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BnlltmhbWsdc aw A- Rsdhmadpf

Jds ��fid( cdmnsd sgd fpnto vgnrd BWwkdw fpWog vhsg pdrodbs sn W oWpshbtkWp fdmdpWs,

hmf rds hr sgd ChdrsdkyJdWcdp fpWog ,D�fid() Wr cdrbphadc aw AWpsgnkch) MdtgWtrdp Wmc

Vndrr- Vd bnlotsd ansg =tsfi��fid(( Wmc Ntsfi��fid(( enp R ≥ 1) Wmc Wookw ntp pdrtksr

sn bntms svhrsdc bnmitfWbw bkWrrdr hm sgdrd fpntor vgdm R ≥ 2- RodbhΓbWkkw) vd rgnv

sgWs vgdm R ≥ 2) sgd fpntor ��fid( gWud opnodpsw L�) sgWs hr) dudpw Wtsnlnpoghrl gWr

Wm hmΓmhsd mtladp ne svhrsdc bnmitfWbw bkWrrdr- Fm bnmspWrs) vgdm R ; 1 sgd kWlokhfgsdp

fpntor ��fid( ; Dd ; Ld " L gWud opnodpsw L� he Wmc nmkw he fid� 5( ≥; 0-

Jdwunpcr9 ChdrsdkyJdWcdp fpntor: ChdrsdkyJdWcdp fpWogr: Wtsnlnpoghrlr: opnodpsw L�:
Pdhcdldhrsdp mtladp: svhrsdc bnmitfWbw bkWrrdr-

LWsgdlWshbr Rtaidbs BkWrrhΓbWshnm9 OphlWpw9 1/D34: RdbnmcWpw9 1/D/7) 1/E54) 44L1/-

0) Gmspnctbshnm

A]qsgnkch+ Mdtg]trdq ]mc Vndrr hm W1“ cdrbqhad ] e]lhkx ne fqntor �c’p( vgnrd
B]xkdx fq]ogr vhsg qdrodbs sn bdqs]hm ffmhsd fdmdq]shmf rdsr cdmnsdc Rc.p ]qd gnqn,
bxbkhb oqnctbsr ne sqddr+ nq ChdrsdkzKd]cdq fq]ogr CKc’p(- Sgd bnmrsqtbshnm ne
sgd fqntor �c’p( qdpthqdr sg]s enq ]mx oqhld n chuhchmf p+ vd g]ud c • n ) 0-
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0165 L, Psdhm& H, SWaWbj � M, Unmf

Vd b]kk sgdrd fqntor ]r BhdrsdkyJdTcdq fqntor- Vgdm c ; 1 sgdrd fqntor ]qd sgd
vdkk,jmnvm k]lokhfgsdq fqntor Kp: sgd hcdmshffb]shnm ne ] B]xkdx fq]og ne Kp vhsg
sgd ChdrsdkzKd]cdq fq]og CK1’p( g]r addm oqduhntrkx dwoknqdc hm W2+ 1/+ 11“- Gdmbd
enq c ≥ 2+ �c’p( b]m ad uhdvdc ]r ] ghfgdq q]mj fdmdq]khy]shnm ne sgd k]lokhfgsdq
fqntor+ vhsg sgd ]cu]ms]fd sg]s sgdrd ghfgdq q]mj fqntor ]qd ffmhsdkx oqdrdmsdc-

Ldsqhb oqnodqshdr ne ChdrsdkzKd]cdq fqntor vdqd rstchdc ax sgd ffqrs svn ]tsgnqr
hm W07“+ vgdqd ] ldsgnc enq bnlotshmf vnqc kdmfsg vhsg qdrodbs sn sgd fdmdq]shmf
rds Rc.p hr dwokhbhskx cdrbqhadc- Trhmf sghr vnqc kdmfsg enqltk]+ sgdrd fqntor ]qd
rgnvm sn g]ud cd]c dmc dkdldmsr ne ]qahsq]qx cdosg+ hmffmhsdkx l]mx bnmd sxodr
]mc mn qdftk]q k]mft]fd ne fdncdrhbr- P]mcnl v]kjr nm ChdrsdkzKd]cdq fq]ogr ]qd
dwoknqdc hm W1“+ vgdqd sgd ]tsgnqr ]krn mnsd sg]s �c’p( hr ne sxod Dc�0 ats mns sxod
Dc+ ]mc hm lnrs b]rdr hr ]m ]tsnl]s] fqnto- Enq ] lnqd sgnqntfg hmsqnctbshnm sn
sgd oqnodqshdr ne �c’p(+ vd qdedq sgd qd]cdq sn W0+ 1+ 07“-

Sgd bnmrsqtbshnm ne sgd ChdrsdkzKd]cdq fqntor fhudm hm W1“ ]mc trdc hm W07“ hr
pthsd fdmdq]k: hm sghr o]odq vd vnqj vhsg ] rodbhffb e]lhkx ne ChdrsdkzKd]cdq fqntor-
Sghr hr l]cd oqdbhrd hm Rdb- 1- Gdmbdenqsg+ �c’p( vhkk cdmnsd ] ldladq ne sghr e]lhkx-

=m]knfntr sn sgd rdlhchqdbs oqnctbs rsqtbstqd ne sgd k]lokhfgsdq fqntor+ sgd
ChdrsdkzKd]cdq fqntor vhsg c ≥ 2 b]m ad dwoqdrrdc ]r ] rokhs rgnqs dw]bs rdptdmbd

0 → �c’p(≥ → �c’p( → Lc�0 → 0.

Hm sghr o]odq+ vd trd sgd rdlhchqdbs oqnctbs rsqtbstqd sn bnlotsd ansg sgd ]tsn,
lnqoghrl fqnto =ts’�c’p(( ]mc sgd ntsdq ]tsnlnqoghrl fqnto Nts’�c’p((- Hm W1“
fq]og ]tsnlnqoghrlr ne ] lnqd fdmdq]k ChdrsdkzKd]cdq fq]og ]qd rstchdc ]mc sgd
etkk hrnldsqx fqnto ne sghr fq]og hr bnlotsdc- =ksgntfg sgd fq]ogCKc’p( g]r l]mx
m]stq]k rxlldsqhdr vghbg xhdkc fq]og ]tsnlnqoghrlr+ hm fdmdq]k sgdrd rxlldsqhdr
cn mns hmctbd fqnto ]tsnlnqoghrlr- M]ldkx+ vd oqnud sgd enkknvhmf sgdnqdl-

Rgdnpdl 2)1) Ge c ≥ 1. sgdm

=ts’�c’p(( ∼; Cdq’Lc�0.Lc’Kp((Z ’T’Lc’Lp((ZA(.

vgdqd A ; {β ∈ =ts’Lc�0( |Jβ ; J{.

Hm sgd rs]sdldms ne sgd sgdnqdl+ Lc’Kp( hr ] ptnshdms ne ] onkxmnlh]k qhmf hm c

u]qh]akdr ]mc sgdhq hmudqrdr vhsg bndfibhdmsr hm Lp ]mc T cdmnsdr sgd fqnto ne tmhsr:
sgd fqnto J hr sgd jdqmdk ne ] o]qshbtk]q rgnqs dw]bs rdptdmbd fhudm hm Rdb- 1-2 trdc
sn cdffmd sgd cdqhudc fqnto �c’p(≥- Sgd fqnto Cdq’Lc�0.Lc’Kp(( ne cdqhu]shnmr hr
cdffmdc adknv hm Rdb- 2-

Hm Sgdnqdl 2-3 vd bnlokdsdkx bg]q]bsdqhyd sgd rtafqnto A+ ]mc ffmc sg]s vgdm
c / 2+ A hr sqhuh]k tmkdrr p ; c� 0 hr oqhld: lnqdnudq+ he c / 2 sgdm ]mx mnmsqhuh]k
]tsnlnqoghrl bnqqdronmcr sn ] odqlts]shnm l]sqhw sg]s hr ] l]whl]k kdmfsg bxbkd
hm Σc�0- =ksgntfg nsgdq onrrhahkhshdr l]x ]qhrd vgdm c ; 1 nq c ; 2+ sgdx ]qd ]krn
pthsd bnmrsq]hmdc- M]ldkx+ he c ; 1 sgdm A ∼; L1+ ]mc he c ; 2+ ansg A ∼; L1 ]mc
A ∼; C4 l]x ]qhrd-

Sgd ntsdq ]tsnlnqoghrl fqnto sgdm g]r sgd enkknvhmf cdrbqhoshnm-
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0166

Rgdnpdl 2)6) Ge c ≥ 2.

Nts’�c’p(( ∼; ’T’Lc’Lp((<L(ZA.

vgdqd L ; {Πc�0
g60 ’s) kg(vd |vg ∈ L{ hr sgd rds ne lnmnlhTkr vhsg bnd�bhdms nmd-

Hm Rdb- 4+ vd dwsdmc sgdrd qdrtksr sn A]tlrk]f”r lds]adkh]m fqnto-
=r ]m ]ookhb]shnm ne sgdrd qdrtksr vd bnmrhcdq vgdsgdq sgdrd fqntor g]ud oqno,

dqsx Q∞: ] ffmhsdkx fdmdq]sdc fqnto F g]r sghr oqnodqsx he dudqx ]tsnlnqoghrl
ϕ ∈ =ts’f( g]r hmffmhsdkx l]mx svhrsdc bnmitf]bx bk]rrdr- Svn dkdldmsr f. g ∈ F

]qd ϕ,svhrsdc bnmitf]sd he sgdqd hr rnld r ∈ F rn sg]s rfϕ’r(�0;g- Hm fdmdq]k+
fhudm ]m dmcnlnqoghrl ϕ 9 π → π ne ] fqnto π+ sgd ϕ,svhrsdc bnmitf]bx bk]rrdr
]qd sgd nqahsr ne sgd ]bshnm ne π nm hsrdke uh] σ · � (→ σ�ϕ’σ(�0-

Fqntor vhsg oqnodqsx Q∞ hmbktcd A]tlrk]fzRnkhs]q fqntor AR’l.m( ’dwbktc,
hmf AR’0. 0(( W00“+ fqntor pt]rh,hrnldsqhb sn AR’0. m( enq m / 0 W08“ ]mc fdmdq]khydc
A]tlrk]fzRnkhs]q fqntor W05“+ mnm,dkdldms]qx Fqnlnu gxodqankhb fqntor W0/+ 06“
]r vdkk ]r qdk]shudkx gxodqankhb fqntor W01“+ ]mc l]oohmf bk]rr fqntor W01“+ ]lnmf
nsgdqr-

Sgd enkknvhmf sgdnqdl enkknvr eqnl ntq bg]q]bsdqhy]shnm ne sgd ]tsnlnqoghrl
fqnto ne �c’p(-

Rgdnpdl 3)2 Lgd fqnto �c’p( gTr oqnodqsx Q∞ enq Tkk c ≥ 2-

Sghr hr hm bnmsq]rs sn sgd ]m]knfntr qdrtks enq sgd k]lokhfgsdq fqntor Kp ; �1’p(+
]r hs hr oqnudm hm W02+ 1/“ sg]s Kp g]r oqnodqsx Q∞ he ]mc nmkx he ’p. 5( ∈; 0- Sghr
chrshmbshnm hr odqg]or rtqoqhrhmf adb]trd sgd oqnne hm W1/“ qdkhdr nm sgd fdnldsqx
ne sgd ChdrsdkzKd]cdq fq]og CK1’p(- Gnvdudq+ vgdm c / 1+ sgd khlhsdc mtladq
ne ]tsnlnqoghrlr vghbg b]m ]qhrd dm]akd tr sn rgnv sg]s ]kk rtbg fqntor g]ud
oqnodqsx Q∞-

Oqnodqsx Q∞ g]r hsr qnnsr hm Mhdkrdm ffwdc onhms sgdnqx- Fhudm ] l]o d 9 U → U

ne ] bnlo]bs bnmmdbsdc l]mhenkc U + sgd ffwdc onhms rds Ehwd ; {v ∈ U | d’v( ; v{
hr o]qshshnmdc hmsn ffwdc onhms bk]rrdr+ vghbg bnqqdronmc sn sgd ϕ,svhrsdc bnmitf]bx
bk]rrdr ne ϕ; dS+ sgd gnlnlnqoghrl hmctbdc ax d nm sgd etmc]ldms]k fqnto π0’U(-

Sgd mnmu]mhrghmf ne sgd bk]rrhb]k Kderbgdsy mtladq K’d( ft]q]msddr sgd dwhr,
sdmbd ne ffwdc onhmsr ne d + ]ksgntfg hs cndr mns xhdkc ]mx hmenql]shnm ]ants sgd rhyd
ne sghr rds- Sgd Mhdkrdm mtladq M’d( oqnuhcdr ] knvdq antmc nm sgd rhyd ne sghr rds+
sgntfg hr chfibtks sn bnlotsd- Sgd Pdhcdldhrsdq mtladq Q’d( hr sgd b]qchm]khsx
ne sgd rds ne ϕ,svhrsdc bnmitf]bx bk]rrdr+ ]mc hr ]m toodq antmc enq M’d(- Vgdm
Q’d( hr ffmhsd+ sghr oqnuhcdr ]cchshnm]k hmenql]shnm ]ants sgd b]qchm]khsx ne sgd rds
ne ffwdc onhmsr ne l]or hm sgd gnlnsnox bk]rr ne d + ]mc Q’d( hr nesdm d]rhdq sn
bnlotsd sg]m M’d(-

Enq sgd e]lhkx ne IhTmf roTbdr W03“+ sgd u]mhrghmf ne K’d( hlokhdr sgd u]mhrghmf ne
M’d(: sgd mnmu]mhrghmf ne K’d(+ bnlahmdc vhsg ] ffmhsd Pdhcdldhrsdq mtladq Q’d(+
xhdkcr sgd dpt]khsx Q’d( ; M’d(- Sghr oqnuhcdr ] u]kt]akd snnk enq b]kbtk]shmf sgd
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0167 L, Psdhm& H, SWaWbj � M, Unmf

Mhdkrdm mtladq hm sghr o]qshbtk]q b]rd- Fqntor F vghbg r]shrex oqnodqsx Q∞ vhkk
mdudq ad sgd etmc]ldms]k fqnto ne ] l]mhenkc vghbg r]shrffdr sgd bnmchshnmr ne ]
Ih]mf ro]bd-

1) ChdrsdkyId“cdp Dpntor

Hm sghr rdbshnm+ vd adfhm vhsg ] aqhde cdrbqhoshnm ne sgd ChdrsdkzKd]cdq fqntor �c’p(
cdffmdc ax A]qsgnkch+ Mdtg]trdq ]mc Vndrr hm W1“- Vd sgdm enbtr nm ]m]kxyhmf sgd
fqntor ]r ghfgdq q]mj ]m]knftdr ne sgd k]lokhfgsdq fqntor+ dwsdmchmf sgd [k]lo,
rs]mc”+ ]mc cdqhuhmf fqnto oqdrdms]shnmr vghbg vd trd hm k]sdq rdbshnmr-

Sn bnmrsqtbs sgd fqntor �c’p(+ ffqrs kds Kp cdmnsd ] bnllts]shud qhmf ne nqcdq
p vhsg tmhs 0 eqnl vghbg nmd b]m bgnnrd chrshmbs dkdldmsr k0. k1. . . . . kc�0 vgnrd
o]hqvhrd chΣdqdmbdr kg � ki enq h ∈; i ]qd ]kk hmudqshakd- Bnmrhcdq sgd qhmf ne ffmhsd
onkxmnlh]kr vhsg bndfibhdmsr hm Kp nudq sgd enql]k u]qh]akdr ’s)k0(�0. ’s)k1(�0. . . . .
’s) kc�0(�0. ]mc s+ vghbg vd cdmnsd ax

Lc’Kp( ; KpW’s) k0(�0. ’s) k1(�0. . . . . ’s) kc�0(�0. s“.

