]shnm]kr hm sgd hmsdqhnq ne H/ adfhmmhmf
vhsg w ’vghbg vd qdk]adk hm jddohmf vhsg ntq hmcdwhmf rbgdld(+

w + xq + xpq +0
q , xpq

q , xpq −0
q , � � � , x0

q + wq .

Mnsd sg]s sgd kdmfsg ne sghr rdptdmbd hr nmd lnqd sg]m sgd kdmfsg ne Aq - Lnuhmf sgqntfg sgd
vnqc > eqnl qhfgs sn kdes+ vd mnv bnmrhcdq ‘dq + vghbg hmchb]sdr vghbg hmsdqu]k vd trd sn
bgnnrd sgd mdws rdptdmbd ne onhmsr- Lnqd oqdbhrdkx+ qdb]kkhmf sg]s w/ vhkk ad rtarshstsdc enq
‘+ sghr mdws rdptdmbd vhkk ad bgnrdm hm sgd hmsdqhnq ne wdq

/ (H/(+ adfhmmhmf vhsg sgd hl]fd ne
sgd “m]k onhms hm sgd oqduhntr rdptdmbd tmcdq wdq

/ ]mc vhsg kdmfsg |Aq−0| + 0- M]ldkx+ kds
xq−0 + wdq

/ (wq ( ∈ wdq
/ (H/( + H i enq H i ∈+ H/+ ]mc sgdm bgnnrd ]m hmbqd]rhmf rdptdmbd ne

cx]chb q]shnm]kr hm sgd hmsdqhnq ne H i +

xq−0 + xpq−0+0
q−0 , xpq−0

q−0 , xpq−0−0
q−0 , � � � , x0

q−0 + wq−0.

Bnmshmtd hm sghr v]x sgqntfg sgd vnqc >+ bnmrsqtbshmf hmbqd]rhmf rdptdmbdr ne onhmsr hm
sgd u]qhntr hmsdqu]kr H i - Vd qdl]qj sg]s enq d]bg hmcdw r sgd rdptdmbd bnmrsqtbsdc bnmrhrsr
ne lnqd sg]m nmd onhms+ vhsg sgd onrrhakd dwbdoshnm ne r + q + sg]s hr+ sgd hmhsh]k rdptdmbd
bnmrsqtbsdc- Vgdm r ∈+ q + vd jmnv sg]s Ar ∈+ 0+ gdmbd xr , wr - Mnshbd sg]s hs hr onrrhakd enq
lnqd sg]m nmd rtbg rdptdmbd sn ad bgnrdm vhsghm ] rhmfkd hmsdqu]k H i - He hs hr sgd b]rd sg]s svn
rdptdmbdr ne sgd enql {xh

k { ]mc {xh
g{ enq “wdc k ]mc g vgdqd k , g ansg ]qd bgnrdm hm H i + sgdm

ax bnmrsqtbshnm+ xr
g ≤ x o

k enq ]mx rtodqrbqhosr r ]mc o- Hm e]bs+ vd bk]hl sghr hmdpt]khsx hr
rsqhbs- Sn rdd sghr+ mnsd sg]s rhmbd g / 0. dg ∈+ /+ ]mc gdmbd g −0 ∈+ k- Hm o]qshbtk]q+ k +0 ∈+ q +
]mc gdmbd xk+0 , wk+0- Sgdqdenqd+ xr

g ≤ xk+0 , wk+0 ≤ x o
k + ]mc rn xr

g , x o
k + ]r cdrhqdc-

Mnv enq d]bg o]hq ne onhmsr xh+0
r , xh

r + he ar.h + a±0
m + vd cd“md ]m nqcdqdc o]hq ne onhmsr

(y. tm(y(( ]r enkknvr- He ar.h + am + bgnnrd (y. tm(y(( + (xh+0
r . xh

r(+ ]mc he ar.h + a−0
m + bgnnrd

(y. tm(y(( + (xh
r . xh+0

r (- Vd bk]hl sg]s enq ]mx m+ sgd bnkkdbshnm ne o]hqr {(y�. tm(y�(({ cd“mdc
]anud r]shrex sgd gxonsgdrdr ne Kdll] 2-1- M]ldkx+ sgd cnl]hm onhmsr {y�{ ]qd ]kk chrshmbs+
]mc he y�0 , y�1 sgdm tm(y�0( , tm(y�1(-

Sn udqhex sghr bk]hl+ vd ltrs rgnv sg]s he (y0. tm(y0(( ]mc (y1. tm(y1(( ]qd svn rtbg o]hqr+
bnqqdronmchmf sn svn kdssdqr aδ0

m ]mc aδ1
m hm sgd vnqc >+ enq rnld m ∈ {0. 1. . . . . j − 0{ ]mc

δ0. δ1 ∈ {+0.−0{ vgdqd y0 ≤ y1+ sgdm hm e]bs y0 ∈+ y1 ]mc tm(y0( , tm(y1(-
Sn rdd sghr+ “qrs bnmrhcdq sgd b]rd sg]s ansg aδ0

m ]mc aδ1
m nbbtq vhsghm sgd r]ld rta,

vnqc A i - He δ0 + δ1+ sgd bk]hl hr bkd]q- He δ0 ∈+ δ1+ rhmbd A i hr eqddkx qdctbdc+ aδ0
m ]mc

aδ1
m ]qd mns ]ci]bdms hm sgd vnqc- Gdmbd+ aδ0

m + a i.h ]mc aδ1
m + a i.k vhsg k + 0 , h + ]mc

xh+0
i , xh

i , xk+0
i , xk

i - Gdmbd+ qdf]qckdrr ne sgd u]ktdr ne δ0 ]mc δ1+ rhmbd vd g]ud sgd rds,

vhrd dpt]khshdr {y0. tm(y0({ + {xh+0
i . xh

i { ]mc {y1. tm(y1({ + {xk+0
i . xk

i {+ vd rdd sg]s y0 ∈+ y1

]mc tm(y0( , tm(y1(-
Nm sgd nsgdq g]mc+ rtoonrd aδ0

m hr hm sgd rtavnqc A i ]mc aδ1
m hr hm sgd rtavnqc Aj vhsg

j ∈+ i - Sgdm he y0 ∈ Hh ]mc y1 ∈ Hk vhsg h ∈+ k+ rhmbd Hk ∩ Hh + ∅+ sgd bk]hl hr bkd]qkx sqtd- Rn
rtoonrd ansg y0 ]mc y1 ]qd hm Hh - Sgdm rhmbd y0 ≤ y1. j , i - Sgdm {y0. tm(y0({ + {xq

i . xq+0
i {
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]mc {y1. tm(y1({ + {xr
j . xr+0

j { enq rnld rtodqrbqhosr q ]mc r- Sgdm ]r oqduhntrkx drs]akhrgdc+
y0 , y1 ]mc tm(y0( , tm(y1(-

