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. � Gmspnctbshnm

?tsnl]shb�fqntor�vdqd enql]kkx� hmsqnctbdc� hm� W6[ ax�Dorsdhm+�B]mmnm+�Gnks+�Kdux+�
O]sdqrnm�]mc�Sgtqrsnm+�lnshu]sdc�ax�hmhsh]k�nardqu]shnmr�ne�B]mmnm�]mc�Sgtqrsnm�]ants�
gxodqankhb�fqntor�]mc�sgdhq�fdnldsqx-�Sgdhq�fn]k�v]r�zqrs�sn�tmcdqrs]mc� etmc]ldms]k�
fqntor�ne�bnlo]bs�2,l]mhenkcr+�]mc�sgdm�sn�rsqd]lkhmd�bnlots]shnm�hm�sgdrd�fqntor-�Enq�
dw]lokd+� he�F hr�]m�]tsnl]shb�fqnto+� sgdm� hsr�Cdgm� etmbshnm� hr�]s�lnrs�pt]cq]shb+� hsr�
vnqc�oqnakdl�b]m�ad�rnkudc�hm�pt]cq]shb�shld+�]mc�sgd�]tsnl]shb�rsqtbstqd�b]m�ad�trdc�
sn�qdctbd�]mx�vnqc�hm�sgd�fdmdq]shmf�rds�sn�]�mnql]k�enql�enq�sg]s�fqnto�dkdldms+�]krn�
hm�pt]cq]shb�shld-
?�zmhsdkx�fdmdq]sdc�fqnto�F g]r�]m�]tsnl]shb�rsqtbstqd�vhsg�qdrodbs�sn�]�fdmdq]shmf�

rds�R he�sgdqd�hr�]�qdftk]q�k]mft]fd�ne�mnql]k�enqlr�enq�dkdldmsr�ne�F+�]mc+�enq�d]bg�r�∈ R+�
]�zmhsd� rs]sd�]tsnl]snm�vghbg� qdbnfmhydr�ltkshokhb]shnm�ax�r-�Sgd� bk]rr�ne�]tsnl]shb�
fqntor� hmbktcdr�]kk�zmhsd�fqntor+�aq]hc�fqntor+�Bnwdsdq�fqntor+�gxodqankhb�fqntor�]mc�
l]oohmf� bk]rr� fqntor+� ]lnmf� nsgdqr-� Hs� hr� rgnvm� hm� Rdbshnm 1-3� ne� W6[ sg]s� he� F g]r�
]m� ]tsnl]shb� rsqtbstqd�vhsg� qdrodbs� sn� nmd� fdmdq]shmf� rds+� sgdm� hs� g]r� ]m� ]tsnl]shb�
rsqtbstqd�vhsg�qdrodbs�sn�]mx�fdmdq]shmf�rds-�?kk�]tsnl]shb�fqntor�]qd�zmhsdkx�oqdrdmsdc+�
]mc�sgdqd�]qd�fdnldsqhb�bnmchshnmr�vghbg�b]m�ad�trdc�sn�rgnv�sg]s�]�rds�ne�mnql]k�enqlr�
bnmrshstsdr sgd a]rhr ne ]m ]tsnl]shb rsqtbstqd- Enq ] bnloqdgdmrhud hmsqnctbshnm sn
]tsnl]shb�fqntor+�rdd�W6[+�nq�enq�]�rgnqsdq�sqd]sldms+�W8[+�W00[ nq�W03[-
Hs�hr�tmr]shrexhmf�sg]s�l]mx�fqntor�vghbg�g]ud�mhbd�]kfnqhsglhb�oqnodqshdr+�hmbktchmf�

sgd�oqnodqshdr� khrsdc�]anud+�]qd�mns�]tsnl]shb-�Enq� hmrs]mbd+�]�zmhsdkx�fdmdq]sdc�mhkon,
sdms� fqnto� hr� ]tsnl]shb� he� ]mc� nmkx� he� hs� hr� uhqst]kkx� ]adkh]m-� Hm� W02[+�Ig]qk]lonuhbg+�
Igntrr]hmnu+�]mc�Lh]rmhjnu�dwsdmc�sgd�cdzmhshnm�ne�]m�]tsnl]shb�fqnto�sn�]� AUxidx(�
fqUog�UtsnlUshb�fqnto+� hm�vghbg�sgd� k]mft]fd�ne�mnql]k� enqlr�qdoqdrdmshmf�fqnto�dkd,
ldmsr�hr�cdzmdc�nudq�]�zmhsd�]kog]ads�ne�rxlankr-�He�nmd�s]jdr�sgd�rxlank�]kog]ads�sn�ad�
sgd�fdmdq]shmf�rds�enq�sgd�fqnto+�sgdm�sgd�cdzmhshnm�ne�]m�]tsnl]shb�fqnto�hr�qdbnudqdc-�
Fq]og� ]tsnl]shb� fqntor� qds]hm�l]mx� ne� sgd� bnlots]shnm]k� ]cu]ms]fdr� ne� ]tsnl]shb�
fqntor+�]mc�sghr�dmk]qfdc�bk]rr�hmbktcdr�sgd�rnku]akd�A]tlrk]f•Rnkhs]q�fqntor�AR#0 �m(+�
sgd�k]lokhfgsdq�fqntor�Rm ∩ R+�sgd�lds]adkh]m�fqntor�Rm Z, R enq�>�∈ RGm#R(+�]mc�]kk�
zmhsdkx�fdmdq]sdc�fqntor�ne�mhkonsdmbx�bk]rr�]s�lnrs�1+�]lnmf�nsgdqr-� W02[ Hs� hr�rgnvm�
hm W1[ sg]s�sgd�mnm,rnku]akd�A]tlrk]f•Rnkhs]q�fqntor�AR#l �m( ]qd�]krn�fq]og�]tsnl]shb-
Hm�sghr�o]odq+�vd�oqnud�sgd�enkknvhmf�sgdnqdl-

Rgdnpdl�. �Qgd�ChdrsdifiIdUcdq�fqntor�Γc#p( enq�c�≥ 2 Uqd�fqUog�UtsnlUshb,

Sgd� e]lhkx� ne�Chdrsdk•Kd]cdq� fqntor� Γc#p( enq� c� ≥ 2+� nq� ghfgdq� q]mj� k]lokhfgsdq�
fqntor+�v]r� hmsqnctbdc� hm� W0[ ax�A]qsgnkch+�Mdtg]trdq� ]mc�Vndrr-�Sgdrd� fqntor� ]qd�
mns�]tsnl]shb+�]r� sgdx�]qd� sxod� Dc−0 ats�mns� Dc vgdm� c�≥ 2+�]mc�]tsnl]shb�fqntor�
]qd� ne� sxod� D L∞-�Sgdrd� fqntor� ]qd� cdzmdc� dwokhbhskx� hm� Rdbshnm 1 adknv+� ]mc� sgdhq�
ldsqhb�oqnodqshdr�vdqd rstchdc�ax� sgd� sghqc�]tsgnq�]mc�Rsdhm� hm� W05[-�Iduhm�Vnqsl]m�
g]r�rjdsbgdc�]�oqnne�rgnvhmf�sg]s�]qftldmsr�]m]knfntr�sn�sgnrd�ne�Fqnlnu�hm�W0.[ hlokx�
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sg]s�sgd�Cdgm�etmbshnm�ne�Γc#p( hr�pt]cq]shb�qdf]qckdrr�ne�sgd�u]ktdr�ne�c�≥ 2 ]mc�p-�Hs�
v]r�rgnvm�hm�W2[ sg]s�vgdm�o hr�oqhld+�Γ2#o( hr�]�bnbnlo]bs�k]sshbd�hm�Rnk4 #�n##s(((+�]mc�
hsr�Cdgm�etmbshnm�hr�pt]cq]shb-�Sgd�Cdgm�etmbshnm�ne�Γ2#l( hr�rstchdc�enq�]mx�l hm�W01[
vgdqd�hs�hr�rgnvm�sn�ad�]s�lnrs�pt]qshb-
Sgd�B]xkdx�fq]og�ne�sgd�Chdrsdk•Kd]cdq�fqnto�Γc#p(+�vhsg�qdrodbs�sn�]�bdqs]hm�fdm,

dq]shmf�rds�hr�]�ChdrsdifiIdUcdq�fqUog+�]�o]qshbtk]q�rtards�ne�]�oqnctbs�ne�c hmzmhsd�sqddr�
ne�u]kdmbd� p ) 0-�Lnqd� fdmdq]k�Chdrsdk•Kd]cdq� fq]ogr�vdqd� hmsqnctbdc� hm� W3[ ]r� ]�on,
sdmsh]k�]mrvdq�sn�sgd�ptdrshnm�flHr�]mx�bnmmdbsdc+� knb]kkx�zmhsd+�udqsdw�sq]mrhshud�fq]og�
pt]rh,hrnldsqhb�sn�sgd�B]xkdx�fq]og�ne�]�zmhsdkx�fdmdq]sdc�fqnto=“�Sgd�Chdrsdk•Kd]cdq�
fq]og�vghbg� hr� ]� rtards� ne� ]� oqnctbs� ne� svn� hmzmhsd� sqddr� ne� ch¯dqhmf� u]kdmbd� hr� mns�
pt]rh,hrnldsqhb� sn� sgd B]xkdx�fq]og�ne�]mx�zmhsdkx�fdmdq]sdc�fqnto+�]r� rgnvm�ax�Dr,
jhm+�Ehrgdq�]mc�Vgxsd� hm� W7[-�Sgd�B]xkdx�fq]og ne� sgd�vdkk,jmnvm� k]lokhfgsdq�fqnto�
Gp ; Γ1#p(�; Rp ∩ R+�vhsg� qdrodbs� sn� ]�m]stq]k� fdmdq]shmf� rds+� hr� sgd�Chdrsdk•Kd]cdq�
fq]og�bnms]hmdc�hm�]�oqnctbs�ne�svn�hmzmhsd�sqddr�ne�u]kdmbd�p) 0-�Hm�sghr�rdmrd�vd�uhdv�
sgd�Chdrsdk•Kd]cdq�fqntor�]r�]�fdnldsqhb�ghfgdq�q]mj�fdmdq]khy]shnm�ne�sgd� k]lokhfgsdq�
fqntor-