Onkxmnlh]kr hm Lc’Kp( g]ud sgd enql

N ;
∑

e6(t�.t1.....t,��(∈L,��
ZeΠc�0

g60 ’s) kg(td .

vgdqd nmkx ffmhsdkx l]mx bndfibhdmsr Ze ∈ Kp ]qd mnmydqn-
Sgd fqnto �c’p( bnmrhrsr ne l]sqhbdr ne sgd enql

)
’s) k0(j� · · · ’s) kc�0(j,�� N

/ 0

(

. vhsg j0. j1. . . . . jc�0 ∈ L ]mc N ∈ Lc’Kp(.

Sgd fdmdq]shmf rds bnmrhrshmf ne sgd enkknvhmf l]sqhbdr hr cdmnsdc Rc.p+ ]mc hs hr
udqhffdc hm W1“ sg]s �’�c’p(. Rc.p( ; CKc’p(9

)
s) kg a

/ 0

(±0

. vhsg a ∈ Kp. h ∈ {0. 1. . . . . c� 0{ ]mc

)
’s) kg(’s) ki(�0 �a’s) ki(�0

/ 0

(

. vhsg a ∈ Kp. h. i ∈ {0. 1. . . . . c� 0{. h ∈; i.

Sghr fqnto cdodmcr nm sgd bgnhbd ne kg ∈ Kp+ ]mc hm e]bs enq sgd r]ld u]ktdr ne
c ]mc p ats chΣdqdms bgnhbdr ne kg+ vd l]x nas]hm mnm,hrnlnqoghb fqntor- Vd vhkk
chrbtrr chΣdqdms bgnhbdr enq sgdrd o]q]ldsdqr k]sdq hm sghr rdbshnm-

Vgdm c ; 1+ sgd ]anud bnmrsqtbshnm vhsg Kp ; Lp ]mc k0 ; / xhdkcr ] oqd,
rdms]shnm enq sgd k]lokhfgsdq fqnto Kp ; Lp | L vhsg qdrodbs sn sgd fdmdq]shmf
rds {’s a+ 0(±0 | a ∈ Lp{- He vd bnlo]qd sghr sn sgd rs]mc]qc oqdrdms]shnm enq sgd
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0168

k]lokhfgsdq fqnto Kp+ m]ldkx

Kp ; }Z. s | Zp. WZs
d

. Zs
i

“〈

vd rdd sg]s sgd l]sqhw ’s a+ 0( bnqqdronmcr sn sgd fqnto dkdldms Z
as-

Vgdm c ; 2+ sgd fqnto �2’p( ’vhsg Kp ; Lp+ k1 ; 0+ ]mc k0 ; /( hr ] snqrhnm
]m]knf ne A]tlrk]f”r lds]adkh]m fqnto ’ALF(: sgd k]ssdq v]r hmsqnctbdc hm W3“ ]r
sgd ffqrs dw]lokd ne ] ffmhsdkx oqdrdmsdc fqnto vhsg ]m ]adkh]m mnql]k rtafqnto ne
hmffmhsd q]mj+ m]ldkx hsr cdqhudc fqnto- Sghr fqnto g]r oqdrdms]shnm

ALF ; }Z. r. s | rs ; sr. WZ. Zs“. ZZr ; Zs〈.

A]tlrk]f ]krn oqnudc hm W3“ sg]s dudqx ffmhsdkx fdmdq]sdc lds]adkh]m fqnto b]m ad
dladccdc hmsn ] ffmhsdkx oqdrdmsdc lds]adkh]m fqnto+ ]mc gd dladcr sgd k]lo,
khfgsdq fqntor hmsn ] snqrhnm ]m]knftd ne sgd ]anud fqnto+ m]ldkx sgd fqnto vhsg
oqdrdms]shnm

}Z. r. s | Zp. rs ; sr. WZ. Zs“. ZZr ; Zs〈. ’1-0(

Trhmf sgd l]sqhw qdoqdrdms]shnm ne �2’p( fhudm ]anud vhsg k0 ; / ]mc k1 ; 0+ vd
hcdmshex �2’p( vhsg sghr snqrhnm ]m]knftd ne A]tlrk]f”r fqnto+ ]mc sgd fdmdq]snqr
hm sgd ]anud oqdrdms]shnm bnqqdronmc sn l]sqhbdr ]r enkknvr9

Z↔
)
0 0

/ 0

(

. r↔
)
s /

/ 0

(

. ]mc s↔
)
0 ) s /

/ 0

(

.

Hs hr hmsdqdrshmf sn mnsd sg]s vghkd sgd fqntor �c’p( g]ud ] pt]cq]shb Cdgm etmbshnm
enq ]kk u]ktdr ne c ]mc p enq vghbg sgd bnmrsqtbshnm gnkcr W8+ 13“+ hs hr rgnvm hm W04“
sg]s A]tlrk]f”r lds]adkh]m fqnto g]r ]m dwonmdmsh]k Cdgm etmbshnm- =lbghrk]urj]
]mc Phkdx g]ud qdbdmskx fhudm ]m dwonrhshnm ]mc nudquhdv ne sgdrd fqntor ]mc qdk]sdc
bnmsdwsr hm vghbg sgdx ]ood]q hm W0“-

Sgd oqnne sg]s �’�c’p(. Rc.p(;CKc’p( qdkhdr nm rhmfkd u]qh]akd onkxmnlh]kr
cdqhudc eqnl sgd enql]k K]tqdms rdqhdr ]rrnbh]sdc sn onkxmnlh]kr hm Lc’Kp(- Pdb]kk
sg]s ] enql]k K]tqdms rdqhdr hm sgd u]qh]akd v vhsg bndfibhdmsr hm sgd qhmf L hr ]
rdqhdr

⊕∞
�∞ qgv

g vhsg qg ∈ L ]mc qg ; / enq ]kk ats ffmhsdkx l]mx ne sgd hmchbdr
h , /- Sgd rds ne ]kk rtbg rdqhdr hr cdmnsdc L’’v((-

Idll“ 1)0 ’Cdbnlonrhshnm Idll“() Jds

P ∈ Lc’Kp( ; KpW’s) k0(�0. ’s) k1(�0. . . . . ’s) kc�0(�0. s“.

vgdqd sgd kg ∈ Kp Tqd bgnrdm rn sgTs kg � ki hr hmudqshakd vgdmdudq h ∈; i- Lgdm P
bTm ad vqhssdm tmhptdkx Tr N0’P( ) N1’P( ) · · ·) Nc’P( vgdqd

’]( enq 0 • h • c� 0 vd gTud sgTs Ng’P( hr T onkxmnlhTk hm s) kg Tkk ne vgnrd sdqlr
gTud mdfTshud cdfqdd. Tmc
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’a( enq h ; c vd gTud sgTs Nc’P( hr T onkxmnlhTk hm s�0 Tkk ne vgnrd sdqlr gTud
mnm,onrhshud cdfqdd-

Opnne) Hs hr ]m d]rx dwdqbhrd sn rdd sg]s ]mx onkxmnlh]k P b]m ad vqhssdm ]r sgd
rtl ne c onkxmnlh]kr ne sgd cdrhqdc enql- Sn rgnv rtbg ] cdbnlonrhshnm hr tmhptd+
rtoonrd vd g]ud ]mx cdbnlonrhshnm P ; P0 )P1 ) · · ·)Pc vgdqd sgd Pg r]shrex
sgd bnmchshnmr ne sgd kdll]- =mx onkxmnlh]k P ∈ Lc’Kp( b]m ad qdvqhssdm ]r ]
enql]k K]tqdms rdqhdr KRg’P( hm Kp’’s) kg(( enq 0 • h • c� 0+ nq hm Kp’’s�0(( vgdm
h ; c- Vd g]ud

KRg’P( ;
c∑

i60

KRg’Pi(:

mnsd sg]s KRg’Pg( ; Pg- Sn bnlotsd KRg’Pi( enq h ∈; i vd trd sgd enqltk]r adknv-
Vgdm j ∈ L� vd g]ud9

’s) ki(j ;
∞∑

m6+

)
j

m

(

’ki � kg(j�m’s) kg(m ;
∞∑

m6�j

)
j

j ) m

(

km)ji s�m.

]mc vgdm j ∈ L. j ≥ /

’s(j ;
j∑

m6+

)
j

m

(

’�kg(j�m’s) kg(m.

Mnshbd sg]s he h ∈; i+ sgdm sgd lhmhl]k cdfqdd ne KRg’Pi( hr fqd]sdq sg]m nq dpt]k sn
ydqn enq h ∈; c+ ]mc rsqhbskx fqd]sdq sg]m ydqn enq h ; c- Sgtr+ Pg hr sgd rtl ne sgd
sdqlr ne KRg’P( vhsg mdf]shud cdfqdd hm sgd b]rd 0 • h • c� 0+ ]mc Pc hr sgd rtl
ne sgd sdqlr ne KRc’P( vhsg mnm,onrhshud cdfqddr+ ]mc gdmbd sgd cdbnlonrhshnm hr
tmhptd-

1)0) Agnnrhmf oEpEldsdpr

Vd mnv cdrbqhad sgd rodbhffb ChdrsdkzKd]cdq fqntor vghbg vd bnmrhcdq enq sgd
qdl]hmcdq ne sgd o]odq- Enq ffwdc c ]mc p ’]kv]xr r]shrexhmf c • n ) 0 enq ]mx
oqhld n chuhchmf p(+ sgd bgnhbd ne sgd bndfibhdms qhmf Kp ]mc sgd dkdldmsr kg ∈ Kp
r]shrexhmf kg� ki hr hmudqshakd vgdm h ∈; i cdsdqlhmd ’onrrhakx( mnm,hrnlnqoghb fqntor
vgnrd B]xkdx fq]ogr g]ud sgd r]ld tmcdqkxhmf fq]og- Mnsd sg]s enq ]mx rtbg c ]mc
p+ sgdqd hr ] bgnhbd ne kg r]shrexhmf sgd qdpthqdc bnmchshnm vhsg Kp ; Lp+ sg]s hr+
oqnctbhmf ] fqnto vghbg r]shrffdr sgd bnmrsqtbshnm hm W1“- Enq hmrs]mbd+ he vd bgnnrd
kg ; h � 0+ sgdm sgd e]bs sg]s c � 0 • n enq dudqx oqhld n chuhchmf p hlokhdr sg]s
kg � ki hr hmudqshakd hm Lp vgdm h ∈; i-

Enq sgd qdl]hmcdq ne sghr o]odq �c’p( vhkk cdmnsd ] ChdrsdkzKd]cdq fqnto vhsg
Kp ; Lp+ ]mc vhsg k0 ; / ]mc rnld bgnhbd ne k1. . . . . kc�0 r]shrexhmf kg� ki hr hmudqshakd
vgdm h ∈; i-
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1)1) Cusdmchmf sgd TiEloihfgsdp ohastpd” sn ��’d( enp � � 2

Pdb]kk sg]s ]m dkdldms ne sgd k]lokhfgsdq fqnto �1’p( ; Kp b]m ad uhdvdc ]r ]
o]hq ’>. s(+ vgdqd > ∈


L Lp ]mc s ∈ L- Hm e]bs+ d]bg o]hq ’>. s( bnqqdronmcr sn ]

tmhptd dkdldms ne

�1’p( ; Kp ;

)
⊕

L
Lp

(

ZL.

Vgdm vd uhdv f ∈ Kp ]r ] o]hq ’>. s(+ vd b]m hmsdqoqds


L Lp ]r ]m hmffmhsd rsqhmf
ne p,v]x [khfgsatkar”+ nq bnohdr ne Lp+ ok]bdc ]knmf ] [k]lors]mc”+ nq bnox ne L:
]m dkdldms ne sghr rtl hr uhdvdc ]r ] ffmhsd bnkkdbshnm ne hkktlhm]sdc atkar+ vgdqd
d]bg atka g]r p � 0 onrrhakd hkktlhm]sdc rs]sdr- Sgd hmsdfdq s bnqqdronmcr sn sgd
onrhshnm ne sgd [k]lokhfgsdq”-

Rhlhk]qkx+ d]bg dkdldms ne �c’p( ;


� Lp ZLc�0 enq c ≥ 2 b]m ad qdoqdrdmsdc
ax ] o]hq ’>.w(+ vgdqd > ∈


L,�� Lp ]mc w ∈ Lc�0 ]r enkknvr- Rtoonrd sg]s

f ∈ �c’p( g]r l]sqhw ’�
,��
d3� (s) kd(

rd P
+ 0

(- Mnsd sg]s P g]r sgd enql

P ;
q∑

i60

biΠc�0
g60 ’s) kg(ti,d

vhsg bi ∈ Lp+ ats sghr dwoqdrrhnm hr mns tmhptd- Kds

ui ; ’ti.0. ti.1. ti.2. . . . . ti.c�0( ∈ Lc�0.

Sgdm

> ; ’b0(e� ± ’b1(e1 ± · · · ’bq(en ∈
⊕

L,��
Lp.

vgdqd be cdmnsdr sgd dkdldms b hm sgd bnox ne Lp hmcdwdc ax u∈Lc�0+ ]mc w ;
’v0. v1. . . . . vc�0(- Rhmbd sgd dwoqdrrhnm ]anud enq P ∈ Lc’Lp( hr mns tmhptd+ > ∈

L,�� Lp hr mns tmhptd+ ]ksgntfg sgd udbsnq w hr tmhptdkx cdsdqlhmdc ax f-
Enq dw]lokd+ ]rrtld sg]s c ; 2. p ≥ 1. k0 ; /. k1 ; 0+ ]mc

P ; ’0 ) s(0 ) s1 ; 0 ) s) s1.