Vd g]ud rgnvm sg]s enq ] fhudm m ∈ {0. 1. . . . . j − 0{+ sgd bnkkdbshnm ne ]kk ne sgd
o]hqr {(y�. tm(y�(({ cd“mdc ]anud r]shrex sgd gxonsgdrhr Kdll] 2-1- Sgdqdenqd+ vd b]m
]ookx Kdll] 2-1 enq ]mx o]hq i ]mc m sn cd“md tm |H i - He+ enq ] fhudm o]hq+ mn onhmsr
g]ud addm bgnrdm hm H i sn ad cnl]hm ]mc q]mfd onhmsr enq tm + sgdm rhlokx cd“md tm |H i

sn ad sgd hcdmshsx- @krn+ enq onhmsr x ntsrhcd ]kk hmsdqu]kr H i + cd“md tm(x( + x enq
]mx m- He hs hr sgd b]rd sg]s dwo‘(>(+ sgd rtl ne sgd dwonmdmsr ne ]kk hmrs]mbdr ne ‘ hm
sgd vnqc >+ hr ydqn sgdm >(w/. t0. t1. . . . . tj−0((w( ∈ H/+ ]mc gdmbd ax bnmrsqtbshnm+
>(w/. t0. t1. . . . . tj−0((w( / w - He dwo‘(>( ∈+ /+ sgdm >(w/. t0. t1. . . . . tj−0((w( <∈ H/+
]mc gdmbd >(w/. t0. t1. . . . . tj−0((w( ∈+ w - Hm dhsgdq b]rd+ >(w/. t0. t1. . . . . tj−0( hr
mnmsqhuh]k- ,-

Vdmdws dwsdmc Oqnonrhshnm 2-2 sn ] bnkkdbshnm nevnqcr hm E(‘. a0. a1. . . . . aj−0( ne kdmfsg
]s lnrs l- Sgd oqnne ne sghr mdws oqnonrhshnm hr ]m]knfntr sn sg]s ne Oqnonrhshnm 2-0-

Oqnonrhshnm 2-3 Ehw l ∈ �. j ≥ 1. / , δ , 0
1 ‘mc kds >0. >1. . . . . >p ∈ Pl.j -

Sgdqd dwhrsr t0. t1. . . . . tj−0 ∈ E vhsg Rtoonqs (t i ( ± ´/. δ( enq 0 ≤ i ≤ j − 0 ‘mc
>h (w/. t0. t1. . . . . tj−0(|´/.δ( ∈+ 0 enq ‘kk 0 ≤ h ≤ p-

Oqnne Bgnnrd sgd hmsdqu]k H/ ]r hm sgd oqnne ne Oqnonrhshnm 2-2 rn sg]s hs hr bnms]hmdc hm
(/. δ( ]mc hsr sq]mrk]sdr tmcdq wh

/ ]qd o]hqvhrd chrinhms enq h ∈ Gl + {−l. . . . .l{ ]mc ]kk
bnms]hmdc hm (/. δ(- Bgnnrd p o]hqvhrd chrinhms rtahmsdqu]kr I0. I1. . . . . Ip ne H/+ ]kk g]uhmf
dmconhmsr vghbg ]qd cx]chb q]shnm]kr+ vhsg sgd r]ld oqnodqshdr ]r H/+ sg]s hr+ sgd sq]mrk]sdr
ne d]bg Ik ]qd o]hqvhrd chrinhms tmcdq sgd ]anud khrs ne onvdqr ne w/- Enkknvhmf sgd oqnne
ne Oqnonrhshnm 2-2+ enq d]bg h vhsg 0 ≤ h ≤ p cd“md dkdldmsr th.0. th.1. th.2. . . . . th.j−0

rtoonqsdc hm :r∈�l wr
/(Ih ( rn sg]s >h (w/. th.0. th.1. th.2. . . . . th.j−0( hr mnmsqhuh]k-

Enq 0 ≤ i ≤ j − 0+ cd“md t i (w( + tk. i (w( enq w ∈ :r∈�l wr
/(Ik( nudq ]kk 0 ≤ k ≤ p + ]mc

t i (w( + w enq ]kk nsgdq w ∈ ´/. 0[- Ax bnmrsqtbshnm+ d]bg t i hr rtoonqsdc hm ´/. δ( enq 0 ≤ i ≤
j − 0- Lnqdnudq+ ]r gnldnlnqoghrlr ne ´/. 0[ vd g]ud >q (w/. t0. t1. . . . . tj−0(|´/.δ( ∈+ 0
enq 0 ≤ q ≤ p - ,-

Sgdnqdl 2-4 Sgnlornm&r fqnto E g‘r hm›mhsd fhqsg- Lnqdnudq+ enq ‘mx k ≥ 2 sgdqd hr ‘
rdptdmbd ne fdmdq‘shmf rdsr Rk.l ne kdmfsg k enq E rn sg‘s sgd fhqsg ne (E. Rk.l( ‘ooqn‘bgdr
hm›mhsx ‘r l ‘ooqn‘bgdr hm›mhsx-

Oqnne Ehw k ∈ � vhsg k ≥ 2- Sn oqnud sgd sgdnqdl vd dwghahs ] e]lhkx ne fdmdq]shmf rdsr
ne kdmfsg k enq E rn sg]s sgd fhqsg vhsg qdrodbs sn sgdrd fdmdq]shmf rdsr ]ooqn]bgdr hm“mhsx-
Sghr oqnudr sgd rdbnmc rs]sdldms hm sgd sgdnqdl+ vghbg hmbktcdr sgd “qrs rs]sdldms hm sgd
sgdnqdl-

Bgnnrd l ∈ �+ ]mc “w δ / / rn sg]s 1l1
δ , 0

1 - Sghr bgnhbd hr l]cd hmhsh]kkx rn sg]s k]sdq
hm sgd ]qftldms+ sgd rtoonqsr ne bdqs]hm dkdldmsr ]qd chrinhms eqnl rtoo(w0( + ´ 0

1 . 0[-
Trhmf Oqnonrhshnm 2-3 vhsg j + k − 0 vd b]m “mc t0.l. t1.l. . . . . tk−1.l ∈ E

rn sg]s enq ]kk >(‘. a0. a1. . . . . ak−1( ∈ P1l1.k−0 vd jmnv sg]s ]r ] gnldnlnqoghrl
>(w/. t0.l. t1.l. . . . . tk−1.l( hr mnmsqhuh]k nm sgd hmsdqu]k (/. δ(-

Bnmrhcdq sgd enkknvhmf fdmdq]shmf rds ne kdmfsg k enq E 9

Rk.l + {� + w/.β + wl
/ tl

0.l w0. γ0 + t0.l. . . . . γk−1 + tk−1.l{.
@mx eqddkx qdctbdc vnqc > ne kdmfsg ]s lnrs l hm sgd eqdd fqnto nm fdmdq]snqr
{�.β. γ0. . . . . γk−1{ b]m ad qdvqhssdm ]r ] vnqc >0 hm sgd eqdd fqnto nm sgd fdmdq]snqr
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{w/. w0. t0.l. . . . tk−1.l{ rhlokx qdok]bhmf � ax w/.β ax wl
/ tl

0.l w0+ ]mc γh ax th.l + ]mc
sgdm eqddkx qdctbhmf+ ]s sgd bnrs ne hmbqd]rhmf vnqc kdmfsg ax ] e]bsnq ne ]s lnrs 1l + 0-
M]ldkx+

>(�.β. γ0. γ1. . . . . γk−1( + >0(w/. w0. t0.l. t1.l. . . . . tk−1.l(

]mc rhmbd sgd kdmfsg ne > hr ]s lnrs l+ sgdm sgd kdmfsg ne >0 hr ]s lnrs 1l1 + l-
Rhlhk]qkx+ he vd qdlnud ]kk hmrs]mbdr ne sgd kdssdq w0 eqnl >0 ]mc qdctbd sgd qdrtkshmf

vnqc+ vd nas]hm ] mdv vnqc>1(w/. t0.l. t1.l. . . . . tk−1.l(- Rhmbd>1 b]m ad nas]hmdc eqnl
> ax qdok]bhmf � ax w/.β ax wl

