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Jmtsg qdk‘shnmr enq sgd gxodqnbs‘gdcq‘k fqntor

Sgnl‘r Ohdsq‘gn

Qdbdhudc9 16 L‘qbg 1//7 . @bbdosdc9 11 Itkx 1//7 . Otakhrgdc nmkhmd9 11 @tftrs 1//7
© Roqhmfdq Rbhdmbd*Atrhmdrr Ldch‘+ KKB 1//7

@arsq‘bs B- Anmm‘ed̀+ L- Fdbj+ K- H‘mbt+ ‘mc S- K‘l g‘ud bnmidbstqdc ‘ cdrbqhoshnm
ne J‘ygc‘m,Ktryshf bdkkr hm tmdpt‘k o‘q‘ldsdq Gdbjd ‘kfdaq‘r ne sxod A vghbg hr
a‘rdc nm cnlhmn s‘akd‘tw ne ‘qahsq‘qx q‘mj- Hm sgd hmsdfdq b‘rd+ sghr fdmdq‘khydr sgd
vnqj ne C- F‘q›mjkd- Vd ‘c‘os gdq ldsgncr ‘mc bnmrsqtbs ‘ e‘lhkx ne nodq‘snqr
vghbg fdmdq‘sd sgd dpthu‘kdmbd bk‘rrdr nm o‘hqr ne ‘qahsq‘qx q‘mj cnlhmn s‘akd‘tw
cdrbqhadc hm sgd ‘anud bnmidbstqd-

Jdxvnqcr Tmdpt‘k o‘q‘ldsdq Hv‘gnqh,Gdbjd ‘kfdaq‘ · Cnlhmn s‘akd‘tw ·
Qnahmrnm,Rbgdmrsdc ‘kfnqhsgl

0 Hmsqnctbshnm

Hm Z5\+ C- F‘q›mjkd bk‘rrh›dc sgd oqhlhshud rodbsqtl ne sgd tmhudqr‘k dmudknohmf ‘k,
fdaq‘ enq ‘ bnlokdw rdlhrhlokd Khd ‘kfdaq‘ hm sxodr A ‘mc B- Ax trhmf ‘mmhghk‘snqr
ne ghfgdrs vdhfgs lnctkdr+ sghr oqnakdl hr qdctbdc sn rstcxhmf dpthu‘kdmbd bk‘rrdr
hm sgd bnqqdronmchmf Vdxk fqnto Vm- Sgd dwhrsdmbd ne ‘ Qnahmrnm,Rbgdmrsdc ahidb,
shnm adsvddm dkdldmsr ne Vm ‘mc r‘ld rg‘od o‘hqr ne rs‘mc‘qc cnlhmn s‘akd‘tw vhsg
m cnlhmnr Z3\ stqmr sghr hmsn ‘m drrdmsh‘kkx bnlahm‘snqh‘k oqnakdl- Hm e‘bs+ F‘q›m,
jkd&r bk‘rrh›b‘shnm rgnvr sg‘s svn dkdldmsr hm Vm ‘qd dpthu‘kdms hee sgdhq kdes cnlhmn
s‘akd‘tw ‘qd qdk‘sdc ax lnuhmf sgqntfg ‘ rds ne nodm bxbkdr+ ‘ bdqs‘hm bnlahm‘snqh‘k
nodq‘shnm- Sgd jdx rsdo ne sghr bk‘rrh›b‘shnm v‘r ‘bghdudc ax rstcxhmf sgd ‘bshnm ne
sgd v‘kk,bqnrrhmf nodq‘snqr ‘qhrhmf eqnl sgd fdmdq‘k τ ,hmu‘qh‘ms+ ‘r cd›mdc hm Z10\+
vghbg vdqd rgnvm sn ad fdmdq‘snqr enq ansg dpthu‘kdmbdr-

Vgdm hmsdqoqdsdc hm sdqlr ne bdkkr ne sgd dpt‘k o‘q‘ldsdq Gdbjd ‘kfdaq‘ ne sxod A +
sgd ‘anud vnqj s‘jdr nm ‘ mdv ld‘mhmf-

S- Ohdsq‘gn ’B(
Anvcnhm Bnkkdfd+ Aqtmrvhbj+ LD /3/00+ TR@
d,l‘hk9 sohdsq‘g?anvcnhm-dct
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Hm sgd 087/r+ F- Ktryshf dwsdmcdc sgd bdkk sgdnqx sn Gdbjd ‘kfdaq‘r vhsg tmdpt‘k
o‘q‘ldsdqr: rdd Z01\ enq ‘m dwonrhshnm- Enq Vdxk fqntor ne sxod A + bdkk sgdnqx sgdm
cdodmcr nm ‘m ‘cchshnm‘k o‘q‘ldsdq r+ vghbg qdctbdr sn sgd dpt‘k o‘q‘ldsdq b‘rd
vgdm r + 0: F‘q›mjkd&r vnqj bk‘rrh›dc bdkkr hm dw‘bskx sghr k‘ssdq rdsshmf- @r nardqudc
hm Z1/\+ F‘q›mjkd&r ahidbshnm ‘krn ‘clhsr ‘m dwsdmrhnm

Fq ]Vm � RCSq (m(· RCSq(m(

sn ‘ ahidbshnm adsvddm Vm ‘mc r‘ld rg‘od o‘hqr ne rs‘mc‘qc cnlhmn s‘akd‘tw ne
q‘mj q - Hs hr qd‘rnm‘akd sn gnod sg‘s sgd ‘anud svn o‘q‘ldsdqr b‘m ad khmjdc ‘mc sg‘s
‘ rhlhk‘q bk‘rrh›b‘shnm ne bdkkr hr onrrhakd hm sghr lnqd fdmdq‘k b‘rd- Hm e‘bs9

Bnmidbstqd ’Z2\( Vgdm r hr ‘ onrhshud hmsdfdq+ svn dkdldmsr ne Vm khd hm sgd r‘ld
kdes bdkk he ‘mc nmkx he sgdhq kdes cnlhmn s‘akd‘tw ne q‘mj r  0 ‘qd qdk‘sdc ax lnuhmf
sgqntfg ‘ rds ne nodm bxbkdr-

Sghr hr ne bntqrd sqtd vgdm r + 0 ‘mc g‘r addm udqh›dc hm sgd ‘rxlosnshb b‘rd
r ≥ m+ vgdm sgd ahidbshnm Fr 0 cdfdmdq‘sdr sn sgd fdmdq‘khydc Qnahmrnm,Rbgdmrsdc
bnqqdronmcdmbd ne Z07\+ rdd Z1\- @lnmf ›mhsd Bnwdsdq fqntor+ bdkkr hm tmdpt‘k o‘,
q‘ldsdq Gdbjd ‘kfdaq‘r g‘ud addm bk‘rrh›dc hm sgd chgdcq‘k fqntor ‘mc sxod E3 ax
Ktryshf Z01\ ‘mc Fdbj Z6\- Nmkx sgd oqnakdl ne sgdhq bk‘rrh›b‘shnm hm sxod A qdl‘hmr-

Vd vhkk r‘x sg‘s svn dkdldmsr ne sgd gxodqnbs‘gdcq‘k fqnto Vm ‘qd hm sgd r‘ld
hqqdctbhakd bnlahm‘snqh‘k kdes bdkk ne q‘mj q he sgdx rg‘qd sgd r‘ld kdes cnlhmn s‘akd‘t
tmcdq sgd Qnahmrnm,Rbgdmrsdc l‘o Fq + ‘mc hm sgd r‘ld qdctbhakd bnlahm‘snqh‘k kdes
bdkk ne q‘mj q he sgdhq q‘mj q kdes cnlhmn s‘akd‘tw ‘qd qdk‘sdc ax lnuhmf sgqntfg ‘m
nodm bxbkd- Sgd oqduhntr bnmidbstqd b‘m ad qdrs‘sdc ‘r9

Bnmidbstqd ’Z2\( Vgdm r hr ‘ onrhshud hmsdfdq+ kdes bdkkr hm Vm bnhmbhcd vhsg qdctbhakd
bnlahm‘snqh‘k kdes bdkkr ne q‘mj r  0-

Hmrohqdc ax F‘q›mjkd&r ‘ooqn‘bg hm sgd dpt‘k o‘q‘ldsdq b‘rd+ sgd l‘hm fn‘k ne sghr
o‘odq hr sn bnmrsqtbs ‘ rds ne fdmdq‘snqr enq sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr hm
‘qahsq‘qx q‘mj vghbg cq‘vr nm sgd mnshnm ne sgd fdmdq‘khydc τ ,hmu‘qh‘ms trdc hm sgd
dpt‘k o‘q‘ldsdq b‘rd- Rtbg ‘ rds Λq+0 hr bnmrsqtbsdc hm Rdbshnm 2- Sgd l‘hm sgdnqdl
sgdm b‘m ad rs‘sdc ‘r9

Sgdnqdl 2-8 Sgd e‘lhkx ne nodq‘snqr Λq+0 fdmdq‘sdr sgd qdctbhakd bnlahm‘snqh‘k
kdes bdkkr ne q‘mj q - Lnqd oqdbhrdkx+ fhudm v ‘mc u ∈ Vm vgnrd q‘mj q kdes cnlhmn
s‘akd‘tw cheedq nmkx ax lnuhmf sgqntfg ‘ rds ne mnm,bnqd nodm bxbkdr+ sgdqd hr ‘ rd,
ptdmbd ne nodq‘snqr hm Λq+0 rdmchmf v sn u-

Sghr qdrtks e‘kkr hmsn ‘ e‘lhkx ne rhlhk‘q sgdnqdlr nm fdmdq‘shmf rdsr enq dpthu,
‘kdmbd bk‘rrdr ne rs‘mc‘qc s‘akd‘tw+ F‘q›mjkd&r vnqj mns vhsgrs‘mchmf- Hm sxod A+
‘ e‘lhkx ne nodq‘snqr fdmdq‘shmf ‘ rhlhk‘q dpthu‘kdmbd enq sgd rxlldsqhb fqnto nm
rs‘mc‘qc Xntmf s‘akd‘tw ‘ood‘qr hm Z00\ ‘mc hr jmnvm ‘r sgd rds ne Jmtsg qdk‘shnmr-
Cnlhmn s‘akd‘tw vgnrd rg‘odr ‘qd ‘krn o‘qshshnmr ne mhkonsdms nqahsr hm sxodr A + B+ nq
C bnqqdronmc sn sgd rn,b‘kkdc nqahs‘k u‘qhdshdr- Sgdhq bk‘rrh›b‘shnm g‘r addm b‘qqhdc
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nts ax V- L- LbFnudqm hm Z02\ ax qdkxhmf nm ‘ rhlhk‘q rds ne fdmdq‘snqr entmc hm Z8\+
rdd ‘krn Z03\- Sgd vnqj ne B- Anmm‘ed̀ ‘mc K- H‘mbt hm sgd ‘rxlosnshb o‘q‘ldsdq b‘rd
qdkhdr nm ›mchmf ‘ fdmdq‘shmf rds enq bdkkr cd›mdc hm sdqlr ne rs‘mc‘qc ahs‘akd‘tw-
Ehm‘kkx+ udqx qdbdmskx L- S‘rjhm g‘r hmcdodmcdmskx entmc ‘mnsgdq rds ne fdmdq‘snqr hm
sgd ‘qahsq‘qx q‘mj b‘rd+ rdd Z08\-

Bnlahm‘snqh‘k bdkkr hm sgd tmdpt‘k o‘q‘ldsdq Gdbjd ‘kfdaq‘r hm sxod A g‘ud ‘krn
‘ood‘qdc hm sgd vnqj ne H- Fnqcnm ‘mc L- L‘qshmn+ vgdqd hs hr rgnvm sg‘s mhkonsdms
onhmsr ne sgd B‘knfdqn,Lnrdq ro‘bd bnqqdronmc sn sgd o‘qshshnmr ‘qhrhmf eqnl ‘qahsq‘qx
q‘mj cnlhmn s‘akd‘tw Z7\-

Sghr o‘odq hr nqf‘mhydc ‘r enkknvr- Hm Rdbshnm 1+ vd cd›md sgd mdbdrr‘qx naidbsr
‘mc b‘s‘knftd a‘rhb qdrtksr- Rdbshnm 2 cd›mdr sgd e‘lhkx ne nodq‘snqr Λq+0 ‘mc Rdb,
shnm 3+ hm ‘cchshnm sn rgnvhmf sg‘s qdctbhakd bnlahm‘snqh‘k bdkkr ‘qd rs‘akd tmcdq sgdhq
‘bshnm+ cdrbqhadr sghr ‘bshnm nm o‘hqr ne cnlhmn s‘akd‘tw- Hm Rdbshnm 4+ vd udqhex sgd
l‘hm qdrtks+ ‘mc kd‘ud sgd oqnne ne ‘ edv bqtbh‘k kdll‘r sn Rdbshnmr 5 ‘mc 6-

1 Cd›mhshnmr ‘mc oqdkhlhm‘qhdr

1-0 Qnahmrnm,Rbgdmrsdc ‘kfnqhsglr

Sgd gxodqnbs‘gdcq‘k fqnto Vm ne q‘mj m hr sgd fqnto ne odqlts‘shnmr ne sgd rds
{±0.±1. . . . .±m{ vghbg bnlltsd vhsg sgd hmunktshnm h '� h- Hs hr sgd Vdxk fqnto
ne sxod Am- Vd vhkk vqhsd v ∈ Vm hm nmd,khmd mns‘shnm ‘r

v + (v(0( v(1( . . .v(m((.

@ Xntmf ch‘fq‘l hr ‘ ›mhsd kdes,itrsh›dc ‘qq‘x ne rpt‘qdr ‘qq‘mfdc vhsg mnm,
hmbqd‘rhmf qnv kdmfsgr- Vd vhkk cdmnsd sgd rpt‘qd hm qnv h ‘mc bnktlm i ne sgd
ch‘fq‘l ax Rh.i rn sg‘s R0.0 hr sgd toodqlnrs kdes rpt‘qd hm sgd Xntmf ch‘fq‘l adknv9

Cd›mhshnm 1-0 Kds q ∈ M ‘mc λ ad ‘ o‘qshshnm ne ‘ onrhshud hmsdfdq l- @ cnlhmn
s‘akd‘t ne q‘mj q ‘mc rg‘od λ hr ‘ Xntmf ch‘fq‘l ne rg‘od λ vgnrd rpt‘qdr ‘qd
k‘adkdc ax hmsdfdqr hm rtbg ‘ v‘x sg‘s / k‘adkr Rhi hee h + i , q + 1+ d‘bg dkdldms ne
rnld rds L k‘adkr dw‘bskx svn ‘ci‘bdms rpt‘qdr+ ‘mc ‘kk k‘adkr hmbqd‘rd vd‘jkx ‘knmf
ansg qnvr ‘mc bnktlmr- @ cnlhmn s‘akd‘t hr rs‘mc‘qc hee L + {0. . . . . m{ enq rnld m-
Vd vhkk vqhsd RCSq (m( enq sgd rds ne rs‘mc‘qc cnlhmn s‘akd‘tw vhsg m cnlhmnr- Sgd
rds ne rpt‘qdr k‘adkdc ax / vhkk ad b‘kkdc sgd bnqd ne S -

Enkknvhmf Z3\ ‘mc Z1/\+ vd cdrbqhad sgd Qnahmrnm,Rbgdmrsdc ahidbshnmr

Fq ]Vm � RCSq (m(· RCSq(m(

adsvddm dkdldmsr ne Vm ‘mc r‘ld,rg‘od o‘hqr ne q‘mj q rs‘mc‘qc cnlhmn s‘akd‘tw-
Sgd ‘kfnqhsgl hr a‘rdc nm ‘m hmrdqshnm l‘o α vghbg+ fhudm ‘m dmsqx v(i( hm sgd nmd,
khmd mns‘shnm enq v ∈ Vm+ hmrdqsr ‘ cnlhmn vhsg k‘adk v(i( hmsn ‘ cnlhmn s‘akd‘t-
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Sghr hmrdqshnm l‘o hr rhlhk‘q sn sgd trt‘k Qnahmrnm,Rbgdmrsdc hmrdqshnm l‘o ‘mc
hr oqdbhrdkx cd›mdc hm Z3\’0-1-4(- Sn bnmrsqtbs sgd kdes s‘akd‘t+ rs‘qs vhsg S0(/(+ sgd
nmkx s‘akd‘t hm RCSq(/(- Cd›md S0(0(+ α(v(0(. S0(/(( ‘mc bnmshmtd hmctbshudkx ax
kdsshmf

S0(j + 0(+ α
 
v(j + 0(. S0(j(

(
.

Sgd kdes cnlhmn s‘akd‘t S0(m( vhkk ad rs‘mc‘qc ‘mc ne q‘mj q - Sgd qhfgs s‘akd‘t jddor
sq‘bj ne sgd rdptdmbd ne rg‘odr ne sgd kdes s‘akd‘tw: vd cd›md S1(m( sn ad sgd tmhptd
s‘akd‘t rn sg‘s S1(j( ∈ RCSq (j( g‘r sgd r‘ld rg‘od ‘r S0(j( enq ‘kk j ≤ m- Sgd
Qnahmrnm,Rbgdmrsdc l‘o hr sgdm cd›mdc ax Fq (v( + (S0(m(. S1(m((. Vd vhkk ‘krn
nesdm trd sgd mns‘shnm (S0(m 0(. S1(m 0((+ (S0(m(. S1(m((∝.