Sgdm f ; ’0 P+ 0 ( hr qdoqdrdmsdc ax ansg ’>0..( ]mc ’>1..( vgdqd >0;0(+.0(±
0(1.+( ∈


L1 Lp ]mc >1 ; 0(+.+( ± 0(0.+( ± 0(1.+( ∈


L1 Lp-

Pdudqrhmf sghr oqnbdctqd+ hs hr d]rx sn nas]hm ] l]sqhw qdoqdrdmshmf ] tmhptd
fqnto dkdldms ne �c’p( eqnl ]mx o]hq ’>.w( ∈


L,�� Lp ZLc�0- Vd b]m ]f]hm

hmsdqoqds


L,�� Lp ]r ]m hmffmhsd ]qq]x ne [p,v]x khfgs atkar”+ nq bnohdr ne Lp
ok]bdc nm sgd ’c� 0(,chldmrhnm]k fqhc- Sgd bndfibhdmsr hm Xp ]s d]bg onhms nm sgd
fqhc rodbhex sgd rs]sd ne sgd khfgs atka+ vhsg ] ydqn bndfibhdms hmchb]shmf sg]s sgd
fhudm atka hr mns hkktlhm]sdc- =r vhsg sgd k]lokhfgsdq fqnto+ sgd udbsnq w b]m rshkk
ad sgntfgs ne ]r rodbhexhmf sgd onrhshnm ne sgd k]lokhfgsdq-

Pdb]kk sg]s P cndr g]ud ] tmhptd cdbnlonrhshnm P ; N0’P( ) · · ·) Nc�0’P( )
Nc’P( fhudm hm Kdll] 1-0+ vgdqd d]bg Ng’P( hr ] onkxmnlh]k hm ] rhmfkd u]qh]akd-
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Trhmf sghr cdbnlonrhshnm sn bgnnrd � ∈


L,�� Lp+ vd nas]hm ] tmhptd qdoqdrdms],
shud ’>.w( ∈


� Lp ZLc�0 ⊂


L,�� Lp ZLc�0+ vgdqd sgd [k]lors]mc” L hr sgd

tmhnm ne c q]xr9

L ; L0 R L1 R · · · R Lc ⊂ Lc�0.

vhsg

Lg ; {’/. . . . . /. Zg. /. . . . . /(( | Zg ∈ L�{ enq 0 • h • c� 0.

]mc

Lc ; {’Zc. /. . . . . /( | Zc ∈ L) R {/{{.

Sghr hmctbdr ] m]stq]k rtqidbshnm eqnl


L,�� Lp sn


� Lp+ s]jhmf ]mx > bnqqd,
ronmchmf sn ] cdbnlonrhshnm ne ] onkxmnlh]k P sn sgd tmhptd dkdldms ne


� Lp

cdsdqlhmdc ax sgd tmhptd cdbnlonrhshnm ne P fhudm hm Kdll] 1-0- Hs enkknvr sg]s
vd g]ud ] ahidbshnm adsvddm dkdldmsr ne �c’p( ]mc dkdldmsr ne


� Lp ZLc�0-

Sghr fdmdq]khydr ansg sgd rs]mc]qc k]lors]mc bnmrsqtbshnm enq sgd k]lokhfgsdq
fqntor+ ]mc sgd bnmrsqtbshnm enq �2’1( fhudm hm W5+ 6“-

1)2) � opdrdmsEshnm enp ��’d(

Vd ffqrs nas]hm ] oqdrdms]shnm enq


� Lp- Kds {s0. . . . . sc�0{ ad fdmdq]snqr enq Lc�0+
]mc sgdm sgd dkdldms Πc�0

g60 s
td
g b]m ad qdoqdrdmsdc ax sgd udbsnq u ; ’t0. . . . . tc�0(-

Pdb]kk eqnl sgd oqduhntr rdbshnm sg]s he a ∈ Lp ]mc u cdmnsdr ]m dkdldms ne Lc�0+
sgdm ae ∈


L,�� Lp cdmnsdr sgd dkdldms a hm sgd bnox ne Lp hmcdwdc ax u- Sgdm

sgd fqnto


L,�� Lp g]r sgd enkknvhmf oqdrdms]shnm9
⊕

L,��
Lp ; }0w.w ∈ Lc�0 | p’0w(. W0w. 0x“〈.

Mnv qdb]kk sgd m]stq]k rtqidbshnm eqnl


L,�� Lp sn


� Lp+ ]mc kds J ad sgd
jdqmdk ne sghr l]o+ rn vd g]ud

0 → J →
⊕

L,��
Lp →

⊕

�
Lp → 0.

Pdb]kk sg]s sgd enql]k u]qh]akdr trdc sn cdffmd sgd qhmf Lc’Lp( ]qd s. s) k1. . . . .
s ) kc�1 ]mc s ) kc�0. ]r k0 ; /- He c ≥ 2+ sgdm enq d]bg o]hq h ∈; i+ vd g]ud sgd
enkknvhmf rhlokd khmd]q qdk]shnmrgho adsvddm sgd u]qh]akdr s) kg ]mc s) ki9

’ki � kg( ) ’s) kg(� ’s) ki( ; /.

Hs enkknvr sg]s enq ]mx w ; ’v0. . . . . vc�0( vd g]ud

’ki � kg(
�
Πc�0
j60’s) kj(vj

(
) ’s) kg(

�
Πc�0
j60’s) kj(vj

(
� ’s) ki(

�
Πc�0
j60’s) kj(vj

(
; /.

Sgtr+ vd rdd sg]s hm sgd mns]shnm ne sgd oqdrdms]shnm enq


L,�� Lp+

’ki � kg(0w ) 0w)0d � 0w)0i ∈ J.

Vd bk]hl sg]s dkdldmsr ne sghr enql fdmdq]sd J-

In
t. 

J. 
A

lg
eb

ra
 C

om
pu

t. 
20

15
.2

5:
12

75
-1

29
9.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
ifi

c.
co

m
by

 B
O

W
D

O
IN

 C
O

LL
EG

E 
on

 1
0/

24
/2

3.
 R

e-
us

e 
an

d 
di

st
rib

ut
io

n 
is

 st
ric

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s a

rti
cl

es
.



@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0172

Opnonrhshnm 1)1) Lgd idqmdk J hm sgd dwTbs rdptdmbd

0 → J →
⊕

L,��
Lp →

⊕

�
Lp → 0

hr fdmdqTsdc ax dkdldmsr ne sgd enql

’ki � kg(0w ) 0w)0d � 0w)0i

enq 0 • h ∈; i • c� 0-

Opnne) Kds H ad sgd rtafqnto ne J fdmdq]sdc ax dkdldmsr ne sgd enql

’ki � kg(0w ) 0w)0d � 0w)0i .

Vd ffqrs mnsd sg]s rhmbd Lp hr ] bxbkhb fqnto+ ]mc gdmbd b’0w( ; bw enq ]mx b ∈ Lp+
vd nas]hm

’ki � kg(bw ) bw)0d � bw)0i ∈ H ’1-1(

enq ]qahsq]qx b ∈ Lp- Vd mnv rgnv gnv sn qdvqhsd ]m ]qahsq]qx dkdldms
’a(e6(t�.....t,��( vgdqd a ∈ Lp ]mc ti ∈ L ]r ] rtl ne dkdldmsr ne sgd enql bw+
vgdqd w ∈ L+ ]mc dkdldmsr ne H + vghbg hlokhdr sg]s H ; J ]r cdrhqdc-

Ehqrs rtoonrd ti / / enq rnld i / 0- Sgdm trhmf ]m dkdldms ne H ne sgd enql fhudm
hm ’1-1( vhsg b ; a+ h ; 0+ ]mc w ; u� di + vd g]ud ’kia(e�0i ) ae)0��0i � ae ∈ H +
]mc gdmbd ae ; ’kia(e�0i)ae)0��0i)γ enq rnld γ ∈ H - Mnsd sg]s sgd isg bnnqchm]sd
hm ansg ne sgd mdv udbsnqr u�di ]mc u)d0�di hr ti�0+ ]mc sgd nmkx nsgdq udbsnq
bnnqchm]sd vghbg hr ]Σdbsdc hr sgd ffqrs+ rn qdod]sdc ]ookhb]shnmr ne sghr rsq]sdfx
]kknv tr sn qdvqhsd sgd nqhfhm]k dkdldms ]r ] rtl ne dkdldmsr ne sgd enql bw vhsg
vi • / enq ]kk i / 0 ]mc dkdldmsr hm H -

Sgtr+ vd l]x ]rrtld sg]s ti • / enq i / 0- Mdws+ rtoonrd sg]s tg , / ]mc
ti , / enq rnld i / h / 0- Sgdm trhmf sgd dkdldms ne sgd enql ]r hm ’1-1( vhsg
b ; a’ki � kg(�0 ]mc w ; u+ vd g]ud ae ) ’a’ki � kg(�0(e)0d � ’a’ki � kg(�0(e)0i ∈ H.

rn ae ; ’a’ki � kg(�0(e)0i � ’a’ki � kg(�0(e)0d ) γ+ vgdqd γ ∈ H - Mnsd sg]s hm sgd
mdv dwoqdrrhnm+ ansg mdv udbsnq rtarbqhosr g]ud dhsgdq isg bnnqchm]sd ne ti )0 ats
]kk nsgdq bnnqchm]sdr tmbg]mfdc+ nq sgd hsg bnnqchm]sd ne sgd rtarbqhos hr tg)0 ]mc
]kk nsgdq bnnqchm]sdr ]qd tmbg]mfdc+ rn ]esdq qdod]sdc ]ookhb]shnmr vd b]m qdvqhsd
sgd nqhfhm]k dkdldms ]r ] rtl ne dkdldmsr ne sgd enql bw+ vgdqd vj • / enq ]kk j / 0
]mc vi , / enq ]s lnrs nmd hmcdw i / 0+ ]mc dkdldmsr hm H -

Sgtr+ vd l]x ]rrtld sg]s ]s lnrs nmd hmcdw i / 0 hm u g]r ti , /: enq ]kk
nsgdq hmchbdr h / 0+ tg ; /- He ti ; / nq t0 ; /+ u ∈ L- He ti , / ]mc t0 / /+
trhmf sgd dkdldms ne H ne sgd enql ]r hm ’1-1( vhsg h ; 0+ b ; a ]mc w ; u � d0+
vd rdd sg]s ae ; ae)0i�0� � ’kia(e�0� ) γ vgdqd γ ∈ H - Mnsd sg]s hm sgd qhfgs,
g]mc dwoqdrrhnm enq ae+ sgd udbsnq rtarbqhosr ne sgd ffqrs svn rtll]mcr g]ud ffqrs
bnnqchm]sdr vgnrd ]arnktsd u]ktdr ]qd rl]kkdq sg]m sgd ]arnktsd u]ktd ne t0- Sgd
r]ld hr sqtd enq sgd isg bnnqchm]sd ne sgd rtarbqhos ne sgd ffqrs rtll]mc ]mc ti +
ats ]kk nsgdq bnnqchm]sdr qdl]hm tmbg]mfdc-
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Nm sgd nsgdq g]mc+ he ti , / ]mc t0 , /+ trhmf sgd ]anud ]qftldms vhsg h ; 0+
b ; ak�0i ]mc w ; u+ vd rdd sg]s ae ; �’ak�0i (e)0� ) ’ak�0i (e)0i ) γ vgdqd γ ∈ H -
Mnsd sg]s hm sgd mdv dwoqdrrhnm+ sgd ffqrs bnnqchm]sd ne sgd udbsnq rtarbqhos ne sgd
ffqrs rtll]mc g]r ]arnktsd u]ktd kdrr sg]m sgd ]arnktsd u]ktd ne t0- Sgd r]ld hr
sqtd enq sgd isg bnnqchm]sd ne sgd rtarbqhos ne sgd rdbnmc rtll]mc ]mc ti + ats ]kk
nsgdq bnnqchm]sdr qdl]hm tmbg]mfdc-

Sgtr+ hm dhsgdq b]rd+ vd rdd sg]s ]esdq qdod]sdc ]ookhb]shnmr ne sgd r]ld rsq]sdfx
vd l]x qdvqhsd ntq nqhfhm]k dkdldms ]r ] rtl ne dkdldmsr ne sgd enql bw vgdqd w ∈ L
]mc dkdldmsr ne H -

Opnonrhshnm 1)2) Ge c ≥ 2.

�c’p( ; }Z. s0. s1. . . . . sc�0 | Zp. WZ. Zs� “. Wsg. si “. Zki�kdZsd’Zsi (�0〈.

vgdqd sgd kTrs svn qdkTshnmr Tqd hmbktcdc enq dudqx h ∈; i. 0 • h. i • c� 0-

Opnne) Vd nas]hm ] oqdrdms]shnm enq �c’p(;


� Lp ZLc�0 trhmf sgd rdlhchqdbs
oqnctbs rsqtbstqd- Vd trd ltkshokhb]shud mns]shnm enq sgd fqnto nodq]shnm+ ]r
noonrdc sn sgd ]cchshud mns]shnm vd trdc vgdm qdrsqhbshmf sn sgd ]adkh]m fqnto

� Lp- Enq bk]qhsx+ vd trd sgd enql]k rxlank Zw+ vgdqd w ; ’v0. . . . . vc�0( enq sgd
fdmdq]snq 0w- Sgdm Oqnonrhshnm 1-1 xhdkcr sgd enkknvhmf oqdrdms]shnm enq


� Lp9

⊕

�
Lp ; }Zw.w ∈ Lc�0 | Zpw. WZw. Zx“. Z

ki�kd
w Zw)0d’Zw)0i (

�0〈. ’1-2(

vgdqd sgd qdk]shnmr q]mfd nudq ]kk w ]mc ]kk 0 • h. i • c� 0+ h ∈; i- Hcdmshexhmf
� Lp ]r sgd fqnto ne l]sqhbdr ne sgd enql ’0 ,+ 0( vgdqd N ∈ Lc’Lp(+ sgd fdmdq]snq

Zw hr hcdmshffdc vhsg sgd l]sqhw ’0 �
,��
d3� (s) kd(

rd

+ 0
(-

Vqhshmf Lc�0 ; }s0. . . . . sc�0 | Wsg. si“〈+ sgd rokhsshmf vd bgnnrd sn dwoqdrr �c’p(
]r ] rdlhchqdbs oqnctbs rdmcr sg sn sgd l]sqhw ’

s) kd +
+ 0(- Rhmbd Z

sd
w ; sgZs

�0
g ; Zw)0�

+
vd nas]hm sgd enkknvhmf oqdrdms]shnm enq �c’p( ; �c’p(≥ZLc�09

�c’p( ; }s0. s1. . . . . sc�0. Zw.w ∈ Lc�0 | Zpw. WZw. Zx“. Wsg. si “.

Z
ki�kd
w Zw)0d’Zw)0i (

�0. Zsdw ; Zw)0d〈.

vhsg hmffmhsdkx l]mx fdmdq]snqr ]mc qdk]shnmr-
Pdk]shnmr ne sgd enql Zsdw ; Zw)0d l]x ad trdc sn qdctbd sgd fdmdq]shmf rds

sn sgd ffmhsd rds {s0. s1. . . . . sc�0. Z�{+ ]mc hm sgd oqdrdmbd ne Wsg. si “+ ]mx qdl]hmhmf
qdk]shnmr ne sg]s enql ]qd qdctmc]ms- Hm ]cchshnm+ rhmbd

’Zki�kd� Z0d’Z0i (
�0(�

,��
j3�s

rj
j ; Z

ki�kd
w Zw)0d’Zw)0i (

�0.

sg]s hmffmhsd rtards ne qdk]shnmr enkknvr eqnl sgd ffmhsd bnkkdbshnm ne sgd enql
Z
ki�kd
� Zsd� ’Z

si
� (
�0- Sgtr+ vqhshmf Z ; Z� ’mnsd sg]s Z sgdm bnqqdronmcr sn sgd l]sqhw
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’0 0+ 0(( vd nas]hm9

�c’p( ; }s0. s1. . . . . sc�0. Z | Zp. WZ�
,��
j3�s

rj
j . Z�

,��
j3�s

xj
j “. Wsg. si “. Zki�kdZsd’Zsi (�0〈.

