
Bowdoin College Bowdoin College 

Bowdoin Digital Commons Bowdoin Digital Commons 

Mathematics Faculty Publications Faculty Scholarship and Creative Work 

11-1-2015 

Tree-based language complexity of Thompson's group F Tree-based language complexity of Thompson's group F 

Jennifer Taback 
Bowdoin College 

Sharif Younes 
NuFit Media 

Follow this and additional works at: https://digitalcommons.bowdoin.edu/mathematics-faculty-

publications 

Recommended Citation Recommended Citation 
Taback, Jennifer and Younes, Sharif, "Tree-based language complexity of Thompson's group F" (2015). 
Mathematics Faculty Publications. 48. 
https://digitalcommons.bowdoin.edu/mathematics-faculty-publications/48 

This Article is brought to you for free and open access by the Faculty Scholarship and Creative Work at Bowdoin 
Digital Commons. It has been accepted for inclusion in Mathematics Faculty Publications by an authorized 
administrator of Bowdoin Digital Commons. For more information, please contact mdoyle@bowdoin.edu, 
a.sauer@bowdoin.edu. 

https://digitalcommons.bowdoin.edu/
https://digitalcommons.bowdoin.edu/mathematics-faculty-publications
https://digitalcommons.bowdoin.edu/mathematics-faculty
https://digitalcommons.bowdoin.edu/mathematics-faculty-publications?utm_source=digitalcommons.bowdoin.edu%2Fmathematics-faculty-publications%2F48&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.bowdoin.edu/mathematics-faculty-publications?utm_source=digitalcommons.bowdoin.edu%2Fmathematics-faculty-publications%2F48&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.bowdoin.edu/mathematics-faculty-publications/48?utm_source=digitalcommons.bowdoin.edu%2Fmathematics-faculty-publications%2F48&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:mdoyle@bowdoin.edu,%20a.sauer@bowdoin.edu
mailto:mdoyle@bowdoin.edu,%20a.sauer@bowdoin.edu


Fqntor Bnlokdw- Bqxosnk- 1”04: 6 �1(/024É041

PdrdYpbg :pshbkd

Idmmhedq S]a]bj) ]mc Rg]qhe Wntmdr

Spdd*aYrdc kYmftYfd bnlokdwhsx ne
Sgnlornmzr fpnto C
:arspYbs. Sgd cdffimhshnm ne fq]og ]tsnl]shb fqntor ax Ig]qk]lonuhbg) Igntrr]hmnu ]mc Lh]rmhjnu ]mc hsr
dwsdmrhnm sn �,fq]og ]tsnl]shb ax Dkcdq ]mc sgd ffiqrs ]tsgnq q]hrd sgd ptdrshnm ne vgdsgdq Sgnlornm–r fqnto
D hr fq]og ]tsnl]shb- Vd cdffimd ] k]mft]fd ne mnql]k enqlr a]rdc nm sgd bnlahm]snqh]k ’b]qds sxodr“) vghbg
]qhrd vgdm dkdldmsr ne D ]qd bnmrhcdqdc ]r o]hqr ne ffimhsd qnnsdc ahm]qx sqddr- Sgd k]mft]fd hr ]bbdosdc ax ]
ffimhsd rs]sd l]bghmd vhsg svn bntmsdqr) ]mc enqlr sgd a]rhr ne ] 2,bntmsdq fq]og ]tsnl]shb rsqtbstqd enq sgd
fqnto-

Jdxunpcr. Sgnlornm–r fqnto D) ]tsnl]shb fqnto) fq]og ]tsnl]shb fqnto) �,fq]og ]tsnl]shb fqnto

LRB 1’0’. 1”E54) 57P34

CNH/ 0”-0404.fbb,1”04,”””8
Qdbdhudc I]mt]qx 07* 1”04: qduhrdc L]x 17* 1”04

0 Hmspnctbshnm
Hs hr mns jmnvm vgdsgdq Sgnlornm–r fqnto D hr ]tsnl]shb: D g]r rnld bg]q]bsdqhrshbr ne ]m ]tsnl]shb fqnto
rtbg ]r pt]cq]shb Cdgm etmbshnm) sxod DO∞ ]mc vnqc oqnakdl rnku]akd hm N�m knf m( shld �rdd Y0”[) Y1[ ]mc
Y02[) qdrodbshudkx(- Wds ]m ]tsnl]shb rsqtbstqd enq sgd fqnto qdl]hmr dktrhud- Fta] ]mc R]ohq oqdrdms ] qdftk]q
k]mft]fd ne mnql]k enqlr enq dkdldmsr ne D hm Y0”[) ]mc Bkd]qx ]mc sgd ffiqrs ]tsgnq rgnv sg]s D g]r mn qdftk]q
k]mft]fd ne fdncdrhbr hm Y4[-

Vhsg sgd dwsdmrhnm ne sgd mnshnm ne ]m ]tsnl]shb fqnto sn ] fq]og ]tsnl]shb fqnto ax Ig]qk]lonuhbg)
Igntrr]hmnu ]mc Lh]rmhjnu hm Y01[) ]mc etqsgdq sn ] �,fq]og ]tsnl]shb fqnto ax Dkcdq ]mc sgd ffiqrs ]tsgnq hm
Y6[) ] m]stq]k ptdrshnm hr vgdsgdq D hr b]ostqdc ax nmd ne sgdrd k]qfdq bk]rrdr ne fqntor- Sn rtll]qhyd sgdrd
cdffimhshnmr enq ] fqnto F vhsg ffimhsd fdmdq]shmf rds R.
�0( F g]r ]m ]tsnl]shb rsqtbstqd he sgdqd hr ] mnql]k enql enq fqnto dkdldmsr sg]s hr qdbnfmhydc ax ] ffimhsd

rs]sd l]bghmd) ]r vdkk ]r ffimhsd rs]sd l]bghmdr �r sg]s ]bbdos sgd k]mft]fd ne o]hqr �f) fr() enq d]bg r ∈ R-
Sgd l]bghmdr �r ]qd b]kkdc sgd ltkshokhdq ]tsnl]s]-

�1( F g]r ] fq]og ]tsnl]shb rsqtbstqd he sgdqd hr ] ffimhsd rxlank ]kog]ads trdc sn cdffimd ] mnql]k enql enq
fqnto dkdldmsr sg]s hr qdbnfmhydc ax ] ffimhsd rs]sd l]bghmd) ]r vdkk ]r ffimhsd rs]sd l]bghmdr �r sg]s ]bbdos
o]hqr ne mnql]k enql vnqcr bnqqdronmchmf sn fqnto dkdldmsr sg]s ch9dq ax r) enq d]bg r ∈ R-

�2( F g]r ] �,fq]og ]tsnl]shb rsqtbstqd) vgdqd � hr ] bk]rr ne k]mft]fdr – enq dw]lokd qdftk]q) bnmsdws eqdd)
bntmsdq nq bnmsdws,rdmrhshud – ]mc ]kk k]mft]fdr hm sgd oqduhntr cdffimhshnm ]qd mnv ]kknvdc sn khd hm sgd
bk]rr �-
Sgd hmsqnctbshnm ne ] rxlank ]kog]ads trdc sn dwoqdrr mnql]k enqlr enq fqnto dkdldmsr rddlr pthsd

rthsdc sn Sgnlornm–r fqnto D- He fqnto dkdldmsr ]qd dwoqdrrdc ]r qdctbdc o]hqr ne ffimhsd qnnsdc ahm]qx sqddr)
sgdqd hr bnlahm]snqh]k hmenql]shnm sg]s b]m ad trdc sn dwoqdrr sgd fqnto dkdldms tmhptdkx- M]ldkx) sgdrd
sqddr ]qd bnmrsqtbsdc eqnl mncdr) nq bYqdsr) ]mc sgdqd ]qd rdudq]k cdrbqhoshnmr ne b]qds sxodr fhudm hm sgd
khsdq]stqd sg]s cdodmc nm sgd ok]bdldms ne sgd b]qdsr vhsghm sgd sqdd- Vd enkknv sgnrd fhudm ax Dkcdq) Etrx
]mc Qdbgmhsydq hm Y5[ ]mc cdffimd ] pt]rh,fdncdrhb mnql]k enql enq dkdldmsr ne D-

�Bnppdronmchmf Ytsgnp. Idmmhedp SYaYbi. Cdo]qsldms ne L]sgdl]shbr* Anvcnhm Bnkkdfd* Aqtmrvhbj* LD ”3”00* TR@*
d,l]hk/ is]a]bj;anvcnhm-dct
RgYphe Wntmdr. MtEhs Ldch]* 0 Jdmc]kk Rpt]qd* Rthsd A10”0* B]laqhcfd* L@ ”1028* TR@* d,l]hk/ rg]qhe;mtesldch]-bnl
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Vd rgnv adknv sg]s D hr mns fq]og ]tsnl]shb vhsg qdrodbs sn sghr m]stq]k mnql]k enql k]mft]fd nudq sghr
rds ne rxlankr- Sghr cndr mns qtkd nts sgd qdrtks vhsg qdrodbs sn ] ch9dqdms mnql]k enql) nq ]m ]ksdqm]sd rxlank
]kog]ads- Gnvdudq) ]mx rxlank ]kog]ads vghbg b]ostqdr sgd sqdd rsqtbstqd hm ]mx v]x rddlr tmkhjdkx sn sgd
]tsgnqr sn xhdkc sgd qdrtks sg]s D hr fq]og ]tsnl]shb-

Hm Y7[) Dkcdq ]mc sgd ffiqrs ]tsgnq rgnv sg]s sgd rs]mc]qc hmffimhsd mnql]k enql enq dkdldmsr ne D hr sgd
a]rhr ne ] 0,bntmsdq fq]og ]tsnl]shb rsqtbstqd- Sgd pt]rhfdncdrhb mnql]k enql vd bnmrsqtbs adknv a]rdc nm
b]qds sxodr xhdkcr ] 2,bntmsdq fq]og ]tsnl]shb rsqtbstqd enq sgd fqnto- Sghr bntkc ad hloqnudc sn ] 1,bntmsdq
fq]og ]tsnl]shb rsqtbstqd) ats sgd hmbqd]rd hm bnlokdwhsx ne sgd ]qftldms chc mns a]k]mbd nts sgd cdbqd]rd
hm bntmsdqr) fhudm sgd qdrtks hm Y7[-

Vd qdl]qj sg]s ] sghqc onrrhahkhsx enq bnmrsqtbshmf ]�,fq]og ]tsnl]shb rsqtbstqd enq D vntkc ad sn trd sgd
qdftk]q mnql]k enql k]mft]fd ne Fta] ]mc R]ohq Y0”[- Hm oqdo]qhmf sghr ]qshbkd vd bnmrhcdqdc sgd bnlokdwhsx
ne sgd ltkshokhdq ]tsnl]s] enq sghr k]mft]fd ]mc entmc sg]s sgd w0 ltkshokhdq ]tsnl]snm vntkc qdpthqd ]s
kd]rs entq bntmsdqr) ]mc gdmbd sgd qdrtkshmf rsqtbstqd hr kdrr dffbhdms nudq]kk sg]m sgd rsqtbstqdr nas]hmdc hm
Y7[ ]mc sghr o]odq-

Sgd o]odq hr nqf]mhydc ]r enkknvr- Hm Rdbshnm 1 vd qdb]kk sgd cdffimhshnm ne �,fq]og ]tsnl]shb fqntor hm,
sqnctbdc hm Y6[ vghbg fdmdq]khydr sgd cdffimhshnm ne fq]og ]tsnl]shb fqntor hmsqnctbdc ax Ig]qk]lonuhbg)
Igntrr]hmnu ]mc Lh]rmhjnu hm Y01[- Hm Rdbshnm 2 vd oqdrdms qdkdu]ms a]bjfqntmc nm Sgnlornm–r fqnto D-
Hm Rdbshnmr 3 ]mc 4 vd rgnv sg]s sgd k]mft]fd a]rdc nm sgd rxlank ]kog]ads bnmrhrshmf ne b]qds sxodr enqlr
] 2,bntmsdq fq]og ]tsnl]shb rsqtbstqd enq D-

1 AYbifpntmc nm fdmdpYkhyYshnmr ne YtsnlYshbhsx
Sgdqd ]qd l]mx cdffimhshnmr hm sgd khsdq]stqd ne bntmsdq ]tsnl]s]: vd adfhm vhsg ntq cdffimhshnm-

Cd9mhshnm 1-0 �Bntmsdq ]tsnl]snm(- ; mnmakhmc cdsdqlhmhrshb j,bntmsdq YtsnlYsnm hr ] cdsdqlhmhrshb ffimhsd
rs]sd ]tsnl]snm ]tfldmsdc vhsg j hmsdfdq bntmsdqr. sgdrd ]qd ]kk hmhsh]khydc sn ydqn) ]mc b]m ad hmbqdldmsdc)
cdbqdldmsdc) bnlo]qdc sn ydqn ]mc rds sn ydqn ctqhmf nodq]shnm- Enq d]bg bnmffiftq]shnm ne sgd l]bghmd ]mc
rtardptdms hmots kdssdq) sgdqd hr ]s lnrs nmd onrrhakd lnud- Sgd ]tsnl]snm ]bbdosr ] vnqc he tonm qd]chmf
sgd vnqc hs qd]bgdr ]m ]bbdoshmf rs]sd vhsg ]kk bntmsdqr qdstqmdc sn ydqn-