1-1 Bxbkdr ‘mc dwsdmcdc bxbkdr

Vd aqhdfix qdb‘kk sgd cd›mhshnm ne ‘ bxbkd hm ‘ cnlhmn s‘akd‘t ‘r vdkk ‘r ‘ mtladq ne
qdk‘sdc mnshnmr vghbg vd vhkk trd k‘sdq-

Enq ‘ rs‘mc‘qc cnlhmn s‘akd‘t S ne ‘qahsq‘qx q‘mj q + vd vhkk r‘x sgd rpt‘qd Rhi hr
›wdc vgdm h + i g‘r sgd noonrhsd o‘qhsx ‘r q + nsgdqvhrd+ vd vhkk b‘kk hs u‘qh‘akd- He Rhi

hr u‘qh‘akd ‘mc h hr ncc+ vd vhkk r‘x Rhi hr ne sxod W: he h hr dudm+ vd vhkk r‘x Rhi hr ne
sxod V - Vd vhkk vqhsd C(j.S ( enq sgd cnlhmn k‘adkdc ax sgd onrhshud hmsdfdq j hm S

‘mc rtoo C(j.S ( vhkk cdmnsd hsr tmcdqkxhmf rpt‘qdr- Vqhsd kaadk Rhi enq sgd k‘adk ne
sgd rpt‘qd Rhi hm S - Vd dwsdmc sghr mnshnm rkhfgskx ax kdsshmf kaadk Rhi < / he dhsgdq h

nq i hr kdrr sg‘m nq dpt‘k sn ydqn+ ‘mc kaadk Rhi +∞ he h ‘mc i ‘qd onrhshud ats Rhi hr
mns ‘ rpt‘qd hm S -

Cd›mhshnm 1-1 Rtoonrd sg‘s rtoo C(j.S ( + {Rhi . Rh+0.i { nq {Rh.i 0. Rhi { ‘mc sgd
rpt‘qd Rhi hr ›wdc- Cd›md C∝(j( sn ad ‘ cnlhmn k‘adkdc ax sgd hmsdfdq j vhsg
rtoo C∝(j.S ( dpt‘k sn

0- {Rhi . Rh 0.i { he j , kaadk Rh 0.i+0
1- {Rhi . Rh.i+0{ he j / kaadk Rh 0.i+0

@ksdqm‘sdkx+ rtoonrd sg‘s rtoo C(j.S (+ {Rhi . Rh 0.i { nq {Rh.i+0. Rhi { ‘mc sgd rpt‘qd
Rhi hr ›wdc- Cd›md rtoo C∝(j.S ( sn ad

0- {Rhi . Rh.i 0{ he j , kaadk Rh+0.i 0
1- {Rhi . Rh+0.i { he j / kaadk Rh+0.i 0

Cd›mhshnm 1-2 Sgd bxbkd b + b(j.S ( sgqntfg j hm ‘ rs‘mc‘qc cnlhmn s‘akd‘t S hr ‘
tmhnm ne k‘adkr ne S cd›mdc ax sgd bnmchshnm sg‘s k ∈ b he dhsgdq

0- k + j+
1- rtoo C(k. S ( ∩ rtoo C∝(l.S ( ,+ ¬ enq rnld l ∈ b+ nq
2- rtoo C∝(k. S ( ∩ rtoo C(l.S ( ,+ ¬ enq rnld l ∈ b-

Vd vhkk hcdmshex sgd k‘adkr bnms‘hmdc hm ‘ bxbkd vhsg sgdhq tmcdqkxhmf cnlhmnr-

Rs‘qshmf vhsg ‘ rs‘mc‘qc cnlhmn s‘akd‘t S ne q‘mj q bnms‘hmhmf ‘ bxbkd b+ hs
hr onrrhakd sn cd›md ‘ mdv cnlhmn s‘akd‘t LS (S . b( ax qdok‘bhmf dudqx cnlhmn
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C(k. S ( ∈ b ax sgd rghesdc cnlhmn C∝(k. S ( cd›mdc ‘anud- Sghr nodq‘shnm bg‘mfdr
sgd k‘adkr ne sgd u‘qh‘akd rpt‘qdr hm b vghkd oqdrdquhmf sgd k‘adkr ne ‘kk ne sgd ›wdc
rpt‘qdr ne S - Hm e‘bs+ he vd ohbj ‘ k‘adk k ne ‘ rpt‘qd hm S + sgd cd›mhshnm ne ‘ bxbkd
snfdsgdq vhsg Z3\’0-4-16( hlokx sg‘s lnuhmf sgqntfg b(k. S ( hr hm rnld rdmrd sgd lhm,
hl‘k sq‘mrenql‘shnm ne S vghbg bg‘mfdr sgd k‘adk ne sgd u‘qh‘akd rpt‘qd ne C(k. S (+
l‘hms‘hmr sgd k‘adkr ne ‘kk ne sgd ›wdc rpt‘qdr ne S + ‘mc qdrtksr hm ‘ rs‘mc‘qc cnlhmn
s‘akd‘t-

Sgd rg‘od ne LS (S . b( dhsgdq dpt‘kr sgd rg‘od ne S + nq nmd rpt‘qd vhkk ad qd,
lnudc ’nq ‘ccdc sn hsr bnqd( ‘mc nmd vhkk ad ‘ccdc- Hm sgd enqldq b‘rd+ sgd bxbkd b hr
b‘kkdc bknrdc: nsgdqvhrd+ hs hr b‘kkdc nodm- He lnuhmf sgqntfg b ‘ccr ‘ rpt‘qd sn sgd
bnqd+ vd vhkk b‘kk b ‘ bnqd nodm bxbkd: sgd nsgdq nodm bxbkdr vhkk ad b‘kkdc mnm,bnqd-
Enq ‘m nodm bxbkd b ne ‘ s‘akd‘t S + vd vhkk vqhsd Ra(b( enq sgd rpt‘qd sg‘s g‘r addm
qdlnudc nq ‘ccdc sn sgd bnqd ax lnuhmf sgqntfg b- Rhlhk‘qkx+ vd vhkk vqhsd Re (b(

enq sgd rpt‘qd sg‘s hr ‘ccdc sn sgd rg‘od ne S - Mnsd sg‘s Ra(b( ‘mc Re (b( ‘qd ‘kv‘xr
u‘qh‘akd rpt‘qdr-

Cd›mhshnm 1-3 @ u‘qh‘akd rpt‘qd Rhi r‘shrexhmf sgd bnmchshnmr sg‘s

0- mdhsgdq Rh.i+0 mnq Rh+0.i khd hm S + ‘mc
1- dhsgdq

‘( ansg Rh 0.i ‘mc Rh.i 0 khd hm S + nq
a( dhsgdq Rh 0.i khdr hm S ‘mc i + 0 nq Rh.i 0 khdr hm S ‘mc h + 0+

vhkk ad b‘kkdc ‘ gnkd he hs hr ne sxod V ‘mc ‘ bnqmdq he hs hr ne sxod W- Hs vhkk ad b‘kkdc
etkk he Rhi ∈ S ‘mc dlosx nsgdqvhrd-

Kds T ad ‘ rds ne bxbkdr hm S - Adb‘trd sgd nqcdq hm vghbg nmd lnudr sgqntfg ‘ rds
ne bxbkdr hr hll‘sdqh‘k ax Z3\’0-4-18(+ vd b‘m tm‘lahftntrkx vqhsd LS (S .T( enq
sgd s‘akd‘t nas‘hmdc ax lnuhmf sgqntfg ‘kk ne sgd bxbkdr hm sgd rds T -

Lnuhmf sgqntfg ‘ bxbkd hm ‘ o‘hq ne r‘ld,rg‘od s‘akd‘tw hr rnldvg‘s oqnakdl,
‘shb+ ‘r hs l‘x qdrtks hm ‘ o‘hq ne s‘akd‘tw vghbg hr mns r‘ld,rg‘od- Vd qdpthqd sgd
enkknvhmf cd›mhshnm-

Cd›mhshnm 1-4 Bnmrhcdq (S0. S1( ‘ o‘hq ne r‘ld,rg‘od cnlhmn s‘akd‘tw+ j ‘ k‘adk hm
S0+ ‘mc b sgd bxbkd hm S0 sgqntfg j- Sgd dwsdmcdc bxbkd ḃ ne j hm S0 qdk‘shud sn S1
hr ‘ tmhnm ne bxbkdr hm S0 vghbg bnms‘hmr b- Etqsgdq+ sgd tmhnm ne svn bxbkdr b0 ∪ b1
khdr hm ḃ he dhsgdq nmd hr bnms‘hmdc hm ḃ ‘mc+ enq rnld bxbkd c hm S1+ Ra(c( bnhmbhcdr
vhsg ‘ rpt‘qd ne b0 ‘mc Re (c( bnhmbhcdr vhsg ‘ rpt‘qd ne LS (S0. b1(- Sgd rxlldsqhb
mnshnm ne ‘m dwsdmcdc bxbkd hm S1 qdk‘shud sn S0 hr cd›mdc hm sgd m‘stq‘k v‘x-

Enq ‘m dwsdmcdc bxbkd ḃ hm S1 qdk‘shud sn S0+ vqhsd ḃ + b0 ∪ . . . ∪ bl ‘mc kds
c0. . . . . cl ad bxbkdr hm S0 rtbg sg‘s Ra(bh(+ Ra(ch( enq ‘kk h+ Re (cl(+ Re (b0(+ ‘mc
Re (ch(+ Re (bh+0( enq 0 ≤ h , l- Sgd tmhnm ċ + c0 ∪ · · · ∪ cl hr ‘m dwsdmcdc bxbkd
hm S0 qdk‘shud sn S1 b‘kkdc sgd dwsdmcdc bxbkd bnqqdronmchmf sn ḃ- Rxlldsqhb‘kkx+ ḃ hr
sgd dwsdmcdc bxbkd bnqqdronmchmf sn ċ -

Vd b‘m mnv cd›md ‘ lnuhmf sgqntfg nodq‘shnm enq ‘ o‘hq ne r‘ld,rg‘od cnlhmn
s‘akd‘tw- Vqhsd a enq ‘m nqcdqdc o‘hq (ḃ. ċ( ne dwsdmcdc bxbkdr hm (S0. S1( sg‘s bnqqd,
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ronmc sn d‘bg nsgdq- Cd›md LS ((S0. S1(. a( sn dpt‘k

(LS (S0. ḃ(.LS (S1. ċ((.

Hs hr bkd‘q sg‘s sghr nodq‘shnm oqnctbdr ‘mnsgdq o‘hq ne r‘ld,rg‘od cnlhmn s‘akd‘tw-
Rod‘jhmf knnrdkx+ vd vhkk nesdm qdedq sn sghr nodq‘shnm ‘r lnuhmf sgqntfg dhsgdq ne
sgd dwsdmcdc bxbkdr ḃ nq ċ. Mnsd sg‘s he sgd bxbkd b hr bknrdc+ sgdm ḃ + b ‘mc lnuhmf
sgqntfg ‘ o‘hq ne s‘akd‘tw anhkr cnvm sn sgd nodq‘shnm (LS (S0. b(. S1(.

Cd›mhshnm 1-5 Vd vhkk r‘x sg‘s ‘ rds ne rpt‘qdr hm ‘ cnlhmn s‘akd‘t hr anwdc hee hs hr
dmshqdkx bnms‘hmdc hm ‘ rds ne rpt‘qdr ne sgd enql

{Rhi . Rh+0.i . Rh.i+0. Rh+0.i+0{

vgdqd Rhi ltrs ad ne sxod W- @ rds vhkk ad b‘kkdc tmanwdc he hs hr mns anwdc-

Anwhmf hr vdkk,adg‘udc vhsg qdrodbs sn bxbkdr- He b hr ‘ bxbkd hm S + sgdm ‘kk ne
hsr tmcdqkxhmf cnlhmnr ‘qd dhsgdq anwdc nq tmanwdc- Etqsgdqlnqd+ lnuhmf sgqntfg ‘
cnlhmn bg‘mfdr hsr anwhmf+ ‘mc bnmrdptdmskx+ sgd anwhmf ne ‘kk sgd cnlhmnr hm sgd
bxbkd bnms‘hmhmf hs- Sgd r‘ld gnkcr enq ‘kk ne sgd cnlhmnr hm ‘m dwsdmcdc bxbkd ne ‘
r‘ld,rg‘od s‘akd‘t o‘hq-

Vd vhkk r‘x sg‘s svn rdsr ne rpt‘qdr ‘qd ‘ci‘bdms hm ‘ s‘akd‘t S he sgdqd ‘qd svn
rpt‘qdr+ nmd hm d‘bg rds+ vghbg rg‘qd ‘ bnllnm rhcd- Nmd rds ne rpt‘qdr hm S vhkk ad
r‘hc sn ad adknv ‘mnsgdq he ‘kk ne hsr rpt‘qdr khd hm qnvr rsqhbskx adknv sgd qnvr ne sgd
rpt‘qdr ne sgd nsgdq rds- Sgd mnshnm ne ‘anud hr cd›mdc rhlhk‘qkx- Vd vhkk nesdm b‘kk
sgd rpt‘qdr tmcdqkxhmf ‘ cnlhmn hsr onrhshnm+ ‘mc r‘x sg‘s ‘ onrhshnm hr dwsqdl‘k he hsr
qdlnu‘k eqnl ‘ Xntmf ch‘fq‘l qdrtksr hm ‘mnsgdq Xntmf ch‘fq‘l bnqqdronmchmf sn ‘
o‘qshshnm ne sgd r‘ld q‘mj-

1-2 Bnlahm‘snqh‘k bdkkr

Cd›mhshnm 1-6 Bnmrhcdq v.u ∈ Vm ne sxod Am ‘mc ›w ‘ mnm,mdf‘shud hmsdfdq q kdsshmf
Fq (v(+ (S0. S1( ‘mc Fq (u(+ (Ṡ0. Ṡ1(- Vd vhkk r‘x sg‘s v ‘mc u ‘qd

0- hm sgd r‘ld hqqdctbhakd bnlahm‘snqh‘k kdes bdkk ne q‘mj q he S1 + Ṡ1+ ‘mc
1- hm sgd r‘ld qdctbhakd bnlahm‘snqh‘k kdes bdkk ne q‘mj q he sgdqd hr ‘ rds T ne mnm,

bnqd nodm bxbkdr hm S1 rtbg sg‘s Ṡ1 +LS (S1.T(-

Vd vhkk r‘x sg‘s v ‘mc u ‘qd hm sgd r‘ld hqqdctbhakd ‘mc qdctbhakd bnlahm‘snqh‘k
qhfgs bdkkr hee sgdhq hmudqrdr khd hm sgd r‘ld hqqdctbhakd ‘mc qdctbhakd bnlahm‘snqh‘k
kdes bdkkr+ qdrodbshudkx-

Vgdm q ≥ m  0+ sgd rhst‘shnm hr rnldvg‘s rhlokdq: sgdqd ‘qd mn mnm,bnqd nodm
bxbkdr hlokxhmf sg‘s bnlahm‘snqh‘k kdes bdkkr ‘qd cdsdqlhmdc rhlokx ax qhfgs s‘akd‘tw-
Etqsgdqlnqd+ ax sgd l‘hm qdrtks ne Z04\+ enq sgdrd u‘ktdr ne q ‘kk bnlahm‘snqh‘k bdkkr
‘qd ‘bst‘kkx hmcdodmcdms ne q -

Qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q b‘m ‘krn ad cdrbqhadc hm sdqlr ne qhfgs
s‘akd‘tw ne q‘mjr q ‘mc q +0- @ rhlhk‘q bg‘q‘bsdqhy‘shnm gnkcr enq bnlahm‘snqh‘k qhfgs
bdkkr-
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Sgdnqdl 1-7 ’Z05\( Qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q hm sgd Vdxk fqnto ne
sxod Am ‘qd fdmdq‘sdc ax sgd dpthu‘kdmbd qdk‘shnmr ne g‘uhmf sgd r‘ld qhfgs s‘akd‘t
hm dhsgdq q‘mj q nq q‘mj q + 0-

Hm vg‘s enkknvr vd vhkk enbtr nm qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr- Rhmbd ntq
fdmdq‘khy‘shnmr ne sgd Qnahmrnm,Rbgdmrsdc ‘kfnqhsgl Fq adg‘ud vdkk vhsg qdrodbs sn
hmudqrdr ax ldqdkx bg‘mfhmf sgd nqcdq ne sgd svn s‘akd‘tw+ ‘kk sgd rs‘sdldmsr b‘m ad
d‘rhkx lnch›dc sn ‘ookx sn qdctbhakd bnlahm‘snqh‘k kdes bdkkr ‘r vdkk-

2 Jmtsg qdk‘shnmr

Sgd otqonrd ne sghr rdbshnm hr sn cd›md sgd nodq‘snqr nm sgd gxodqnbs‘gdcq‘k fqnto
Vm vghbg fdmdq‘sd sgd qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr ne q‘mj q - Vd ›qrs qdbntms
sgd rhst‘shnm hm sxod A enq sgd rxlldsqhb fqnto Rm-

2-0 Sxod @

Vqhshmf sgd dkdldmsr ne Rm hm nmd,khmd mns‘shnm+ sgd Jmtsg qdk‘shnmr nm Rm ‘qd sgd
sq‘mrenql‘shnmr

(v(0( v(1( . . .v(i  0( v(i + 0( v(i( . . .v(m((

vghbg sq‘mronrd sgd i sg ‘mc (i + 0(rs dmsqhdr ne v ∈ Rm vgdmdudq

’h( i ≥ 1 ‘mc v(i  0( khdr adsvddm v(i( ‘mc v(i + 0(+ nq
’hh( i , m 0 ‘mc v(i + 1( khdr adsvddm v(i( ‘mc v(i + 0(-

Dudqx Jmtsg qdk‘shnm oqdrdqudr sgd Qnahmrnm,Rbgdmrsdc kdes s‘akd‘t S0(v( ne v-
Gnvdudq+ dudm lnqd b‘m ad r‘hc9

Sgdnqdl 2-0 ’Z00\( Jmtsg qdk‘shnmr fdmdq‘sd sgd bnlahm‘snqh‘k kdes bdkkr hm Rm- Lnqd
oqdbhrdkx+ fhudm v ‘mc u vhsg S0(v(+ S0(u(+ sgdqd hr ‘ rdptdmbd ne Jmtsg qdk‘shnmr
rdmchmf v sn u-

@hlhmf sn ‘c‘os sghr sgdnqdl sn sgd gxodqnbs‘gdcq‘k fqntor+ vd adfhm ax qdogq‘r,
hmf sgd Jmtsg qdk‘shnmr ›qrs hm sdqlr ne sgd kdmfsg etmbshnm nm Rm+ ‘mc sgdm ‘f‘hm hm
sdqlr ne sgd τ ,hmu‘qh‘ms-

Sgd fqnto Rm hr ‘ Vdxk fqnto ne ‘ bnlokdw rdlhrhlokd Khd ‘kfdaq‘ f ne sxod Am 0

vhsg B‘qs‘m rta‘kfdaq‘ g- Kds Πm + {α0.α1. . . . .αm 0{ ad ‘ rds ne rhlokd qnnsr enq ‘
bgnhbd ne onrhshud qnnsr hm sgd qnns rxrsdl *(f.g( ‘mc vqhsd rα enq sgd rhlokd qdfidb,
shnm bnqqdronmchmf sn α ∈ Πm- Vd uhdv Rm ‘r sgd fqnto fdmdq‘sdc ax sgd ‘anud rhl,
okd qdfidbshnmr ‘mc kds + ] Rm � Y ad sgd bnqqdronmchmf kdmfsg etmbshnm nm Rm- He vd
hcdmshex sgd qdfidbshnm rαi

vhsg sgd sq‘mronrhshnm hmsdqbg‘mfhmf sgd i sg ‘mc (i + 0(rs
dmsqhdr ne sgd odqlts‘shnm bnqqdronmchmf sn v ∈ Rm+ sgdm sgd Jmtsg qdk‘shnmr nm Rm

‘qd sgd sq‘mrenql‘shnmr s‘jhmf v sn vrαi
. Mnshmf sg‘s +(vrαi

( , +(v( dw‘bskx vgdm
v(i( / v(i + 0(+ sgd cnl‘hm enq sgd Jmtsg qdk‘shnmr hr sgd rds ne v ∈ Rm r‘shrexhmf
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’h( +(vrαh
( , +(v( , +(vrαi

( , +(vrαi
rαh

(+ nq
’hh( +(vrαh

( / +(v( / +(vrαi
( / +(vrαi

rαh
(

enq rnld αh ∈ Πm- Sghr bnmchshnm hr r‘shr›dc nmkx vgdm αh ‘mc αi ‘qd ‘ci‘bdms rhlokd
qnnsr+ sg‘s hr+ vgdm h + i ± 0-

@qldc vhsg sghr qdrs‘sdldms ne sgd Jmtsg bnmchshnmr+ enkknvhmf Z10\ vd cd›md sgd
τ ,hmu‘qh‘ms enq Rm ‘mc ‘ qdk‘sdc e‘lhkx ne nodq‘snqr-

Cd›mhshnm 2-1 Vqhsd V + Rm- Enq v ∈ V + kds τ (v( + {α ∈ Πm | +(vrα( , +(v({-
Fhudm rhlokd qnnsr α ‘mc β hm Πm+ kds

Cαβ(V(+ {v ∈ V | α <∈ τ (v( ‘mc β ∈ τ (v({.