Mnv hs hr d]rx sn bgdbj sg]s sgd qdk]shnmr WZ�
,��
j3�s

rj
j . Z�

,��
j3�s

xj
j “ enkknv eqnl sgd

rtards ne sgd enql WZ. Z�
,��
j3�s

rj
j “- Etqsgdqlnqd+ hm sgd oqdrdmbd ne sgd qdk]shnmr

Zki�kdZsd’Zsi (�0+ sgdrd ]kk enkknv eqnl sgd rhmfkd qdk]shnm WZ. Zs� “- Pdctbhmf sgd cdffm,
hmf qdk]shnmr ]bbnqchmfkx xhdkcr sgd cdrhqdc ffmhsd oqdrdms]shnm-

2) 8tsnlnpoghrlr ne ��’d(

Vd ffqrs qduhdv sgd fdmdq]k rsqtbstqd ne ]tsnlnqoghrlr ne rdlhchqdbs oqnctbsr- He

0 → >→ F → A → 0

hr ] rokhs dw]bs rdptdmbd vhsg > ]adkh]m+ sgdm hs hr vdkk,jmnvm ’rdd+ enq hmrs]mbd+
W4“( sg]s sgd fqnto ne ]tsnlnqoghrlr ne F vghbg qdrsqhbs sn sgd hcdmshsx nm > ]mc
hmctbd sgd hcdmshsx nm A hr hrnlnqoghb sn sgd ]cchshud fqnto ne cdqhu]shnmr eqnl A

sn >+ vghbg ]qd cdffmdc ax

Cdq’A.>( ; {δ 9 A → > | δ’a0a1( ; δ’a0(δ’a1(a�{.

vgdqd vd cdmnsd sgd ]bshnm ne A nm > ax bnmitf]shnm- He > hr bg]q]bsdqhrshb+ sghr
dwsdmcr sn ] bg]q]bsdqhy]shnm ne =ts’F(: ’rdd W7“ nq W10“ enq rkhfgs u]qh]shnmr ne sghr
qdrtks(- Vd rtll]qhyd sgdrd qdrtksr hm sgd enkknvhmf oqnonrhshnm-

Opnonrhshnm 2)0) Jds F ; >ZA. vhsg > TadkhTm Tmc bgTqTbsdqhrshb- Lgdm
=ts’F( ∼; Cdq’A.>(Z S. vgdqd

S ; {’�.β( ∈ =ts’>( ·=ts’A( |�’Za( ; �’Z(β(a( enq dudqx Z ∈ >. a ∈ A{.

Opnne) Sgd ]bshnm ne S nm Cdq’A.>( hr cdffmdc ]r enkknvr- He ’�.β( ∈ S ]mc δ ∈
Cdq’A.>(+ sgdm δ(�.β( ; �◦ δ ◦β�0: nmd d]rhkx bgdbjr sg]s sghr xhdkcr ] vdkk cdffmdc
]bshnm- Vd cdffmd ] l]o d 9 =ts’F( → Cdq’A.>(Z S - Kds d’ϕ( ; ’δϕ. ’ϕ≥.ϕ((
vgdqd vd cdffmd ϕ≥.ϕ+ ]mc δϕ ]r enkknvr- Ehqrs+ ϕ≥ hr cdffmdc ax ’ϕ≥’Z(. 0( ; ϕ’Z. 0(
enq ]kk Z ∈ >- Sgdm ϕ+ ]mc ] sghqc l]o ϕ≥≥ vghbg vhkk ad trdc sn cdffmd δϕ+ ]qd
cdffmdc ax ’ϕ≥≥’a(.ϕ’a(( ; ϕ’0. a( enq ]kk a ∈ A- Sgdm nmd bgdbjr sg]s ϕ’Z. a( ;
’ϕ≥’Z(ϕ≥≥’a(.ϕ’a((+ ]mc sg]s ϕ ∈ =ts’F( hlokhdr sg]s ϕ≥ ∈ =ts’>( ]mc sg]s ϕ ∈
=ts’A(- Trhmf sghr k]rs e]bs+ vd cdffmd δϕ’a( ; ϕ≥≥’ϕ�0’a((-

Rhmbd ϕ hr ] gnlnlnqoghrl+ ϕ’0.ϕ�0’a0((ϕ’0.ϕ�0’a1(( ; ϕ’0.ϕ�0’a0a1((+
vghbg hlokhdr sg]s ϕ≥≥’ϕ�0’a0a1(( ; ϕ≥≥’ϕ�0’a0((ϕ≥≥’ϕ�0’a1((a� + rn δϕ ∈ Cdq’A.>(-
Ehm]kkx+ rhmbd ϕ’0. a(ϕ’Z. 0( ; ϕ’Za. a( enq dudqx Z ∈ >+ a ∈ A+ vd rdd sg]s
ϕ≥’Za( ; ϕ≥’Z(ϕ(a(+ rn ’ϕ≥.ϕ( ∈ S + ]mc sgd l]o d hr vdkk cdffmdc- Nmd sgdm udqhffdr
sg]s d hr ] fqnto gnlnlnqoghrl-

Sghr hcdmshffb]shnm b]m ad qdudqrdc9 fhudm ]m nqcdqdc o]hq ’δ. ’�.β(( vhsg δ ∈
Cdq’A.>(+ ’�.β( ∈ S + vd rds f’’δ. ’�.β(((’Z. a( ; ’�’Z(δ’β’a((.β’a((+ ]mc sgd e]bs
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sg]s ’�.β( ∈ S hr rtfibhdms sn rgnv sg]s f’δ. ’�.β(( ∈ =ts’F(- Lnqdnudq+ nmd
bgdbjr sg]s f ◦ d ]mc d ◦ f ]qd sgd hcdmshsx nm sgdhq qdrodbshud cnl]hmr-

Vgdm c ≥ 2 nmd b]m udqhex sg]s �c’p(≥ bnmrhrsr ne sgnrd l]sqhbdr ne sgd enql
’0 ,+ 0(+ ]mc sg]s sghr fqnto hr hmffmhsdkx fdmdq]sdc ax bnmitf]sdr ne Z ; ’0 0+ 0( ax
oqnctbsr ne sgd enql

Πc�0
g60

)
s) kg /

/ 0

(vd

.

vgdqd vg ∈ L- ’Sgd mns]shnm Z bnldr eqnl sgd oqdrdms]shnm hm ’1-0( enq �2’p(-(
Gdmbd �c’p(≥ ;


� Lp hr bg]q]bsdqhrshb ]mc vd b]m ]ookx Oqnonrhshnm 2-0 sn �c’p( ;

� Lp ZLc�0 sn nas]hm ] bg]q]bsdqhy]shnm ne =ts’�c’p((-
Vgdm c ; 1 vd g]ud �1’p(≥ �


� Lp: gnvdudq nmd b]m udqhex sg]s hs g]r ffmhsd

hmcdw hm


� Lp ]mc gdmbd


� Lp hr bg]q]bsdqhrshb- Sgtr Oqnonrhshnm 2-0 b]m ad
]ookhdc vgdm c ; 1 ]r vdkk- Vd adfhm ax drs]akhrghmf rnld mns]shnm- Pdb]kk sgd
enkknvhmf dw]bs rdptdmbd9

0 → J →
⊕

L,��
Lp →

⊕

�
Lp → 0.

vghbg cdohbsr


� Lp ]r ] ptnshdms ne


L,�� Lp- Vd rgnvdc sg]s J hr fdmdq]sdc
ax dkdldmsr ne sgd enql ’ki � kg(0w ) 0w)0d � 0w)0i enq h ∈; i+ 0 • h. i • c � 0+ rn
sg]s sgd oqdrdms]shnm hm Dp- ’1-2( enq


� Lp b]m ad qdvqhssdm ]r9

⊕

�
Lp ; }0w.w ∈ Lc�0 | p0w. W0w. 0x“. ’ki � kg(0w ) 0w)0d � 0w)0i 〈.

Vd trd ]cchshud mns]shnm enq sgd fqnto nodq]shnm rhmbd ansg Lc’Lp( ]mc
L,�� Lp ]qd qhmfr+ gnvdudq vd uhdv sgd fqnto nodq]shnm ]r ltkshokhb]shnm ne

l]sqhbdr vgdm dkdldmsr ]qd dwoqdrrdc hm sg]s enql+ ]mc ]r ]cchshnm vgdm hcdm,
shexhmf


� Lp vhsg Lc’Lp( ]mc uhdvhmf sgd dkdldmsr ne


� Lp ]r onkxmnlh]kr- Hm

sgd qhmf


L,�� Lp+ ltkshokhb]shnm hr cdffmdc uh] 0e0v ; 0e)v+ ]mc dwsdmcdc sn
l]jd ltkshokhb]shnm chrsqhatsd nudq ]cchshnm- Hs hr d]rx sn rdd sg]s J hr ]m hcd]k+
enq he j ; ’ki � kg(0w)0w�0d � 0w)0i hr ] fdmdq]snq enq J ]r ]m ]cchshud fqnto+ sgdm

0ej ; 0e’’ki � kg(0w ) 0w)0d � 0w)0i (

; ’ki � kg(0(w)e( ) 0(w)e()0d � 0(w)e()0i

vghbg hr hsrdke ] fdmdq]snq ne J- Gdmbd+


� Lp hr hrnlnqoghb+ ]r ] qhmf+ sn
’


L,�� Lp(<J- Lnqdnudq+ rhmbd

0w’’ki � kg(0� ) 00d � 00i ( ; ’ki � kg(0w ) 0w)0d � 0w)0i .

J hr ffmhsdkx fdmdq]sdc ]r ]m hcd]k ax sgd rds

{’ki � kg(0� ) 00d � 00i | h ∈; i. 0 • h. i • c� 0{.

Mnv Lc�0 ]bsr nm


L,�� Lp uh]

0ew ; 0w)e ; 0w0e.
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Rhmbd sghr hr ]m ]bshnm ax ltkshokhb]shnm hm sghr qhmf+ ]mc J hr ]m hcd]k+ hs hmctbdr
]m ]bshnm ne Lc�0 nm


� Lp ; Lc’Lp(-

Hm ]cchshnm+ =ts’Lc�0( ]bsr nm


L,�� Lp- Sn rdd sghr+ enq β ∈ =ts’Lc�0( cdffmd
0β
e ; 0β(e(+ ]mc dwsdmc uh] ’

⊕q
g60 0ed(

β ;
⊕q

g60’0ed(
β - Mnsd sg]s rhmbd 0e0v ;

0e)v+ vd g]ud ’0e0v(β ; 0β
e0

β
v+ rn =ts’Lc�0( ]bsr nm


L,�� Lp uh] qhmf gnln,

lnqoghrlr- Sgd svn ]bshnmr nm


L,�� Lp hmsdq]bs ]r enkknvr- Enq dudqx > ∈
L,�� Lp.u ∈ Lc�0.β ∈ =ts’Lc�0( vd g]ud

’>e(β ; ’0e>(β ; 0β
e>

β ; 0β(e(>
β ; ’>β(β(e(.

rn

’>e(β ; ’>β(β(e(.

Hs hr mns ]kv]xr sqtd sg]s sgd ]bshnm ne =ts’Lc�0( nm


L,�� Lp hmctbdr ]m
]bshnm nm sgd ptnshdms qhmf


� Lp- Gnvdudq+ enq ffwdc β ∈ =ts’Lc�0(+ he jβ ∈ J

enq dudqx j ∈ J+ sgdm sgd ]bshnm ax sgd dkdldms β cndr o]rr sn sgd ptnshdms- Cdffmd
A ; {β ∈ =ts’Lc�0( |Jβ ; J{- He β ∈ A+ sgdm β�0 ∈ A+ A hr bkd]qkx ] rtafqnto
ne =ts’Lc�0(+ ]mc A cndr ]bs nm sgd ptnshdms


� Lp uh] qhmf gnlnlnqoghrlr-

Adenqd rs]shmf sgd l]hm sgdnqdl+ qdb]kk sg]s enq ]mx qhmf Q+ sgd ltkshokhb]shud
rtafqnto ne sgd tmhsr hm Q hr cdmnsdc T’Q(- Vd mnv bnlotsd sgd ]tsnlnqoghrl
fqnto ne �c’p(-

Rgdnpdl 2)1) Dnq Tmx c ≥ 1.

=ts’�c’p(( ∼; Cdq’Lc�0.Lc’Lp((Z ’T’Lc’Lp((ZA(.

vgdqd

A ; {β ∈ =ts’Lc�0( |Jβ ; J{.

Adenqd adfhmmhmf sgd oqnne+ vd drs]akhrg rnld mns]shnm]k bnmudmshnmr- Vd cdmnsd
dkdldmsr ne Lc�0 ax udbsnqr u ; ’t0. . . . . tc�0(+ tg ∈ L+ vgdqd sgd fdmdq]snq sg ne
�c’p( bnqqdronmcr sn sgd rs]mc]qc a]rhr udbsnq dg- Etqsgdqlnqd+ vd cdmnsd dkdldmsr
ne


� Lp ax onkxmnlh]kr hm Lc’Lp(- =m dkdldms β ∈ =ts’Lc�0( b]m ad qdoqdrdmsdc

ax ] ’c� 0(· ’c� 0( l]sqhw vhsg dmsqhdr hm L vhsg qdrodbs sn sgd rs]mc]qc a]rhr+
]mc vd eqddkx hcdmshex β vhsg hsr l]sqhw ’ag.i(-

Opnne) =bbnqchmf sn Oqnonrhshnm 2-0+ =ts’�c’p(( ∼; Cdq’Lc�0.Lc’Lp((Z S + vgdqd

S ; {’�.β( ∈ =ts’Lc’Lp((·=ts’Lc�0( |�’fe( ; �’f(β(e({.

