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LhaghfWm LWsg- I- 51 �1.02() 254fi265

Ldsqhb Oqnodqshdr ne ChdrsdkflKd]cdq Fqntor

LckTmhc Pschm � Ecmmhecp STaTbi

0- Gmspnctashnm

Ud hmudrshf]sd sgd ldsqhb oqnodqshdr ne ] e]lhkx ne fqntor vgnrd B]xkdx fq]ogr
vhsg qdrodbs sn ] b]qdetkkx bgnrdm fdmdq]shmf rds ]qd sgd ChdrsdkflKd]cdq fq]ogr
CK b(p() vghbg ]qd rtardsr ne ] oqnctbs ne b hm“mhsd sqddr ne u]kdmbd p + 0. Ud
b]kk sgdrd fqntor ChdrsdkfiIdVcdq fqntor ]mc cdmnsd sgdl )b(p(. Lnqd fdmdq]k
ChdrsdkflKd]cdq fq]ogr vdqd hmsqnctbdc hm Y6[ ]r ] onrrhakd ]mrvdq sn sgd ptdr,
shnm9 zHr ]mx bnmmdbsdc) knb]kkx “mhsd) udqsdw sq]mrhshud fq]og pt]rh,hrnldsqhb sn
sgd B]xkdx fq]og ne ] “mhsdkx fdmdq]sdc fqnto;• Hs v]r “qrs rgnvm hm Y7[ sg]s
CK1(l) m() sgd ChdrsdkflKd]cdq fq]og sg]s hr ] rtards ne ] oqnctbs ne svn sqddr ne
qdrodbshud u]kdmbdr l+0 ]mc m+0) hr mns pt]rh,hrnldsqhb sn sgd B]xkdx fq]og ne
]mx rtbg “mhsdkx fdmdq]sdc fqnto- Hs hr oqnudc hm Y0[ sg]s ChdrsdkflKd]cdq fq]ogr
sg]s ]qd rtardsr ne sgd oqnctbs ne ]mx mtladq ne sqddr ne cheedqhmf u]kdmbd ]qd mns
B]xkdx fq]ogr ne “mhsdkx fdmdq]sdc fqntor-

Hs hr vdkk jmnvm sg]s sgd B]xkdx fq]og ne sgd vqd]sg oqnctbs Hm + Nm | N ) nesdm
b]kkdc sgd kVlokhfgsdq fqnto’vhsg qdrodbs sn sgd fdmdq]shmf rds {s) sV) sV1) . . . ) sVm�0{
’vgdqd V hr sgd fdmdq]snq ne Nm ]mc s fdmdq]sdr N( hr sgd ChdrsdkflKd]cdq fq]og
CK1(m( ’rdd d-f- Y1: 03: 04[(- Sghr fq]og hr ] rtards ne sgd oqnctbs ne svn sqddr ne
bnmrs]ms u]kdmbd m+0. Sgd fqntor rstchdc hm sghr o]odq oqnuhcd ] fdnldsqhb fdm,
dq]khy]shnm ne sgd e]lhkx ne k]lokhfgsdq fqntor adb]trd sgdhq B]xkdx fq]ogr fdm,
dq]khyd sgd fdnldsqx ne sgd k]lokhfgsdq fqntor: sg]s hr) sgdhq B]xkdx fq]ogr vhsg
qdrodbs sn ] m]stq]k fdmdq]shmf rds Pb�p ]qd sgd zk]qfdq• ChdrsdkflKd]cdq fq]ogr
CK b(p() vghbg ]qd rtardsr ne sgd oqnctbs ne b sqddr ne bnmrs]ms u]kdmbd p+0 ’]mc
]qd cd“mdc dwokhbhskx hm Rdbshnm 1(-

A]qsgnkch) Mdtg]trdq) ]mc Undrr Y0[ oqdrdms ] bnmrsqtbshnm ne ] fqnto sg]s vd
cdmnsd)b(p() ] fdmdq]shmf rds Pb�p ) ]mc ]m hcdmsh“b]shnm ne sgd fq]og CK b(p(vhsg
sgd B]xkdx fq]og )()b(p() Pb�p(. Sgdx ]krn oqnuhcd ] rhlokd bqhsdqhnm enq vgdm
sgdhq bnmrsqtbshnm gnkcr9 b + 1= b + 2= nq) he b ≥ 3 ]mc p + o

d0
0 o

d1
1 · · ·odq

q
hr sgd

oqhld onvdq cdbnlonrhshnm ne p) sgdm oh / b � 0 enq ]kk h. Sgdx rgnv sg]s sgd

Pdbdhudc Edaqt]qx 15) 1/01- Pduhrhnm qdbdhudc @oqhk 08) 1/01-
Sgd rdbnmc ]tsgnq ]bjmnvkdcfdr rtoonqs eqnl M]shnm]k Rbhdmbd Entmc]shnm Fq]ms mnr- CLR,/5/3534

]mc CLR,00/43/6- Ansg ]tsgnqr ]bjmnvkdcfd rtoonqs eqnl ] Anvcnhm Bnkkdfd E]btksx Pdrd]qbg
@v]qc- L]mx sg]mjr sn Rd]m Bkd]qx) C]uhc Ehrgdq) L]qshm J]rr]anu) Shl Phkdx) Odsdq Unmf) ]mc
Jduhm Unqsl]m enq gdkoetk bnmudqr]shnmr ctqhmf sgd vqhshmf ne sghr o]odq- Sgd ]tsgnqr vhrg sn
sg]mj sgd ]mnmxlntr qdedqdd enq ] b]qdetk qd]chmf ne sgd o]odq-
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255 LckTmhc Pschm � Ecmmhecp STaTbi

fqntor )b(p( ]qd sxod Cb�0 ats mns Cb vgdm b ≥ 2 ]mc gdmbd ]qd mns ]tsnl]shb-
Ud mnsd sg]s sgdqd ]qd rshkk nodm b]rdr vgdqd hs hr mns jmnvm vgdsgdq CK b(p( hr
sgd B]xkdx fq]og ne ] “mhsdkx fdmdq]sdc fqnto: sgd rl]kkdrs nodm b]rd hr CK3(1(.

P]mcnl v]kjr hm sgd B]xkdx fq]og )()b(p() Pb�p( ]qd rstchdc hm Y0[) vgdqd ]
oqdrdms]shnm enq sgd fqnto hr fhudm dwokhbhskx- Enq dw]lokd) vgdm b + 2 sgd ]tsgnqr
nas]hm sgd oqdrdms]shnm

)2(l(
∼+ }V) r) s | Vl + 0) YV) Vs [ + 0) Yr) s[ + 0) Vr + VV

s 〈.
Ugdm l + o hr oqhld) hs hr rgnvm hm Y5[ sg]s )2(o( hr ] bnbnlo]bs k]sshbd hm
Rnk4(�o((s((( ]mc sg]s hsr Cdgm etmbshnm hr pt]cq]shb- Sgd Cdgm etmbshnm ne )2(l(

hr rstchdc enq ]mx l hm Y0/[) vgdqd hs hr rgnvm sn ad ]s lnrs pt]qshb- Hs v]r ldm,
shnmdc sn sgd ]tsgnqr ax J-Unqsl]m sg]s ]qftldmsr ]m]knfntr sn sgnrd ne Fqnlnu
hm Y8[ hlokx sg]s sgd Cdgm etmbshnm ne )b(p( hr pt]cq]shb qdf]qckdrr ne sgd u]ktdr
ne b ≥ 2 ]mc p. Ugdm sgd qdk]shnm V

l + 0 hr qdlnudc eqnl sgd ]anud oqdrdms],
shnm) nmd nas]hmr A]tlrk]f�r lds]adkh]m fqnto )”vghbg) hm bnmsq]rs sn )2(l()
g]r dwonmdmsh]k Cdgm etmbshnm Y0/[- A]tlrk]f cd“mdc sghr fqnto sn oqnuhcd sgd
“qrs dw]lokd ne ] “mhsdkx oqdrdmsdc fqnto vhsg ]m ]adkh]m mnql]k rtafqnto ne
hm“mhsd q]mj-

Hs hr mnsdc hm Y0[ sg]s )b(p( hr hm lnrs b]rdr ]m ]tsnl]s] fqnto ]mc gdmbd
] rdke,rhlhk]q fqnto- Ldsqhb oqnodqshdr ne rdke,rhlhk]q fqntor ]qd hm fdmdq]k mns
vdkk tmcdqrsnnc- Hm sghr o]odq vd rddj sn ]mrvdq rnld ne sgd rs]mc]qc fdnldsqhb
fqnto,sgdnqdshb ptdrshnmr qdk]sdc sn ldsqhb oqnodqshdr ne fqntor ]mc sgdhq B]xkdx
fq]ogr enq sgdrd ChdrsdkflKd]cdq fqntor )b(p(. Rtbg oqnodqshdr nesdm qdkx nm sgd
]ahkhsx sn bnlotsd vnqc kdmfsg ne dkdldmsr vhsghm sgd fqnto: vd adfhm ax oqnu,
hmf sg]s ] o]qshbtk]q bnlahm]snqh]k enqltk] xhdkcr sgd vnqc kdmfsg ne dkdldmsr ne
)b(p( vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p . Sghr enqltk] qdkhdr nm sgd rxlld,
sqx oqdrdms hm sgd ChdrsdkflKd]cdq fq]og) ]mc vd rtardptdmskx trd hs sn oqnud sg]s
)b(p( g]r cd]c,dmc dkdldmsr ne ]qahsq]qx cdosg vhsg qdrodbs sn Pb�p . Sghr fdmdq,
]khydr ] qdrtks ne Bkd]qx ]mc Phkdx Y3: 4[ vghbg oqnudr sg]s )2(1( vhsg qdrodbs sn
] fdmdq]shmf rds rhlhk]q sn P2�1 g]r cd]c,dmc dkdldmsr ne ]qahsq]qx cdosg) sgd “qrs
dw]lokd ne ] “mhsdkx oqdrdmsdc fqnto vhsg sghr oqnodqsx- Sgd vnqc,kdmfsg enqltk]
hr trdc hm k]sdq rdbshnmr sn rgnv sg]s )b(p( g]r hm“mhsdkx l]mx bnmd sxodr ]mc sgtr
mn qdftk]q k]mft]fd ne fdncdrhbr vhsg qdrodbs sn Pb�p .

1- Cdymhshnmr Wmc 8Waifpntmc

Sn cd“md CK b(p() kds S ad ] gnlnfdmdntr) knb]kkx “mhsd) bnmmdbsdc sqdd hm vghbg
sgd cdfqdd ne d]bg udqsdw hr p + 0. Sghr sqdd g]r ]m nqhdms]shnm rtbg sg]s d]bg udq,
sdw u g]r ] tmhptd oqdcdbdrrnq u� ]mc p rtbbdrrnqrv0)v1) . . . )vp vgdqdv�

h
+ u

enq 0± h ± p. Sgd sq]mrhshud bknrtqd ne sgd rds ne qdk]shnmrghor ne sgd enql u
�
. u

hmctbdr sgd o]qsh]k nqcdq �. Hm sghr o]qsh]k nqcdq) ]mx svn udqshbdr u)v ∈ S g]ud ]
fqd]sdrs bnllnm ]mbdrsnq u f v. Bgnnrd ] a]rd onhms n ∈ S ]mc cd“md ] gdhfgs
etmbshnm g(u( + b(u) n f u(� b(n) n f u() vgdqd b(w) x( cdmnsdr sgd mtladq ne
dcfdr nm sgd tmhptd o]sg hm S eqnl w sn x. Uhsg sghr cd“mhshnm) mnsd sg]s g(u�( +
g(u(� 0.
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Kds S0) S1) . . . ) Sb cdmnsd b bnohdr ne sgd sqdd S vhsg a]rd onhmsr nh ]mc gdhfgs
etmbshnmr gh enq 0± h ± b. Sgd ChdrsdkflKd]cdq fq]og CK b(p( hr sgd fq]og vgnrd
udqsdw rds Tb(p( hr sgd rds ne b,stokdr (w0) w1) . . . ) wb() vgdqd wh hr ] udqsdw ne Sh
enq d]bg h ]mc ]krn g0(w0(+ · · · + gb(wb( + /. Svn udqshbdr w + (w0) . . . ) wb( ]mc
x + (x0) . . . ) xb( ]qd bnmmdbsdc ax ]m dcfd he ]mc nmkx he sgdqd ]qd svn hmchbdr h
]mc i) vhsg h ∈+ i) rtbg sg]s wh ]mc xh ]qd bnmmdbsdc ax ]m dcfd hm Sh= wi ]mc xi ]qd
bnmmdbsdc ax ]m dcfd hm Si = ]mc wj + xj enq j ∈+ h) i.

Sgdqd hr ] oqnidbshnm # 9 Tb(p( → (N
1
(
b fhudm ax

#(w( + #(w0) w1) . . . ) wb( + ((l0) k0() (l1) k1() . . . ) (lb ) kb (()

vgdqdlh + b(nh) nh fwh( ]mc kh + b(wh) nh fwh(. Hm o]qshbtk]q) / ± lh ]mc / ± kh

enq ]kk h. Mnsd sg]s) hm Sh) sgd rgnqsdrs o]sg eqnl nh sn wh g]r kdmfsg lh + kh) ]mc
qdb]kk sg]s gh(wh( + kh �lh . Sgd cd“mhmf bnmchshnmr ne sgd ChdrsdkflKd]cdq fq]og
dmrtqd sg]s

)

b

h+0(kh �lh( + /.

