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�DdiSshnm eno Anlhmn DnahmrnmtRbgdmrsdc �ifnohsglr

Sgnl]r Nhdsq]gn
CdoWqsldms ne LWsgdlWshbrfi Anvcnhm Bnkkdfdfi Aqtmrvhbifi LWhmd .2.00fi TR@
sohdsqWg:anvcnhm,dct

Odbdhudc Mbsnadq 00fi 1..5

fiKM Mtaidbs AjSrre�bSsenl9 .4D0.

.arscAbs� Ud cdrbqhad W lWo qdkWshmf gxodqnbsWgdcqWk OnahmrnmyRbgdmrsdc Wkfnqhsglr nm
rsWmcWqc cnlhmn sWakdWtw ne tmdptWk qWmi, GsdqWshnm ne sghr lWo qdkWsdr sgd Wkfnqhsglr cd�mdc
ax EWq�mikd Wmc RsWmsnmyUghsd Wmc vgdm qdrsqhbsdc sn hmunktshnmrfi sghr bnmrsqtbshnm Wmrvdqr W
ptdrshnm onrdc ax uWm Iddtvdm, Sgd oqhmbhoWk sdbgmhptd hr cdqhudc eqnl nodqWshnmr cd�mdc nm
rsWmcWqc cnlhmn sWakdWtw ax EWq�mikd vghbg ltrs ad dwsdmcdc sn sghr lnqd fdmdqWk rdsshmf,

Cdwunocr9 cnlhmn sWakdWtwfi OnahmrnmyRbgdmrsdc Wkfnqhsgl

.� 1ironctIrdni

Sgd �k]rrh�]k Pnahmrnm,R�gdmrsdb ]kfnqhsgl bdzmdr ] ahid�shnm adsvddm sgd dkdldmsr
ne sgd rxlldsqh� fqnto H� ]mb sgd r]ld,rg]od o]hqr ne rs]mb]qb Wntmf s]akd]tw ne
rhyd m- Sgd vnqj ne F]qzmjkd Y2[ bdzmdr rhlhk]q ahid�shnmr enq G�) sgd gxodqn�s]gd,
bq]k fqnto nm m kdssdqr) trhmf o]hqr ne �dqs]hm r]ld,rg]od rs]mb]qb Tnidmn s]akd]tw
]r o]q]ldsdq rdsr-

Uhdvhmf G� ]r sgd Vdxk fqnto ne ] rhlokd Khd fqnto ne sxodB) F]qzmjkdcr fdmdq,
]khy]shnm hr ] l]oC� vgnrd hl]fd hr oqd�hrdkx sgd rds ne r]ld,rg]od o]hqr ne rs]mb]qb
bnlhmn s]akd]tw ne rhyd m ]mb q]mj .- Vgdm uhdvhmf G� ]r sgd Vdxk fqnto ne ] rhl,
okd Khd fqnto ne sxod �) rgd bdzmdr ] lnqd m]stq]k l]o C0 vgnrd hl]fd hr sgd rds
ne r]ld,rg]od o]hqr ne rs]mb]qb bnlhmn s]akd]tw ne rhyd m ]mb q]mj 0- u]m Kddtvdm
g]r nardqudb sg]s F]qzmjkdcr bdzmhshnm �]m ad dwsdmbdb sn bdzmd ahid�shud l]or Cn
eqnl G� sn r]ld,rg]od o]hqr ne rs]mb]qb bnlhmn s]akd]tw ne ]qahsq]qx q]mj o Y6[- Enq
o rtez�hdmskx k]qfd) Cn qd�nudqr sgd ahid�shnm ne Rs]msnm ]mb Vghsd bdzmdb adsvddm
G� ]mb o]hqr ne r]ld,rg]od rs]mb]qb ahs]akd]tw ’�e- Y02[ ]mb ]krn Y00[(-

Bnmrhbdq ]m dkdldms � ∈ G� ]mb kds �S� H( ) Cn��( ]mb �S �� H �( ) Cn�0��(- Sgd
l]hm qdrtks ne sghr o]odq bdr�qhadr ] l]o adsvddm sgd o]hqr �S� H( ]mb �S �� H �( trhmf
sd�gmhptdr eqnl Y2[- Hm sghr v]x) vd nas]hm l]or sg]s qdk]sd sgd bheedqdms ldladqr
ne sghr e]lhkx ne fdmdq]khydb Pnahmrnm,R�gdmrsdb ]kfnqhsglr ]r vdkk ]r sgd ]kfnqhsgl
]mb Rs]msnm ]mb Vghsd- Vgdm � hr ]m hmunktshnm) sgd l]o rdmbhmf �S� H( sn �S �� H �(
g]r ] o]qsh�tk]qkx rhlokd bdr�qhoshnm ]mb ]mrvdqr ] ptdrshnm onrdb ax u]m Kddtvdm
hm Y6) o- 15[-
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Sgd �nlahm]snqh]k qdrtksr ne sghr o]odq ]qd o]qsh�tk]qkx qdkdu]ms sn qd�dms qdrtksr
hm sgd rstbx ne I]ygb]m,Ktryshf �dkk rsqt�stqd ne ]m tmdpt]k o]q]ldsdq Gd�jd ]kfdaq]
� - F]qzmjkdcr nqhfhm]k vnqj nm oqhlhshud rod�sqtl ne ] tmhudqr]k dmudknohmf ]kfdaq]
ne ] �nlokdw rdlhrhlokd Khd ]kfdaq] �k]rrhzdb sgd I]ygb]m,Ktryshf �dkk rsqt�stqd ne
dpt]k o]q]ldsdq Gd�jd ]kfdaq]r ne sxod ��- Hm sgd lnqd fdmdq]k rdsshmf ne tmdpt]k
o]q]ldsdq � ) Y0[ �nmid�stqdr ] o]q]ldsqhy]shnm ne �dkkr uh] bnlhmn s]akd]tw ne q]mj
o) vgdqd sgd rod�hz� �gnh�d ne o bdodmbr nm sgd tmbdqkxhmf o]q]ldsdqr ne� - Hm Y01[)
sgd qdrtksr ne sgd oqdrdms o]odq ]qd trdb sn qd�nm�hkd sgd ]anud �nmid�stqd ]mb F]qzm,
jkdcr nqhfhm]k vnqj nm oqhlhshud hbd]kr- Hm qdk]sdb vnqj) Y5[ ]mb Y4[ oqnuhbd ] fdnlds,
qh� hmsdqoqds]shnm ne sgdrd �nlahm]snqh]k qdrtksr hm sgd rdsshmf ne q]shnm]k Bgdqdbmhj
]kfdaq]r-

0� Cbyidrdnip Tic LobhdldiTodbp

1-0- Fdmdq]khydb Pnahmrnm,R�gdmrsdb ;kfnqhsglr

Enkknvhmf F]qzmjkd Y2[) vd uhdv sgd dkdldmsr ne sgd gxodqn�s]gdbq]k fqntoG� ]r
rtardsr � ne ��×��× \·0{) vhsg �� ) \0� 1� , , , � m{ rt�g sg]s sgd oqnid�shnmr nmsn
sgd zqrs ]mb rd�nmb �nlonmdmsr ne � ]qd ]kv]xr ahid�shnmr nmsn �� ’ Y2) Cdzmhshnm
0-0-1[(- Vd vhkk vqhsd sgd dkdldms � ]r \��0� 0� 00(� , , , � ���� m� 0�({- Hm sghr enql) �
�nqqdronmbr sn sgd rhfmdb odqlts]shnm �00�0� 01�1� , , , � 0���(-

Enq tr) Wntmf bh]fq]lr vhkk ad zmhsd kdes,itrshzdb ]qq]xr ne rpt]qdr ]qq]mfdb vhsg
mnm,hm�qd]rhmf qnv kdmfsgr- ; rpt]qd hm qnv d ]mb �nktlm h ne sgd bh]fq]l vhkk ad
bdmnsdb Hf� i rn sg]s H0�0 hr sgd toodqlnrs kdes rpt]qd hm sgd Wntmf bh]fq]l adknv9

Cbyidrdni 0�.� Kcs o ∈ � YmT λ ac Y lYosdsdnm ne Y lnqdsduc dmscfco i- ; bnlhmn
s]akd]t ne q]mj o ]mb rg]od λ dq Y Wntmf TdYfoYi ne qgYlc λ vgnqc qptYocq Yoc
kYackcT ax dmscfcoq eoni qnic qcs L qtbg sgYs . kYackq sgc qptYoc �d� h( de YmT nmkx de
d= h / o= 1r cYbg ckcicms ne L kYackq cwYbskx svn YThYbcms qptYocqr YmT Ykk kYackq
dmbocYqc vcYjkx Yknmf ansg onvq YmT bnktimq- ; Tnidmn sYakcYt dq rs]mb]qb dee L )
�� eno qnic m-