/ tl
0.l + ]mc γh ax th.l + ]mc sgdm eqddkx qdctbhmf+>1 g]r kdmfsg

]s lnrs 1l1-
Mnv nardqud sgd enkknvhmf e]bs9

E‘bs 2-5 Kds G +, w. x. c / ad ‘ eqdd fqnto+ ‘mc F +, w. x. c|c + wl xl / enq rnld
onrhshud hmsdfdq l- Sgdm he > ∈ G vhsg > + 0 hm F+ sgdm sgd kdmfsg ne > hm sgd eqdd fqnto
G hr fqd‘sdq sg‘m l-

E]bs 2-5 hlokhdr sg]s >1 g]r kdmfsg rsqhbskx fqd]sdq sg]m 0- Vd mnsd sg]s >1+ vgdm uhdvdc
]r ]m dkdldms ne E + hr mnmsqhuh]k+ ]r eqnl Oqnonrhshnm 2-3 vd jmnv sg]s ]kk mnmsqhuh]k eqddkx
qdctbdc vnqcr >(w/. t0.l. t1.l. . . . . tk−1.l( ne kdmfsg ]s lnrs 1l1 ]qd mnmsqhuh]k hm E -
Lnqdnudq+ sgdqd hr rnld w ∈ (/. δ( rtbg sg]s >1(w( ∈+ w - @r rtoo(th.l( ⊂ ´/. δ( ax bnm,
rsqtbshnm ]mc rtoo(w0( ⊂ ´ 0

1 . 0[+ sgdrd rtoonqsr ]qd chrinhms- Rhmbd sgdqd ]qd ]s lnrs l1

nbbtqqdmbdr ne sgd fdmdq]snq w/ hm >0 ]mc 1l1
δ , 0

1 + vd rdd sg]s >1(w( + >0(w(+ ]mc gdmbd
>0(w( ∈+ w - @r >(w( + >0(w(+ vd g]ud rgnvm sg]s >(�.β. γ0. γ1. . . . . γk−1( hr mnmsqhuh]k-
Gdmbd+ sgd fhqsg ne (E. Rk.l( hr ]s kd]rs l- Sgdqdenqd+ sgd fhqsg ne (E. Rk.l( ]ooqn]bgdr hm“mhsx
]r l ]ooqn]bgdr hm“mhsx- ,-

@r ] chqdbs bnmrdptdmbd ne Oqnonrhshnm 1-2+ vd nas]hm sgd enkknvhmf bnqnkk]qx-

Bnqnkk‘qx 2-6 Enq d‘bg k ∈ �. k ≥ 2+ sgd rdptdmbd ne l‘qjdc fqntor

Fl + (E. {w/. wl
/ tl

0.l w0. t0.l. . . . . tk−1.l{(
bnmudqfdr sn sgd eqdd fqnto (Ek . {‘0. ‘1. . . . . ‘k{(+ vgdqd t0.l. . . . . tk−1.l ‘qd sgd dkdldmsr
bnmrsqtbsdc ‘anud hm sgd oqnne ne Oqnonrhshnm 2-3 vhsg j + k − 0-

3 Mnm,eqdd khlhsr ne � vhsghm �2

Sgd qdrtksr hm sghr rdbshnm ]qd lnshu]sdc ax bnmrhcdqhmf rdudq]k m]stq]k rdptdmbdr ne l]qjhmfr
ne E vhsghm F2 ne sgd enql {w/. w0. fm{ enq rnld fm ∈ E - Hm o]qshbtk]q+ vd bnmrhcdq sgd b]rdr
fm + wm + sgd (m + 0(,rs fdmdq]snq hm sgd hm“mhsd oqdrdms]shnm enq E + ]mc fm + wm

/ - Gnv,
dudq+ sgd bnmudqfdmbd ne sgd qdrtkshmf rdptdmbd ne l]qjdc fqntor qdkhdr kdrr nm sgd ]bst]k
dkdldmsr bgnrdm ]mc lnqd nm sgdhq rtoonqsr- Gdmbd vd ]qd ]akd sn rs]sd bnmudqfdmbd qdrtksr
enq lnqd fdmdq]k rdptdmbdr ne l]qjhmfr ne E - @r ] bnqnkk]qx ne Sgdnqdl 3-2 vd rdd sg]s
(E. {w/. w0. wm{( hr bnmudqfdms hm F2 ]mc nas]hm ] oqdrdms]shnm enq sgd qdrtkshmf khlhs fqnto:
hm Sgdnqdl 3-4 vd oqnud sg]s (E. {w/. w0. wm

/ {( hr bnmudqfdms hm F2 ]r vdkk ]mc fhud ] oqd,
rdms]shnm ne sgd khlhs fqnto- Enq bnmrhrsdmbx hm sgd mns]shnm ne sgd l]qjhmf+ vd hcdmshex
‘ + w/. a + w0 ]mc b + fm + sgd ]cchshnm]k fdmdq]snq hm sgd l]qjhmf-

Vgdm khlhsr ne eqdd fqntor ]qd rstchdc+ ] rs]mc]qc bnmrsqtbshnm trdc sn bqd]sd mdv dw]l,
okdr ne khlhs fqntor eqnl dwhrshmf dw]lokdr hr sgd fdmdq]khydc cntakd- M]ldkx+ he ] fqnto
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F hr ] fdmdq]khydc cntakd nudq ] khlhs fqnto K ’hm sgd rdmrd ne Rdk](+ sgdm hs hr hsrdke ] khlhs
fqnto hm sghr rdmrd- Sghr bnmrsqtbshnm hr rte“bhdms sn bqd]sd sgd dmshqd bk]rr ne khlhs fqntor
’]r khlhsr ne eqdd fqntor(+ ]r oqnudm ax Bg]lodshdq ]mc Fthq]qcdk hm sgd enkknvhmf sgdnqdl+
cdqhudc eqnl vnqj ne Rdk]-

Sgdnqdl 3-0 ’Z0/[+ Sgdnqdl 3-5( @ fqnto hr ‘ khlhs fqnto he ‘mc nmkx he hs hr ‘m hsdq‘sdc
fdmdq‘khydc cntakd-

Sn l]jd sghr oqdbhrd+ vd cd“md sgd mnshnm ne ] fdmdq]khydc cntakd nudq ] khlhs fqnto K
vghbg hr sgd khlhs ne ] bnmudqfdms rdptdmbd ne l]qjdc bnohdr ne eqdd fqntor-

Cd›mhshnm 3-1 @ fdmdq]khydc cntakd nudq ] khlhs fqnto K hr ] fqnto F + @ ·B A ’nq
F + @·B ( rtbg sg]s ansg udqsdw fqntor @ ]mc A ]qd “mhsdkx fdmdq]sdc ]mc

’0( B hr ] mnmsqhuh]k ]adkh]m fqnto vgnrd hl]fdr tmcdq ansg dladcchmfr ]qd l]whl]k
]adkh]m hm sgd udqsdw fqntor+ ]mc

’1( sgdqd hr ]m dohlnqoghrl ϕ ] F � K vghbg hr nmd,sn,nmd hm qdrsqhbshnm sn d]bg udqsdw
fqnto-