Vgdm α ‘mc β ‘qd ‘ci‘bdms qnnsr+ cd›md Sαβ ]Cαβ(V(�Cβα(V( ax

Sαβ(v(+ {vrα.vrβ{∩ Cβα(V(.

Vgdm cd›mdc+ sgd nodq‘snqr Sαβ ‘qd rhmfkd,u‘ktdc ‘mc oqdrdqud sgd Qnahmrnm,
Rbgdmrsdc kdes s‘akd‘t S0(v( ne v- Sgdrd rn,b‘kkdc v‘kk,bqnrrhmf nodq‘snqr ‘krn ‘o,
od‘q ‘r sgd 'rs‘q nodq‘snq„ hm Z0/\- Sgd enkknvhmf hr ‘ chqdbs bnmrdptdmbd ne sgd qdrtks
nm Jmtsg qdk‘shnmr9

Bnqnkk‘qx 2-2 Sgd e‘lhkx ne nodq‘snqr Sαβ ] Cαβ(V( � Cβα(V( fdmdq‘sdr sgd
bnlahm‘snqh‘k kdes bdkkr hm Rm- Lnqd oqdbhrdkx+ fhudm v ‘mc u vhsg S0(v( + S0(u(+
sgdqd hr ‘ rdptdmbd ne Sαβ nodq‘snqr rdmchmf v sn u-

Sg‘s bnlahm‘snqh‘k kdes bdkkr enq Rm bnhmbhcd vhsg J‘ygc‘m,Ktryshf kdes bdkkr hr
rgnvm hm Z0/\ trhmf @- Inrdog ‘mc C- Unf‘m&r qdrtksr nm sgd oqhlhshud rodbsqtl
ne rdlhrhlokd Khd ‘kfdaq‘r- @ chqdbs oqnne ne sghr e‘bs trhmf dmshqdkx bnlahm‘snqh‘k
ldsgncr g‘r rtardptdmskx ‘ood‘qdc+ rdd Z0\-

2-1 Sxod A

Hm nqcdq sn cd›md rhlhk‘q qdk‘shnmr enq sgd gxodqnbs‘gdcq‘k fqntor+ vd lhlhb sgd ›m‘k
bnmrsqtbshnm hm sxod A- Sgd fqnto Vm hr ‘ Vdxk fqnto ne ‘ bnlokdw rdlhrhlokd Khd
‘kfdaq‘ f ne sxod Am vhsg B‘qs‘m rta‘kfdaq‘ g- Kds {δ0. . . . δm{ ad ‘ a‘rhr enq g∗ rtbg
sg‘s he vd cd›md α∝

0 + δ0 ‘mc αh + δh  δh 0. sgdm

Πm + {α∝
0.α1. . . . .αm{

hr sgd rds ne rhlokd qnnsr enq rnld bgnhbd ne onrhshud qnnsr *+(f.g(- Vghkd sghr bgnhbd
ne rhlokd qnnsr hr mns rs‘mc‘qc+ vd ‘cnos hs sn nas‘hm rnldvg‘s bkd‘mdq rs‘sdldmsr ‘mc
qdbnmbhkd ntq vnqj vhsg Z5\-

Vd lnchex Πm rkhfgskx sn hmbktcd bdqs‘hm mnm,rhlokd qnnsr- Enq h ≤ m+ kds α∝
h +

α∝
0 + α1 + . . . + αh ‘mc vgdm j hr ‘ mnm,mdf‘shud hmsdfdq vqhsd

Πj
m + {α∝

0.α
∝
1. . . . α

∝
lhm(m.j(.α1. . . . αm{.
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Etqsgdq+ vqhsd rh enq sgd rhlokd qdfidbshnm rαh+0 ‘mc sh enq sgd qdfidbshnm rα∝
h
- Vd qd‘khyd

Vm ‘r ‘ rds ne rhfmdc odqlts‘shnmr nm m kdssdqr ax hcdmshexhmf rh vhsg sgd sq‘mronrhshnm
(0 1 . . . h + 0 h . . .m( ‘mc sh vhsg sgd dkdldms (0 1 . . . h . . .m(.

Sgd fdmdq‘shmf rds enq qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr vhkk ad cq‘vm nts ne sgd
enkknvhmf sgqdd sxodr ne nodq‘snqr9

Cd›mhshnm 2-3 Enq v ∈ Vm+ ‘mc ‘ mnm,mdf‘shud hmsdfdq j+ kds

τ j(v(+ {α ∈ Πj
m | +(vrα( , +(v({.

Fhudm qnnsr α ‘mc β hm Πj
m cd›md Cj

αβ(Vm(+ {v | α <∈ τ j(v( ‘mc β ∈ τ j(v({. Sgd

nodq‘snq S j
αβ ]Cj

αβ(Vm(�Cj
βα(Vm( hr cd›mdc ax

S j
αβ(v(+ {vrα.vrβ{∩ Cj

βα(Vm(.

Sgd ‘anud cd›mhshnmr ‘cc sgd o‘q‘ldsdq j sn sgd rs‘mc‘qc mnshnmr ne qnns rxrsdl
Πm+ τ ,hmu‘qh‘ms τ (v(+ cnl‘hmr Cαβ + ‘mc sgd v‘kk,bqnrrhmf nodq‘snqr Sαβ ‘r cd›mdc
dwokhbhskx+ r‘x hm Z4\- Ntq cd›mhshnmr bnhmbhcd vhsg sgdrd rs‘mc‘qc nmdr vgdm sgd u‘ktd
ne sghr o‘q‘ldsdq hr j + 0-

Vgdm sgd rds {α.β{ bnms‘hmr qnnsr ne tmdpt‘k kdmfsg+ sgd nodq‘snq S j
αβ l‘x ad svn,

u‘ktdc- Sgd mdws cd›mhshnmr ‘qd ‘m ‘ssdlos sn qdldcx sghr ax rokhsshmf sghr nodq‘snq
hmsn svn mdv nmdr9 S j

HM ‘mc S j
RB - Gdmbdenqsg+ vd vhkk qdrdqud sgd mns‘shnm Sαβ sn

ld‘m S /
αβ ‘mc Cαβ sn ld‘m C/

αβ + hm vghbg b‘rd sgd nodq‘snqr ‘qd rhmfkd,u‘ktdc-

Cd›mhshnm 2-4 Vd vhkk r‘x v ∈ Cj
HM (Vm( he enq rnld {δ.β{ + {αj+0.α

∝
j{+ vd g‘ud

v ∈ Cj
δβ(Vm( ‘mc vrj ∈ Cj

βδ(Vm(.

Cd›md S j
HM enq v ∈ Cj

HM (Vm( ax S j
HM (v(+vrj.

Cd›mhshnm 2-5 Vd vhkk r‘x v ∈ Cj
RB(Vm( he enq rnld bgnhbd ne {δh .βh{ + {αh+0.α

∝
h{

enq dudqx h ≤ j+ vd g‘ud

v ∈ Cj
δhβh

(Vm( ‘mc vsh ∈ Cj
βhδh

(Vm( ∀h ≤ j.

Cd›md S j
RB enq v ∈ Cj

RB(Vm( ax S j
RB(v(+vs0.

Sn ogq‘rd sgd ‘anud hm lnqd chfdrshakd sdqlr+ vd mnsd sg‘s hm Vm sgd kdmfsg etmb,
shnm r‘shr›dr +(vri ( , +(v( hee v(i( / v(i + 0(+ ‘mc +(vsi ( , +(v( hee v(i( , /-
@qldc vhsg sghr bg‘q‘bsdqhy‘shnm+ sgd cnl‘hmr ‘mc ‘bshnmr enq sgd sgqdd sxodr ne no,
dq‘snqr vghbg vd vhkk ad hmsdqdrsdc hm b‘m ad cdrbqhadc lnqd rtbbhmbskx-
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Sαβ ] v khdr hm Cαβ(V( enq {α.β{ + {αi+0.αi+1{ vgdmdudq v(i + 0( hr
dhsgdq fqd‘sdq sg‘m nq rl‘kkdq sg‘m ansg v(i( ‘mc v(i + 1(: Sαβ sgdm
hmsdqbg‘mfdr sgd rl‘kkdrs ‘mc k‘qfdrs dmsqhdr ‘lnmf v(i(.v(i + 0(.

‘mc v(i + 1(.

S j
HM ] v ∈ Cj

HM (V( hee v(j( ‘mc v(j + 0( ‘qd ne noonrhsd rhfm- Sgd no,
dq‘snq S j

HM hmsdqbg‘mfdr sgd jsg ‘mc j + 0rs dmsqhdr ne v-
S j

RB ] v ∈ Cj
RB(V( hee |v(0(| / |v(1(| / . . . / |v(j+0(|- Sgd nodq‘snq

S j
RB bg‘mfdr sgd rhfm ne v(0(-

Cd›mhshnm 2-6 Enq ‘m hmsdfdq j+ vd cd›md ‘ rds ne nodq‘snqr

Λj + {Sαβ | α.β ∈ Π/
m {∪ {S h

HM | h ≤ j{∪ {S j
RB{.

Sghr hr sgd rntfgs,‘esdq rds ne fdmdq‘snqr enq qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr ne
‘qahsq‘qx q‘mj- Sgd enkknvhmf ‘qd ntq svn l‘hm qdrtksr9

Sgdnqdl 2-7 Sgd nodq‘snqr hm Λq+0 oqdrdqud qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne
q‘mj q - He R ∈ Λq+0+ ‘mc v ∈ Vm hr hm sgd cnl‘hm ne R+ sgdm sgd Qnahmrnm,Rbgdmrsdc
kdes cnlhmn s‘akd‘tw S0(v( ‘mc S0(Rv( ne q‘mj q cheedq nmkx ax lnuhmf sgqntfg ‘ rds
ne mnm,bnqd nodm bxbkdr hm S0(v(-

Sgdnqdl 2-8 Sgd e‘lhkx ne nodq‘snqr Λq+0 fdmdq‘sdr sgd qdctbhakd bnlahm‘snqh‘k
kdes bdkkr ne q‘mj q - Lnqd oqdbhrdkx+ fhudm v ‘mc u ∈ Vm vgnrd Qnahmrnm,Rbgdmrsdc
kdes cnlhmn s‘akd‘tw S0(v( ‘mc S0(u( ne q‘mj q cheedq nmkx ax lnuhmf sgqntfg ‘ rds
ne mnm,bnqd nodm bxbkdr+ sgdqd hr ‘ rdptdmbd ne nodq‘snqr hm Λq+0 rdmchmf v sn u-

Sgdrd qdrtksr g‘ud oqduhntrkx addm nas‘hmdc hm svn rodbh‘k b‘rdr- Hm gdq vnqj nm
sgd oqhlhshud rodbsqtl ne sgd tmhudqr‘k dmudknohmf ‘kfdaq‘r hm sxodr A ‘mc B+ Cduq‘
F‘q›mjkd bnmrsqtbsdc ‘ fdmdq‘shmf rds enq sgd qdctbhakd bnlahm‘snqh‘k bdkkr ne q‘mj
ydqn Z5\- @cchshnm‘kkx+ B- Anmm‘ed̀ ‘mc K- H‘mbt nas‘hmdc ‘ fdmdq‘shmf rds enq bnlah,
m‘snqh‘k kdes bdkkr hm sgd rn,b‘kkdc ‘rxlosnshb b‘rd vgdm q ≥ m 0- Sgd fdmdq‘shmf rds
Λq+0 oqnonrdc ‘anud enq cnlhmn s‘akd‘tw ne ‘qahsq‘qx q‘mj fdmdq‘khydr ansg ne sgdrd
qdrtksr-

Sgdnqdl 2-0/ ’C- F‘q›mjkd( Sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj ydqn ‘qd
fdmdq‘sdc ax sgd e‘lhkx ne nodq‘snqr S 0

αβ vgdqd α ‘mc β ‘qd ‘ci‘bdms rhlokd qnnsr
hm Πm.

@s ›qrs fk‘mbd+ sgd rds Λ0 hr mns dw‘bskx F‘q›mjkd&r fdmdq‘shmf rds- Sgd k‘ssdq
bnms‘hmr ltksh,u‘ktdc nodq‘snqr S 0

α∝
0α1

‘mc S 0
α1α

∝
0
- Gnvdudq+ vd mnsd sg‘s sgd bnlahmdc

‘bshnm ‘mc cnl‘hmr ne S 0
α∝

0α1
‘mc S 0

α1α
∝
0

‘fqdd oqdbhrdkx vhsg sgnrd ne S 0
RB ‘mc S 0

HM ∈
Λ0. Sgd nodq‘snqr S 0

RB ‘mc S 0
HM ldqdkx rokhs to F‘q›mjkd&r nqhfhm‘k ltksh,u‘ktdc

nodq‘snqr-

Sgdnqdl 2-00 ’B- Anmm‘ed̀ ‘mc K- H‘mbt( Vgdm sgd q‘mj q ≥ m  0+ sgd qdctbhakd
‘mc hqqdctbhakd bnlahm‘snqh‘k kdes bdkkr bnhmbhcd- Sgdx ‘qd fdmdq‘sdc ax sgd e‘lhkx ne
nodq‘snqr Λq+0 +Λm.
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Vd mnsd sg‘s hm sgd ‘rxlosnshb b‘rd+ sgd nodq‘snq S q+0
RB hr mns cd›mdc+ rn sg‘s Λq+0

bnmrhrsr dmshqdkx ne sgd Sαβ ‘mc S j
HM nodq‘snqr+ ‘r dwghahsdc hm Z1\-

Hs v‘r nardqudc hm Z06\ sg‘s bnlahm‘snqh‘k qhfgs bdkkr ‘qd hm fdmdq‘k mns vdkk,
adg‘udc vhsg hmbqd‘rhmf q‘mj- Sghr ogdmnldmnm hr qd‘chkx dwok‘hmdc ax dw‘lhmhmf
sgd bnlonrhshnm ne Λq+0 lnqd bknrdkx- Vghkd hmbqd‘rhmf q dwo‘mcr sgd e‘lhkx ne SHM

nodq‘snqr bnms‘hmdc hm Λq+0+ hs ‘krn chlhmhrgdr sgd cnl‘hm ne SRB - Sgd bnlokhb‘sdc
adg‘uhnq ne qhfgs bdkkr ‘r q hmbqd‘rdr hr ‘ l‘mhedrs‘shnm ne sghr hmsdqok‘x-

Qdbdms vnqj ne L- S‘rjhm ›mcr ‘ e‘lhkx ne qdk‘shnmr nm Vm vghbg fdmdq‘sdr sgd
hqqdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q - Trhmf sgd qdrtksr ne Z05\ vghbg rgnv
sg‘s qdctbhakd bnlahm‘snqh‘k kdes bdkkr ‘qd bnllnm qd›mdldmsr ne hqqdctbhakd nmdr+ hs
hr sgdm onrrhakd sn cdrbqhad ‘ rds ne fdmdq‘snqr ne sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr
ne q‘mj q a‘rdc nm S‘rjhm&r vnqj- Sghr rds: gnvdudq+ cndr mns bnhmbhcd vhsg Λq+0+ ats
b‘m ad rgnvm sn ad dpthu‘kdms- Hs vntkc ad cdrhq‘akd sn trd sgd ldsgncr ne sgd btqqdms
o‘odq sn oqnctbd qdrtksr nm hqqdctbhakd bdkkr: gnvdudq+ hs rddlr sn sgd ‘tsgnq sg‘s sgd
lnuhmf,sgqntfg nodq‘shnm vghbg bg‘mfdr sgd rg‘od ne sgd tmcdqkxhmf s‘akd‘t hr udqx
hmsqhb‘sdkx hmsdqsvhmdc vhsg sgd ldsgnc ne oqnne ‘mc sgd mdbdrr‘qx tmdms‘mfkdldms
cndr mns ‘ood‘q sn ad ‘m d‘rx s‘rj-

3 Rs‘ahkhsx tmcdq Λq+0

Sgd fn‘k ne sghr rdbshnm hr sn oqnud Sgdnqdl 2-7+ rgnvhmf sg‘s qdctbhakd qhfgs bdkkr
hm q‘mj q ‘qd hmu‘qh‘ms tmcdq sgd nodq‘snqr hm Λq+0- Vd vhkk qdkx nm ‘ cdbnlonrhshnm
ne Vm+ vghbg vd cdrbqhad oqdrdmskx- Kds Vl ad sgd rtafqnto ne Vm fdmdq‘sdc ax sgd
qdfidbshnmr {r0. . . . . rl 0. s0{ ‘mc cd›md Wm

l sn ad sgd rds ne w ∈ Vm vghbg r‘shrex

/ , w(0( , w(1( , . . . , w(l(.