Vd vhkk vqhsd ASn�λ( enq sgd e]lhkx ne ]kk bnlhmn s]akd]tw ne q]mj o ]mb rg]od λ
]mb ASn�m( enq sgd e]lhkx ne ]kk bnlhmn s]akd]tw ne q]mj o vgh�g �nms]hm dw]�skx m
bnlhmnr- Sgd �nqqdronmbhmf e]lhkhdr ne rs]mb]qb s]akd]tw vhkk ad bdmnsdb HASn�λ(
]mb HASn�m(- Sgd rds ne rpt]qdr hm ] s]akd]t S k]adkdb ax sgd hmsdfdq k vhkk ad bdmnsdb
ax qtll�k� S ( ]mb qtll�.� S ( vhkk ad �]kkdb sgd bnoc ne S -

Enkknvhmf Y2[ ]mb Y6[) vd bdr�qhad sgd Pnahmrnm,R�gdmrsdb ahid�shnmr

Cn 9 G� → HASn�m(× HASn�m(,

Sgd ]kfnqhsgl hr a]rdb nm ]m hmrdqshnm l]o α vgh�g) fhudm ]m dkdldms �d� h� 0( ne
� ∈ G�) hmrdqsr ] bnlhmn vhsg k]adk d hmsn ] bnlhmn s]akd]t-
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Cbyidrdni 0�0� BnmqdTco � ∈ G�r �d� h� 0( ∈ �r YmT Y Tnidmn sYakcYt S � ∈ ASn�j(-
Uodsc > ) \k0� k1� , , , � kj{ eno sgc qcs ne kYackq ne sgc Tnidmnq ne S � kdqscT dm dmbocYqdmf
noTco- Ugcm d .∈ >r vc bYm Tczmc Y sYakcYt S ) α��d� h� 0(� S �( ∈ ASn�j= 0( ax sgc
enkknvdmf lonbcTtoc9

’0( Fe d < kjr S dq enoicT ax

’]( YTTdmf Y mcv gnodynmsYk Tnidmn vdsg kYack d sn sgc cmT ne sgc zoqs onv ne S �

de 0) 0r no ax
’a( YTTdmf Y mcv ucosdbYk Tnidmn vdsg kYack d Ys sgc cmT ne sgc zoqs bnktim ne

S � de 0) ±0-

’1( Msgcovdqcr kcs kk ac sgc kcYqs kYack dm > focYsco sgYm d- Uc dmTtbsduckx Tczmc
Y qcptcmbc \Sk−0� Sk� , , , � Sj�0{ ne Tnidmn sYakcYtw YmT kcs S ) Sj�0- Sn sgdq
ceecbsr bnmqsotbs Sk−0 ax ocinudmf Ykk Tnidmnq vdsg kYackq focYsco sgYm no cptYk
sn kk eoni S �- Kcs Sk ) α��d� h� 0(� Sk−0(- Eno l≥ ir

’]( de qtll�km� S �(∩Sm ) //r sgcm Sm�0 dq sgc sYakcYt nasYdmcT eoni Sm ax kY,
ackdmf qtll�km� S �( vdsg dmscfco km6

’a( de qtll�km� S �(∩Sm )
�

Hf� i
}

r sgcm Sm�0 dq sgc sYakcYt nasYdmcT eoni Sm ax
kYackdmf

�

Hf� i�0� Hf�0� i�0
}

vdsg dmscfco km de qtll�km� S �( dq gnodynmsYkr no
ax kYackdmf

�

Hf�0� i� Hf�0� i�0
}

vdsg dmscfco km de qtll�km� S �( dq ucosdbYk6
’�( de qtll�km� S �(∩Sm ) qtll�km� S �(r sgcm Sm�0 dq sgc sYakcYt nasYdmcT ax

YTTdmf Y gnodynmsYk Tnidmn vdsg kYack km Ys sgc cmT ne onv ι = 0 ne Sm de
qtll�km� S �( dq gnodynmsYk YmT kdcq dm onv ι ne S �r no ax YTTdmf Y ucosdbYk
Tnidmn vdsg kYack km Ys sgc cmT ne bnktim ι = 0 ne Sm de qtll�km� S �( dq
ucosdbYk YmT kdcq dm bnktim ι ne S �-

Sg]s sghr oqn�dbtqd hr vdkk,bdzmdb ]mb hmbddb oqnbt�dr ] bnlhmn s]akd]t hr udq,
hzdb hm Y2) Rd�shnm 1[- Sn bdr�qhad sgd fdmdq]khydb Pnahmrnm,R�gdmrsdb ]kfnqhsgl hs,
rdke) vd rs]qs ax �nmrsqt�shmf sgd kdes s]akd]t- Kds S �.( ad sgd nmkx s]akd]t hm HASn�.(-
Cdzmd S �0( ) α���0� 0� 00( � S �.(( ]mb �nmshmtd hmbt�shudkx ax kdsshmf

S �j= 0( ) α���j�0� j= 0� 0j�0( � S �j(( ,

Sgd kdes bnlhmn s]akd]t S �m( vhkk ad rs]mb]qb ]mb ne q]mj o- Sgd qhfgs s]akd]tw sq]�j
sgd rg]odr ne sgd kdes s]akd]tw- Adfhm ax enqlhmf ] bnlhmn s]akd]t H�0( ax ]bbhmf ]
bnlhmn vhsg k]adk 0 sn S �.( hm rt�g ] v]x sg]s H�0( ]mb S �0( g]ud sgd r]ld rg]od-
Bnmshmtd ]bbhmf bnlhmnr ax qdpthqhmf sg]s ]s d]�g rsdo H�j( khd hm HASn�j( ]mb g]ud
sgd r]ld rg]od ]r S �j(- ;f]hm) sgd bnlhmn s]akd]t H�m( vhkk ad rs]mb]qb ]mb ne
q]mj o- Ehm]kkx) sgd hl]fd ne � tmbdq Cn hr bdzmdb ]r sgd s]akd]t o]hq �S �m(� H�m((-
Sn rhlokhex mns]shnm) vd vhkk vqhsd Cj

n��( enq sgd o]hq �S �j(� H�j((- Vd vhkk ]krn
rnldshldr rhlokhex mns]shnm rkhfgskx ]mb vqhsd αk�S ( hmrsd]b ne α���k� i� 0k( � S (
]mb αk��S� H(( enq sgd bnlhmn s]akd]t o]hq nas]hmdb ax enkknvhmf sgd ]anud rg]od,
sq]�jhmf oqn�dbtqd enq αk�S (-

Vgdm o) . nq 0)Cn ]qd oqd�hrdkx F]qzmjkdcr ]kfnqhsglr: enq o< 0 sgdx ]qd m]stq]k
dwsdmrhnmr sn k]qfdq,q]mj s]akd]tw- Hm ]kk �]rdr) Cn bdzmd ] ahid�shnm eqnl G� sn
o]hqr ne r]ld,rg]od s]akd]tw hm HASn�m( Y6[- Sgdrd fdmdq]khy]shnmr ne sgd Pnahmrnm,
R�gdmrsdb ]kfnqhsgl rg]qd ] mtladq ne oqnodqshdr vhsg sgd nqhfhm]k ]kfnqhsgl- Vd
rs]sd sgd enkknvhmf9
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Lonmnpdrdni 0�2� ’Y6) ’3-1([( Cn
}

�−0
(

) �H� S ( vgcmcuco Cn��( ) �S� H(- Fm lYosdb,
tkYor de � dq Ym dmunktsdnmr Cn��( ) �S� S ( eno qnic qsYmTYoT Tnidmn sYakcYt S -

DwYilkc .-3- Bnmrhbdq sgd rhfmdb odqlts]shnm �1 ± 3 ± 2 0(- Hs �nqqdronmbr sn sgd
rds � ) \�1� 0� 0(� �3� 1� ±0(� �2� 2� ±0(� �0� 3� 0({ ∈ G3- He o ) 1) sgdm rt��drrhud
hmrdqshnm ne dkdldmsr ne � hmsn sgd dlosx s]akd]t ne q]mj ydqn xhdkbr sgd enkknvhmf
rdptdm�d ne s]akd]t o]hqr

S �0( ) � � 1
� H�0( ) � � 0

�

S �1( )
� � 1
�

3
H�1( )

� � 0
�

1

S �2( )
� � 1
�

3
2

H�2( )
� � 0
�

2
1

S �3( )
� � 0
� 1

2
3 H�3( )

� � 0
�

2 3
1

Bnmrdptdmskx) C1��( ) �S �3(� H�3((-

1-1- Bx�kdr

Sgd mnshnm ne ] �x�kd hm ] bnlhmn s]akd]t ]ood]qr hm ] mtladq ne qdedqdm�dr- Rdd) enq
hmrs]m�d) Y1[) Y7[) nq Y8[- Vd mnv qduhdv hsr bdzmhshnm-

Cbyidrdni 0�4� Eno Y qsYmTYoT Tnidmn sYakcYt S ne YoadsoYox oYmj or vc bYkk Y qptYoc
dm lnqdsdnm �d� h( zwdb vgcm d= h gYq sgc nllnqdsc lYodsx Yq o6 nsgcovdqcr vc vdkk bYkk
ds u]qh]akd-