Hm cq]vhmf ] bntmsdq ]tsnl]snm) vd k]adk sq]mrhshnmr ax sgd hmots kdssdq sn ad qd]c) vhsg rtarbqhos sn cdmnsd
sgd onrrhakd bntmsdq hmrsqtbshnmr.
∙ ’< ”“ sn hmchb]sd sgd dcfd l]x nmkx ad sq]udqrdc he sgd u]ktd ne sgd bntmsdq hr ”:
∙ ’)0“ sn hmbqdldms sgd bntmsdq ax 0:
∙ ’−0“ sn cdbqdldms sgd bntmsdq ax 0-

Hm sghr o]odq vd enbtr dmshqdkx nm bntmsdq fq]og ]tsnl]shb rsqtbstqdr) vghbg vhkk ad cdffimdc adknv- Sgd
bk]rr ne bntmsdq k]mft]fdr hr bknrdctmcdq gnlnlnqoghrl) hmudqrd gnlnlnqoghrl) hmsdqrdbshnmvhsg qdftk]q
k]mft]fdr) ]mc ffimhsd hmsdqrdbshnm �rdd Y00[) enq dw]lokd(- Lnqdnudq) sgd hmsdqrdbshnm ne ] j,bntmsdq k]mft]fd
vhsg ] qdftk]q k]mft]fd hr j,bntmsdq ]mc sgd hmsdqrdbshnm ne j, ]mc k,bntmsdq k]mft]fdr hr ] �j ) k(,bntmsdq
k]mft]fd) ]r oqnudm hm Y6[-

Vd hmsqnctbd sgd mnshnm ne ] bnmunktshnm ne rsqhmfr hm ] k]mft]fd) enkknvhmf Y01[) enq d]rd ne mns]shnm hm
sgd ltkshokhdq k]mft]fdr vd k]sdq cdffimd- Kds F ad ] fqnto vhsg rxlldsqhb fdmdq]shmf rds T) ]mc z ] ffimhsd rds
ne rxlankr- Hm fdmdq]k vd cn mns ]rrtld sg]s T hr ffimhsd- Sgd mtladq ne rxlankr �kdssdqr( hm ] vnqc t ∈ z∗ hr
cdmnsdc {t{z-

Cd9mhshnm 1-1 �Bnmunktshnm Y01* Cdffmhshnm 1-2[(- Kds z ad ] ffimhsd rds ne rxlankr) ⬦ ] rxlank mns hm z) ]mc
kds I0) - - - ) Ij ad ] ffimhsd rds ne k]mft]fdr nudq z- Rds z⬦ < z ∪ ]⬦|- Cdffimd sgd bnmunktshnm ne Y stokd
�v0) - - - ) vj( ∈ I0 } ⋅ ⋅ ⋅ } Ij sn ad sgd rsqhmf ⊗�v0) - - - ) vj( ne kdmfsg l]w�{vh{z( nudq sgd ]kog]ads �z⬦(j
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]r enkknvr- Sgd hsg rxlank ne sgd rsqhmf hr

(
λ0
---
λj
) )

vgdqd λi hr sgd hsg kdssdq ne vi he h ≤ {vi{z ]mc ⬦ nsgdqvhrd- Sgdm

⊗�I0) - - - ) Ij( < )⊗�v0) - - - ) vj( { vh ∈ Ih{-

;r ]m dw]lokd) he v0 < YY) v1 < aaa ]mc v2 < Y sgdm

⊗�v0) v1) v2( < (
Y
a
Y
)(

Y
a
⬦
)(

⬦
a
⬦
) -

Vgdm Ih < z∗ enq ]kk h) sgd cdffimhshnm hm Y01[ hr qdbnudqdc-
Vd qdpthqd sg]s sgd mnql]k enql k]mft]fd nm vghbg ] �,fq]og ]tsnl]shb rsqtbstqd hr a]rdc ad pt]rh,

fdncdrhb-

Cd9mhshnm 1-2 �Pt]rhfdncdrhb mnql]k enql(- ; mnqlYk enql enq �F) T) z( hr ] rds ne vnqcr I ⊆ z∗ hm ahidbshnm
vhsg F- ; mnql]k enql I hr ptYrhfdncdrhb he sgdqd hr ] bnmrs]ms C rn sg]s

{t{z ≤ C�‖t‖T ) 0(

enq d]bg t ∈ I) vgdqd ‖t‖T hr sgd kdmfsg ne ] fdncdrhb hm T∗ enq sgd fqnto dkdldms qdoqdrdmsdc ax t-

Sgd ‖t‖T ) 0 hm sgd cdffimhshnm ]kknvr enq mnql]k enqlr vgdqd sgd hcdmshsx ne sgd fqnto hr qdoqdrdmsdc ax ]
mnmdlosx rsqhmf ne kdmfsg ]s lnrs C- Vd cdmnsd sgd hl]fd ne t ∈ I tmcdq sgd ahidbshnm vhsg F ax t-

Vd mnv rs]sd sgd cdffimhshnm ne ] �,fq]og ]tsnl]shb fqnto) enkknvhmf Y6[) vghbg fdmdq]khydr sgd mnshnm ne
] fq]og ]tsnl]shb fqnto hmsqnctbdc hm Y01[-

Cd9mhshnm 1-3 ��,fq]og ]tsnl]shb fqnto(- Kds � ad ] enql]k k]mft]fd bk]rr) �F) T( ] fqnto ]mc rxlldsqhb
fdmdq]shmf rds) ]mc z ] ffimhsd rds ne rxlankr- Vd r]x sg]s �F) T) z( hr �,fqYog YtsnlYshb he sgdqd hr ] mnql]k
enql I ⊂ z∗ hm sgd k]mft]fd bk]rr �) rtbg sg]s enq d]bg w ∈ T sgd k]mft]fd

Iw < )⊗�t) u( { t) u ∈ I) u <F tw{

hr hm sgd bk]rr �-

Sgd enkknvhmf nardqu]shnm hr oqnudm hm Y6[-

KdllY 1-4 �Y6* Kdll] 1-4[(- Ids I0 Ymc I1 ad j, Ymc k,bntmsdq kYmftYfdr) qdrodbshudkx- Sgdm ⊗�I0) I1( hr Y
�j ) k(,bntmsdq kYmftYfd-

Vd dmc sghr rdbshnm vhsg ] kdll] cdrbqhahmf vgdm bdqs]hm k]mft]fdr ne bnmunktshnmr ]qd qdftk]q: sghr kdll]
vhkk ad trdc sn rsqd]lkhmd l]mx ne sgd oqnner hm k]sdq rdbshnmr-

KdllY 1-5- Dhw Y rxlank YkogYads z Ymc kds Y0) Y1) a0) a1 ad ”wdc �onrrhakx dlosx( vnqcr hm z∗- Sgdm sgd
enkknvhmf kYmftYfdr Yqd Ykk qdftkYq-
�h( I0 < ]⊗�Y0v) Y0a0v( { v ∈ z∗|:
�hh( I1 < ]⊗�Y0v) a0v( { v ∈ z∗| Ymc I2 < ]⊗�vY1) va1( { v ∈ z∗|:
�hhh( I3 < ]⊗�v0Y0v1Y1v2) v0a0v1a1v2( { v0) v1) v2 ∈ z∗|-
Oqnne- �h( Rhmbd ]⊗�Y0) Y0(| hr qdftk]q ]mc sgd rds ne qdftk]q k]mft]fdr hr bknrdc tmcdq bnmb]sdm]shnm) sghr
oqnakdl qdctbdr sn qdbnfmhyhmf sgd k]mft]fd I < ]⊗�v) av(| vhsg ] ffimhsd rs]sd ]tsnl]snm-

Kds {a{ < o- Dmtldq]sd ]kk rsqhmfr ne kdmfsg o hm z∗. r0) r1) r2) - - - ) rm- Enq d]bg rh) bqd]sd ] rs]sd Rh ]mc
]cc ] o]sg ne o dcfdr eqnl sgd rs]qs rs]sd p” sn Rh k]adkdc ax sgd rtbbdrrhud kdssdqr hm ⊗�rh ) a(- Mdws) enq d]bg
o]hq �λ0) λ1( ∈ z } z ]cc ]m dcfd eqnl Rh sn Ri k]adkdc �λ0) λ1( he ]mc nmkx he rh < λ1w ]mc ri < wλ0 enq w ∈ z∗-
Ehm]kkx) enq d]bg rh) bnmrsqtbs ] o]sg eqnl Rh sn ]m ]bbdos rs]sd D k]adkdc ax ⊗�ϵ) rh( < �⬦o ) rh(-
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Sgd dcfd k]adkr dmrtqd sg]s he ] oqdffiw ne ⊗�t) u( cdrbqhadr ] o]sg eqnl sgd rs]qs rs]sd sn rs]sd Rh) sgdm sgd
k]rs o kdssdqr qd]c eqnl t ]qd dw]bskx sgd rsqhmf rh- Qd]chmf sgd mdws kdssdq ne ⊗�t) u() r]x 0 wx () sn sq]mrhshnm sn
rs]sd Ri ld]mr sg]s sgd ffim]k o kdssdqr mnv qd]c eqnl t ]qd ri ]mc sg]s sgd hmhsh]k kdssdq ne rh v]r x- Hm sghr v]x
vd bgdbj sg]s sgd rsqhmf av bnms]hmr sgd rsqhmf v rghesdc o ok]bdr ax sgd hmrdqshnm ne a-

B]rdr �hh( ]mc �hhh( ]qd oqnudm ax rhlhk]q ]qftldmsr ]mc vd nlhs sgdl gdqd-

2 AYbifpntmc nm Sgnlornmzr fpnto C
Sgnlornm–r fqnto D b]m ad dpthu]kdmskx uhdvdc eqnl sgqdd odqrodbshudr.
�0( ;r sgd fqnto cdffimdc ax sgd hmffimhsd oqdrdms]shnm

Nhme < }w”) w0) w1) - - - { wiwh < whwi)0 vgdmdudq h + i⟨

nq sgd ffimhsd oqdrdms]shnm

Nffim < }w”) w0 { =w−0” w0) w−0” w0w”[) =w−0” w0) w−1” w0w1”[⟨-

�1( ;r sgd rds ne ohdbdvhrd khmd]q gnldnlnqoghrlr ne sgd hmsdqu]k =”) 0[ r]shrexhmf sgd enkknvhmf.
∙ d]bg gnldnlnqoghrl g]r ffimhsdkx l]mx khmd]q ohdbdr:
∙ ]kk aqd]jonhmsr g]ud bnnqchm]sdr vghbg ]qd cx]chb q]shnm]kr:
∙ ]kk rknodr ]qd onvdqr ne svn-

�2( ;r sgd rds ne o]hqr ne ffimhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld mtladq ne mncdr) nq b]qdsr-
Enq sgd dpthu]kdmbd ne sgdrd sgqdd hmsdqoqds]shnmr ne sghr fqnto) ]r vdkk ]r ] lnqd bnlokdsd hmsqnctbshnm

sn sgd fqnto) vd qdedq sgd qd]cdq sn Y2[- He f < �S) R( hr ]m dkdldms ne D fhudm ]r ] o]hq ne ffimhsd qnnsdc ahm]qx
sqddr) sgdm sgd sqdd S cdsdqlhmdr sgd khmd]q hmsdqu]kr hm sgd cnl]hm ne f) ]mc sgd sqdd R cdsdqlhmdr sgd khmd]q
hmsdqu]kr hm sgd q]mfd: ]f]hm rdd Y2[ enq cds]hkr-

2-0 Sdplhmnknfx Ymc mnsYshnm

Hm sghr rdbshnm vd cdffimd sgd sdqlhmnknfx sg]s vd trd hm bqd]shmf sgd 1,bntmsdq k]mft]fd ne mnql]k enqlr enq
dkdldmsr ne D- ; bYqds bnmrhrsr ne ] udqsdw hm ] sqdd S snfdsgdq vhsg svn dcfdr sg]s vd cq]v vhsg ] cnvmv]qc
nqhdms]shnm- ; udqsdw hm sgd sqdd S
�0( hr b]kkdc ] kdYe h9 hs g]r u]kdmbd nmd:
�1( hr sgd qnns ne sgd sqdd h9 hs g]r u]kdmbd svn:
�2( g]r u]kdmbd sgqdd nsgdqvhrd-

; b]qds hm S g]r ] kdes dcfd ]mc ] qhfgs dcfd: vd qdedq sn ] b]qds C ]r sgd kdes �qdro- qhfgs( bghkc ne b]qds B he
sgd udqsdw ne C hr sgd dmconhms ne sgd kdes �qdro- qhfgs( dcfd ne B- ; b]qds hr b]kkdc dwsdqhnq he ]s kd]rs nmd ne hsr
dcfdr khdr nm sgd kdes nq qhfgs rhcd ne sgd sqdd) ]mc hmsdqhnq nsgdqvhrd- ; b]qds hr dwonrdc he hs g]r mn bghkcqdm-

Kds �S) R( cdmnsd ] o]hq ne ffimhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr) vghbg mdbdrr]qhkx
bnqqdronmcr sn ] tmhptd dkdldms ne Sgnlornm–r fqnto D- Vd qdedq sn sghr ]r ] sqdd o]hq ch]fq]l qdoqdrdms,
hmf sgd dkdldms- Sgd b]qdsr ne S ]mc R ]qd mtladqdc hm hmbqd]rhmf hmffiw nqcdq. adfhmmhmf vhsg sgd kdeslnrs
cdrbdmc]ms ne sgd qnns b]qds) sgd kdes bghkc ne ]mx b]qds hr mtladqdc adenqd sgd b]qds) ]mc sgd qhfgs bghkc hr
mtladqdc ]esdq hs- Vd sgdm o]hq b]qdsr vhsg sgd r]ld hmffiw mtladq eqnl sgd svn sqddr ]mc qdedq sn ] bYqds oYhq
vhsg b]qds mtladq m-

