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M]flt] J]rg- I-+ �81 �1/0/(+ 12y34
BNE 0/-0104.//16652/,1//7,//5

LNCTKD RSQTBSTQD NE BDKKR HM
TMDPT-K�O-Q-LDSDQ GDBID -KFDAQ-R

SEML.R OHDSP.EM

9arscAbs- ; bnmidbstqd ne Anmm]efid) Fdbj) H]mbt) ]mc K]l o]q]ldsqhydr
J]ygc]m,Ktryshf kdes bdkkr enq tmdpt]k,o]q]ldsdq Gdbjd ]kfdaq]r hm sxod �l

ax e]lhkhdr ne rs]mc]qc cnlhmn s]akd]tw ne ]qahsq]qx q]mj- Qdkxhmf nm ] e]lhkx

ne oqnodqshdr ntskhmdc ax Ktryshf ]mc sgd qdbdms vnqj ne Anmm]efid) vd udqhex sgd

bnmidbstqd ]mc cdrbqhad sgd rsqtbstqd ne d]bg bdkk ]r ] lnctkd enq sgd tmcdqkxhmf
Udxk fqnto-

�0- Hmsqnctbshnm

Bnmrhcdq ] Bnwdsdq rxrsdl ’T.N(+ ] onrhshud vdhfgs etmbshnm K+ ]mc sgd
bnqqdronmchmf fdmdqhb Hv]gnqh,Gdbjd ]kfdaq] D- =r cds]hkdc ax Ktryshf hm
Y10“+ ] bgnhbd ne vdhfgs etmbshnm fhudr qhrd sn ] o]qshshnm neT hmsn kdes+ qhfgs+
]mc svn,rhcdc I]ygc]m,Ktryshf bdkkr+ d]bg ne vghbg b]qqhdr sgd rsqtbstqd ne
]m D,lnctkd ]r vdkk ]r ] qdoqdrdms]shnm ne T� Sgd bdkk cdbnlonrhshnm ne T
hr tmcdqrsnnc enq ]kk ffmhsd Bnwdsdq fqntor ]mc ]kk bgnhbdr ne vdhfgs etmbshnmr
vhsg sgd dwbdoshnm ne sxod Am- Enbtrhmf nm sghr qdl]hmhmf b]rd+ vd vqhsd
T ;Tm- = vdhfgs etmbshnm hr sgdm rodbhffdc ax ] bgnhbd ne svn hmsdfdq
o]q]ldsdqr a ]mc a ]rrhfmdc sn sgd rhlokd qdfidbshnmr hm Tm9

ta t t t� � �a a a

Fhudm a. a ∈; .+ vqhsd r ; a<a enq sgdhq ptnshdms- Vd g]ud sgd enkknvhmf
cdrbqhoshnm ne bdkkr ctd sn Anmm]ed́+ Fdbj+ H]mbt+ ]mc K]l- Hs hr rs]sdc hm
sdqlr ne ] e]lhkx ne fdmdq]khydc Pnahmrnm,Rbgdmrsdc ]kfnqhsglr Fp vghbg
cdffmd ahidbshnmr adsvddm Tm ]mc r]ld,rg]od o]hqr ne cnlhmn s]akd]tw ne
q]mj p-

Anmicastpc� ’Y2“( Anmrhcdq W Tdxk fqnto Tm ne sxod Am vhsg W vdhfgs
etmbshnm K Wmc oWqWldsdq r cd mdc Wr Wanud-

Qdbdhudc Edaqt]qx 08) 1..8- ;bbdosdc ;tftrs 0.) 1..8-
1... L]sgdl]shbr Rtaidbs Bk]rrhffb]shnm- 1.B.7) .4D0.-

 1/0/ at Ogd Dbhrloh]i =l]ob le rgd MNenuN JNrgclNrhaNi �ntomNi
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13 SFML4R OHDSP4FM

’0( Tgdm r <∈ C� kds p ; ∩r$- Svn dkdldmsr ne Tm khd hm sgd rWld IWygcWm,
Ktryshf kdes bdkk vgdmdudq sgdx rgWqd sgd rWld qhfgs sWakdWt hm sgd hlWfd
ne Fp-

’1( Tgdm r ∈ C� kds p ; r|0- Svn dkdldmsr ne Tm khd hm sgd rWld IWygcWm,
Ktryshf kdes bdkk vgdmdudq sgdhq qhfgs sWakdWtw hm sgd hlWfd ne Fp Wqd
qdkWsdc ax lnuhmf sgqntfg W rds ne mnmbnqd nodm bxbkdr-