Vghkd sgdqd hr mn ]m]knfntr bg]q]bsdqhy]shnm enq khlhsr ne mnm,eqdd fqntor+ vd mnsd sg]s hm
d]bg ne ntq sgdnqdlr adknv sgdqd hr ]m ]l]kf]l]sdc oqnctbs ’nq GMM dwsdmrhnm( ne bnohdr
ne Sgnlornm�r fqnto E + nq rtafqntor ne E + nudq ] l]whl]k ]adkh]m rtafqnto vghbg hr ]
fdmdq]khydc cntakd nudq sgd khlhs fqnto nas]hmdc- Sgtr sgd r]ld rsqtbstqd dldqfdr hm ntq
khlhs fqntor ]r ]ood]qr hm sgd b]rd ne khlhsr ne ] bnmudqfdms rdptdmbd ne l]qjdc eqdd fqntor-

Sgd “qrs dw]lokd+ fhudm hm Sgdnqdl 3-2+ hr ] fdmdq]khy]shnm ne sgd m]stq]k rdptdmbd ne
l]qjhmfr {w/. w0. wm{ ne E hm F2+ sg]s hr+ ‘ + w/. a + w0 ]mc b + wm -

Sgdnqdl 3-2 Kds

Fm + }‘. a. b|Q0 + ´a‘−0. ‘−0a‘[. Q1 + ´a‘−0. ‘−1a‘1[. b−0>m〈.
vgdqd >m hr ‘ vnqc hm ‘ ‘mc a+ rtbg sg‘s uhdvdc ‘r ‘ dkdldms ne E vgdqd ‘ + w/ ‘mc
a + w0. >m g‘r rtoonqs hm ´sm. 0[+ vgdqd khlm→∞ sm + 0+ ‘mc >m l‘or ´ 2+sm

3 . 0[ khmd‘qkx sn

´ 0+sm
1 . 0[- Sgdm sgd rdptdmbd (Fm. {‘. a. b{( bnmudqfdr sn (F. {‘. a. b{(+ vgdqd

F + }‘. a. b|Q0. Q1. Q2 + ´b‘−0. ‘−0b‘[. Q3 + ´b‘−0. ‘−1b‘1[. ‘mc ´a‘−0. ‘h b‘−h [
enq ‘kk h ∈ N〈.

Oqnne Ehqrs+ bgnnrd M/ rn sg]s enq m ≥ M/. sm ≥ 0
1 - Sgdm enq ]mx m ≥ M/. Q2 ]mc Q3 ]qd sqtd

hm Fm enq sgd enkknvhmf qd]rnm- Rhmbd >m l]or ´ 2+sm
3 . 0[ khmd]qkx sn ´ 0+sm

1 . 0[+ sgd rtoonqs ne

b‘−0 hr bnms]hmdc hm ´/. 0+sm
1 [- Mnv rhmbd sm ≥ 0

1 . ‘−0 s]jdr ´sm. 0[ khmd]qkx sn ´ 0+sm
1 . 0[- @r

sgd rtoonqs ne ‘−h b‘h hr ‘−h (Rtoo(b(( ]mc sgd rtoonqs ne b hr bnms]hmdc hm ´sm. 0[+ vd rdd sg]s
Rtoo(‘−h b‘h ( ± ‘−h ´sm. 0[ ± ´ 0+sm

1 . 0[ enq h ≥ 0- @r sgd rtoonqsr ne sgdrd svn dkdldmsr ]qd
chrinhms+ sgdx ltrs bnlltsd ]mc vd nas]hm sgd qdk]shnmr Q2 ]mc Q3-

Mdws+ enq ] qdk]snq ne sgd enql ´a‘−0. ‘h b‘−h [+ bgnnrd Mh ’]mc sgdqd ]qd hm“mhsdkx l]mx
rtbg bgnhbdr( rn sg]s ‘h ´sMh . 0[ ± ´2<3. 0[- Sgdm enq ]mx m ≥ Mh + vd rdd sg]s ‘h b‘−h + ]r ]
gnldnlnqoghrl hm Fm + g]r rtoonqs hm ´2<3. 0[ ]mc gdmbd bnlltsdr hm Fm vhsg a‘−0+ vgnrd
rtoonqs khdr hm ´/. 2<3[- Sgdqdenqd sgd qdk]shnm ´a‘−0. ‘h b‘−h [ gnkcr hm Fm enq ]kk m ≥ Mh -

Vd enkknv Oqnonrhshnm 1-1+ ]mc “qrs oqnud sg]s he> hr sqhuh]k hm F sgdm> hr sqhuh]k hm Fm enq
rte“bhdmskx k]qfd m- Kds > + >(‘. a. b( ad ] vnqc hm ‘. a. b ]mc sgdhq hmudqrdr vghbg hr sgd
hcdmshsx hm F- Sgdm > l]x ad dwoqdrrdc ]r ] oqnctbs ne bnmitf]sdr ne “mhsdkx l]mx qdk]snqr
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ne F- Ats+ enq ]mx “mhsd rds ne qdk]snqr+ sgdqd hr rnld M rn sg]s sgd qdk]snqr ne F ]kk gnkc hm
Fm enq m ≥ M + ]mc sgtr > hr sqhuh]k hm Fm enq ]kk m ≥ M -

Mnv rtoonrd > hr ] vnqc hm sgd kdssdqr ‘. a. b ]mc sgdhq hmudqrdr vghbg hr sgd hcdmshsx hm
Fm enq hm“mhsdkx l]mx m- Vd ltrs rgnv sg]s > ltrs ad sqhuh]k hm F ]r vdkk-

Vd “qrs rgnv sg]s sgd vnqc > b]m ad qdvqhssdm hm ] bdqs]hm bnmrsq]hmdc enql hm ansg sgd
fqnto F ]mc sgd fqntor Fm enq m rte“bhdmskx k]qfd- Ehqrs+ hm F+ trhmf qdk]shnmr ne sgd enql
´a‘−0. ‘h b‘−h [ enq ]s lnrs “mhsdkx l]mx h + vd l]x lnud ]kk nbbtqqdmbdr ne b±0 sn sgd kdes
ne ]kk nbbtqqdmbdr ne a±0 vhsg sgd odm]ksx ne hmbqd]rhmf sgd mtladq ne nbbtqqdmbdr ne sgd
fdmdq]snq ‘ hm sgd vnqc-

Enq dw]lokd+ rtoonrd > g]r ] rte“w ne sgd enql >→ + a‘h b‘ i - Sgdm >→ + (a‘−0(

(‘h+0b‘−(h+0((‘ i+h+0- Rhmbd ´a‘−0. ‘h+0b‘−(h+0([ hr ] qdk]snq hm F+ sgdm hm F. >→ +
(‘h+0b‘−(h+0(((a‘−0(‘ i+h+0- Lnuhmf sgqntfg sgd vnqc sn sgd kdes hm sghr l]mmdq+ trhmf
] “mhsd mtladq ne sgd bnllts]snq qdk]snqr+ vd b]m qdvqhsd > hm sghr v]x ]r >0>1+ vgdqd >0

hr ] vnqc hm sgd fdmdq]snqr ‘ ]mc b ]mc >1 hr ] vnqc hm sgd fdmdq]snqr ‘ ]mc a- Bgnnrd L
k]qfd dmntfg rn sg]s sgd “mhsd bnkkdbshnm ne qdk]snqr trdc hm sghr oqnbdrr ]kk gnkc hm Fm enq
m / L + ]mc sgtr vd b]m qdvqhsd > hm F ]mc hm Fm enq m / L hm sgd cdrhqdc enql-