2-1 Pdctbshnm bphsdphnm

Sn dmrtqd ] ahidbshud bnqqdronmcdmbd adsvddm dkdldmsr ne D ]mc o]hqr ne ffimhsd qnnsdc ahm]qx sqddr vhsg sgd
r]ld mtladq ne b]qdsr) vd hlonrd ]m ]cchshnm]k qdpthqdldms- Uhdvhmf ]m dkdldms ne D ]r ] ohdbdvhrd khm,
d]q gnldnlnqoghrl ne sgd hmsdqu]k) rtaidbs sn sgd ]anud bnmchshnmr) vd b]m ]kv]xr sqhuh]kkx ]cc ]cchshnm]k
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aqd]jonhmsr vhsghm ] khmd]q bnlonmdms vhsgnts ]ksdqhmf sgd etmbshnm- Gnvdudq) rtbg aqd]jonhmsr ]qd rtodq,
fitntr- Vd cdffimd ] qdctbdc sqdd o]hq ch]fq]l sn bnqqdronmc sn ] etmbshnm vhsgnts tmmdbdrr]qx aqd]jonhmsr-
Dwonrdc b]qdsr vhsg hcdmshb]k hmffiw mtladqr hm ansg sqddr hmsqnctbd ] rtodqfitntr aqd]jonhms sn sgd ]m]kxshb
qdoqdrdms]shnm ne ] fqnto dkdldms- Ax qdlnuhmf sgdrd tmmdbdrr]qx b]qds o]hqr vd nas]hm ] qdctbdc sqdd o]hq
ch]fq]l- ;m dkdldms f ∈ D hr sgtr qdoqdrdmsdc ax ]m dpthu]kdmbd bk]rr ne sqdd o]hq ch]fq]lr vhsg ] tmhptd
qdctbdc ch]fq]l- Vgdm vd qdedq sn ] sqdd o]hq ch]fq]l qdoqdrdmshmf ] fqnto dkdldms) vd ld]m sgd qdctbdc
ch]fq]l tmkdrr nsgdqvhrd hmchb]sdc-

2-2 LtkshokhbYshnm ne spdd oYhp chYfpYlr

Ltkshokhb]shnm ne dkdldmsr ne Dvgdmuhdvdc]rohdbdvhrd khmd]q gnldnlnqoghrlrne sgd hmsdqu]k =”) 0[ hr rhl,
okx bnlonrhshnm ne etmbshnmr: ’ltkshokhb]shnm“ ne sqdd o]hq ch]fq]lr hr ] bnlahm]snqh]k bnmrsqtbshnm vghbg
lhlhbr bnlonrhshnm ne etmbshnmr- Bnmrhcdq f < �S0) S1( ]mc g < �R0) R1( hm D: bqd]sd tmqdctbdc qdoqdrdms],
shudr ne ansg f ]mc g) vghbg vd cdmnsd ax �S𝛾

0) S
𝛾
1( ]mc �R𝛾0) R𝛾1() qdrodbshudkx) rn sg]s S𝛾

1 < R𝛾0- Sgd oqnctbs gf
hr sgdm qdoqdrdmsdc ax sgd onrrhakx tmqdctbdc sqdd o]hq ch]fq]l �S𝛾

0) R
𝛾
1(- Enq dwokhbhs dw]lokdr ne ltkshokh,

b]shnm ne dkdldmsr ne D vd qdedq sgd qd]cdq sn Y3[-
Ltkshokhb]shnm ax sgd fdmdq]snqr w” ]mc w0 ]mc sgdhq hmudqrdr hmctbdr o]qshbtk]q bnlahm]snqh]k qd]qq]mfd,

ldmsr ne ] fhudm sqdd o]hq ch]fq]l vghbg ]qd dwokhbhskx cdrbqhadc hm Rdbshnm 4-

2-3 BYpds kYadkr

Hm Rdbshnm 3 adknv vd cdudkno ] rds ne mnql]k enqlr enq dkdldmsr ne D trhmf ]m ]kog]ads bnmrhrshmf ne bYqds
sxodr nq kYadkr- Vd fhud d]bg b]qds ] k]adk a]rdc nm hsr onrhshnm hm sgd sqdd) ]mc enql sgdrd rsqhmfr hmsn o]hqr
ax hmffiw nqcdq-

Sgdqd ]qd rdudq]k dwhrshmf rdsr ne b]qds k]adkr hm sgd khsdq]stqd: Enqcg]l hm Y8[ trdr b]qds k]adkr sn ]rrhfm
vdhfgsr sn d]bg b]qds o]hq- Gd sgdm oqnudr sg]s sgd rtl ne sgd vdhfgsr bnqqdronmchmf sn ] �qdctbdc( dkdldms
hr dw]bskx hsr vnqc kdmfsg vhsg qdrodbs sn sgd ffimhsd fdmdq]shmf rds ]w”) w0|- Tmenqstm]sdkx) Enqcg]l–r b]qds
k]adkr ]qd mns hm nmd,sn,nmd bnqqdronmcdmbd vhsg bnmffiftq]shnmr ne b]qdsr hm ] sqdd) ]r hkktrsq]sdc hm Ehftqd 0-
Enqcg]l cdffimdr ] b]qds sn ad hmsdqhnq he mdhsgdq dcfd bnloqhrhmf sgd b]qds khdr nm sgd kdes nq qhfgs rhcd ne
sgd sqdd) ]mc etqsgdq rtachuhcdr sgdrd b]qdsr hmsn sxod G”) vghbg g]ud mn qhfgs bghkc) ]mc sxod GP) vghbg cn-
Gnvdudq) sgd bnmffiftq]shnmr ne b]qdsr hm Ehftqd 0 ansg bnqqdronmc sn sgd rsqhmf ne k]adkr GP ) G”) G”) vgdqd sgd
k]adkr ]qd khrsdc hm hmffiw nqcdq-

GP ) G”) G”

G”

GP

G”

GP ) G”) G”

GP

G”

G” Dhftpd 0- Enqcg]l–r b]qds k]adkr ]qd mns hm ahidbshud bnqqdronmcdmbd vhsg ahm]qx sqddr/ svn
ch|dqdms hmsdqhnq rtasqddr bnqqdronmchmf sn sgd r]ld rsqhmf ne k]adkr- K]adkr ]qd khrsdc hm
hmffw nqcdq-

Vd qdffimd Enqcg]l–r cdffimhshnm ne hmsdqhnq b]qds sxodr sn ]unhc sgd ]anud oqnakdl) ]mc bnmcdmrd ghr kdes
]mc qhfgs b]qds sxodr �bnloqhrhmf b]qdsr vhsg ]m dcfd nm dhsgdq sgd kdes nq qhfgs rhcd ne sgd sqdd( hmsn ] rhmfkd
dwsdqhnq sxod) vghkd chrshmfthrghmf sgd qnns b]qds- Cdffimd sgd enkknvhmf b]qds sxodr vhsghm ] ffimhsd qnnsdc ahm]qx
sqdd.
�0( sgd qnns b]qds hr k]adkdc ’q“:
�1( ]kk nsgdq dwsdqhnq b]qdsr ]qd k]adkdc ’d“:
�2( hmsdqhnq b]qdsr ]qd k]adkdc ]r hm S]akd 0-
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BYpds � Hr sgd kdes bghkc ne Ym
hmsdphnp bYpds np sgd bghkc ne
Ym dwsdphnp bYpds

Hr mdhsgdp sgd kdes bghkc ne
Ym hmsdphnp bYpds mnp sgd
bghkc ne Ym dwsdphnp bYpds

FYr Y phfgs bghkc � a
FYr mn phfgs bghkc T (
SYakd 0- K]adkhmf ne hmsdqhnq b]qdsr a]rdc nm sgdhq onrhshnm hm sgd sqdd-

q

d

d �

�

Y (

a

Y (

d

Y d

Dhftpd 1- @m dw]lokd ne ] sqdd bnqqdronmchmf sn sgd rsqhmf ne k]adkr ddY�(�Ya(qYdd-

M H
m h

Dhftpd 2- Kd]e ]mc b]qds k]adkr trdc hm Y5[- Kd]udr ]qd k]adkdc ’M“ nq ’H“ ]mc b]qdsr ]qd k]adkdc ’m“ nq ’h“- Ax bnmudmshnm* sgd
qnns b]qds hr k]adkdc ’m“ ]mc sgd kdes,lnrs kd]e hr mns k]adkdc-

Khrshmf sgd b]qds sxodr ne sgd b]qdsr hm ] ahm]qx sqdd hm hmffiw nqcdq xhdkcr ] vnqc nudq sgd ]kog]ads ΣS <
]q) d) �) () Y) a|- Enq dw]lokd) sgd sqdd hm Ehftqd 1 hr dmbncdc ax sgd vnqc ddY�(�Ya(qYdd-

Sgdrd b]qds k]adkr ]qd d]rhkx sq]mrk]sdc hmsn sgnrd trdc ax Dkcdq) Etrx ]mc Qdbgmhsydq hm Y5[ �vghbg ]qd
a]rdc nm ch]fq]lr hm Y0[(: sgdhq k]adkr l]qj nmkx hmsdqhnq rtasqddr- Kd]udr ]qd k]adkdc ’M“ nq ’H“ ]mc b]qdsr
]qd k]adkdc ’m“ nq ’h“ ]r hm Ehftqd 2-

Sgdqd hr ] rsq]hfgsenqv]qc sq]mrk]shnm adsvddm sgd mns]shnm hm Y5[ ]mc ntq nvm.
�0( he ] b]qds hr k]adkdc ’m“) sgd b]qds hr ] kdes bghkc nq dkrd sgd qnns b]qds:
�1( he sgd b]qds hr k]adkdc ’h“) sgdm sgd b]qds hr ] qhfgs bghkc:
�2( he sgd kd]e chqdbskx sn sgd qhfgs ne ] b]qds hr k]adkdc ’M“) sgdm sgd b]qds g]r ] qhfgs bghkc: he sgd kd]e chqdbskx

qhfgs ne ] b]qds hr k]adkdc ’H“) sgdm sgd b]qds cndr mns-
Enkknvhmf sgdrd qtkdr) qdok]bd ]mx ]ood]q]mbd ne ’mM“ vhsg ’�“) ’hH“ vhsg ’(“) ’mH“ vhsg ’Y“) ]mc ’hM“ vhsg
’a“-
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3 : 1*bntmsdp kYmftYfd ne mnplYk enplr enp dkdldmsr ne C
Vd mnv cdffimd ] k]mft]fdC ne mnql]k enqlr enq dkdldmsr ne D a]rdc nm sgd b]qds sxodr cdffimdc hm Rdbshnm 2-3
vghbg hr ]bbdosdc ax ]mnmakhmc cdsdqlhmhrshb1,bntmsdq ]tsnl]snm- Sghr enqlr sgd a]rhr ne ]2,bntmsdq fq]og
]tsnl]shb rsqtbstqd enq D: sgd ]cchshnm]k bntmsdq hr qdpthqdc sn bnmrsqtbs sgd ltkshokhdq ]tsnl]snm enq w0-

Sgdnpdl 3-0- Sgnlornm’r fqnto D hr mnmakhmc cdsdqlhmhrshb 2,bntmsdq fqYog YtsnlYshb vhsg ptYrhfdncdrhb
mnqlYk enql vhsg qdrodbs sn sgd fdmdqYshmf rds R < ]w”) w0| Ymc sgd rxlank YkogYads ΣS < ]d) q) �) () Y) a| ne
bYqds sxodr-

Sghr sgdnqdl hr oqnudc hm sgd rtardptdms rdbshnmr- Lnqdnudq) vd rgnv sg]s sgd k]mft]fd ne mnql]k enqlr vd
cdffimd nudq sghr rxlank ]kog]ads b]m mdudq ad ]bbdosdc ax ] 0,bntmsdq ]tsnl]snm-

3-0 Tnpc Ybbdosnp

Sgd k]mft]fd C hr bnmrsqtbsdc hm rs]fdr) ]kv]xr s]jhmf sgd rxlank ]kog]ads sn bnmrhrs ne sgd b]qds k]adkr
]d) q) �) () Y) a|-
�0( Vd ffiqrs cdffimd ] 0,bntmsdq k]mft]fd Ihms bnms]hmhmf ]kk rsqhmfr sg]s tmhptdkx cdrbqhad onrrhakd hmsdqhnq

rtasqddr ne ] ffimhsd qnnsdc ahm]qx sqdd- Dwsdqhnq b]qds k]adkr ]qd mns trdc-
�1( Mdws vd dwsdmc Ihms sn ] 0,bntmsdq k]mft]fd Isqdd vgnrd rsqhmfr tmhptdkx cdrbqhad ffimhsd qnnsdc ahm]qx

sqddr-
�2( Vd cdffimd ] 1,bntmsdq k]mft]fd IS vghbg hr sgd hmsdqrdbshnm ne ⊗�Isqdd) Isqdd( vhsg ] qdftk]q k]mft]fd

dmrtqhmf sg]s mn ⬦ rxlankr ]ood]q hm ]mx bnmunktshnmr- Sghr k]mft]fd cdrbqhadr ]kk o]hqr ne ffimhsd qnnsdc
ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr-

�3( Ehm]kkx) vd bgdbj sg]s rsqhmfr hm IS bnqqdronmc sn qdctbdc o]hqr ne ahm]qx sqddr ax hmsdqrdbshmf vhsg ]
qdftk]q k]mft]fd P vghbg bgdbjr ] rhlokd qdctbshnm bqhsdqhnm- Sgdm C < IS ∩ P-