1 � ChdrsdifiIdTcdp�fpntor

Vd�aqhdfix� hmsqnctbd�sgd�Chdrsdk•Kd]cdq�fqntor�Γc#p( ]mc�sgdhq�fdnldsqx+�]mc�qdedq�
sgd�qd]cdq�sn�W0[+�W05[ ]mc�W06[ enq�]�lnqd�bnloqdgdmrhud�sqd]sldms-�Sgd�Chdrsdk•Kd]cdq�
fq]og�CGc#p( hr�sgd�rtards�ne�sgd�oqnctbs�ne�c hmzmhsd�qdftk]q�sqddr�S0 �S1 �· · ·  �Sc+�d]bg�
vhsg�u]kdmbd�p)0 ]mc�]�gdhfgs�etmbshnm�ge 9 Se · N+�bnmrhrshmf�ne�sgd�udqshbdr�enq�vghbg�
sgd�rtl�ne� sgd�gdhfgsr�ne� sgd�bnnqchm]sdr� hr�dpt]k� sn�ydqn-�Svn�udqshbdr�]qd�bnmmdbsdc�
ax�]m�dcfd�he�]mc�nmkx�he�sgdx�]qd�hcdmshb]k�hm�]kk�ats�svn�bnnqchm]sdr+�]mc�hm�sgnrd�svn�
bnnqchm]sdr+�r]x�h ]mc�i+�sgd�dmsqhdr�ch¯dq�ax�]m�dcfd�hm�ansg�Se ]mc�Si -
A]qsgnkch+�Mdtg]trdq�]mc�Vndrr�hm�W0[ oqdrdms�]�l]sqhw�fqnto�Γc#p( vhsg�]�o]qshbtk]q�

fdmdq]shmf� rds� Rc#p( rn� sg]s� sgd�B]xkdx� fq]og� Γ#Γc#p( �Rc#p(( hr� dw]bskx� sgd�Chdrsdk•
Kd]cdq�fq]og�CGc#p(-�Sgdhq�bnmrsqtbshnm�qdkhdr�nm�sgd�]qhsgldshb�bnmchshnm�sg]s�c�−0�. o

enq�]kk�oqhld�chuhrnqr�o ne�p-�Rodbhzb]kkx+� kds�Kp ad�]�bnllts]shud�qhmf�ne�nqcdq�p vhsg�
ltkshokhb]shud�tmhs�0+�]mc�rtoonrd�Kp bnms]hmr�chrshmbs�dkdldmsr�k0 �, , ,  �kc−0 rtbg�sg]s�he�
c�≥ 2+�sgdhq�o]hqvhrd�ch¯dqdmbdr�]qd�hmudqshakd-�Hm�sghr�o]odq+�vd�]cchshnm]kkx�]rrtld�sg]s�
ke hr�]krn�hmudqshakd+�enq�0�≤ h�≤ c�− 0-�Sgdrd�bnmchshnmr�]qd�d]rhkx�r]shrzdc+�enq�dw]lokd+�
hm�Rp enq�k]qfd�dmntfg�p-
Cdzmd�]�qhmf�ne�onkxmnlh]kr�hm�sgd�enql]k�u]qh]akdr�s ]mc�#s�) ke(−0 enq�0�≤ h�≤ c�− 0

vhsg�zmhsdkx�l]mx�mnmydqn�bndffbhdmsr�kxhmf�hm�Kp9

Pc#Kp( ; KpWs #s) k0(−0 #s) k1(−0 · · ·  #s) kc−0(−0[,

Sgd�Chdrsdk•Kd]cdq�fqnto�bnmrsqtbsdc�hm�W0[ hr�sgd�fqnto�ne�]ffmd�l]sqhbdr�ne�sgd�enql9
)
#s) k0(l0 · · · #s) kc−0(lc 0 L

. 0

(

#0(
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vhsg� l0 �l1 �· · ·  �lc−0 ∈ R ]mc� L ∈ Pc#Kp(+�vghbg� g]r�B]xkdx� fq]og� CGc#p( vhsg�
qdrodbs�sn�sgd�fdmdq]shmf�rds�Rc#p( bnmrhrshmf�ne�sgd�l]sqhbdr

)
s) ke a

. 0

(±0

 vhsg a ∈ Kp h ∈ S0 1 · · ·  c − 0| ]mc

)
#s) ke(#s) ki(−0 a#s) ki(−0

. 0

(

 vhsg a ∈ Kp h i ∈ S0 1 · · ·  c − 0| h ∈; i,

Vd�qdedq�sn�]�l]sqhw�ne�sgd�enql�

)
s) ke a

. 0

(

]r�]�sxod�. fdmdq]snq�]mc�]�l]sqhw�ne�

sgd�enql�

)
#s) ke(#s) ki(−0 a#s) ki(−0

. 0

(

]r�]�sxod�1 fdmdq]snq-�Vd�]rrtld�sg]s�hm�]�

sxod�1�fdmdq]snq�r vd�g]ud�h�. i-�He�sghr�hr�mns�sgd�b]rd+�qdok]bd�r ax�r−0 vghbg�qdudqrdr�
sgd�qnkdr�ne�h ]mc�i-
?m�dkdldms�e ∈ Γc#p( hr�tmhptdkx�cdzmdc�ax�]� #c�− 0(,stokd� #l0 �l1 �· · ·  lc−0( ne�

hmsdfdqr�vghbg�cdsdqlhmd�sgd�toodq� kdes�dmsqx�ne�e ]mc�]�onkxmnlh]k�L ∈ Pc#Kp(-�Sgd�
hcdmshzb]shnm�adsvddm�]�fqnto�dkdldms�]mc�]�udqsdw�hm�sgd�Chdrsdk•Kd]cdq�fq]og�CGc#p(
hr�a]rdc�nm�sghr�hmenql]shnm�]r�vdkk+�]mc�hr�dwokhbhskx�cdrbqhadc�hm�W0[ ]r�vdkk�]r�W04[+�sgd�
dwsdmcdc�udqrhnm�ne�W06[-�Pntfgkx+�sgd�sqdd�Se hr�]rrnbh]sdc�vhsg�sgd�u]qh]akd�#s�) ke(−0+�
enq�0�≤ h�≤ c�− 0+�]mc�Sc hr�]rrnbh]sdc�vhsg�sgd�u]qh]akd� s-�Udqshbdr� hm�sgd�sqdd�Se ]qd�
]rrhfmdc�dpthu]kdmbd�bk]rrdr�ne�K]tqdms�onkxmnlh]kr� hm�sgd�bnqqdronmchmf�u]qh]akd-�Enq�
L ∈ Pc#Kp( vd�kds�KRe#L ( cdmnsd�sgd�K]tqdms�onkxmnlh]k�nas]hmdc�vgdm�L hr�qdvqhssdm�
hm�sdqlr�ne�sgd�u]qh]akd�s�) ke enq�0�≤ h�≤ c�−0+�nq�s−0 vgdm�h�; c-�Sn�zmc�sgd�bnnqchm]sd�
hm�sgd�sqdd�Se ne�sgd�udqsdw�bnqqdronmchmf�sn�e ∈ Γc#p(+�bnlotsd�sgd�K]tqdms�onkxmnlh]k

KRe##s) k0(−l0 · · · #s) kc−0(−lc 0L (

]mc� bnmrhcdq� nmkx� sgnrd� sdqlr� ne�mdf]shud�cdfqdd+� nq�mnmonrhshud�cdfqdd�vgdm� h�; c-�
Sghr�K]tqdms�onkxmnlh]k+�]knmf�vhsg�sgd� hmsdfdq�le #nq�l0 ) · · · )lc−0 vgdm� h�; c(�
cdsdqlhmdr� ]m� dpthu]kdmbd� bk]rr� ne�onkxmnlh]kr� ]rrnbh]sdc� sn� ]� udqsdw� hm� Se-�Sn� rgnv�
sghr� hr�vdkk�cdzmdc�vd�qdedq�sn�sgd�enkknvhmf� kdll]+�oqnudm� hm� W06[-�Sgd�oqnne�qdkhdr�nm�
qdvqhshmf P ∈ Pc#Kp( ]r ] K]tqdms onkxmnlh]k hm d]bg ne sgd onrrhakd u]qh]akdr-

IdllT�1� Cdbnlonrhshnm�IdllU(,�Ids

P ∈ Pc#Kp( ; KpW#s) k0(−0 #s) k1(−0 · · ·  #s) kc−0(−0 s[,

Qgdm�P bUm�ad�vqhssdm�tmhptdix�Ur�L0#P(�) L1#P(�) · · ·) Lc#P( vgdqd

#]( enq�0�≤ h�≤ c�− 0 vd�gUud�Le#P(�∈ KpW#s�) ke(−0[ vhsg�bnmrsUms�sdql�.)�Umc
#a( enq�h�; c vd�gUud�Lc#P(�∈ KpWs[,
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Vghkd�vd�vhkk�mns�dwokhbhskx�trd�sgd� hcdmshzb]shnm�adsvddm�]�fqnto�dkdldms�]mc�sgd�
bnqqdronmchmf�udqsdw�hm�sgd�B]xkdx�fq]og�hm�sghr�o]odq+�vd�vhkk�trd�sgd�Cdbnlonrhshnm�
Kdll]�qdod]sdckx-�Sg]s�hr+�enq�e ∈ Γc#p( ]r�hm�Dpt]shnm�#0(+�vd�vhkk�cdbnlonrd�]�onkxmn,
lh]k�qdk]sdc�sn�L trhmf�sgd�Cdbnlonrhshnm�Kdll]+�]mc�trd�sgd�bnlonmdms�onkxmnlh]kr�
]r�sgd�a]rhr�ne�ntq�fq]og�]tsnl]shb�rsqtbstqd-�Hm�ntq�]m]kxrhr�ne�sgd�qdk]shnmrgho�adsvddm�
e ]mc�er+� enq�r�∈ Rc#p(+�vd�dwo]mc� sgd�toodq� qhfgs�dmsqx�ne� sgd�oqnctbs�er trhmf� sgd�
r]ld�sdbgmhptdr-
Hs�hr�d]rhkx�udqhzdc�sg]s�sgd�enkknvhmf�bnlahm]snqh]k�enqltk]d�]kknv�tr�sn�qdvqhsd�onkx,

mnlh]kr�hm�s�) kt hm�sdqlr�ne�s�) ku enq�t� ∈; u+�]mc�s−09

#s) kt(j ;
∞∑

m:/

)
j

m

(
#kt − ku(j−m#s) ku(m #1(

]mc

#s) kt(j ;
∞∑

m:−j

)
j

−m

(
km)j
u s−m #2(

enq�]mx�j ∈ R-�Lnqdnudq+�vgdm�j hr�mnmmdf]shud+�vd�vqhsd�sj ]r�]�onkxmnlh]k�hm�s�) ku ]r�
enkknvr9

sj ;
j∑

m:/

)
j

m

(
#−ku(j−m#s) ku(m, #3(

Hm� sgd�oqnner�adknv+�vd� qdod]sdckx�trd�Dpt]shnmr� #1( ]mc� #2( vhsg�]�zwdc�u]ktd�ne�
t�∈ S0 �1 �· · ·  �c�−0| ]mc�j ; −0 sn�qdvqhsd�#s�) kt(−0 hm�sdqlr�ne�s�) ku+�enq�t� ∈; u+�nq s−0-�
Hm�sgd�zqrs�b]rd+�vd�g]ud9