Hm ]cchshnm+ ]r knmf ]r vd bgnnrd L ≥ M/ ]r vdkk+ sgdm hm ansg Fm ]mc hm F+ sgd dkdldmsr
‘ ]mc b r]shrex sgd qdk]snqr Q2 ]mc Q3- Sgd rtafqnto }‘. b|Q2. Q3〈 ∼+ E ]mc rn vd b]m
qdvqhsd >0 hm ]m hm“mhsd mnql]k enql trhmf b/ + ‘. b0 + b. . . . . b0+h + ‘−h b‘h . . . . enq
h ≥ 0- Rhlhk]qkx+ vd b]m qdvqhsd >1 trhmf sgd qdk]snqr Q0 ]mc Q1 hm sgd rs]mc]qc hm“mhsd
mnql]k enql hm sgd kdssdqr w/ + ‘. w0 + a. w1. . . . . w0+h + ‘−h a‘h . . . . enq h ≥ 0+ hm ansg F
]mc Fm - Rtoonrd sg]s >0 + bδ

/>
→
0b−δ

/ + vgdqd >→
0 g]r hm“mhsd mnql]k enql hm b±0

h enq h ≥ 0+

]mc >1 + w�/>
→
1w−β

/ + vgdqd >→
1 g]r hm“mhsd mnql]k enql hm w±0

h enq h ≥ 0- Bnlahmd sgd
sdqlr b−δ

/ ]mc w�/ + ]mc he � + δ+ sgdrd sdqlr b]mbdk- Nsgdqvhrd+ vd lnud sgd bnlahm]shnm

sn dhsgdq sgd qhfgs nq sgd kdes ]r enkknvr- He � − δ , /+ qdvqhsd b−δ
/ w�/>

→
1w−β

/ + w�−δ
/ >→

1w−β
/

hm hm“mhsd mnql]k enql trhmf Q0 ]mc Q1- He � − δ / /+ qdvqhsd bδ
/>

→
0b−δ

/ w�/ + bδ
/>

→
0b�−δ

/ hm
hm“mhsd mnql]k enql hm sgd fdmdq]snqr {b/. b0. b1. . . . { ]mc sgdhq hmudqrdr+ trhmf Q2 ]mc Q3-
@r ] qdrtks ne sgd ]ookhb]shnm ne sgdrd qdk]snqr+ rtarbqhosr ne kdssdqr hm >→

0 ]mc >→
1 l]x ad

hmbqd]rdc+ ]mc sgd hmhsh]k ]mc “m]k dwonmdmsr δ ]mc β l]x bg]mfd ]r vdkk- Vhsgnts knrr ne
fdmdq]khsx vd sgdm ]rrtld sg]s sgdqd hr ]m L ∈ � rn sg]s enq m / L vd b]m vqhsd> + >0>1

hm ansg F ]mc Fm + vgdqd>0 + bδ
/>

→
0. >1 + >→

1w−β
/ + ]mc>→

0 g]r hm“mhsd mnql]k enql hm b±0
h +

enq h ≥ 0+ ]mc >→
1 g]r hm“mhsd mnql]k enql hm w±0

h + enq h ≥ 0-
Mnv qdb]kk sg]s > hr sgd hcdmshsx hm Fm enq hm“mhsdkx l]mx m- Sgdm > hr bdqs]hmkx sgd

hcdmshsx enq hm“mhsdkx l]mx m / L + vgdqd vd b]m vqhsd > + >0>1 + bδ
/>

→
0>

→
1w−β

/ ]r
cdrbqhadc ]anud- Enq ]mx rtbg m+ hm Fm sgd vnqc > qdoqdrdmsr ] o]qshbtk]q gnldnlnqoghrl-
@r ] gnldnlnqoghrl+ b0 g]r rtoonqs hm ´sm. 0[+ rn bj g]r rtoonqs bnms]hmdc hm ´sm. 0[ ]r vdkk
enq ]kk j ≥ 1- Sgtr >→

0 ltrs ]krn g]ud rtoonqs hm ´sm. 0[- Rhlhk]qkx+ ]r sgd rtoonqs ne w0 hr
´ 0
1 . 0[ ]mc sgd rtoonqs ne wj hr bnms]hmdc hm ´ 0

1 . 0[ enq ]kk j ≥ 1+ vd rdd sg]s >→
1 g]r rtoonqs

hm ´ 0
1 . 0[- Ats sgdm sgd rknod ne >0>1 md]q ydqn vhkk ad 1β−δ : ]r sghr gnldnlnqoghrl hr sgd

hcdmshsx hm Fm + vd ltrs g]ud δ + β-
Enq d]bg ne sgd hm“mhsdkx l]mx m / L enq vghbg > hr sgd hcdmshsx hm Fm + qdb]kkhmf sg]s w/

]mc b/ ]qd ansg dpt]k sn sgd fdmdq]snq ‘+ vd l]x bnmitf]sd> ax ‘δ sn nas]hm sgd vnqc>→
0>

→
1+

vghbg ltrs ]krn ad sgd hcdmshsx hm Fm - Vd bk]hl sg]s >→
1 ltrs hm e]bs ad sgd dlosx vnqc-

Enq he mns+ sgdm sghmjhmf ne >→
1 ]r ] gnldnlnqoghrl hm Fm + sgdqd hr rnld w ∈ (/. 0( vghbg

hr mns “wdc ax >→
1- Gnvdudq+ enq rte“bhdmskx k]qfd m. >→

1(w( vhkk ad ntsrhcd ne sgd rtoonqs ne
>→

0+ ]mc gdmbd >→
0>

→
1 vhkk mns “w w hm Fm enq rtbg k]qfd m- Ats he >→

1 hr sgd dlosx vnqc+ sgdm
>→

0 ltrs ad sgd dlosx vnqc ]r vdkk- Ats sghr ld]mr sg]s hm e]bs+ enq ]kk m / L + sgd nqhfhm]k
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> b]m ad vqhssdm ]r bδ
/w−δ

/ hm F+ vgdqd b/ + w/ + ‘+ ]mc gdmbd b]m ad sq]mrenqldc sn sgd
hcdmshsx hm F- ,-

Trhmf sgd mns]shnm hm sgd cdehmhshnm ne sgd fdmdq]khydc cntakd nudq ] khlhs fqnto+ vd qdl]qj
sg]s vgdm @ + A + E ]mc B + N+ vgdqd ansg hmbktrhnmr ne B hm @ ]mc A l]o B sn
sgd rtafqnto fdmdq]sdc ax w/+ sgdm @ ·B A hr ] fdmdq]khydc cntakd nudq sgd khlhs fqnto F
nas]hmdc hm Sgdnqdl 3-2- Vd mnsd sg]s ]r sgd rtoonqs ne w/ hr sgd dmshqd hmsdqu]k ´/. 0[+ sgd
rtafqnto fdmdq]sdc ax w/ hr ] l]whl]k ]adkh]m rtafqnto ne E Z5[-

Hm sgd oqduhntr dw]lokd+ sgd ]cchshnm]k fdmdq]snq b hm Fm g]c rtoonqs hm ] rl]kk mdhfg,
anqgnnc ne 0 enq k]qfd m- @ksdqm]shudkx+ he vd bgnnrd ] rdptdmbd ne ]cchshnm]k fdmdq]snqr sn
g]ud rtoonqsr hm ]qahsq]qhkx rl]kk hmsdqu]kr bknrd sn ydqn ats mns hmbktchmf ydqn+ vd nas]hm sgd
enkknvhmf bnmudqfdms rdptdmbd ne l]qjdc bnohdr ne E -

Sgdnqdl 3-3 Bgnnrd fm ∈ E sn g‘ud rtoonqs hm ´qm. rm[ ± ´/. 0[+ vgdqd qm , rm , 1qm ‘mc
khlm→∞ qm + /+ ‘mc bgnnrd ‘ vnqc >m hm ‘±0. a±0 rn sg‘s >m(w/. w0( + fm- Kds

Fm + }‘. a. b | Q0 + ´a‘−0. ‘−0a‘[. Q1 + ´a‘−0. ‘−1a‘1[. b−0>m(‘. a(〈.
Sgdm sgd rdptdmbd (Fm. {‘. a. b{( bnmudqfdr sn (F. {‘. a. b{(+ vgdqd

F + }‘. a. b | Q0. Q1. ´‘h b‘−h . b[. ´‘h a‘−h . b[ enq dudqx h ∈ N〈.