Hm Y0[ hs hr rgnvm sg]s sgdrd fq]ogr ]qd B]xkdx fq]ogr ne bdqs]hm l]sqhw fqntor
vgdm ] rhlokd bnmchshnm hr r]shr“dc- Rodbh“b]kkx) kds �p ad ] bnllts]shud qhmf
ne nqcdq p vhsg ltkshokhb]shud tmhs 0) ]mc rtoonrd �p bnms]hmr chrshmbs dkdldmsr
k0) . . . ) kb�0 rtbg sg]s he b ≥ 2 sgdm sgdhq o]hqvhrd cheedqdmbdr ]qd hmudqshakd- Cd“md
] qhmf ne onkxmnlh]kr hm sgd enql]k u]qh]akdr s ]mc (s + kh(

�0 enq 0 ± h ± b � 0
vhsg “mhsdkx l]mx mnmydqn bnde“bhdmsr kxhmf hm �p 9

Lb(�p( + �p Ys) (s + k0(
�0) (s + k1(

�0) . . . ) (s + kb�0(
�0[.

Hs hr oqnudc hm Y0[ sg]s sgd fqnto )b(�p( ’vghbg vd cdmnsd ax )b(p(( ne ]e“md
l]sqhbdr ne sgd enql
)

(s + k0(
j0 · · · (s + kb�0(

jb�0 L

/ 0

(

vhsg j0) j1) . . . ) jb�0 ∈N ]mc L ∈Lb(�p(

g]r B]xkdx fq]og CK b(p( vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p bnmrhrshmf ne sgd
l]sqhbdr

)

s + kh a

/ 0

(±0

vhsg a ∈�p ) h ∈ {0) 1) . . . ) b � 0{

]mc
)

(s + kh((s + ki (
�0 �a(s + ki (

�0

/ 0

(

vhsg a ∈�p ) h) i ∈ {0) 1) . . . ) b�0{) h ∈+ i.

Hs stqmr nts sg]s �p ]kv]xr bnms]hmr chrshmbs dkdldmsr k0) . . . ) kb�0 r]shrexhmf sgd
hmudqshahkhsx bnmchshnmr enq o]hqvhrd cheedqdmbdr vgdm b + 1 nq b + 2. Ugdm
b ≥ 3) gnvdudq) �p bnms]hmr sgd cdrhqdc dkdldmsr nmkx he ]kk oqhldr hm sgd oqhld
onvdq cdbnlonrhshnm ne p + o

d0
0 o

d1
1 · · ·odq

q
r]shrex oh / b � 0 enq ]kk h. Ud qdedq

sgd qd]cdq sn Y0[ enq lnqd cds]hkr nm sghr bnmrsqtbshnm ]mc nm sgd hcdmsh“b]shnm
adsvddm sgd fqnto ]mc sgd B]xkdx fq]og CK b(p(.

Hm dwoknqhmf sgd ldsqhb oqnodqshdr ne sgd fqntor )b(p() ]mc gdmbd ne sgd B]xkdx
fq]ogr CK b(p() nmd nesdm mddcr sn jddo sq]bj ne dcfd sxodr ]knmf ] o]sg hm CK b(p(

q]sgdq sg]m sgd rodbh“b fdmdq]snqr sg]s k]adk sgd dcfdr ]knmf sgd o]sg- Fhudm ]mx
udqsdw w + (w0) w1) . . . ) wb() ax ]m dcfd ne sxod dh � di dl]m]shmf eqnl udqsdw w
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vd ld]m ]m dcfd vhsg nmd dmconhms ]s w ]mc sgd nsgdq ]s x + (x0) x1) . . . ) xb()
vgdqd xj + wj enq j <∈ {h) i { ]mc vgdqd x�

h
+ wh ]mc xi + w

�
i

. Mnsd sg]s gh(xh( +
gh(wh(+0 ]mc gi(xi ( + gi(wi (�0. Sgdqd ]qd dw]bskx p onrrhakd bgnhbdr enq xh) rn
sgdqd ]qd p chrshmbs dcfdr ne sxod dh � di dl]m]shmf eqnl w.

Rhmbd sgd udqshbdr ne CK b(p( ]qd hcdmsh“dc vhsg sgd dkdldmsr ne )b(p() vd ]atrd
mns]shnm ]mc bnmrhcdq sgd oqnidbshnm l]o # sn ad ] l]o eqnl sgd fqnto )b(p( sn
(N1(

b= sgtr vd vqhsd

#(f( + #(w + (w0) w1) . . . ) wb((

+ �

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

vgdm f ∈ )b(p( hr hcdmsh“dc vhsg sgd udqsdw w hm CK b(p(. Ud qdl]qj sg]s sgd
a]rd onhms udqsdw n + (n0) . . . ) nb( hm CK b(p( hr hcdmsh“dc vhsg sgd hcdmshsx dkd,
ldms hm )b(p(.

2- Bnlotshmf Tnpc Jdmfsg hm )S�d( uhsg Pdrodas sn SS�d

Kds Pb�p ad sgd fdmdq]shmf rds enq )b(p() rn sg]s sgd B]xkdx fq]og )()b(p() Pb�p( hr
CK b(p(. Ud vhkk rgnv sg]s sgd vnqc kdmfsg ne ]m dkdldms vhsg qdrodbs sn Pb�p cd,
odmcr nmkx nm #(f( ]mc mns nm f hsrdke- Hm sgd bntqrd ne drs]akhrghmf sgd enqltk]
enq vnqc kdmfsg) hs hr nesdm rte“bhdms sn jddo sq]bj ne ] o]sg�r dcfd sxodr q]sgdq
sg]m hsr dcfd k]adkr- Fhudm ] udqsdw u ∈ CK b(p() vd g]ud cd“mdc dcfdr ne sxod
dh � di dl]m]shmf eqnl u. Ax ] o]sg ne sxod �0�1 . . . �q rs]qshmf ]s u) vgdqd �j +
(dhj � dij (

oj vhsg oj ≥ / enq d]bg j) vd ld]m ] o]sg adfhmmhmf ]s u sg]s enkknvr
o0 dcfdr ne sxod dh0 � di0) sgdm o1 dcfdr ne sxod dh1 � di1 ) ]mc rn nm-

Ud adfhm ax cd“mhmf ] etmbshnm e eqnl )b(p( sn sgd m]stq]k mtladqr sg]s hr ]
b]mchc]sd enq sgd vnqc kdmfsg etmbshnm k 9 )b(p( → F enq dkdldmsr ne )b(p( vhsg
qdrodbs sn sgd fdmdq]shmf rds Pb�p . Enq ]m dkdldms f ∈ )b(p() sgd u]ktd ne e (f(

]bst]kkx cdodmcr nmkx nm sgd b,stokd ne nqcdqdc o]hqr

#(f( + �

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

.

Hm nqcdq sn cd“md sghr etmbshnm) nmd “qrs bnmrhcdqr ]kk odqlts]shnmr ne sgdrd nqcdqdc
o]hqr- Enq d]bg odqlts]shnm sgd fn]k hr sn bnmrsqtbs ] o]sg hm CK b(p() eqnl sgd
hcdmshsx udqsdw sn f) hm ]m nqcdq rodbh“dc ax sgd odqlts]shnm- Enq ] fhudm odq,
lts]shnm σ ∈ %b ) nmd bnlonmdms ne sgd kdmfsg eσ(f( ne sghr o]sg hr entmc ax
l]whlhyhmf rdudq]k pt]mshshdr qdk]sdc sn σ. Sn nas]hm sgd vnqc kdmfsg ne f) vd
lhmhlhyd nudq sgd kdmfsgr ne sgdrd o]sgr-

Enq ] fhudm odqlts]shnm σ ∈ %b ) cd“md sgd enkknvhmf pt]mshshdr qdk]sdc sn sgd
kdmfsg ne sgd o]sg cdsdqlhmdc ax σ eqnl sgd hcdmshsx sn f.

Ccymhshnm 0- Kds f ∈)b(p() vhsg

#(f( + �

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

]mc vhsg σ hm %b ) sgd rxlldsqhb fqnto nm b kdssdqr- Cd“md

– >σ(b ((f( +
)

b

i+0lσ(i((f( ]mc >σ(h((f( +
)

h

i+1 lσ(i((f( + )

b�0
j+h kσ(j((f(

enq 1 ± h ± b � 0)
– eσ(f) h( + lσ(0((f(+ kσ(b ((f(+ >σ(h((f( enq 1 ± h ± b) ]mc
– eσ(f( + l]w1±h±b eσ(f) h(.
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Ud trd sgdrd pt]mshshdr sn cd“md sgd etmbshnm e ) vghbg vd rg]kk oqnud xhdkcr sgd
vnqc kdmfsg ne f ∈)b(p( vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p .

Ccymhshnm 1- Enq f ∈)b(p() kds e (f( + lhmσ∈%b
eσ(f(.

DtTlokc- Kds b + 2) bgnnrd ]mx f vhsg #(f( + ((4) 4() (2)0/() (6) /(() ]mc
bnmrhcdq σ ∈ %2.

– Ugdm σ + hc hr sgd hcdmshsx odqlts]shnm) sgd oqdbdchmf cd“mhshnmr xhdkc
ehc(f) 1( + 4 + / + (2 + 0/( + 07 ]mc ehc(f) 2( + 4 + / + (4 + 2 + 6( + 1/.

Sgtr) ehc(f( + 1/.

– Bgnnrhmf σ + (0 1() vd g]ud e(0 1((f) 1( + 2 + / + (4 + 4( + 02 ]mc
e(0 1((f) 2( + 2 + / + (4 + 2 + 6( + 07= gdmbd e(0 1((f( + 07.

– Enq ]mx σ vd g]ud eσ(f) 2( + lσ(h((f(+ kσ(i((f(+04 ≥ 07) rn eσ(f( ≥ 07 enq
]kk σ ∈ %2.

Lhmhlhyhmf nudq ]kk σ ∈ %2) vd bnmbktcd sg]s e (f( + 07.

Hm nqcdq sn drs]akhrg sg]s sgd etmbshnm e itrs cd“mdc hr sgd vnqc,kdmfsg etmbshnm)
vd trd sgd enkknvhmf fdmdq]k kdll]-

JcllT 0- Fhudm V fqnto F vhsg fdmdqVshmf rds P) kds k 9 F → F ; {/{ ad sgd
vnqc kdmfsg vhsg qdrodbs sn P. Ids e 9 F → F ; {/{ ad Vmnsgdq etmbshnm sgVs rVs,
hrydr sgd enkknvhmf rsVsdldmsr9

’0( e (f( + / he Vmc nmkx he f hr sgd hcdmshsx dkdldms :
’1( enq dudqx f ∈F) k(f( ≥ e (f(=
’2( enq dudqx f ∈F) sgdqd dwhrsr rnld r ∈ P vhsg e (fr( + e (f(� 0.

Sgdm k(f( + e (f( enq dudqx f ∈F.

Mqnne- Kds f ∈ F) ]mc rtoonrd e (f( + m. Sgdm ax oqnodqsx ’2( sgdqd dwhrs
r0) r1) . . . ) rm∈P r]shrexhmf e (fr0r1 · · · rm(+ /. Axoqnodqsx ’0() f + r

�0
m

· · · r�0
1 r

�0
0

]mc rn k(f( ± e (f(. Gdmbd ax oqnodqsx ’1( vd g]ud k(f( + e (f(.

Bkd]qkx) enq sgd etmbshnm e cd“mdc hm Cd“mhshnm 0 vd g]ud e (f( + / he ]mc nmkx he
f hr sgd hcdmshsx dkdldms- Sgd nsgdq svn oqnodqshdr ne sgd etmbshnm e vhkk ad udqh,
“dc hm Oqnonrhshnmr 1 ]mc 7- Hs sgdm vhkk enkknv eqnl Kdll] 0 sg]s sgd etmbshnm e
cd“mdc hm Cd“mhshnm 0 hr sgd vnqc,kdmfsg etmbshnm enq )b(p( vhsg qdrodbs sn sgd
fdmdq]shmf rds Pb�p .

Mpnonrhshnm 1- Ids f ∈)b(p( vhsg

#(f( + �

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

)

kds e (f( ad Vr hm Cdymhshnm .’ Vmc kds k(f( ad sgd vnqc kdmfsg ne f vhsg qdrodbs sn
sgd fdmdqVshmf rds Pb�p . Sgdm k(f( ≥ e (f(.

Mqnne- Kds γ ad ] o]sg ne kdmfsg m hm CK b(p( eqnl n sn sgd udqsdw w hcdmsh“dc
vhsg f= sgtr γ bnqqdronmcr m]stq]kkx sn ] vnqc V0V1V2 . . . Vm vhsg Vh ∈ Pb�p enq
0± h ± m. Ud vhkk rgnv sg]s enq rnld bgnhbd ne σ ∈ %b ) vd g]ud m ≥ eσ(f) h(
enq dudqx 1 ± h ± b. Hs enkknvr sg]s m ≥ eσ(f( ≥ e (f( ]mc sgtr k(f( ≥ e (f(.
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Ud adfhm ax bgnnrhmf sgd odqlts]shnm σ ∈ %b . @knmf sgd o]sg γ eqnl n sn w)
sgdqd ltrs ad onhmsr vgdqd sgd jsg bnnqchm]sd hr xj + nj f wj enq 0 ± j ± b.