#s) kt(−0 ;
∞∑

m:/
zm#s) ku(m #4(

vgdqd�zm ;
 −0

m

(
#kt − ku(−#m)0( ; #−0(m#kt − ku(−#m)0(-�Vqhshmf�Bt u ; #kt − ku(−0 enq�

0�≤ u ≤ c�−0+�sghr�rhlokhzdr�sn�zm ; #−0(mBm)0
t u -�Mnshbd�sg]s�enq�zwdc�u]ktdr�ne�t ]mc u+�

vd�g]ud�zm)0 ; −Bt uzm-
Rhlhk]qkx+�vd�rhlokhex�Dpt]shnm�#2( vhsg�dwonmdms�j ; −0 ]r�enkknvr9

#s) kt(−0 ;
∞∑

m:0

)
−0
−m

(
#kt(m−0s−m ;

∞∑

m:0
#−0(m−0#kt(m−0s−m, #5(

Cdmnsd�sgd�bndffbhdmsr�hm�sgd�]anud�rtl�]r�z·m ; #−0(m−0#kt(m−0+�]mc�mnsd�sg]s�z·m)0 ;
−ktz·m-
Vd� l]jd� nmd� ]rrtloshnm� ]ants� ntq� Chdrsdk•Kd]cdq� fqntor� sn� rhlokhex� mns]shnm�

sgqntfgnts�sghr�o]odq-�M]ldkx�vd�s]jd�Kp ; Rp ]mc�mnsd�sg]s�]kk�ntq�sgdnqdlr�gnkc�enq�
lnqd�fdmdq]k�bndffbhdms�qhmfr�]r�vdkk-
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2 � DpTog�TtsnlTshb�fpntor

Kds�F ad�]�fqnto�vhsg�zmhsd�rxlldsqhb�fdmdq]shmf�rds�T+�]mc�Λ ]�zmhsd�rds�ne�rxlankr-�
Sgd�mtladq�ne�rxlankr�#kdssdqr(�hm�]�vnqc�t�∈ ΛH hr�cdmnsdc�{t{Λ-�Vd�adfhm�ax�cdzmhmf�
]�bnmunktshnm�ne�fqnto�dkdldmsr+�enkknvhmf�W02[ hm�ntq�mns]shnm-

Cdumhshnm�.� Anmunitshnm(,�Kds�Λ ad�]�zmhsd�rds�ne�rxlankr+�} ] rxlank�mns�hm�Λ+�]mc�kds�
G0 �, , ,  �Gj ad�]�zmhsd�rds�ne�k]mft]fdr�nudq�Λ-�Rds�Λ∗ ; Λ�∪ S}|-�Cdzmd�sgd�bnmunitshnm�
ne�U�stoid #v0 �, , ,  �vj(�∈ G0×· · ·×Gj sn�ad�sgd�rsqhmf�⊗#v0 �, , ,  �vj( ne�kdmfsg�l]w {ve{Λ
nudq�sgd�]kog]ads�#Λ∗(j ]r�enkknvr-�Sgd�h,sg�rxlank�ne�sgd�rsqhmf�hr

⎛

⎜⎝
λ0
---

λj

⎞

⎟⎠

vgdqd�λi hr�sgd�hsg�kdssdq�ne�vi he�h�≤ {vi {Λ ]mc�} nsgdqvhrd-�Sgdm

⊗#G0 , , ,  Gj( ; S⊗#v0 , , ,  vj( { ve ∈ Ge| ,

Vd�mnsd�sg]s�sgd�bnmunktshnm�ne�qdftk]q�k]mft]fdr�hr�]f]hm ]�qdftk]q�k]mft]fd-�Vgdm�
Ge ; ΛH enq�]kk�h sgd�dw]bs�cdzmhshnm�hm�W02[ hr�qdbnudqdc-
?r�]m�dw]lokd+�he�v0 ; Xaa �v1 ; aaa ]mc�v2 ; aX sgdm

⊗#v0 v1 v2( ;

⎛

⎜⎝
X

a

a

⎞

⎟⎠

⎛

⎜⎝
a

a

X

⎞

⎟⎠

⎛

⎜⎝
a

a

}

⎞

⎟⎠

Sgd�cdzmhshnm� ne� ]� fq]og� ]tsnl]shb� fqnto� dwsdmcr� sg]s� ne� ]m� ]tsnl]shb� fqnto�ax�
]kknvhmf� sgd�mnql]k� enqlr� enq� fqnto� dkdldmsr� sn�ad�cdzmdc� nudq� ]�zmhsd� ]kog]ads� ne�
rxlankr-�Vgdm�sghr�rds�ne�rxlankr�hr�rhlokx�s]jdm�sn�ad�sgd�rds�ne�fqnto�fdmdq]snqr+�sgd�
cdzmhshnm�ne�]m�]tsnl]shb�fqnto�hr�qdbnudqdc-
?�rds�ne�mnql]k�enqlr�enq�]�fqnto�l]x�]cchshnm]kkx�ad�pt]rh,fdncdrhb-

Cdumhshnm�1� OtUrhfdncdrhb mnqlUi�enql(,�?�mnqlUi�enql�enq�#F �T �Λ( hr�]�rds�ne�vnqcr�
G�⊆ ΛH hm�ahidbshnm�vhsg�F-�?�mnql]k� enql�G hr�ptUrhfdncdrhb he�sgdqd� hr�]�bnmrs]ms�C
rn�sg]s

{t{Λ ≤ C#{{t{{R ) 0(

enq� d]bg� t� ∈ G+�vgdqd� {{t{{R hr� sgd� kdmfsg�ne�]�fdncdrhb� hm� TH enq� sgd�fqnto� dkdldms�
qdoqdrdmsdc�ax�t-
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Sgd�{{t{{R)0 hm�sgd�cdzmhshnm�]kknvr�enq�mnql]k�enqlr�vgdqd�sgd�hcdmshsx�ne�sgd�fqnto�
hr�qdoqdrdmsdc�ax�]�mnmdlosx�rsqhmf�ne�kdmfsg�]s�lnrs�C-�Vd�cdmnsd�sgd�hl]fd�ne�t�∈ G

tmcdq�sgd�ahidbshnm�vhsg�F ax�t-
Sgd�enkknvhmf�cdzmhshnm�v]r�hmsqnctbdc�hm�W02[-

Cdumhshnm�2� FqUog UtsnlUshb�fqnto(,�Kds�#F �T( ad�]�fqnto�]mc�zmhsd�rxlldsqhb�fdm,
dq]shmf� rds+� ]mc� Λ ]� zmhsd� rds� ne� rxlankr-�Vd� r]x� sg]s� #F �T �Λ( hr� fqUog� UtsnlUshb
he� sgdqd� hr� ]� qdftk]q� mnql]k� enql� G� ⊂ ΛH+� rtbg� sg]s� enq d]bg� w� ∈ T sgd� k]mft]fd�
Gw ; S⊗#t �u(�{ t �u ∈ G �u ;D tw| hr�]�qdftk]q�k]mft]fd-

Sgd�k]mft]fd�Gw hr�nesdm�qdedqqdc�sn�]r�]�ltishoihdq� iUmftUfd-
?mx�rds�ne�mnql]k� enqlr� enqlhmf�sgd�a]rhr�ne�]m�]tsnl]shb�rsqtbstqd� enq�]�fqnto�F

hr�]tsnl]shb]kkx�pt]rhfdncdrhb-�Sgd�oqnne�ne�Kdll]�7-1�ne W02[ bnms]hmr�sgd�nardqu]shnm�
sg]s�fq]og�]tsnl]shb�fqntor�m]stq]kkx�onrrdrr�]�pt]rhfdncdrhb�mnql]k�enql+�]mc�]�oqnne�
hr�hmbktcdc�hm�W4[-

IdllT�2 �Ids�F ad�U�fqnto�vhsg�ymhsd�fdmdqUshmf�rds�T,�Ge�#F �T �Λ( hr�fqUog�UtsnlUshb�
vhsg qdrodbs sn sgd qdftiUq mnqlUi enql G) sgdm G hr U ptUrhfdncdrhb mnqlUi enql,

Sgd�dwhrsdmbd�ne�]�pt]rhfdncdrhb�qdftk]q�mnql]k�enql�hm�]m�]tsnl]shb�nq�fq]og�]tsn,
l]shb�rsqtbstqd�dmrtqdr�sg]s�sgd�vnqc�oqnakdl�hr�rnku]akd�hm�pt]cq]shb�shld-�Vghkd�sgd�
Chdrsdk•Kd]cdq�fqntor�]qd�lds]adkh]m+�]mc�gdmbd�g]ud�rnku]akd�vnqc�oqnakdl+�vd�mnsd�
sg]s�hs�hr�]�chqdbs�bnmrdptdmbd�ne�Sgdnqdl�8�ne�W05[ sg]s�sgd�rds�ne�mnql]k�enqlr�cdzmdc�
hm�Rdbshnm 3 hr�pt]rh,fdncdrhb-
Vd�bnmbktcd�vhsg�svn�rsq]hfgsenqv]qc� kdll]r�]ants�bnmunktshnm]k� k]mft]fdr�vghbg�

vd�vhkk�qdedq�sn�hm�sgd�udqhzb]shnm�ne�ntq�fq]og�]tsnl]shb�rsqtbstqd�enq�Γc#p(-

IdllT�3� L–rds�IdllU(,�Ids� Umc�A ad�qdftiUq� iUmftUfdr)�vhsg

 · ; S⊗#X0 X1({Xe ∈   {X0{ ; {X1{|

Umc�A· Umx�rtards�ne�⊗#A �A( vghbg� hr�U�qdftiUq� iUmftUfd,�Ids�Λ ad�Umx�ymhsd�UiogUads,�
Qgdm

S⊗#X0a0 X1wa1( ⊗#X0xa0 X1a1({⊗ #X0 X1( ∈  · ⊗#a0 a1( ∈ A· w x ∈ Λ|

hr�U�qdftiUq� iUmftUfd,

Sgd�oqnne�ne�Kdll] 3 enkknvr�d]rhkx�eqnl�sgd�mdws�kdll]+�vgnrd�oqnne�hr�fhudm�hm�W07[-

IdllT�4 �Ids�K ad�U�qdftiUq� iUmftUfd�cdymdc�nudq�U�ymhsd�UiogUads�Λ,�Qgdm�sgd�rds

S⊗#wv v({v ∈ K w ∈ Λ|

enqlr�U�qdftiUq� iUmftUfd,



211 P- A–pta– ds Uk- . HntpmUk ne :kfdapU 385  1/06( 204y232

3 � 9�pdftiTp�iTmftTfd�ne�mnplTi�enplr

Vd� adfhm� sgd� bnmrsqtbshnm� ne� ]� fq]og� ]tsnl]shb� rsqtbstqd� enq� Γc#p( vhsg� ]� pt]rh,

fdncdrhb� mnql]k� enql-�Kds� e ;
)

Πc−0
j:0#s) kj(lj Q

. 0

(

-�Sgd� udbsnq� ne� hmsdfdqr� ;

#l0 �l1 · · ·  lc−0( ]mc�sgd�onkxmnlh]k�Q tmhptdkx�cdzmd�e-�Gnvdudq+�e hr�]krn�tmhptdkx�
cdzmdc�eqnl�sgd c]s]� ]mc�sgd�onkxmnlh]k