Rhfmhffb]ms oqnfqdrr g]r addm l]cd hm sgd udqhffb]shnm ne sgd ]anud+ vghbg
hr cds]hkdc hm Rdbshnm 2-2- Lnrs qdbdmskx+ Anmm]ed́ g]r rgnvm sg]s he ] bdqs]hm
e]lhkx ne rs]sdldmsr bnmidbstqdc ax Ktryshf hr ]rrtldc sn gnkc+ sgdm sgd
bnmidbstqd hsrdke gnkcr he r <∈ C: etqsgdqlnqd+ he r ∈ C+ sgdm I]ygc]m,Ktryshf
kdes bdkkr ]qd tmhnmr ne sgd rdsr cdrbqhadc ]anud ’rdd Y1“(- Vd rg]qodm sghr
qdrtks ]mc udqhex sg]s sgd bnmidbstqd gnkcr hm sgd k]ssdq b]rd ]r vdkk-
Vd bnmbtqqdmskx cdrbqhad sgd qdoqdrdms]shnmr b]qqhdc ax I]ygc]m,Ktryshf

kdes bdkkr- Sgd b]mnmhb]k o]q]ldsdq rds enq sgd hqqdctbhakd bg]q]bsdqr ne Tm

bnmrhrsr ne nqcdqdc o]hqr ne o]qshshnmr ’c. e( vgdqd sgd o]qsr ne c ]mc e

rtl sn m- =r cds]hkdc hm Rdbshnm 3-0+ sgdqd hr ] m]stq]k hcdmshffb]shnm ne
sghr o]q]ldsdq rds vhsg sgd rds ne o]qshshnmr Hp’m( ne ] ffwdc q]mj p- Rhmbd
Hp’m( bnqqdronmcr dw]bskx sn sgd rg]odr ne q]mj p cnlhmn s]akd]tw+ sgd
o]q]ldsqhy]shnm ne I]ygc]m,Ktryshf kdes bdkkr uh] rs]mc]qc s]akd]tw ne ffwdc
q]mj hm sgd ]anud bnmidbstqd rtffdrsr vghbg qdoqdrdms]shnm rgntkc ad b]qqhdc
ax d]bg bdkk enq dudqx bgnhbd ne vdhfgs etmbshnm- L]hmkx+ sgd hqqdctbhakd
bnmrshstdmsr ne sgd qdoqdrdms]shnm b]qqhdc ax d]bg bdkk rgntkc bnqqdronmc sn
sgd rg]odr ne sgd q]mj p s]akd]tw ne hsr dkdldmsr+ vhsg p cdsdqlhmdc eqnl
sgd o]q]ldsdq r ]r hm sgd ]anud bnmidbstqd- Vd udqhex sg]s sghr rtffdrsdc
qdoqdrdms]shnm hr hmcddc sgd nmd b]qqhdc ax d]bg bdkk-
Sgd ]ooqn]bg gdqd hr a]rdc nm Fdbj”r bg]q]bsdqhy]shnm ne kdes bdkkr ]r bnm,

rsqtbshakd qdoqdrdms]shnmr+ sg]s hr+ sgnrd qdoqdrdms]shnmr vghbg ]qd nas]hmdc
ax rtbbdrrhud sqtmb]sdc o]q]ankhb hmctbshnm ]mc sdmrnqhmf vhsg sgd rhfm qdo,
qdrdms]shnm ’rdd Y8“(- Rdbshnm 1 cds]hkr sgd fdmdq]k bnmrsqtbshnm ne I]ygc]m,
Ktryshf bdkkr hm ]m tmdpt]k,o]q]ldsdq Gdbjd ]kfdaq] ]mc dwsdmcr ] qdrtks ne
Ktryshf nm sgd hmsdqrdbshnm ne kdes ]mc qhfgs bdkkr sn sgd tmdpt]k,o]q]ldsdq
rdsshmf- Rdbshnm 2 cds]hkr sgd rhst]shnm hm sxod Am ]mc sgd qdkdu]ms bnl,
ahm]snqhbr- Rdbshnm 3 dw]lhmdr bnmrsqtbshakd qdoqdrdms]shnmr ]mc oqnuhcdr
] bnlahm]snqh]k cdrbqhoshnm ne sqtmb]sdc o]q]ankhb hmctbshnm ]mc sdmrnqhmf
vhsg rhfm+ lhlhbjhmf sgd vnqj ne LbFnudqm Y11“ hm sgd dpt]k,o]q]ldsdq
b]rd- Sgd ffm]k rdbshnm bnms]hmr sgd oqnne ne sgd l]hm qdrtksr-
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LMCTID RSPTASTPD ME ADIIR 14