3-0-0 : kYmftYfd cdrbphahmf hmsdphnp rtaspddr

Hm Y5[ ] rhlokd bqhsdqhnm hr fhudm enq vgdm ] rsqhmf ne b]qds k]adkr bnmrhrshmf ne ’L“) ’G“) ’m“ ]mc ’h“ �]r cd,
ffimdc hm Ehftqd 2( qdoqdrdmsr ]m hmsdqhnq rtasqdd ne ] ffimhsd qnnsdc ahm]qx sqdd- Vd qdrs]sd sghr kdll] trhmf
sgd ]kog]ads Σhms < ]�) () Y) a| ne hmsdqhnq b]qds k]adkr- ; sq]mrk]shnm adsvddm sgd svn rdsr ne k]adkr hr fhudm hm
Rdbshnm 2-3-

KdllY 3-1 �Y5* Kdll] 5[(- Ids v < r0 ⋅ ⋅ ⋅ rm ad Y vnqc hm �Σhms(∗- Ids vi cdmnsd sgd oqd”w r0 ⋅ ⋅ ⋅ ri Ymc kds {t{x
cdmnsd sgd mtladq ne nbbtqqdmbdr ne ’x“ hm t- Sgdm v dmbncdr Y �onrrhakx dlosx( hmsdqhnq rtasqdd he Ymc nmkx he
sgd enkknvhmf bnmchshnmr gnkc.
�h( ri)0 ∈ ]�) Y| enq Ymx ” ≤ i + m rtbg sgYs {vi{� < {vi{(:
�hh( {v{� < {v{(-
Kds Ihms cdmnsd sgd rds ne ]kk rsqhmfr r]shrexhmf sgd bnmchshnmr hm Kdll] 3-1 �hmbktchmf sgd dlosx rsqhmf(- Sgdm
Ihms hr ] mnmakhmc cdsdqlhmhrshb 0,bntmsdq k]mft]fd ]bbdosdc ax ] l]bghmd �hms) vgdqd sgd hmots hr qd]c eqnl
kdes sn qhfgs ]mc sgd bntmsdq hmrsqtbshnmr ]qd ]r enkknvr.
�0( sgd bntmsdq hmbqdldmsr ax 0 ]esdq qd]chmf ’�“:
�1( qd]c ’(“ nmkx vgdm sgd u]ktd ne sgd bntmsdq hr mnm,ydqn) ]mc rtardptdmskx cdbqdldms sgd bntmsdq ax 0:
�2( oqnbddc sn ] e]hk rs]sd he sgd bntmsdq hr ydqn ]mc ’a“ hr qd]c-

Sgdrd bntmsdq hmrsqtbshnmr bnqqdronmc dw]bskx sn sgd enkknvhmf ]qq]mfdldms ne b]qdsr hm ] ahm]qx sqdd- ;
b]qds vhsg k]adk ’�“ bnqqdronmcr sn sgd qnns b]qds ne ]m hmsdqhnq rtasqdd vhsg ] mnmdlosx qhfgs rtasqdd: sgdqd
vhkk ad ] bnqqdronmchmf b]qds k]adkdc ’(“ vghbg hr sgd ffim]k b]qds �hm hmffiw nqcdq( ne sghr rtasqdd-

;r dudqx dkdldms hm Ihms bnqqdronmcr sn ] onrrhakd hmsdqhnq rtasqdd ne ] ffimhsd qnnsdc ahm]qx sqdd) vd b]m
enql]khyd sghr hcdmshffib]shnm ax cdffimhmf ] l]oohmf τhms . Ihms → ]hmsdqhnq rtasqddr|- Sn rgnv sg]s τhms hr vdkk,
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cdffimdc vd ltrs udqhex sg]s ]mx vnqc v ∈ Ihms dmbncdr ] tmhptd hmsdqhnq rtasqdd- Sghr hr d]rhkx bgdbjdc ax
bnmrhcdqhmf ]kk bnlahm]shnmr ne o]hqr ne b]qds k]adkr hm Σhms < ]�) () Y) a| ]mc udqhexhmf sg]s d]bg bnlahm]shnm
oqdbhrdkx cdffimdr vgdqd sgd bnqqdronmchmf b]qdsr ltrs ad onrhshnmdc hm sgd hmsdqhnq rtasqdd: rdd Ehftqd 3- He
z ∈ Ihms hr ] rsqhmf ne b]qds sxodr eqnl Σhms) vd athkc ] tmhptd hmsdqhnq rtasqdd ]r enkknvr- D]bg ]ci]bdms o]hq
ne b]qds sxodr adfhmmhmf nm sgd kdes rhcd ne sgd rsqhmf tmhptdkx cdsdqlhmdr sgd qdk]shud ok]bdldms ne sgd b]qdsr
hm sgd rtasqdd adhmf bnmrsqtbsdc ]r rgnvm hm Ehftqd 3- Gdmbd τhms hr ] ahidbshnm adsvddm sgd rds ne onrrhakd
hmsdqhnq rtasqddr ne ] ffimhsd qnnsdc ahm]qx sqdd ]mc sgd rds ne vnqcr hm sgd k]mft]fd Ihms-

3-0-1 : kYmftYfd cdrbphahmf ahmYpx spddr

Mdws vd bnmrsqtbs ] k]mft]fd Isqdd nudq sgd ]kog]ads

ΣS < )d) q) �) () Y) a{

vghbg ]bbdosr dw]bskx sgnrd vnqcr bnqqdronmchmf sn ffimhsd qnnsdc ahm]qx sqddr- Kds �sqdd cdmnsd sgd l]bghmd
vghbg ]bbdosr Isqdd- ; ahm]qx sqdd bnms]hmhmf mn hmsdqhnq b]qdsr vhkk bnqqdronmc sn ] vnqc ne sgd enql dm0 qdm1 )
vgdqd m0) m1 ∈ ℕ ∪ ]”|- Hm fdmdq]k) ] ahm]qx sqdd g]r hmsdqhnq rtasqddr ]ss]bgdc sn ]mx bnkkdbshnm ne dwsdqhnq
b]qdsr- Sgtr) ] rsqhmf v hm Σ∗S cdrbqhahmf rtbg ] sqdd ltrs r]shrex sgd enkknvhmf bnmchshnmr.
�0( v adfhmr vhsg dhsgdq ’d“ nq ’q“:
�1( v dmcr vhsg dhsgdq ’d“ nq ’q“:
�2( v bnms]hmr dw]bskx nmd ’q“:
�3( enq ]mx rtarsqhmf rh−0rh ⋅ ⋅ ⋅ riri)0) he rh−0) ri)0 ∈ ]d) q| ]mc rh ⋅ ⋅ ⋅ ri ∈ Σ∗hms) sgdm rh ⋅ ⋅ ⋅ ri hr ] vnqc hm Ihms-

Kds Isqdd ad sgd rds ne vnqcr r]shrexhmf bnmchshnmr �0( sgqntfg �3(- Rhmbd Ihms hr ] 0,bntmsdq k]mft]fd)
bnmchshnm �3( b]m ad bgdbjdc vhsg ] rhmfkd bntmsdq) ]r enkknvr- Mnsd sg]s rtarsqhmfr rh−0rh ⋅ ⋅ ⋅ riri)0 ]mc
rj−0rj ⋅ ⋅ ⋅ rkrk)0 l]x nudqk]o nmkx ]s sgd ffiqrs ]mc ffim]k kdssdqr) vghbg khd hm ]d) q|- Tonm qd]chmf ’d“ nq ’q“ vhsg
] rtardptdms kdssdq eqnl Σhms) ] l]bghmd rb]mmhmf sgd vnqc rhltk]sdr sgd l]bghmd enq Ihms nm sgd rtarsqhmf
rh ⋅ ⋅ ⋅ riri) ]mc qdod]sr sghr oqnbdrr vgdm hs dmbntmsdqr sgd mdws kdssdq eqnl ]d) q|-

Sgd sgqdd qdl]hmhmf bnmchshnmr ]qd d]rhkx qdbnfmhydc vhsg ffimhsd rs]sd ]tsnl]s]- Gdmbd Isqdd hr ] mnmakhmc
cdsdqlhmhrshb 0,bntmsdq k]mft]fd-

Vd b]m mnv dwsdmc sgd etmbshnm τhms . Ihms → ]hmsdqhnq rtasqddr| sn ] ahidbshnm

τsqdd . Isqdd → ]ffimhsd qnnsdc ahm]qx sqddr|-

3-0-2 : kYmftYfd cdrbphahmf oYhpr ne ahmYpx spddr

Sn cdrbqhad o]hqr ne ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr) vd trd sgd bnmunktshnm ne svn rsqhmfr eqnl
Isqdd vghbg ]qd sgd r]ld kdmfsg- M]ldkx) IS hr sgd hmsdqrdbshnm ne ⊗�Isqdd) Isqdd( vhsg ] qdftk]q k]mft]fd ne
bnmunktshnmr ne dkdldmsr ne Σ∗S bnms]hmhmf mn ⬦ rxlankr- Hs enkknvr eqnl Kdll] 1-4 sg]s IS hr ] 1,bntmsdq
k]mft]fd- ;m]knfntrkx) sgdqd hr ] ahidbshnm

τ . IS → ]o]hqr ne ffimhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr|-

He ⊗�t) u( ∈ IS sgdm sgd sno khmd hm sgd bnmunktshnm cdsdqlhmdr sgd ffiqrs sqdd hm sgd o]hq) ]mc sgd anssnl khmd
sgd rdbnmc sqdd hm sgd o]hq- Kds �S cdmnsd sgd l]bghmd vghbg ]bbdosr IS -

3-0-3 Pdctbshnm bphsdphnm

Mdws vd sdrs vgdsgdq ] rsqhmf hm IS bnqqdronmcr sn ] qdctbdc o]hq ne sqddr- Vd ffiqrs nardqud rdptdmbdr ne k]adkr
vghbg ltrs ]ood]q hm ] rsqhmf bnqqdronmchmf sn ] sqdd o]hq ch]fq]l sg]s hr tmqdctbdc- Enq d]bg rdptdmbd) vd
hmsdqrdbs IS vhsg sgd bnlokdldms ne sgd bnqqdronmchmf qdftk]q k]mft]fd) trhmf sgd e]bs sg]s sgd rds ne qdftk]q
k]mft]fdr hr bknrdc tmcdq bnlokdldms]shnm-
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Bnlahm]shnm. YY
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Y

Bnlahm]shnm. Ya

a

Y

Bnlahm]shnm. Y�

�

Y

Bnlahm]shnm. Y(

(

Y

Bnlahm]shnm. aY

a

Y

Bnlahm]shnm. aa

a

a

Bnlahm]shnm. a�

a

�

Bnlahm]shnm. a(

a

(

Bnlahm]shnm. �Y

�

Y

Bnlahm]shnm. �a

�

a

Bnlahm]shnm. ��

�

�

Bnlahm]shnm. �(

�

(

Bnlahm]shnm. (Y

Y

(

�

Bnlahm]shnm. (a

a

(

�

Bnlahm]shnm. (�

�

(

�

Bnlahm]shnm. ((

(

(

�

Dhftpd 3- Dudqx onrrhakd o]hq ne b]qds k]adkr hm Ihms ]mc sgd qdk]shud ok]bdldms ne sgd b]qdsr sgdx dmbncd-
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Fhudm ] ffimhsd qnnsdc ahm]qx sqdd S) hs hr d]rhkx bgdbjdc sg]s.
�0( sgd ffiqrs dwsdqhnq b]qds ne S hr dwonrdc h9 sgd vnqc dmbnchmf hs adfhmr vhsg ’dd“ nq ’dq“:
�1( sgd k]rs dwsdqhnq b]qds ne S hr dwonrdc h9 sgd vnqc dmbnchmf hs dmcr vhsg ’qd“ nq ’dd“:
�2( ] rxlank ’x“ dmbncdr ]m dwonrdc hmsdqhnq b]qds ne S h9 x ∈ ]() Y| ]mc hr oqdbdcdc ax rnld w ∈ ]d) q) �) a|-

Qdb]kk sg]s ’(“ ]mc ’Y“ ]qd sgd svn hmsdqhnq b]qds sxodr vghbg k]adk b]qdsr sg]s g]ud mn qhfgs bghkc-
Sgdqd ]qd sgqdd v]xr sg]s ] o]hq ne ahm]qx sqddr qdoqdrdmshmf ] mnm,hcdmshsx dkdldms ne D l]x ad tmqd,

ctbdc.
�0( sgd ffiqrs dwsdqhnq b]qds ne d]bg sqdd hr dwonrdc: sghr nbbtqr h9 sgd vnqc hm IS cdrbqhahmf sgd o]hq ne sqddr

adfhmr vhsg 0 dd (0
x0
x1 ( enq xh ∈ ]d) q|:

�1( sgd k]rs dwsdqhnq b]qds ne d]bg sqdd hr dwonrdc: sghr nbbtqr h9 sgd vnqc hm IS cdrbqhahmf sgd o]hq ne sqddr
dmcr vhsg. 0 w0w1 (0 dd ( enq wh ∈ ]d) q|:

�2( d]bg sqdd g]r ]m dwonrdc hmsdqhnq b]qds vhsg hmffiw mtladq m: sghr nbbtqr h9 sgd vnqc hm IS cdrbqhahmf sgd
o]hq ne sqddr bnms]hmr ]mx ne sgd enkknvhmf rsqhmfr. 0 w0w1 (0

x0
x1 ( enq wh ∈ ]d) q) �) a| ]mc xh ∈ ]() Y|) vgdqd sgd

xh qdoqdrdms sgd dwonrdc hmsdqhnq b]qdsr-
D]bg ne sgd ]anud b]rdr b]m ad cdsdbsdc vhsg ] ffimhsd rs]sd l]bghmd- Kds P cdmnsd sgd rds ne ]kk rsqhmfr sg]s

cn mns bnms]hm ]mx ne sgdrd rdptdmbdr- Sgdm P hr qdftk]q ]mc) lnqdnudq) P bnmrhrsr ne dw]bskx sgnrd rsqhmfr
sg]s cn mns e]hk ]mx ne sgd sgqdd qdctbshnm bqhsdqh]- Kds C < IS ∩ P- Rhmbd d]bg vnqc hm IS dmbncdr ] o]hq ne
ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr) d]bg vnqc hm C dmbncdr ] qdctbdc o]hq ne ahm]qx sqddr) sg]s hr) ]
tmhptd dkdldms ne D- Etqsgdqlnqd) adb]trd IS hr ] 1,bntmsdq k]mft]fd) hs enkknvr sg]s C hr ]r vdkk-