Q· ; Πc−0
l:0#s) ke(−ldQ

]mc� sghr� enqlr� sgd�a]rhr�ne� sgd�mnql]k� enql�vd�trd� enq�ntq� qdftk]q� k]mft]fd-�M]ldkx+�
trhmf� sgd�Cdbnlonrhshnm�Kdll]� eqnl� W06[ #Kdll]� 1-0� hm� W06[ ]mc�Kdll] 1 hm� sghr�
o]odq(�vd�b]m�tmhptdkx�cdbnlonrd�Q· ]r�enkknvr9

Q· ; Q0 )Q1 ) · · · Qc

vgdqd�Qe enq�0�≤ h�. c bnms]hmr�nmkx�sdqlr�hm�sgd�u]qh]akd�s�) ke ne�mdf]shud�cdfqdd+�]mc�
Qc bnms]hmr�sdqlr�hm�sgd�u]qh]akd�s−0 ne�mnmonrhshud�cdfqdd-
?r�bnmb]sdm]shnmr�ne�qdftk]q� k]mft]fdr�]qd�qdftk]q+�vd�cdzmd�]�oqdzw� k]mft]fd�]mc�

]� rtffw� k]mft]fd� enq�ntq�mnql]k� enql�vghbg�]qd�ansg� qdftk]q+�]mc�vgnrd�tmhnm�fhudr�
]� qdftk]q� k]mft]fd� ne� mnql]k� enqlr� enq� dkdldmsr� ne� Γc#p(-�Kds� sgd� oqdzw� k]mft]fd�N
ad�cdzmdc� nudq� sgd� ]kog]ads� Sw �x � |+� ]mc� dmbncd� sgd� udbsnq� #l0 �l1 �· · ·  �lc−0( ]r�
δl0
0  δl1

1  �· · · δ
lc 0
c−0 +�vgdqd�δe ; w he�le < . ]mc�δe ; x he�le . .:�he�le ; . vd�nlhs�

δe-�Mnsd� sg]s� sgd�oqdzw�bnqqdronmchmf� sn� sgd� hcdmshsx� hr� c−1-�Sgd�bnkkdbshnm�ne� sgdrd�
rsqhmfr�enqlr�]�qdftk]q�k]mft]fd�vghbg�vd�cdmnsd�N -
Vd�mnv�dmbncd�sgd�hmenql]shnm�bnms]hmdc�hm�sgd�onkxmnlh]kr�Q0 �· · ·  �Qc ]r�]�rtffw�

k]mft]fd�R nudq�sgd�zmhsd�]kog]ads�S  �a/ �a0 �· · ·  �ap−0| vgdqd�Sa/ �a0 �· · ·  �ap−0|�; Rp-�
He�Qe ∈; .+�cdmnsd�hsr�lhmhl]k�cdfqdd�−δe+�enq�δe ∈ F+�]mc�vgdm�h� ∈; c vqhsd

Qe ;
δd∑

i:0
βe i#s) ke(−i ,

Vgdm�h�; c vd� hmbktcd�]�bnmrs]ms�sdql� hm�sgd�onkxmnlh]k�dwoqdrrhnm+�vghbg� hr�vqhssdm�
hm�sgd�u]qh]akd�s-
Kds�Re ; βe 0βe 1 · · · βe δd vhsg�βe i ∈ Rp enq�0�≤ h�≤ c cdmnsd�sgd rsqhmf�ne�bndffbhdmsr�

ne�Qe+�vhsg�Re ; ∅ he�Qe ; .-�Sgd�dmsqx� hm�sgd�rtffw� k]mft]fd�R bnqqdronmchmf�sn�sgd�
stokd�Q0 �· · ·  �Qc hr

R0 R1 · · · Rc,

Vd�trd�sgd�rsqhmf� c−0 sn�cdmnsd�sgd�rtffw�rsqhmf�vgdm�vd�g]ud�Qj ; . enq�0�≤ j ≤ c-�
Kds�R ad�sgd�tmhnm�ne�]kk�rsqhmfr�ne�sgd�]anud�enql:�hs�hr�bkd]q�sg]s�R hr�]�qdftk]q�k]mft]fd�



P- A–pta– ds Uk- . HntpmUk ne :kfdapU 385  1/06( 204y232 212

]mc�gdmbd�sgd�k]mft]fd�ne�bnmb]sdm]shnmr�M ; NR cdrbqhadr�]�qdftk]q�k]mft]fd�ne�mnql]k�
enqlr�enq�dkdldmsr�ne�Γc#p(-�Dkdldmsr�ne�sgd�mnql]k�enql�k]mft]fd�M vhkk�ad�vqhssdm�]r�
#o �r( enq�rnld�o�∈ N ]mc�r�∈ R-� He�t�∈ M +� kds� –t cdmnsd�sgd�bnqqdronmchmf�dkdldms�ne�
Γc#p(+�]mc� he�e ∈ Γc#p( vd� kds�ν#e( cdmnsd�sgd�bnqqdronmchmf�dkdldms�ne�M +�vhsg�π#e(
]mc�σ#e(+�qdrodbshudkx+�cdmnshmf�sgd�oqdzw�]mc�rtffw�rsqhmfr�ne�ν#e(-

4 � Ltishoihdp�iTmftTfdr

Vd�mnv� rgnv� sg]s� sgd�ltkshokhdq� k]mft]fdr�Kr+�vgdqd� r� ∈ Rc#p(+�]qhrhmf� eqnl� sghr�
mnql]k� enql�M ]qd� ]krn� qdftk]q-�Sgd�ltkshokhdq� k]mft]fd�Kr bnmrhrsr� ne� bnmunktshnmr�
⊗#ν#e( �ν#er(( vgdqd�e ∈ Γc#p(-�Hs�rtffbdr�sn�bgdbj�sg]s�Kr hr�qdftk]q vgdm�r g]r�nmd�ne�
svn�enqlr9

r ∈
))

s) ke a

. 0

(

 

)
#s) ke(#s) ki(−0 a#s) ki(−0

. 0

({

vhsg�a�∈ Rp+�]r� hs� hr�oqnudm� hm� W5[ sg]s�Kr hr�]�qdftk]q� k]mft]fd� he�]mc�nmkx� he�Kr 0 hr�]�
qdftk]q� k]mft]fd-�Pdb]kk�sg]s�vgdm�r hr�]�sxod�1 fdmdq]snq+�vd�]rrtld�sg]s�h�. i-�Sgd�
enkknvhmf�sgdnqdl�bnmrsqtbsr�sgd�qdl]hmcdq�ne�sgd�fq]og�]tsnl]shb�rsqtbstqd�enq�Γc#p(-

Rgdnpdl�5 �Ids�r�∈ Rc#p( ad�U

” U�sxod�.�fdmdqUsnq�ne�Γc#p( ne�sgd�enql�

)
s) ke a

. 0

(

)�nq

” U�sxod�1�fdmdqUsnq�ne�sgd�enql�

)
#s) ke(#s) ki(−0 a#s) ki(−0

. 0

(

vgdqd�0�≤ h �i ≤ c�− 0)�h�. i Umc�a�∈ Rp,�Qgd� iUmftUfd

Kr ; S⊗#ν#e( ν#er(({e ∈ Γc#p(|

hr�U�qdftiUq� iUmftUfd,

Ehw�]�fdmdq]snq�r+�vghbg�mdbdrr]qhkx�zwdr�]�u]ktd�ne�h ]mc�onrrhakx�]krn�ne�i-�Vd�oqnud�
Sgdnqdl 5 hm�rdudq]k�rsdor-�Ehqrs�nardqud�sg]s�sgd�qdk]shnmrgho�adsvddm�sgd�oqdzw�rsqhmfr�
π#e(�; #l0 �l1 �· · ·  �lc−0( ]mc�π#er(�; #l·0 �l·1 �· · ·  �l·c−0( hr�d]rhkx�cdsdqlhmdc9

0- He r hr�]�sxod�0 fdmdq]snq+�l·e ; le ) 0 ]mc�l·j ; lj enq�]kk�nsgdq�j-
1- He r hr�]�sxod�1�fdmdq]snq+�sgdm�l·e ; le ) 0 ]mc�l·i ; li − 0-�Enq�]kk�j ∈; h �i vd�
g]ud�l·j ; lj-
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Sgdrd�bnmchshnmr�]qd�d]rhkx�bgdbjdc�vhsg�]�zmhsd�rs]sd�l]bghmd+�]mc�vd�bnmbktcd�sg]s�enq�
]�zwdc�fdmdq]snq+�sgd�rds�ne�rsqhmfr�Nr ; S⊗#o0 �o1({oe ∈ N| r]shrexhmf�sgd�]ooqnoqh]sd�
bnmchshnm�hr�]�qdftk]q�k]mft]fd-
Sgd�mdws� rsdo� hm� sgd�oqnne� ne�Sgdnqdl 5 hr� sn�cdsdqlhmd� sgd� qdk]shnmrgho�adsvddm�

σ#e( ]mc�σ#er(+�]mc�bnmrsqtbs�]�zmhsd�rs]sd�l]bghmd�vghbg�qdbnfmhydr�sghr�qdk]shnmrgho�
adsvddm�]mx�svn�rtffw�rsqhmfr-�Adfhmmhmf�vhsg�]�o]hq�ne�dkdldmsr�e �er�∈ Γc#p(9

” kds� sgd� onkxmnlh]kr� Q0 �Q1 �· · · Qc cdsdqlhmd� σ#e( ]mc� P0 �P0 �· · ·  �Pc cdsdqlhmd�
σ#er(:

” sgd�rsqhmfr�ne�bndffbhdmsr�ne�Qj ]mc�Pj ]qd�cdmnsdc�Rj ]mc�R·j+�qdrodbshudkx:
” sgd� rtffw� rsqhmfr� σ#e( ]mc� σ#er( ]qd� sgdm� vqhssdm+� qdrodbshudkx+� ]r� σ#e(� ;

R0 R1 �· · · Rc ]mc�σ#er(�; R·0 R·1 �· · · R·c-

Hm�Rdbshnmr 5 ]mc�6 vd�cdsdqlhmd� sgd�]kfdaq]hb� qdk]shnmrgho�adsvddm� sgd�dmsqhdr�ne�Rj

]mc�R·j+�]mc�athkc�]�zmhsd�rs]sd�l]bghmd�vghbg�qdbnfmhydr�sghr�qdk]shnmrgho-�M]ldkx+�enq�
]�zwdc�fdmdq]snq�r vd�bnmrsqtbs�zmhsd�rs]sd�]tsnl]s]�vghbg�udqhex9

0- Enq d]bg�m� ∈; h+�sg]s�sgd�rsqhmfr�Rm ]mc�R·m ch¯dq� hm�sgd�]ooqnoqh]sd�l]mmdq-�Sghr�
rsdo�bqd]sdr�c�− 0 zmhsd rs]sd�]tsnl]s]-