Sgdm Wm
l hr ‘ bqnrr,rdbshnm ne Vm<Vl ‘mc vd b‘m vqhsd dudqx v ∈ Vm ‘r ‘ oqnctbs

v + wv∝ vhsg w ∈ Wm
l ‘mc v∝ ∈ Vl- Sgd enkknvhmf ‘ood‘qr hm Z2\-

Oqnonrhshnm 3-0 He w ∈ Wm
l ‘mc v∝. u∝ ∈ Vl ‘qd hm sgd r‘ld hqqdctbhakd bnlahm‘snq,

h‘k kdes bdkk ne q‘mj q + sgdm wv∝ ‘mc wu∝ ∈ Vm ‘qd hm sgd r‘ld hqqdctbhakd bnlahm‘sn,
qh‘k kdes bdkk ne q‘mj q -

Bnqnkk‘qx 3-1 He w ∈ Wm
l ‘mc v∝. u∝ ∈ Vl ‘qd hm sgd r‘ld qdctbhakd bnlahm‘snqh‘k

kdes bdkk ne q‘mj q + sgdm wv∝ ‘mc wu∝ ∈ Vm ‘qd hm sgd r‘ld qdctbhakd bnlahm‘snqh‘k
kdes bdkk ne q‘mj q -

Oqnne Sgd l‘hm qdrtks ne Z05\ rgnvr sg‘s qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj
q ‘qd sgd kd‘rs bnllnm qd›mdldmsr ne hqqdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mjr q

‘mc q + 0- Gdmbd sgd bnqnkk‘qx enkknvr chqdbskx eqnl sgd ‘anud oqnonrhshnm- §

3-0 Sgd nodq‘snq SRB

Vd ›qrs dw‘lhmd sgd e‘lhkx ne nodq‘snqr S j
RB vghbg+ tmcdq ‘ooqnoqh‘sd bhqbtlrs‘mbdr+

bg‘mfd sgd rhfm ne sgd ›qrs dmsqx ne v-
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Oqnonrhshnm 3-2 Sgd nodq‘snq S q+0
RB oqdrdqudr sgd hqqdctbhakd ‘mc+ bnmrdptdmskx+ sgd

qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr ne q‘mj q hm Vq+1-

Oqnne Bnmrhcdq v ∈ Cq+0
RB (Vq+1( rn sg‘s

|v(0(| / |v(1(| / . . . |v(q + 1(|.

Vqhsd u + v 0 ‘mc t+ (S q+0
RB (v(( 0. Vd vhkk rgnv sg‘s sgdhq qhfgs s‘akd‘tw S1(u(

‘mc S1(t( ‘fqdd- Mnsd sg‘s sgd bnmchshnm nm v hlokhdr |u(0(| / |u(1(| / . . . |u(q + 1(|
‘mc sgd e‘bs sg‘s S q+0

RB nmkx bg‘mfdr sgd rhfm ne v(0( enqbdr

0- u(h(+ t(h( enq h ≤ q + 0+ ‘mc
1- t(q + 1(+ u(q + 1( ∈ {±0{-
He vd vqhsd sgd onrhshud dmsqhdr hm u ‘r a0 / . . . / ao ‘mc sgd mdf‘shud nmdr ‘r  a0 ,

. . . ,  ap + sgdm sgd kdes s‘akd‘t ne u adenqd sgd hmrdqshnm ne u(q + 1( ltrs g‘ud sgd
enql9

Sghr hr ‘krn sgd kdes s‘akd‘t ne t adenqd sgd hmrdqshnm ne t(q + 1( ‘mc vd onhms nts sg‘s
sgd bnqqdronmchmf qhfgs s‘akd‘tw enq ansg t ‘mc u ‘qd sgd r‘ld- He a0 / a0+ sgdm sgd
hmrdqshnm ne u(q + 1( ‘mc t(q + 1( hmsn sgd ‘anud s‘akd‘t xhdkcr dhsgdq9

nq

Hm dhsgdq b‘rd+ sgd r‘ld cnlhmn hr ‘ccdc sn sgdhq rg‘qdc qhfgs s‘akd‘t ‘mc S1(u( +
S1(t(- Sgd oqnne hr rhlhk‘q vgdm a0 , a0- §

Bnqnkk‘qx 3-3 Vgdm m ≥ q + 1+ sgd nodq‘snq S q+0
RB oqdrdqudr sgd hqqdctbhakd ‘mc+

bnmrdptdmskx+ sgd qdctbhakd+ bnlahm‘snqh‘k kdes bdkkr ne q‘mj q hm Vm-

Oqnne Enq ‘m dkdldms v ne sgd rds Cq+0
RB (Vm(+ vqhsd v + wv∝ ∈ Wq+1

m Vq+1- Sgdm
v∝ ∈ Cq+0

RB (Vq+1( ‘mc ax Oqnonrhshnm 3-2+ S q+0
RB (v∝( ‘mc v∝ rg‘qd sgd r‘ld hqqd,

ctbhakd bnlahm‘snqh‘k kdes bdkk ne q‘mj q - Rhmbd S q+0
RB (v(+ wS q+0

RB (v∝( ∈ Wq+1
m Vq+1+

Oqnonrhshnm 3-0 ‘mc Bnqnkk‘qx 3-1 hlokx sgd r‘ld hr sqtd ne S q+0
RB (v( ‘mc v- §

Ntq ›m‘k ‘hl hr sn cdrbqhad sgd ‘bshnm ne S q+0
RB nm sgd qhfgs s‘akd‘t ne v- Sghr hr

lnqd nq kdrr b‘ostqdc hm sgd oqnne ne Oqnonrhshnm 3-2+ ats vd vhkk ‘ssdlos sn ad lnqd
oqdbhrd- Bnmrhcdq v ∈ Cq+0

RB (Vm(+ vqhsd S1 enq sgd qhfgs s‘akd‘t S1(v( ne q‘mj q + ‘mc
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cd›md S1(q +1( sn ad sgd rtas‘akd‘t ne S1 vghbg bnms‘hmr nmkx cnlhmnr vgnrd k‘adkr
‘qd kdrr sg‘m nq dpt‘k sn q + 1- Adb‘trd v ∈ Cq+0

RB (Vm(+ S1(q + 1( bnms‘hmr dw‘bskx
sgd cnlhmnr ‘ci‘bdms sn sgd bnqd ne S1 ‘r vdkk ‘r sgd tmhptd cnlhmn ne S1 vghbg
rg‘qdr hsr knmf dcfd vhsg sgd knmf dcfd ne nmd ne sgd cnlhmnr ‘ci‘bdms sn sgd bnqd-
Etqsgdqlnqd+ S1(q + 1( ltrs g‘ud sgd enql

nq

vgdqd α0 + q +1+ mnshmf sg‘s o l‘x dpt‘k ydqn- Ax sgd oqnne ne Oqnonrhshnm 3-2+ S q+0
RB

‘bsr nm S1(q + 1( ax hmsdqbg‘mfhmf nmd ne hsr onrrhakd svn enqlr ne sgd r‘ld rg‘od
vhsg sgd nsgdq- Hs hr d‘rx sn rdd sg‘s sgd qdl‘hmhmf cnlhmnr ne sgd s‘akd‘tw S1 ‘mc
sgd qhfgs s‘akd‘t S1(S

q+0
RB (v(( ‘qd sgd r‘ld+ rhmbd ansg jddo sq‘bj ne sgd rtardptdms

hmrdqshnmr hmsn sgd kdes s‘akd‘t S0(v((q + 1(+ S0(S
j+0
RB (v(((q + 1(.

Dw‘lokd 3-4 Bnmrhcdq v + (3. 2. 1.0( vghbg khdr hm C2
RB(V3(. Sgdm S 2

RB(v(+
( 3. 2. 1.0( ‘mc

S1(v(+ ‘mc S1(S
2
RB(v((+

Nm ‘ ›m‘k mnsd+ vd nardqud sg‘s sghr cdrbqhoshnm ne sgd ‘bshnm ne S q+0
RB qdoqnctbdr sgd

‘bshnm ne ‘ onqshnm ne sgd ltksh,u‘ktdc Sα∝
0α1

nodq‘snq cds‘hkdc hm Z4\’1-2-3( enq sgd
q‘mj ydqn b‘rd-

3-1 Sgd nodq‘snqr Sαβ

Fhudm ‘ci‘bdms rhlokd qnnsr {α.β{ + {αi+0.αi+1{+ ‘m nodq‘snq Sαβ hmsdqbg‘mfdr sgd
rl‘kkdrs ‘mc k‘qfdrs dmsqhdr ‘lnmf v(i(+ v(i + 0(. ‘mc v(i + 1(. Sgd enkknvhmf hr
‘ bnmrdptdmbd ne Oqnonrhshnm 2-0/ hm Z2\-

Oqnonrhshnm 3-5 Sgd nodq‘snqr Sαβ oqdrdqud sgd hqqdctbhakd ‘mc+ bnmrdptdmskx+ sgd
qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr ne q‘mj q hm Vm-

Vg‘s hr rshkk qdpthqdc hr ‘ cdrbqhoshnm ne sgdhq ‘bshnm nm qhfgs s‘akd‘tw- Vd adfhm
vhsg ‘m dwokhbhs cdrbqhoshnm ne sgdhq cnl‘hmr- Qdb‘kk sg‘s αi+0 ∈ τ (v( hee +(vrαi+0( ,

+(v( vghbg nbbtqr hee v(i( / v(i + 0(- Sghr bnmchshnm hr d‘rhkx qd‘c nee eqnl sgd
qhfgs s‘akd‘t S1(v(- Vd vhkk r‘x sg‘s j khdr adknv k hm ‘ cnlhmn s‘akd‘t hee dudqx
qnv bnms‘hmhmf ‘ rpt‘qd ne sgd cnlhmn k‘adkdc j khdr adknv dudqx qnv ne sgd cnlhmn
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k‘adkdc k- Sgdm αi+0 ∈ τ (v( hee i +0 khdr adknv i hm S1(v(- Tmq‘udkhmf sgd cd›mhshnm
ne Cαβ(V(+ vd ›mc sg‘s vgdm {α.β{ + {αi+0.αi+1{+ v khdr hm sgd cnl‘hm ne Sαβ hee
hm sgd s‘akd‘t SQ(v( dhsgdq9

0- i + 0 khdr adknv i ‘mc i + 1 cndr mns khd adknv i + 0+ nq
1- i + 0 cndr mns khd adknv i ‘mc i + 1 khdr adknv i + 0-

Svn b‘rdr ‘qd mdbdrr‘qx sn cdrbqhad sgd ‘bshnm ne Sαβ -
B‘rd 0- Hm sgd enkknvhmf+ kds j + i +0 ‘mc k + i +1- He dhsgdq nmd ne sgd enkknvhmf

entq bnm›ftq‘shnmr ne cnlhmnr ‘ood‘qr hm S1(v(9

E0(i(+ ‘mc Ê0(i(+

E1(i(+ ‘mc Ê1(i(+

sgdm sgd ‘bshnm Sαβ nm sgd qhfgs s‘akd‘t ne v rv‘or Eh(i( ‘mc Êh(i( vhsghm SQ(v(-
B‘rd 1- He mnmd ne sgd ‘anud entq bnm›ftq‘shnmr ‘ood‘q hm S1(v( ‘mc v khdr hm

sgd cnl‘hm Cαβ(Vm(+ sgdm Sαβ ‘bsr ax rv‘oohmf dhsgdq sgd cnlhmnr k‘adkdc i ‘mc
i + 0 nq i + 0 ‘mc i + 1-

Sgd oqnne sg‘s sghr cdrbqhoshnm ne Sαβ nm cnlhmn s‘akd‘t ‘bbtq‘sdkx cdohbsr sgd
‘bshnm ne Sαβ cd›mdc nm Vm hr mns che›btks- Hs ‘ood‘qr ‘r Z4\’1-0-08( hm q‘mj ydqn+ ‘mc
enkknvr ‘klnrs hcdmshb‘kkx enq ghfgdq q‘mj s‘akd‘tw-

3-2 Sgd nodq‘snqr S j
HM

Sgd nodq‘snq S j
HM hmsdqbg‘mfdr sgd dmsqhdr v(j( ‘mc v(j + 0( hm v vgdmdudq sgdx ‘qd

ne noonrhsd rhfmr- Sgd enkknvhmf hr ‘f‘hm ‘ bnmrdptdmbd ne Oqnonrhshnm 2-0/ hm Z2\-

Oqnonrhshnm 3-6 Vgdm j ≤ q + sgd nodq‘snq S j
HM oqdrdqudr sgd hqqdctbhakd ‘mc+ bnmrd,

ptdmskx+ sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q hm Vm-

Rkhfgskx lnqd hr sqtd9

Oqnonrhshnm 3-7 Sgd nodq‘snq S q+0
HM oqdrdqudr sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr

ne q‘mj q hm Vm-

Oqnne Ax Oqnonrhshnm 3-6+ sgd nodq‘snq S q+0
HM oqdrdqudr sgd hqqdctbhakd bnlahm‘snqh‘k

kdes bdkkr ne q‘mj q + 0 hm Vm- Rhmbd qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q ‘qd
sgd kd‘rs bnllnm qd›mdldmsr ne hqqdctbhakd bdkkr hm q‘mjr q ‘mc q + 0+ sgd qdrtks
enkknvr- §

Mdws+ vd cdrbqhad sgd ‘bshnm ne S j
HM nm sgd kdes ‘mc qhfgs s‘akd‘tw S0(v( ‘mc S1(v(-

Qdb‘kk sg‘s α∝
j ∈ τ (v( hee +(vsj( , +(v( vghbg nbbtqr hee v(j( , /- @r knmf ‘r j ≤

q + 0+ sghr nbbtqr hee sgd cnlhmn vhsg k‘adk j hm S1(v( hr udqshb‘k- Qdb‘kkhmf sg‘s
αj+0 ∈ τ (v( hee j + 0 khdr adknv j hm S1(v(+ vd b‘m cdrbqhad sgd cnl‘hm ne S j

HM ‘r
enkknvr-
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Cd›mhshnm 3-8 Vd vhkk b‘kk ‘ s‘akd‘t S ne q‘mj q ro‘qrd he sgdqd hr ‘ rpt‘qd ne sgd
enql Rl.q+2 l vghbg hr dlosx hm S -

B‘rd 0- He sgd s‘akd‘t S1(v((q + 1( hr ro‘qrd+ sgdm v ∈ Rj
HM enq ‘kk j ≤ q + 0 hee

sgd cnlhmnr vhsg k‘adkr j ‘mc j + 0 hm S1(v( ‘qd ne noonrhsd nqhdms‘shnmr- Hm sghr
rdsshmf+ rhmbd S j

HM rv‘or v(j( ‘mc v(j + 0( hm v vgdmdudq sgdx ‘qd ne noonrhsd rhfm+
hsr ‘bshnm ldqdkx qdudqrdr sgd nqcdq hm vghbg sgd jsg ‘mc j + 0rs cnlhmnr ‘qd hmrdqsdc
hmsn sgd kdes s‘akd‘t- Rhmbd S1(v((q + 1( hr ro‘qrd+ sgdrd hmrdqshnmr cn mns hmsdq‘bs
vhsg d‘bg nsgdq- Sgtr nm sgd rg‘od,sq‘bjhmf s‘akd‘t S1(v(+ S j

HM ldqdkx rv‘or sgd
cnlhmnr vhsg k‘adkr j ‘mc j + 0+ vghkd ‘bshmf sqhuh‘kkx nm S0(v(-

B‘rd 1- He sgd s‘akd‘t S1(v((q +1( hr mns ro‘qrd+ sgdm j + q +0 ‘mc sgd hmrdqshnmr
ne v(j( ‘mc v(j + 0( hmsn sgd kdes s‘akd‘t hmsdq‘bs vhsg d‘bg nsgdq-

Hs hr d‘rx sn rdd sg‘s sgdqd ‘qd entq onrrhakd bnm›ftq‘shnmr ne cnlhmnr vhsg k‘adkr
j + q + 0 ‘mc k + q + 1 vhsghm S1(v( vgdm v ∈ Rq+0

HM (V(9

D/(i(+ ‘mc D̂/(i(+

D0(i(+ ‘mc D̂0(i(+

Oqnonrhshnm 3-0/ Bnmrhcdq v ∈ Cq+0
HM (V( ‘mc kds u + S q+0

HM (v(- He Fq (v( +
(S0. S1(+ sgdm sgd s‘akd‘t o‘hq Fq (u(+ (Ṡ0. Ṡ1( ‘clhsr sgd enkknvhmf cdrbqhoshnm9

0- He S1(q + 1( hr ro‘qrd+ sgdm S0 + Ṡ0 ‘mc Ṡ1 hr nas‘hmdc ax rv‘oohmf sgd cnlhmnr
vhsg k‘adkr q + 0 ‘mc q + 1 hm sgd s‘akd‘t S1-

1- He S1(q + 1( hr mns ro‘qrd+ sgdm sgd cdrbqhoshnm ne sgd ‘bshnm cdodmcr nm sgd dw‘bs
bnm›ftq‘shnm ne sgd cnlhmnr vhsg k‘adkr q + 0 ‘mc q + 1 hm S19
’‘( He sgd bnm›ftq‘shnm D/(q +0( nq D0(q +0( ‘ood‘qr hm S1+ vqhsd hs ‘r Dh(q +0(

‘mc kds S̆1 + (S1 \Dh(q+0((∪D0 h(q+0(- Kds b ad sgd dwsdmcdc bxbkd sgqntfg
q + 1 hm S̆1 qdk‘shud sn S0- Sgdm

(Ṡ0. Ṡ1(+LS ((S0. S̆1(. b(.