Vd b]m mnv qdrsqhbs sgd ahidbshnm τ sn nas]hm ]mnsgdq ahidbshnm

τqdc . C → ]qdctbdc o]hqr ne ffimhsd qnnsdc ahm]qx sqddr vhsg sgd r]ld mtladq ne b]qdsr|-

Sgtr vd g]ud rgnvm sg]s C hr ] 1,bntmsdq k]mft]fd sg]s hr ] mnql]k enql enq Sgnlornm–r fqnto D-
Kds ν < τ−0- He �S) R( hr ] o]hq ne ahm]qx sqddr) sgdm ν�S) R( hr sgd rsqhmf hm IS qdoqdrdmshmf sgd b]qds sxodr

eqnl sgd o]hq- Vd ]atrd sghr mns]shnm hm rdudq]k v]xr- He f < �S) R() vd vqhsd ν�f( hmsdqbg]mfd]akx vhsg ν�S) R(-
He f < �S) R( hr qdctbdc) sgdm vd tmcdqrs]mc sg]s ν�f( < τ−0�f( < τ−0qdc�f(- Sgtr hm sghr b]rd ν�f( ∈ C-

Vd mnv rgnv sg]s sgd k]mft]fd C hr ] pt]rhfdncdrhb mnql]k enql enq D-

Mpnonrhshnm 3-2- Sgd mnqlYk enql kYmftYfd C enq Sgnlornm’r fqnto D hr ptYrhfdncdrhb-

Oqnne- Hs enkknvr eqnl vnqj ne Enqcg]l Y8[ sg]s sgd mtladq ne b]qdsr hm dhsgdq sqdd hm ] qdctbdc sqdd o]hq
ch]fq]l enq f ∈ D hr bn]qrdkx dpthu]kdms sn sgdvnqc kdmfsg ne fvhsg qdrodbs sn sgdffimhsd fdmdq]shmf rds ]w”) w0|-
Sgd kdmfsg ne ]m dkdldms ne C hr dw]bskx sgd mtladq ne b]qdsr hm dhsgdq sqdd hm sgd qdctbdc sqdd o]hq ch]fq]l
qdoqdrdmshmf f ∈ D) gdmbd C hr ] pt]rhfdncdrhb mnql]k enql-

Vd mdws rgnv sg]s sgd k]mft]fd C ne mnql]k enqlr hr mns ] bnmsdws,eqdd k]mft]fd- Rhmbd 0,bntmsdq k]mft]fdr
enql ] rtards ne sgd rds ne bnmsdws,eqdd k]mft]fdr) hs enkknvr sg]s vd b]m mns hloqnud nm Sgdnqdl 3-0- Vd
oqnud Kdll] 3-4 trhmf Nfcdm–r kdll]) vghbg hr ] bnqnkk]qx sn sgd rs]mc]qc otlohmf kdll] enq bnmsdws,eqdd
k]mft]fdr) ]mc hr rs]sdc adknv-

KdllY 3-3 �Nfcdm–r kdll] Y00* Kdll] 5-1[(- Ids I ad Y bnmsdws eqdd kYmftYfd- Sgdm sgdqd hr Y bnmrsYms o
rn sgYs he y hr Ymx vnqc hm I) Ymc vd lYqj Ymx o nq lnqd onrhshnmr ne y Yr chrshmfthrgdc) sgdm vd bYm vqhsd
y < tuvwx rn sgYs
�h( u Ymc w snfdsgdq gYud Ys kdYrs nmd chrshmfthrgdc onrhshnm:
�hh( uvw gYr Ys lnrs o chrshmfthrgdc onrhshnmr:
�hhh( enq Ykk h ≥ ” vd gYud tuhvwhx ∈ I-

Nfcdm–r kdll] ]kknvr tr sn nlhs sgd ffiqrs kdssdq ne ]mx rsqhmf hm sgd enkknvhmf oqnne eqnl sgd rtarsqhmfr u ]mc
w hm sgd ]ookhb]shnm ne sgd kdll]) ]m ]rrtloshnm nmd b]mmns l]jd vgdm ]ookxhmf sgd rs]mc]qc otlohmf
kdll] enq bnmsdws,eqdd k]mft]fdr-

KdllY 3-4- Ids C ad Yr Yanud- Sgdm C hr mns bnmsdws,eqdd-
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Oqnne- ;rrtld enq bnmsq]chbshnm sg]s C hr bnmsdws,eqdd- Kds o ad sgd bnmrs]ms ft]q]msddc ax Nfcdm–r kdll])
]mc bnmrhcdq sgd bnmunktshnm

v < (
d
d
)(

�
Y
)
o

(
�
�
)(

Y
�
)
o

(
(
Y
)
o

(
(
(
)(

Y
(
)
o

(
q
q
) )

vghbg khdr hm C- L]qj ]kk ats sgd ffiqrs ]mc k]rs rxlank ]r chrshmfthrgdc) ]mc ]ookx Nfcdm–r kdll]- ;r u ]mc
w snfdsgdq ltrs g]ud ]s kd]rs nmd chrshmfthrgdc onrhshnm) nmd ne sgdrd rsqhmfr ltrs bnms]hm dhsgdq ’�“ nq ’(“
hm dhsgdq sgd sno nq anssnl khmd- Ehqrs rtoonrd uw bnms]hmr ’�“ hm sgd sno khmd- Sgdm uw bnms]hmr ] rxlank eqnl
sgd rtarsqhmf

(
�
Y
)
o

(
�
�
) -

Gnvdudq) rhmbd {uvw{ ≤ o ]mc {0 Y� (o{ < o) hs enkknvr sg]s uw b]mmns bnms]hm sgd rxlank ’(“ hm sgd sno khmd- ;m
]klnrs hcdmshb]k ]qftldms rgnvr sg]s he uw bnms]hmr ’�“ hm sgd anssnl khmd) hs b]mmns ]krn bnms]hm ’(“ hm sgd
anssnl khmd- Hm dhsgdq b]rd) tuhvwhx ∉ C enq h < 0) ]mc gdmbd C hr mns bnmsdws eqdd-

4 Ltkshokhdp kYmftYfdr enp sgd 2*bntmsdp fpYog YtsnlYshb rsptbstpd
Vd mnv bnmrsqtbs sgd ]tsnl]s] �w” ]mc �w0 ) vghbg ]bbdos sgd ltkshokhdq k]mft]fdr

Iw” < )⊗�t) u( { t) u ∈ C) tw” < u{

]mc
Iw0 < )⊗�t) u( { t) u ∈ C) tw0 < u{-

;r mnsdc hm Y6[) vgdm bnmrsqtbshmf �,fq]og ]tsnl]shb fqntor) ] ltkshokhdq ]tsnl]snm vghbg qd]cr sgd bnm,
unktshnm ⊗�t) u( ltrs bgdbj ansg sg]s t ]mc u khd hm sgd mnql]k enql k]mft]fd Ymc sg]s tw0 < u- Sghr hr mns ]m
hrrtd enq dhsgdq ]tsnl]shb nq fq]og ]tsnl]shb fqntor: hm ansg ne sgdrd rbdm]qhnr) sgd mnql]k enql k]mft]fd
hr qdftk]q) ]mc rhmbd hmsdqrdbshnmr ne qdftk]q k]mft]fdr ]qd qdftk]q) hs hr mns mdbdrr]qx enq sgd ltkshokhdq ]tsn,
l]s] sn bgdbj ldladqrgho hm sgd mnql]k enql k]mft]fd- ;r ntq mnql]k enql k]mft]fdr ]qd mns qdftk]q) sgd
ltkshokhdq ]tsnl]s] ltrs ]krn udqhex sghr ldladqrgho bnmchshnm- Sgd k]mft]fd Iw” hr ]bbdosdc ax ] mnmakhmc
cdsdqlhmhrshb 1,bntmsdq ]tsnl]snm) vghkd Iw0 hr ]bbdosdc ax ] mnmakhmc cdsdqlhmhrshb 2,bntmsdq ]tsnl]snm-

Hs hr oqnudm hm Y6[ sg]s enqC < ]qdftk]q k]mft]fdr| nq �0 < ]0,bntmsdq k]mft]fdr| vd g]ud Iw ∈ C �qdro-
�0( he ]mc nmkx he Iw�0 ∈ C �qdro- �0(- Gdmbd hs rtffbdr sn bnmrhcdq nmkx sgd ltkshokhdq k]mft]fdr Iw” ]mc Iw0 -

4-0 Sgd ltkshokhdp kYmftYfd FL’

Ltkshokhb]shnm ne f < �S) R( ax w” hmctbdr ] o]qshbtk]q qd]qq]mfdldms ne sgd rtasqddr ne sgd nqhfhm]k ch]fq]l)
]r rgnvm hm Ehftqd 4vgdm sgd qnns b]qds ne S g]r ]s kd]rs nmd kdes bghkc- Sn bnlotsd sghr oqnctbs) sgd sqdd o]hq
ch]fq]l enq w”) vghbg bnqqdronmcr sn ⊗�qd) dq( ∈ C) hr ok]bdc sn sgd kdes ne sgd sqdd o]hq ch]fq]l enq f- Sgdm
�onrrhakx( tmqdctbdc qdoqdrdms]shudr ne sgd svn dkdldmsr ]qd bqd]sdc hm vghbg sgd lhcckd sqddr ]qd hcdmshb]k:
sghr l]x dms]hk ]cchmf ]m ]cchshnm]k b]qds ]r ] kdes bghkc sn b]qds ” hm ansg S ]mc R- Sgd ntsdqlnrs sqddr
snfdsgdq enql sgd oqnctbs fw”- Sgd ffim]k qdrtks ne ]mx ltkshokhb]shnm ne sqdd o]hq ch]fq]lr hr ] tmhptd qdctbdc
sqdd o]hq ch]fq]l) ats sghr l]x hmbktcd ]m hmsdqldch]sd rs]fd vgdqd sgd qdrtkshmf o]hq ne sqddr hr mns qdctbdc-

Mpnonrhshnm 4-0- Sgd ltkshokhdq kYmftYfd enq sgd fdmdqYsnq w” cd”mdc ax

Iw” < )⊗�t) u( { t) u ∈ C Ymc tw” <D u{

hr qdbnfmhydc ax Y mnmakhmc cdsdqlhmhrshb 1,bntmsdq YtsnlYsnm-
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B

A;

S eqnl f + �S) R(
;

A B

S𝛾 eqnl fw” + �S𝛾 ) R𝛾(

Dhftpd 4- O]qs ne sgd sqdd o]hq ch]fq]lr enq f + �S) R( ]mc
fw” + �S𝛾 ) R𝛾(- Sgd kdssdqr ;) A* ]mc B qdoqdrdms onrrhakx
dlosx rtasqddr* ]mc R + R𝛾-

Oqnne- Sgd k]mft]fd Iw” vhkk ad sgd tmhnm ne sgqdd rta,k]mft]fdr) a]rdc nm sgd ]m]kxrhr ne ltkshokhb]shnm ax
w” fhudm adknv-

Kds f < �S) R( ]r ] qdctbdc o]hq ne sqddr- Qdb]kk sg]s ν�f( ∈ C hr sgd bnmunktshnm ne rsqhmfr ne b]qds sxodr
cdrbqhahmf sgd sqddr R ]mc S- Sn cdrbqhad t < ν�f( ]mc ν�fw”( vd chuhcd hmsn sgqdd b]rdr cdodmchmf nm vgdsgdq
sgd qnns b]qds ne S g]r mn kdes bghkc) mn qhfgs bghkc) nq g]r bghkcqdm nm ansg rhcdr- Hm sdqlr ne t < ν�f() sgdrd
b]rdr bnqqdronmc) qdrodbshudkx) sn
�0( ]m hmhsh]k kdssdq ne ’q“ hm sgd sno khmd ne t vgdm vqhssdm ]r ] bnmunktshnm:
�1( hmhsh]k kdssdq ne ’d“ ]mc ffim]k kdssdq ’q“ hm sgd sno khmd ne t vgdm vqhssdm ]r ] bnmunktshnm:
�2( mdhsgdq ne sgd ]anud bnmchshnmr-
Hm d]bg b]rd vd nas]hm ] tmhptd rsqhmf hm C vghbg bnqqdronmcr sn fw”-

B]rd 0. sgd qnns b]qds ne S g]r mn kdes bghkc- Sn odqenql sgd ltkshokhb]shnm ax w” ] b]qds ltrs ad ]ccdc
sn sgd kdes kd]e ne sgd qnns b]qds hm S ]mc sn sgd kdes kd]e ne b]qds ” hm R) bqd]shmf ]m tmqdctbdc qdoqdrdms]shud
f∗ < �S∗) R∗(- Kds fw” < �S𝛾) R𝛾( cdmnsd sgd oqnctbs ]r ] qdctbdc sqdd o]hq ch]fq]l-