Kds u0 ad sgd “qrs rtbg onhms) rn sg]s u0
h0
+ xh0 enq rnld h0 vhsg 0 ± h0 ± b. Ax

sgd cd“mhshnm ne u0) vd jmnv sg]s u0
j
f wj + xj enq j ∈+ h0. Sgtr) nm sgd onqshnm

ne sgd o]sg eqnl u
0 sn w) sgdqd ltrs ad onhmsr vgdqd sgd jsg bnnqchm]sd hr xj +

nj f wj enq d]bg 0 ± j ± b) j ∈+ h0. Kds u1 ad sgd “qrs rtbg onhms: sgdm u1
h1
+ xh1

enq rnld h1 vhsg 0± h1 ± b) h1 ∈+ h0. Bnmshmthmf hm sghr l]mmdq) vd cd“md onhmsr
u

0) u1) . . . ) ub) d]bg vhsg ] chrshmbs ]rrnbh]sdc bnnqchm]sd h0) h1) . . . ) hb ]mc rtbg sg]s
sgd (hj(sg bnnqchm]sd ne uj hr xhj . Kds σ ∈ %b ad sgd tmhptd odqlts]shnm cd“mdc
ax σ(j( + hj enq 0± j ± b.

Ehqrs vd bnmrhcdq sgd onhms ui) 1 ± i ± b � 0) ]mc rtoonrd sg]s sgd oqd“w
V0 . . . Vq bnqqdronmcr sn sgd rtao]sg ne γ rs]qshmf ]s n ]mc dmchmf ]s ui. Sgdm) enq
dudqx o vhsg 0 ± o ± i) sgd o]sg V0 . . . Vq ltrs bnms]hm ]s kd]rs lσ(o((f( dcfdr
ne sxod d s � dσ(o(= gdqd s ∈+ σ(o( l]x u]qx ax dcfd) rn q ≥ )

i

o+0lσ(o((f(.

Gnvdudq) enq dudqx o vhsg i ± o ± b) sgd o]sg Vq+0 . . . Vm ltrs bnms]hm ]s kd]rs
kσ(o((f( dcfdr ne sxod dσ(o( � d s ’vgdqd ]f]hm s ∈+ σ(o( l]x u]qx ax dcfd() rn
m� q ≥ )

b

o+i kσ(o((f(. Sgtr

m + q + (m� q( ≥
i

∑

o+0

lσ(o((f(+
b

∑

o+i
kσ(o((f(

+ lσ(0((f(+ >σ(i((f(+ kσ(b ((f(

+ eσ(f) i(
enq dudqx 1 ± i ± b � 0.

Enq sgd b]rd i + b) vd trd ] rkhfgskx cheedqdms ]qftldms- Hm sghr b]rd) kds V0 . . . Vq

ad sgd o]sg eqnl n sn u0 ]mc kds Vq+0 . . . Vr ad sgd o]sg eqnl u
0 sn ub. Sgdm sgd o]sg

V0 . . . Vq ltrs bnms]hm ]s kd]rs lσ(0((f( dcfdr ne sxod d s � dσ(0() rn q ≥ lσ(0((f(.

Rhlhk]qkx) sgd o]sg Vr+0 . . . Vm ltrs bnms]hm ]s kd]rs kσ(b ((f( dcfdr ne sxod dσ(b (�d s )
rn m� r ≥ kσ(b ((f(.

Enq d]bg o ∈+ 0 vd g]ud xσ(o( f u
0
σ(o(

+ xσ(o( ]mc rn) enq d]bg rtbg o) sgdqd
ltrs ad ]s kd]rs gσ(o((u

0
σ(o(

( � gσ(o((xσ(o(( kdssdqr bnqqdronmchmf sn fdmdq]snqr
ne sxod d s � dσ(o( enq u]qhntr bgnhbdr ne s hm sgd vnqc Vq+0 . . . Vr . Sgdqdenqd)
r�q ≥ )

b

o+1 gσ(o((u
0
σ(o(

(�gσ(o((xσ(o((. Mnv) rhmbd
)

b

o+0 gσ(o((u
0
σ(o(

( + / ]mc

gσ(0((u
0
σ(0(( + �lσ(0((f() hs enkknvr sg]s

)

b

o+1 gσ(o((u
0
σ(o(

( + �gσ(0((u
0
σ(0(( +

lσ(0((f(. Etqsgdqlnqd) gσ(o((xσ(o(( + �lσ(o((f( enq dudqx 1 ± o ± b. Gdmbd

r � q ≥
b

∑

o+1

(gσ(o((u
0
σ(o(

(� gσ(o((xσ(o(((

+ lσ(0((f(�
b

∑

o+1

gσ(o((xσ(o((

+
b

∑

o+0

lσ(o((f( + >σ(b ((f(.

Sgtr vd g]ud
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m + q + (r � q(+ (m� r(

≥ lσ(0((f(+ >σ(b ((f(+ kσ(b ((f(

+ eσ(f) b (.

Gdmbd vd g]ud rgnvm sg]s m ≥ eσ(f) i( enq dudqx 1 ± i ± b) ]r cdrhqdc-

Sn bnlokdsd sgd ]qftldms) vd ltrs oqnud sg]s e r]shr“dr sgd sghqc ]mc “m]k oqno,
dqsx ne Kdll] 0- Hm cnhmf rn) hs hr nesdm mdbdrr]qx sn jddo sq]bj ne vghbg u]ktdr
ne kχ(h((f( hm #(f( ]qd ydqn enq ] fhudm odqlts]shnm χ) rn vd “qrs oqnud rdudq]k
oqdkhlhm]qx kdll]r-

JcllT 2- Ids χ ∈ %b ad Vmx odqltsVshnm Vmc f ∈)b(p( Vmx mnmsqhuhVk dkdldms-

’0( He kχ(b ((f( + /) kds m ad sgd lVwhlVk uVktd ne i vhsg 0 ± i ± b � 0 rtbg sgVs
kχ(i((f( ∈+ /. Sgdm

l]w
1±h±b

>χ(h((f( + l]w
1±h±m�h+b

>χ(h((f(.

’1( He kχ(0((f( + /) kds j ad sgd lhmhltl uVktd ne i vhsg 1 ± i ± b rtbg sgVs
kχ(i((f( ∈+ /. Sgdm

l]w
1±h±b

>χ(h((f( + l]w
j±h±b

>χ(h((f(.

Mqnne- Rhmbdf hr mnmsqhuh]k) sgd u]ktdr nem ]mc j ]r cd“mdc hm ’0( ]mc ’1( ansg dwhrs-
Sgd oqnne ne ’0( enkknvr adb]trd) he kχ(m+0((f( + kχ(m+1((f( + · · · + kχ(b�0((f( +
/) sgdm enq m+0± h ± b�0vd g]ud>χ(h((f( ± >χ(b ((f(. Rhlhk]qkx) sn oqnud ’1()
he kχ(1((f( + · · · + kχ(j�0((f( + / enq 1 ± h ± j�0 sgdm>χ(h((f( ± >χ(j((f(.

JcllT 3- Ehw f ∈ )b(p(. Ids σ ∈ %b vhsg kσ(0((f( + /. Ids τ ∈ %b ad cdymdc
ax τ (h( + σ(h + 0( enq 0 ± h . b Vmc τ (b( + σ(0(. Sgdm eσ(f( ≥ eτ(f(.

Mqnne- Ehqrs mnsd sg]s) enq 1 ± h ± b � 1)

>σ(h+0((f( + lσ(1((f(+ · · · +lσ(h+0((f(+ kσ(h+0((f(+ · · · + kσ(b�0((f(

]mc

>τ (h((f( + lτ (1((f(+ · · · +lτ (h((f(+ kτ (h((f(+ · · · + kτ (b�0((f(

+ lσ(2((f(+ · · · +lσ(h+0((f(+ kσ(h+0((f(+ · · · + kσ(b ((f(.

Gdmbd enq 1 ± h ± b � 1 vd g]ud

>σ(h+0((f( + >τ (h((f(+lσ(1((f(� kσ(b ((f(. (∗(
Sgd kdll] hr bkd]qkx sqtd he f hr sgd hcdmshsx dkdldms) rn vd l]x ]rrtld enq sgd

qdrs ne sgd oqnne sg]s f hr mnmsqhuh]k- Trhmf sgd cd“mhshnm ne j fhudm hm Kdll] 2)
vd g]ud l]w1±h±b >σ(h((f( + l]wj±h±b >σ(h((f(. Ud l]x sgdqdenqd ]rrtld sg]s
eσ(f( + eσ(f) h( enq j ± h ± b= sg]s hr) eσ(f( + lσ(0((f( + kσ(b ((f( + >σ(h((f(

enq rnld h vhsg j ± h ± b. Ud ltrs rgnv enq d]bg i) 1 ± i ± b) sg]s eσ(f) h( ≥
eτ(f) i(. Eqnl sghr hs vhkk enkknv sg]s eσ(f( ≥ eτ(f() ]r cdrhqdc- Ud bnmrhcdq
sgqdd rtab]rdr-
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BVrd .5 1 ± i ± b � 1. Hm sghr b]rd vd rdd sg]s

eσ(f) h( + lσ(0((f(+ kσ(b ((f(+ >σ(h((f(

≥ lσ(0((f(+ kσ(b ((f(+ >σ(i+0((f(

+ lσ(0((f(+ kσ(b ((f(+ >τ (i((f(+lσ(1((f(� kσ(b ((f(

≥ lσ(1((f(+ >τ (i((f(

+ lτ (0((f(+ kτ (b ((f(+ >τ (i((f(

+ eτ(f) i(.

Gdqd sgd “qrs hmdpt]khsx gnkcr adb]trd eσ(f( + eσ(f) h( ]mc rn >σ(h((f( ≥
>σ(i((f( enq h ∈+ i) sgd mdws khmd enkknvr eqnl (∗() ]mc sgd odmtkshl]sd dpt]k,
hsx gnkcr adb]trd

kτ (b ((f( + kσ(0((f( + /.

BVrd 15 i + b. Sgdm

eσ(f) h( + lσ(0((f(+ kσ(b ((f(+ >σ(h((f(

≥ lσ(0((f(+ kσ(b ((f(+ >σ(j((f(

+ lσ(0((f(+lσ(1((f(+ · · · +lσ(j((f(+ kσ(j((f(

+ kσ(j+0((f(+ · · · + kσ(b ((f(

≥ lσ(1((f(+ / + kσ(j((f(+ kσ(j+0((f(+ · · · + kσ(b ((f(

+ lτ (0((f(+ kτ (b ((f(+
b

∑

q+0

lτ (q((f( + eτ(f) b (.

Sgd k]rs khmd qdkhdr nm sgd e]bsr sg]s kτ (b ((f( + kσ(0((f( + / ]mc sg]s) ax ntq bgnhbd
ne j)

b
∑

q+0

lτ (q((f( +
b

∑

q+0

lσ(q((f( +
b

∑

q+0

kσ(q((f( +
b

∑

q+j
kσ(q((f(.

BVrd 25 i + b � 0. Hm sghr b]rd vd cheedqdmsh]sd adsvddm 1 ± h ± b � 0 ]mc
h + b. Pdb]kk sg]s eσ(f( + eσ(f) h(.

Ehqrs kds 1 ± h ± b � 0 ]mc qdb]kk sg]s kτ (b ((f( + kσ(0((f( + / ax ]rrtloshnm-
Hm sghr b]rd)

eτ(f) b � 0( + lτ (0((f(+lτ (1((f(+ · · · +lτ (b�0((f(+ kτ (b�0((f(+ kτ (b ((f(

+ lσ(1((f(+ · · · +lσ(b ((f(+ kσ(b ((f(.

Ud ]krn ]rrtld sg]s>σ(h( ≥ >σ(b (. Uqhshmf nts sghr hmdpt]khsx ]mc b]mbdkhmf hcdm,
shb]k sdqlr eqnl ansg rhcdr xhdkcr

kσ(h((f(+ kσ(h+0((f(+ · · · + kσ(b�0((f(

≥ lσ(0((f(+lσ(h+0((f(+lσ(h+1((f(+ · · · +lσ(b ((f(.

Sgdqdenqd)
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eσ(f) h( + lσ(0((f(+lσ(1((f(+ · · · +lσ(h((f(+ kσ(h((f(+ · · · + kσ(b ((f(

≥ (lσ(0((f(+ · · · +lσ(h((f((

+ (lσ(0((f(+lσ(h+0((f(+lσ(h+1((f(+ · · · +lσ(b ((f((+ kσ(b ((f(

≥ lσ(1((f(+ · · · +lσ(b ((f(+ kσ(b ((f(

+ lτ (0((f(+lτ (1((f(+ · · · +lτ (b�0((f(+ kτ (b�0((f(+ kτ (b ((f(

+ eτ(f) b � 0(.