�1- TmdptUk,oUqUldsdq Gdbid UkfdaqUr

Sn adfhm+ ] aqhde qdbntmshmf ne sgd cdffmhshnmr ne tmdpt]k,o]q]ldsdq Gdbjd
]kfdaq]r ]mc sgd bnqqdronmchmf I]ygc]m,Ktryshf bdkkr hr fhudm+ enkknvhmf
Y10“-

1-0- IUygcUm,Ktryshf bdkkr
Bnmrhcdq ] Bnwdsdq rxrsdl ’T.N(+ ]mc kds Y ad sgd trt]k kdmfsg etmb,

shnm- = vdhfgs etmbshnm K 9 T � T r]shrffdr K’wx( ; K’w( )K’x( vgdmdudq
Y’wx( ; Y’w( ) Y’x( ]mc hr tmhptdkx cdsdqlhmdc ax hsr u]ktdr nm N- Vd vhkk
bnmrhcdq sgnrd vdhfgs etmbshnmr vghbg s]jd onrhshud u]ktdr nm ]kk r ∈ N-
KdsD ad sgd fdmdqhb Hv]gnqh,Gdbjd ]kfdaq] nudqA ; TYt. t−0“ vhsg o]q]l,

dsdqr {tr } r ∈ N{+ vgdqd tw ; tK�w( enq ]kk w ∈ T� Sgd ]kfdaq] D hr eqdd nudq
A ]mc g]r ] a]rhr {Sw } w ∈ T{- Ltkshokhb]shnm hm D s]jdr sgd enql

SrSw ;

�
Srw he Y’rw(/ Y’w(.

Srw ) ’tr | t−0
r (Sw he Y’rw(, Y’w(�

=r hm Y10+ Rdbshnm 4-1“+ hs hr onrrhakd sn bnmrsqtbs ] I]ygc]m,Ktryshf a]rhr
ne D+ vghbg vd cdmnsd ax {Bw } w ∈ T{- Hm sdqlr ne hs+ ltkshokhb]shnm s]jdr
sgd enql

BwBx ;
∑

y∈T

fwxyBy

enq rnld fwxy ∈ A- =ksgntfg vd rtooqdrr hs hm sgd mns]shnm+ ]kk ne sgdrd
mnshnmr cdodmc nm sgd rodbhffb bgnhbd ne sgd vdhfgs etmbshnm K-

Ccehmhshnm 1-0� Ehw ’T.N(+ ] Bnwdsdq rxrsdl vhsg ] vdhfgs etmbshnm K-
Vd vhkk vqhsd x ≤D w he sgdqd dwhrsr r ∈ N rtbg sg]s Bx ]ood]qr vhsg ]
mnmydqn bndflbhdms hm BrBw- Ax s]jhmf sgd sq]mrhshud bknrtqd+ sghr ahm]qx
qdk]shnm cdffmdr ] oqdnqcdq nm T. vghbg vd ]krn cdmnsd ax ≤D- Kds x ≤L w

he ]mc nmkx he x−0 ≤D w−0+ ]mc cdffmd ≤DL ]r sgd oqdnqcdq fdmdq]sdc ax ≤D
]mc ≤L-

D]bg ne sgd ]anud oqdnqcdqr cdffmdr dpthu]kdmbd qdk]shnmr vghbg vd cdmnsd
ax ∼D. ∼L+ ]mc ∼DL+ qdrodbshudkx- Sgd qdrtkshmf dpthu]kdmbd bk]rrdr ]qd
b]kkdc sgd kdes� qhfgs� Wmc svn,rhcdc IWygcWm,Ktryshf bdkkr neT� =r cdrbqhadc
hm Y10+ Rdbshnm 7-2“+ d]bg I]ygc]m,Ktryshf bdkk fhudr qhrd sn ] qdoqdrdms]shnm
ne D- He � hr ] I]ygc]m,Ktryshf kdes bdkk ]mc w ∈ �+ sgdm cdffmd

Y�“A ;
⊕

x≤ Lw

ABx

/ ⊕

x≤ Lw�x ,∈�
ABx�
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15 SFML4R OHDSP4FM