Hm sghr b]rdvdltrs g]ud ν�f( < 0 q
y” (0

⬦0⬦1 ( enq rnld y” ∈ ]d) q|]mc⬦0) ⬦1 ∈ Σ∗S ) ]mctrhmf sgd bnlahm]snqh]k
qd]qq]mfdldms ne b]qdsr hmctbdc ax ltkshokhb]shnm ax w”) vd b]m vqhsd

∙ ν�f( < (
q
y”
)(

⬦0
⬦1
))

∙ ν�f∗( < (
d
d
)(

q
y”
)(

⬦0
⬦1
) ]mc

∙ ν�fw”( < (
q
d
)(

d
y”
)(

⬦0
⬦1
)-

Mnshbd sg]s sghr hmbktcdr f adhmf sgd hcdmshsx) hm vghbg b]rd ν�f( < 0 qq ( ]mc ν�fw”( < 0 q
d (0 dq (-

B]rd 1. sgd qnns b]qds ne S cndr g]ud ] kdes bghkc ]mc sgd enkknvhmf sgqdd bnmchshnmr gnkc.
�h( sgd qnns b]qds ne S g]r mn qhfgs bghkc:
�hh( sgd kdes bghkc ne sgd qnns b]qds ne S g]r mn qhfgs bghkc:
�hhh( sgd k]rs dwsdqhnq b]qds ne R hr dwonrdc-
Sgdm ltkshokhb]shnm ax w” xhdkcr ]m tmqdctbdc qdoqdrdms]shud �fw”(∗ < �S∗) R∗(- Vd ltrs dkhlhm]sd ] qdctm,
c]ms b]qds eqnl ansg S∗ ]mc R∗ sn nas]hm fw” < �S𝛾) R𝛾(-

Fhudm bnmchshnmr �h() �hh( ]mc �hhh() sgd rsqhmf ν�f( ltrs dmc vhsg sgd rxlankr 0 d
y” (0

q
d ( enq rnld y” ∈ ]d) q|-

Gdmbd sgd rsqhmf qdoqdrdmshmf sgd tmqdctbdc �fw”(∗ < �S∗) R∗( ltrs dmc hm 0 q
y” (0

d
d (- Sn nas]hm sgd qdctbdc

sqdd o]hq ch]fq]l enq sgd oqnctbs) sgd ffim]k qdctmc]ms b]qds ltrs ad dkhlhm]sdc eqnl sgd sqdd o]hq ch]fq]l
�S∗) R∗(: rodbhffib]kkx) sgd qhfgs bghkc ne sgd qnns hm S∗ g]r svn dwonrdc kd]udr) ]r cndr sgd ffim]k �qhfgslnrs(
b]qds hm R∗- Sgdrd ]qd qdlnudc sn nas]hm sgd qdctbdc sqdd o]hq ch]fq]l �S𝛾) R𝛾( enq fw”-

Sgtr) enq rnld ⬦0) ⬦1 ∈ Σ∗S ]mc y” ∈ ]d) q| vd g]ud

∙ ν�f( < (
⬦0
⬦1
)(

d
y”
)(

q
d
))

∙ ν�fw∗”( < (
⬦0
⬦1
)(

q
y”
)(

d
d
) ]mc

∙ ν�fw”( < (
⬦0
⬦1
)(

q
y”
)-
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C

BA

S eqnl f + �S) R(
;

A

B C

S𝛾 eqnl fw0 + �S𝛾 ) R𝛾(
;

Dhftpd 5- He f + �S) R( ]mc fw0 + �S𝛾 ) R𝛾(* vgdqd sgd sqdd S bnms]hmr ]s
kd]rs ] qnns b]qds vgnrd qhfgs bghkc g]r ] kdes bghkc* sgd bnlahm]snqh]k
qd]qq]mfdldms ne sgd rtasqddr ne S xhdkchmf S𝛾- Gdqd* ;) A) B ]mc C
qdoqdrdms onrrhakx dlosx rtasqddr ]mc R + R𝛾-

B]rd 2. sgd dkdldms f < �S) R( cndr mns adknmf sn B]rd 0 nq B]rd 1- Hm sghr b]rd) sgd qd]qq]mfdldms ne sgd
rtasqddr ne sgd cnl]hm sqdd hr dw]bskx ]r cdohbsdc hm Ehftqd 4- Ltkshokhb]shnm g]r mn d9dbs nm sgd q]mfd sqdd.
sg]s hr) R < R𝛾- Kds ⬦;) ⬦A) ⬦B cdmnsd sgd rtarsqhmfr sg]s dmbncd sgd rtasqddr ;) A) ]mc B) qdrodbshudkx) ]mc
χ; ) χA ) χB ∈ Σ∗S sgd rsqhmfr ne k]adkr enq sgd b]qdsr hm R o]hqdc) qdrodbshudkx) vhsg sgd b]qdsr hm rtasqddr ;) A
]mc B ne S- Sgdm

∙ ν�f( < (
⬦;
χ;

)(
d
y”
)(

⬦a
χA

)(
q
y0
)(

⬦B
χB

) ]mc

∙ ν�fw”( < (
⬦;
χ;

)(
q
y”
)(

⬦a
χA

)(
d
y0
)(

⬦B
χB

)

enq rnld y”) y0 ∈ ΣS -
Cdffimd ] k]mft]fdL” sn bnmrhrs ne sgd tmhnm ne ]kk bnmunktshnmr ⊗�t) u( ne sgd enkknvhmf enqlr.

∙ t < (
q
y”
)(

⬦0
⬦1
) ]mc u < (

q
d
)(

d
y”
)(

⬦0
⬦1
):

∙ t < (
⬦0
⬦1
)(

d
y”
)(

q
d
) ]mc u < (

⬦0
⬦1
)(

q
y”
):

∙ t < (
⬦;
χ;

)(
d
y”
)(

⬦a
χA

)(
q
y0
)(

⬦B
χB

) ]mc u < (
⬦;
χ;

)(
q
y”
)(

⬦a
χA

)(
d
y0
)(

⬦B
χB

))

vgdqd y”) y0 ∈ ΣS ]mc ⬦h ∈ Σ∗S - Mnsd sg]s t ]mc u l]x mn knmfdq khd hm C nq dudm IS -
Hs enkknvr eqnl Kdll] 1-5 sg]s sgdrd sgqdd rta,k]mft]fdr ]qd qdftk]q) ]mc gdmbd sgdhq tmhnmL” hr qdftk]q

]r vdkk- Sgd k]mft]fd Iw” hr sgdm sgd hmsdqrdbshnm neL” vhsg sgd 1,bntmsdq k]mft]fd

)⊗�t) u( { t ∈ C) u ∈ Σ∗S{)
adb]trd sgd bnmrsqtbshnm ne L” ft]q]msddr sg]s he t ∈ C ]mc ⊗�t) u( ∈ L”) sgdm sgd rsqhmf u khdr hm C- Gdmbd
sgd k]mft]fd Iw” b]m ad qdbnfmhydc ax ] mnmakhmc cdsdqlhmhrshb 1,bntmsdq ]tsnl]snm-

4-1 Sgd ltkshokhdp kYmftYfd FL0

He f < �S) R( ∈ D) sgdm sgd oqnbdrr ne ltkshokxhmf f ax w0 hr cdrbqhadc hm ffiud b]rdr vghbg cdodmc nm sgd ]q,
q]mfdldms ne b]qdsr hm S ]mc R-

Hm sghr rdbshnm) he f < �S) R( hr ]r hm Ehftqd 5) vd vhkk trd ⬦; ) ⬦A ) ⬦B ]mc ⬦C sn cdmnsd sgd rsqhmfr hm Ihms sg]s
dmbncd sgd rtasqddr ;) A) B ]mc C) qdrodbshudkx- Kds χ;) χA) χB ]mc χC cdmnsd sgd rsqhmfr hm Σ∗S sg]s dmbncd
sgd b]qdsr ne R vghbg ]qd o]hqdc) qdrodbshudkx) vhsg rtasqddr ;) A) B ]mc C- He ⬦P hr dlosx enq P ∈ ];) A) B) C|
sgdm vd r]x sg]s χP hr dlosx ]r vdkk-

Vd mnv hcdmshex ]kk o]hqr ne rsqhmfr hmCvghbg bnqqdronmc sn onrrhakd o]hqr f ]mc fw0- Hm B]rdr 0–3 adknv
sgd ch9dqdmbd adsvddm ν�f( ]mc ν�fw0( khdr dhsgdq ]s sgd dmc ne sgd rsqhmf nq hlldch]sdkx ]esdq sgd tmhptd b]qds
ne sxod ’q“ hm sgd sno khmd ne sgd bnmunktshnm ν�f(- ; ffimhsd rs]sd l]bghmd b]m d]rhkx cdsdbs sghr bg]mfd- Sgdm
svn bntmsdqr ]qd qdpthqdc sn dmrtqd sg]s ν�f( khdr hm C) ]mc ax sgd bnmrsqtbshnm ne sgd k]mft]fd) ν�fw0( ltrs
khd hm C ]r vdkk- Sgtr sgd rds ne ]kk bnmunktshnmr cdrbqhadc hm B]rdr 0–3 vhkk enql ] mnmakhmc cdsdqlhmhrshb
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1,bntmsdq k]mft]fd- Sgd rds ne rsqhmfr cdrbqhadc hm sgd ffim]k b]rd ne sghr rdbshnm vhkk qdpthqd ]m ]cchshnm]k
bntmsdq sn cdsdbs sg]s sgd bg]mfd adsvddm ν�f( ]mc ν�fw0( khdr ]s sgd bnqqdbs onrhshnm hm sgd hmsdqhnq ne sgd
bnmunktshnm-

B]rd 0. Svn b]qdsr ltrs ad ]ccdc sn f < �S) R( hm nqcdq sn ltkshokx ax w0) sg]s hr) sgd qnns b]qds ne S g]r
mn qhfgs bghkc- Sgdm vd ltrs ]cc ] qhfgs bghkc vhsg ] kdes bghkc sn sgd qhfgslnrs b]qdsr ne S ]mc R) bqd]shmf ]m
tmqdctbdc qdoqdrdms]shud ne f) adenqd odqenqlhmf sgd ltkshokhb]shnm- Kds f∗ < �S∗) R∗( cdmnsd sghr tmqdctbdc
qdoqdrdms]shud enq f-

Rhmbd sgd qnns b]qds ne S g]r mn qhfgs bghkc) sgd rsqhmf bnqqdronmchmf sn S dmcr vhsg ’q“- Sgdm enq rnld
y” ∈ ]d) q|) vd g]ud

∙ ν�f( < (
⬦;
χ;

)(
q
y”
))

∙ ν�f∗( < (
⬦;
χ;

)(
q
y”
)(

Y
Y
)(

d
d
) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
y”
)(

d
Y
)(

d
d
)-

Mnshbd sg]s sghr b]rd ]krn hmbktcdr sgd hcdmshsx vhsg ⬦; < χ; < ϵ ]mc y” < q- Sgdm

ν�w0( < (
q
q
)(

d
Y
)(

d
d
) -

B]rd 1. Nmd b]qds ltrs ad ]ccdc sn f < �S) R( hm nqcdq sn ltkshokx ax w0) sg]s hr) sgd qnns b]qds ne S g]r ]
qhfgs bghkc vghbg cndr mns g]ud ] kdes bghkc) rn sg]s sgd rsqhmf hm Σ∗S bnqqdronmchmf sn S hr ⬦;qd⬦C- Sn odqenql
ltkshokhb]shnm ax w0) vd ltrs ]cc ] kdes bghkc sn sgd qhfgs bghkc ne sgd qnns b]qds ne S ]mc sn sgd bnqqdronmchmf
kd]e hm R) bqd]shmf ]m tmqdctbdc qdoqdrdms]shud ne f) vghbg vd cdmnsd ax f∗ < �S∗) R∗(- Vd bnmrhcdq sgqdd
onrrhahkhshdr enq sghr ltkshokhb]shnm) a]rdc nm sgd b]qds sxod y” ne sgd b]qds hm R o]hqdc vhsg sgd qnns b]qds ne
S- Kds m cdmnsd sgd hmffiw mtladq ne sgd qnns b]qds hm S ]mc sgd bnqqdronmchmf b]qds ne sxod y” hm R-

Hm rtab]rdr �](–�b( adknv) vd ]kv]xr g]ud

ν�f( < (
⬦;
χ;

)(
q
y”
)(

d
y0
)(

⬦C
χC

) )

vgdqd y”) y0 ∈ ΣS -
�]( Ehqrs rtoonrd y” ∈ ]d) q) �) a(|- Sgdm sgd mdv b]qds hr ]ccdc sn R ]r sgd kdes bghkc ne sgd b]qds ne hmffiw mtladq

m ) 0 ]mc vhkk ad sxod ’Y“ hm R∗ < R𝛾- Sgdm vd g]ud

∙ ν�f∗( < (
⬦;
χ;

)(
q
y”
)(

Y
Y
)(

d
y0
)(

⬦C
χC

) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
y”
)(

d
Y
)(

d
y0
)(

⬦C
χC

)-

�a( Mdws rtoonrd y” hr sxod ’Y“- Sgdm sgd mdv b]qds hr ]ccdc sn R ]r sgd qhfgs bghkc ne b]qds m �ne sxod y”()
vghbg bg]mfdr sgd sxod ne b]qds m hm R sn ’�“) ]mc sgd mdv b]qds hr ne sxod ’(“- Sgdm vd g]ud

∙ ν�f∗( < (
⬦;
χ;

)(
q
�
)(

Y
(
)(

d
y0
)(

⬦C
χC

) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
�
)(

d
(
)(

d
y0
)(

⬦C
χC

)-

�b( Ehm]kkx) rtoonrd y” hr sxod ’(“- ;r hm �a() sgd mdv b]qds hr ]ccdc sn R ]r sgd qhfgs bghkc ne b]qds m) vghbg
bg]mfdr sn sxod ’a“) ]mc sgd mdv b]qds hr ne sxod ’(“- Sgdm vd g]ud