Mnv kds h + b. Hm sghr b]rd)

eσ(f) b ( + lσ(0((f(+ kσ(b ((f(+
b

∑

q+0

lσ(h((f(

≥ lσ(1((f(+ · · · +lσ(b ((f(+ kσ(b ((f(

+ lτ (0((f(+lτ (1((f(+ · · · +lτ (b�0((f(+ kτ (b�0((f(

+ lτ (0((f(+lτ (1((f(+ · · · +lτ (b�0((f(+ kτ (b�0((f(+ kτ (b ((f(

+ eτ(f) b � 0(.

He f ∈ )b(p( hr mnmsqhuh]k) kds )f + {σ ∈ %b | e (f( + eσ(f({ ]mc kds )
→
f
+

{σ ∈ )f | kσ(0((f( ∈+ /{. Sgdm Kdll] 3 g]r sgd enkknvhmf bnqnkk]qx-

&npnkkTpx 4- He f ∈ )b(p( hr mns sgd hcdmshsx dkdldms’ sgdm )
→
f

hr mns dlosx-
Hm nsgdq vnqcr’ sgdqd dwhrsr V σ ∈ %b rtbg sgVs e (f( + eσ(f( Vmc kσ(0((f( ∈+ /.

Mqnne- Rtoonrd sg]s χ ∈ )f ]mc kχ(0((f( + /. Kds j ad cd“mdc ]r hm Kdll] 2-
Sgdm j � 0 ]ookhb]shnmr ne Kdll] 3 xhdkcr sgd bnqnkk]qx-

JcllT 5- Ids f ∈ )b(p( Vmc σ ∈ %b vhsg lσ(b ((f( + kσ(b ((f( + /. Cdymd
τ ∈ %b rtbg sgVs τ (0( + σ(b( Vmc τ (h( + σ(h � 0( enq h ≥ 1. Sgdm eσ(f( +
eτ(f(.

Mqnne- Nmd b]m ]qftd ]r hm sgd oqduhntr kdll] sn udqhex chqdbskx sg]s eσ(f) b ( +
eτ(f) 1( ]mc sg]s eσ(f) h( + eτ(f) h + 0( enq 1 ± h ± b � 0.

Ud hlldch]sdkx nas]hm sgd enkknvhmf bnqnkk]qx-

&npnkkTpx 6- He f ∈)b(p( hr mns sgd hcdmshsx dkdldms’ sgdm sgdqd dwhrsr σ ∈)f

rtbg sgVs dhsgdq kσ(b ((f( ∈+ / nq lσ(b ((f( ∈+ /.

Sgd mdws oqnonrhshnm trdr sgd oqdbdchmf kdll]r ]mc bnqnkk]qhdr sn oqnud sg]s sgd
etmbshnm e r]shr“dr bnmchshnm ’2( ne Kdll] 0-

Mpnonrhshnm 7- Ids f ∈)b(p( ad V mnmsqhuhVk fqnto dkdldms’ Vmc kds e (f( ad Vr
hm Cdymhshnm .- Sgdm sgdqd dwhrsr r ∈ Pb�p vhsg e (fr( + e (f(� 0.

Mqnne- He f ∈ Pb�p ) sg]s hr) he f hr ] fdmdq]snq ne )b(p() sgdm hs hr d]rx sn rdd sg]s
e (f( + 0 ]mc ’bgnnrhmf r + f

�0
( sg]s e (fr( + /= gdmbd sgd bnmchshnm ne sgd
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oqnonrhshnm hr r]shr“dc- Eqnl mnv nm vd ]rrtld sg]s f <∈ Pb�p ) vghbg ld]mr sg]s
enq ]mx r ∈ Pb�p vd jmnv sg]s fr hr mnmsqhuh]k-

Kds w ad sgd udqsdw hm CK b(p( hcdmsh“dc vhsg f) ]mc qdb]kk sg]s vd vqhsd #(f(

enq #(w(.

BVrd .- Sgdqd dwhrsr ] σ ∈ )f vhsg kσ(b ((f( ∈+ /. He) hm ]cchshnm) kσ(0((f( / /
nq kσ(0((f( + lσ(0((f( + /) sgdm bgnnrd r sn ad ]mx fdmdq]snq bnqqdronmchmf sn ]m
dcfd ne sxod dσ(0(� dσ(b (. He kσ(0((f( + / ]mc lσ(0((f( / /) kds v ad sgd udqsdw hm
Sσ(0( ]ci]bdms sn wσ(0( nm sgd tmhptd rgnqsdrs o]sg eqnl nσ(0( sn wσ(0(. Bgnnrd r sn
ad ]mx fdmdq]snq ne sxod dσ(0(�dσ(b () rn sg]s he y hr sgd udqsdw hm CK b(p( hcdmsh“dc
vhsg fr sgdm yσ(0( ∈+ v. Bnmrdptdmskx)

’0( (lσ(b ((fr() kσ(b ((fr(( + (lσ(b ((f() kσ(b ((f(� 0()
’1( (lσ(0((fr() kσ(0((fr(( + (lσ(0((f() kσ(0((f(+ 0() ]mc
’2( (lσ(h((fr() kσ(h((fr(( + (lσ(h((f() kσ(h((f(( enq h ∈+ 0) b.

Gnvdudq) sghr hlokhdr sg]s >σ(h((fr( + >σ(h((f( enq dudqx 1 ± h ± b) ]mc gdmbd

eσ(fr( + lσ(0((fr(+ kσ(b ((fr(+ l]w
1±h±b

>σ(h((fr(

+ lσ(0((f(+ (kσ(b ((f(� 0(+ l]w
1±h±b

>σ(h((f(

+ eσ(f(� 0.

Ehqrs vd mnsd sg]s sgd hmdpt]khsx e (f( � 0 ≥ e (fr( hr mns g]qc sn udqhex) fhudm
sg]s e (f(�0+ eσ(f(�0+ eσ(fr( ≥ eτ(fr( enq ]mx τ ∈ )fr . Gdmbd e (f(�0 ≥
e (fr(.

Mnv) enq ]mx τ ∈ %b ) hs enkknvr sg]s9 lτ (h((fr( + lτ (h((f( enq dudqx 0± h ± b=
kτ (h((fr( ∈+ kτ (h((f( enq nmkx svn bgnhbdr ne h= ]mc kτ (h((fr( + kτ (h((f(�0 enq nmd ne
sgnrd bgnhbdr ]mc kτ (h((fr( + kτ (h((f(+0 enq sgd nsgdq- Enq ]mx u]ktd ne h) kτ (h((f(

’qdro- kτ (h((fr(( ]ood]qr ]s lnrs hm sgd enqltk] enq eτ(f) h( ’qdro- eτ(fr) h((= sgdqd,
enqd) eτ(f(�0± eτ(fr(. Sgtr enq τ ∈ )fr vdg]ude (fr( + eτ(fr( ≥ eτ(f(�0 ≥
e (f(�0 ]mc rn e (fr( ≥ e (f(�0 ]r vdkk- Gdmbd e (fr( + e (f(�0) ]r cdrhqdc-

BVrd 1- Enq dudqx χ ∈ )f ) ]rrtld sg]s kχ(b ((f( + /. Ud b]m mnv ]ookx Bnqnk,
k]qx 6 sn bgnnrd σ ∈ )f rtbg sg]s lσ(b ((f( ∈+ /.

Kds v ad sgd udqsdw hm Sσ(b ( ]ci]bdms sn wσ(b ( nm sgd tmhptd rgnqsdrs o]sg eqnl
nσ(b ( sn wσ(b () ]mc kds m ad ]r cd“mdc hm Kdll] 2- Bgnnrd sgd fdmdq]snq r ∈ Pb�p

ne sxod dσ(b (� dσ(m( rtbg sg]s) he y hr sgd udqsdw hm CK b(p( hcdmsh“dc vhsg fr) sgdm
yσ(b ( + v. Sgdm vd g]ud) enq sgd o]hq σ ]mc r9

’0( (lσ(b ((fr() kσ(b ((fr(( + (lσ(b ((f(� 0) kσ(b ((f(() vgdqd
kσ(b ((fr( + kσ(b ((f( + /=

’1( (lσ(m((fr() kσ(m((fr(( + (lσ(m((f() kσ(m((f(� 0(=
’2( (lσ(h((fr() kσ(h((fr(( + (lσ(h((f() kσ(h((f(( enq h ∈+ m) b.

Enq sgd oqdbdchmf bgnhbd ne σ ]mc r) vd bk]hl sg]s eσ(fr( + eσ(f(�0. @ookxhmf
Kdll] 2 sn f qdud]kr sg]s

eσ(f( + lσ(0((f(+ kσ(b ((f(+ l]w
1±h±m�h+b

>σ(h((f(.
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Adb]trd sgd nmkx hmcdw enq vghbg kσ(h((fr( ∈+ kσ(h((f( hr h + m) vd ]f]hm rdd sg]s
kσ(i((fr( + / enq i / m. @ookxhmf Kdll] 2 sn fr mnv xhdkcr

eσ(fr( + lσ(0((fr(+ kσ(b ((fr(+ l]w
1±h±m�h+b

>σ(h((fr(.

Hs enkknvr eqnl sgd cd“mhshnm ne r sg]s >σ(b ((fr( + >σ(b ((f( � 0. Rhlhk]qkx) enq
1 ± h ± m vd g]ud >σ(h((fr( + >σ(h((f( � 0) rhmbd mdhsgdq dwoqdrrhnm bnms]hmr
lσ(b ( ]mc ansg bnms]hm kσ(m(. Sgdqdenqd)

l]w
1±h±m�h+b

>σ(h((fr( + l]w
1±h±m�h+b

(>σ(h((f(� 0( +
(

l]w
1±h±m�h+b

>σ(h((f(

)

� 0.

Bnlahmhmf sgd ]qftldmsr rn e]q) vd nas]hm

eσ(fr( + lσ(0((fr(+ kσ(b ((fr(+ l]w
1±h±m�h+b

>σ(h((fr(

+ lσ(0((f(+ kσ(b ((f(+ l]w
1±h±m�h+b

>σ(h((f(� 0+ eσ(f(� 0.

Rhmbd eσ(f( + e (f( ]mc e (fr( ± eσ(fr() hs enkknvr hlldch]sdkx eqnl sgd dpt]k,
hsx eσ(fr( + eσ(f(� 0 sg]s e (fr( ± e (f(� 0.

Sn bnlokdsd sgd oqnne ne Oqnonrhshnm 7) vd ltrs rgnv sg]s e (fr( ≥ e (f(� 0.
Ehqrs mnsd sg]s) enq ]mx χ ∈ %b ) hs enkknvr eqnl sgd cd“mhshnm ne e sg]s eχ(fr( ≥
eχ(f(�2. Ud mnv rgnv sg]s sghr hmdpt]khsx b]m ad hloqnudc rkhfgskx enq τ ∈ )

→
fr
=

enq rtbg τ vd vhkk rgnv sg]s eτ(fr( ≥ eτ(f( � 1. Rtoonrd sn sgd bnmsq]qx sg]s
τ ∈ )

→
fr

]mc eτ(fr( + eτ(f( � 2. Sghr b]m nbbtq hm nmkx nmd v]x: m]ldkx) ]kk
sgqdd ne sgd enkknvhmf bnmchshnmr ltrs ad lds9

’0( τ (0( + σ(b ()
’1( τ (b ( + σ(m() ]mc
’2( l]w1±h±m�h+b >τ (h((fr( + >τ (b ((fr(.

Mnv τ ∈ )
→
fr

hlokhdr sg]s kτ (0((fr( ∈+ /) ats bnmchshnm ’0( qdpthqdr sg]s kτ (0((fr( +
kσ(b ((fr( + kσ(b ((f( + /) ] bnmsq]chbshnm- Sgtr) enq ]kk τ ∈ )

→
fr

vd ltrs g]ud
eτ(fr( ≥ eτ(f(� 1.

Hs enkknvr eqnl Bnqnkk]qx 4 sg]s )
→
fr

hr mns dlosx) rn vd l]x bgnnrd χ ∈ )
→
fr

.

He χ <∈ )f sgdm eχ(f( / eσ(f(. Sgtr vd g]ud e (fr( + eχ(fr( ≥ eχ(f( � 1 /

eσ(f(� 1 ]mc gdmbd e (fr( ≥ eσ(f(� 0+ e (f(� 0) ]r cdrhqdc-
Nm sgd nsgdq g]mc) he χ ∈ )f sgdm vd l]jd sgd enkknvhmf bk]hl-

&kThl- He χ ∈ )f ) sgdm sgdqd dwhrsr V τ ∈ )
→
fr

vhsg eτ(fr( ≥ eτ(f(� 0.

Oqnonrhshnm 7 enkknvr hlldch]sdkx eqnl sgd bk]hl) ]r enkknvr- Kds τ ad ]r hm sgd
bk]hl) rn sg]s eτ(fr( ≥ eτ(f(�0. Sgdm e (fr( + eτ(fr( ≥ eτ(f(�0 ≥ e (f(�0
]mc gdmbd e (fr( ≥ e (f(� 0) ]r cdrhqdc-

Sn oqnud sgd bk]hl) he eχ(fr( ≥ eχ(f(� 0 sgdm rhlokx kds τ + χ. He eχ(fr( +
eχ(f( � 1 sgdm vd trd χ sn bnmrsqtbs τ ∈ )

→
fr

rtbg sg]s eτ(fr( ≥ eτ(f( � 0) ]r
enkknvr-

Sgdqd dwhrs chrshmbs t) u ∈ {0) 1) . . . ) b{ rtbg sg]s χ(t( + σ(b ( ]mc χ(u( + σ(m(.