Hs hr onrrhakd sn �gnnrd sgd rdsr ne zwdb ]mb u]qh]akd rpt]qdr bheedqdmskx) ]r hm Y2)
Cdzmhshnm 0-4-3[: gnvdudq) vd qdeq]hm eqnl bdzmhmf sgd lnqd fdmdq]k onrrhahkhshdr ]r
nmkx sghr �gnh�d vhkk ad md�drr]qx enq ntq qdrtksr-

He S ∈ HASn�m() vd vhkk vqhsd A�j� S ( enq sgd bnlhmn k]adkdb ax sgd onrhshud
hmsdfdq j hm S uhdvdb ]r ] rds ne k]adkdb rpt]qdr) ]mb qtllA�j� S ( vhkk bdmnsd hsr
tmbdqkxhmf rpt]qdr- Vqhsd kYack Hf� i enq sgd k]adk ne rpt]qd Hf� i hm S - Vd dwsdmb sghr
mnshnm rkhfgskx ax kdsshmf kYack Hf� i ) . he dhsgdq d nq h hr kdrr sg]m nq dpt]k sn ydqn) ]mb
kYack Hf� i ) ∞ he d ]mb h ]qd onrhshud ats Hf� i hr mns ] rpt]qd hm S -

Cbyidrdni 0�5� Htllnqc sgYs qtllA�j� S ( )
�

Hf� i� Hf�0� i
}

no
�

Hf� i−0� Hf� i
}

YmT sgc
qptYoc Hf� i dq zwcT- Aczmc A��j( sn ac Y Tnidmn kYackcT ax dmscfco j vdsg
qtllA��j� S ( cptYk sn

’0(
�

Hf� i� Hf−0� i
}

de j / kYack Hf−0� i�06
’1(

�

Hf� i� Hf� i�0
}

de j < kYack Hf−0� i�0-

;kscomYsckxr qtllnqc sgYs qtllA�j� S ( )
�

Hf� i� Hf−0� i
}

no
�

Hf� i�0� Hf� i
}

YmT sgc
qptYoc Hf� i dq zwcT- Aczmc qtllA��j� S ( sn ac
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’0(
�

Hf� i� Hf� i−0
}

de j / kYack Hf�0� i−06
’1(

�

Hf� i� Hf�0� i
}

de j < kYack Hf�0� i−0-

Cbyidrdni 0�6� Sgc bxbkc b) b�j� S ( sgontfg j dm Y qsYmTYoT Tnidmn sYakcYt S dq Y
tmdnm ne kYackq ne S TczmcT ax sgc bnmTdsdnm sgYs k ∈ b de cdsgco

’0( k ) jr
’1( qtllA�k� S (∩ qtllA��i� S ( ∩) // eno qnic i ∈ br no
’2( qtllA��k� S (∩ qtllA�i� S ( ∩) // eno qnic i ∈ b-

Vd vhkk nesdm hbdmshex sgd k]adkr �nms]hmdb hm sgd �x�kd vhsg sgdhq tmbdqkxhmf
bnlhmnr- Enq ] rs]mb]qb bnlhmn s]akd]t S ne q]mj o ]mb ] �x�kd b hm S ) vd �]m
bdzmd ] bnlhmn s]akd]tLS �S� b( ax qdok]�hmf dudqx bnlhmn A�k� S ( ∈ b ax sgd �nq,
qdronmbhmf bnlhmn A��k� S (- Sg]s sgd qdrtkshmf s]akd]tLS �S� b( hr rs]mb]qb enkknvr
eqnl Y2) Nqnonrhshnm 0-4-16[- Hm fdmdq]k) sgd rg]od ne LS �S� b( vhkk dhsgdq dpt]k sgd
rg]od ne S ) nq nmd rpt]qd vhkk ad qdlnudb ’nq ]bbdb sn sgd �nqd( ]mb nmd vhkk ad
]bbdb- Sgd �x�kd b hr �]kkdb bknqcT hm sgd enqldq �]rd ]mb nlcm hm sgd k]ssdq- Enq ]m
nodm �x�kd b ne ] s]akd]t S ) vd vhkk vqhsd Hr�b� S ( ]mb H e �b� S ( enq sgd rpt]qdr sg]s
g]ud addm qdlnudb ’nq ]bbdb sn sgd �nqd( ]mb ]bbdb ax lnuhmf sgqntfg b: vd vhkk
nesdm ]aaqduh]sd sghr mns]shnm sn Hr�b( ]mb H e �b( vgdm mn �nmetrhnm �]m qdrtks- Kds
R ad ] rds ne �x�kdr hm S - ;��nqbhmf sn Y2) Bnqnkk]qx 0-4-18[) sgd nqbdq hm vgh�g nmd
lnudr sgqntfg ] rds ne �x�kdr bndr mns l]ssdq) ]kknvhmf tr sn tm]lahftntrkx vqhsd
LS �S�R( enq sgd s]akd]t nas]hmdb ax lnuhmf sgqntfg ]kk ne sgd �x�kdr hmR -

Vd mdws bdzmd sgd rds ne �x�kdr sg]s hs vhkk ad md�drr]qx sn lnud sgqntfg sn
bdr�qhad sgd qdk]shnmrgho adsvddm Cn ]mb Cn�0-

Enq S ∈ HASn�m() vd vhkk vqhsd δ ) δ�S ( enq sgd rds ne rpt]qdr Hf� i sg]s r]shrex
d= h ) o=1- Sgdrd ]qd sgd rpt]qdr vhsg onrhshud k]adkr ]bi]�dms sn sgd �nqd ne S - ;kk
]qd u]qh]akd hm ntq �gnh�d ne zwdb ]mb u]qh]akd rpt]qdr- Hm nqbdq sn nas]hm ] bnlhmn
s]akd]t ne q]mj o= 0) hs vhkk ad md�drr]qx sn �kd]q ]kk ne sgd rpt]qdr hm δ- Rhlokx
lnuhmf sgqntfg ∆�S () sgd �x�kdr hm S sg]s o]rr sgqntfg δ) vhkk ]�ghdud sghr deed�s-
Gnvdudq) vgdm ]ookhdb sn ] o]hq ne s]akd]tw ne sgd r]ld rg]od) sgd qdrtkshmf o]hq
ne s]akd]tw l]x mns ad ne sgd r]ld rg]od- Sn �nqqd�s sghr) vd vntkb khjd sn bdzmd
] lhmhl]k rds ne �x�kdr hm ] o]hq ne bnlhmn s]akd]tw sg]s vhkk dmrtqd sgd qdrtkshmf
o]hq hr ne r]ld rg]od- Lnqd oqd�hrdkx) enq ] o]hq �S� H() vd vntkb khjd sn zmb rdsr ne
�x�kdr γ ) �γ�S (� γ�H(( hm ansg S ]mb H vhsg ∆�S ( ⊂ γ�S ( ]mb ∆�H(⊂ γ�H( rt�g sg]s
LS �S� γ�S (( ]mbLS �H� γ�H(( g]ud sgd r]ld rg]od-

Sgd m]stq]k mnshnm sn �nmrhbdq hr ]m dwsdmbdb �x�kd ’Y3) Cdzmhshnm 1-2-0[() vgh�g
vd mnv qd�nmrsqt�s-

Cbyidrdni 0�7� BnmqdTco �S� H( Y lYdo ne qYic,qgYlc Tnidmn sYakcYtwr j Y kYack ne Y
Tnidmn dm S r YmT b sgc bxbkc dm S sgontfg j- Sgc cwscmTcT bxbkc –b ne j dm S ockYsduc sn
H dq Y tmdnm ne bxbkcq dm S vgdbg bnmsYdmq b- Etosgcor sgc tmdnm ne svn bxbkcq b0∪ b1
kdcq dm –b de cdsgco dq bnmsYdmcT dm –b YmTr eno qnic bxbkc T dm Hr Hr�T( bndmbdTcq vdsg Y
qptYoc ne b0 YmT H e �T( bndmbdTcq vdsg Y qptYoc ne LS �S� b1(- Sgc qxiicsodb mnsdnm
ne Ym cwscmTcT bxbkc dm H ockYsduc sn S dq TczmcT dm sgc mYstoYk vYx-

Kds –b ad ]m dwsdmbdb �x�kd hm S qdk]shud sn H- ;��nqbhmf sn sgd bdzmhshnm) hs hr
onrrhakd sn vqhsd –b ) b0 ∪ } } }∪ bk ]mb zmb �x�kdr T0� , , , � Tk hm H rt�g sg]s Hr�bf( )
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Hr�Tf( enq ]kk d) H e �Tk( ) H e �b0() ]mb H e �Tf( ) H e �bf�0( enq 0 ≤ d / i- Sgd tmhnm
–T ) T0 ∪ } } }∪ Tk hr ]m dwsdmbdb �x�kd hm H qdk]shud sn S �]kkdb sgd cwscmTcT bxbkc
bnoocqlnmTdmf sn –b- Rxlldsqh�]kkx) –b hr sgd dwsdmbdb �x�kd �nqqdronmbhmf sn –T-