∙ ν�f∗( < (
⬦;
χ;

)(
q
a
)(

Y
(
)(

d
y0
)(

⬦C
χC

) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
a
)(

d
(
)(

d
y0
)(

⬦C
χC

)-
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Hm ]kk sgqdd b]rdr) ν�fw0( hr ] qdctbdc rsqhmf- He χC hr dlosx) sgdm y0 < d adb]trd ν�f( hr hsrdke ] qdctbdc rsqhmf-
Mnsd sg]s enq ] fhudm rsqhmf ν�f( hm B]rd 1) ] ffimhsd rs]sd ]tsnl]snm b]m cdbhcd vghbg rtab]rd ν�f( khdr hm-

B]rd 2. ;esdq ltkshokhb]shnm ax w0) svn b]qdsr ltrs ad qdlnudc sn nas]hm sgd qdctbdc sqdd o]hq ch]fq]l
enq sgd oqnctbs- Rtoonrd sg]s sgd qnns b]qds ne S g]r ] qhfgs bghkc vghbg g]r ] kdes bghkc- He sgd enkknvhmf sgqdd
bnmchshnmr gnkc)
�h( sgd qhfgs bghkc ne sgd qnns b]qds ne S cndr mns g]ud ] qhfgs bghkc:
�hh( sgd kdes bghkc ne sgd qhfgs bghkc ne sgd qnns b]qds ne S g]r mn bghkcqdm:
�hhh( sgd ffim]k svn b]qdsr ne R ]qd dwsdqhnq b]qdsr vhsg mn hmsdqhnq bghkcqdm)
sgdm ltkshokhb]shnm xhdkcr ]m tmqdctbdc qdoqdrdms]shud fw∗0 < �S∗) R∗(- Vd ltrs dkhlhm]sd svn qdctmc]ms
b]qdsr eqnl d]bg ne S∗ ]mc R∗ sn nas]hm fw0 < �S𝛾) R𝛾(-

Fhudm bnmchshnmr �h( ]mc �hh() sgd rsqhmf bnqqdronmchmf sn S dmcr vhsg ’qYd“- Bnmchshnm �hhh( hlokhdr sg]s
sgd rsqhmf bnqqdronmchmf sn R dmcr vhsg ’y”dd“ enq y” ∈ ]q) d|- Sgdm vd g]ud

∙ ν�f( < (
⬦;
χ;

)(
q
y”
)(

Y
d
)(

d
d
))

∙ ν�fw∗0( < (
⬦;
χ;

)(
q
y”
)(

d
d
)(

d
d
) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
y”
)-

B]rd 3. ;esdq ltkshokhb]shnm ax w0) nmd b]qds ltrs ad qdlnudc sn nas]hm sgd qdctbdc sqdd o]hq ch]fq]l enq
sgd oqnctbs- Rtoonrd sg]s sgd rsqhmf v cndr mns khd hm B]rdr 0) 1 nq 2- Rtoonrd etqsgdq sg]s sgd qnns b]qds ne S
g]r ] qhfgs bghkc sg]s g]r ] kdes bghkc- He sgd enkknvhmf sgqdd bnmchshnmr gnkc)
�h( sgd qhfgs bghkc ne sgd qnns b]qds ne S cndr mns g]ud ] qhfgs bghkc:
�hh( sgd kdes bghkc ne sgd qhfgs bghkc ne sgd qnns b]qds ne S cndr mns g]ud ] qhfgs bghkc �ats l]x g]ud ] kdes bghkc(:
�hhh( sgd ffim]k b]qds ne R hr ]m dwsdqhnq b]qds vhsg mn kdes bghkc)
sgdm ltkshokhb]shnm xhdkcr ]m tmqdctbdc qdoqdrdms]shud fw∗0 < �S∗) R∗(- Vd ltrs dkhlhm]sd ] rhmfkd qdctmc]ms
b]qds eqnl d]bg ne S∗ ]mc R∗ sn nas]hm fw0 < �S𝛾) R𝛾(-

Hs enkknvr eqnl bnmchshnmr �h( ]mc �hh( sg]s sgd rsqhmf hm Σ∗S bnqqdronmchmf sn S hr ⬦;q⬦AYd- Sgdm enq y” ∈ ΣS
vd g]ud

∙ ν�f( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
Y
d
)(

d
d
))

∙ ν�fw∗0( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
d
d
)(

d
d
) ]mc

∙ ν�fw0( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
d
d
)-

Sn ]unhc nudqk]o vhsg B]rd 2) he χA < ” sgdm y” ∉ ]d) q| sn dmrtqd sg]s sgdqd hr nmkx nmd qdctmc]ms b]qds hm
ν�fw∗0(-

Sn rtll]qhyd B]rdr 0–3) kds L0 ad sgd rds ne ]kk ⊗�t) u( vgdqd t < ν�f( ]mc u < ν�fw0( ]qd ]r khrsdc hm
B]rdr 0–3) vgdqd ⬦h ]mc χh ]qd mnv ]kknvdc sn ad ]mx rsqhmfr hm Σ∗S - ;r vhsg sgd bnmrsqtbshnm ne Iw” ) vd ]qd mns
bnmbdqmdc vhsg vgdsgdq t) u ∈ C- D]bg onrrhakd ch9dqdmbd adsvddm sgd rsqhmfr t ]mc u hm sgd oqduhntr entq
b]rdr hr d]rhkx cdsdbsdc ax ] ffimhsd rs]sd l]bghmd) ]mc sgtr sgd k]mft]fd L0 hr qdftk]q- Ehm]kkx) hmsdqrdbs L0
vhsg sgd k]mft]fd ]⊗�w) x( { w ∈ C) x ∈ Σ∗S| vgdqd sgd k]ssdq hr ] mnmakhmc cdsdqlhmhrshb 1,bntmsdq k]mft]fd-
Cdmnsd sgd hmsdqrdbshnm ax L: hs hr ]krn ] mnmakhmc cdsdqlhmhrshb 1,bntmsdq k]mft]fd ]mc bnmrhrsr ne dw]bskx
sgnrd bnmunktshnmr bnudqdc hm B]rdr 0–3- Mnsd sg]s hs hr dmntfg sn bgdbj sg]s nmd ne t ]mc u khdr hm C adb]trd
sgd bnmrsqtbshnm neL0 dmrtqdr sg]s vgdm nmd bnlonmdms khdr hm C) sgd nsgdq nmd cndr ]r vdkk-

B]rd 4. Mn b]qdsr ltrs ad ]ccdc sn ltkshokx ax w0 ]mc sgd qdrtkshmf sqdd o]hq ch]fq]l hr mdbdrr]qhkx
qdctbdc- Sg]s hr) rtoonrd sg]s f < �S) R( cndr mns adknmf sn ]mx ne sgd oqduhntr b]rdr- Sgdm ltkshokhb]shnm ax
w0 cndr mns ]9dbs sgd q]mfd sqdd: he f < �S) R( ]mc fw0 < �S𝛾) R𝛾() sgdm R < R𝛾- Sgd sqddr S ]mc S𝛾 ]qd cdohbsdc
hm Ehftqd 5- Vd bnmrhcdq svn b]rdr ]bbnqchmf sn vgdsgdq sgd rtasqdd B hr dlosx) ]mc mnsd sg]s ] ffimhsd rs]sd
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l]bghmd b]m cdsdbs vghbg b]rd ] bnmunktshnm khdr hm- Mnsd sg]s ⊗�Σ∗S ) C( hr ] 1,bntmsdq k]mft]fd) adb]trd Σ∗S
hr qdftk]q ]mc C qdpthqdr svn bntmsdqr-

Hm B]rd 4) sgdqd ]qd ]s lnrs svn b]qdsr vghbg bg]mfd sxod adsvddm S ]mc S𝛾.
�0( Sgd o]qdms b]qds ne rtasqddr A ]mc B: sghr b]qds hr hmsdqhnq hm S ]mc dwsdqhnq hm S𝛾) ]mc vd cdmnsd hs c- Sghr

bg]mfd ]kv]xr nbbtqr-
�1( Sgd qnns b]qds ne rtasqdd B) vghbg bg]mfdr sxod he ]mc nmkx he B hr mns dlosx- Vd cdmnsd sghr b]qds ax e -

Vd rgnv adknv sg]s sgd w0 ltkshokhdq k]mft]fd b]m ad d]rhkx dwoqdrrdc trhmf sgqdd bntmsdqr- Hm sghr b]rd)
vd rvhsbg ntq odqrodbshud ]mc enbtr nm sgd sqdd S𝛾 eqnl sgd sqdd o]hq ch]fq]l enq fw0 q]sgdq sg]m sgd sqdd S-

B]rd 4 �](. Rtasqdd B hr dlosx- Hm sghr b]rd)

t < ν�f( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
Y
y0
)(

d
y1
)(

⬦C
χC

) ]mc

u < ν�fw0( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
d
y0
)(

d
y1
)(

⬦C
χC

)

enq rnld y”) y0) y1 ∈ ΣS - Kds I0 ad sgd qdftk]q k]mft]fd ne ]kk rsqhmfr ⊗�t) u( vgdqd t ]mc u g]ud sgd ]anud
enql vhsg ⬦A ]mc ⬦B qdok]bdc ax ]qahsq]qx rsqhmfr eqnl Σ∗hms ]mc ⬦;) ⬦C ]mc χX qdok]bdc ax ]qahsq]qx rsqhmfr
eqnl Σ∗S ) enq X ∈ ];) A) C|- ;r ⬦A bnmrhrsr nmkx ne hmsdqhnq b]qds sxodr) ] ffimhsd rs]sd l]bghmd b]m d]rhkx bgdbj
sg]s ]esdq 0 q

y” ( hr qd]c hm u) sgd mdws rxlank 0 wx ( vgdqd w ∉ ]Y) a) �) (| hr 0 d
y0 ( ]mc sg]s hs hr o]hqdc vhsg 0 Y

y0 (
hm t- ;rrtld vhsgnts knrr ne fdmdq]khsx sg]s sghr bnmchshnm hr ]krn udqhffidc hm I0- Sgdm K0 < I0 ∩ ⊗�C) Σ∗S( hr
] 1,bntmsdq k]mft]fd ]bbdoshmf dw]bskx sgnrd bnmunktshnmr ⊗�t) u( hm B]rd 4 �]() sg]s hr) vhsg B < ⋅-

B]rd 4 �a(. Rtasqdd B hr mns dlosx- Hm sghr b]rd) hm ν�fw0( vqhsd ⬦B < η0eη1 ]mc hm ν�f( vqhsd ⬦B < η0eη1
vgdqd e ) qdro- e ) bnqqdronmcr sn sgd qnns b]qds ne sgd rtasqdd B- Gdqd ηh ∈ I∗hms) ]mc vd kds η𝛾0 ]mc η𝛾1 hm Σ∗S
cdmnsd sgd rsqhmfr ne b]qds sxodr o]hqdc vhsg sgd b]qds sxodr hm η0 ]mc η1) qdrodbshudkx- Sgdm

t < ν�f( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
�
y0
)(

η0
η𝛾0)(

e
y2
)(

η1
η𝛾1)(

d
y1
)(

⬦C
χC

) ]mc

u < ν�fw0( < (
⬦;
χ;

)(
q
y”
)(

⬦A
χA

)(
d
y0
)(

η0
η𝛾0)(

e
y2
)(

η1
η𝛾1)(

d
y1
)(

⬦C
χC

) )

vgdqd y”) y0) y1) y2 ∈ ΣS ]mc
�0( he sgd qhfgs rtasqdd ne sgd qnns b]qds ne B hr dlosx sgdm e < ( ]mc e < Y) nq
�1( he sgd qhfgs rtasqdd ne sgd qnns b]qds ne B hr mns dlosx sgdm e < a ]mc e < �-

Kds I1 ad sgd qdftk]q k]mft]fd ne ]kk rsqhmfr ⊗�t) u( vgdqd t ]mc u g]ud sgd ]anud enql vhsg ]kk ⬦A) η0
]mc η1 qdok]bdc ax ]qahsq]qx rsqhmfr eqnl Σ∗hms ]mc ⬦; ) ⬦C ) χX ) η𝛾0 ]mc η𝛾1 qdok]bdc ax ]qahsq]qx rsqhmfr eqnl
Σ∗S ) enq X ∈ ];) A) C|- ;r hm B]rd 4 �]() ]rrtld sg]s sgd ffimhsd rs]sd l]bghmd qdbnfmhyhmf I1 udqhffidr sg]s sgd
bg]mfd hm sgd b]qds sxod ne sgd o]qdms b]qds ne rtasqdd A nbbtqr hm sgd ]ooqnoqh]sd onrhshnm �sg]s hr) sgd ffiqrs
’d“ enkknvhmf sgd qnns b]qds hm sgd rsqhmf qdoqdrdmshmf S𝛾(-

Sn cdsdbs sg]s sgd bg]mfd hm sxod eqnl b]qds e sn b]qds e nbbtqr hm sgd bnqqdbs onrhshnm hm sgd rsqhmf vd
vhkk trd ] rhmfkd bntmsdq- Sgd bntmsdq hmrsqtbshnmr trdc sn rgnv sg]s ] rsqhmf eqnl Σ∗hms enqlr ] u]khc hmsdqhnq
rtasqdd vdqd ]r enkknvr.
�0( vgdm sgd l]bghmd qd]cr ’�“ sgd bntmsdq hr hmbqdldmsdc ax 0:
�1( sgd l]bghmd l]x qd]c ’(“ nmkx vgdm sgd u]ktd ne sgd bntmsdq hr onrhshud) ]mc sgdm sgd u]ktd ne sgd bntmsdq

hr cdbqdldmsdc ax 0:
�2( he sgd u]ktd ne sgd bntmsdq hr ” ]mc sgd kdssdq ’a“ hr qd]c) sgd l]bghmd oqnbddcr sn ] e]hk rs]sd-