Ud mnv rgnv sg]s 0 . t . u . b. Sn rdd sg]s 0 . t) nardqud sg]s kσ(b ((fr( +
/ ats kχ(0((fr( ∈+ / rhmbd χ ∈ )

→
fr
= gdmbd σ(b ( ∈+ χ(0( ’h-d-) t ∈+ 0(. Sn rdd sg]s
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u . b) nardqud sg]s kσ(m((f( + kχ(u((f( ∈+ /. Pdb]kk sg]s) rhmbd χ ∈ )f ) vd ltrs
g]ud kχ(b ((f( + / ]mc gdmbd u ∈+ b.

Ehm]kkx) vd mddc sn rgnv sg]s t . u. Rhmbd χ(0( ∈+ σ(b () hs enkknvr sg]s
lχ(0((fr( + lχ(0((f(. @krn) rhmbd χ(u( ∈+ χ(b ( vd g]ud kχ(b ((fr( + kχ(b ((f(.

Sgtr) enq eχ(fr( + eχ(f(� 1 hs ltrs ad sg]s

l]w
1±h±b

>χ(h((f(� l]w
1±h±b

>χ(h((fr( + 1.

Sgd nmkx v]x sghr b]m g]oodm hr he l]w1±h±b >χ(h((f( hr qd]khydc ax ]m dwoqdrrhnm
sg]s bnms]hmr ansg lσ(b ((f( ]mc kσ(m((f() sg]s hr) ansg lχ(t((f( ]mc kχ(u((f(. Ax
bnmrsqtbshnm ne sgd sdqlr>χ(h((f() vd ltrs g]ud t . u enq sghr sn nbbtq: enq he t /
u ]mc he kχ(u((f(vdqd ] sdql hm sgd dwoqdrrhnm sg]s qd]khydc l]w1±h±b >χ(h((f() sgdm
sghr dwoqdrrhnm vntkc ]krn bnms]hm kχ(t((f( ]mc mns lχ(t((f( ]r qdpthqdc- Sgdqd,
enqd) t . u.

Ud mnv bnmrsqtbs τ ∈ )
→
fr

r]shrexhmf eτ(fr( ≥ eτ(f(� 0. Ud kds t ]mc u ad ]r
adenqd) ]mc vd rds sgd enkknvhmf cd“mhshnmr9

– enq h . t) kds τ (h( + χ(h(=
– enq t ± h . u) kds τ (h( + χ(h + 0(=
– enq h + u) kds τ (u( + χ(t(=
– enq h / u) kds τ (h( + χ(h(.

Ud “qrs rgnv sg]s τ ∈ )
→
fr

. Rhmbd χ(0( + τ (0( ]mc χ(b ( + τ (b () vd bk]hl sg]s
enq ]mx h vhsg 1 ± h ± b vd g]ud>τ (h((fr( ± l]w1±i±b >χ(i((fr(. Sghr hr bkd]qkx
sqtd vgdm h + b) rhmbd >τ (b ((fr( + >χ(b ((fr(. Ud mdws bnmrhcdq sgd entq qdl]hm,
hmf b]rdr) ]mc vd ]atrd ntq mns]shnm ax vqhshmf lχ(h() kχ(h() ]mc >χ(h( hmrsd]c ne
lχ(h((fr() kχ(h((fr() ]mc >χ(h((fr() qdrodbshudkx-

BVrd H5 h . t. Sgdm

>χ(h( + lχ(1( + · · · +lχ(h( + kχ(h( + · · · + kχ(t( + · · · + kχ(u( + · · · + kχ(b�0(

+ lχ(1( + · · · +lχ(h( + kχ(h( + · · · + kχ(t�0( + kχ(t+0( + · · · + kχ(u(

+ kχ(t( + kχ(u+0( + · · · + kχ(b�0(

+ lτ (1( + · · · +lτ (h( + kτ (h( + · · · + kτ (b�0(

+ >τ (h(.

Gdqd sgd rdbnmc dpt]khsx enkknvr eqnl sgd “qrs uh] qd]qq]mfhmf sdqlr ]mc hr sgdm
qdvqhssdm vhsg dpthu]kdms hmchbdr enq τ hm sgd sghqc dpt]khsx-

BVrd HH5 t ± h . u. Sgdm

>τ (h( + lτ (1( + · · · +lτ (t( + · · · +lτ (h( + kτ (h( + · · · + kτ (b�0(

+ lχ(1( + · · · +lχ(t�0( +lχ(t+0( + · · · +lχ(h+0( + kχ(h+0( + · · · + kχ(u(

+ kχ(t( + kχ(u+0( + · · · + kχ(b�0(

. lχ(1( + · · · +lχ(t�0( +lχ(t( +lχ(t+0( + · · · +lχ(h+0(

+ kχ(h+0( + · · · + kχ(u( + kχ(u+0( + · · · + kχ(b�0(

+ >χ(h+0(=
gdqd sgd hmdpt]khsx hr nas]hmdc ax hmbktchmf sgd zlhrrhmf• sdql lχ(t( + lσ(b ( /

/ ]mc nlhsshmf kχ(t( + / eqnl sgd dwoqdrrhnm-
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BVrd HHH5 h + u. Pdb]kk sg]s τ (u( + χ(t( + σ(b () ]mc mnsd sg]s τ (u � 0( +
χ(u( ax sgd cd“mhshnm ne τ. Sgdm

>τ (u( + lτ (1( + · · · +lτ (t�0( +lτ (t( + · · · +lτ (u�0( +lτ (u(

+ kτ (u( + · · · + kτ (b�0(

+ lχ(1( + · · · +lχ(t�0( +lχ(t+0( + · · · +lχ(u( +lχ(t(

+ kχ(t( + kχ(u+0( + · · · + kχ(b�0(

± lχ(1( + · · · +lχ(t�0( +lχ(t( +lχ(u( + kχ(u( + · · · + kχ(b�0( + >χ(u()

vgdqd sgd “m]k khmd hr nas]hmdc eqnl sgd oqdbdchmf dpt]khsx ax qd]qq]mfhmf sgd
dwhrshmf sdqlr) nlhsshmf kχ(t( + /) ]mc ]cchmf hm sgd sdql kχ(u(.

BVrd HT5 h / u. Sgdm

>χ(h( + lχ(1( + · · · +lχ(t( + · · · +lχ(u( + · · · +lχ(h( + kχ(h( + · · · + kχ(b�0(

+ lχ(1( + · · · +lχ(t�0( +lχ(t+0( + · · · +lχ(u( +lχ(t(

+lχ(u+0( + · · · +lχ(h( + kχ(h( + · · · + kχ(b�0(

+ >τ (h(.

Bnlahmhmf sgdrd b]rdr rgnvr sg]s) enq ]kk 1 ± h ± b) vd g]ud >τ (h((fr( ±
l]w1±i±b >χ(i((fr(. Sgtreτ(fr( ± eχ(fr( + e (fr( ]mc gdmbde (fr( + eτ(fr(=
sg]s hr) τ ∈ )fr . Mnv) rhmbd χ ∈ )

→
fr

) sghr hlokhdr sg]s kχ(0((fr( ∈+ /. Ats τ (0( +
χ(0( ]mc rn kτ (0((fr( ∈+ / ]r vdkk: sgdqdenqd) τ ∈ )

→
fr

.

Ehm]kkx) hs qdl]hmr sn rgnv sg]s eτ(fr( + eτ(f(� 0. Pdb]kk eqnl sgd cd“mhshnm
ne τ sg]s τ (u( + χ(t( + σ(b ( ]mc τ (u � 0( + χ(u( + σ(m(. Eqnl sgd bgnhbd ne
r) qdb]kk sg]s

’0( (lσ(b ((fr() kσ(b ((fr(( + (lσ(b ((f(� 0) kσ(b ((f(()
’1( (lσ(m((fr() kσ(m((fr(( + (lσ(m((f() kσ(m((f(� 0() ]mc
’2( (lσ(h((fr() kσ(h((fr(( + (lσ(h((f() kσ(h((f(( enq h ∈+ m) b.

Bnlo]qhmf>τ (h((fr( ]mc>τ (h((f( rgnvr sg]s>τ (h((fr( + >τ (h((f(�0 enq ]kk onr,
rhakd u]ktdr ne h.

Eqnl sgd cd“mhshnm ne τ vd rdd sg]s

lτ (0((f( + lχ(0((f( + lχ(0((fr( + lτ (0((fr(

]mc
kτ (b ((f( + kχ(b ((f( + kχ(b ((fr( + kτ (b ((fr(.

Sgtr eτ(fr( + eτ(f( � 0) vghbg bnmbktcdr sgd oqnne ne sgd bk]hl ]mc gdmbd ne
Oqnonrhshnm 7-

3- BnloWphmf Tnpc Jdmfsg hm )S�d( Wmc
ChrsWmad hm sgd Mpnctas ne Rpddr

Rhmbd sgd ChdrsdkflKd]cdq fq]og CK b(p( hr ] rtards ne sgd oqnctbs ne b sqddr ne u],
kdmbd p+0) hs hr m]stq]k sn bnlo]qd sgd vnqc ldsqhb nm sgd B]xkdx fq]og CK b(p( sn
sgd oqnctbs ldsqhb nm sgd oqnctbs ne sqddr- Sghr oqnctbs ldsqhb ]rrhfmr dudqx dcfd
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kdmfsg 0 ]mc rhlokx bntmsr dcfdr hm d]bg sqdd adsvddm sgd bnnqchm]sdr bnqqdronmc,
hmf sn svn cheedqdms fqnto dkdldmsr- Hs hr ] rsq]hfgsenqv]qc bnmrdptdmbd ne sgd
vnqc,kdmfsg enqltk] sg]s sgdrd svn ldsqhbr ]qd pt]rh,hrnldsqhb- Hm Bnqnkk]qx 0/
vd dwsdmc sgd vnqc,kdmfsg etmbshnm e sn bnlotsd sgd chrs]mbd hm sgd vnqc ldsqhb
’vhsg qdrodbs sn sgd fdmdq]shmf rds Pb(p(( adsvddm ]qahsq]qx fqnto dkdldmsr- Ud
bnmbktcd vhsg ] bnqnkk]qx sg]s bnmrsqtbsr ] e]lhkx ne pt]rh,fdncdrhb o]sgr eqnl
sgd udqsdw bnqqdronmchmf sn sgd hcdmshsx sn ] udqsdw bnqqdronmchmf sn ]mx fqnto
dkdldms-

Sfcnpcl 8- Ids k(f( cdmnsd sgd vnqc kdmfsg ne f ∈ )b(p( vhsg qdrodbs sn sgd
fdmdqVshmf rds Pb�p . Ids bS (f( ad sgd chrsVmbd hm sgd oqnctbs ldsqhb nm sgd oqnc,
tbs ne sqddr adsvddm f hm CK b(p( Vmc ε) sgd ywdc aVrd onhms bnqqdronmchmf sn sgd
hcdmshsx hm )b(p(. Sgdm

0

1
bS (f( ± k(f( ± 1bS (f(=

sgVs hr’ sgd vnqc kdmfsg hr ptVrh,hrnldsqhb sn sgd chrsVmbd eqnl sgd hcdmshsx hm sgd
oqnctbs ldsqhb nm sgd oqnctbs ne sqddr-

Mqnne- Kds #(f( + ((l0) k0() (l1) k1() . . . ) (lb ) kb ((. Hs enkknvr sg]s bS (f( +
)

b

h+0lh + kh + 1
)

b

h+0lh . Trhmf sgd vnqc,kdmfsg enqltk] eqnl Rdbshnm 2) vd
rdd sg]s) enq rnld σ ∈ %(b ()

k(f( + eσ(f( + (lσ(0( + kσ(b ((+ l]w
1±h±b

>σ(h(

±
) b

∑

h+0

lh +
b

∑

h+0

kh

(

+
b

∑

h+0

lh +
b

∑

h+0

kh + 1bS (f(.

Sn nas]hm ] knvdq antmc) mnsd sg]s

k(f( + lhm
σ∈%b

eσ(f( + lhm
σ∈%b

(

lσ(0( + kσ(b ( + l]w
1±h±b

>σ(h((f(

)

≥ lhm
σ∈%b

(

l]w
1±h±b

>σ(h((f(

)

.

Wds enq dudqx σ ∈ %b vd g]ud l]w1±h±b >σ(h((f( ≥ >σ(b ((f( +
)

b

h+0lh) rn

k(f( ≥
b

∑

h+0

lh +
0

1
bS (f(.