Hs hr mnv onrrhakd sn bdzmd ] lnuhmf sgqntfg nodq]shnm enq ] o]hq ne r]ld,rg]od
bnlhmn s]akd]tw- He vd kds a ad sgd nqbdqdb o]hq

}

–b� –T
(

ne dwsdmbdb �x�kdr hm �S� H(
sg]s �nqqdronmb sn d]�g nsgdq) sgdm vd bdzmd

LS ��S� H(� a( )
}

LS �S� –b( �LS
}

H� –T
((

,

;r bdrhqdb) sghr nodq]shnm oqnbt�dr ]mnsgdq o]hq ne r]ld,rg]od bnlhmn s]akd]tw ’Y3)
Cdzmhshnm 1-2-0[(- He � hr ] e]lhkx ne nqbdqdb o]hqr ne dwsdmbdb �x�kdr sg]s �nqqdronmb
sn d]�g nsgdq) sgdm vd �]m tm]lahftntrkx bdzmd LS ��S� H(� �() sgd nodq]shnm ne
lnuhmf sgqntfg ]kk ne sgd o]hqr rhltks]mdntrkx-

2� 9 Cnldin RTahbTt AnoobpmnicbiIb

Eqnl sgd bdzmhshnmr ne sgd oqduhntr rd�shnm) hs hr ]oo]qdms sg]s lnuhmf sgqntfg ]kk ne
sgd dwsdmbdb �x�kdr sg]s o]rr sgqntfg δ�S ( ]mb δ�H( ne ] r]ld,rg]od bnlhmn s]akd]t
o]hq �S� H( vhkk mns nmkx hm�qd]rd sgd q]mj ne sgd qdrtkshmf s]akd]t o]hq ax nmd) ats
sgd svn s]akd]tw vhkk ]krn ad ne sgd r]ld rg]od- Vg]s hr odqg]or rtqoqhrhmf hr sg]s
sghr l]o) vgh�g ldqdkx du]�t]sdr δ hm sgd rhlokdrs l]mmdq sg]s vhkk jddo sgd bnlhmn
s]akd]t o]hq ne sgd r]ld rg]od) bdr�qhadr sgd qdk]shnmrgho adsvddm sgd Pnahmrnm,
R�gdmrsdb l]or Cn ]mb Cn�0-

2-0- L]hm Sgdnqdl

Vd zqrs rhlokhex ntq mns]shnm rkhfgskx- Bnmrhbdq ] o]hq ne bnlhmn s]akd]tw �S� H(
ne q]mj o ]mb bdzmd γ�S ( sn ad sgd rds ne dwsdmbdb �x�kdr hm S sgqntfg δ�S ( qdk]shud
sn H- Rhlhk]qkx) kds γ�H( ad sgd rds ne dwsdmbdb �x�kdr hm H sgqntfg δ�H( qdk]shud sn S -
He vd vqhsd γ enq sgd nqbdqdb o]hq ne rdsr ne dwsdmbdb �x�kdr �γ�S (� γ�H(() sgdm kds

LLS ��S� H(( )LS ��S� H(� γ(

ad sgd lhmhl]k lnuhmf sgqntfg l]o sg]s �kd]qr ]kk ne sgd rpt]qdr hm δ�S ( ]mb δ�H(-

Rfbnobl 2�.� BnmqdTco Ym ckcicms � ∈ G�- Sgc Pnadmqnm,HbgcmqscT iYlq Cn YmT
Cn�0 eno oYmj o YmT o= 0 Tnidmn sYakcYtw Yoc ockYscT ax

Cn�0��( )LLS �Cn��(( ,

Sgd oqnne hr ] bhqd�s �nmrdptdm�d ne sgd enkknvhmf kdll]: vd rgnv sg]s bnlhmn
hmrdqshnm �nlltsdr vhsg lnuhmf sgqntfg sgd rds ne dwsdmbdb �x�kdr vgh�g o]rr
sgqntfg sgd rpt]qdr ]bi]�dms sn sgd �nqdr ne ] bnlhmn s]akd]t o]hq- Vd mnsd sg]s
sgd kdll] hr mns sqtd vgdm lnqd fdmdq]k rdsr ne �x�kdr ]qd �nmrhbdqdb-

DbllT 2�0� BnmqdTco � ∈ G�- Sgcm

LLS
(

αj�0

(

Cj
n��(

))

) αj�0

(

LLS
(

Cj
n��(

))

,
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Vgdm o ) .) sgd qdrtks hr qdlhmhr�dms ne Y3) Nqnonrhshnm 1-2-1[- Vd enkknv ]
rhlhk]q ]ooqn]�g ]mb qdbdzmd sgd r�nod ne ] mtladq ne sd�gmh�]k rs]sdldmsr sn �nudq
sgd rhst]shnmr onrrhakd hm sgd rds ne q]mj o rs]mb]qb bnlhmn s]akd]tw vgdm o ≥ .-

DwYilkc 2-2- Bnmrhbdq �) ��1� 0� ±0(� �0� 1� 0(( hm G1- He �S� H( ) C���() sgdm

S ) 0
1 H) 0 1

Sgd �x�kdr hm S ]qd b0 ) \0{ ]mb b1 ) \1{ ]mb sgd �x�kdr hm H ]qd T0 ) \0{ ]mb T1 )
\1{- Mnsd sg]s ∆�S ( ) b0 ]mb ∆�H( ) T0- Gnvdudq) γ�S ( ) b0∪b1 ]mb γ�H( ) T0∪T1)
rn sg]s LLS �C���(( hr sgd o]hq ne s]akd]tw

S � )
� 0

1
H � )

� 1

0

;r rs]sdb hm sgd sgdnqdl)LLS �C���(( ≡ �S �� H �( dpt]kr C0��(-

2-1- Sd�gmh�]k Kdll]r

Hs hr onrrhakd sn bdr�qhad sgd nodm �x�kdr hm S �j= 0( hm sdqlr ne sgd nodm �x�kdr
hm S �j(- F]qzmjkdcr Y3) Sgdnqdl 1-1-2[ bdr�qhadr sghr qdk]shnmrgho vgdm o ) .- Vhsg
nmkx lhmnq �g]mfdr) sghr qdrtks �]m ad rs]sdb enq ]qahsq]qx q]mj s]akd]tw- Vd vhkk
vqhsd MB�S ( enq sgd rds ne nodm �x�kdr hm S - Sn ad oqd�hrd) kdscr qd�]kk ] bdzmhshnm9

Cbyidrdni 2�3� Fe S0� S1 ∈ HASn�m(r YmT R0 YmT R1 Yoc qcsq ne nlcm bxbkcq dm S0 YmT
S1r sgcm Y iYl fi 9 R0 →R1 dq Y �x�kd rsqt�stqd oqdrdquhmf ahid�shnm de eno cucox b∈R0r
Hr�fi�b(( ) Hr�b( YmT H e �fi�b(( ) H e �b(-

Hm fdmdq]k) sgdqd hr mn �x�kd rsqt�stqd oqdrdquhmf ahid�shnm adsvddm sgd nodm �x�kdr
hm S �j=0( ]mb sgnrd hm S �j(- Gnvdudq) sgdhq qdk]shnmrgho hr nmkx rkhfgskx lnqd rtaskd-

Cbyidrdni 2�4� ; bxbkc b ∈ MB�S �j= 0(( bnoocqlnmTq sn Y bxbkc b � ∈ MB�S �j(( de
cdsgco Hr�b �( ) Hr�b( no H e �b( ) H e �b �(-

Vd vhkk bdr�qhad sgd nodm �x�kd �nqqdronmbdm�dr ]mb �x�kd rsqt�stqd oqdrdquhmf
ahid�shnmr adsvddm S �j=0( ]mb S �j(- Sgd zqrs kdll] hr ] fdmdq]khydb udqrhnm ne Y3)
Sgdnqdl 1-1-2[) dwsdmbdb ax sgd �]rd gdqd k]adkdb ]r B]rd 1�Y(�dd(- Adenqd rs]shmf hs)
kdscr hmsqnbt�d rnld mns]shnm sg]s vhkk ad trdb sgqntfgnts sghr rd�shnm- Vd vhkk vqhsd
S enq S �j= 0() S � enq S �j() ]mbR enq sgd s]akd]tR vhsg hsr ghfgdrs,k]adkdb bnlhmn
qdlnudb- Kds O ad sgd rpt]qdr hm S sg]s ]qd mns hm S � ]mb O ad sgd rpt]qdr hm S sg]s
]qd mns hm S �- He c hr sgd ghfgdrs k]adk hm S ) kds O �

b ad sgd rpt]qdr ne A�c� S �() ]mb Ob
ad sgd rpt]qdr ne A�c� S (-

DbllT 2�5� BnmqdTco S �j( YmT S �j= 0( ∈ HASn�m(- Htllnqc sgYs O dq gnodynmsYk
YmT bnmqdqsq ne sgc qptYocq \Hf� i� Hf� i�0{- Ugcm O dq ucosdbYk dmqscYTr sgc naudntq
soYmqlnqdsdnmq ne sgc qsYscicmsq acknv Yoc sotc- Sgc ockYsdnmqgdl ne sgc nlcm bxbkc
qsotbstoc ne S �j( sn sgc nlcm bxbkc qsotbstoc ne S �j=0( dq TcqbodacT ax sgc enkknvdmf
bYqcq9