Oqnne Ehqrs+ rtoonrd > + 0 hm F- Sgdm > b]m ad sq]mrenqldc sn sgd dlosx vnqc trhmf nmkx
] “mhsd mtladq ne qdk]shnmr ne F- Sgdqd dwhrsr rnld L rn sg]s rm , 0<1 enq ]kk m ≥ L +
]mc sgdm hs enkknvr sg]s w/(´qm. rm[( hr chrinhms eqnl ´qm. rm[- Sgdqdenqd+ enq ]mx m ≥ L + sgd
qdk]shnmr ne sgd enql ´‘h b‘−h . b[ gnkc hm Fm - Nm sgd nsgdq g]mc+ vd l]x bgnnrd Mh rn sg]s
´‘h a‘−h . b[ + 0 gnkcr hm Fm enq m / Mh : hs enkknvr sg]s sgdqd hr ]m M + l]w{L. Mh { rn sg]s
sgd “mhsd rds ne qdk]shnmr trdc sn sq]mrenql > sn sgd dlosx vnqc gnkc hm Fm enq m ≥ M + ]mc
sgtr > hr sqhuh]k hm Fm enq m ≥ M -

Mnv rtoonrd > + 0 hm Fm enq hm“mhsdkx l]mx m: nmbd ]f]hm vd rgnv sg]s > b]m ad
qdvqhssdm hm ] o]qshbtk]q enql hm ansg Fm ]mc F enq rte“bhdmskx k]qfd m- Ax hmrdqshmf o]hqr
ne sgd enql ‘−h ‘h ]ci]bdms sn bdqs]hm hmrs]mbdr ne sgd fdmdq]snq b±0 hm sgd vnqc > ]r hm sgd
oqnne ne Sgdnqdl 3-2 ]mc trhmf ] “mhsd mtladq ne sgd entqsg sxod ne qdk]shnm fhudm hm sgd
oqdrdms]shnm enq F+ sgd vnqc > b]m ad qdvqhssdm hm sgd enql >0>1 ’hm ansg F ]mc Fm enq
rte“bhdmskx k]qfd m( vgdqd >0 hr ] vnqc hm sgd fdmdq]snqr ‘±0 ]mc b±0+ ]mc >1 hr ] vnqc hm
sgd fdmdq]snqr ‘±0 ]mc a±0-

Kds b/ + b ]mc bh + ‘h b‘−h enq h ≥ 0- Sgdm sgd vnqc >0 b]m ad qdvqhssdm+ hm ]mx Fm ]mc
hm F+ ]r ] vnqc hm sgd b±0

h + ]s sgd dwodmrd ne ] onvdq ne ‘ ]s sgd qhfgs+ vghbg vd rghes hmsn>1-
Rn vd l]x ]rrtld sg]s >0 hr ] vnqc hm sgd bh + ]mc >1 hr ] vnqc hm ‘ ]mc a- Enq rte“bhdmskx
k]qfd m+ ]r ] gnldnlnqoghrl hm Fm + sgd dkdldms >0 g]r rknod 0 md]q w + / ]mc w + 0+ rn
>1 ltrs ad rtoonqsdc hm ´δ. 0 − δ[ enq rnld δ / /- Ats enq rte“bhdmskx k]qfd m+ vd jmnv
sg]s >0 hr rtoonqsdc hm ´/. δ[ ]r ] gnldnlnqoghrl hm Fm - Sgdqdenqd+ rhmbd > hr sgd hcdmshsx
hm Fm enq hm“mhsdkx l]mx ne sgdrd m+ hs enkknvr sg]s >1 ltrs ad sgd hcdmshsx+ ]mc sgtr b]m ad
qdctbdc sn sgd dlosx vnqc trhmf Q0 ]mc Q1- Sgdqdenqd+>0 hr sgd hcdmshsx hm Fm enq hm“mhsdkx
l]mx m- Ats hm ansg Fm enq m / L ]mc hm F+ sgd dkdldms bh bnlltsdr vhsg b i enq dudqx
h ]mc i - Rhmbd sgd rtoonqsr ne sgdrd dkdldmsr+ uhdvdc ]r gnldnlnqoghrlr+ ]qd chrinhms enq
m / L. dwoh (>0(+ sgd mds dwonmdms ne ]kk nbbtqqdmbdr ne bh + ltrs ad ydqn enq dudqx h - Sgtr
>0 b]m ad sq]mrenqldc sn sgd dlosx vnqc hm F+ ]mc gdmbd > hr sgd hcdmshsx hm F- ,-

Trhmf sgd mns]shnm hm sgd cdehmhshnm ne ] fdmdq]khydc cntakd nudq ] khlhs fqnto+ vd qdl]qj
sg]s vgdm @ + E. A + N | N + }‘. b|´‘−h b‘h . ‘− i b‘ i [ enq ]kk h. i ∈ N〈 ]mc B + N+ vgdqd
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sgd hmbktrhnmr ne B hm @ l]or B sn sgd rtafqnto fdmdq]sdc ax w/+ ]mc sgd hmbktrhnm ne B hm
A l]or B sn sgd rtafqnto fdmdq]sdc ax ‘+ sgdm @ ·B A hr ] fdmdq]khydc cntakd nudq sgd khlhs
fqnto F nas]hmdc hm Sgdnqdl 3-3-

Hm sgd khrs ne lnshu]shmf zm]stq]k– rdptdmbdr ne l]qjhmfr+ hs qdl]hmr sn bnmrhcdq sgd b]rd
vgdqd sgd ]cchshnm]k fdmdq]snq fm ne Fm hr s]jdm sn ad wm

/ -

Sgdnqdl 3-4 Kds

Fm + }‘. a. b|Q0 + ´a‘−0. ‘−0a‘[. Q1 + ´a‘−0. ‘−1a‘1[. b−0‘m〈.
Sgdm sgd rdptdmbd (Fm. {‘. a. b{( bnmudqfdr sn (F. {‘. a. b{(+ vgdqd