Bnlahmhmf sgdrd hmdpt]khshdr oqnudr sgd sgdnqdl-

Sgd “qrs bnqnkk]qx sn Sgdnqdl 8 qdpthqdr sg]s vd dwsdmc sgd sdbgmhptdr ne Rdb,
shnm 2 hm nqcdq sn bnlotsd sgd chrs]mbd hm sgd vnqc ldsqhb adsvddm ]qahsq]qx fqnto
dkdldmsr-

&npnkkTpx 0/- Ids f) g ∈ )b(p() Vmc kds bS (f) g( cdmnsd sgd chrsVmbd adsvddm
sgd svn udqshbdr hm CK b(p( bnqqdronmchmf sn f Vmc g vhsg qdrodbs sn sgd oqnctbs
ldsqhb nm sgd oqnctbs ne sqddr- Sgdm
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0

1
bS (f) g( ± k(f

�0
g( ± 1bS (f) g(.

Mqnne- Hm Rdbshnm 2 vd rgnv sg]s k(f( + e (f( enq sgd etmbshnm e cd“mdc sgdqd-
Sgd b]kbtk]shnm ne sgd u]ktd ne e (f( cdodmcr nmkx nm sgd bnnqchm]sdr ne #(f( +
�

(l0(f() k0(f(() . . . ) (lb(f() kb(f((
(

. Pdb]kk sg]s he f bnqqdronmcr sn sgd udqsdw
(f0) . . . ) fb( hm CK b(p( sgdm) enq 0± h ± b)

(lh(f() kh(f(( + (bSh(nh) nh f fh() bSh(fh) nh f fh(()

vgdqd (n0) . . . ) nb( hr sgd udqsdw hm CK b(p( bnqqdronmchmf sn sgd hcdmshsx dkdldms
ne )b(p(. Cd“md ]m ]m]knfntr qdk]shud oqnidbshnm etmbshnm #g(f( +

�

(lg�0(f()
kg�0(f(() . . . ) (lg�b(f() kg�b(f((

(

) vgdqd enq 0± h ± b vd g]ud

(lg�h(f() kg�h(f(( + (bSh(gh) gh f fh() bSh(fh) gh f fh((.

Mnv cd“md eg(f( ]r hm Rdbshnm 2) qdok]bhmf #(f( vhsg #g(f(. Adb]trd sgd oqnne
sg]s k(f( + e (f( hr rsqhbskx bnlahm]snqh]k) sgd ]qftldmsr hm Rdbshnm 2 hlokx sg]s
eg(f( bnlotsdr sgd vnqc kdmfsg ne f�0

g vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p=
sgd bnqnkk]qx sgdm enkknvr chqdbskx eqnl Sgdnqdl 8-

Sgd bnlonmdms ne sgd vnqc,kdmfsg etmbshnm sg]s bnlotsdr sgd l]whltl ne sgd
pt]mshshdr>σ(h( nudq σ ∈ %b oqdrdmsr ] bnlahm]snqh]k narsqtbshnm sn vqhshmf cnvm
] e]lhkx ne fdncdrhb o]sgr qdoqdrdmshmf dkdldmsr ne )b(p(. Sgd rxlldsqx oqdrdms
hm sgd ChdrsdkflKd]cdq fq]ogr fhudr qhrd sn ] m]stq]k e]lhkx ne o]sgr) cdrbqhadc
ax dcfd k]adkr) vhsg sgd oqnodqsx sg]s ]mx o]sg vhsg sgdrd dcfd k]adkr hr ] pt]rh,
fdncdrhb o]sg hm sgd B]xkdx fq]og CK b(p(. @ksgntfg hs hr nesdm mns che“btks sn
vqhsd cnvm ] e]lhkx ne pt]rh,fdncdrhb o]sgr hm ] B]xkdx fq]og) sgd o]sgr vd cd,
rbqhad ]qd drodbh]kkx m]stq]k sn sq]udqrd ]mc sgd bnmrsqtbshnm hr u]khc vgdm sgd sqddr
]qd odqltsdc) vghbg b]ostqdr sgd rxlldsqx ne sgd ChdrsdkflKd]cdq fq]ogr- Gdmbd
vd mnsd hm vg]s enkknvr sg]s sgdx ]qd pt]rh,fdncdrhbr-

Kds f ∈ )b(p( g]ud oqnidbshnm #(f( + ((l0) k0() (l1) k1() . . . ) (lb ) kb ((. Bnm,
rhcdq sgd rdptdmbd ne dcfd k]adkr

(db � d0(
l0(db � d1(

l1 . . . (db � db�0(
lb�0(d0� db(k0(d1 � db(k1

. . . (db�0� db(kb�0(d0� db(�(db � d0(
kb)

vgdqd � + lb + (l0+· · ·+lb�0(� (k0+· · ·+ kb�0( + lb +
�
)

b

h+0lh�lb

(

�
�
)

b

h+0lh � kb

(

+ kb . Ud bk]hl sgdqd hr rtbg ] o]sg ζf eqnl sgd a]rd onhms ε sn sgd
onhms γ ∈ CK b(p( hcdmsh“dc vhsg f= hm fdmdq]k) sgdqd ]qd l]mx onrrhakd bgnhbdr
ne ] o]sg vhsg sgd oqdbdchmf dcfd k]adkr- Lnqdnudq) sghr bnmrsqtbshnm gnkcr tmcdq
odqlts]shnm ne sgd sqddr S0) S1) . . . ) Sb .

&npnkkTpx 00- Ids f ∈)b(p() Vmc kds ζf ad Vmx oVsg eqnl ε sn γ vhsg sgd dcfd
kVadkr khrsdc Vanud- Sgdm ζf hr V ptVrh,fdncdrhb oVsg-

Mqnne- Sgd bnqnkk]qx enkknvr eqnl bnlahmhmf Sgdnqdl 8 ]mc Bnqnkk]qx 0/ ]mc
bgdbjhmf sg]s) enq ]mx svn onhmsr g0 ]mc g1 ]knmf ζf ) sgd chrs]mbd adsvddm sgdl
]knmf sgd o]sg ζf hr bn]qrdkx dpthu]kdms sn sgd chrs]mbd adsvddm sgdl hm sgd oqnc,
tbs ldsqhb nm sgd oqnctbs ne sqddr-
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4- CdWc,dmc Dkdldmsr

Hm ] fqnto F vhsg “mhsd fdmdq]shmf rds P) ]m dkdldms sg]s bnqqdronmcr sn ] udq,
sdw w ∈ )(F) P( hr ] cdVc,dmc dkdldms he mn fdncdrhb q]x hm )(F) P( eqnl b]m ad
dwsdmcdc o]rs w ]mc qdl]hm fdncdrhb- Hmsthshudkx) sgd cdosg ne sgd cd]c,dmc dkd,
ldms f hr sgd kdmfsg ne sgd rgnqsdrs o]sg hm )(F) P( eqnl f sn ]mx onhms hm sgd
bnlokdldms ne sgd a]kk ne q]chtr k(f(. Ansg sgd dwhrsdmbd ]mc cdosg ne cd]c,dmc
dkdldmsr cdodmc nm sgd fdmdq]shmf rds: hm Y02[ ]m dw]lokd hr fhudm ne ] “mhsdkx
fdmdq]sdc fqnto sg]s g]r cd]c,dmc dkdldmsr ne “mhsd cdosg vhsg qdrodbs sn nmd
fdmdq]shmf rds xds ne tmantmcdc cdosg vhsg qdrodbs sn ]mnsgdq- Sgdnqdl 01 fdm,
dq]khydr sgd l]hm qdrtks ne Y3: 4[”m]ldkx) sg]s )2(1( g]r cd]c,dmc dkdldmsr ne
]qahsq]qx cdosg vhsg qdrodbs sn ] fdmdq]shmf rds rhlhk]q sn P2�1.

Ccymhshnm 2- @m dkdldms f hm ] “mhsdkx fdmdq]sdc fqnto F hr ] cdVc,dmc dkd,
ldms vhsg qdrodbs sn V ymhsd fdmdqVshmf rds P enq F he k(f( + m ]mc k(fr( ± m

enq ]kk fdmdq]snqr r hm P ; P�0) vgdqd k(f( cdmnsdr sgd vnqc kdmfsg ne f ∈F vhsg
qdrodbs sn P.

Ccymhshnm 3- @ cd]c,dmc dkdldms f hm ] “mhsdkx fdmdq]sdc fqnto F vhsg qd,
rodbs sn ] “mhsd fdmdq]shmf rds P g]r cdosg j he j hr sgd k]qfdrs hmsdfdq vhsg sgd
enkknvhmf oqnodqsx- He sgd vnqc kdmfsg ne f hr m) sgdm k(fr0r1 · · · rq ( ± m enq 0 ±
q . j ]mc ]kk bgnhbdr ne fdmdq]snqr rh ∈ P ; P�0

.

Sgd fn]k ne sghr rdbshnm hr sn oqnud sgd enkknvhmf sgdnqdl-

Sfcnpcl 01- Sgd fqnto )b(p( gVr cdVc,dmc dkdldmsr ne VqahsqVqx cdosg vhsg
qdrodbs sn sgd fdmdqVshmf rds Pb�p .

Sgd ntskhmd ne sgd oqnne ne Sgdnqdl 01 lhlhbr sgd ntskhmd ne sgd oqnne hm Y3: 4[-
Gnvdudq) sgd cds]hkr ne sgd oqnner ]qd pthsd cheedqdms- Hm Y3: 4[) sgd k]lokhfgsdq
lncdk ne ]m dkdldms ne )2(1( hr trdc sn bnlotsd vnqc kdmfsg ]r vdkk ]r kdll]r
]m]knfntr sn sgnrd sg]s enkknv gdqd- Sghr lncdk dwsdmcr sgd vdkk,jmnvm k]lo,
khfgsdq lncdk ne ]m dkdldms hmHm + Nm |N ’ctd sn I- B]mmnm( hm vghbg ] fqnto dkd,
ldms ne Hm hr uhrt]khydc trhmf ] ah,hm“mhsd rsqhmf ne ltksh,rs]sd khfgs atkar ok]bdc
]s hmsdfdq onhmsr nm ] mtladq khmd ]knmf vhsg ] zk]lokhfgsdq•- Sgdm f ∈ Hm bnq,
qdronmcr sn ] “mhsd bnkkdbshnm ne hkktlhm]sdc atkar ]mc ]m hmsdfq]k onrhshnm ne sgd
k]lokhfgsdq- Gnvdudq) hm )2(1( sgd zk]lors]mc• ’]m]knfntr sn N enq Hm( bnmrhrsr
ne sgqdd ah,hm“mhsd q]xr) sgd hkktlhm]sdc atkar ]qd nas]hmdc trhmf ] rdqhdr ne qdk],
shnmr cdqhudc eqnl O]rb]k�r sqh]mfkd lnctkn 1) ]mc sgd zk]lokhfgsdq• lnudr nudq
] N·N fqhc- @ oqdbhrd dwsdmrhnm ne sghr lncdk sn cdrbqhad dkdldmsr ne )b(p( enq
b / 2 rddlr ]lahftntr- Sgd oqnner fhudm gdqd qdkx hmrsd]c nm sgd fdnldsqx ne
sgd ChdrsdkflKd]cdq fq]ogr ]mc sgdhq hmgdqdms rxlldsqx-

Adfhm ax cd“mhmf) enq ]mx m∈N+) sgd rds

Gm +
{

f ∈)b(p( | #(f( +
�

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

vhsg / ± lh(f( ± m ]mc / ± kh(f( ± lh(f(+ m enq ]kk 0± h ± b
}

.
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Hm sgd mdws svn kdll]r vd rgnv sg]s sgd vnqc kdmfsg ne ]mx onhms hm Gm vhsg qd,
rodbs sn Pb�p hr antmcdc ]mc cdrbqhad ] rds ne udqshbdr hm Gm ]s l]whl]k chrs]mbd
eqnl sgd hcdmshsx- Oqnner ne ansg kdll]r enkknv d]rhkx eqnl sgd vnqc,kdmfsg enq,
ltk] oqnudc hm Rdbshnm 2-

JcllT 02- He f ∈Gm) sgdm k(f( ± (b + 1(m.

Mqnne- Kds f ∈ Gm vhsg #(f( + ((l0) k0() (l1) k1() . . . ) (lb ) kb ((. Bgnnrd σ ∈
%b rn sg]s kσ(0( ≥ kσ(1( ≥ · · · ≥ kσ(b (. Ud bk]hl sg]s lσ(0( + >σ(h((f( + kσ(b ( ±
(b + 1(m enq dudqx 1 ± h ± b ]mc gdmbd eσ(f( ± (b + 1(m. Hs sgdm enkknvr eqnl
sgd vnqc,kdmfsg enqltk] sg]s k(f( ± eσ(f( ± (b + 1(m.

Bgnnrd j rtbg sg]s kσ(j( / m ats kσ(j+0( ± m ]mc rtbg sg]s j + / he kσ(h( ± m enq
dudqx h. Rhmbd

b
∑

h+0

kσ(h((f( +
b

∑

h+0

lσ(h((f( ± bm)

hs enkknvr sg]s j . b. Etqsgdqlnqd) vd bk]hl sg]s kσ(h( +· · ·+ kσ(b ( ± (b� h+0(m
enq 0± h ± b. Sghr hr bkd]q he h ≥ j+0) rhmbd sgdm d]bg sdql hm sgd rtl hr kdrr sg]m
m. Ats he 0± h ± j+0 sgdm kσ(0( +· · ·+ kσ(h�0( ≥ (h�0(m) rn kσ(h( +· · ·+ kσ(b ( ±
bm� (�h + 0(m + (b � h + 0(m.