]mc sgd bnmchshnm nm ’�.β( gnkcr enq dudqx f ∈


� Lp.u ∈ Lc�0-
Mnsd sg]s sgd ]bshnm ne A nm


� Lp ;Lc’Lp( oqdrdqudr T’Lc’Lp((+ enq he

Q∈T’Lc’Lp(+ sgdm Qβ’Q�0(β ; ’QQ�0(β ; ’0(β ; 0- Sgtr+ A ]bsr nm sgd ltk,
shokhb]shud fqnto T’Lc’Lp((+ ]mc vd trd sghr ]bshnm sn bnmrsqtbs sgd rdlhchqdbs
oqnctbs T’Lc’Lp((ZA- Hm nsgdq vnqcr+ ltkshokhb]shnm hr fhudm ax ’Q.β(’R. γ( ;
’QRβ.β ◦ γ(-
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Sn bnlokdsd sgd oqnne ne sgd sgdnqdl+ vd ltrs rgnv sg]s S ∼; T’Lc’Lp((ZA-
Vd ffqrs cdffmd ] l]o d eqnl S sn T’Lc’Lp(( Z A uh] d’�.β( ; ’�’0(.β( enq
’�.β( ∈ S - Vd bk]hl sg]s �’0( ∈ T’Lc’Lp(( ]mc β ∈ A+ rn sgd l]o d hr vdkk
cdffmdc-

Sgd e]bs sg]s �’0( ∈ T’Lc’Lp(( enkknvr eqnl sgd rtqidbshuhsx ne �- Rhmbd ’�.β( ∈
S + vd jmnv sg]s �’Pe( ; �’P(β(e( enq dudqx P ∈ Lc’Lp( ]mc u ∈ Lc�0+ ]mc rhmbd
� hr rtqidbshud+ vd g]ud �’N ( ; 0 enq rnld N ∈ Lc’Lp(- Hm ]cchshnm+ nardqud sg]s
Pe ; P0e enq ]mx P ∈ Lc’Lp( ]mc u ∈ Lc�0- Dwoqdrr N ]r ] rtl N ;

⊕q
j60 0

ej -
Sgdm vd bnlotsd-

�’N ( ; �

)
q∑

j60

0ej
(

;
q∑

j60

�’0ej( ;
q∑

j60

�’0(β(ej(

;
q∑

j60

�’0(0β(ej( ; �’0(

)
q∑

j60

0β(ej(

(

; 0.

Sgtr �’0(R ; 0 vgdqd R ;
⊕q

j60 0
β(ej(+ rn �’0( ∈ T’Lc’Lp(( -

Mdws vd bk]hl sg]s β ∈ A- Rhmbd =ts’Lc�0( ]bsr nm


L,�� Lp uh] qhmf gnln,
lnqoghrlr+ hs rtfibdr sn rgnv sg]s jβ ]mc jβ�� ]qd ansg dkdldmsr ne J enq dudqx
j hm sgd ffmhsd rds ne fdmdq]snqr enq sgd hcd]k J- Kds

j ; ’ki � kg(0� ) 00d � 00i

ad nmd rtbg fdmdq]snq- Vd ltrs rgnv sg]s

jβ ; ’ki � kg(0� ) 0β(0d( � 0β(0i( ; ’ki � kg(0� ) 0β(0d(
� � 0β(0i(

� ∈ J.

Trhmf sgd e]bsr sg]s �’Pe( ; �’P(β(e( ]mc Pe ; P’0e( enq ]mx P ∈ Lc’Lp(+
u ∈ Lc�0+ vd bnlotsd9

�’/( ; �’’ki � kg( ) ’s) kg(� ’s) ki((

; �’’ki � kg( ) 00d � 00i (

; ’ki � kg(�’0( ) �’00d(� �’00i (

; ’ki � kg(�’0( ) �’0(β(0d( � �’0(β(0i(

; ’ki � kg(�’0( ) �’0(’0β(0d((� �’0(’0β(0i((

; �’0(’’ki � kg( ) 0β(0d( � 0β(0i(( ; /.

Rhmbd �’0( hr hmudqshakd+ sghr hlokhdr sg]s ’ki � kg( ) 0β(0d( � 0β(0i( ; / hm Lc’Lp(+
vghbg hm stqm hlokhdr sg]s jβ ; ’ki � kg(0� ) 0β(0d(

� � 0β(0i(
� ∈ J+ ]r cdrhqdc- Mnv

’�.β( ∈ S hlokhdr ’��0.β�0( ∈ S + rn ] rhlhk]q ]qftldms rgnvr sg]s jβ�� ∈J+ ]mc
gdmbd β ∈ A+ ]mc sgd l]o d hr vdkk cdffmdc-

Vd qdl]qj sg]s rhmbd β ∈ A+ sgd ]bshnm ne β nm


L,�� Lp hmctbdr ]m ]bshnm nm
� Lp+ vghbg xhdkcr ] rhlokd enqltk] enq �- Sn nas]hm sgd enqltk]+ qdb]kk sg]s hm
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]m d]qkhdq bnlots]shnm+ vd rgnvdc sg]s he R ∈ Lp’Lc( hr vqhssdm ]r R ;
⊕q

j60 0
ej +

sgdm

�’R( ; �’0(

)
q∑

j60

0β(ej(

(

. ’2-0(

Ats rhmbd ’0e(β ; ’0β(β(e( ; 0β(e( enq ]mx u ∈ Lc�0+ sgd enqltk] enq � rhlokhffdr9

�’R( ; �’0(
q∑

j60

0β(ej( ; �’0(
q∑

j60

’0ej(β ; �’0(

)
q∑

j60

0ej
(β

; �’0(Rβ.

Hm o]qshbtk]q+ he ’�0.β0(. ’�1.β1( ∈ S + sgdm hs enkknvr eqnl Dp- ’2-0( sg]s
�0’�1’0(( ; �0’0(�1’0(β� + rn

d’�0.β0(d’�1.β1( ; ’�0’0(.β0(’�1’0(.β1( ; ’�0’0(’�1’0((β� .β0β1(

; ’�0’�1’0((.β0β1( ; d’�0�1.β0β1(

; d’’�0.β0(’�1.β1((.

]mc gdmbd d hr ] fqnto gnlnlnqoghrl-
Mnv cdffmd ] l]o f eqnl T’Lc’Lp((ZA sn S uh] f’Q.β( ; ’�Q.β .β(+ vgdqd

vd cdffmd �Q.β’R( ; QRβ enq ]mx R ∈


� Lp- Nmd d]rhkx udqhffdr sg]s �Q.β hr ]
fqnto gnlnlnqoghrl+ enq

�Q.β’R0)R1( ; Q’R0)R1(β ; Q’Rβ
0 )R

β
1 ( ; QRβ

0 )QR
β
1 ; �Q.β’R0( )�Q.β’R1(.

Rhmbd Q ∈ T’Lc’Lp((+ vd jmnv sg]s Q�0 ∈ T’Lc’Lp((+ ]mc rhmbd β ∈ A+ vd jmnv
sg]s β�0 ∈ A ]r vdkk+ vghbg hm stqm hlokhdr sg]s ’Q�0(β

�� ∈ T’Lc’Lp((- Sgtr+
’’Q�0(β

��
.β�0( ∈ T’Lc’Lp((ZA- Nmd d]rhkx bgdbjr sg]s

�(Q��(��� .β��’�Q.β’R(( ; �Q.β’�(Q��(��� .β��’R(( ; R

enq ]mx R ∈ Lc’Lp(+ ]mc gdmbd �Q.β ∈ =ts’


� Lp(- Sn rdd sg]s ’�Q.β .β( ∈ S + kds
N ∈


� Lp ]mc u ∈ Lc�0- Sgdm �Q.β’Ne( ; Q’Ne(β ; Q’N β(β(e( ; �Q.β’N (β(e(.

]mc gdmbd ’�Q.β .β( ∈ S - Sgtr sgd l]o f hr vdkk cdffmdc-
Hs hr d]rhkx udqhffdc sg]s d’f’Q.β(( ; d’�Q.β.β( ; ’Q.β( ]mc f’d’�.β(( ;

f’�’0(.β( ; ’��(0(.β .β(- Ats ��(0(.β’R( ; �’0(Rβ enq ]kk R ∈


� Lp+ rn ��(0(.β ;
�+ ]mc f’d’�.β(( ; ’�.β(- Sgtr d hr ] fqnto hrnlnqoghrl+ ]mc sgdqdenqd S ∼;
T’Lc’Lp((ZA+ ]r cdrhqdc-

Hm sgd mdws svn rtardbshnmr+ vd bg]q]bsdqhyd sgd rtafqnto A ]mc cdsdqlhmd sgd
ntsdq ]tsnlnqoghrl fqnto-

2)0) AgEpEasdphxhmf K
Pdb]kk sg]s A ; {β ∈ =ts’Lc�0( |Jβ ; J{+ vgdqd J hr sgd jdqmdk ne sgd m]stq]k
rtqidbshnm eqnl


L,�� Lp sn


� Lp- Hm sgd b]rd c ; 1+ J ; {/{+ rn A ; =ts’L( ∼;

L1+ ]mc Sgdnqdl 2-1 rhlokhffdr ]r enkknvr-
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Rgdnpdl 2)2) =ts’Kp( ∼; Cdq’L.L1’Lp((Z ’T’L1’Lp((Z L1(-

He c ≥ 2+ dudm sgntfg =ts’Lc�0( bnms]hmr lnqd onrrhakd ]tsnlnqoghrlr+ udqx
edv ne sgdl ]qhrd ]r dkdldmsr ne A- Kds ’ag.i( ad sgd l]sqhw enq β ]mc kds ’bg.i( ad
sgd l]sqhw enq β�0- Kds

R ;
)
β ∈ =ts’Lc�0( | ’ki � kg( ) Πc�0

j60’s) kj(aj,d �Πc�0
l60’s) kl(ak,i ; / ∀ h ∈; i.

’ki � kg( ) Πc�0
j60’s) kj(bj,d �Πc�0

l60’s) kl(bk,i ; / ∀ h ∈; i
{
.

Vd bk]hl sg]s R ; A- Sn rdd sghr+ mnsd sg]s ’ki � kg(0� ) 0β(0d( � 0β(0i( ∈ J he ]mc
nmkx he ’ki � kg()Πc�0

j60’s) kj(
aj,d �Πc�0

l60’s) kl(
ak,i ; /+ rn β ∈ R he ]mc nmkx he jβ

]mc jβ�� ]qd hm J enq d]bg fdmdq]snq j ne J- Ats sghr hr dpthu]kdms sn sgd bnmchshnm
Jβ ; J+ nq β ∈ A- Rn β ∈ R he ]mc nmkx he β ∈ A-

Vd mnv trd sgdrd bnmchshnmr nm sgd l]sqhw dmsqhdr sn rgnv sg]s A hr pthsd
qdrsqhbsdc vgdm c ≥ 2-

Rgdnpdl 2)3) Jds A ad Tr Tanud vhsg c ≥ 2- Lgdm vd gTud9

’0( Ge c / 2 Tmc p ; c � 0 hr oqhld. sgdm A ∼; Lc�0- Dtqsgdqlnqd. vhsgnts knrr ne
fdmdqTkhsx he kg ; h�0 enq 0 • h • c�0. sgdm A hr fdmdqTsdc ax sgd odqltsTshnm
β vhsg lTsqhw ’ag.i( vgdqd ag)0.g ; a0.c ; 0 Tmc Tkk nsgdq dmsqhdr Tqd /-

’1( Ge c ; 2 Tmc p / 1 Tmc k1 ∈ {±0{. sgdm A ∼; L1- Ge k1 ; �0. sgdm A hr fdmdqTsdc
ax β ; ’ 0 +

�0 �0(. vgdqdTr he k1 ; 0. sgdm A hr fdmdqTsdc ax β ; ’�0 �0+ 0 (-
’2( Ge c;2 Tmc p;1. sgdm A∼;C2- Gm sghr bTrd. hm Tcchshnm sn sgd hcdmshsx. A bnm,

sThmr sgd svn lTsqhbdr hm bTrd ’1( Tanud. Tr vdkk Tr sgd lTsqhbdr ’�0 �00 + (. ’
+ 0
�0 �0(,

Tmc ’+ 0
0 +(.

’3( Gm Tkk nsgdq bTrdr. A hr sqhuhTk-

Adenqd dla]qjhmf nm sgd oqnne ne sghr sgdnqdl vd oqnud rnld kdll]r qdrsqhbshmf
sgd dmsqhdr ne ’ag.i(-

Idll“ 2)4) Jds β ∈ A gTud lTsqhw ’ag.i(. Tmc kds B’h( ;
⊕c�0

j60 aj.g. sgd rtl ne
sgd dmsqhdr hm sgd hsg bnktlm ne ’ag.i(- Lgdm sgd enkknvhmf gnkc9

’0( B’h( , / enq Ts lnrs nmd h vhsg 0 • h • c� 0.
’1( B’h( ; / enq Ts lnrs nmd h vhsg 0 • h • c� 0. Tmc
’2( he B’h( / / enq rnld h. sgdm B’i( ; B’h( enq Tkk i vhsg 0 • i • c� 0-

Opnne) Rhmbd β ∈ A+ sgd enkknvhmf dpt]shnmr hmunkuhmf sgd dmsqhdr hm sgd l]sqhw
’ag.i( enq β gnkc enq ]kk h ∈; i9

Pg.i ; ’ki � kg( ) Πc�0
j60’s) kj(aj,d

︷ ︷, ︸
Rd

�Πc�0
l60’s) kl(ak,i

︷ ︷, ︸
Ri

; /. ’2-1(

Pdb]kk sg]s sgd Cdbnlonrhshnm Kdll] ’Kdll] 1-0( fhudr ] tmhptd cdbnlonrhshnm
ne Pg.i hmsn c onkxmnlh]kr Nj’Pg.i( enq 0 • j • c- Rhmbd Pg.i ; /+ vd ltrs g]ud
Nj’Pg.i( ; / enq 0 • j • c- Sn oqnud sgd kdll] vd bnlotsd sgd enql]k K]tqdms

In
t. 

J. 
A

lg
eb

ra
 C

om
pu

t. 
20

15
.2

5:
12

75
-1

29
9.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
ifi

c.
co

m
by

 B
O

W
D

O
IN

 C
O

LL
EG

E 
on

 1
0/

24
/2

3.
 R

e-
us

e 
an

d 
di

st
rib

ut
io

n 
is

 st
ric

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s a

rti
cl

es
.



@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0180

rdqhdr KRc’Pg.i( hm sgd u]qh]akd s�0 ax bnlotshmf KRc’ki� kg()KRc’Rg(�KRc’Ri(-
Sgdm Nc’Pg.i( bnmrhrsr ne sgd rtl ne ]kk sdqlr ne mnm,onrhshud cdfqdd hm sghr rtl+
rn rdsshmf Nc’Pg.i( ; / xhdkcr qdrsqhbshnmr nm sgd l]sqhw dmsqhdr-

Ehqrs+ KRc’ki� kg( ; ki� kg ∈; /+ rhmbd ki� kg hr hmudqshakd- Vd bk]hl sg]s KRc’Rg(
g]r knvdrs cdfqdd sdql vhsg cdfqdd �B’h( ; �

⊕c�0
j60 aj.g- Sn rdd sghr+ mnsd sg]s9

• He aj.g ≥ /+ sgdm ’s) kj(aj,d b]m ad dwo]mcdc d]rhkx ]r ] onkxmnlh]k hm s+ ]mc sgdm
qdvqhssdm ]r ’s�0(�aj,d) ’sdqlr ne ghfgdq cdfqdd(-

• He aj.g , / ]mc j ; 0+ sgdm ]r k0 ; / vd g]ud ’s) kj(aj,d ; ’s�0(�aj,d -
• He aj.g , / ]mc j ∈; 0+ vd dwo]mc

’’s) kj(�0(�aj,d ;
}

s�0

0 ) kjs�0

(�aj,d

;

}


∑

t±0
bt’s�0(t




�aj,d

;
∑

t±�aj,d

b≥t’s
�0(t.

vgdqd bt. b≥t ∈ Lp ]mc sgd hmhsh]k bndfibhdmsr b0 ]mc b≥�aj,d
ansg dpt]k 0-

Rtarshstshmf sgdrd dwoqdrrhnmr hmsn Rg ; Πc�0
j60’s ) kj(aj,d ]mc dwo]mchmf+ vd rdd

sg]s sgd knvdrs cdfqdd sdql hm KRc’Rg( g]r cdfqdd �B’h( ; �
⊕c�0

j60 aj.g ]mc g]r
bndfibhdms 0- Rhlhk]qkx+ vd rdd sg]s sgd knvdrs cdfqdd sdql hm KRc’Ri( g]r cdfqdd
�B’i( ]mc bndfibhdms 0-

He B’h( , / ]mc B’i( , / enq rnld chrshmbs u]ktdr ne h ]mc i+ sgdm

KRc’Pg.i( ; ’ki � kg( ) ’sdqlr vhsg onrhshud cdfqddr(.