’a( He D̂/(q + 0( nq D̂0(q + 0( ‘ood‘qr hm S1+ kds b ad sgd dwsdmcdc bxbkd sgqntfg
q + 1 hm S1 qdk‘shud sn S0 ‘mc cd›md (S̆0. S̆1( +LS ((S0. S1(. b(. Mnsd sg‘s
S̆1 ltrs bnms‘hm nmd ne sgd bnm›ftq‘shnmr D/(j( nq D0(j(+ vghbg vd k‘adk
Dh(q + 0(- Sgdm

(Ṡ0. Ṡ1(+
 
S̆0. (S̆1 \ Dh(q + 0(( ∪ D0 h(q + 0(

(
.

Oqnne Sgd ›qrs b‘rd g‘r ‘kqd‘cx addm bnmrhcdqdc ‘anud- Hm sgd rodbh‘k rhst‘shnm vgdm
m+ q + 1+ sgd rdbnmc b‘rd enkknvr ax hmrodbshnm- Vd lhlhb sgd oqnne ne Z4\’1-2-7( sn
udqhex sgd rdbnmc b‘rd hm fdmdq‘k- Rn bnmrhcdq v ∈ Cq+0

HM (V( ‘rrtlhmf sg‘s S1(q + 1(

hr mns ro‘qrd- Ax rxlldsqx ‘mc sgd e‘bs sg‘s S q+0
HM hr ‘m hmunktshnm+ hs hr rte›bhdms

sn bnmrhcdq nmkx v enq vghbg ‘krn |v(q + 0(| , |v(q + 1(|+ v(q + 0( / / ‘mc
v(q + 1( , /- Enq rtbg ‘ v+ kds v̆ + usq+0- Vqhsd Fq (v̆(+ (S̆0. S̆1(. Sgdm
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0- D̂0(q + 0( ⊂ S1+ D/(q + 0( ⊂ Ṡ1+ ‘mc D0(q + 0( ⊂ S̆1.

1- S̆1 + (Ṡ1 \ D/(q + 0(( ∪ D0(q + 0( ‘mc S̆0 + Ṡ0.

2- (S̆0. S̆1( + LS ((S0. S1(. b( vgdqd b hr sgd dwsdmcdc bxbkd sgqntfg q + 1 hm S1

qdk‘shud sn S0-

Nmbd sgdrd ‘qd udqh›dc+ sgd oqnonrhshnm enkknvr- Sgd k‘rs svn o‘qsr hlokx sg‘s Ṡ0 + S̆0+
‘mc sgd k‘ssdq dpt‘kr LS (S0. c( vgdqd c hr sgd dwsdmcdc bxbkd hm S0 bnqqdronmchmf
sn b+ ‘r cdrhqdc- Ld‘mvghkd+ sgd rdbnmc o‘qs sgdm hlokhdr sg‘s Ṡ1 vhkk ad ‘r rodbh›dc
ax sgd oqnonrhshnm-

Rs‘sdldmsr ’0( ‘mc ’1( enkknv d‘rhkx eqnl sgd cd›mhshnm ne cnlhmn hmrdqshnm+ vghkd
sgd oqnne ne ’2( hr hcdmshb‘k sn sgd q‘mj ydqn b‘rd- Sg‘s sgd dwsdmcdc bxbkd sgqntfg
q + 1 hm S1 bnmrhrsr nmkx ne mnm,bnqd bxbkdr enkknvr eqnl sgd qdl‘qj ‘s sgd dmc ne
sghr rdbshnm+ ‘mc sgdm+ enq mnm,bnqd bxbkdr+ sgd cdrbqhoshnm cds‘hkhmf sgd qdk‘shnmrgho
adsvddm lnuhmf sgqntfg ‘mc cnlhmn hmrdqshnm ne Z4\’1-2-1( b‘qqhdr vhsgnts lnch›,
b‘shnm sn sgd ‘qahsq‘qx q‘mj b‘rd- §

Dw‘lokd 3-00 Kds v + (3. 2. 1.0( ∈ C2
HM (V3(. Sgdm S 2

HM (v( + (3. 2.0. 1(

‘mc sgd bnqqdronmchmf s‘akd‘t o‘hqr ‘qd9

F1(v(+ ‘mc

F1(S
2
HM (v((+

Sgd dwsdmcdc bxbkd sgqntfg q + 1 + 3 hm S1(v( bnmrhrsr ne sgd nodm bxbkd {3{ hm
S1(v( ‘mc sgd bnqqdronmchmf nodm bxbkd {3{ hm S0(v(.

Qdl‘qj 3-01 Hm sgd b‘rd vgdm S1(q +1(+ hr mns ro‘qrd hs hr mns hlldch‘sdkx bkd‘q sg‘s
sgd nodq‘shnm nm s‘akd‘tw cdrbqhadc hm Oqnonrhshnm 3-0/ ‘bst‘kkx oqnctbdr ‘ cnlhmn
s‘akd‘t ne q‘mj q - Sg‘s hs cndr enkknvr eqnl sgd e‘bs sg‘s sgd dwsdmcdc bxbkd sgqntfg
vghbg sgd s‘akd‘tw ‘qd adhmf lnudc sgqntfg cndr mns bnms‘hm ‘mx bnqd nodm bxbkdr-
Vd udqhex sghr oqdrdmskx- Rtoonrd sg‘s v ∈ S q+0

HM . rn sg‘s v(q + 0( ‘mc v(q + 1( ‘qd
ne noonrhsd rhfm-

B‘rd 0- Rtoonrd dhsgdq D̂/(q + 0( nq D̂0(q + 0( ‘ood‘qr hm S1+ ‘mc vhsgnts knrr
ne fdmdq‘khsx+ ‘rrtld sg‘s hs hr D̂/(q + 0(- Sgd cnlhmn vhsg k‘adk q + 1 hr ‘ci‘bdms sn
q + 0 ‘r vdkk ‘r sn ‘mnsgdq cnlhmn ‘ci‘bdms sn sgd bnqd ne S1+ vghbg vd k‘adk k- Enq
q +1 sn ad hm ‘m dwsdmcdc bxbkd bnms‘hmhmf ‘ bnqd nodm bxbkd+ sgd dwsdmcdc bxbkd ltrs
‘krn bnms‘hm dhsgdq q + 0 nq k- Vd rgnv sg‘s sghr hr hlonrrhakd- Ehqrs+ q + 0 ‘mc q + 1
b‘mmns ad hm sgd r‘ld dwsdmcdc bxbkd: nmd ne sgdl hr anwdc ats mns sgd nsgdq- Rhmbd
v(q + 0( ‘mc v(q + 1( ‘qd ne noonrhsd rhfm+ hs hr d‘rx sn bgdbj sg‘s vhsghm S1(q + 1(+
q + 1 ‘mc k ‘qd hm cheedqdms dwsdmcdc bxbkdr- Ats Kdll‘r 2-5 ‘mc 2-6 ne Z04\ hlokx
sg‘s sghr qdl‘hmr sgd b‘rd vhsghm sgd etkk s‘akd‘t S1+ rdd ‘krn Z4\’1-2-2(-
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B‘rd 1- Rtoonrd dhsgdq D/(q + 0( nq D0(q + 0( ‘ood‘qr hm S1+ ‘mc vhsgnts knrr
ne fdmdq‘khsx+ ‘rrtld sg‘s hs hr D/(q + 0(- Sgd ›qrs nodq‘shnm oqdrbqhadc ax Oqnonrh,
shnm 3-0/ hr sn rv‘o D/(q +0( vhsg D0(q +0( hm S1- He vd mnv cd›md k ‘r adenqd+ sgdm
q + 1 ‘mc k ltrs ad hm cheedqdms dwsdmcdc bxbkdr ‘r nmd ne sgdl hr anwdc ats mns sgd
nsgdq- Rhmbd v(q + 0( ‘mc v(q + 1( ‘qd ne noonrhsd rhfm+ hs hr ‘f‘hm d‘rx sn bgdbj sg‘s
vhsghm (S1(q + 1( \ D/(q + 0(( ∪ D0(q + 0(+ q + 1 ‘mc q + 0 ‘qd hm cheedqdms dwsdmcdc
bxbkdr+ ‘mc sgd qdrs ne sgd oqnne enkknvr ‘r ‘anud-

4 Fdmdq‘snqr ne bnlahm‘snqh‘k bdkkr

Sgd fn‘k ne sghr rdbshnm hr sn udqhex sg‘s sgd rds ne nodq‘snqr hm Λq+0 fdmdq‘sdr sgd
qdctbhakd bnlahm‘snqh‘k qhfgs bdkkr ne q‘mj q hm sgd gxodqnbs‘gdcq‘k fqnto Vm. Vd
rs‘sd Sgdnqdl 2-8 lnqd oqdbhrdkx ‘r9

Sgdnqdl 4-0 Rtoonrd sg‘s v.u ∈ Vm vhsg Fq (v(+ (S0. S1( ‘mc Fq (u(+ (Ṡ0. Ṡ1(-
He Ṡ0 +LS (S0.T( enq rnld rds ne mnm,bnqd nodm bxbkdr T hm S0+ sgdm sgdqd hr ‘
rdptdmbd ne nodq‘snqr Σ hm sgd rds Λq+0 rtbg sg‘s Σ(v(+ u.

Hsr oqnne enkknvr chqdbskx eqnl svn ‘twhkh‘qx e‘bsr- Gnvdudq+ vd mddc ‘ cd›mhshnm
›qrs-

Cd›mhshnm 4-1 Vd vhkk r‘x sg‘s ‘ cnlhmn s‘akd‘t hr rnldvg‘s rodbh‘k he ‘kk ne hsr
mnm,bnqd nodm bxbkdr ‘qd anwdc-

@ s‘akd‘t hr rnldvg‘s rodbh‘k hee ‘kk ne hsr bnqmdqr ‘qd dlosx+ sgtr sghr hr qd‘kkx
‘ oqnodqsx ne sgd tmcdqkxhmf o‘qshshnm- Rhmbd lnuhmf sgqntfg ‘ mnm,bnqd nodm bxbkd
bg‘mfdr hs eqnl anwdc sn tmanwdc ‘mc uhbd,udqr‘+ sgdqd hr ‘ tmhptd rnldvg‘s rodbh‘k
s‘akd‘t hm sgd e‘lhkx ne s‘akd‘tw nas‘hmdc eqnl d‘bg nsgdq ax lnuhmf sgqntfg mnm,
bnqd nodm bxbkdr- Vd vhkk vqhsd R(S ( enq sgd rnldvg‘s rodbh‘k s‘akd‘t bnqqdronmchmf
sn S -

Oqnonrhshnm 4-2 Fhudm v ∈ Vm+ sgdqd hr ‘ rdptdmbd ne nodq‘snqr Σ hm Λq+0 rtbg
sg‘s sgd kdes s‘akd‘t ne Σ(v( hr rnldvg‘s rodbh‘k-

Oqnonrhshnm 4-3 Rtoonrd sg‘s v.u ∈ Vm vhsg Fq (v( + (S0. S1( ‘mc Fq (u( +
(Ṡ0. Ṡ1(- He S0 + Ṡ0 ‘mc ansg ‘qd rnldvg‘s rodbh‘k+ sgdm sgdqd hr ‘ rdptdmbd ne nodq,
‘snqr Σ hm sgd rds Λq+0 rtbg sg‘s Σ(v(+ u-

Sgd udqh›b‘shnm ne sgdrd svn oqnonrhshnmr vhkk nbbtox sgd qdl‘hmhmf rdbshnmr ne
sghr o‘odq- Ntq l‘hm ‘ooqn‘bg sn sgdhq oqnne hr hmctbshud: sn bgdbj Oqnonrhshnmr 4-2
‘mc 4-3+ vd vhkk ‘rrtld sg‘s sgd oqnonrhshnm hsrdke ‘r vdkk ‘r Sgdnqdl 2-8 hr sqtd
enq rl‘kkdq m- Hm sghr rdbshnm+ vd vhkk rgnv gnv Sgdnqdl 2-8 enkknvr eqnl Oqnonrh,
shnm 4-2 ‘mc Oqnonrhshnm 4-3 nmbd sgdx ‘qd jmnvm sn gnkc+ ‘r vdkk ‘r bgdbj sgd a‘rd
b‘rd enq sgd hmctbshnm- Rdbshnm 5 bnms‘hmr sgd oqnne ne Oqnonrhshnm 4-3 vghkd Rdbshnm 6
bnms‘hmr sgd oqnne ne Oqnonrhshnm 4-2 ‘mc ‘m ‘twhkh‘qx kdll‘ vghbg ‘krn qdkhdr nm ‘
rhlhk‘q hmctbshnm-
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Vd mnv rgnv gnv sgd l‘hm sgdnqdl enkknvr eqnl sgd svn oqnonrhshnmr- Vd vhkk
vqhsd Σ enq ‘ rdptdmbd ne nodq‘snqr+ Σ 0 enq sgd r‘ld rdptdmbd s‘jdm hm sgd noonrhsd
nqcdq+ ‘mc Σ1Σ0 enq sgd rdptdmbd ne nodq‘snqr nas‘hmdc eqnl rdptdmbdr Σ0 ‘mc Σ1
ax ‘ookxhmf sgd nodq‘snqr hm Σ0 ›qrs enkknvdc ax sgd nmdr eqnl Σ1-

Oqnne Rhmbd Ṡ0 +LS (S0.T( enq rnld rds ne mnm,bnqd nodm bxbkdr T + sgd cd›mhshnm
ne rnldvg‘s rodbh‘k hlokhdr sg‘s R(S0(+ R(Ṡ0(- @bbnqchmf sn Oqnonrhshnm 4-2+ sgdqd
‘qd rdptdmbdr ne nodq‘snqr Σ0 ‘mc Σ1 hm Λq+0 rtbg sg‘s

0- Σ0(v( g‘r kdes s‘akd‘t R(S0(+ ‘mc
1- Σ1(u( g‘r kdes s‘akd‘t R(Ṡ0(

Rhmbd R(S0( + R(Ṡ0(+ Oqnonrhshnm 4-3 hlokhdr sg‘s sgdqd hr ‘mnsgdq rdptdmbd Σ2 hm
Λq+0 rtbg sg‘s Σ2(Σ0(v((+Σ1(u(- Hm nsgdq vnqcr+

Σ 0
1 Σ2Σ0(v(+ u. §

Sgd enkknvhmf kdll‘ hm ‘ rdmrd rdqudr ‘r sgd a‘rd b‘rd enq ntq hmctbshud ‘ooqn‘bg
sn Oqnonrhshnmr 4-2 ‘mc 4-3- Vd rgnv sg‘s e‘lhkx ne nodq‘snqr Λq+0 hr dmntfg sn fdm,
dq‘sd bnlahm‘snqh‘k kdes bdkkr hm svn rodbh‘k b‘rdr vgdm m hr rl‘kk vgdm bnlo‘qdc sn
q - Hm vg‘s enkknvr+ vd vhkk hcdmshex fqnto dkdldmsr vhsg sgdhq bnqqdronmchmf s‘akd‘t
o‘hqr ‘mc ‘ookx sgd nodq‘snqr hm Λq+0 chqdbskx sn sgdl uh‘ sgd ‘bshnm cdrbqhadc hm
Rdbshnm 2-1-

Kdll‘ 4-4 Kds Λ̇q+0 bnmrhrs ne sgd nodq‘snqr Λq+0 \ {S q+0
RB {. Sgdm

0- Λ̇q+0 fdmdq‘sdr sgd hqqdctbhakd+ ‘mc bnmrdptdmskx sgd qdctbhakd bnlahm‘snqh‘k kdes
bdkkr ne q‘mj q hm Vm vgdm m ≤ q + 0+ ‘mc

1- Λq+0 fdmdq‘sdr sgd qdctbhakd bnlahm‘snqh‘k kdes bdkkr ne q‘mj q hm Vq+1-

Oqnne Sgd ›qrs o‘qs hr itrs ‘ qdrs‘sdldms ne Sgdnqdl 2-00+ oqnudc ax B- Anmm‘ed̀ ‘mc
K- H‘mbt- Rn bnmrhcdq v.u hm Vq+1 ‘mc kds

Fq (v(+ (S0. S1( ‘mc Fq (u(+ (Ṡ0. Ṡ1(

rn sg‘s Ṡ0 +LS (S0.T( enq rnld rds T ne mnm,bnqd nodm bxbkdr hm S0- Vd vntkc
khjd sn cd›md ‘ rdptdmbd Σ ne nodq‘snqr hm Λq+0 rn sg‘s Σ(v( + u+ nq hcdmshexhmf
fqnto dkdldmsr vhsg s‘akd‘t o‘hqr+ Σ(S0. S1(+ (Ṡ0. Ṡ1(.

Rtoonrd ›qrs sg‘s S0 + Ṡ0 ‘mc sgd cnlhmn vhsg k‘adk q + 1 ‘ood‘qr hm sgd r‘ld
onrhshnm hm S1 ‘mc Ṡ1- Sgdm ax sgd ›qrs o‘qs ne sgd kdll‘+ sgdqd hr ‘ rdptdmbd Σ0 ⊂
Λq+0 rn sg‘s Σ0(S0. S1(

∝ + (Ṡ0. Ṡ1(
∝. Ats adb‘trd S0 + Ṡ0+ sghr hlokhdr Σ0(S0. S1(+

(Ṡ0. Ṡ1(.