’0( Htllnqc sgYs Hf� i�0 dq uYodYakc-
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’]( Edoqs Yqqtic sgYs h < 0 YmT Hf�0� i−0 dq mns bnmsYdmcT dm sgc TdYfoYi tm,
Tcokxdmf S �j(- Kcs b � ac sgc nlcm bxbkc dm S �j( vdsg Hr�b �( ) Hf� i−0- Sgcm
sgcoc dq Ym nlcm bxbkc b dm S �j=0( vdsg H e �b( ) H e �b �( YmT Hr�b( ) Hf� i�0-
Etosgcoinocr sgcoc dq Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm sgc oc,
iYdmdmf nlcm bxbkcq ne S �j( YmT S �j= 0(-

’a( Msgcovdqcr cdsgco h ) 0 no Hf�0� i−0 dq bnmsYdmcT dm sgc TdYfoYi tmTcokxdmf
S �j(- Sgcm sgcoc Yoc svn lnqqdadkdsdcq- Ddsgco

’h( sgcoc dq Ym nlcm bxbkc b dm S �j= 0( vdsg Hr�b( ) Hf� i�0 YmT H e �b( )
Hf�0� i YmT Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm MB�S �j((
YmT MB�S �j= 0((\ \b{r no

’hh( sgcoc dq Ym nlcm bxbkc b � dm S �j( YmT bxbkcq b0� b1 dm S �j=0( qtbg sgYs
H e �b0( ) H e �b �(r Hr�b0( ) Hf� i�0r H e �b1( ) Hf�0� ir YmT Hr�b1( ) Hr�b �(-
Fm sgdq bYqcr sgcoc dq Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm
MB�S �j((\ \b �{ YmT MB�S �j= 0((\ \b0� b1{-

’1( Htllnqc sgYs Hf� i�0 dq zwcT-

’]( Edoqs Yqqtic sgYs cdsgco d ) 0 no Hf−0� i�1 dq bnmsYdmcT dm sgc TdYfoYi tm,
Tcokxdmf S �j= 0(- Sgcoc Yoc svn lnqqdadkdsdcq- Ddsgco

’h( sgcoc dq Ym nlcm bxbkc b � dm S �j( vdsg H e �b �( ) Hf� i YmT Ym nlcm bxbkc
b dm S �j=0( vdsg H e �b( ) Hf� i�1 YmT Hr�b( ) Hr�b �(6 dm sgdq bYqc sgcoc
dq Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm sgc ociYdmdmf nlcm
bxbkcq ne S �j( YmT S �j= 0(r no

’hh( Hf� i ∈ δ�S �j((r sgcoc dq Y bxbkc b dm S �j= 0( vdsg Hr�b( ) Hf� i YmT
H e �b( ) Hf� i�1r YmT Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm
MB�S �j(( YmT MB�S �j= 0((\ \b{-

’a( Msgcovdqcr ansg d < 0 YmT Hf−0� i�1 dq mns bnmsYdmcT dm sgc TdYfoYi tmTco,
kxdmf S �j= 0(- Sgcm sgcoc dq Ym dmscfco t < �j�0 qtbg sgYs sgc Tnidmn
vdsg kYack t enoiq Y bxbkc b � dm S �j( vdsg H e �b �( ) Hf� i YmT Hr�b �( )
Hf−0� i�0- Fm sgdq bYqcr sgcoc dq Y bxbkc qsotbstoc locqcoudmf adhcbsdnm ac,
svccm MB�S �j((\ \b �{ YmT MB�S �j= 0((-

Sn udqhex sgd ]anud) hs hr md�drr]qx sn tmbdqrs]mb gnv sgd �x�kd rsqt�stqd ne ]
bnlhmn s]akd]tR hr qdk]sdb sn sgd �x�kd rsqt�stqd neR - Vgdm o ) .) sghr hr bdr�qhadb
hm Y3) Nqnonrhshnm 1-1-3[- ;f]hm enq �nlokdsdmdrr) vd rs]sd ntq udqrhnm enq ]qahsq]qx
q]mj s]akd]tw hm etkk) vgh�g bheedqr hm sgd ]bbhshnm]k �]rd 1’](’hh(- Sgd oqnne ne sghr
kdll] enkknvr eqnl ]m d]rx) ats sdbhntr) hmrod�shnm-

DbllT 2�6� Htllnqc sgYs S ∈ HASn�m(r c dq sgc kYack ne dsq gdfgcqs Tnidmn Ar YmT S
dq sgc Tnidmn sYakcYt vdsg A ocinucT- Htllnqc A nbbtldcq sgc qptYocq \Hf� i� Hf� i�0{
dm S - ;fYdmr sgc naudntq soYmqlnqdsdnmq ne sgc qsYscicmsq acknv Yoc sotc eno ucosdbYk
A-

’0( Htllnqc sgYs Hf� i�0 dq uYodYakc-

’]( Edoqs Yqqtic sgYs h < 0 YmT Hf�0� i−0 dq mns bnmsYdmcT dm sgc TdYfoYi tm,
Tcokxdmf S - Kcs b ac sgc nlcm bxbkc dm S vdsg Hr�b( ) Hf� i−0- Sgcm sgcoc dq
Ym nlcm bxbkc b dm S vdsg H e �b( ) H e �b( YmT Hr�b( ) Hf� i�0- Etosgcoinocr
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sgcoc dq Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm sgc ociYdmdmf nlcm
bxbkcq ne S YmT S -

’a( Msgcovdqcr cdsgco h ) 0 no Hf�0� i−0 dq bnmsYdmcT dm sgc TdYfoYi tmTcokx,
dmf S - Sgcm b ) \c{ dq Ym nlcm bxbkc dm S YmT sgcoc dq Y bxbkc qsotbstoc
locqcoudmf adhcbsdnm acsvccm MB�S ( YmT MB�S (\ \b{-

’1( Htllnqc sgYs Hf� i�0 dq zwcT-

’]( Edoqs Yqqtic sgYs cdsgco d ) 0 no Hf−0� i�1 dq bnmsYdmcT dm sgc TdYfoYi tm,
Tcokxdmf S -Sgcm sgcoc Yoc svn lnqqdadkdsdcq- Ddsgco

’h( sgcoc cwdqsq Ym nlcm bxbkc b dm S vdsg H e �b( ) Hf� ir YmT b ) b∪ \c{ dq
Ym nlcm bxbkc dm S 6 dm sgdq bYqc sgcoc dq Y bxbkc qsotbstoc locqcoudmf
adhcbsdnm acsvccm MB�S (\ \b{ YmT MB�S (\ \b{r no

’hh( Hf� i ∈ δ�S (r sgcoc dq Y bxbkc b dm S vdsg Hr�b( ) Hf� i YmT H e �b( ) Hf� i�1r
YmT Y bxbkc qsotbstoc locqcoudmf adhcbsdnm acsvccm MB�S ( YmT MB�S (\
\b{-

’a( Msgcovdqcr ansg d < 0 YmT Hf−0� i�1 dq mns bnmsYdmcT dm sgc TdYfoYi tmTco,
kxdmf S - Sgcm cdsgco

’h( sgcoc dq Y bxbkc b dm S vdsg Hr�b( ) Hf−0� i�0 YmT H e �b( ) Hf� ir b )
b∪\c{ dq Y bknqcT bxbkc dm S r YmT MB�S ( )MB�S (\ \b{r no

’hh( sgcoc Yoc svn nlcm bxbkcq b0� b1 dm S qtbg sgYs Hr�b0() Hf−0� i�0r H e �b1(
) Hf� ir sgc qcs b) b0∪b1∪\c{ dq Ym nlcm bxbkc dm S YmT MB�S (\\b{)
MB�S (\ \b0� b1{-

;qldb vhsg sghr nardqu]shnm) vd �]m mnv oqnud Kdll] 2-5-

Oonne ne KciiY 2-4- Kdll] 2-6 bdr�qhadr sgd qdk]shnmrghor adsvddm sgd �x�kd rsqt�,
stqdr ne S �j( ]mb S �j() ]r vdkk ]r S �j= 0( ]mb S �j= 0(, He vd trd hmbt�shnm nm sgd
rhyd ne sgd s]akd]tw) vd �]m qdk]sd sgd �x�kd rsqt�stqdr ne S �j( ]mb S �j=0(- Snfdsgdq)
sghr ]kknvr tr sn bdr�qhad sgd bdrhqdb qdk]shnmrgho adsvddm sgd �x�kd rsqt�stqdr ne S �j(
]mb S �j= 0(-