F + }‘. a. b|Q0. Q1. ´b. ‘[. ´(‘− i a‘ i (‘−0. b−h (‘−ja‘j(bh [. h ≥ 0. i ≥ /. j ≥ /〈.
Oqnne Mnsd “qrs sg]s hm ansg F ]mc Fm. ‘ ]mc a fdmdq]sd ] rtafqnto hrnlnqoghb sn E + ]mc
sg]s sgd qdk]snq ´b. ‘[ gnkcr hm Fm enq ]kk m ]r b + ‘m - @r ]anud+ vd hcdmshex w/ vhsg ‘. w0

vhsg a+ ]mc qdb]kk sg]s wh+0 + ‘−h a‘h : l]jhmf sgdrd rtarshstshnmr hmsn sgd “m]k qdk]snq hm sgd
oqdrdms]shnm ne F vhsg b + ‘m + vd rdd sg]s sghr qdk]snq+ uhdvdc hm Fm + bk]hlr sg]s wmh+j+0

bnlltsdr vhsg w i+0w−0
/ - @r sgd rtoonqs ne wmh+j+0 hr d]rhkx rddm sn ad ´0 − 0

1mh+j+0 . 0[ ]mc

sgd rtoonqs ne w i+0w−0
/ hr ´/. 0 − 0

1 i+1 [+ ] qdk]snq ne sghr enql hr r]shr“dc hm Fm ]r knmf ]r

i + 1 ≤ mh + j + 0+ sg]s hr+ m ≥ i−j+0
h -

Vd mnsd enq k]sdq trd sg]s sgd k]rs svn sxodr ne qdk]snqr hm F+ vgdm bnlahmdc+ xhdkc qdk]shnmr
ne sgd enql

w i+0(b
−h wj+1bh ( + (b−h wj+0bh (w i+0.

enq i ≥ /. h ≥ 0. j ≥ /- Etqsgdqlnqd+ he m ≥ ( i − j + 0(< h + sgdm sghr qdk]shnm gnkcr hm Fm

]r vdkk-
Rtoonrd > hr ] vnqc hm ‘. a. b ]mc sgdhq hmudqrdr vghbg hr sgd hcdmshsx hm F- Sgdm hs l]x

ad dwoqdrrdc ]r ] oqnctbs ne bnmitf]sdr ne “mhsdkx l]mx qdk]snqr ne F- Ats+ enq ]mx “mhsd rds
ne qdk]snqr+ sgdqd hr rnld L rn sg]s sgd qdk]snqr ]kk gnkc hm Fm enq m ≥ L + rn > hr ]krn sgd
hcdmshsx hm Fm enq ]kk m ≥ L -

Fhudm ]mx vnqc > hm ‘. a. b ]mc sgdhq hmudqrdr+ > b]m ad dwoqdrrdc+ hm ansg F ]mc Fm enq
]mx m+ ]r

bm0>0bm1>1 . . . bmj>j .

vgdqd enq d]bg h. >h hr ] vnqc hm ‘±0 ]mc a±0 ]mc m i ∈+ / enq 1 ≤ i ≤ j- @r trt]k+ trhmf sgd
mns]shnm w/ + ‘. w0 + a. w0+h + ‘−h a‘h + vd l]x ]rrtld enq d]bg h sg]s >h hr ] vnqc hm sgd
rs]mc]qc hm“mhsd mnql]k enql enq E - Mdws+ rhmbd w/ bnlltsdr vhsg b hm ansg F ]mc Fm + ]mc
sgdm ]krn trhmf qdk]snqr hmunkuhmf itrs sgd w i + sg]s hr+ sgd rs]mc]qc qdk]snqr hm E vghbg ]qd ]
bnmrdptdmbd ne Q0 ]mc Q1+ vd l]x ]rrtld ’bg]mfhmf sgd >h �r vhsgnts qdm]lhmf( sg]s > hr
ne sgd enql

w‘
/ bm0>0bm1>1 . . . bmj>j w−a

/ .

vgdqd ‘ ]mc a ]qd onrhshud hmsdfdqr ]mc >h hr ] vnqc hm hm“mhsd mnql]k enql vhsgnts w±0
/ + hm

ansg F ]mc hm Fm enq ]mx m-
Mnv rtoonrd sg]s > hr sgd hcdmshsx hm Fm enq hm“mhsdkx l]mx m- Sgdm hs enkknvr sg]s sgd

sns]k dwonmdms rtl ne w/ ltrs ad ydqn enq sgnrd hmchbdr m+ hm nsgdq vnqcr+ (‘ − a( + (m0 +
m1 + � � �+mj(m + / enq d]bg ne sgnrd hmchbdr m- Sgdqdenqd ‘ + a ]mc m0 +m1 + � � �+mj + /-
Ats > + hc hm Fm he ]mc nmkx he w−‘

/ >w‘
/ + hc + rn vd jmnv sg]s

>→ + bm0>0bm1>1 . . . bmj>j .
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vgdqd >h hr ] vnqc hm hm“mhsd mnql]k enql vhsgnts w±0
/ + hr sgd hcdmshsx hm Fm enq hm“mhsdkx

l]mx m- Lnqdnudq+ bnmitf]shmf he mdbdrr]qx+ vd l]x ]rrtld sg]s mh ∈+ / ’enq h ∈+ 0( ]mc >h

hr mns sgd dlosx vnqc+ enq ]kk h - Mnv rhmbd m0 + m1 + � � � + mj + /+ vd l]x qdvqhsd >→ ]r9

>→ + (bm0>0b−m0((bm0+m1>1b−(m0+m1(( . . . (bm0+���mj−0>j−0b−(m0+���mj−0(((>j(.

Vd bk]hl sg]s sgd vnqc>→ ltrs ]krn ad sgd hcdmshsx hm F- Enq he mns+ rtoonrd sg]s ]lnmfrs
sgdvnqcr ne sghr enqlvghbg ]qd sgd hcdmshsx hm Fm enq hm“mhsdkxl]mx m ]mc ]qd mns sgd hcdmshsx
hm F+ sgd vnqc>→ g]r j lhmhl]k- Mdws+ kds s + l‘w(m0. m0 + m1. . . . . m0 + m1 + � � �+ mj−0(+
]mc rhmbd>→ hr sgd hcdmshsx ’hm Fm nq F( he ]mc nmkx he b−s>→bs hr sgd hcdmshsx+ vd l]x ]rrtld
>→ hr ne sgd enql9

(b−l0>0bl0((b−l1>1bl1( � � � (b−lj>jblj (.

vgdqd lh ≥ / enq ]kk h + ]mc ]s kd]rs nmd lh + /- Enq d]bg u]ktd ne h vgdqd lh + /+ sgd
rtavnqc b−lh>h blh + >h + oh ph + vgdqd oh ’qdro- ph ( hr ] onrhshud vnqc ’qdro- ] mdf]shud
vnqc( hm mnql]k enql hmunkuhmf mn w±0

/ - Sgtr+ hm F+ trhmf “mhsdkx l]mx qdk]snqr ne sgd enql

w i (b
−h wr+0bh ( + (b−h wrbh (w i

enq i ≥ 0. h ≥ 0+ vd b]m lnud oh sn sgd kdes ]mc ph sn sgd qhfgs ne sgd dwoqdrrhnm+ tmshk dudm,
st]kkx > b]m ad vqhssdm ’qdhmcdwhmf( ]r o()k

h+0b−lh>h blh (p + vgdqd k , j ]mc o ’qdro- p( hr
] onrhshud ’qdro- mdf]shud( vnqc hm hm“mhsd mnql]k enql- Rhmbd sghr b]m ad cnmd hm F trhmf
nmkx “mhsdkx l]mx qdk]shnmr+ enq rte“bhdmskx k]qfd m hs b]m ad cnmd hm Fm ]r vdkk+ rn vd l]x
]rrtld hs b]m ad cnmd hm Fm enq hm“mhsdkx l]mx m- Mnv mnshbd sg]s ax bgnnrhmf sgd lhmhl]k
u]ktd ne sgd hmcdw m sn ad odqg]or dudm k]qfdq+ vd b]m dmrtqd sg]s nmbd vd qdok]bd b ax
wm
/ hm Fm + sgd oqnctbs )k

h+0b−lh>h blh + vgdm vqhssdm hm sgd rs]mc]qc hm“mhsd mnql]k enql+
hmunkudr nmkx sgd fdmdq]snqr w i vhsg i ltbg k]qfdq sg]s sgd rtarbqhosr ne sgd fdmdq]snqr hm
o nq hm p - Ats rhmbd > hr sgd hcdmshsx enq hm“mhsdkx l]mx m+ hs enkknvr sg]s o + p−0- Gdmbd+
)k

h+0b−lh>h blh + vhsg k , j+ hr sgd hcdmshsx hm Fm enq hm“mhsdkx l]mx m+ ats hr mns sgd hcdmshsx
hm F+ vghbg hr ] bnmsq]chbshnm+ ]r vd ]rrtldc sg]s j v]r lhmhl]k- ,-