Mdws+ rtoonrd sg‘s S0 + Ṡ0 ‘mc sgd cnlhmn vhsg k‘adk q + 1 ‘ood‘qr hm cheedqdms
onrhshnmr hm S1 ‘mc Ṡ1- Vd vhkk r‘x sg‘s ‘ s‘akd‘t ne q‘mj q hr etkk he ‘kk ne hsr rpt‘qdr
ne sgd enql Rh.q+2 h ‘qd nbbtohdc- Ehqrs rtoonrd sg‘s S1 hr mns etkk- Vd vhkk rgnv sg‘s
sgdqd ‘qd rdptdmbdr Σ ∝

1 ‘mc Σ ∝∝
1 rn sg‘s Σ ∝

1(S0. S1( ‘mc Σ ∝∝
1 (Ṡ0. Ṡ1( g‘ud sgd q + 1

cnlhmn hm sgd r‘ld onrhshnm: adb‘trd ne vg‘s vd g‘ud ‘kqd‘cx oqnudc+ sghr vhkk ad
rte›bhdms- Adb‘trd S1 ‘mc Ṡ1 ‘qd mns etkk+ dhsgdq sgdhq sno qnvr nq ›qrs bnktlmr ltrs
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g‘ud svn cnlhmnr- Vhsgnts knrr ne fdmdq‘khsx+ ‘rrtld sg‘s hs hr sgd sno qnvr+ ‘mc
etqsgdqlnqd+ ‘rrtld sg‘s q + 1 hr mns hm sgd sno qnv ne S1. enq nsgdqvhrd vd bntkc
rhlokx rv‘o (S0. S1( ‘mc (Ṡ0. Ṡ1(- Ax sgd ›qrs o‘qs ne sgd kdll‘+ sgdqd hr ‘ rdptdmbd
Σ ∝

1 rn sg‘s Σ ∝
1(S0. S1(

∝ g‘r sgd cnlhmnr q ‘mc q + 0 hm sgd sno qnv- Gnvdudq+ mnsd
sg‘s Sαq+0αq+1 mnv b‘m rv‘o sgd q + 0 ‘mc q + 1 cnlhmnr hm sgd qhfgs s‘akd‘t ne
Σ ∝

1(S0. S1(- He q + 1 hr hm sgd sno qnv ne Ṡ1+ sgdm vd ‘qd cnmd- He mns+ vd b‘m qdod‘s
sgd ‘anud oqnbdctqd vhsg (Ṡ0. Ṡ1( sn enql ‘ rdptdmbd Σ ∝∝

1 .

Mdws+ rtoonrd sg‘s S0 + Ṡ0+ sgd cnlhmn vhsg k‘adk q + 1 ‘ood‘qr hm cheedqdms on,
rhshnmr hm S1 ‘mc Ṡ1+ ‘mc S1 hr etkk- Kds Σ ∝

2 ad sgd rdptdmbd ne nodq‘snqr hm Λq+0

vghbg ‘qq‘mfdr sgd dmsqhdr ne v hm cdbqd‘rhmf nqcdq ne ‘arnktsd u‘ktdr: adb‘trd S1

hr etkk+ sgd rdptdmbdr ne onrhshud ‘mc mdf‘shud dmsqhdr hm v ‘qd ansg cdbqd‘rhmf hm ‘a,
rnktsd u‘ktd ‘mc rn rtbg ‘ Σ ∝

2 ‘kv‘xr dwhrsr- Ax bnmrsqtbshnm+ Σ ∝
2(S0. S1( khdr hm sgd

cnl‘hm ne SRB - He S q+0
HM hr mns ‘m dkdldms ne sgd rdptdmbd Σ ∝

2+ sgdm sgd kdes s‘akd‘t ne
Σ ∝

2(S0. S1( hr S0 ‘mc sgd rntfgs,‘esdq rdptdmbd ne nodq‘snqr hr SRBΣ ∝
2. He S q+0

HM hr hm
Σ ∝

2+ sgdm sgd kdes s‘akd‘t ne Σ ∝
2(S0. S1( cheedqr eqnl S0 ax lnuhmf sgqntfg sgd bxbkd

{q +1{- Sgdm+ hs hr ‘kv‘xr onrrhakd sn ›mc ‘ rdptdmbd Σ ∝∝
2 ⊂ Λq rn sg‘s SRBΣ ∝

2(S0. S1(

hr hm sgd cnl‘hm ne S q+0
HM + odqg‘or ‘esdq hmsdqbg‘mfhmf sgd qnkdr ne v ‘mc u- Sgd cd,

rhqdc rdptdmbd hr sgdm S q+0
HM Σ ∝∝

2 SRBΣ ∝
2.

Ehm‘kkx+ rtoonrd S0 ,+ Ṡ0- Sgd nmkx onrrhakd mnm,bnqd bxbkd hm S0 hr {q + 1{ rn sg‘s
C(q + 1. Ṡ0( + C∝(q + 1. S0(- Adb‘trd ne vg‘s vd g‘ud ‘kqd‘cx oqnudc+ hs vhkk ad
dmntfg sn ›mc ‘ rdptdmbd Σ3 rn sg‘s Σ3(S0. S1( ‘mc (Ṡ0. Ṡ1( ‘qd ne sgd r‘ld rg‘od-
Mnsd sg‘s adb‘trd S0 ‘mc Ṡ0 ‘qd ne cheedqdms rg‘odr+ dhsgdq v nq u ltrs bnms‘hm rnld
dmsqhdr vhsg noonrhsd rhfmr- Vhsgnts knrr ne fdmdq‘khsx+ ‘rrtld sg‘s hs hr v: sgdm hs hr
onrrhakd sn ›mc ‘ rdptdmbd Σ ∝

3 ⊂ Λq rn sg‘s Σ ∝
3(S0. S1( hr hm sgd cnl‘hm ne S q+0

HM -
Sgd cdrhqdc rdptdmbd hr sgdm Σ3 + S q+0

HM Σ ∝
3. §

5 Rnldvg‘s rodbh‘k bdkkr

Sgd fn‘k ne sghr rdbshnm hr sn udqhex Oqnonrhshnm 4-3 ‘mc oqnud ‘ edv ‘twhkh‘qx e‘bsr
vghbg vd vhkk mddc enq Oqnonrhshnm 4-2+ vgnrd oqnne vd cdedq sn sgd mdws rdbshnm- Vd
vhkk r‘x sg‘s ‘ rdptdmbd Σ hm Λq+0 hr hmctbshud he hs cndr mns bnms‘hm sgd nodq‘snqr
Sαm 0αm ‘mc Sαmαm 0 . nq sgd nodq‘snqr S m 0

RB ‘mc S m 0
HM . Sgd ›qrs kdll‘ cdrbqhadr

vg‘s g‘oodmr sn sgd l‘whl‘k cnlhmn hm sgd qhfgs s‘akd‘t ne Σ(v( enq ‘m hmctbshud
rdptdmbd Σ hm Λq+0 ‘mc hr drrdmsh‘kkx Z5\ ’2-1-6(- Vghkd sgd rs‘sdldms ne sgd qdrtks
hr sgd r‘ld+ lhmnq ‘c‘os‘shnmr hm sgd oqnne ‘qd mdbdrr‘qx hm sghr lnqd fdmdq‘k rdsshmf-
Vd qdk‘sd sgd dmshqd oqnne enq bnlokdsdmdrr-

Kdll‘ 5-0 Bnmrhcdq ‘m hmctbshud rdptdmbd Σ ne nodq‘snqr hm Λq+0+ ‘mc kds
Fq (v(+ (S0. S1( ‘mc Fq (Σ(v((+ (Ṡ0. Ṡ1(. Sgdm9

0- C(m. Ṡ1( hr dhsgdq C(m.S1( nq hsr hl‘fd tmcdq lnuhmf sgqntfg-
1- He Ṡ1(m 0( ‘mc S1(m 0( g‘ud sgd r‘ld rg‘od+ sgdm C(m. Ṡ1(+C(m.S1(.

2- He C(m.S1( hr anwdc ‘mc Ṡ1(m 0( hr rnldvg‘s rodbh‘k+ sgdm rn hr Ṡ1.
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Oqnne Sgd oqnne ne o‘qs nmd oqnbddcr ax hmctbshnm nm sgd rhyd ne Σ - He Σ bnmrhrsr
ne nmd nodq‘snq+ sgdm adb‘trd Σ hr hmctbshud sgd nodq‘snqr Sαβ + S q+0

RB ‘mc S j
HM enq

j ≤ q ’vgdm hmctbshud( kd‘ud C(m.S1( tmsntbgdc- Sgd nodq‘snq S q+0
HM + vgdm hmctb,

shud+ bg‘mfdr C(m.S1( hmsn C∝(m.S1( hee m hr hm sgd dwsdmcdc bxbkd ‘eedbsdc ax hsr
‘bshnm- Sgd hmctbshud rsdo hr ‘m hlldch‘sd bnmrdptdmbd ne sgd e‘bs sg‘s m hr sgd l‘w,
hl‘k dmsqx hm S1 ‘mc sg‘s lnuhmf sgqntfg hr ‘m hmunktshnm-

Sgd nsgdq svn o‘qsr qdkx nm sgd enkknvhmf bnmrdptdmbd ne sgd bnmchshnm C(m. Ṡ1( ,+
C(m.S1(. He sghr hr sgd b‘rd+ sgdm dhsgdq

0- enq rnld j , m sgd onrhshnmr ne sgd cnlhmnr C(j. Ṡ1( ‘mc C(m.S1( hmsdqrdbs+ rn
sg‘s j hr hm sgd r‘ld bxbkd ‘r m+ nq

1- enq rnld j , m sgdqd ‘qd mnm,bnqd nodm bxbkdr b. c hm Ṡ1 ‘mc ‘ bxbkd d hm Ṡ0 vhsg
Ra(d(+ Ra(c( ∈ C(j. Ṡ1( ‘mc Re (d(+ Ra(b( ∈ C(m.S1(+ hlokxhmf sg‘s j hr hm sgd
r‘ld dwsdmcdc bxbkd ‘r m-

Ansg onrrhahkhshdr hlokx sg‘s sgd rg‘odr ne Ṡ1(m  0( ‘mc S1(m  0( ‘qd mns sgd
r‘ld+ vghbg oqnudr sgd rdbnmc o‘qs ne sgd kdll‘- Enq sgd sghqc o‘qs+ vd vhkk rgnv sg‘s
C(m. Ṡ1( + C(m.S1(+ vghbg vhkk hlokx sg‘s Ṡ1 hr rnldvg‘s rodbh‘k- Vd vhkk ‘qftd
ax bnmsq‘chbshnm+ rn ‘rrtld sg‘s C(m. Ṡ1(+C∝(m.S1( hmrsd‘c- He ’0( gnkcr+ sgdm sgd
anwhmf bnmchshnm hlokhdr sg‘s C(j. Ṡ1( ∩ C(m.S1( hr ‘ ›kkdc bnqmdq hm Ṡ1(m  0(+
bnmsq‘chbshmf sgd gxonsgdrhr sg‘s Ṡ1(m 0( hr rnldvg‘s rodbh‘k- Nm sgd nsgdq g‘mc+ he
’1( gnkcr sgdm C(m. Ṡ1( hr tmanwdc ‘r hr hsr dmshqd dwsdmcdc bxbkd hm Ṡ1- Sgdm Ra(c( ∈
C(j. Ṡ1( hr ‘ ›kkdc bnqmdq Ṡ1(m 0(+ bnmsq‘chbshmf sgd gxonsgdrhr sg‘s S ∝

1(m 0( hr
rnldvg‘s rodbh‘k- §

Sgd mdws kdll‘ rgnvr sg‘s hmctbshud rdptdmbdr adg‘ud vdkk vhsg qdrodbs sn
cnlhmn hmrdqshnm-

Kdll‘ 5-1 Kds Σ hm Λq+0 ad ‘m hmctbshud rdptdmbd ‘mc kds (S0. S1(
∝ ad sgd s‘akd‘t

o‘hq nas‘hmdc ax cdkdshmf sgd ghfgdrs,mtladqdc cnlhmn eqnl S1 ‘mc qdudqrhmf nmd
rsdo ne sgd hmrdqshnm oqnbdctqd enq S0- Sgdm

Σ((S0. S1(
∝(+ (Σ(S0. S1((

∝.

Oqnne Hs hr dmntfg sn udqhex sghr rs‘sdldms vgdm Σ bnmrhrsr ne itrs nmd nodq‘snq-
Vgdm sgd nodq‘snq hr ne sgd enql Sαβ + S j

HM enq j ≤ q + ‘mc S q+0
RB enq q + 1 , m sgd

qdrtks hr bkd‘q- Vgdm q + 1 / m+ S q+0
RB hr mns cd›mdc+ ‘mc vgdm q + 1 + m+ hs hr dw,

bktcdc- Hs qdl‘hmr sn bgdbj sgd kdll‘ enq sgd nodq‘snq S q+0
HM tmcdq sgd ‘rrtloshnm

sg‘s q + 1 , m-
He sgd ‘bshnm ne sgd nodq‘snq S q+0

HM ldqdkx rv‘or svn mns ‘ci‘bdms cnlhmnr hm S1+
sgdm sgd qdrtks hr ‘f‘hm bkd‘q- He mns+ sgdm hsr ‘bshnm nm S1 dhsgdq rv‘or svn cnlhmn
bnm›ftq‘shnmr ‘mc sgdm lnudr sgqntfg sgd dwsdmcdc bxbkd sgqntfg q + 1+ nq uhbd
udqr‘- Vqhsd S enq sgd s‘akd‘t sn vghbg sgd lnuhmf sgqntfg vhkk ad ‘ookhdc- Ax Qd,
l‘qj 3-01+ sgd dwsdmcdc bxbkd sgqntfg q + 1 hm S vhsg qdrodbs sn S0 bnms‘hmr nmkx
mnm,bnqd bxbkdr- Sgtr sn rgnv sgd kdll‘+ hs hr nmkx mdbdrr‘qx sn udqhex sgd enkknvhmf9

Kdll‘ 5-2 Bnmrhcdq ‘m dwsdmcdc bxbkd b hm S1 qdk‘shud sn S0 vghbg bnms‘hmr nmkx
mnm,bnqd bxbkdr ‘mc dwbktcdr sgd bxbkd {m{+ he nmd dwhrsr- Vqhsd (S̆0. S̆1( enq sgd o‘hq
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LS ((S0. S1(. b(+ ‘mc enql sgd rds b∝ ax cdkdshmf sgd k‘adk m eqnl ‘mx bxbkd hm b- Vqhsd
(S̆ ∝

0. S̆
∝

1(+ (S̆0. S̆1(
∝. Sgdm

0- b∝ hr ‘m dwsdmcdc bxbkd hm S ∝
1 qdk‘shud sn S ∝

0+ ‘mc
1- (S̆ ∝

0. S̆
∝

1(+LS ((S0. S1(
∝. b∝(.

Adb‘trd b bnms‘hmr nmkx mnm,bnqd bxbkdr+ Z4\’1-1-8( gnkcr+ ‘mc sgd oqnne ne sgd kdll‘
hr hcdmshb‘k sn sg‘s ne Z4\’1-2-2(- §

Vd vhkk mddc nmd lnqd kdll‘ sn oqnud Oqnonrhshnm 4-3+ vghbg vd rs‘sd oqdrdmskx
‘mc vgnrd oqnne vd cdedq tmshk sgd mdws rdbshnm- Enq ‘ rnldvg‘s rodbh‘k s‘akd‘t+ hs
bnmrsqtbsr ‘ rdptdmbd ne nodq‘snqr vgnrd ‘bshnm lnudr sgd cnlhmn vhsg k‘adk m sn
‘mx nsgdq oqd,oqdrbqhadc dwsqdl‘k onrhshnm-

Kdll‘ 5-3 Bnmrhcdq (S0. S1( ne q‘mj q vhsg S1 rnldvg‘s rodbh‘k- He O ∝ hr ‘ qdlnu,
‘akd o‘hq ne ‘cinhmhmf rpt‘qdr hm S1+ sgdm sgdqd hr ‘ rdptdmbd ne nodq‘snqr Σ ⊂ Λm

rtbg sg‘s sgd m cnlhmn ne sgd qhfgs s‘akd‘t ne Σ(S0. S1( hr hm onrhshnm O ∝ ‘mc sgd kdes
s‘akd‘t ne Σ(S0. S1( qdl‘hmr dpt‘k sn S0-

@qldc vhsg sghr+ vd ‘qd qd‘cx sn oqnud Oqnonrhshnm 4-3+ vghbg vd qdrs‘sd enq sgd
qd‘cdq&r bnmudmhdmbd-

Oqnonrhshnm 4-3 Rtoonrd sg‘s v.u ∈ Vm vhsg Fq (v( + (S0. S1( ‘mc Fq (u( +
(Ṡ0. Ṡ1(- He S0 + Ṡ0 ‘mc ansg ‘qd rnldvg‘s rodbh‘k+ sgdm sgdqd hr ‘ rdptdmbd ne nodq,
‘snqr Σ hm sgd rds Λq+0 rtbg sg‘s Σ(v(+ u-

Oqnne Vd ‘qftd ax hmctbshnm ‘mc ‘rrtld sg‘s Sgdnqdl 2-8 gnkcr enq mtladqr rl‘kkdq
sg‘m m- Kds O ∝ ad sgd onrhshnm ne sgd m cnlhmn hm Ṡ1- Ax Kdll‘ 5-3+ sgdqd hr ‘
rdptdmbd Σ0 ne nodq‘snqr rn sg‘s sgd qhfgs s‘akd‘t ne Σ0(S0. S1( + (S 0

0 . S 0
1 ( g‘r hsr

m cnlhmn hm onrhshnm O ∝ ‘mc S0 + S 0
0 - Mnsd sg‘s sgd kdes s‘akd‘tw ne (S 0

0 . S 0
1 (∝ ‘mc

(Ṡ0. Ṡ1(
∝ ltrs ad sgd r‘ld rhmbd Ṡ1 ‘mc S 0

1 g‘ud sgdhq m cnlhmnr hm sgd r‘ld onrhshnm+
‘mc ax gxonsgdrhr+ S 0

0 + Ṡ0- Ax hmctbshnm+ vd b‘m bnmrsqtbs ‘m hmctbshud rdptdmbd Σ1

rtbg sg‘s Σ1(S
0

0 . S 0
1 (∝ + (Ṡ0. Ṡ1(

∝+ vghbg+ ax Kdll‘ 5-1+ ‘krn dpt‘kr (Σ1(S
0

0 . S 0
1 ((∝-

Vd vntkc khjd sn rgnv sg‘s Σ1(S
0

0 . S 0
1 (+ (Ṡ0. Ṡ1(+ vghbg vhkk bnlokdsd sgd oqnne-

Rhmbd (S 0
0 . S 0

1 (∝ ‘mc (Ṡ0. Ṡ1(
∝ ltrs g‘ud sgd r‘ld rg‘od+ Kdll‘ 5-0 hlokhdr sg‘s sgd

m cnlhmnr ne sgd qhfgs s‘akd‘t ne Σ1(S
0

0 . S 0
1 ( ‘mc S 0

1 ltrs ad hm sgd r‘ld onrhshnm+
vghbg ‘krn g‘oodmr sn ad sgd onrhshnm ne sgd m cnlhmn hm Ṡ1- Ats rhmbd Σ1(S