1- Vgdm m�; h+�sg]s�sgd�zqrs�dmsqx�hm�R·e qdk]sdr�sn�sgd�qdl]hmhmf�bndffbhdmsr�hm�σ#e( hm�
sgd�]ooqnoqh]sd�l]mmdq-�Sghr�dmsqx�bnqqdronmcr�sn�sgd�bndffbhdms�ne�#s�) ke(−0 hm Pe-

2- Vgdm m�; h sg]s�sgd�qdl]hmhmf�dmsqhdr�hm�Re ]mc�R·e ch¯dq�hm�]ooqnoqh]sd�l]mmdq-

Sgdrd� zmhsd� rs]sd� ]tsnl]s]� ]qd� bnlahmdc� sn� bqd]sd� ]m� ]tsnl]snm�Lr vghbg� ]bbdosr�
]� qdftk]q� k]mft]fd�M ·r ne� bnmunktshnmr� ⊗#σ#e( �σ#g((+� enq� e �g� ∈ Γc#p(-�Sghr� k]mft]fd�
hmbktcdr� S⊗#σ#e( �σ#er(({e ∈ Γc#p(|-�Cdzmd�Mr sn� ad� sgd� k]mft]fd� ne� bnmb]sdm]shnmr�
NrM ·r-�Sgd�enkknvhmf�oqnonrhshnm�enkknvr�hlldch]sdkx-

Mpnonrhshnm�6 �Qgd� iUmftUfd�ne�bnmbUsdmUshnmr�Mr ; NrM ·r hr�U�qdftiUq� iUmftUfd,

Sn�bnmbktcd�sgd�oqnne�ne�Sgdnqdl 5 vd�rgnv�hm�Rdbshnm 6 sg]s�Mr ; Kr-

5 � Anmrsptbshnm�ne�TtsnlTsT�G

Kds�r ad�dhsgdq�]�sxod�0�nq�sxod�1�fdmdq]snq+�rn�u]ktdr�ne�h ]mc�onrrhakx�i ]qd�zwdc-�Hm�
sghr�rdbshnm�vd�cdsdqlhmd�sgd�qdk]shnmrgho�adsvddm�sgd�bndffbhdmsr�ne�Qm ]mc�Pm ]qhrhmf�
eqnl�σ#e( ]mc�σ#er(+�qdrodbshudkx+�vgdm�m� ∈; h ]mc�bnmrsqtbs�]tsnl]s]�vghbg�qdbnfmhyd�
sghr�qdk]shnmrgho-
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3,.,� :mUixrhr�ne�bndffbhdmsr�enq�sxod�.�fdmdqUsnqr

Bnmrhcdq�o]hqr�⊗#ν#e( �ν#er(( vgdqd�r hr�]�sxod�0�fdmdq]snq�ne�sgd�enql�

)
s) ke a

. 0

(

-�

Vhsg�e ;
)

Πc−0
j:0#s) kj(lj Q

. 0

(

vd�bnlotsd

er ;
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#s) ke(Πc−0

j:0#s) kj(lj aΠc−0
j:0#s) kj(lj )Q

. 0

(

,

Trhmf�sgd�Cdbnlonrhshnm�Kdll]�#Kdll] 1(+�vqhsd

Πc−0
j:0#s) ke(−ljQ ; Q0 )Q1 ) · · ·)Qc #6(

]mc

#s) ke(−0Πc−0
j:0#s) kj(−lj#aΠc−0

j:0#s) kj(lj )Q(

; a#s) ke(−0 ) #s) ke(−0#Q0 )Q1 ) · · ·)Qc(

; P0 )P1 ) · · ·)Pc

#7(

vgdqd�sgd�k]ssdq�cdbnlonrhshnm�hmsn�onkxmnlh]kr�Pj hr�]krn�nas]hmdc�uh]�sgd�Cdbnlonrh,
shnm�Kdll]-�Vd�mnv�trd�K]tqdms�onkxmnlh]kr�sn�cdrbqhad�sgd�dw]bs�qdk]shnmrgho�adsvddm�
Qm ]mc�Pm ]mc�rgnv�sg]s�]mx�ch¯dqdmbdr�adsvddm�sgdl�b]m�ad�cdsdbsdc�ax�]�zmhsd�rs]sd�
l]bghmd-�M]ldkx+�enq�0�≤ m�≤ c ]mc�m� ∈; h+�vd�bnlotsd�sgd�K]tqdms�onkxmnlh]k�KRm ne�
sgd�kdes�g]mc�rhcd�ne�Dpt]shnm�#7( ]mc�sgdm�bnmrhcdq�sgd�sdqlr�ne�mdf]shud�cdfqdd+�vghbg�
enql�Pm enq�m� ∈; c+�]mc�vgdm�m�; c sgd�sdqlr�ne�mnmonrhshud�cdfqdd+�vghbg�enql�Pc-
Ehqrs�mnsd�sg]s�KRe#a#s�) ke(−0(�; a#s�) ke(−0 ]mc�vgdm�m ∈; h vd�rdd�eqnl�Dpt]shnmr�

#4( ]mc�#5( sg]s�KRm#a#s�) ke(−0( bnms]hmr�mn�sdqlr�ne�mdf]shud�cdfqdd�vgdm�m� ∈; h �c ]mc�
mn�sdqlr�ne�mnmonrhshud�cdfqdd�vgdm�m�; c-�Sgtr�a#s�) ke(−0 vhkk�]cc�]�sdql�sn�Pe ats�
mn�nsgdq�Pm enq�m� ∈; h-
Pdb]kk� sg]s� h hr� zwdc� ax� ntq� bgnhbd� ne� fdmdq]snq� r-�Pdvqhsd� sgd� kdes� g]mc� rhcd� ne�

Dpt]shnm�#7( ]r�]�K]tqdms�onkxmnlh]k�hm�s�) km he�0�≤ m�≤ c�− 0+�]mc�s−0 he�j ; c-�Vgdm�
j ∈; m �c vd�rdd�sg]s�vgdm�#s�) ke(−0Qj hr�qdvqhssdm�]r�]m�dwoqdrrhnm�hm�s�) km sgdqd�]qd�
mn�sdqlr�ne�mdf]shud�cdfqdd-�Gdmbd�sghr�onkxmnlh]k�bnmsqhatsdr�mn�sdqlr�sn�Pm-�Sn�rdd�
sghr+�qdb]kk�sg]s�]anud�vd�vqnsd

Qj ;
δj∑

y:0
βj y#s) kj(−y

vgdqd�−δi hr�sgd�lhmhl]k�cdfqdd�ne�Qj+�]mc�gdmbd�]�fdmdqhb�sdql�eqnl�#s�) ke(−0Qj g]r�
sgd�enql�β#s�) ke(−0#s�) kj(−l enq�rnld�β ∈ Rp ]mc�l�∈ F-�Vd�qdvqhsd�sghr�hm�sdqlr�ne�
s�) km trhmf�Dpt]shnmr�#1( ]mc�#4( ]r
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sgd�onkxmnlh]k� Pm-� He� Qm ; . sgdm� Pm ; . ]r�vdkk-�Ehqrs� bnmrhcdq� sgd� b]rd� m� ∈; h �c-�
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Mnshbd�sg]s�enq�j . δm − 0 hs�enkknvr�eqnl�Dpt]shnm�#0.( sg]s

γj ; −Bmγj)0 ) z/βj ; −Bmγj)0 ) Bmβj

]mc�gdmbd

γj)0 ; −B−0
m #γj − Bmβj( ; −B−0

m γj ) βj,

Hm�Rdbshnm 5-2 vd�vhkk�trd� sgd� dwoqdrrhnm� ne� γj)0 hm� sdqlr� ne� γj sn� bnmrsqtbs� ]�zmhsd�
rs]sd�l]bghmd�vghbg�qdbnfmhydr�sgd�qdk]shnmrgho�adsvddm�sgd�bndffbhdmsr�ne�Qm ]mc Pm-�
Hs�enkknvr�eqnl�sghr�dpt]shnm�sg]s�]�o]hq�#βj �γj( ne�bndffbhdmsr�ne�#s�)km(−j hm�Qm ]mc Pm+�
qdrodbshudkx+�tmhptdkx�cdsdqlhmd�sgd�bndffbhdms�γj)0 ne�#s�) kj(−#j)0( hm�Pm-
He�vd� s]jd�m�; c ]mc� qdok]bd�]mx� hmrs]mbd�ne�Dpt]shnm� #4( vhsg�Dpt]shnm� #5(+�]mc�

Dpt]shnm� #1( vhsg� Dpt]shnm� #2(+�vd� b]m�l]jd ]m� ]m]knfntr� ]qftldms-� Hm� sghr� b]rd+�
Qc ]mc� Pc hmbktcd� ]� bnmrs]ms� sdql-�Vd� ]krn� qdkx� nm� sgd� e]bs� sg]s� z·j ]mc� z·j)0+� sgd�
bndffbhdmsr�hm�Dpt]shnm�#4(+�]qd�qdk]sdc�hm�sgd�r]ld�v]x�]r�zj ]mc�zj)0+�sgd�bndffbhdmsr�
hm�Dpt]shnm�#1(-� Hm�sghr�]qftldms�vd�trd�sgd�]rrtloshnm�sg]s�sgd� ki ]qd�bgnrdm�sn�ad�
hmudqshakd-�Vd�hmbktcd�]�edv�cds]hkr�enq�bnlokdsdmdrr-
Vgdm�m�; c+�vqhsd

#s)ke(−0Qc

;

⎛

⎝
∑

x≥0
z·x#s−0(x

⎞

⎠  
β/ ) β0#s−0(−0 ) β1#s−0(−1 ) · · ·) βδc#s−0(−δc

( #00(

vgdqd� βe ∈ Rp ]mc� βδc ∈; .-�Vd� bnmrsqtbs� ]� s]akd� ]m]knfntr� sn� sg]s� hm�S]akd 0+� ]mc�
nas]hm�bndffbhdmsr�γ/ �γ0 · · · γδc enq�Pc r]shrexhmf

γj ;
δc−j∑

x:0
z·xβx)j #01(

enq�.�≤ j ≤ δc − 0-
?r�vgdm�m�. c+�qdb]kk�sg]s�z·x)0 ; −kez

·
x ]mc�sgdrd�bndffbhdmsr�r]shrex�sgd�qdk]shnmrgho

γj ; −keγj)0 ) z·0βj)0

]mc�gdmbd+�]r�z·0 ; 0+

γj)0 ; −k−0
e #γj − βj)0(,

Mnshbd�sg]s�tmkhjd�sgd�b]rd�ne�m� ∈; h �c+�sgd�bndffbhdms�γj)0 cdodmcr�ansg�nm�γj ]mc�βj)0-�
Sghr�vhkk�bqd]sd�ch¯dqdms�sq]mrhshnm�etmbshnmr�hm�sgd�zmhsd�rs]sd�l]bghmd�bnmrsqtbsdc�hm�
Rdbshnm 5-2 vgdm�m�; c-
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?�oqnne�ne�sgd�enkknvhmf�kdll]�hr�bnms]hmdc�hm�sgd�]anud�dwonrhshnm�vgdm�m� ∈; h:�hs�hr�
oqnudm�sgqntfg�qdod]sdc�]ookhb]shnm�ne�Dpt]shnmr�#1(+�#2(+�]mc�#3( sn�sgd�dwoqdrrhnm�hm�
Dpt]shnm�#7(-�Sgd�b]rd�m�; h hr�udqhzdc�hm�Rdbshnm 6-�Vd�rs]sd�hs�enq�d]rx�qdedqdmbd-