He ] o]hq ne rpt]qdr hm ] bnlhmn s]akd]t r]shrzdr sgd gxonsgdrdr ne ] �]rd ne
Kdll] 2-5 nq Kdll] 2-6) vd vhkk r]x sg]s sgd o]hq khdr hm sgd rhst]shnm k]adkdb ax
sg]s �]rd- Sgd oqnne ne sgd kdll] bhuhbdr hmsn bheedqdms �]rdr bdr�qhadb ax sgd rhs,
t]shnmr ne O ]mb O �

b ]mb sgdhq qdk]shud onrhshnmr- Vgdm o ) .) sghr hr dwg]trshudkx
�]qqhdb nts hm sgd oqnne ne Y3) Sgdnqdl 1-1-2[) vgh�g hm�ktbdr ] bdr�qhoshnm ne sgd
onrrhahkhshdr enq O ]mb O �

b- Vd vhkk trd sgd r]ld k]adkr enq sgdrd onrrhahkhshdr- Sn
udqhex sgd kdll] enq ]qahsq]qx q]mj s]akd]tw) vd ltrs �gd�j sg]s sgd �nm�ktrhnmr rshkk
gnkb hm sgd �]rdr nqhfhm]kkx �nmrhbdqdb) ]r vdkk ]r dw]lhmd sgd mdv �]rdr sg]s ]qhrd
enq k]qfdq q]mj s]akd]tw- Sgd enqldq enkknvr eqnl ] kdmfsgx hmrod�shnm ne sgd oqnne
ne Y3) Sgdnqdl 1-1-2[- Vd dw]lhmd sgd mdv �]rdr-

Vd g]ud sn �nmrhbdq rhst]shnmr vgdqd dhsgdq O� O� O �
b� nq Ob hr hm rhst]shnm 1’](’hh(-

Lnrs ne sgd �]rdr ]qd drrdmsh]kkx sqhuh]k- Vd sqd]s svn ne sgdl hm bds]hk: sgd qdrs
enkknv ]knmf rhlhk]q khmdr- Sgd �]rdr ]qd k]adkdb sn lhlh� rhlhk]q �]rdr �nmrhbdqdb
hm Y3) Sgdnqdl 1-1-2[-

B]rd I�- Gdqd O) O �
b hr hm rhst]shnm 1’](’hh(- Vd g]ud ] �x�kd rsqt�stqd oqdrdquhmf

ahid�shnm adsvddm MB�S ( ]mb MB�S �(- Mnsd sg]s Ob ) O) ]mb sgdx ansg ltrs ad hm
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rhst]shnm 1’](’hh( nq 0’a(- Hm ansg �]rdr) sgd bdrhqdb qdk]shnmrgho adsvddm MB�S ( ]mb
MB�S �( dwhrsr adsvddm MB�S ( ]mb MB�S ( ax Kdll] 2-6- Rhm�d vd ]kqd]bx g]ud ]
�x�kd rsqt�stqd oqdrdquhmf ahid�shnm adsvddm MB�S ( ]mb MB�S �() vd ]qd bnmd-

B]rd K�- Gdqd O hr hm rhst]shnm 1’](’hh( ]mb O �
b )

�

Hf� i� Hf�0� i
}

) rn sg]s O �
b hr hm

rhst]shnm 1’](’hh( ]r vdkk- He A hr sgd bnlhmn hm S hm onrhshnm O vhsg k]adk e ) sgdm
vd g]ud ] �x�kd rsqt�stqd oqdrdquhmf ahid�shnm adsvddm MB�S ( \ \ e{ ]mb MB

}

S �
(

\
\c{- Mnsd sg]s O )

�

Hf� i�0� Hf�0� i�0
}

hr hm rhst]shnm 0’a( ne Kdll] 2-5 ]mb Ob )
�

Hf�0� i� Hf�0� i�0
}

hr hm rhst]shnm 0’a( ne Kdll] 2-6- Ad�]trd ne sgd k]ssdq) vd jmnv
sg]s sgdqd hr ] �x�kd rsqt�stqd oqdrdquhmf ahid�shnm adsvddm MB�S ( ]mb MB�S (\ \c{,
Eqnl sghr) vd �]m �nmrsqt�s ] �x�kd rsqt�stqd oqdrdquhmf ahid�shnm adsvddm MB�S �(\
\b �{ ]mb MB�S (\\b0� b1{ vgdqd b � ) \c{ hr hm S �) b0 ) \c{ hr hm S ) ]mb b1 ) \ e{) ]r
qdpthqdb hm sgd �nm�ktrhnm ne 0’a(’hh(-

DbllT 2�7� Sgc qcs γ�S �j= 0(( dq sgc tmdnm ne sgc nlcm bxbkcq sgYs bnoocqlnmT sn
bxbkcq dm γ�S �j(( YmT sgc bxbkcq sgontfg δ�S �j= 0((-

Oonne- Kdscr vqhsd –γ�S �( enq sgd rds ne nodm �x�kdr hm S sg]s �nqqdronmb sn nodm �x�kdr
hm γ�S �(- Vd l]x s]jd j < 0) nsgdqvhrd sghr hr sqhuh]k- Ehqrs ]rrtld sg]s �j�0 ) c-
Sgdm Ob ) \H0�p� H0�p�0{ ]mb �ntkb ad hm rhst]shnmr 0’]() 0’a() 1’](’h() nq 1’](’hh( ne
Kdll] 2-6- Hm sgd zqrs ]mb sghqb �]rdr) kds b � ad sgd �x�kd hm S � sgqntfg sgd rpt]qd
H0�p−0- Sgdm b) b �∪\c{ hr sgd nodm �x�kd hm S �nqqdronmbhmf sn b �) MB�S �(\\b �{)
MB�S ( \ \b{) ]mb b ∈ γ�S ( he ]mb nmkx he b � ∈ γ�S �(- Rhm�d ∆�S ( ⊂ –γ�S �() sgd qdrtks
enkknvr- He Ob hr hm rhst]shnm 0’a( ne Kdll] 2-6) sgdm MB�S �( ) MB�S (\ \c{- Rhm�d
\j= 0{ hr ] �x�kd hm H) \c{ ltrs ad ]m dwsdmbdb �x�kd hlokxhmf sg]s \c{ .∈ γ�S (-
;f]hm) ∆�S ( ⊂ –γ�S �( ]mb sgd qdrtks enkknvr- He Ob hr hm rhst]shnm 1’](’hh( ne Kdll]
2-6) sgdm \j=0{ hr ] �x�kd hm H) \c{ltrs ad ]m dwsdmbdb �x�kd ]mb rhm�d \c{∈ ∆�S ()
sgd qdrtks enkknvr-

Sgd qdrs ne sgd oqnne hr ax hmbt�shnm nm sgd rhyd ne sgd s]akd]t- Vd vhkk ]rrtld
sg]s γ

}

S
(

) –γ
}

S �
(

∪∆�S (- Vd sqd]s �]rdr ;fiB ]mb K eqnl sgd oqnne ne Y3) Sgdnqdl
1-1-2[ hm�nqonq]shmf sgd ]bbhshnm]k onrrhahkhshdr sg]s ]qhrd hm ghfgdq q]mj s]akd]tw-
Pdl]hmhmf �]rdr ]qd g]mbkdb ]knmf rhlhk]q khmdr-

BYqc ;- Rtoonrd O hr hm rhst]shnm 0’]( ]mb O ) O �
b- Sgdm O) Ob ]mb sgdx ansg dpt]k

sn sgd rds \Hf�0�p� Hf�0�p�0{ enq rnld q- Sgd rpt]qdr ne O l]x ad hm rhst]shnmr 0’]()
0’a() 1’](’h() nq 1’](’hh( ne Kdll] 2-5- Hm sgd zqrs �]rd) �nmrhbdq b � ]r hm Kdll] 2-5
0’]( - Sgd �x�kd b � �nqqdronmbr sn b ) b�c� S ( rhm�d H e �b( ) H e �b �(- Dw]lhmhmf sgd
onrhshnm ne A�j= 0� H() vd zmb sg]s sgd qdrs ne sgd dwsdmbdb �x�kd rsqt�stqd ne S hr
sgd r]ld ]r hm S �- Gdm�d he b hr ]mx �x�kd hm S sg]s �nqqdronmbr sn ] �x�kd b � hm S �)
sgdm b ∈ γ�S ( hee b � ∈ γ�S �(- He O khdr hm rhst]shnm 1’](’hh() sgdm Hf�0�p ∈ δ�S () b�c� S (
hr ] �x�kd sgqntfg δ�S ( ]mb khdr hm γ�S (- Rhlhk]q ]qftldmsr vnqj enq sgd qdl]hmhmf
svn �]rdr-

BYqc �- Gdqd O hr hm rhst]shnm 0’]( ]mb O �
b )