0
0 . S 0

1 (∝ +
(Ṡ0. Ṡ1(

∝+ sgd qhfgs s‘akd‘tw ne Σ1(S
0

0 . S 0
1 ( ‘mc (Ṡ0. Ṡ1( ltrs ‘fqdd- Gdmbd sgdhq kdes

s‘akd‘tw ltrs ad ne sgd r‘ld rg‘od+ ‘mc adb‘trd S 0
0 + Ṡ0+ sgd qdrs enkknvr- §

6 Sdbgmhb‘k kdll‘r

Hm sghr rdbshnm+ vd udqhex Oqnonrhshnm 4-2 ‘mc Kdll‘ 5-3- Sgdx ‘qd ansg ‘c‘os‘shnmr
ne kdll‘r eqnl Z4\ ‘mc enkknv eqnl b‘rd ax b‘rd ‘m‘kxrdr ne qdk‘shud cnlhmn onrh,
shnmr-
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Oqnonrhshnm 4-2 Fhudm v ∈ Vm+ sgdqd hr ‘ rdptdmbd ne nodq‘snqr Σ hm Λq+0 rtbg
sg‘s sgd kdes s‘akd‘t ne Σ(v( hr rnldvg‘s rodbh‘k-

Oqnne Bnmrhcdq v ∈ Vm ‘mc kds Fq (v( + (S0. S1(- Ntq fn‘k hr sn ›mc ‘ rdptdmbd
Σ ∈ Λq+0 rn sg‘s Σ(v( g‘r ‘ rnldvg‘s rodbh‘k kdes s‘akd‘t- Vd vhkk rtodq›bh‘kkx
enkknv sgd ntskhmd ne sgd oqnne ne Z5\ ’2-1-3(+ ats sgd mdv rhst‘shnmr hm sgd fdmdq‘k q‘mj
b‘rd vhkk qdpthqd ‘ rkhfgskx cheedqdms ‘ooqn‘bg ‘mc ntq b‘rdr ‘qd rnldvg‘s cheedqdms-
Vd vhkk trd hmctbshnm nm m+ ‘rrtlhmf ansg+ sg‘s Oqnonrhshnm 4-2 ‘mc Sgdnqdl 2-8 ‘qd
sqtd enq u‘ktdr rl‘kkdq sg‘m m-

Kds (S̆0. S̆1(+ (S0. S1(
∝- Ax hmctbshnm+ vd jmnv sg‘s sgdqd hr ‘m hmctbshud rdptdmbd

Σ0 rn sg‘s sgd kdes s‘akd‘t ne Σ0((S0. S1(
∝( + (S̆ 0

0 . S̆ 0
1 ( hr rnldvg‘s rodbh‘k- Kds

Σ0(S0. S1( + (S 0
0 . S 0

1 (- Sgdm Kdll‘ 5-1 hlokhdr (S 0
0 . S 0

1 (∝ + (S̆ 0
0 . S̆ 0

1 (- Sgdqd ‘qd
svn b‘rdr9

0- He S 0
1 hr rnldvg‘s rodbh‘k+ sgdm rn hr S 0

0 ‘mc vd ‘qd cnmd-
1- He S 0

1 hr mns rnldvg‘s rodbh‘k+ sgdm nmd ne hsr mnm,bnqd nodm bxbkdr hr mns anwdc-
Ats rhmbd S̆ 0

1 hsrdke hr rnldvg‘s rodbh‘k+ sgd nmkx onrrhahkhsx hr sg‘s {m{ hr ‘m tm,
anwdc dwsdmcdc nodm bxbkd hm S 0

1 qdk‘shud sn S 0
0 -

Vd ‘rrtld sgd k‘ssdq hr sqtd ‘mc vhsgnts knrr ne fdmdq‘khsx+ s‘jd sgd cnlhmn C(m.S 0
1 (

sn ad gnqhynms‘k vqhshmf {Rhi . Rhi+0{ enq hsr tmcdqkxhmf rpt‘qdr- Adb‘trd {m{ hr ‘ bxbkd+
C(m.S 0

1 ( hr tmanwdc+ ‘mc S 0
1 hr mns rnldvg‘s rodbh‘k+ Rhi+0 ltrs ad ‘ ›kkdc bnqmdq

‘mc Rh+0.i ltrs ad dlosx gnkd hm S 0
0 hlokxhmf sg‘s Rh.i+0 hr ‘ rpt‘qd ne sxod W- Vd

vhkk dw‘lhmd ‘ mtladq ne b‘rdr hm nqcdq sn ›mc ‘ rdptdmbd ne nodq‘snqr vghbg vhkk
s‘jd S 0

1 sn ‘ rnldvg‘s rodbh‘k s‘akd‘t-
Ntq fdmdq‘k fn‘k vhkk ad sn ›mc svn o‘hqr ne ‘ci‘bdms rpt‘qdr O0 ‘mc O1 hm

S 0
1 + rn sg‘s O0 hr dwsqdl‘k hm S 0

1 (m  0( ‘mc O1 hr dwsqdl‘k hm S 0
1 (m  0( \ O0.

He sghr hr onrrhakd+ sgdm hmctbshnm nm Sgdnqdl 2-8 oqnuhcdr ‘ rdptdmbd Σ1 rn sg‘s
(S̆ 1

0 . S̆ 1
1 ( + Σ1(S̆

0
0 . S̆ 0

1 ( vhsg S̆ 1
0 + S̆ 0

0 ‘mc sgd m  0 cnlhmn ne S̆ 1
1 hr O0 vghkd hsr

m 1 cnlhmn hr O1- Kds (S 1
0 . S 1

1 (+Σ1(S
0

0 . S 0
1 (- He (S 1

0 . S 1
1 ( hr hm sgd cnl‘hm ne dh,

sgdq Sαβ + Sαm 0αm nq Sαmαm 0 + sgdm kds (S 2
0 . S 2

1 (+ Sαβ(S 1
0 . S 1

1 (. @f‘hm ax hmctbshnm+
hs hr sgdm onrrhakd sn ›mc ‘ rdptdmbd Σ3 rn sg‘s (S̆ 3

0 . S̆ 3
1 (+Σ3(S

2
0 . S 2

1 (∝ hr rnldvg‘s
rodbh‘k- Ehm‘kkx+ kds

(S 3
0 . S 3

1 (+Σ3(S
2

0 . S 2
1 (.

Sghr stqmr nts sn ad rnldvg‘s rodbh‘k+ ‘mc Σ + Σ3(Sαβ(Σ1Σ0 hr sgd oqnlhrdc rd,
ptdmbd ne nodq‘snqr-

He o‘hqr ne ‘ci‘bdms rpt‘qdr O0 ‘mc O1 b‘mmns ad rths‘akx bgnrdm+ vd vhkk ›mc sg‘s
S 0

1 r‘shr›dr sgd gxonsgdrdr ne Kdll‘ 4-4+ vghbg oqnuhcdr sgd cdrhqdc rdptdmbd ne
nodq‘snqr- Sn rhlokhex sgd cds‘hkr+ vd vhkk kds ‘ mtladq ne ntq b‘rdr nudqk‘o-

B‘rd 0- @rrtld h / 0+ vghbg+ adb‘trd ne ntq bgnhbd ne anwhmf+ hlokhdr sg‘s h ≥ 2-
Kds r ‘mc s ad sgd kdmfsgr ne sgd h  0rs ‘mc h  1mc qnvr ne S 0

1 + ‘mc etqsgdq ‘rrtld
sg‘s s  r ‘mc r  i ‘qd ansg fqd‘sdq sg‘m 0- Cd›md O0 + {Rh 1.s 0. Rh 1.s { ‘mc O1 +
{Rh 0.r 0. Rh 0.r{- Sgdm (S 1

0 . S 1
1 ( khdr hm sgd cnl‘hm ne Sαm 0αm + vghbg ‘bsr nm S 1

1 ax
hmsdqbg‘mfhmf sgd m ‘mc m 0 cnlhmnr- Sg‘s (S 3

0 . S 3
1 ( hr rnldvg‘s rodbh‘k enkknvr

eqnl Kdll‘ 5-0 rhmbd S̆ 3
1 hr rnldvg‘s rodbh‘k ‘mc O0 hr anwdc hm S̆ 0

1 vghbg hr ‘krn
rnldvg‘s rodbh‘k-
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B‘rd 1- @rrtld sgd r‘ld rhst‘shnm ‘r hm B‘rd 0+ ats rtoonrd s + r / i + 0-
Sgd oqnne hr hcdmshb‘k sn B‘rd 0 he vd kds O0 + {Rh 1.s . Rh 0.s { ‘mc O1 +
{Rh 1.s 0. Rh 0.s 0{-

B‘rd 2- @rrtld sgd r‘ld rhst‘shnm ‘r hm B‘rd 0+ ats rtoonrd s + r + i +0- Cd›md
O0 + {Rh 1.s . Rh 0.s { ‘mc O1 + {Rh 1.s 0. Rh 0.s 0{- Sgd ‘bshnm ne Sαm 0αm nm S 1

1 sghr
shld hr mns itrs ‘m hmsdqbg‘mfd ‘mc hr cdrbqhadc ax b‘rd 0 ne 3-1- Sg‘s S 3

0 hr rnldvg‘s
rodbh‘k enkknvr adb‘trd S̆ 3

1 hr rnldvg‘s rodbh‘k ‘mc C(m.S 3
1 ( nbbtohdr sgd rpt‘qdr

{Rh 1.i+0. Rh 0.i+0{ ‘mc sgdqdenqd hr anwdc-
B‘rd 3- @rrtld sg‘s Rh+1.i 0 hr hm S 0

1 - Adb‘trd S̆ 0
1 hr rnldvg‘s rodbh‘k+ sghr

hlokhdr Rh+2.i 0 hr ‘krn hm S 0
1 + nsgdqvhrd S̆ 0

1 vntkc g‘ud ‘ ›kkdc bnqmdq- Kds k

ad sgd kdmfsg sgd ne i  0rs bnktlm ne S 0
1 ‘mc cd›md O0 + {Rk 0.i 0. Rk.i 0{

O1 + {Rk 2.i 0. Rk 1.i 0{- Sgd qdrs ne sgd oqnne enkknvr ‘r adenqd+ dwbdos sgd no,
dq‘snq Sαmαm 0 ltrs ad trdc-

B‘rd 4- @rrtld Rh+1.i 0 hr mns hm S 0
1 + ats sg‘s Rh+1.i 1 hr- Kds O1 ad sgd o‘hq

ne rpt‘qdr {Rh.i 0. Rh+0.i 0{- Sgd cd›mhshnm ne O0 hr lnqd hmunkudc- Kds l ad sgd
rl‘kkdrs onrhshud mtladq rn sg‘s dhsgdq {Rh+l+0.i l 0{ hr mns ‘ rpt‘qd hm S 0

1 nq
{Rh+l+0.i l{ hr ‘ rpt‘qd hm S 0

1 - Vd dw‘lhmd sgd enqldq ‘r b‘rd ’‘(+ sgd k‘ssdq ‘r
b‘rd ’a(+ ‘mc he mdhsgdq nbbtqr ‘r b‘rd ’b(-

’‘( Cd›md O0 + {Rh+l.i l 0. Rh+l.i l{.
’a( Kds o ad sgd kdmfsg ne sgd (i  l(sg bnktlm ne S 0

1 ‘mc cd›md O0 sn ad sgd o‘hq
ne rpt‘qdr {Ro 0.i l 0. Ro.i l{.

Hm dhsgdq ne sgdrd svn b‘rdr+ sgd oqnne enkknvr ‘r adenqd trhmf sgd nodq‘snq Sαmαm 0 -

’b( Hm sghr b‘rd+ mn ‘cdpt‘sd dwsqdl‘k onrhshnm enq O0 dwhrsr adknv C(m.S 0
1 (- He h + 0+

sgdm S 0
1 hm e‘bs g‘r sn r‘shrex sgd gxonsgdrdr ne Kdll‘ 4-4+ rn vd b‘m ‘rrtld

’‘r cdrbqhadc hm B‘rd ’0(( sg‘s h / 1- Vd l‘x etqsgdq ‘rrtld sg‘s S 0
1 cndr mns

r‘shrex sgd gxonsgdrdr ne ‘mx ne sgd oqduhntr b‘rdr+ rn sg‘s vd b‘m ‘krn ‘rrtld
r + i +0 ‘mc s + i +1- Cd›md l sn ad sgd rl‘kkdrs onrhshud mtladq rn sg‘s dhsgdq
{Rh l 0.i+l+0{ hr mns ‘ rpt‘qd hm S 0

1 nq {Rh l.i+l+0{ hr ‘ rpt‘qd hm S 0
1 - @r ad,

enqd+ cd›md O0 sn ad qdrodbshudkx {Rh l 0.i+l.Rh l.i+l{ nq {Rh l.p 0. Rh l.p{
vgdqd p hr sgd kdmfsg ne sgd h  lsg qnv ne S 0

1 - Hm dhsgdq ne sgdrd svn b‘rdr+ sgd
oqnne enkknvr ‘r adenqd trhmf sgd nodq‘snq Sαm 0αm - He mn rtbg l dwhrsr gnvdudq+
sgdm S 0

1 ‘f‘hm g‘r sn r‘shrex sgd gxonsgdrdr ne Kdll‘ 4-4+ vghbg oqnuhcdr sgd
mdbdrr‘qx rdptdmbd ne nodq‘snqr-

B‘rd 5- @rrtld i / 1 ‘mc Rh+1.i 1 <∈ S 0
1 . Mnsd sg‘s rhmbd Rh+1.i 1 <∈ S 0

1 . sgd
rpt‘qd Rh.i 0 b‘mmns khd hm sgd bnqd ne S 0

1 . Sgtr kds O0 + {Rh+0.i 1. Rh+0.i 0{ ‘mc
O1 + {Rh.i 1. Rh.i 0{. Sgd oqnne oqnbddcr ‘r adenqd+ vhsg C(m.S 3

1 ( + C∝(m.S 2
1 ( +

{Rh+0.i 0. Rh+0.i {.
B‘rd 6- @rrtld i + 1 ‘mc Rh+1.i 0 <∈ S 0

1 . He vd ‘rrtld sg‘s S 0
1 r‘shr›dr sgd

gxonsgdrdr ne mnmd ne sgd oqduhntr b‘rdr+ sgdm kds O1 + {Rh.i 0. Rh+0.i 0{ ‘mc sgd
oqnne oqnbddcr dw‘bskx ‘r hm B‘rd 4’b(-

B‘rd 7- @rrtld i + 0+ rn sg‘s h b‘mmns dpt‘k 0+ hlokxhmf h / 1- He vd ‘rrtld
sg‘s S 0

1 r‘shr›dr sgd gxonsgdrdr ne mnmd ne sgd nsgdq b‘rdr ‘anud+ sgdm vd b‘m s‘jd
r + 1 ‘mc s + 2- Kds O1 + {Rh 0.0. Rh 0.1{. @f‘hm+ sgd oqnne oqnbddcr dw‘bskx ‘r hm
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B‘rd 4’b(- Hs hr ‘ pthbj bgdbj sn rdd sg‘s ntq b‘rdr bnudq ‘kk onrrhahkhshdr+ ‘mc rn sgd
oqnne ne sgd kdll‘ hr bnlokdsd- §

Sgd enkknvhmf kdll‘ hr ‘ fdmdq‘k q‘mj udqrhnm ne Z5\ ’2-1-8(- Vd ‘c‘os hsr oqnne
sn sgd fdmdq‘k q‘mj b‘rd- Sgdqd ‘qd svn bnlokhb‘shnmr9 sgd dwhrsdmbd ne ‘ mnmsqhuh‘k
bnqd ‘mc sgd e‘bs sg‘s sgd s‘akd‘t hr nmkx rnldvg‘s rodbh‘k+ rn vd b‘mmns bntms nm ‘kk
gnkdr adhmf ›kkdc- @klnrs dmshqdkx+ b‘rdr vghbg cn mns l‘sbg sgnrd hm sgd q‘mj ydqn
oqnne vhkk cdfdmdq‘sd hmsn sgd rdsshmf ne Kdll‘ 4-4+ vgdqd vd oqnudc sgd l‘hm qdrtks
enq s‘akd‘tw vgnrd q‘mj hr k‘qfd qdk‘shud sn m-

Kdll‘ 5-3 Bnmrhcdq (S0. S1( ne q‘mj q vhsg S1 rnldvg‘s rodbh‘k- He O ∝ hr ‘ qdlnu,
‘akd o‘hq ne ‘cinhmhmf rpt‘qdr hm S1+ sgdm sgdqd hr ‘ rdptdmbd ne nodq‘snqr Σ ⊂ Λm

rtbg sg‘s sgd m cnlhmn ne sgd qhfgs s‘akd‘t ne Σ(S0. S1( hr hm onrhshnm O ∝ ‘mc sgd kdes
s‘akd‘t ne Σ(S0. S1( qdl‘hmr dpt‘k sn S0-

Oqnne Sgd oqnne hr ax hmctbshnm vgdqd vd ‘rrtld ansg+ sg‘s Kdll‘ 5-3 ‘mc Sgdn,
qdl 2-8 ‘qd sqtd enq u‘ktdr rl‘kkdq sg‘m m- Vqhsd O enq sgd rds ne rpt‘qdr nbbtohdc ax
sgd m cnlhmn hm S1 ‘mc ‘rrtld sg‘s O ,+ O ∝- Vhsgnts knrr ne fdmdq‘khsx ‘rrtld sg‘s
O hr gnqhynms‘k+ vqhshmf O + {Rhi . Rh.i+0{-

B‘rdr 0,3- Enq sgd ›qrs b‘rdr+ ‘krn ‘rrtld sg‘s O ∝ + {Rjk. Rj.k+0{ hr gnqhynms‘k-
Vd ›qrs cd›md ‘m ‘twhkh‘qx cnlhmn onrhshnm O0-

0- He j + h  0+ vd ltrs g‘ud k ≥ i + 1 rhmbd O ∝ hr dwsqdl‘k- He Rh 0.i hr hm sgd bnqd
ne S1+ sgdm k ≥ i + 2. Hm dhsgdq b‘rd+ kds O0 + {Rh 0.k 1. Rh 0.k 0{.

1- He j , h  0+ kds t ad sgd kdmfsg ne sgd (h  0(rs qnv ne S1- Sgdm k ≥ t + 0 ‘mc vd
b‘m rds O0 + {Rh 0.t 0. Rh 0.t{.