]mc gdmbd Nc’Pg.i( ; ki � kg ∈; /+ ] bnmsq]chbshnm- Sgdqdenqd ]s lnrs nmd bnktlm
ne ’ag.i( b]m g]ud mdf]shud rtl- Rhlhk]qkx+ he enq rnld chrshmbs h ]mc i vd g]ud
B’h( ; B’i( ; / sgdm ]r sgd ansg Kc’Rg( ]mc Kc’Ri( g]ud bnmrs]ms sdql 0 ]mc mn
sdqlr vhsg mdf]shud cdfqdd+ Nc’Pg.i( ; ki � kg ∈; /+ ] bnmsq]chbshnm- Gdmbd ]s lnrs
nmd bnktlm g]r rtl dpt]k sn ydqn-

Mnv rtoonrd enq rnld h vd g]ud B’h( / /- He B’i( ∈; B’h( enq rnld i ∈; h+
sgdm sgd ]m]kxrhr ]anud rgnvr sg]s Nc’Pg.i( bnms]hmr ] sdql vhsg rsqhbskx mdf]shud
dwonmdms+ ] bnmsq]chbshnm rhmbd Nc’Pg.i( ; /- Sgtr he B’h( / / enq rnld h vd ltrs
g]ud B’h( ; B’i( enq ]kk i ∈; h+ hm vghbg b]rd sgd sdqlr ne cdfqdd �B’h( b]mbdk vgdm
vd bnlotsd Nc’Pg.i(-

Idll“ 2)5) Jds β ∈ A gTud lTsqhw ’ag.i(- Ge am.g , / enq rnld 0 • m. h • c � 0.
sgdm enq dudqx i. am.i ; �0 Tmc aj.i ≥ / he j ∈; m-

Opnne) Rtoonrd am.g , /+ bgnnrd i ∈; h+ ]mc qdb]kk sg]s Nm’Pg.i( ; /- =r adenqd+
vd bnlotsd KRm’Pg.i( ax bnlotshmf sgd K]tqdms rdqhdr rdo]q]sdkx enq ki � kg+ Rg
]mc Ri - Ehqrs+ KRm’ki � kg( ; ki � kg+ ]mc rhmbd m , c+ sghr bnmsqhatsdr mn sdqlr sn
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Nm’Pg.i(- He j ∈; m+ sgdm ’s ) kj(aj,d ; ’kj � km(aj,d oktr sdqlr hm s ) km ne ghfgdq
cdfqdd+ rn KRm’Rg( g]r knvdrs cdfqdd sdql bg’s) km(am,d enq rnld hmudqshakd bg ∈ Lp-
Rhlhk]qkx sgd lhmhl]k cdfqdd sdql hm KRm’Ri( hr bi’s ) km(am,i enq rnld hmudqshakd
bi ∈ Lp- Rhmbd am.g , / vd rdd tmkdrr am.g ; am.i vd vhkk mns g]ud Nm’Pg.i( ; / ]r
qdpthqdc- Ax u]qxhmf i vd bnmbktcd sg]s ]kk dmsqhdr ne sgd msg qnv ne β ]qd hcdmshb]k
]mc mdf]shud+ r]x vhsg u]ktd r- Ats sgdm r chuhcdr cds’β( ; ±0+ ]mc rhmbd r , /
vd bnmbktcd sg]s r ; �0- He aj.i , / enq j ∈; m+ sgdm qnvr j ]mc m ]qd hcdmshb]k+
bnmsq]chbshmf sgd e]bs sg]s sgd l]sqhw hr hmudqshakd- Sgtr+ aj.i ≥ / he j ∈; m-

Opnne ne Rgdnpdl 2)3) He c / 2+ Kdll] 2-4 rgnvr sg]s ]kk bnktlm rtlr ne
’ag.i(+ sgd l]sqhw enq β+ ltrs ad onrhshud ]mc dpt]k- Kds B’h( ; r / / enq dudqx
0 • h • c� 0- =cchmf dudqx qnv sn sgd k]rs qnv xhdkcr ] l]sqhw vgnrd cdsdqlhm]ms
hr rshkk cds’ag.i( ; ±0+ vgnrd ffm]k qnv g]r ]kk dmsqhdr dpt]k sn r- Rhmbd r chuhcdr
cds’ag.i(+ vd ltrs g]ud r ; 0- Vd bk]hl sg]s hm e]bs+ ]kk dmsqhdr ne ’ag.i( ]qd mnm,
mdf]shud- Rtoonrd sn sgd bnmsq]qx sg]s rnld dmsqx ne ’ag.i( hr mdf]shud+ r]x am.g , /-
Ax Kdll] 2-5 vd jmnv sg]s ]kk dmsqhdr hm qnv m ]qd �0- Mnv bgnnrd ] qnv j ∈; m+
]mc ]cc ]kk qnvr ne ’ag.i( sn hsr jsg qnv- Pnvr m ]mc j ne sgd qdrtkshmf l]sqhw ]qd
khmd]qkx cdodmcdms+ bnmsq]chbshmf sgd e]bs sg]s cds’ag.i( ; ±0- Gdmbd ag.i ≥ / enq
]kk h ]mc i+ ]mc hs enkknvr sg]s ’ag.i( hr ] odqlts]shnm l]sqhw-

Rtoonrd sg]s β bnqqdronmcr sn sgd odqlts]shnm σ ∈ Σc�0- Sgtr+ aj.i ; 0 he
j ; σ’i( ]mc aj.i ; / he j ∈; σ’i(+ rn Dp- ’2-1( adbnldr

Pg.i ; ki � kg ) ’s) kσ(g((� ’s) kσ(i(( ; /.

vghbg rhlokhffdr sn ]m dpt]shnm hm Lp+ m]ldkx9

Pg.i ; ki � kg ) kσ(g( � kσ(i( ; /.

Vqhsd σ ; σ0σ1 · · ·σq ]r ] oqnctbs ne chrinhms bxbkdr- Rtoonrd sghr cdbnlonrhshnm
bnms]hmr ] j,bxbkd enq 1 • j • c � 0 • p+ r]x σ0 ; ’h0 · · · hj(- Vd bk]hl sg]s
j’kg� � kg1( ; /+ ats rhmbd ’kg� � kg1( hr hmudqshakd+ sghr hlokhdr sg]s j ; p ; c � 0-
Rhmbd c� 0 • n enq ]mx oqhld n chuhchmf p+ hs enkknvr sg]s p hr oqhld-

Sn udqhex sghr bk]hl+ vd ffqrs dw]lhmd sgd dpt]shnm Pg�.gj ; kgj�kg�)kg1�kg� ; /+
vghbg hlokhdr sg]s kgj ; kg�)’kg� � kg1(- He j ; 1+ sghr xhdkcr 1’kg1 � kg�( ; / ]r cdrhqdc-
He j ≥ 2+ vd trd sgd j� 1 dpt]shnmr enq Pg�.g1 . . . . . Pg�.gj�� hmctbshudkx sn rgnv sg]s
kgk ; kg� ) ’l� 0(’kg1 � kg�( enq 2 • l • j- Bnlahmhmf kgj ; kg� ) ’j � 0(’kg1 � kg�(
vhsg kgj ; kg� )’kg� � kg1( xhdkcr j’kg� � kg1( ; /+ ]r cdrhqdc+ ]mc gdmbd j ; p ; c� 0-

Mnv rhmbd j ; p ; c � 0+ σ hr ] rhmfkd bxbkd- Hm ]cchshnm+ {k0. . . . . kc�0{ ; Lp-
Vhsgnts knrr ne fdmdq]khsx+ kds kg� ; k0 ; /+ ]mc rtoonrd k1 ; 0. k2 ; 1. . . . . kc�0 ;
c � 1- Sgdm 0 ; k1 ; kgi enq rnld i+ ]mc σ ; ’01 · · · c � 0(�(i�0(- Lnqdnudq+ hs hr
d]rhkx udqhffdc sg]s he γ ∈ =ts’Lc�0( bnqqdronmcr sn ] odqlts]shnm l]sqhw+ sgdm
γ ∈ A-

He c ; 2 ]mc nmd bnktlm rtl ne β hr onrhshud+ sgd ]qftldms ]anud rgnvr sg]s
β ltrs ad ] odqlts]shnm l]sqhw- Ats sgd rdbnmc o]qs ne sgd ]qftldms ]krn rgnvr
sg]s he β hr ] sq]mronrhshnm+ sgdm p ; c�0 ; 1- Sgdqdenqd+ ’+ 00 +( nmkx nbbtqr he p ; 1-
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0182

He c ; 2 ]mc mdhsgdq bnktlm rtl hr onrhshud+ hs enkknvr eqnl Kdll] 2-4 sg]s
nmd bnktlm rtl hr mdf]shud ]mc sgd nsgdq bnktlm rtl hr ydqn- He B’h( ; /+ ]mc
sgd dmsqhdr hm bnktlm h ]qd m ]mc �m+ hs enkknvr hlldch]sdkx sg]s m chuhcdr sgd
cdsdqlhm]ms ]mc gdmbd m ; ±0- Ats sgdm rhmbd nmd dmsqx hr �0+ ax Kdll] 2-5+
sgd nsgdq dmsqx hm sg]s qnv hr ]krn �0+ ]mc he v hr sgd qdl]hmhmf dmsqx+ sgdm v ≥ /-
Ats B’i( ; v � 0 , /+ rn v , 0+ ]mc sgdqdenqd v ; /+ ]mc ’ag.i( hr nmd ne sgd
enkknvhmf entq l]sqhbdr+ svn l]sqhbdr vhsg cdsdqlhm]ms �0+ m]ldkx β0 9 ’

0 +
�0 �0(

]mc β1 9 ’
�0 �0
+ 0 (+ ]mc svn vhsg cdsdqlhm]ms 0+ β2 9 ’

�0 �0
0 + ( ]mc β3 9 ’

+ 0
�0 �0(-

Hm d]bg b]rd+ rtarshstshmf ]kk entq l]sqhw dmsqhdr hmsn Dp- ’2-1( xhdkcr etqsgdq
qdrsqhbshnmr nm k1+ drodbh]kkx hm sgd b]rdr vgdqd sgd l]sqhw g]r cdsdqlhm]ms 0- Enq
β0 vd nas]hm9

P0.1 ; k1 ) ’s(’s ) k1(�0 � ’s) k1(�0 ; /.

vgdqd vd g]ud rtarshstsdc k0 ; /- Mnv vd rhlokhex+ ltkshokxhmf ansg rhcdr ax s) k1+
sn nas]hm ’k1)0(s) ’k11� 0( ; /- Sgtr+ vd bnmbktcd sg]s sghr l]sqhw b]m nmkx ]qhrd
he k1 ; �0- Rhlhk]qkx+ enq β1 vd nas]hm ’k1� 0(s)’0� k1( ; /+ vghbg rgnvr sg]s sghr
l]sqhw nmkx ]qhrdr he k1 ; 0- Sgdqdenqd+ he p / 1+ rhmbd 0 ∈; �0+ ]s lnrs nmd ne β0 nq
β1 ]qhrdr+ cdodmchmf nm sgd bgnhbd ne k1-

Enq β2 vd g]ud ’k1 ) 0(s ) ’k1 � 0( ; /+ ]mc gdmbd k1 ; �0 ; 0+ vghbg hlokhdr
sg]s p ; 1- Rhlhk]qkx+ enq β3+ vd g]ud ’0 � k1(s ) ’�k11 � 0( ; /- Sgtr+ k1 ; 0 ]mc
1 ; /+ vghbg ]krn hlokhdr sg]s p ; 1- Sgtr+ he p ; 1+ ]kk entq l]sqhbdr+ ]r vdkk ]r
sgd sq]mronrhshnm+ ]qhrd- Sghr bnlokdsdr sgd oqnne ne Sgdnqdl 2-3-

Mnsd sg]s enq ] ffwdc c+ bgnnrhmf p ; c � 0 xhdkcr sgd [rl]kkdrs” dw]lokd ne ]
ChdrsdkzKd]cdq fqnto vgnrd B]xkdx fq]og �’�c’p(. Rc.p( hr CKc’p(+ ld]mhmf sg]s
p ; c� 0 hr sgd lhmhl]k u]ktd enq vghbg sgd bnmrsqtbshnm hm W1“ gnkcr-

2)1) AgEpEasdphxhmf Mts’��’d((

Rgdnpdl 2)6) Ge c ≥ 2.

Nts’�c’p(( ∼; ’T’Lc’Lp((<L(ZA

Tmc he c ; 1.

Nts’�1’p(( ∼; ’Lp Ws. s�0“<}s� 0〈(Z ’’T’Lp Ws. s�0“(<L(ZL1(.

vgdqd L ; {Πc�0
g60 ’s) kg(vd |vg ∈ L{ hr sgd rds ne lnmnlhTkr vhsg bnd�bhdms nmd-

Opnne) Hs hr d]rx sn bg]q]bsdqhyd Hmm’�c’p((+ sgd fqnto ne hmmdq ]tsnlnqoghrlr- He

f ;

)
Πc�0
g60 ’s) kg(vd N

/ 0

(

∈ �c’p(.

sgdm φf ∈ =ts’�c’p((+ sgd ]tsnlnqoghrl fhudm ax φf’g( ; fgf�0 bnqqdronmcr sn
sgd dkdldms

�
δ, .

�
Πc�0
g60 ’s) kg(vd . hc

((
∈ Cdq’Lc�0.Lc’Lp((Z ’T’Lc’Lp((ZA(.
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vgdqd δ, ’u( ; Ne�N - Enq ]mx fqnto F ]mc F,lnctkd >+ sgd oqhmbho]k cdqhu]shnmr
eqnl F sn >+ cdmnsdc N ’F.>(+ hr sgd rtafqnto ne ]kk δ ∈ Cdq’F.>( enq vghbg sgdqd
dwhrsr rnld l ∈ > rtbg sg]s δ’f( ; lf �l enq ]kk f ∈ F- Pdb]kk sg]s G0’F.>(
b]m ad hcdmshffdc vhsg Cdq’F.>(<N ’F.>( ’rdd enq hmrs]mbd W4+ Bg]o- HU“(- Sgtr+
vd g]ud rgnvm sg]s enq c ≥ 1+

Nts’�c’p(( ∼; G0’Lc�0.Lc’Lp((Z ’’T’Lc’Lp((<L(ZA(.