IdllT�7 �Ehw�U� sxod�.�fdmdqUsnq�r)�Umc� ids�e ∈ Γc#p(,�Trhmf� sgd�cdbnlonrhshnmr�Uanud�
hm�DptUshnmr�#6( Umc�#7()�vd�rdd�sgUs7

0- Ge m� ∈; h �c sgdm�sgd�lhmhlUi�cdfqdd�ne�Qm hr�sgd�rUld�Ur�sgd�lhmhlUi�cdfqdd�ne�Pm,
1- Ge m�; c sgdm�sgd�lhmhlUi�cdfqdd�ne�Pe hr�nmd�fqdUsdq�sgUm�sgd lhmhlUi�cdfqdd�ne�Qe,
2- Ge m�; h sgdm�sgd�lhmhlUi�cdfqdd�ne�Pe hr�nmd� idrr�sgUm�sgd�lhmhlUi�cdfqdd�ne�Qe,

3,1,� :mUixrhr�ne�bndffbhdmsr�enq�sxod�1�fdmdqUsnqr

Vd�mnv�odqenql�sgd�r]ld�]m]kxrhr�nm�sgd�bndffbhdmsr�ne�sgd�onkxmnlh]kr�vghbg�cd,
sdqlhmd�σ#e( ]mc�σ#er( vgdm�r hr�]�sxod�1�fdmdq]snq�ne�sgd�enql
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; a#s) ke(−0 ) #s) ke(−0#s) ki(#Q0 )Q1 ) · · ·)Qc(
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vgdqd� sgd� k]rs� khmd� hr�nas]hmdc�ax�]ookxhmf� sgd�Cdbnlonrhshnm�Kdll]� sn� sgd�nqhfhm]k�
onkxmnlh]k�dwoqdrrhnm-�Vd�ltrs�bnlotsd�Pj ]mc�rgnv�hm�Rdbshnm 5-2 sg]s�hsr�qdk]shnmrgho�
sn�Qj b]m�ad�udqhzdc�ax�]�zmhsd�rs]sd�l]bghmd-



22/ P- A–pta– ds Uk- . HntpmUk ne :kfdapU 385  1/06( 204y232

Pdb]kk�sg]s�vgdm�r hr�]�sxod�1�fdmdq]snq+�sgd�u]ktdr�ne�0�≤ h�. i ≤ c�− 0 ]mc�a�∈ Rp

]qd�zwdc-�Vd�cdzmdc�Bm ; #ke − km(−0 ]mc�kds�Cm ; ki − km enq�sgd�zwdc�u]ktdr�ne�h ]mc�
i-
Ehqrs�mnsd�sg]s�vgdm�m� ∈; h �c+�vd�b]m�vqhsd
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vgdqd� zx hr� bnlotsdc� hm�Dpt]shnm� #4(-�?r� sghr� dwoqdrrhnm� g]r� mn� sdqlr� ne� mdf]shud�
cdfqdd+�vd�cn�mns�mddc�sn�bnmrhcdq�a#s�) ke(−0 vgdm�bnlotshmf�Pm enq�m� ∈; h �c-�Vgdm�
m� ; c vd� trd�Dpt]shnm� #5( hm� ok]bd� ne�Dpt]shnm� #4( ]mc� nardqud� sg]s� sgdqd� ]qd� mn�
sdqlr�ne�mnmonrhshud�cdfqdd� hm�KRc#a#s�) ke(−0(-�Gdmbd�a#s�) ke(−0 cndr�mns�ok]x�]�qnkd�
hm�cdsdqlhmhmf�Pc-
Pdvqhsd�#s�) ke(−0#s�) ki( ]r�]m�dwoqdrrhnm�hm�sgd�u]qh]akd�s�) km enq�m� ∈; h �i �c ]r
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x:/
zx#s) km(x

(
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;
) ∞∑

x:/
zx#s) km(x

(
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∞∑

x:0
#Cmzx ) zx−0(#s) km(x

;
∞∑

x:/
σx#s) km(x

#03(

vgdqd� σ/ ; BmCm+� enq� x < 0 vd�g]ud� σx ; Cmzx ) zx−0 ]mc� zx hr� bnlotsdc�]r� hm�
Dpt]shnm�#4(-�Rhmbd�zx)0 ; −Bmzx+�hs�enkknvr�sg]s�enq�x ≥ 0 vd�g]ud�σx)0 ; −Bmσx-
Vgdm�m�; i sgd�]anud�dwoqdrrhnm�rhlokhzdr�sn

KRi##s) ke(−0#s) ki(( ;
∞∑

x:0
zx−0#s) ki(x, #04(

Vgdm�m�; c vd�nas]hm

KRc##s) ke(−0#s) ki(( ;
) ∞∑

q:0
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(

##s−0(−0 ) ki(

;
∞∑

q:/
τq#s−0(q

#05(

vgdqd�τ/ ; 0 ]mc�enq�q < . vd�g]ud�τq ; #−0(q−0#−ke(q−0#−ke ) ki(-
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Enq� sgd� qdl]hmcdq� ne� sghr� rdbshnm+� vd� ]rrtld� sg]s� m� ∈; h-� Mnv� vd� bnlotsd�
KRm##s�) ke(−0#s�) ki(Qj( ]mc� rgnv� sg]s�vgdm� j ∈; m sgdqd� ]qd�mn� sdqlr� ne�mdf]shud�
#qdro-�mnmonrhshud�vgdm�m�; c(�cdfqdd+�]mc�gdmbd�sgd�sdqlr�ne�Pm ]qd�dw]bskx�sgd�sdqlr�
ne�KRm##s�) ke(−0#s�) ki(Qm( ne�mdf]shud�#qdro-�mnmonrhshud(�cdfqdd-
?�fdmdqhb�sdql�hm�#s�) ke(−0#s�) ki(Qj g]r�sgd�enql

#s) ke(−0#s) ki(ξ#s) kj(−d 

vhsg�ξ ∈ Rp ]mc�d�∈ F-�Vgdm�m� ∈; h i �c ]mc�j ∈; c+

KRm##s) ke(−0#s) ki(ξ#s) kj(−d(

;

⎧
⎨

⎩

⎟∞
w:/ σw#s) km(wξ

⎟∞
y:/ χy#s) km(y vgdm m ∈; i c

⎟∞
w:0 zw−0#s) ki(wξ

⎟∞
y:/ χy#s) ki(y vgdm m ; i

vgdqd�Dpt]shnmr�#1(+�#03( ]mc�#04( ]qd�trdc�sn�nas]hm�sgdrd�dwoqdrrhnmr+�mdhsgdq�ne�vghbg�
bnms]hmr�]mx�sdqlr�ne�mdf]shud�cdfqdd�hm�sgd�u]qh]akd�s�) km-
Vgdm�m� ∈; h �i �c ]mc�j ; c vd�dwo]mc�]�fdmdqhb�sdql�ne�#s�) ke(−0#s�) ki(Qc ]r

KRm##s) ke(−0#s) ki(ξ#s−0(−d( ;
∞∑

w:/
σw#s) km(wξ

d∑

q:/

)
d

q

(
#−km(d−q#s) km(q #06(

vghbg�g]r�mn�sdqlr�ne�mdf]shud�cdfqdd-�Hm�sgd�dpt]shnm�]anud+�σw hr�cdzmdc�hm�Dpt]shnm�
#03(+�ξ ∈ Rp hr�sgd�bndffbhdms�ne�#s−0(−d hm�Qc+�]mc�d�∈ F-�Sgtr Pm hr�bnloqhrdc�ne�sgd�
sdqlr�ne�KRm##s�) ke(−0#s�) ki(Qm( ne�mdf]shud�cdfqdd-
Vgdm�m�; c+�vd�trd�Dpt]shnmr� #2( ]mc� #5( hm�ok]bd�ne�Dpt]shnmr� #1( ]mc� #4(+�]mc�

Dpt]shnm�#05( sn�nas]hm�sgd�dwoqdrrhnm

KRc##s) ke(−0#s) ki(ξ#s) kj(−d( ;
∞∑

w:/
τw#s−0(wξ

∞∑

q:d

)
d

−q

(
#ke(q)d#s−0(q

]mc� rhmbd� d� ≥ 0+� sghr� g]r� mn� sdqlr� ne� mnmonrhshud� cdfqdd-�Sgtr� sgd� sdqlr� ne� Pc ]qd�
dw]bskx�sgd�sdqlr�ne�KRc##s�) ke(−0#s�) ki(Qc ne�mnmonrhshud�cdfqdd-
Ntq�bnlots]shnmr�mnv�lhlhb�sgnrd� hm�Rdbshnm 5-0-�Vgdm�m� ∈; h �i �c+�vd�b]m�dwoqdrr�

KRm##s�) ke(−0#s�) ki(Qm( ]r

∞∑

w:/
σw#s) km(w

 
β0#s) km(−0 ) β1#s) km(−1 ) · · ·) βδk#s) km(−δk

(

vgdqd� σw hr� cdzmdc� hm�Dpt]shnm� #03(+� ]mc� bqd]sd� ]� bg]qs� ]m]knfntr� sn�S]akd 0-�Sghr�
]kknvr�tr�sn�bnlotsd�sgd�bndffbhdmsr�γj hm�Pm ]r
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γj ;
δk−j∑

x:/
σxβx)j #07(

vgdqd�σx hr�cdzmdc� hm�Dpt]shnm #03( ]mc�σ/ ; BmCm-�Pdb]kk� sg]s� enq�x ≥ 0 vd�g]ud�
σx)0 ; −Bmσx-�Gdmbd+�]r�hm�sgd�b]rd�ne�sxod�0�fdmdq]snqr+�vd�rdd�sg]s

γj ; −Bmγj)0 ) σ/βj ; −Bmγj)0 ) BmCmβj,

Vgdm� m� ; i+� vd� adfhm� vhsg� Dpt]shnm� #04( ]mc� dwoqdrr� sgd� K]tqdms� onkxmnlh]k�
KRi##s�) ke(−0#s�) ki(Qi ]r