�

Hf�0� i−0� Hf�1� i−0
}

) hlokxhmf sg]s
O ) O ]mb Ob ) O �

b- Ehqrs �nmrhbdq sgd �x�kd b ) b�c� S ( ) \c{- Mnsd sg]s b �nq,
qdronmbr sn b � ) b�c� S �( rhm�d Hr�b( ) Hr�b �(- Kds b � ) b � \ \c{ ∈ MB

}

S �
(

- Kds
e ) kYack �Hf� i�0� S ( ]mb mnsd sg]s sgd rpt]qdr ne O enql ] bnlhmn hm H vhsg k]adk
j= 0- Sgdm Hr�j= 0� H( ) Hr� e � S ( ]mb H e �j= 0� H( ) H e �c� S () rn sg]s c ]mb e ]qd
ansg hm sgd r]ld dwsdmbdb �x�kd ne S qdk]shud sn H- Gdm�d c ∈ γ�S ( hee e ∈ γ�S ( hee
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e ∈ γ
}

S
(

hee b � ∈ γ�S �( hee b � ∈ γ�S �() ]r bdrhqdb- Enq ]mx nodm �x�kd b mns �nms]hmhmf
c hm S ) sgd qdrtks enkknvr ax hmbt�shnm-

BYqc B- Gdqd O hr hm rhst]shnm 0’]( ]mb O �
b )

�

Hf�0� i−1� Hf�0� i−0
}

hr hm rhst]shnm
1’a(’h(- Sgdm O ) O ]mb Ob ) O �

b- Kds b ) b�c� S ( ]mb ax sgd �nm�ktrhnm ne Kdll]
2-6 vd zmb H e �b( ) Hf�0� i ]mb Hr�b( ) Hf� i�0- Mnsd sg]s b �nqqdronmbr sn mn nodm
�x�kdr hm S �- Rhm�d H e �b� S ( ) H e �j=0� H( ]mb Hr�b� S ( ) Hr�j=0� H() sgd dwsdmbdb
�x�kd ne c hr itrs b- Gdm�d b ∈ γ�S ( hee b o]rrdr sgqntfg δ�S (- Enq ]mx nodm �x�kd b
mns �nms]hmhmf c hm S ) sgd qdrtks enkknvr ax hmbt�shnm-

BYqc K - Bnmrhbdq O hm rhst]shnm 1’](’hh( ]mb O �
b )

�

Hf� i� Hf�0� i
}

) rn sg]s O �
b hr hm rhst],

shnm 1’](’hh( ]r vdkk- Vd sgdm g]ud O)
�

Hf� i�0� Hf�0� i�0
}

]mb Ob )
�

Hf�0� i� Hf�0� i�0
}

-
Ehqrs �nmrhbdq sgd �x�kd b ) b�c� S ( ) \c{- Mnsd sg]s O hr ] bnlhmn hm S ) r]x) vhsg
k]adk e ) ]mb O �

b hr ] bnlhmn hm H) r]x) vhsg k]adk k- Sgdm Hr�b�k� H(� H( ) Hf� i )
Hr�b� e � S (� S ( ]mb H e �b�k� H(� H( ) Hf�1� i ) H e �b�c� S (� S (- Gdm�d \c{ khdr hm sgd
dwsdmbdb �x�kd sgqntfg b� e � S (- Rhm�d b� e � S ( ∈ ∆�S () vd ltrs g]ud \c{ ∈ γ�S (- He
vd kds b � ) b�c� S �() sgdm H e �b( ) H e �b �() vgh�g ld]mr sg]s b �nqqdronmbr sn b �- Hm
nsgdq vnqbr) \c{ khdr hm γ�S ( ]mb –γ�S �(∪∆�S (- Ehm]kkx) �nmrhbdq ]mx nodm �x�kd b mns
�nms]hmhmf c hm S - Sgdm b hr ]krn ]m nodm �x�kd hm S ) ]mb sgd qdrs enkknvr ax hmbt�shnm-
Vd nlhs sgd ]qftldms vgdm O ]mb O �

b ]qd hm rhst]shnm 1’](’h( hmrsd]b-

He vd ]atrd mns]shnm ]mb vqhsd LLS �S ( enq LS �S� γ�S (() sgdm vd �]m rs]sd sgd
enkknvhmf udqrhnm ne F]qzmjkdcr Y3) Sgdnqdl 1-1-8[) vgh�g udqhzdr Kdll] 2-1 enq
kdes s]akd]tw-

DbllT 2�8� BnmqdTco � ∈ G� YmT vodsc S �i( eno sgc kces sYakcYt ne Ck
n ��(- Sgcm

αj�0 �LLS �S �j((( )LLS �S �j= 0(( ,

Oonne- Trhmf Kdll] 2-7) vd g]ud sn rgnv sg]s

αj�0 �LLS �S �j((( )LS �S �j= 0(� –γ�S �j((∪∆�S �j= 0((( ,

vgh�g hr ]m ]b]os]shnm ne Y3) Sgdnqdl 1-1-8[- Gnvdudq) vd �]mmns ]b]os sgd oqnne
ne Y3) Sgdnqdl 1-1-8[ udqa]shl) ]r hs trdr hmbt�shnm nm sgd mtladq ne nodm �x�kdr hm
sgd dwsdmbdb �x�kd bdzmhmf sgd lnuhmf sgqntfg nodq]shnm- Hm ntq rhst]shnm) lnuhmf
sgqntfg ] rds ne �x�kdr rl]kkdq sg]m γ�S �j(( l]x kd]ud tr vhsg ] bnlhmn s]akd]t nm
vgh�g α hr tmbdzmdb- Mdudqsgdkdrr) rhm�d nmkx nmd o]hq O ne rpt]qdr hr ]bbdb sn S �j(
vhsg bnlhmn hmrdqshnm) ]mb lnuhmf sgqntfg nodm �x�kdr �]m ad bnmd hmbdodmbdmskx)
vd �]m drrdmsh]kkx enkknv sgd nqhfhm]k oqnne ]mb dw]lhmd sgd qdk]shnmrgho ne O vhsg
sgd �x�kdr hm γ�S �j(( hmbhuhbt]kkx-

Sgd �]rd vgdm �j�0 ) c hr rhlokd) ]mb vd ]rrtld sg]s �j�0 ∩) c- Vd oqn�ddb
ax hmbt�shnm nm m) mnshmf sg]s sgd �]rd m) 0 �nqqdronmbr sn �j�0 ) c- Enkknvhmf sgd
nqhfhm]k oqnne ne Y3) Sgdnqdl 1-1-8[) vd rgnv sg]s d]�g bnlhmn hm αj�0 �LLS �S �((
khdr hm sgd r]ld onrhshnm hm LLS �S (- Enq bnlhmnr vhsg k]adkr kdrr sg]m c) sghr vhkk
enkknv ax hmbt�shnm: enq sgd bnlhmn vhsg k]adk c) hs vhkk enkknv ax hmrod�shnm ne d]�g
ne sgd �]rdr adknv-

Kds O0 ad sgd rpt]qdr hm αj�0
}

S �
(

sg]s ]qd mns hm S �) O1 ad sgd rpt]qdr hm
αj�0

}

LLS
}

S �
((

sg]s ]qd mns hm LLS
}

S �
(

, Vqhsd S0 enq S ) S �
0 enq S �) S1 enq
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LLS �S () S �
1 enq LLS �S �() ]mb S2 enq αj�0�LLS �S �((- Gdm�d vd ]qd udqhexhmf

sg]s S1 ) S2-

BYqc ;- ;rrtld sg]s O0 ) O �
b )

�

Hf� i� Hf� i�0
}

) ]mb O0 hr hm rhst]shnm 0’](- Sgdm
Ob ) O ) \Hf�0�p� Hf�0�p�0{ enq rnld q- Rtoonrd zqrs sg]s Hf�0�p hr u]qh]akd ]mb sg]s
mn �x�kd b � ∈ γ�S �

0( g]r H e �b �( ) Hf�0�p- He Hf�0�p ∈ δ) sgdm \c{ ∈ γ�S0( ]mb Ob �S1( )
\Hf�0�p�0� Hf�0�p�1{ ) Ob �S2(- Vgdm Hf�0�p .∈ δ) vd g]ud Ob �S1( ) Ob �S0( ) Ob �S2(-
Rtoonrd mdws sg]s sgdqd hr ] �x�kd b � ∈ γ�S �

0( vhsg H e �b �( ) Hf�0�p) sgdm c khdr hm ]
�x�kd hm γ�S0( ]mb Ob �S1( ) \Hf�0�p�0� Hf�0�p�1{ ) Ob �S2(- He Hf�0�p hr zwdb) sgdm
Ob �S1( ) \Hf�0�p−0� Hf�0�p{ ) Ob �S2( he Hf�0�p−0 khdr hm rnld �x�kd ne γ�S �

0() ]mb
Ob �S1( ) \Hf�0�p� Hf�0�p�0{ ) Ob �S2( he hs bndr mns-

BYqc I �- Gdqd O0 ) O �
b ]qd hm rhst]shnm 1’](’hh(- Sgdm Ob )