Vgdm sgdrd bntmsdq hmrsqtbshnmr ]qd ]ookhdc sn ] l]bghmd qd]chmf τ−0sqdd�S𝛾() sgd u]ktd ne sgd bntmsdq hr ”
adenqd d]bg rtarsqhmf ⬦X hr qd]c) enq X ∈ ];) A) B) C|- Lnqdnudq) ]esdq sgd ffim]k kdssdq ne η0 hr qd]c) sgd u]ktd
ne sgd bntmsdq hr ]f]hm ”- He η1 hr mnmdlosx) sgdm tonm qd]chmf ’�“ bnqqdronmchmf sn sgd qnns b]qds ne rtasqdd
B �b]qds e ( sgd u]ktd ne sgd bntmsdq hr rds sn 0 ]mc vhkk mns dpt]k ydqn ]f]hm tmshk ]esdq sgd dmshqd rsqhmf η1 g]r
addm qd]c ax sgd l]bghmd- Gdmbd hm Ehftqd 6 vd bgdbj sg]s sgd u]ktd ne sgd bntmsdq hr rsqhbskx onrhshud ]r η1
hr qd]c-



I- S]a]bj ]mc R- Wntmdr* Sqdd,a]rdc k]mft]fd bnlokdwhsx ne Sgnlornm–r fqnto D 9 040

p”rs]qs p0 p1

p2

p3

p4

0 q
y” (

0 w0w1 ( 0 x
w0 (

0 d
y0 (

0 x
w0 (�

⊗ (0 (
y2 () 0

Y
y2 ()+” ⊗ (0 a

y2 () 0
�
y2 ()+”))0

0 x
w0 (�)=”

0 d
y1 (+”

0 w0w1 (

0 d
y1 (

Dhftpd 6- Enq ⊗�t) u( ]r hm B]rd 4* sghr l]bghmd bgdbjr sg]s sgd bg]mfd hm sgd qnns b]qds ne rtasqdd B eqnl S sn S𝛾 nbbtqr
hm sgd bnqqdbs rons hm sgd rsqhmf ]mc g]r sgd bnqqdbs k]adk bg]mfd- Sgd dcfd k]adkr bnqqdronmc sn sgd kdssdqr hm sgd rsqhmf
u + ν�fw0( > C ]mc sgd bnqqdronmchmf kdssdq eqnl t + ν�f( hr hfmnqdc* dwbdos ]s sgd qnns b]qds ne rtasqdd B* vgdqd ansg
sgd kdssdq eqnl t ]mc eqnl u ]qd bnmrhcdqdc- Sgd kdssdqr y” ) y0 ) y1 ]qd ]r hm sgd dwoqdrrhnmr enq t ]mc u ]anud* x > Σhms
]mc wh > ΣS - Sgd rs]qs rs]sd hr p” ]mc sgd ]bbdos rs]sd hr p3- Sgd kdssdq F cdmnsdr sgd rds ne bntmsdq hmrsqtbshnmr trdc hm
sgd bnmrsqtbshnm ne �hms-

Sgd l]bghmd hm Ehftqd 6 qd]cr bnmunktshnmr ⊗�t) u( ∈ I1- Sgd rs]sd sq]mrhshnmr ]qd cdsdqlhmdc rnkdkx
ax sgd kdssdq eqnl u) vhsg nmd dwbdoshnm. sgd b]qdsr bnqqdronmchmf sn sgd qnns b]qds ne sgd rtasqdd B hm S𝛾 �nq
S(- Hm Ehftqd 6 vd k]adk sgd rs]sd sq]mrhshnmr nmkx ax sgd kdssdq qd]c hm u dwbdos ]s sghr onrhshnm- Vgdm u ∈ C

]r vdkk) sghr l]bghmd vnqjr ]r enkknvr- Kds x ∈ Σhms ]mc w ∈ ΣS ad ]qahsq]qx kdssdqr- Kds F cdmnsd sgd rds ne
bntmsdq hmrsqtbshnmr fhudm ]anud- Sgd k]adk 0 zβ (� cdmnsdr sgd ]ooqnoqh]sd bntmsdq qtkdr eqnl Fvghbg ]ookx sn
sgd kdssdq z eqnl 0 zβ () enq z) β ∈ ΣS -
�0( Sgd knno ]s rs]sd p” qd]cr sgd rsqhmf ⬦; bnqqdronmchmf sn rtasqdd ; hm S𝛾 ]mc sgd bnqqdronmchmf rsqhmf χ;

eqnl ν�fw0(- Sgd dcfd k]adkdc 0 q
y” ( b]m nmkx ad qd]c vgdm sghr rtasqdd hr bnlokdsdc-

�1( Sgd knno ]s rs]sd p0 qd]cr sgd rsqhmf ⬦A bnqqdronmchmf sn rtasqdd A hm S𝛾 ]mc sgd bnqqdronmchmf rsqhmf χA
eqnl ν�fw0(- Sgd dcfd k]adkdc 0 d

y0 ( b]m nmkx ad qd]c vgdm sghr rtasqdd hr bnlokdsdc-
�2( Sgd knno ]s rs]sd p1 qd]cr sgd rsqhmf η0 bnqqdronmchmf sn sgd kdes rtasqdd ne sgd qnns b]qds ne rtasqdd B hm

S𝛾 ]mc sgd bnqqdronmchmf rsqhmf η𝛾0- Vd ]ookx sgd bntmsdq hmrsqtbshnmr F sn sgd sno khmd ne ν�fw0(- ;esdq
sghr rsqhmf g]r addm qd]c) sgd u]ktd ne sgd bntmsdq hr ”-

�3( He sgd qhfgs rtasqdd ne sgd qnns b]qds ne rtasqdd B hr dlosx) sgdm sgd qnns b]qds ne B hm ν�fw0( g]r sxod ’(“
hm S𝛾 ]mc sgd l]bghmd sq]mrhshnmr sn rs]sd p4 udqhexhmf sgd bntmsdq u]ktd- ;r sghr bnqqdronmcr sn sgd qnns
b]qds ne B sgd l]bghmd rhltks]mdntrkx bgdbjr sg]s sgd bnqqdronmchmf rxlank eqnl t < ν�f( hr 0 Y

y2 ( adenqd
sq]mrhshnmhmf sn rs]sd p4-

�4( He sgd qhfgs rtasqdd ne sgd qnns b]qds ne rtasqdd B hm ν�fw0( hr mns dlosx) sgdm sgd qnns b]qds ne B g]r sxod ’�“
hm S𝛾 ]mc sgd l]bghmd sq]mrhshnmr sn rs]sd p2 udqhexhmf sgd bntmsdq u]ktd- Sgd l]bghmd rhltks]mdntrkx
bgdbjr sg]s sgd bnqqdronmchmf rxlank eqnl t < ν�f( hr 0 a

y2 (- Sgd knno ]s rs]sd p2 qd]cr sgd rsqhmf η1
bnqqdronmchmf sn sgd qhfgs rtasqdd ne sgd qnns b]qds ne B) trhmf sgd bntmsdq hmrsqtbshnmr F enq sgd sno khmd
ne ν�fw0( ats ]cchshnm]kkx udqhexhmf sg]s sgd u]ktd ne sgd bntmsdq hr mdudq ” vghkd sghr rsqhmf hr qd]c- ;esdq
sgd dmshqd rsqhmf η1 hr qd]c sgd bntmsdq u]ktd hr ”) ]mc sghr hr udqhffidc ]knmf sgd dcfd kd]chmf sn rs]sd p3-

�5( Sgd knno ]s rs]sd p3 qd]cr sgd rsqhmf ⬦C bnqqdronmchmf sn rtasqdd C hm S𝛾 ]mc sgd bnqqdronmchmf rsqhmf χC-
Kds K1 ad sgd hmsdqrdbshnm ne sgd k]mft]fd ]bbdosdc ax sgd l]bghmd hm Ehftqd 6 vhsg ⊗�Σ∗S ) C(: sgd k]ssdq

udqhffidr sg]s u ∈ C �]mcgdmbd t ∈ C( ]rvdkk- SgdmK1 hr sgd k]mft]fdne ]kk bnmunktshnmr ]bbdosdc hmB]rd4 �a(:



041 9 I- S]a]bj ]mc R- Wntmdr* Sqdd,a]rdc k]mft]fd bnlokdwhsx ne Sgnlornm–r fqnto D

]r hs hr sgd hmsdqrdbshnm ne ] 0,bntmsdq k]mft]fd vhsg ] 1,bntmsdq k]mft]fd) vd bnmbktcd sg]sK1 hr ] 2,bntmsdq
k]mft]fd- Hs enkknvr sg]s Iw0 hr sgd tmhnm ne K0 ]mc K1) gdmbd ] mnmakhmc cdsdqlhmhrshb 2,bntmsdq k]mft]fd-
Sghr bnlokdsdr sgd oqnne ne Sgdnqdl 3-0-

:bimnukdcfldms. Sgd ]tsgnqr vhrg sn sg]mj Rd]m Bkd]qx) Ana Fhkl]m) ;kdwdh Lh]rmhjnu ]mc drodbh]kkx
Ltqq]x Dkcdq enq l]mx gdkoetk chrbtrrhnmr ctqhmf sgd vqhshmf ne sghr o]odq-

Dtmchmf. Sgd ffiqrs ]tsgnq ]bjmnvkdcfdr rtoonqs eqnl M]shnm]k Rbhdmbd Entmc]shnm fq]ms CLR,00”43”6 ]mc
Rhlnmr Entmc]shnm fq]ms 20625 sn Anvcnhm Bnkkdfd-

Pdedpdmbdr
Y0[ I- L- Adkj ]mc J- R- Aqnvm* Enqdrs ch]fq]lr enq dkdldmsr ne Sgnlornm–r fqnto D* GmsdpmTs- I- .kedapT Anlots- 04 �1””4(*

mn- 4É5* 704É74”-
Y1[ J- R- Aqnvm ]mc Q- Fdnfgdf]m* @m hmffmhsd,chldmrhnm]k snqrhnm,eqdd EO∞ fqnto* Gmudms- LTsg- 66 �0873(* mn- 1* 256É270-
Y2[ I- V- B]mmnm* V- I- Eknxc ]mc V- Q- O]qqx* Hmsqnctbsnqx mnsdr nm Qhbg]qc Sgnlornm–r fqntor* Dmrdhem- LTsg- �y( 31 �0885(*

mn- 2É3* 104É145-
Y3[ R- Bkd]qx ]mc I- S]a]bj* Bnlahm]snqh]k oqnodqshdr ne Sgnlornm–r fqnto D* SpTmr- .ldp- LTsg- Nnb- 245 �1””3(* mn- 6*

1714É1738-
Y4[ R- Bkd]qx ]mc I- S]a]bj* Rddr]v vnqcr hm Sgnlornm–r fqnto D* hm/ Ednldsphb Ldsgncr hm Epnto Sgdnpw* Bnmsdlo- L]sg-

261* @ldqhb]m L]sgdl]shb]k Rnbhdsx* Oqnuhcdmbd �1””4(* 036É048-
Y5[ L- Dkcdq* z- Etrx ]mc @- Qdbgmhsydq* Bntmshmf dkdldmsr ]mc fdncdrhbr hm Sgnlornm–r fqnto D* I- .kedapT 213 �1”0”(*

mn- 0* 0”1É010-
Y6[ L- Dkcdq ]mc I- S]a]bj* �,fq]og ]tsnl]shb fqntor* I- .kedapT 302 �1”03(* 178É208-
Y7[ L- Dkcdq ]mc I- S]a]bj* Sgnlornm–r fqnto D hr 0,bntmsdq fq]og ]tsnl]shb* oqdoqhms �1”04(* gsso/..]qwhu-nqf.]ar.04”0-

”3202-
Y8[ R- A- Enqcg]l* Lhmhl]k kdmfsg dkdldmsr ne Sgnlornm–r fqnto D* Ednl- CdchbTsT 88 �1””2(* 068É11”-
Y0”[ U- R- Fta] ]mc L- U- R]ohq* Sgd Cdgm etmbshnm ]mc ] qdftk]q rds ne mnql]k enqlr enq Q- Sgnlornm–r fqnto D* I- .trspTk-

LTsg- Nnb- Ndp- . 51 �0886(* mn- 2* 204É217-
Y00[ I- D- Gnobqnes ]mc I- C- Tkkl]m* Gmspnctbshnm sn .tsnlTsT Sgdnpw) JTmetTedr) Tmc AnlotsTshnm* @cchrnm,Vdrkdx* Qd]chmf*

0868-
Y01[ N- Jg]qk]lonuhbg* A- Jgntrr]hmnu ]mc @- Lh]rmhjnu* Eqnl ]tsnl]shb rsqtbstqdr sn ]tsnl]shb fqntor* Epntor Ednl- Cwm-

7 �1”03(* mn- 0* 046É087-
Y02[ U- Rgohkq]hm ]mc @- Trg]jnu* Sgnlornm–r fqnto ]mc otakhb jdx bqxosnfq]ogx* hm/ .ookhdc ApwosnepTogw Tmc Mdsvnpi Ndbt,

phsw* Kdbstqd Mnsdr hm Bnlots- Rbh- 2420* Roqhmfdq* Adqkhm �1””4(* 040É052-
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