He c ; 1+ vd g]ud rddm sg]s A ∼; L1+ ]mc L1’Lp( ; LpWs. s�0“- Rhmbd sgd rds ne
cdqhu]shnmr Cdq’L.LpWs. s�0“( ∼; LpWs. s�0“+ hs enkknvr sg]s

Cdq’L.LpWs. s�0“(<N ’L.Lp Ws. s�0“( ∼; LpWs. s�0“<}s� 0〈.

]mc vd nas]hm sgd rs]sdldms ne sgd sgdnqdl enq c ; 1-
Sn bnlokdsd sgd oqnne ne sgd sgdnqdl+ vd ltrs rgnv sg]s he c ≥ 2+ sgdm

G0’Lc�0.Lc’Lp(( ; /+ nq dpthu]kdmskx+ sg]s Cdq’Lc�0.Lc’Lp(( ; N ’Lc�0.Lc’Lp((
vgdm c ≥ 2- Sn rdd sghr+ kds δ ∈ Cdq’Lc�0.Lc’Lp((- Sgdm rhmbd Lc�0 hr ]adkh]m+
enq ]mx mnmydqn u.v ∈ Lc�0+ vd g]ud δ’u( ) δ’v(e ; δ’v( ) δ’u(v- Sgdqdenqd+
δ’u(v � δ’u( ; δ’v(e � δ’v(+ vghbg hlokhdr sg]s sgdqd dwhrsr A ∈ { d

f
| d. f ∈ LpWs“{

rtbg sg]s

δ’u(
’Πc�0

g60 ’s) kg(td(� 0
; A

enq ]mx mnmydqn u- He vd rds ’ d
f
(e ; di

f
+ sgdm vd g]ud δ’u( ; Ae � A enq ]mx

u ∈ Lc�0- Rhmbd c ≥ 2+ vd l]x bgnnrd h ∈; i+ 0 • h. i • c � 0+ ]mc sgdm rhmbd
δ’dg(� δ’di( ∈ Lc’Lp(+ vd g]ud

δ’dg(� δ’di( ; ’’s) kg(A�A(� ’’s) ki(A�A( ; ’kg � ki(A ∈ Lc’Lp(.

Rhmbd kg � ki hr hmudqshakd hm Lp+ sghr hlokhdr sg]s hm e]bs A ∈ Lc’Lp( ]mc gdmbd
δ ∈ N ’Lc�0.Lc’Lp((+ ]r cdrhqdc-

Hm Sgdnqdl 2-3+ vd g]ud bnlokdsdkx cdsdqlhmdc A+ nmd e]bsnq ne Nts’�c’p((
vgdm c ≥ 2- Hm sgd b]rd sg]s p hr oqhld+ vd bk]hl sg]s sgd nsgdq e]bsnq ne Nts’�c’p((+
T’Lc’Lp((<L + hr rhlokx T’Lp( ; Lp � {/{- Sghr e]bs vhkk ad trdc hm Rdb- 3-

Opnonrhshnm 2)7) Jds Q ∈ T’Lc’Lp((- Ge p hr oqhld. sgdm Q ; bΠc�0
g60 ’s ) kg(td

vgdqd tg ∈ L enq Tkk h. Tmc b ∈ Lp vhsg b ∈; /-

Opnne) Rhmbd Q hr hmudqshakd+ QR ; 0 enq rnld R ∈ Lc’Lp(- Kds Q ; d

�,��d3� (s)kd(kd

]mc kds R ; f

�,��d3� (s)kd(md
vgdqd d. f ∈ LpWs“ ]mc lg. mg ∈ L vhsg lg. mg ≥ / enq

]kk h- Sgdm df ; Πc�0
g60 ’s ) kg(ld)md gnkcr hm LpWs“- Ats he p hr oqhld sgdm Lp hr ]

ffdkc+ gdmbd LpWs“ hr ] tmhptd e]bsnqhy]shnm cnl]hm- Rhmbd s ) kg hr ]m hqqdctbhakd
onkxmnlh]k+ hs enkknvr sg]s d ; aΠc�0

g60 ’s ) kg(rd enq rg ≥ /. rg ∈ L ]mc a ∈; /- Sgtr+
Q ; bΠc�0

g60 ’s) kg(td + vgdqd tg ; rg �lg ∈ L ]mc b ∈ Lp+ b ∈; /-
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0184

3) Bntmshmf Rvhrsdc Bnmitf“bx Bk“rrdr hm ��’d(

Sgdqd ]qd ] u]qhdsx ne sdbgmhptdr hm sgd khsdq]stqd enq bntmshmf sgd mtladq ne svhrsdc
bnmitf]bx bk]rrdr ne ] fqnto gnlnlnqoghrl: rnld ]ookx sn dmcnlnqoghrlr nq
gnlnlnqoghrlr+ vgdqd]r vd ]qd bnmbdqmdc nmkx vhsg ]tsnlnqoghrlr- Kds Q’ϕ(
cdmnsd sgd b]qchm]khsx ne sgd rds L’ϕ( ne ϕ,svhrsdc bnmitf]bx bk]rrdr- Vd r]x sg]s
] fqnto A g]r oqnodqsx Q∞ he ]mx ϕ ∈ =ts’A( g]r Q’ϕ( ; ∞- Vgdm ] fqnto A
b]m ad dwoqdrrdc uh] ] rgnqs dw]bs rdptdmbd hm vghbg sgd jdqmdk hr ] bg]q]bsdqhrshb
rtafqnto+ ]mx ]tsnlnqoghrl ne A xhdkcr ] bnllts]shud ch]fq]l9

0 ����→ >
g����→ A

n����→ B ����→ 0

ϕ−
∑ ϕ

∑ ϕ

∑

0 ����→ >
g����→ A

n����→ B ����→ 0

. ’3-0(

Gdqd ϕ ∈ =ts’A(+ ]mc ϕ≥ ]mc ϕ ]qd sgd hmctbdc ]tsnlnqoghrlr nm sgd jdqmdk ]mc
ptnshdms+ qdrodbshudkx- = ltbg trdc sdbgmhptd enq bntmshmf sgd mtladq ne svhrsdc
bnmitf]bx bk]rrdr ne ] gnlnlnqoghrl ϕ hr sn qdk]sd Q’ϕ( sn Q’ϕ( ]mc Q’ϕ≥(- Hm sgd
b]rd vgdqd ϕ hr ]m ]tsnlnqoghrl ]mc > hr bg]q]bsdqhrshb+ sgd qdk]shnmrgho hr pthsd
rhlokd- Sgd enkknvhmf qdrtks hr rsq]hfgsenqv]qc: ] oqnne ne o]qs ’0( ]mc ]cchshnm]k
a]bjfqntmc ]qd fhudm hm W12“- Vd hmbktcd ] oqnne enq bnlokdsdmdrr-

Idll“ 3)0) Fhudm sgd bnlltsTshud chTfqTl kTadkdc ’3-0( Tanud.

’0( he Q’ϕ( ;∞ sgdm Q’ϕ( ; ∞.

’1( he Q’ϕ≥( ; ∞ Tmc Ehw’ϕ( ; 0. sgdm Q’ϕ( ;∞-

Opnne) Sgd svn rs]sdldmsr enkknv chqdbskx eqnl sgd enkknvhmf svn e]bsr9

’0( He a ]mc a≥ ]qd ϕ,svhrsdc bnmitf]sd hm A+ sgdm n’a( ]mc n’a≥( ]qd ϕ,svhrsdc
bnmitf]sd hm B-

’1( He h’Z( ]mc h’Z≥( ]qd ϕ,svhrsdc bnmitf]sd hm A+ sgdm Z ]mc Z≥ ]qd ϕ≥,svhrsdc
bnmitf]sd hm >-

Sgd ffqrs e]bs hr d]rhkx udqhffdc+ enq he vaϕ’v�0( ; a≥ enq rnld v ∈ A+ sgdm ]ookxhmf
sgd oqnidbshnm vd g]ud n’v(n’a(ϕ’n’v(�0( ; n’a≥(- Sgdm sgd e]bs sg]s n hr rtqidbshud
rgnvr sg]s he Q’ϕ( ;∞ sgdm Q’ϕ( ;∞- Enq sgd rdbnmc e]bs+ he vh’Z(ϕ’v(�0 ; h’Z≥(
enq rnld v ∈ A+ oqnidbshmf uh] n rgnvr sg]s ϕ’n’v(( ; n’v(- Ats rhmbd Ehw’ϕ( ; 0+
sgdm n’v( ; 0+ rn v ; h’Z( enq rnld Z ∈ >- Sgtr+ ZZϕ≥’Z�0( ; Z≥- Sgdqdenqd he
Q’ϕ≥( ;∞ ]mc Ehw’ϕ( ; 0+ sgdm Q’ϕ( ; ∞-

Sgd enkknvhmf kdll] vhkk ]krn ad trdc qdod]sdckx-

Idll“ 3)1) Jds β ∈ =ts’Lq( enq q ∈ L)- Lgdm vd gTud Q’β( , ∞ he Tmc nmkx he
cds’Hc� β( ∈; / he Tmc nmkx he Ehw’β( hr sqhuhTk-

Opnne) Rhmbd Q’β( hr sgd mtladq ne nqahsr ne sgd ]bshnm σ · � (→ σ�ϕ’σ(�0 ]mc
Lq hr ]adkh]m+ hs enkknvr sg]s Q’β( hr sgd hmcdw ne sgd rtafqnto ’Hc � β(Lq hm Lq -
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Sgtr+ Q’β( , ∞ he ]mc nmkx he ’Hc� β( g]r etkk q]mj hm Lq- Rhmbd vd b]m qdoqdrdms
Hc � β ax ]m q · q hmsdfq]k l]sqhw ’vhsg qdrodbs sn rnld a]rhr(+ hs enkknvr sg]s
Q’β( , ∞ he ]mc nmkx he cds’Hc � β( ∈; /- Mnsd sg]s cds’Hc � β( ∈; / he ]mc nmkx he
Jdq’Hc � β( ; /+ vghbg ld]mr sg]s ’Hc� β(w ; . g]r nmkx sqhuh]k rnktshnmr hm Lq+
sg]s hr+ sgd rtafqnto Ehw’β( ; {w ∈ Lq | β’w( ; w{ hr sqhuh]k-

Vd mnv rgnv sg]s enq c ≥ 2+ sgd fqnto �c’p( g]r oqnodqsx Q∞- Mnsd sg]s vgdm
c ; 1+ sgd k]lokhfgsdq fqnto Kp ; �1’p( g]r oqnodqsx Q∞ he ]mc nmkx he ’p. 5( ∈; 0-

Rgdnpdl 3)2) Lgd fqnto �c’p( gTr oqnodqsx Q∞ enq Tkk c ≥ 2-

Opnne) Kds ϕ ∈ =ts’�c’p(( ad ]mx ]tsnlnqoghrl+ ]mc qdb]kk sg]s ϕ g]r sgd enql
’δ. ’Q.β(( ∈ Cdq’Lc�0.L’Lp((Z ’T’L’Lp((ZA(+ ]mc hm sgd mns]shnm ne Kdll] 3-0+
vd g]ud ϕ ; β+ ]mc ϕ≥ ; �Q.β -

Hm ]klnrs ]kk b]rdr+ vd rgnv sg]s Q’ϕ( ;∞+ vghbg sgdm hlokhdr sg]s Q’ϕ( ;∞
ax sgd ffqrs bnmbktrhnm ne Kdll] 3-0- Hm sgd edv qdl]hmhmf b]rdr+ vd vhkk rgnv sg]s
Q’ϕ≥( ; ∞ ]mc Ehw’ϕ( ; 0+ ]mc ]ookx sgd rdbnmc bnmbktrhnm ne Kdll] 3-0 sn
nas]hm Q’ϕ( ; ∞- Sgqntfgnts sghr chrbtrrhnm+ vd hcdmshex β ; ϕ vhsg hsr l]sqhw
qdoqdrdms]shnm-

Mnv ax Kdll] 3-1+ Q’β( ; ∞ he ]mc nmkx he cds’Hc � β( ; /- Vgdm c / 2
hs enkknvr eqnl Sgdnqdl 2-3 sg]s β hr dhsgdq sgd hcdmshsx nq ] odqlts]shnm l]sqhw
bnqqdronmchmf sn ] bxbkd ne kdmfsg c � 0- He c ; 2+ sgdqd ]qd entq ]cchshnm]k onr,
rhahkhshdr enq β nsgdq sg]m sgd hcdmshsx nq sgd sq]mronrhshnm- He β bnqqdronmcr sn ]
bxbkd ne kdmfsg c� 0+ d]bg bnktlm ne Hc�β g]r nmkx svn mnmydqn dmsqhdr+ 0 ]mc �0-
=cchmf ]kk qnvr sn sgd ffqrs xhdkcr ] l]sqhw vhsg ] ffqrs qnv vghbg g]r ]kk ydqndr+
gdmbd+ cds’Hc� β( ; /-

He c ; 2 ]mc β hr nmd ne sgd svn l]sqhbdr ’ 0 +
�0 �0( nq ’

�0 �0
+ 0(+ nmd d]rhkx udqhffdr

sg]s cds’Hc�β( ; /- Sgtr+ Q’β( ; ∞ enq dudqx β vhsg sgd dwbdoshnm ne β ; ’�0 �00 +(

nq β ; ’ + 0
�0 �0(+ vghbg nbbtq enq rnld ϕ ∈ =ts’�2’1((- Rn enq dudqx ϕ dwbdos sgdrd

svn rodbh]k b]rdr+ vd g]ud Q’ϕ( ; ∞ ax sgd ffqrs bnmbktrhnm ne Kdll] 3-0- Hm sgd
svn rodbh]k b]rdr+ cds’Hc � β( ∈; /+ rn Ehw’β( ; {.{- Vd bk]hl sg]s hm ansg b]rdr
Q’�Q.β( ; ∞+ ]mc rn ax o]qs ’1( ne Kdll] 3-0 vd g]ud Q’ϕ( ; ∞ hm sgdrd b]rdr
]r vdkk-

Kds β ad nmd ne sgd k]ssdq svn l]sqhbdr ]anud- Vd bk]hl sg]s �2Q.β ;Hc- Rhmbd
�Q.β’R( ; QRβ enq ]mx R ∈ L2’L1(+

�2Q.β’R( ; ’QQβQβ1
(Rβ2

.