Enq 1 ± i ± b � 0) vd rdd sg]s

lσ(0( + >σ(i((f(+ kσ(b ( +
i

∑

h+0

lσ(h( +
b

∑

h+i
kσ(h(

± im+ (b � i + 0(m + (b + 0(m.

Ats >σ(b ((f( +
)

b

h+0lσ(b ( ± bm ]mc rn lσ(0( + >σ(b ((f( + kσ(b ( ± (b + 1(m.
Sgtr lσ(0( + >σ(h((f( + kσ(b ( ± (b + 1(m enq dudqx 1 ± h ± b) ]r bk]hldc) ]mc
sgd kdll] enkknvr-

Sgd mdws kdll] hr ]m hlldch]sd bnmrdptdmbd ne sgd vnqc,kdmfsg enqltk] eqnl
Rdbshnm 2-

JcllT 03- He fm ∈ Gm Vmc #(fm( + ((m) m() (m) m() . . . ) (m) m(() sgdm k(f( +
(b + 1(m.

Sgd oqnne ne Sgdnqdl 01 enkknvr d]rhkx eqnl Kdll]r 02 ]mc 03-

Mqnne ne Sgdnqdl.1- Kds fm∈Gm ad ]mx dkdldms vhsg #(fm(+ ((m) m() (m) m() . . . )
(m) m((. Hm Kdll] 03 hs hr rgnvm sg]s k(f( + (b + 1(m. Hs enkknvr hlldch]sdkx
eqnl Kdll] 02 sg]s fm hr ] cd]c,dmc dkdldms adb]trd ]kk udqshbdr ]ci]bdms sn fm
khd hm Gm.

Sn rdd sg]s sgd cdosg ne fm hr ]s kd]rs m) mnsd sg]s sgd kdmfsg ne ] o]sg eqnl fm

sn ] onhms ntsrhcd Gm ltrs bnms]hm ] rtao]sg ne ]s kd]rs m dcfdr- Sgtr sgd cdosg
ne fm hr ]s kd]rs m) ]mc vd bnmbktcd sg]s )b(p( g]r cd]c,dmc dkdldmsr ne ]qahsq]qx
cdosg vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p .
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5- Bnmd Rwodr Wmc Edncdrha JWmftWfdr

Ud mnv oqnud sg]s )b(p( g]r mn qdftk]q k]mft]fd ne fdncdrhbr vhsg qdrodbs sn
sgd fdmdq]shmf rds Pb�p= hm nsgdq vnqcr) sgdqd hr mn bnkkdbshnm ne fdncdrhb qdoqd,
rdms]shudr enq dkdldmsr ne )b(p( sg]s hr ]bbdosdc ax ] “mhsd,rs]sd ]tsnl]snm- Sgd
dwhrsdmbd ne ] qdftk]q k]mft]fd ne fdncdrhbr enq ] “mhsdkx fdmdq]sdc fqnto F hr
dpthu]kdms sn sgd “mhsdmdrr ne sgd rds ne bnmd sxodr ne F ’rdd d-f- Y00) Sgl- 8-17[
enq ] oqnne ne sghr dpthu]kdmbd(- Ud oqnud sg]s )b(p( g]r hm“mhsdkx l]mx bnmd
sxodr vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p ) ]mc hs enkknvr sg]s )b(p( g]r mn qdf,
tk]q k]mft]fd ne fdncdrhbr vhsg qdrodbs sn Pb�p .

Ud adfhm ax cd“mhmf sgd bnmd ]mc sgd bnmd sxod ne ]m dkdldms f ∈F) vgdqd F
hr ] fqnto vhsg “mhsd fdmdq]shmf rds P. B]mmnm Y2[ cd“mdc sgd bnmd sxod ne ]m dkd,
ldmsv ∈F sn ad sgd rds ne fdncdrhb dwsdmrhnmr nev hm sgd B]xkdx fq]og )(F) P(.

Ccymhshnm 4- @ o]sg o hr ntsantmc he b(0)o(s(( hr ] rsqhbskx hmbqd]rhmf etmb,
shnm ne s. Enq ] fhudm f ∈F) sgd bnmd ]s f) cdmnsdc A →

(f() hr sgd rds ne ]kk ntsantmc
o]sgr rs]qshmf ]s f. Cd“md sgd bnmd sxod ne f) cdmnsdc A(f() sn ad f�0

A
→
(f(.

Sghr cd“mhshnm ]ookhdr ansg hm sgd chrbqdsd rdsshmf ne sgd fqnto ]mc hm sgd nmd,
chldmrhnm]k ldsqhb ro]bd sg]s hr sgd B]xkdx fq]og- @ rtaskdsx hr sg]s he sgd oqdrdm,
s]shnm enq F hmbktcdr ncc,kdmfsg qdk]snqr) sgdm sgd bnmd sxod ne ]m dkdldms hm sgd
B]xkdx fq]og l]x hmbktcd o]sgr sg]s dmc ]s sgd lhcckd ne ]m dcfd- He sgd oqdrdm,
s]shnm enq F bnmrhrsr dmshqdkx ne dudm,kdmfsg qdk]snqr) sgdm dudqx bnmd sxod uhdvdc
hm sgd B]xkdx fq]og bnmrhrsr dmshqdkx ne etkk dcfd o]sgr- Ud qdedq sgd qd]cdq sn Y00[
nq Y01[ enq ] lnqd cds]hkdc chrbtrrhnm ne bnmd sxodr-

Sfcnpcl 04- Sgd fqnto )b(p( gVr hmymhsdkx lVmx bnmd sxodr vhsg qdrodbs sn sgd
fdmdqVshmf rds Pb�p .

Sgd enkknvhmf bnqnkk]qx hr ]m hlldch]sd bnmrdptdmbd ne Sgdnqdl 04-

&npnkkTpx 05- Sgd fqnto )b(p( gVr mn qdftkVq kVmftVfd ne fdncdrhbr vhsg qd,
rodbs sn sgd fdmdqVshmf rds Pb�p .

Ud adfhm vhsg ] kdll] rs]shmf rte“bhdms ats mns mdbdrr]qx bnmchshnmr nm σ ∈ %b

sn dmrtqd sg]s e (f( + eσ(f(= sghr kdll] vhkk ad dwsqdldkx trdetk hm sgd oqnne ne
Sgdnqdl 04) fhudm sg]s qd]khyhmf vgdm e (f( + eσ(f( enq ] o]qshbtk]q f ∈ )b(p(

]mc σ ∈ %b b]m ad che“btks- Pdb]kk sg]s vd hcdmshex f ∈)b(p( vhsg sgd udqsdw w ∈
CK b(p( bnqqdronmchmf sn hs ]mc sg]s vd ]atrd mns]shnm ax vqhshmf #(f( enq #(w(.

JcllT 06- Ids f ∈)b(p( gVud oqnidbshnm

#(f( + �

(l0(f() k0(f(() (l1(f() k1(f(() . . . ) (lb(f() kb(f((
(

.

He σ ∈ %b rVshrydr

’0( lhmτ∈%b
lτ (0((f(+ kτ (b ((f( + lσ(0((f(+ kσ(b ((f( Vmc

’1( l]w1±h±b >σ(h((f( + >σ(b ((f()

sgdm e (f( + eσ(f(.
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Mqnne- Kds σ ad ]r hm sgd rs]sdldms ne sgd kdll]) ]mc kds τ ad ]mx dkdldms ne %b .

Hs hr ]kv]xr sqtd sg]s l]w1±h±b >τ (h((f( ≥ >τ (b ((f( ]mc) ax sgd bgnhbd ne σ) sg]s
lτ (0((f(+ kτ (b ((f( ≥ lσ(0((f(+ kσ(b ((f(. Sgdqdenqd)

eτ(f( + lτ (0((f(+ kτ (b ((f(+ l]w
1±h±b

>τ (h((f(

≥ lσ(0((f(+ kσ(b ((f(+ >τ (b ((f(

+ lσ(0((f(+ kσ(b ((f(+ >σ(b ((f(

+ eσ(f(.

Gdmbd) ax sgd cd“mhshnm ne e (f() vd ltrs g]ud e (f( + eσ(f(.

Sn oqnud Sgdnqdl 04 vd cd“md ] rdptdmbd ne dkdldmsr {fm{ rtbg sg]s sgdqd hr ]
fdncdrhb o]sg ne kdmfsg m eqnl fm sdqlhm]shmf ]s ] cd]c,dmc dkdldms ]mc rtbg sg]s
mn rgnqsdq fdncdrhb o]sg eqnl fm qd]bgdr ]mx nsgdq cd]c,dmc dkdldms ne sgd fqnto-
Sgtr d]bg fm khdr hm ] cheedqdms bnmd sxod) ]mc sgd sgdnqdl enkknvr-

Mqnne ne Sgdnqdl .4- Kds fm enq m∈N+ ad ]mx dkdldms vhsg oqnidbshnm

#(fm( + ((1m) 2m() (2m) 3m() (3m) 4m() (4m) 5m()

. . . ) ((b � 0(m) bm() (bm) 2m() (1m) m((.

Ud rs]qs ax rgnvhmf sg]s e (fm( + eε(fm( enq ε sgd hcdmshsx odqlts]shnm ]mc rodbhe,
hb]kkx sg]s e (fm( + 2m+ )

b

h+0 lh(fm(.

Ehqrs mnsd sg]s lhmτ∈%b
lτ (0((fm( + kτ (b ((fm( + 2m + lε(0((fm( + kε(b ((fm(.

Rdbnmc) bnmrhcdq >ε(b ((fm( + 1m+ )

b

i+1 im + 3m+ )

b

i+2 im ]mc bnlo]qd sghr
u]ktd sn >ε(h((fm( enq h ∈+ b. Ugdm 1 ± h . b � 0)

>ε(h((fm( + Yl1(fm(+l2(fm(+ · · · +lh(fm([ + Ykh(fm(+ · · · + kb�0(fm([

+ Y2m+ 3m+ · · · + (h + 0(m[ + Y(h + 1(m+ · · · + bm+ 2m[

+ 2m+
b

∑

i+2

im . 3m+
b

∑

i+2

im + >ε(b ((fm(.

Ugdm h + b � 0 vd rdd sg]s

>b�0(fm( + 2m+
b

∑

i+2

im . 3m+
b

∑

i+2

im + >ε(b ((fm(.

Hs sgdm enkknvr eqnl Kdll] 06 sg]s e (fm( + eε(fm( + 2m + )

b

h+0 lh(fm(. Ud
mnsd enq k]sdq trd sg]s >ε(b ((fm(� >ε(h((fm( + m vgdm h ∈+ b.

Kds gm ad ]mx onhms bnmmdbsdc sn fm ax ] o]sg ne kdmfsg ]s lnrs m hm CK b(p(.

Sgdm gm g]r oqnidbshnm

#(gm( + ((1m) 2m� q0() (2m) 3m� q1() (3m) 4m� q2() (4m) 5m� q3()

. . . ) ((b � 0(m) bm� qb�1() (bm) 2m� qb�0() (1m) m� qb(()

vgdqd sgd qh r]shrex sgd enkknvhmf rs]sdldmsr9
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’0(
)

b

h+0 qh + /= ]mc
’1( sgd rtl ne sgd onrhshud qh hr ]s lnrs m ]mc rn sgd rtl ne sgd mdf]shud qh hr ]s

kd]rs �m.
Ud trd Kdll] 06 ]f]hm sn b]kbtk]sd e (gm(. Nardqud sg]s) enq ]mx τ ∈ %b )

lhm
τ∈%b

lτ (0((gm(+ kτ (b ((gm( + 2m� qb + lε(0((gm(+ kε(b ((gm(

]mc sg]s 1m ± 2m� qb ± 3m. Lnqdnudq)>ε(b ((gm( + >ε(b ((fm(. Ud mnv bnlo]qd
>ε(h((fm( ]mc >ε(h((gm( enq h ∈+ b ]mc nas]hm

>ε(h((gm( + 2m+ 3m+ · · · + (h + 0(m+ (h + 1(m� qh

+ (h + 2(m� qh+0 + · · · + bm� qb�1 + 2m� qb�0

+ >ε(h((fm(� (qh + · · · + qb�0( ± >ε(h((fm(+ m.

Ud g]ud ]kqd]cx rgnvm sg]s>ε(b ((fm(�>ε(h((fm( + m enq 1 ± h . b. Bnlahmhmf
sghr vhsg sgd oqdbdchmf hmdpt]khsx xhdkcr

>ε(h((gm( ± >ε(h((fm(+ m + >ε(b ((fm(� m+ m + >ε(b ((fm( + >ε(b ((gm(=
gdmbd l]w1±h±b >ε(h((gm( + >ε(b ((gm(. Kdll] 06 sgdm hlokhdr sg]s

e (gm( + eε(gm( + 2m� qb + >ε(b ((gm(.