∞∑

x:0
zx−0#s) ki(x

 
βi 0#s) ki(−0 ) βi 1#s) ki(−1 ) · · ·) βi δk#s) ki(−δi

(

eqnl�vghbg�vd�bnmrsqtbs�]�bg]qs�enq�sgd�bndffbhdmsr�ne�Pi ]mc�cdsdqlhmd�sg]s

γj ;
δi−j∑

x:/
zxβx)j)0,

Pd]rnmhmf ]m]knfntr�sn�oqduhntr�b]rdr�xhdkcr

γj)0 ; −B−0
i #γj ) βj)0(,

Vgdm�m�; c+�qdok]bd� hmrs]mbdr�ne�Dpt]shnmr�#1( ]mc�#4( vhsg�Dpt]shnmr�#2( ]mc�#5(
sn�rdd�sg]s�Pc hr�sgd�rtl�ne�sgd sdqlr�ne�KRc##s�) ke(−0#s�) ki(Qc( ne�mnmonrhshud�cdfqdd-�
Sn�bnlotsd�sghr+�vd�vqhsd

#s) ke(−0#s) ki(#β/ ) β0#s−0(−0 ) β1#s−0(−1 ) · · ·) βδc#s−0(−δc(

;
) ∞∑

w:0
#−0(w−0kw−0

e #s−0(w
(

##s−0(−0 ) ki(#β/ ) β0#s−0(−0 ) · · ·) βδc#s−0(−δc(

;
) ∞∑

w:/
#−0(wkwe #s−0(w )

∞∑

w:0
#−0(w−0kw−0

e ki#s−0(w
(

#β/ ) β0#s−0(−0 ) · · ·) βδc#s−0(−δc(

;
) ∞∑

w:/
σ·w#s−0(w

(

#β/ ) β0#s−0(−0 ) β1#s−0(−1 ) · · ·) βδc#s−0(−δc(

#08(

vgdqd�σ·/ ; 0 ]mc�σ·w ; #−0(wkwe ) #−0(w−0kw−0
e ki :�hs�enkknvr�sg]s�σ·w)0 ; #−ke(σ·w-�Gdmbd�

vgdm�vd�bnlotsd�sgd�bndffbhdmsr�γj ne�Pc vd�rdd�sg]s�sgd�enqltk]�hr�hcdmshb]k�sn�sgd�b]rd�
ne�sxod�0�fdmdq]snqr-�Sgd�ch¯dqdmbd�adsvddm�sxod�0�]mc�sxod�1�fdmdq]snqr�vgdm�m�; c hr�
sg]s�sgd�lhmhl]k�cdfqdd�ne�sgd�dwoqdrrhnm�hm�Dpt]shnm�#08( hr�sgd�r]ld�]r�sgd�lhmhl]k�
cdfqdd�ne�Qc-�Sghr�hr�adb]trd�sgd�dwoqdrrhnm�enq�#s�) ke(−0#s�) ki( vqhssdm�hm�sdqlr�ne�s−0



P- A–pta– ds Uk- . HntpmUk ne :kfdapU 385  1/06( 204y232 222

g]r�]�bnmrs]ms� sdql+�vghbg� hr�mns� sgd�b]rd�vgdm� #s�) ke(−0 hr�vqhssdm� hm� sdqlr�ne� s−0-�
Dwokhbhskx+�vd�bnlotsd sg]s

γj ;
δc−j∑

u:/
σ·uβu)j

vghbg� hr� hcdmshb]k�sn�sgd�dwoqdrrhnm� hm�Dpt]shnm�#01( enq�sxod�0�fdmdq]snqr�dwbdos�sg]s�
sgd�hmcdw�adfhmr�]s�.-�Bnlots]shnmr�sgdm�xhdkc

γj ; −keγj)0 ) σ·/βj

]mc�gdmbd

γj)0 ; −k−0
e #γj − βj(,

Vd�mnv�rs]sd�sgd�enkknvhmf�kdll]+�vgnrd�oqnne�enq�m� ∈; h hr�bnms]hmdc�hm�sgd�udqhzb],
shnm�ne�sgd�]anud�dwoqdrrhnmr-�Sgd�b]rd�m�; h hr�udqhzdc�hm�Rdbshnm 6-

IdllT�8 �Ehw�U� sxod�1�fdmdqUsnq�r)�Umc� ids�e ∈ Γc#p(,�Trhmf� sgd�cdbnlonrhshnmr�Uanud�
hm�DptUshnmr�#6( Umc�#7()�vd�rdd�sgUs7

0- Ge m� ∈; h �i sgdm�sgd�lhmhlUi�cdfqdd�ne�Qm hr�sgd�rUld�Ur�sgd�lhmhlUi�cdfqdd�ne�Pm,
1- Ge m�; h sgdm�sgd�lhmhlUi�cdfqdd�ne�Pe hr�nmd� idrr�sgUm�sgd�lhmhlUi�cdfqdd�ne�Qe,
2- Ge m�; i sgdm�sgd�lhmhlUi�cdfqdd�ne�Pi hr�nmd�fqdUsdq�sgUm�sgd�lhmhlUi�cdfqdd�ne�Qi,

3,2,� Anmrsqtbshnm�ne�UtsnlUsU�vgdm�m� ∈; h

Vd�mnv�bnmrsqtbs+� enq�d]bg�0�≤ m�≤ c � m� ∈; h+�]mc�δ�∈ S0 �1| ]�zmhsd�rs]sd�l]bghmd�
Lm δ vghbg�]bbdosr�sgd�bnmunktshnm�⊗#σ#Qm( �σ#Pm((-�Sgd�u]ktd�ne�δ hmchb]sdr�vgdsgdq�
r hr�]�sxod�0�nq�sxod�1�fdmdq]snq-�Sg]s�hr+�sgd�l]bghmd�]bbdosr�rsqhmfr�ne�sgd�enql

)
β0
γ0

()
β1
γ1

()
β2
γ2

(
· · ·

)
βδk−0
γδk−0

()
βδk

γδk

(
#1.(

dwbdos�vgdm�#δ�; 0 ]mc�m�; c(�nq�#δ�; 1 ]mc�m�; i(�]mc�hm�sgnrd�svn�b]rdr+�rsqhmfr�ne�
sgd�enql

)
β0
γ0

()
β1
γ1

()
β2
γ2

(
· · ·

)
βδk−0
γδk−0

()
βδk

}

(
#10(

vgdqd�sgd�qdk]shnmrgho�adsvddm�sgd�βw ]mc�γw hr�dwokhbhskx�cdrbqhadc�hm�sgd�oqduhntr�svn�
rdbshnmr-�He�Qm ; . hs�enkknvr�sg]s�Pm ; . ]r�vdkk+�]mc�vd�]c]os�sgd�l]bghmdr�sn�]bbdos�
sghr�o]hq�]r�vdkk-
Enq�d]bg�m� ∈; h bnmrsqtbs�]�zmhsd�rs]sd�l]bghmd�Lm δ ]r�enkknvr-
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0- Bqd]sd�rs]sdr�Sσ τ enq�]kk�σ �τ ∈ Rp+�]mc�enq�]�fhudm�o]hq #σ �τ(9
#]( Vgdm m� ∈; c ]mc

h- δ�; 0+�bnlotsd�sgd�kd]rs�qdrhctd�γ ne�−B−0
m τ ) σ #lnc p(-

hh- δ�; 1 ]mc�m� ∈; i+�bnlotsd�sgd�kd]rs�qdrhctd�γ ne�−B−0
m τ )Cmσ #lnc p(-

Enq�d]bg�β ∈ Rp+�]cc�]�sq]mrhshnm�]qqnv�eqnl�Sσ τ vhsg�k]adk�
 

β
γ

(
sn�rs]sd�Sβ γ -

#a( Vgdm δ� ; 1 ]mc� m� ; i+� enq� d]bg� β ∈ Rp+� bnlotsd� sgd� kd]rs� qdrhctd� γ ne�
−B−0

m τ ) β #lnc p( ]mc� ]cc� ]� sq]mrhshnm� ]qqnv� eqnl� Sσ τ vhsg� k]adk�
 

β
γ

(
sn�

rs]sd�Sβ γ -
#b( Vgdm δ�; 0+�]mc�m�; c+�bnlotsd�sgd� kd]rs�qdrhctd�γ ne�−k−0

e #τ − β( #lnc p(
enq�d]bg�β ∈ Rp-�?cc�]�sq]mrhshnm�]qqnv�eqnl�Sσ τ sn�Sβ γ vhsg�k]adk�

 
β
γ

(
-

#c( Vgdm δ�; 1 ]mc�m�; c+�bnlotsd�sgd� kd]rs�qdrhctd�γ ne�−k−0
e #τ − σ( #lnc p(-�

Enq�d]bg�β ∈ Rp+�]cc�]�sq]mrhshnm�]qqnv�eqnl�Sσ τ vhsg�k]adk�
 

β
γ

(
sn�rs]sd�Sβ γ -

1- ?cc�]� rs]qs� rs]sd+�]mc� enq� d]bg� β �γ ∈ Rp+�]� sq]mrhshnm� dcfd�vhsg� k]adk�
 

β
γ

(
vghbg�

sdqlhm]sdr�]s�Sβ γ -�?kknv� sgd� rs]qs� rs]sd� sn�ad�]m�]bbdos� rs]sd� rn� sg]s� sgd� dlosx�
o]hq�Qm ; Pm ; . hr�]bbdosdc-

2- Hmsqnctbd�]m�]bbdos�rs]sd�>:�eqnl�d]bg�rs]sd�Sσ τ 9
#]( Vgdm m� ∈; c ]mc

h- δ�; 0+�bnlotsd�sgd�kd]rs�qdrhctd�γ ne�−B−0
m τ ) σ #lnc p( ]mc�sgd�kd]rs�

qdrhctd�β ne�B−0
m γ #lnc p(-

hh- δ�; 1 ]mc�m� ∈; i+�bnlotsd�sgd�kd]rs�qdrhctd�γ ne�−B−0
m τ )Cmσ #lnc p(

]mc�sgd�kd]rs�qdrhctd�β ne�#BmCm(−0γ #lnc p(-
?cc�]�rhmfkd�sq]mrhshnm�eqnl�sghr�rs]sd�sn�> vhsg�k]adk�

 
β
γ

(
-

#a( Vgdm δ�; 1 ]mc�m�; i+�bnlotsd�sgd�kd]rs�qdrhctd�β ne�−B−0
i τ +�]mc�]cc�]�rhmfkd�

sq]mrhshnm�sn�rs]sd�> vhsg�k]adk�
 

β
∗
(
-

#b( Vgdm m�; c+�]mc
h- δ�; 0+�kds�β ; τ ]mc�]cc�]�rhmfkd�sq]mrhshnm�sn�rs]sd�> vhsg�k]adk�

 
β
∗
(
-

hh- δ�; 1+�bnlotsd�sgd�kd]rs�qdrhctd�γ ne�−k−0
e #τ − σ( #lnc p(-�?cc�]�rhmfkd�

sq]mrhshnm�sn�rs]sd�> vhsg�k]adk�
 

γ
γ

(
-

?� vnqc� ]bbdosdc� ax� Lm δ bnqqdronmcr� sn� svn� mnmdlosx� rsqhmfr� β0β1 · · · βj ]mc�
γ0γ1 · · · γη #enq�η ; j nq�j − 0(�vgdqd�sgd�bndffbhdmsr�ch¯dq�]bbnqchmf�sn�Dpt]shnm�#0.(
nq�#07(-�Sgtr�Lm δ ]bbdosr�sgd� k]mft]fd�ne�bnmunktshnmr�ne�sgd� enql�⊗#σ#Qm( �σ#Pm((+�
m� ∈; h vgdqd�Qm ]mc�Pm ]qhrd�eqnl�e ]mc�er+�qdrodbshudkx-
Vd�mnv�bnmrsqtbs�]�l]bghmd�Lδ vghbg�]bbdosr�⊗#σ#e( �σ#g(( he� enq�d]bg�0�≤ m�≤ c+�

m� ∈; h+� sgd�m,sg� rtarsqhmfr� hm� sgd�bnmunktshnm�⊗#σ#e( �σ#g(( ]qd� qdk]sdc� hm� sgd�l]mmdq�
oqnrbqhadc�ax�Lm δ-�Pdb]kk�eqnl�Kdll]r 7 ]mc�8 sg]s�enq

” m� ∈; h �i �c+�vd�g]ud�{σ#Qm({�; {σ#Pm({+
” m�; h+�vd�g]ud�{σ#Qe({�) 0�; {σ#Pe({+
” m�; i+�he�δ�; 0 sgdm�{σ#Qm({�; {σ#Pm({ ]mc�he�δ�; 1 sgdm�{σ#Qc({�− 0�; {σ#Pc({+�]mc
” m�; c+�he�δ�; 0 sgdm�{σ#Qc({�− 0�; {σ#Pc({+�]mc�he�δ�; 1 sgdm {σ#Qc({�; {σ#Pc({-
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Sghr�khrs�cdrbqhadr�sgd n¯rds�hm�⊗#σ#e( �σ#er(( adsvddm�sgd�rsqhmfr�σ#Qm( nm�sgd�sno�khmd�
ne�sgd�bnmunktshnm�]mc�σ#Pm( nm�sgd�anssnl�khmd�ne�sgd�bnmunktshnm�vgdm�]�zmhsd�rs]sd�
l]bghmd�qd]cr�⊗#σ#e( �σ#er((-�He�δ�; 0 sgdm�enq�m�< h sgd�rsqhmfr�σ#Qm( ]mc�σ#Pm( ]qd�
n¯rds�ax�0 ]r� sgd� bnmunktshnm�⊗#σ#e( �σ#er(( hr� qd]c-� He� δ�; 1 sgdm� enq h�. j ≤ i sgd�
rsqhmfr�σ#Qj( ]mc�σ#Pj( ]qd�n¯rds�ax�0+�]mc�enq�j < i sgdx�]qd�]khfmdc+�]mc�gdmbd�qd]c�
rhltks]mdntrkx-
Kds�Φm ]mc�Ψm ad�#onrrhakx�dlosx(�rsqhmfr�ne�kdmfsg�ηm ≥ . ]mc�χm ≥ . ne�rxlankr�

eqnl� sgd� zmhsd� ]kog]ads� bnmrhrshmf� ne� dkdldmsr� ne�Rp+� enq� 0� ≤ m� ≤ c-�Kds�Hδ ad� sgd�
k]mft]fd�ne�bnmunktshnmr�ne�sgd�enql

⊗#Φ0 Φ1 · · · Φc Ψ0 Ψ1 · · · Ψc(

vgdqd�enq�m� ∈; h vd ]rrtld�vhsgnts�knrr�ne�fdmdq]khsx�#]r�sgdrd�bnmchshnmr�b]m�ad�udqhzdc�
vhsg�zmhsd�rs]sd�]tsnl]s](�sg]s�sgd�kdmfsgr�ηj ]mc�χj ]fqdd�vhsg�Kdll] 7 he�δ�; 0 ]mc�
Kdll] 8 he�δ�; 1-�Vd�uhdv�sgd�svn�rsqhmfr�hm�sgd�bnmunktshnm�]r�]qhrhmf�eqnl�σ#e( ]mc�
σ#g( enq�rnld�e �g�∈ Γc#p(-�Hs� hr�bkd]q�sg]s�Hδ hr�]�qdftk]q� k]mft]fd-�Vd�v]ms�sn�rgnv�
sg]s� sgd� rtards�H·δ ne�Hδ hm�vghbg�⊗#Φm �Ψm( hr�]bbdosdc�ax�Lm δ+� enq�]kk�0�≤ m�≤ c+�
m� ∈; h hr�]krn�]�qdftk]q�k]mft]fd-
Kds�Hδ bnmrhrs� ne� rsqhmfr� ne� sgd� r]ld� enql� ]r� sgnrd� hm�Hδ vhsg� sgd� bnmchshnm� sg]s�

ηe ; χe+� sg]s� hr+� sgd� rsqhmfr� Φe ]mc� Ψe g]ud� sgd� r]ld� kdmfsg-�Vd� hlonrd� mn� nsgdq�
bnmchshnmr�nm�sgd�qdl]hmhmf�rsqhmfr�Φm ]mc�Ψm-�Vgdm�δ�; 0+�sghr�k]mft]fd�hr�]bbdosdc�
ax�sgd�l]bghmd�L0 bnmrsqtbsdc�]r�enkknvr-

0- Sgd�rs]qs�rs]sd�ne�L0 hr�sgd�rs]qs�rs]sd�ne�sgd�l]bghmd�L0 0-
1- Enq�0�≤ m�≤ h�− 1+�]cc�]�sq]mrhshnm�]qqnv�vhsg�k]adk�

  
 

(
adsvddm�sgd�]bbdos�rs]sd�>

ne�Lm 0 ]mc�sgd�rs]qs�rs]sd�ne�Lm)0 0-
2- ?cc�]� sq]mrhshnm�]qqnv�vhsg� k]adk�

  
 

(
eqnl� sgd� rs]qs� rs]sd�ne�Lm−0 0 sn� sgd� rs]qs�

rs]sd�ne�Lm 0+�enq�]kk�1�≤ m�≤ c vhsg�m� ∈; h-
3- ?cc�]�sq]mrhshnm�]qqnv�vhsg�k]adk�

  
 

(
eqnl�sgd�]bbdos�rs]sd�> ne�Le−0 0 sn�]�rs]sd�

Re-�?cc�]�knno�]s�Re vhsg�k]adk�
 

β
γ

(
enq�d]bg�o]hq�β �γ ∈ Rp-�Eqnl�Re ]cc�]�sq]mrhshnm�

]qqnv�sn�sgd�rs]qs�rs]sd�ne�Le)0 0 vhsg�k]adk�
  
 

(
-

4- Enq� h�) 0�≤ m�≤ c�− 0+�]cc�]� sq]mrhshnm�]qqnv�vhsg� k]adk�
  
 

(
adsvddm� sgd�]bbdos�

rs]sd�> ne�Lm 0 ]mc�sgd�rs]qs�rs]sd�ne�Lm)0 0-
5- Kds�sgd�]bbdos�rs]sd�> ne�Lc 0 ad�sgd�]bbdos�rs]sd�ne�sgd�dmshqd�l]bghmd-

Hs�sgdm�enkknvr�eqnl�Kdll] 3 sg]s�H·0 hr�]�qdftk]q�k]mft]fd-�Sghr�hr�dw]bskx�sgd�k]mft]fd�
ne�bnmunktshnmr�⊗#σ#e( �σ#g(( vgdqd�]kk�ats�sgd�h,sg�rtarsqhmfr�g]ud�sgd�r]ld�qdk]shnmrgho�
]r�he�g�; er vgdqd�r hr�]�sxod�0�fdmdq]snq-
Vgdm� δ�; 1 vd�]rrtld� sg]s� hm�H1 sgd� rsqhmfr�Φe ]mc�Ψe g]ud� sgd� r]ld� kdmfsg+�]r�

cn�sgd�rsqhmfr�Φi ]mc�Ψi -�Vd�bnmrsqtbs�L1 ]r�]anud+�vhsg�nmd�lnchzb]shnm-�Hmsqnctbd�
]� rs]sd� Ri vghbg� qdok]bdr�Li 1 ]m]knfntr� sn� Re ]anud-�Sgd� qdrtkshmf�l]bghmd� ]bbdosr�
bnmunktshnmr�vgdqd�]kk�ats�sgd�h,sg�]mc�i,sg�rtarsqhmfr�ch¯dq�hm�sgd�oqnrbqhadc�l]mmdq�
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enq�]�sxod�1�fdmdq]snq-�Sgd�k]mft]fd�]bbdosdc�ax�sghr�l]bghmd�hr�qdftk]q+�]mc�hs�enkknvr�
eqnl�Kdll] 3 sg]s�H·1+�hm�vghbg�{Ψe{�; {Φe{�)0 ]mc�{Ψi {�; {Φi {�−0+�hr�]�qdftk]q�k]mft]fd-�
Bqd]sd�]�rhlokd�zmhsd�rs]sd�l]bghmd�vghbg�]cchshnm]kkx�udqhzdr�sg]s�Φi ]mc�Ψi g]ud�sgd�
qdk]shnmrgho fhudm ax Li 1- Vd sgdm bnmbktcd sg]s sgd k]mft]fd ne bnmunktshnmr H1 ne
sgd�enql�⊗#σ#e( �σ#g(( vgdqd�]kk�ats�sgd�h,sg�rtarsqhmfr�g]ud�sgd�r]ld�qdk]shnmrgho�]r�he�
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]ksgntfg�nmkx�sgd�u]ktd�ne�β hmbqd]rdr�sgd�rtl-�Sn�]bbdos�]�rsqhmf+�sghr�u]ktd�hr�bnlo]qdc�
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#s�) ke(−0 hm�Pe-�Eqnl�rs]sd�Re−0 b enq�d]bg�o]hq�z �ψ ∈ Rp ]cc�]�sq]mrhshnm�vhsg�k]adk�

 
z
ψ

(

sn�rs]sd�Re b ψ-�?s�d]bg�rs]sd�Re X a ]cc�]�knno�vhsg�k]adk�
 
X
a

(
enq�X�∈ Rp ∪S | ]mc�a�∈ Rp-

Mdws+�bqd]sd�p bnohdr�ne�Me)0+�vghbg�vd�cdmnsd�Me)0 n enq�o�∈ Rp-�Mn�sq]mrhshnmr�vhkk�
ad�hmsqnctbdc adsvddm�bnohdr�ne�Me)0 n ]mc�Me)0 n− enq�o� ∈; o·-�Eqnl�rs]sd�Re σ ψ+�]cc�]�
sq]mrhshnm�]qqnv�vhsg�k]adk�

 
β
 

(
sn�sgd�rs]sd�Sβ 0 σ)βAd

ne�Me)0 ψ-�Sgd�k]bj�ne�sq]mrhshnmr�
adsvddm�sgd�Me n qds]hmr�sgd�u]ktd�ne�ψ-



P- A–pta– ds Uk- . HntpmUk ne :kfdapU 385  1/06( 204y232 228
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