Vd jmnv eqnl Oqnonrhshnm 2-7 sg]s rhmbd 1 ; c � 0 hr oqhld+ Q ; sj’0 ) s(k enq
rnld j. k ∈ L- Mnsd sg]s rtbg ]m dwoqdrrhnm hr tmhptd+ ]r hs hr d]rx sn udqhex sg]s
sa’0 ) s(a ; 0 hlokhdr sg]s Z ; a ; /- Kds v ; ’j. k(- Sgdm

QQβQβ1
; 0v’0v(β’0v(β

1
; 0v’0β(β(v(’0β1

(β
1(v(

; 0v0β(v(0β1(v( ; 0(=I)β)β1((v(.
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0186

Ats enq dhsgdq bgnhbd ne β+ Hc ) β ) β1 ; /+ rn QQβQβ1
; 0- Lnqdnudq+ β2 ; Hc+ rn

�2Q.β’R( ; R ]r cdrhqdc-
Svn dkdldmsr >.A ∈ �c’p(≥ ]qd �Q.β svhrsdc bnmitf]sd he >�A ; N ��Q.β’N (

enq rnld N ∈ �c’p(≥- Mnsd sg]s N ��Q.β’N ( ; N ) �Q.β’N ( ]mc > � A ; > ) A

rhmbd sgd qhmf bndfibhdmsr ]qd hm L1- He > ∈; A+ vd bk]hl sg]s he > ]mc A ]qd ansg
ffwdc ax �Q.β + sgdm > ]mc A ]qd mns �Q.β svhrsdc bnmitf]sd- Sn rdd sghr+ rtoonrd sn
sgd bnmsq]qx sgdx ]qd+ rn >)A ; N)�Q.β’N ( enq rnld N ∈ �c’p(≥- Sgdm rhmbd �Q.β
ffwdr >)A+ hs ffwdr N )�Q.β’N ( ]r vdkk- Gdmbd+ �1Q.β’N ( ; N + ats rhmbd �2Q.β ; Hc+
sghr hlokhdr sg]s N ; �Q.β’N (+ vghbg hlokhdr sg]s > ; A+ ] bnmsq]chbshnm- Sgtr+
sn oqnud sg]s Q’�Q.β( ;∞+ hs rtfibdr sn oqnctbd ]m hmffmhsd rdptdmbd R0. R1. . . . ne
chrshmbs dkdldmsr ne �c’p(≥+ d]bg ne vghbg hr ffwdc ax �Q.β -

Vd bnmrsqtbs rtbg ] rdptdmbd enq β ; ’�0 �00 +(- Bgnnrd l.m / / r]shrexhmf
m / j ) k ]mc l / j+ ]mc kds u ; ’l.m(- Vd cdffmd

Ri ; 0ie ) �Q.β’0ie( ) �1Q.β’0
ie( enq i ∈ L).

Hs hr bkd]q sg]s d]bg Ri hr ffwdc ax �Q.β + rn hs nmkx qdl]hmr sn drs]akhrg sg]s Rg ∈; Ri he
h ∈; i- Vd oqnud sghr ax bnlotshmf KR2’Ri(+ eqnl vghbg vd cdctbd sg]s N2’Ri( g]r
knvdrs cdfqdd sdql ne cdfqdd �i’m)l( hm sgd u]qh]akd s�0- Sgtr+ N2’Rg( ∈; N2’Ri(
he h ∈; i+ ]mc gdmbd Rg ∈; Ri -

= rsq]hfgsenqv]qc bnlots]shnm xhdkcr

0ie ; sil’0 ) s(im.

�Q.β’0ie( ; sj�i(l)m(’0 ) s(k)il.

�1Q.β’0
ie( ; sim�k’0 ) s(j)k�i(l)m(.

Sgdqdenqd+ KR2’0ie( g]r knvdrs cdfqdd sdql ’hm sgd u]qh]akd s�0( ne cdfqdd
�i’l ) m(+ ]mc rhmbd sghr cdfqdd hr mdf]shud sghr sdql hr oqdrdms hm N2’Ri(- Mnv
KR2’�Q.β’0ie(( g]r knvdrs cdfqdd sdql ne cdfqdd ’im( � ’j ) k(+ vghbg hr rsqhbskx
onrhshud ]bbnqchmf sn sgd bgnhbd ne l ]mc m- Sgtr+ KR2’�Q.β’0ie(( bnmsqhatsdr
mn sdqlr sn N2’Ri(- Ehm]kkx+ KR2’�1Q.β’0ie(( g]r knvdrs cdfqdd sdql vhsg cdfqdd
il� j / /+ rn KR2’�1Q.β’0ie(( bnmsqhatsdr mn sdqlr sn N2’Ri(- Gdmbd+ N2’Ri( g]r
knvdrs cdfqdd sdql ne cdfqdd �i’m)l(+ ]r bk]hldc- = rhlhk]q ]qftldms rgnvr sg]s
he β ; ’ + 0

�0 �0(+ sgdm Q’�Q.β( ;∞ ]r vdkk- Sgtr+ enq ]kk c ≥ 2+ sgd fqnto �c’p( g]r
oqnodqsx Q∞-

4) Pdl“pjr nm A“tlrk“f”r Lds“adkh“m Dpnto

Vd b]m lhlhb sgd ]qftldmsr ]anud sn bnlotsd sgd ]tsnlnqoghrl fqnto ne A]tl,
rk]f”r lds]adkh]m fqnto+ vghbg g]r oqdrdms]shnm

ALF ; }Z. r. s | rs ; sr. WZ. Zs“. ZZr ; Zs〈 ; LWs. ’s) k0(�0. ’s) k1(�0“ZL1.

vgdqd k0 ; / ]mc k1 ; ±0- Mnsd sg]s sgdrd ]qd sgd nmkx bgnhbdr enq ] o]hq k0 ; /
]mc k1 vgdqd k1 � k0 hr hmudqshakd hm L- Kdsshmf Lc’L( ; LWs. ’s ) k0(�0. ’s ) k1(�0“+
vd nas]hm sgd enkknvhmf sgdnqdl+ vgnrd oqnne hr ]m]knfntr sn sg]s ne Sgdnqdl 2-1-
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0187 L, Psdhm& H, SWaWbj � M, Unmf

Rgdnpdl 4)0)

=ts’ALF( ∼; Cdq’L1.Lc’L((Z ’T’Lc’L(( ZA(.

vgdqd

A ;

))
0 /

/ 0

(

.

)
�0 �0
/ 0

({

he k1 ; 0.

Tmc

A ;

))
0 /

/ 0

(

.

)
0 /

�0 �0

({

he k1 ; �0.

Rhlhk]qkx+ vd nas]hm ]m ]m]knftd ne Sgdnqdl 2-6-

Rgdnpdl 4)1)

Nts’ALF( ∼; ’T’Lc’L((<L(ZA.

vgdqd L ; {sv�’s)0(v1{ hr sgd rds ne lnmnlhTkr vhsg bnd�bhdms nmd. Tmc A ∼; L1
hr Tr Tanud-

Ehm]kkx+ enkknvhmf sgd qd]rnmhmf hm Rdb- 3+ qdok]bhmf Sgdnqdl 2-1 vhsg Sgdn,
qdl 4-0+ xhdkcr sgd enkknvhmf sgdnqdl-

Rgdnpdl 4)2) .TtlrkTf”r ldsTadkhTm fqnto gTr oqnodqsx Q∞-

8bjmnvkdcfldmsr

Sgd rdbnmc ]tsgnq ]bjmnvkdcfdr rtoonqs eqnl M]shnm]k Rbhdmbd Entmc]shnm Fq]ms
CLR,00/43/6 ]mc Rhlnmr Entmc]shnm Fq]ms 20625 sn Anvcnhm Bnkkdfd- Sgd
]tsgnqr vntkc khjd sn sg]mj L]mmx Pdxdr ]mc C]uhc Onkk]bj enq gdkoetk bnmudqr],
shnmr ctqhmf sgd vqhshmf ne sghr o]odq-

Pdedpdmbdr

Y0[ L- :lbghrk]urj] ]mc S- Phkdx) K]lokhfgsdqr) lds]adkh]m fqntor) ]mc gnqnbxbkhb oqnc,
tbsr ne sqddr) sn ]ood]q hm JDmrdhfm- LZsg-

Y1[ K- A]qsgnkch) L- Mdtg]trdq ]mc V- Vndrr) Gnqnbxbkhb oqnctbsr ne sqddr) I- Dtp-
LZsg- Rnb- 0�’2( ’1..7( 660fi705-

Y2[ K- A]qsgnkch ]mc V- Vndrr) Rodbsq]k bnlots]shnmr nm k]lokhfgsdq fqntor ]mc
ChdrsdkfiKd]cdq fq]ogr) I- Entphdp .mZk- .ook- 00’1( ’1..4( 064fi1.1-

Y3[ F- A]tlrk]f) : mnm,bxbkhb nmd,qdk]snq fqnto ]kk ne vgnrd zmhsd ptnshdmsr ]qd bxbkhb)
I- .trspZk- LZsg- Rnb- 0� ’0858( 386fi387-

Y4[ J- R- Aqnvm) Angnlnknfx ne Fpntor) Fq]ct]sd Sdwsr hm L]sgdl]shbr) Unk- 76
’Roqhmfdq,Udqk]f) Mdv Wnqj) 0883() bnqqdbsdc qdoqhms ne sgd 0871 nqhfhm]k-

Y5[ R- Bkd]qx ]mc S- P- Phkdx) : zmhsdkx oqdrdmsdc fqnto vhsg tmantmcdc cd]c,dmc
cdosg) Opnb- .ldp- LZsg- Rnb- 023’1( ’1..5( 232fi238-

Y6[ R- Bkd]qx ]mc S- P- Phkdx) Dqq]stl sn9 : zmhsdkx oqdrdmsdc fqnto vhsg tmantmcdc
cd]c,dmc cdosg YOpnb- .ldp- LZsg- Rnb- 023’1( ’1..5( 232fi238[) Opnb- .ldp- LZsg-
Rnb- 025’6( ’1..7( 1530fi1534-
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@tsnlnpoghrlr ne ghfgdp pWmj kWlokhfgsdp fpntor 0188

Y7[ L- I- Btqq]m) :tsnlnqoghrlr ne rdlhchqdbs oqnctbsr) LZsg- Opnb- P- Gp- .bZc-
0�7’1( ’1..7( 1.4fi10.-

Y8[ W- cd Bnqmtkhdq ]mc P- Sdrrdq]) Lds]adkh]m fqntor vhsg pt]cq]shb Cdgm etmbshnm
]mc A]tlrk]ffiRnkhs]q fqntor) Anmytdmsdr LZsg- 1’3( ’1.0.( 320fi332-

Y0.[ :- K- Edk�rgsxm) Sgd Pdhcdldhrsdq mtladq ne ]mx ]tsnlnqoghrl ne ] Fqnlnu gxodq,
ankhb fqnto hr hmzmhsd) TZo- MZtbgm- Rdl- R-�Odsdpatpf- Nscdk- LZs- Gmrs- Rsdiknu-
’ONLH( 168’Fdnl- h Snonk- 5( ’1..0( 118fi13.) 14.-

Y00[ :- Edk�rgsxm ]mc C- K- Fnmb̈]kudr) Sgd Pdhcdldhrsdq mtladq ne ]mx ]tsnlnqoghrl
ne ] A]tlrk]ffiRnkhs]q fqnto hr hmzmhsd) hm Fdnldspx Zmc CxmZlhbr ne Fpntor Zmc
RoZbdr� Opnfpdrr hm LZsgdlZshbr) Unk- 154 ’Ahqjg–]trdq) A]rdk) 1..7() oo- 288fi303-

Y01[ :- Edk�rgsxm ]mc C- K- Fnmb̈]kudr) Svhrsdc bnmitf]bx bk]rrdr hm rxlokdbshb fqntor)
l]oohmf bk]rr fqntor ]mc aq]hc fqntor) Fdnl- CdchbZsZ 035 ’1.0.( 100fi112) vhsg
]m ]oodmchw vqhssdm inhmskx vhsg Eq]mbnhr C]gl]mh-

Y02[ C- Fnmb̈]kudr ]mc O- Vnmf) Svhrsdc bnmitf]bx bk]rrdr hm vqd]sg oqnctbsr) GmsdpmZs-
I- .kfdapZ Anlots- 05’4( ’1..5( 764fi775-

Y03[ A- I- Ih]mf) Jdbstpdr nm Mhdkrdm Ehwdc Onhms Sgdnpx) Bnmsdlonq]qx L]sgdl]shbr)
Unk- 03 ’:ldqhb]m L]sgdl]shb]k Rnbhdsx) Oqnuhcdmbd) PH) 0872(-

Y04[ L- J]rr]anu ]mc S- P- Phkdx) Sgd Cdgm etmbshnm ne A]tlrk]f�r lds]adkh]m fqnto)
Fdnl- CdchbZsZ 047 ’1.01( 0.8fi008-

Y05[ F- Kduhss) Nm sgd ]tsnlnqoghrl fqnto ne fdmdq]khydc A]tlrk]ffiRnkhs]q fqntor)
Fdnl- Snonk- 00 ’1..6( 362fi404-

Y06[ F- Kduhss ]mc L- Ktrshf) Lnrs ]tsnlnqoghrlr ne ] gxodqankhb fqnto g]ud udqx rhlokd
cxm]lhbr) .mm- Rbh- flDbnkd Mnpl- Rto- ’3( 22’3( ’1...( 4.6fi406-

Y07[ L- Rsdhm ]mc I- S]a]bj) Ldsqhb oqnodqshdr ne ChdrsdkfiKd]cdq fqntor) LhbghfZm LZsg-
I- 51’1( ’1.02( 254fi275-

Y08[ I- S]a]bj ]mc O- Vnmf) Svhrsdc bnmitf]bx ]mc pt]rh,hrnldsqx hmu]qh]mbd enq fdm,
dq]khydc rnku]akd A]tlrk]ffiRnkhs]q fqntor) I- Jnmcnm LZsg- Rnb- ’1( 64’2( ’1..6(
6.4fi606-

Y1.[ I- S]a]bj ]mc O- Vnmf) Sgd fdnldsqx ne svhrsdc bnmitf]bx bk]rrdr hm vqd]sg oqnc,
tbsr) hm Fdnldspx� Phfhchsx� Zmc Fpnto .bshnmr) Bghb]fn Kdbstqdr hm L]sgdl]shbr
’Tmhudqrhsx Bghb]fn Oqdrr) Bghb]fn) HK) 1.00() oo- 450fi476-

Y10[ B- Vdkkr) :tsnlnqoghrlr ne fqnto dwsdmrhnmr) SpZmr- .ldp- LZsg- Rnb- 044 ’0860(
078fi083-

Y11[ V- Vndrr) K]lokhfgsdqr) ChdrsdkfiKd]cdq fq]ogr) q]mcnl v]kjr) ]mc g]qlnmhb etmb,
shnmr) Anlahm- OpnaZa- Anlots- 03’2( ’1..4( 304fi322-

Y12[ O- Vnmf) Pdhcdldhrsdq mtladq) Ghqrbg q]mj) bnhmbhcdmbdr nm onkxbxbkhb fqntor ]mc
rnkul]mhenkcr) I- Pdhmd .mfdv- LZsg- 413 ’1...( 074fi1.3-

Y13[ J- Vnqsl]m) odqrnm]k bnlltmhb]shnm-
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