Sghr hr ] ptnshdms ne svn kdes hcd]kr hm D ]mc+ bnmrdptdmskx+ hr hsrdke ] kdes
D,lnctkd: hs cndr mns cdodmc nm sgd rodbhffb bgnhbd ne w ∈ �+ hr eqdd nudq A+
]mc g]r ] a]rhr {dw } w ∈ �{ hmcdwdc ax dkdldmsr ne � vhsg dw sgd hl]fd
ne Bw hm sgd ]anud ptnshdms- Sgd ]bshnm ne D nm Y�“A hr cdsdqlhmdc ax

Bwdx ;
∑

y∈�
fwxydy

enq w ∈ T ]mc x ∈ �- Uh] sgd rodbh]khy]shnm ’tr )� 0( enq r ∈ N+ sghr bnmrsqtb,
shnm fhudr qhrd sn ]m ’DC ;CYT “(,lnctkd+ vghbg vd cdmnsd Y�“- Mnsd sg]s+
hm fdmdq]k+ vd b]mmns hcdmshex Y�“A vhsg Y�“ chqdbskx- Gnvdudq+ he vd kds J ad
sgd eq]bshnm ffdkc ne sgd qhmf A ]mc cdffmd DJ ;J ±AD+ sgdm ax Y04+ Rdb,
shnmr 7-0-6 ]mc 8-2-4“+ vd b]m hcdmshex DJ ,lnctkdr ]mc sgd qdoqdrdms]shnmr
ne T� Hm vg]s enkknvr+ vd qdedq sn CYT “,lnctkdr rhlokx ]r T ,lnctkdr ]mc
sn Y�“ ]r sgd qdoqdrdms]shnm ne T bWqqhdc ax �- = rhlhk]q bnmrsqtbshnm b]m
ad trdc sn cdffmd qdoqdrdms]shnmr b]qqhdc ax sgd qhfgs ]mc svn,rhcdc bdkkr
ne T�

1-1- 9 eUlhkx ne oqnodqshdr
Sgd l]hm qdrtksr ne sghr o]odq qdkx nm ] e]lhkx ne bnmidbstqdr enqltk]sdc

ax Ktryshf hm Y10+ Rdbshnm 03“- Hm sgd dpt]k,o]q]ldsdq b]rd+ sg]s hr+ vgdm K

hr ] ltkshokd ne sgd kdmfsg etmbshnm Y+ ] mtladq ne qdrtksr ]ants I]ygc]m,
Ktryshf bdkkr cdodmc nm onrhshuhsx qdrtksr cdqhudc ax fdnldsqhb ldsgncr ne
hmsdqrdbshnm bngnlnknfx- Tmenqstm]sdkx+ sghr onrhshuhsx cndr mns gnkc enq
tmdpt]k,o]q]ldsdq Gdbjd ]kfdaq]r ’enq dw]lokdr+ rdd Y1.+ Rdbshnm 5“+ Y0.+
Rdbshnm 1-6“(- =r ] rtarshstsd+ Ktryshf cds]hkdc ] khrs ne oqnodqshdr vghbg
ansg ]whnl]shyd jmnvm dpt]k,o]q]ldsdq qdrtksr ]mc ntskhmd ldsgncr ne
]ooqn]bghmf mnmonrhshuhsx hm fdmdq]k-
Hm nqcdq sn khrs Ktryshf”r bnmidbstqdr+ vd ltrs ffqrs cdffmd svn hmsdfdq,

u]ktdc etmbshnmr nm T� Enq ]mx y ∈ T. kds �’y( ad sgd rl]kkdrs mnmmdf]shud
hmsdfdq rn sg]s fwxy ∈ t��y(TYt−0“ enq dudqx w ]mc x hm T. ]mc vqhsd  wxyL�

enq sgd bnmrs]ms sdql ne t−��y(fwxy - He nwx hr cdffmdc ax Bx ;
∑

w∈T nwxSw+
sgdm Y10+ Rdbshnm 4-3“ rgnvr sg]s n0y hr mnmydqn- Vd vqhsd

n0y ; myt
− �y( ) sdqlr ne rl]kkdq cdfqdd hm t.

sgdqdax cdffmhmf ] bnmrs]ms my ]mc hmsdfdq  ’y( enq dudqx y ∈ T� Ehm]kkx+
kds

A ;
{
y ∈ T

∣∣ �’y( ; ’y(
}
�
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LMCTID RSPTASTPD ME ADIIR 16