Trhmf sgd mns]shnm hm sgd cdehmhshnm ne sgd fdmdq]khydc cntakd nudq ] khlhs fqnto+ vd
qdl]qj sg]s vgdm @ + E + ]mc B + N+ vgdqd ansg hmbktrhnmr ne B hm @ l]o B sn sgd
rtafqnto fdmdq]sdc ax w/+ sgdm @·B hr ] fdmdq]khydc cntakd nudq sgd khlhs fqnto F nas]hmdc
hm Sgdnqdl 3-4-

@bjmnvkdcfldmsr Sgd sghqc ]tsgnq ]bjmnvkdcfdr o]qsh]k rtoonqs eqnl M]shnm]k Rbhdmbd Entmc]shnm Fq]ms
CLR,/5/3534- Sgd rdbnmc ]mc sghqc ]tsgnqr ]bjmnvkdcfd o]qsh]k rtoonqs eqnl ] Anvcnhm Bnkkdfd E]btksx
Pdrd]qbg fq]ms- Sgd ]tsgnqr vntkc khjd sn sg]mj L]ss Aqhm+ Adm Ehmd+ C]uhc Ehrgdq+ Nkf] Jg]qk]lonuhbg+
@kdwdh Lx]rmhjnu ]mc Pnk]mc Y]qyxbjh enq gdkoetk bnmudqr]shnmr ctqhmf sgd vqhshmf ne sghr o]odq-

Qdedqdmbdr

0- @ad”qs+ L-9 Fqnto k]vr ]mc eqdd rtafqntor hm snonknfhb]k fqntor- Atkk- Knmc- L]sg- Rnb- 26’3(+
414fi423 ’1//4(

1- @jgldcnu+ @-9 Sgd fhqsg ne fqntor r]shrexhmf Shsr ]ksdqm]shud- I- @kfdaq] 176’1(+ 164fi171 ’1//4(
2- Ahdqh+ P-+ Rsqdadk+ P-9 Nm fqntor ne OK gnldnlnqoghrlr ne sgd qd]k khmd+ tmotakhrgdc l]mtrbqhos
3- Aqhm+ L-9 Sgd eqdd fqnto ne q]mj 1 hr ] khlhs ne Sgnlornm�r fqnto E - Fqntor Fdnl- Cxm- 3+

322fi343 ’1/0/(
4- Aqhm+ L-+ Rpthdq+ B-9 Fqntor ne ohdbdvhrd khmd]q gnldnlnqoghrlr ne sgd qd]k khmd- Hmudms- L]sg- 68+

374fi387 ’0874(
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5- Aqhm+ L-+ Rpthdq+ B-9 Oqdrdms]shnmr+ bnmitf]bx+ qnnsr+ ]mc bdmsq]khydqr hm fqntor ne ohdbdvhrd khmd]q
gnldnlnqoghrlr ne sgd qd]k khmd- Bnlltm- @kfdaq] 18’0/(+ 3446fi3485 ’1//0(

6- Aqnvm+ J-+ Fdnfgdf]m+ P-9 @m hm“mhsd,chldmrhnm]k snqrhnm,eqdd E O∞ fqnto- Hmudms- L]sg- 66+
256fi270 ’0873(

7- Eknxc+ B]mmnm O]qqx9 Hmsqnctbsnqx mnsdr nm Phbg]qc Sgnlornm�r fqntor- Dmrdhfm- L]sg- 31+
104fi145 ’0885(

8- Bg]a]tsx+ B-9 Khlhsd c�dmrdlakdr ds fnlsqhd cdr mnlaqdr- Atkk- Rnb- L]sg- Eq]mbd 67+ 032fi040 ’084/(
0/- Bg]lodshdq+ B-+ Fthq]qcdk+ U-9 Khlhs fqntor ]r khlhsr ne eqdd fqntor- Hrq]dk I- L]sg- 035+ 0fi64 ’1//4(
00- Drxo+ D- R-9 Nm Hcdmshsdr hm Sgnlornm�r fqnto+ oqdoqhms ’1//8(
01- Fqhfnqbgtj+ P-H-9 Cdfqddr ne fqnvsg ne “mhsdkx fdmdq]sdc fqntor ]mc sgd sgdnqx ne hmu]qh]ms ld]mr- Hyu-

@j]c- M]tj RRRP 37’4(+ 828fi874 ’0874(
02- Ftxns+ K-+ Rs]kcdq+ W-9 Khlhsr ne A]tlrk]f,Rnkhs]q fqntor- Fqntor Fdnl- Cxm- 1’2(+ 242fi270 ’1//7(
03- Jg]qk]lonuhbg+ N-+ Lx]rmhjnu+ @-9 Hqqdctbhakd ]e“md u]qhdshdr nudq ] eqdd fqnto- H- Hqqdctbhahkhsx ne

pt]cq]shb dpt]shnmr ]mc Mtkkrsdkkdmr]sy- I- @kfdaq] 1//’1(+ 361fi405 ’0887(
04- Jg]qk]lonuhbg+ N-+ Lx]rmhjnu+ @-9 Hqqdctbhakd ]e“md u]qhdshdr nudq ] eqdd fqnto- HH- Rxrsdlr hm sqh]mftk]q

pt]rh,pt]cq]shb enql ]mc cdrbqhoshnm ne qdrhct]kkx eqdd fqntor- I- @kfdaq] 1//’1(+ 406fi46/ ’0887(
05- Nkrg]mrjhh+ @- Wt-+ ]mc R]ohq+ L-U-9 Nm j,eqdd khjd fqntor+ oqdoqhms ’1//8(
06- Rdk]+ Y-9 Chnog]mshmd Fdnldsqx nudq fqntor H- L]j]mhm,P]yanqnu ch]fq]lr- Otak- L]sg- Hmrs- G]tsd

D” stcdr Rbh- 82+ 20fi0/4 ’1//0(
07- Rdk]+ Y-9 Chnogmshmd fdnldsqx nudq fqntor HH- Bnlokdshnmr+ bknrtqdr ]mc enql]k rnktshnmr- Hrq]dk I-

L]sg 023+ 062fi143 ’1//2(
08- Rs]kcdq+ W-9 Bnmudqfdmbd ne A]tlrk]f,Rnkhs]q fqntor Atkk- Adkf- L]sg- Rnb- Rhlnm Rsduhm 02’1(+

110fi122 ’1//5(
1/- Y]qyxbjh+ P-9 Khlhsr ne ’Sgnlornm�r( fqnto E + oqdoqhms+ ’1//6(
10- Y]qyxbjh+ P-9 Khlhs fqntor vhsg qdrodbs sn Sgnlornm�r fqnto E ]mc rnld nsgdq “mhsdkx fdmdq]sdc fqntor+

oqdoqhms ’1//8(
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