�

Hf�0� i� Hf�0� i�0
}

- Mnsd
sg]s b ) \c{ hr ] �x�kd hm S0 ]mb T ) \j= 0{ hr ] �x�kd hm H�j= 0( vhsg H e �b� S0( )
Hf�1� i ) H e �T� H�j= 0(( ]mb Hr �b� S0( ) Hf�0� i�0 ) Hr�T� H�j= 0((- Gdm�d b ) \c{
hr ]m dwsdmbdb �x�kd mns �nms]hmdb hm γ�S0( ]mb �nmrdptdmskx A�c� S1( ) A�c� S0( )
�

Hf�0� i� Hf�0� i�0
}

- Mnv mnsd sg]s O1 ) O�c� S �
1( ]mb ax ] rhlhk]q ]qftldms) vd nas]hm

A�c� S2( )
�

Hf�0� i� Hf�0� i�0
}

) ]r bdrhqdb-

BYqc K�- Gdqd O0 hr hm rhst]shnm 1’](’hh( ]mb O �
b )

�

Hf� i� Hf�0� i
}

) rn hs hr hm rhst]shnm hm
1’](’hh( ]r vdkk- Sgdm Ob )

�

Hf�0� i� Hf�0� i�0
}

]mb O )
�

Hf� i�0� Hf�0� i�0
}

- Mnsd sg]s
b � ) \c{ hr ] �x�kd hm S �

0 vhsg H e �b( ) Hf�1� i ]mb sg]s sgd rpt]qdr O �
b enql ] bnlhmn hm

H�j() r]x vhsg k]adk e - Kds T ) b� e � H�j= 0(( ]mb mnsd sg]s T ∈ γ�H�j= 0((- Etqsgdq,
lnqd) H e �T( ) Hf�1� i hlokxhmf sg]s b�c� S0( ∈ γ�S0() ]mb A�c� S1( )

�

Hf�0� i� Hf�1� i
}

-
Mnv nardqud sg]s A�c� S �

1( )
�

Hf�0� i� Hf�1� i
}

]mb O1 )
�

Hf� i�0� Hf� i�1
}

- Sghr ld]mr
A�c� S2( )

�

Hf�0� i� Hf�1� i
}

]mb A�c� S1( ) A�c� S2() ]r bdrhqdb-

2-2- Cnlhmn Hmrdqshnm ]mb Lnuhmf Sgqntfg

;qldb vhsg sgd sd�gmh�]k qdrtksr ne sgd oqduhntr rd�shnm) vd �]m mnv ]bbqdrr sgd
l]hm kdll] ne sgd o]odq- Vd oqnud Kdll] 2-1) udqhexhmf sg]s bnlhmn hmrdqshnm nm
s]akd]t o]hqr �nlltsdr vhsg sgd lhmhl]k lnuhmf sgqntfg l]o- Vqhsd �S �

0 � H �
0( )

�S �j(� H�j(() �S0� H0( ) �S �j= 0(� H�j= 0(() �S �
1� H �

1( ) LLS �S �
0� H �

0() �S1� H1( )
αj�0 ��S �

1 � H �
1(() ]mb �S2� H2( )LLS �S0� H0(- Dwoqdrrdb hm sghr mns]shnm) vd vntkb

khjd sn oqnud sg]s �S1� H1( ) �S2� H2(- Kdll] 2-8 r]xr sg]s S1 ) S2) ]mb hs qdl]hmr sn
rgnv sg]s H1 ) H2-

Oonne ne KciiY 2-.- Vqhsd O0 enq sgd rpt]qdr hm S0 sg]s ]qd mns hm S �
0 ]mb O1 enq sgd

rpt]qdr hm S1 sg]s ]qd mns hm S �
1 - Mnsd sg]s O0 enqlr ] bnlhmn hm H0 ]mb O1 enqlr

] bnlhmn hm H1) ansg vhsg k]adk j= 0- ;rrtld sg]s O0 )
�

Hf� i� Hf� i�0
}

- Vd vhkk
dw]lhmd sgd �]rdr vgdm O0 hr hm rhst]shnmr 0’]() 0’a(’hh() ]mb 1’a(- Sgd nsgdqr enkknv
]knmf rhlhk]q khmdr-

Rn rtoonrd sg]s O0 hr hm rhst]shnm 0’]( ne Kdll] 2-5 ]mb b hr sgd nodm �x�kd vhsg
Hr�b( ) Hf� i�0 bdr�qhadb sgdqdhm- Sgdm A�j=0� H0( hr hm rhst]shnm 0’]( ne Kdll] 2-6
]mb sgdqd hr ]m nodm �x�kd T hm H �

0 vhsg Hr
}

T
(

) Hf� i−0 rt�g sg]s T ) T∪\j=0{ hr ]m
nodm �x�kd hm H0- Mnsd sg]s b ∈ γ�S0( hee T ∈ γ�H0(- He b ∈ γ�S0() sgdm ax Kdll] 2-8)
O1 )

�

Hf� i−0� Hf� i
}

) vgh�g hlokhdr sg]s A�j= 0� H2( ) A�j= 0� H1(- Rhm�d sgd qdrs ne
sgd �x�kd rsqt�stqd hm S0 qdl]hmr sgd r]ld ]r hm S �

0 ) sgd qdrs ne sgd �x�kdr hm γ�H0( ]qd
sgd r]ld ]r hm γ�H �

0( ]mb �nmrdptdmskx) H1 ) H2- He b .∈ γ�S0() sgd qdrtks hr �kd]q-
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He O0 hr hm rhst]shnm 0’a(’hh( ne Kdll] 2-5) sgdm A�j= 0� H0( hr hm rhst]shnm 0’a(
ne Kdll] 2-6- Kds b �� b0� ]mb b1 ad ]r bdr�qhadb hm Kdll] 2-5 0’a(’hh( ]mb kds
T ) b�j= 0� H0(- Rhm�d Hr�b0( ) Hr�T( ]mb H e �b1( ) H e �T() b0 ]mb b1 khd hm sgd
r]ld dwsdmbdb �x�kd qdk]shud sn T) rn b0� b1 ∈ γ�S0( hee T ∈ γ�H0(- He b0� b1 ∈ γ�S0(�
sgdm ax Kdll] 2-8) O1 )

�

Hf� i� Hf�0� i
}

- Rhm�d T ∈ γ�H0() sghr ld]mr A�j= 0� H1( )
A�j=0� H2(- Rhm�d sgd qdrs ne sgd �x�kd rsqt�stqd hm S0 qdl]hmr sgd r]ld ]r hm S �

0 ) sgd
qdrs ne sgd �x�kdr hm γ�H0( ]qd sgd r]ld ]r hm γ�H �

0( ]mb vd �]m �nm�ktbd sg]s H1 ) H2-
He b0� b1 .∈ γ�S0(� sgd �nm�ktrhnm hr sgd r]ld-

Sgd lnrs sqntakdrnld �]rd hr vgdm O0 hr hm rhst]shnm 1’a( ne Kdll] 2-5- Sgdm
A�j= 0� H0( hr dhsgdq hm rhst]shnm 1’a(’h( nq 1’a(’hh( ne Kdll] 2-6- Rn rtoonrd zqrs
sg]sA�j=0� H0( hr hm rhst]shnm 1’a(’h(- Kds T ad sgd �x�kd hm H �

0 vhsg H e
}

T
(

) Hf� i ]mb
Hr

}

T
(

) Hf−0� i�0- Sgdm T ) T∪\j=0{ hr ] �knrdb �x�kd hm H0 ]mb �nmrdptdmskx bndr
mns khd hm γ�H0(- Kds b � ad sgd �x�kd hm S �

0 vhsg H e �b �( ) Hf� i ]mb Hr�b �( ) Hf−0� i�0-
Sgdm b � hr sgd dmshqd dwsdmbdb �x�kd hm S �

0 sg]s �nqqdronmbr sn T hm H �
0: hm o]qsh�tk]q)

sghr ld]mr sg]s b � .∈ γ�S �
0( ]mb T .∈ γ�H �

0(- Bnmrdptdmskx) H1 ) H2-
Ehm]kkx) �nmrhbdq A�j= 0� H0( hm rhst]shnm 1’a(’hh(- Kds T0 ]mb T1 ad sgd �x�kdr hm

H �
0 vhsg Hr�T0( ) Hf−0� i�0 ]mb H e �T1( ) Hf� i- Sgdm T0∪T1∪\j=0{ hr ]m nodm �x�kd

hm H0- Kds b � ad ]r hm Kdll] 2-5 1’a( ]mb mnsd sg]s b � ∈ γ�S �
0( hee T0� T1 ∈ γ�H �

0(- He
b � ∈ γ�S �

0() sgdm O1 )
�

Hf−0� i�0� Hf� i�0
}

ax Kdll] 2-8 ]mb vd ]f]hm �nm�ktbd sg]s
H1 ) H2- He b � .∈ γ�S �
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