Mdws) vd bgnnrd gm sn ad ] onhms ne sgd enql itrs cdrbqhadc sg]s hr bnmmdbsdc
sn fm ax ] o]sg ne kdmfsg ]s lnrs m � 0. Ud rgnv sg]s gm hr mns ] cd]c,dmc dkd,
ldms ax dwghahshmf ] fdmdq]snq r rtbg sg]s e (gmr( + e (gm(+ 0. Kds r ∈ Pb�p ad ]
fdmdq]snq bnqqdronmchmf sn ]m dcfd ne sxod db � d0 dl]m]shmf eqnl gm) rn sg]s

#(gmr( + ((1m) 2m� q0� 0() (2m) 3m� q1() (3m) 4m� q2() (4m) 5m� q3()

. . . ) ((b � 0(m) bm� qb�1() (bm) 2m� qb�0() (1m) m� qb + 0((.

@r sgd nqcdqdc o]hqr hm sgd oqnidbshnm ]qd tmbg]mfdc adsvddm #(gm( ]mc #(gmr(

dwbdos hm sgd rdbnmc bnnqchm]sd ne sgd “qrs ]mc k]rs nqcdqdc o]hqr) hs hr rshkk sgd b]rd
sg]s l]w1±h±b >ε(h((gmr( + >ε(b ((gmr(. Mnsd hm ]cchshnm sg]s

lhm
τ∈%b

lτ (0((gmr(+ kτ (b ((gmr( + 2m� qb + 0+ lε(0((gmr(+ kε(b ((gmr(.

Sgd l]whltl u]ktd ne 2m � qb + 0 hr 3m= hs l]x ad onrrhakd sn ]bghdud ] u]ktd
ne 3m trhmf ]mnsgdq odqlts]shnm hm %b ) ats he 2m � qb + 0 + 3m sgdm sgd u]ktd
ne lτ (0((gmr( + kτ (b ((gmr( b]m mdudq ad kdrr sg]m 3m vhsg ]mx mnmhcdmshsx odq,
lts]shnm- Sgtr vd b]m ]bghdud sgd lhmhltl u]ktd ne sghr pt]mshsx ax trhmf ε.

Kdll] 06 mnv hlokhdr sg]s e (gmr( + eε(gmr( + 2m � qb + 0 + >ε(b ((gmr( +
2m� qb +0+>ε(b ((gm( + e (gm(+0= gdmbd gm hr mns ] cd]c,dmc dkdldms hm )b(p(

vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p .
Ud mnv rgnv sg]s sgdqd hr ] fdncdrhb o]sg ne kdmfsg m eqnl fm sg]s sdqlhm]sdr ]s

] cd]c,dmc dkdldms) vghbg vd cdmnsd fm�m. M]ldkx) bnmrhcdq ]mx o]sg ne kdmfsg m
nqhfhm]shmf ]s fm vhsg sgd oqnodqsx sg]s sgd hsg onhms nm sgd o]sg) cdmnsdc fm�h) g]r
oqnidbshnm

#(fm�h ( + ((1m) 2m� h() (2m) 3m() (3m) 4m() (4m) 5m()

. . . ) ((b � 0(m) bm() (bm) 2m() (1m) m+ h((
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enq 0 ± h ± m. Kdsshmf q0 + h) qb + �h) ]mc qi + / enq 0 . i . b) sgd oqdbdchmf
]qftldms hlokhdr sg]s

e (fm�h ( + eε(fm�h ( + 2m� qb + >ε(b ((fm�h ( + 2m� qb + >ε(b ((fm(

+ e (fm(� qb + e (fm(+ h.

Sgdqdenqd) sghr o]sg hr fdncdrhb-
Ud mnv rgnv sg]s sgd dmconhms fm�m ne sghr o]sg) vghbg g]r oqnidbshnm

#(fm�m( + ((1m) 1m() (2m) 3m() (3m) 4m() (4m) 5m()

. . . ) ((b � 0(m) bm() (bm) 2m() (1m) 1m(()

hr ] cd]c,dmc dkdldms hm )b(p( vhsg qdrodbs sn sgd fdmdq]shmf rds Pb�p .
Ud jmnv sg]s e (fm�m( + 3m + >ε(b ((fm�m(. Kds r ∈ Pb�p ad ]mx fdmdq]snq rtbg

sg]s fm�mr ∈+ fm�m�0. Ud ltrs rgnv sg]s e (fm�mr( ± e (fm�m(. Rhmbd kh(fm�m( / /
enq ]kk h) sgdqd ltrs ad hmchbdr i ∈+ j vhsg

’0( (li(fm�mr() ki(fm�mr(( + (li(fm�m() ki(fm�m(+ 0()
’1( (lj(fm�mr() kj(fm�mr(( + (lj(fm�m() kj(fm�m(� 0() ]mc
’2( (lq(fm�mr() kq(fm�mr(( + (lq(fm�m() kq(fm�m(( enq q ∈+ i) j.

BVrd .5 j + b. Trhmf sgd hcdmshsx odqlts]shnm ε) nardqud sg]s

lhm
τ∈%b

lτ (0((fm�mr(+ kτ (b ((fm�mr( + 3m� 0+ lε(0((fm�mr(+ kε(b ((fm�mr(.

Hs l]x mnv ad sgd b]rd sg]s >ε(h((fm�mr( + >ε(h((fm�m( + 0 enq rnld h= gnvdudq)
hs hr ]kv]xr sqtd sg]s enq 1 ± h ± b � 0 vd g]ud >ε(h((fm�mr( ± >ε(h((fm�m( + 0.
Rhmbd >ε(b ((fm�m(� >ε(h((fm�m( + m) enq 1 ± h ± b � 0 hs enkknvr sg]s

>ε(h((fm�mr( ± >ε(h((fm�m(+ 0± >ε(h((fm�m(+ m + >ε(b ((fm�m( + >ε(b ((fm�mr(.

Sgdm) ax Kdll] 06) e (fm�mr( + eε(fm�mr( + 3m � 0 + >ε(b ((fm�mr(. Rhmbd
>ε(b ((fm�mr( + >ε(b ((fm�m( vd rdd sg]s e (fm�mr( + e (fm�m(� 0.

BVrd 15 j + 0. Pdok]bhmf ε vhsg sgd odqlts]shnm σ + (0 b ( ∈ %b ) sgd ]qft,
ldms hm B]rd 0 rgnvr sg]s e (fm�mr( + eσ(fm�mr( + e (fm�m(� 0.

BVrd 25 1 ± j ± b � 0 Vmc i ∈+ b. Ehqrs mnsd sg]s

lhm
τ∈%b

lτ (0((fm�mr(+ kτ (b ((fm�mr( + 3m + lε(0((fm�mr(+ kε(b ((fm�mr(

]mc sg]s >ε(b ((fm�mr( + >ε(b ((fm�m(. @r hm sgd oqdbdchmf b]rdr) >σ(h((fm�mr( ±
>ε(h((fm�m( + 0 enq 1 ± h ± b � 0 ]mc sgd r]ld qd]rnmhmf ]r adenqd xhdkcr
>ε(h((fm�mr( ± >ε(b ((fm�mr(. @ksnfdsgdq) sgdm) vd g]ud e (fm�mr( + eε(fm�mr( +
3m + >ε(b ((fm�mr(. Rhmbd >ε(b ((fm�mr( + >ε(b ((fm�m( hs enkknvr sg]s e (fm�mr( +
e (fm�m(.

BVrd 35 1 ± j ± b � 0 Vmc i + b. Pdok]bhmf ε vhsg sgd odqlts]shnm σ +
(0 b (∈ %b ) sgd ]qftldms hm B]rd 2 rgnvr sg]s e (fm�mr( + eσ(fm�mr( + e (fm�m(.

Bnlahmhmf B]rdr 0fl3 rgnvr sg]s e (fm�mr( ± e (fm�m( enq ]kk r ∈ Pb�p . Sgdqdenqd)
fm�m hr ] cd]c,dmc dkdldms hm )b(p( vhsg qdrodbs sn sghr fdmdq]shmf rds-
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Sgtr) sgdqd hr ] fdncdrhb o]sg ne kdmfsg m eqnl fm sg]s sdqlhm]sdr ]s ] cd]c,dmc
dkdldms ne )b(p() ]mc mn rgnqsdq o]sg eqnl fm qd]bgdr ] cd]c,dmc dkdldms- Gdmbd
d]bg fm khdr hm ] chrshmbs bnmd sxod) eqnl vghbg sgd sgdnqdl enkknvr-

Pdedpdmadr

Y0[ K- A]qsgnkch) L- Mdtg]trdq) ]mc U- Undrr) Gnqnbxbkhb oqnctbsr ne sqddr’ I- Dtq-
L]sg- Rnb- ’IDLR( 0/ ’1//7() 660fl705-

Y1[ K- A]qsgnkch ]mc U- Undrr) PodbsqVk bnlotsVshnmr nm kVlokhfgsdq fqntor Vmc
ChdrsdkfiIdVcdq fqVogr’ I- Entqhdq @m]k- @ook- 00 ’1//4() 064fl1/1-

Y2[ I- U- B]mmnm) Sgd bnlahmVsnqhVk rsqtbstqd ne bnbnloVbs chrbqdsd gxodqankhb fqntor’
Fdnl- Cdchb]s] 05 ’0873() 012fl037-

Y3[ R- Bkd]qx ]mc S- P- Phkdx) : ymhsdkx oqdrdmsdc fqnto vhsg tmantmcdc cdVc,dmc
cdosg’ Oqnb- @ldq- L]sg- Rnb- 023 ’1//5() 232fl238-

Y4[ ) DqqVstl sn5 : ymhsdkx oqdrdmsdc fqnto vhsg tmantmcdc cdVc,dmc cdosg’
Oqnb- @ldq- L]sg- Rnb- 025 ’1//7() 1530fl1534-

Y5[ W- cd Bnqmtkhdq ]mc P- Sdrrdq]) LdsVadkhVm fqntor vhsg ptVcqVshb Cdgm etmbshnm Vmc
AVtlrkVffiPnkhsVq fqntor’ Bnmfitdmsdr L]sg- 1 ’1/0/() 320fl332-

Y6[ P- Chdrsdk ]mc H- Kd]cdq) : bnmidbstqd bnmbdqmhmf V khlhs ne mnm,BVxkdx fqVogr’
I- @kfdaq]hb Bnlahm- 03 ’1//0() 06fl14-

Y7[ @- Drjhm) C- Ehrgdq) ]mc J- Ugxsd) BnVqrd cheedqdmshVshnm ne ptVrh,hrnldsqhdr H5
PoVbdr mns ptVrh,hrnldsqhb sn BVxkdx fqVogr’ @mm- ne L]sg- ’1( 065 ’1/01() 110fl15/-

Y8[ L- Fqnlnu) :rxlosnshb hmuVqhVmsr ne hmymhsd fqntor’ Fdnldsqhb fqnto sgdnqx) unk- 1
’Rtrrdw) 0880() Knmcnm L]sg- Rnb- Kdbstqd Mnsd Rdq-) 071) oo- 0fl184) B]laqhcfd
Tmhu- Oqdrr) B]laqhcfd) 0882-

Y0/[ L- J]rr]anu ]mc S- Phkdx) Sgd Cdgm etmbshnm ne AVtlrkVf�r ldsVadkhVm fqnto’
Fdnl- Cdchb]s] 047 ’1/01() 0/8fl008-

Y00[ I- Ldhdq) Fqntor’ fqVogr Vmc sqddr’ @m hmsqnctbshnm sn sgd fdnldsqx ne hm“mhsd
fqntor) Knmcnm L]sg- Rnb- Rstc- Sdwsr) 62) B]laqhcfd Tmhu- Oqdrr) B]laqhcfd)
1//7-

Y01[ U- C- Mdtl]mm ]mc L- Rg]ohqn) : rgnqs bntqrd hm fdnldsqhb fqnto sgdnqx’ Mnsdr enq
sgd @MT vnqjrgno ’I]mt]qx.Edaqt]qx 0885() Snonknfx @sk]r Cnbtldms mn- h]]h,02-

Y02[ S- P- Phkdx ]mc @- C- U]qrg]kk) Sgd tmantmcdc cdVc,dmc cdosg oqnodqsx hr mns V
fqnto hmuVqhVms’ Hmsdqm]s- I- @kfdaq] Bnlots- 05 ’1//5() 858fl872-

Y03[ I-S]a]bj ]mc O-Unmf)Sgd fdnldsqx ne svhrsdc bnmitfVbx bkVrrdr hm vqdVsg oqnctbsr’
Fdnldsqx) qhfhchsx) ]mc fqnto ]bshnmr) oo- 450fl476) Bghb]fn Kdbstqdr hm L]sg-) Tmhu-
Bghb]fn Oqdrr) Bghb]fn) 1/00-

Y04[ U- Undrr) IVlokhfgsdqr’ ChdrsdkfiIdVcdq fqVogr’ qVmcnl vVkjr’ Vmc gVqlnmhb
etmbshnmr’ Bnlahm- Oqna]a- Bnlots- 03 ’1//4() 304fl322-

L- Rsdhm
Cdo]qsldms ne L]sgdl]shbr
Sqhmhsx Bnkkdfd
G]qsenqc) BS /50/5

ldk]mhd-rsdhm?sqhmbnkk-dct

I- S]a]bj
Cdo]qsldms ne L]sgdl]shbr
Anvcnhm Bnkkdfd
Aqtmrvhbj) LD /3/00

is]a]bj?anvcnhm-dct
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