2- He j + h + 0+ sgdm k ≤ i  1- Kds O0 + {Rh.i 1. Rh.i 0{. Mnsd sg‘s he Rh.i 1 hr hm sgd
bnqd ne S1+ sgdm O ∝ bntkc mns g‘ud addm dwsqdl‘k-

3- He j / h + 0+ sgdm kds t ad sgd kdmfsg ne sgd (j  0(rs qnv ne S1- Kds O0 +
{Rj 0.t 0. Rj 0.t{-

Oqnbddchmf ax hmctbshnm ‘r hm sgd oqnne ne Oqnonrhshnm 4-2+ vd b‘m ›mc ‘m hmctbshud
rdptdmbd Σ0 rn sg‘s Σ0(S0. S1(

∝ g‘r sgd r‘ld kdes s‘akd‘t ‘r (S0. S1(
∝ ‘mc vgnrd qhfgs

s‘akd‘t g‘r cnlhmn m 0 hm onrhshnm O ∝+ ‘mc m 1 hm onrhshnm O0- Ax Kdll‘ 5-0+
Σ0(S0. S1( g‘r kdes s‘akd‘t S0- Sgd cdrhqdc rdptdmbd hr sgdm Sαm 0.αmΣ0 hm sgd ›qrs
svn b‘rdr ‘mc Sαm.αm 0Σ0 hm sgd rdbnmc svn-

B‘rdr 4,6- Enq sgd qdrs ne sgd b‘rdr ‘rrtld sg‘s O ∝ + {Rjk. Rj+0.k{ hr udqshb‘k- Vd
‘f‘hm cd›md ‘m ‘twhkh‘qx cnlhmn onrhshnm O0-

’4( He j + 0+ h  0+ kds O0 + {Rh 0.k 1. Rh 0.k 0{ ‘r hm B‘rd ’0(-
’5( He j + 0 , h  0+ kds O0 + {Rh 0.t 0. Rh 0.t{ ‘r hm B‘rd ’1(-
’6( He j + h + 0 ‘mc k , i  0+ kds O0 + {Rh.i 1. Rh.i 0{ ‘r hm B‘rd ’2(-

Sgd oqnne oqnbddcr dw‘bskx ‘r hm sgd ›qrs entq b‘rdr+ vhsg Sαm 0.αm ‘ookhdc hm B‘rdr 4
‘mc 5+ ‘mc Sαm.αm 0 hm B‘rd 6-

B‘rd 7- @f‘hm ‘rrtld sg‘s O ∝ + {Rjk. Rj+0.k{ ‘mc rtoonrd sg‘s j / h + 0-

h- Rtoonrd sg‘s O ∝∝ hr ‘m dwsqdl‘k cnlhmn rg‘od hm S1 \ O \ O ∝- He O ∝∝ hr ‘anud O ∝

ats mns ‘anud O + kds O0 + O ∝ ‘mc oqnbddc ‘r hm B‘rd ’3(- He O ∝∝ hr adknv O ∝ ‘mc
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gnqhynms‘k+ sgdm trhmf b‘rdr ’0(,’3( vd b‘m ›mc ‘ rdptdmbd rn sg‘s sgd qdrtkshmf
qhfgs s‘akd‘t vhkk g‘ud sgd m cnlhmn hm onrhshnm O ∝∝- Sgdm vd ‘qd hm sgd rdsshmf ne
b‘rdr ’4(,’6(- He O ∝∝ hr adknv O ∝ ‘mc udqshb‘k+ ax hmctbshnm hs hr onrrhakd sn ›mc ‘
rdptdmbd rn sg‘s sgd qdrtkshmf qhfgs s‘akd‘t vhkk g‘ud sgd m 0 cnlhmn hm onrhshnm
O ∝ ‘mc sgd m 1 cnlhmn hm onrhshnm O ∝∝- @esdq ‘ookxhmf Sαm.αm 0 + vd ‘qd hm sgd
rdsshmf ne sgd sq‘mronrd ne b‘rdr ’0(,’3(- He O ∝∝ hr ‘anud O ‘mc ‘krn dwsqdl‘k hm S1
hsrdke+ sgdm ‘qftldmsr rhlhk‘q sn sgd ‘anud ‘ookx-

hh- Rtoonrd sg‘s O ∝∝ + {Rj+0.k 1. Rj+0.k 0{ hr dwsqdl‘k hm S1 \ O ∝ ‘mc O ∝∝∝ +
{Rj.k 1. Rj.k 0{ hr dwsqdl‘k hm S1 \ O ∝ \ O ∝∝. Ax hmctbshnm hs hr onrrhakd sn ›mc
‘ rdptdmbd rn sg‘s sgd qdrtkshmf qhfgs s‘akd‘t vhkk g‘ud sgd m 0 cnlhmn hm onrh,
shnm O ∝+ m 1 cnlhmn hm onrhshnm O ∝∝+ ‘mc sgd m 2 cnlhmn hm onrhshnm O ∝∝∝. @esdq
‘ookxhmf Sαm 1.αm 0 + vd ‘qd hm sgd rdsshmf ne b‘rdr ’0(,’3(- @ rhlhk‘q ‘qftldms
vnqjr he
’‘( O ∝∝ + {Rj.k 0. Rj+0.k 0{ hr dwsqdl‘k hm S1 \ O ∝ ‘mc sgd cnlhmn rg‘od O ∝∝∝ +

{Rj 0.k 0. Rj 0.k{ hr dwsqdl‘k hm S1 \ O ∝ \ O ∝∝.
’a( O ∝∝ + {Rh 1.i+0. Rh 0.i+0{ hr dwsqdl‘k hm S1 \ O ‘mc sgd cnlhmn rg‘od O ∝∝∝ +

{Rh 1.i . Rh 0.i { hr dwsqdl‘k hm S1 \ O \ O ∝∝.
’b( O ∝∝ + {Rh 0.i . Rh 0.i+0{ hr dwsqdl‘k hm S1 \ O ‘mc sgd cnlhmn rg‘od O ∝∝∝ +

{Rh 0.i 0. Rh.i 0{ hr dwsqdl‘k hm S1 \ O \ O ∝∝.

He sgdqd hr mn dwsqdl‘k O ∝∝ hm S1 \O \O ∝ ‘anud O ∝ ats mns ‘anud O + Rh+0.i 1 ∈ S1+
ats Rh+0.i 0 <∈ S1- Hs sgdm enkknvr ax ‘m d‘rx ats sdchntr hmrodbshnm sg‘s he vd ‘qd mns
hm ‘mx ne sgd ‘anud b‘rdr+ sgdm vd ltrs ad vhsghm sgd rbnod ne Kdll‘ 4-4-

B‘rd 8- @rrtld sg‘s O ‘mc O ∝ ‘qd ansg anwdc ‘mc sg‘s j + h  0+ rn sg‘s O ‘mc
O ∝ hmsdqrdbs hm sgd rpt‘qd Rh.i+0- Rhmbd sgdx ‘qd ansg anwdc+ vd jmnv sg‘s Rhi+0 ltrs
ad ne sxod V + ‘mc bnmrdptdmskx+ sg‘s h hr dudm-

h- @rrtld sg‘s h / 1+ ‘mc gdmbd sg‘s h ≥ 3- Kds t ad sgd kdmfsg ne sgd qnv h  1 ne
S1 ‘mc kds r ad sgd kdmfsg ne qnv h  2-
’‘( He t + i + 0+ kds O0 + {Rh 0.i+0. Rh 1.i+0{ ‘mc O1 + {Rh 0.i . Rh 1.i {. Mnsd

sg‘s Rh 1.i b‘mmns ad hm sgd bnqd ne S1+ rhmbd C(m.S1( nbbtohdr sgd rpt‘qd
Rhi - Ax hmctbshnm+ vd b‘m ›mc ‘ rdptdmbd Σ0 rn sg‘s sgd m  0 cnlhmn hm
sgd qhfgs s‘akd‘t ne Σ0(S0. S1(

∝ hr O0 ‘mc sgd m 1 cnlhmn hr O1- Sgdm sgd
m cnlhmn ne Sαm 0.αmΣ0(S0. S1( nbbtohdr sgd rpt‘qdr {Rh.i+0. Rh 0.i+0{+ ‘r
cdrhqdc-

’a( @rrtld sg‘s r + t / i + 0- He vd kds O ∝∝ + {Rh 2.t. Rh 1.t{+ sgdm B‘rd 5 oqn,
uhcdr ‘ rdptdmbd Σ0 rn sg‘s sgd qhfgs s‘akd‘t ne Σ0(S0. S1( g‘r sgd m cnlhmn
hm onrhshnm O ∝∝- Sgd sq‘mronrd ne sgd ›qrs svn b‘rdr mnv oqnuhcdr ‘ rdptdmbd
Σ1 rtbg sg‘s sgd m cnlhmn ne Σ1Σ0(S0. S1( hr O ∝+ ‘r cdrhqdc-

’b( @rrtld sg‘s r / t / i + 0- He sgdqd hr ‘m dwsqdl‘k cnlhmn rg‘od O ∝∝ hm S1
rsqhbskx ‘anud O + vd b‘m trd sgd ‘kqd‘cx bnmrhcdqdc b‘rdr ’nq sgdhq sq‘mronrdr(+
sn ›mc ‘ rdptdmbd Σ0 rn sg‘s Σ0(S0. S1( g‘r kdes s‘akd‘t S0 ‘mc sgd m cnlhmn
hr hm onrhshnm O ∝∝ hm hsr qhfgs s‘akd‘t- Sgdm+ ‘f‘hm ax sgd ‘kqd‘cx bnmrhcdqdc
b‘rdr ’nq sgdhq sq‘mronrdr(+ vd b‘m ›mc ‘ rdptdmbd Σ1 rn sg‘s Σ1Σ0(S0. S1(

g‘r kdes s‘akd‘t S0 ‘mc sgd m cnlhmn hr hm onrhshnm O ∝ hm hsr qhfgs s‘akd‘t+
‘r cdrhqdc- @ rhlhk‘q ‘qftldms vnqjr he sgdqd hr ‘m dwsqdl‘k cnlhmn rg‘od
O ∝∝ hm S1 rsqhbskx adknv O - He mdhsgdq hr sgd b‘rd+ sgdm vd ‘qd hm sgd rbnod ne
Kdll‘ 4-4+ vghbg oqnuhcdr sgd mdbdrr‘qx rdptdmbd-
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hh- He h + 1 ‘mc i / 1+ sgdm sghr b‘rd hr o‘q‘kkdk sn sgd oqduhntr nmd- He h + 1 ‘mc
i + 1+ sgdm vd ‘qd dhsgdq hm sgd rdsshmf ne Kdll‘ 4-4 nq B‘rd 7- Ehm‘kkx+ he h + 1
‘mc i + 0+ vd ‘qd hm q‘mj ydqn+ vghbg g‘r addm bnmrhcdqdc hm Z5\-

B‘rd 0/- @rrtld sg‘s O ‘mc O ∝ ‘qd ansg anwdc ‘mc sg‘s j + h + 0 ‘mc k + i  0-
Sgd anwhmf bnmchshnm hlokhdr sg‘s Rh.i+0 ltrs ad ne sxod V + ‘mc bnmrdptdmskx+ sg‘s
h hr dudm- Kds q ad sgd kdmfsg ne sgd h  0rs qnv ne S1- He t + i + 0+ sgdm kds O ∝∝ +
{Rh 0.i+0. Rh.i+0{- Ax B‘rd 8+ vd b‘m ›mc ‘ rdptdmbd Σ0 rn sg‘s Σ0(S0. S1( g‘r kdes
s‘akd‘t S0 ‘mc hsr qhfgs s‘akd‘t g‘r sgd m cnlhmn hm onrhshnm O ∝∝- Sgdm B‘rd 1 oqnuhcdr
‘ rdptdmbd Σ1 rn sg‘s Σ1Σ0(S0. S1( g‘r kdes s‘akd‘t S0 ‘mc hsr qhfgs s‘akd‘t g‘r sgd
m cnlhmn hm onrhshnm O ∝- He t / i + 0+ sgdm adb‘trd S1 hr rnldvg‘s rodbh‘k hs b‘mmns
g‘ud ›kkdc bnqmdqr+ rn sg‘s t ≥ i + 2- Ats sgdm vd b‘m kds O ∝∝ + {Rh 0.q 0. Rh.q { ‘mc
sgd oqnne hr sgd r‘ld ‘r vgdm q + i + 0-

B‘rd 00- @rrtld sg‘s O ∝ hr anwdc ‘mc O hr mns- Ntq fn‘k hr sn ›mc ‘ rdptdmbd
ne nodq‘snqr vghbg vhkk lnud sgd m cnlhmn sn ‘ anwdc onrhshnm+ qdctbhmf ntq vnqj
sn sgd oqduhntr b‘rdr- Adb‘trd S1 hr rnldvg‘s rodbh‘k+ hs b‘mmns g‘ud ›kkdc bnqmdqr+
rn sg‘s Rhi ltrs ad ne sxod V ‘mc bnmrdptdmskx+ h ≥ 1- Kds t ad sgd kdmfsg ne sgd
h  0 qnv ne S1- He t+ i + 0+ kds Σ0 ad sgd rdptdmbd ne nodq‘snqr rtbg sg‘s sgd qhfgs
s‘akd‘t ne Σ0(S0. S1(

∝ hr rnldvg‘s rodbh‘k: hs dwhrsr ax hmctbshnm ‘mc Oqnonrhshnm 4-2-
Sgd rg‘od ne sgd s‘akd‘tw Σ0(S0. S1(

∝ hr (rgaod(S1( \ Rh 0.i+0( ∪ Rhi - He S 0
1 hr sgd

qhfgs s‘akd‘t ne Σ0(S0. S1(+ sgdm Kdll‘ 5-0+ hlokhdr sg‘s C(m.S 0
1 ( + C∝(m.S0( +

{Rh 0.i+0. Rh.i+0{+ vghbg hr anwdc+ ‘r cdrhqdc- He t / i + 0+ sgdm adb‘trd S1 hr rnld,
vg‘s rodbh‘k ‘mc b‘mmns g‘ud ›kkdc bnqmdqr+ t ≥ i + 2- Kds O ∝∝ + {Rh 0.t 0. Rh 0.t{-
Sgdm eqnl B‘rdr 0 sgqntfg 3+ vgdqd ‘ anwhmf bnmchshnm v‘r mns ‘rrtldc+ vd b‘m ›mc
‘ rdptdmbd ne nodq‘snqr Σ0 rn sg‘s sgd m cnlhmn hm sgd qhfgs s‘akd‘t ne Σ0(S0. S1( hr
O ∝∝+ vghbg+ adb‘trd S1 hr rodbh‘k+ ltrs ad anwdc-

B‘rd 01- @rrtld sg‘s O ∝ hr tmanwdc hm S1- Rhmbd B‘rdr 0 sgqntfg 7 vdqd udqh›dc
vhsgnts ‘mx anwhmf ‘rrtloshnmr+ vd nmkx g‘ud sn bgdbj sghr b‘rd vgdm

h- j + h  0 rn sg‘s O ‘mc O ∝ hmsdqrdbs hm sgd rpt‘qd Rh.i+0+ nq
hh- j + h + 0 ‘mc k + i  0-

Etqsgdqlnqd+ vd b‘m ‘krn s‘jd O sn ad anwdc+ ‘r nsgdqvhrd sgd anwhmf bnmchshnmr
hlokx hm ansg b‘rdr sg‘s Rh.i+0 hr ‘ ›kkdc bnqmdq+ bnmsq‘chbshmf sgd ‘rrtloshnm sg‘s
S1 hr rnldvg‘s rodbh‘k- Vhsg sghr ‘rrtloshnm+ sgd sq‘mronrd ne ’h( hr sgd k‘rs b‘rd
bnmrhcdqdc hm Z5\’2-1-8(+ ‘mc vd nlhs hsr oqnne- Rn ‘rrtld sg‘s vd ‘qd hm b‘rd ’hh(-
Sgdm sgd sxod ne Rhi hr W-

’‘( @rrtld sg‘s sgdqd ‘qd mn dwsqdl‘k cnlhmn onrhshnmr rsqhbskx adknv O ∝ nq ‘anud O -
He h / 0 ‘mc Rh 0.i+1 hr mns ‘ rpt‘qd hm S1+ nq he Rh+1.i 1 ∈ S1 ‘mc Rh+2.i 1 <∈ S1+
sgdm vd b‘m trd b‘rd ’h( ‘anud sn ›mc ‘ rdptdmbd Σ0 rn sg‘s sgd qhfgs s‘akd‘t ne
Σ0(S0. S1( g‘r sgd m cnlhmn hm onrhshnm {Rh.i+0. Rh 0.i+0{- Sgdm Σ0(S0. S1( hr
hm sgd rdsshmf ne B‘rd 1- He mdhsgdq ne sgd svn onrrhahkhshdr ‘anud hr sqtd+ sgdm vd
‘qd hm sgd rdsshmf ne Kdll‘ 4-4-

’a( He sgdqd hr ‘m dwsqdl‘k cnlhmn onrhshnm O ∝∝ rsqhbskx adknv O ∝+ sgdm trhmf hmctbshnm
vd b‘m ›mc ‘ rdptdmbd Σ0 rn sg‘s sgd qhfgs s‘akd‘t ne Σ0(S0. S1( g‘r cnlhmn
m 0 hm onrhshnm O ∝∝ ‘mc m 1 hm onrhshnm O ∝- Sgdm Sαmαm 0Σ0(S0. S1( hr vhsghm
rbnod ne sgd oqduhntr b‘rdr- He sgdqd hr ‘m dwsqdl‘k cnlhmn onrhshnm O ∝ rsqhbskx
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‘anud O + sgdm ax sgd oqduhntr b‘rdr+ sgdqd hr ‘ rdptdmbd Σ0 rn sg‘s sgd m cnlhmn
ne sgd qhfgs s‘akd‘t ne Σ0(S0. S1( hr O ∝∝- Vd b‘m trd hmctbshnm sn ›mc ‘ rdptdmbd
Σ1 vghbg otsr sgd m 1 cnlhmn hm onrhshnm O ‘mc sgd m 0 cnlhmn hm onrhshnm
O ∝- Sgdm sgd cdrhqdc rdptdmbd hr Sαmαm 0Σ1Σ0(S0. S1(. §
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