Ktryshf g]r bnmidbstqdc sg]s sgd enkknvhmf rs]sdldmsr ]qd sqtd hm sgd fdmdq]k
rdsshmf ne tmdpt]k,o]q]ldsdq Gdbjd ]kfdaq]r-

L0- Enq ]mx y ∈ T. vd g]ud �’y( ≤  ’y(-
L1- He c ∈A ]mc w. x ∈ T r]shrex  w�x�c ∈; .+ sgdm w; x−0-
L2- He x ∈ T. sgdqd dwhrsr ] tmhptd c ∈A rtbg sg]s  xL��x�c ∈; .-
L3- He y� ≤DL y+ sgdm �’y�( ≥ �’y(- Gdmbd+ he y� ∼DL y+ sgdm �’y( ; �’y�(-
L4- He c ∈A+ x ∈ T. ]mc  xL��x�c ∈; .+ sgdm  xL��x�c ; mc ; ±0-
L5- He c ∈A+ sgdm c1 ; 0-
L6- Enq ]mx w. x. y ∈ T. vd g]ud  w�x�y ;  x�y�w-
L7- Kds w. x. y ∈ T ad rtbg sg]s  w�x�y ∈; .- Sgdm w ∼D x−0+ x ∼D y−0+ ]mc

y ∼D w−0-
L8- He y� ≤D y ]mc �’y�( ; �’y(+ sgdm y� ∼D y-

L0.- He y� ≤L y ]mc �’y�( ; �’y(+ sgdm y� ∼L y-
L00- He y� ≤DL y ]mc �’y�( ; �’y(+ sgdm y� ∼DL y-
L01- Kds H ⊆ N ]mc TE ad sgd o]q]ankhb rtafqnto cdffmdc ax H - He x ∈ TE +

sgdm �’x( bnlotsdc hm sdqlr ne TE hr dpt]k sn �’x( bnlotsdc hm
sdqlr ne T�

L02- =mx kdes bdkk � ne T bnms]hmr ] tmhptd dkdldms c ∈ A- Vd g]ud
 wL��w�c ∈; . enq ]kk w ∈ �-

L03- Enq ]mx y ∈ T. vd g]ud y ∼DL y−0-
L04- He t� hr ]m hmcdsdqlhm]sd ]mc f�

wxy hr nas]hmdc eqnl fwxy uh] sgd rta,
rshstshnm t )� t�+ sgdm vgdmdudq �’v( ; �’x(+ vd g]ud

∑

x�

f�
tw�x�fwx�x ;

∑

x�

fwtx�f�
x�w�x�

Sgd rs]sdldmsr L0zL04 ]qd jmnvm sn gnkc enq ffmhsd Vdxk fqntor hm sgd
dpt]k,o]q]ldsdq b]rd ax I]ygc]m ]mc Ktryshf Y06“ ]mc Roqhmfdq Y15“- He sgd
Bnwdsdq rxrsdl hr ne sxod H1’l(+ G2+ nq G3+ sgdx enkknv eqnl =kuhr Y0“ ]mc
CtBkntw Y4“- Hm sgd tmdpt]k,o]q]ldsdq b]rd+ L0zL04 g]ud addm udqhffdc hm
sxodr H1’l( ]mc E3 ax Fdbj Y02“ ]mc hm sgd rn,b]kkdc ]rxlosnshb b]rd ne
sxod Am ax Fdbj ]mc H]mbt Y03“ ]mc Fdbj Y01“+ Y02“- =ksgntfg sgd fdnldsqhb
]ooqn]bg eqnl vghbg sgd ]anud enkknv hm sgd dpt]k,o]q]ldsdq b]rd hr mns
]u]hk]akd hm sgd fdmdq]k tmdpt]k,o]q]ldsdq b]rd+ hs rddlr sg]s hs l]x mns
ad qdpthqdc- =s kd]rs hm sxod >+ Fdbj Y00“ g]r rgnvm sg]s L0zL04 gnkc uh]
dkdldms]qx+ otqdkx ]kfdaq]hb ldsgncr-

!""#$%&&'()*(+,&-.*-/-0&../1123.4/..54..2 6789)$!:' (;9);: 8< =>?8+)',: @;)A:+$)"< 6+:$$



17 SFML4R OHDSP4FM

1-2- Sgd Urxlosnshb qhmf I

Sgd fn]k ne sghr rdbshnm hr sn udqhex Y08+ Kdll] 01-04“ hm ntq lnqd fdmdq]k
rdsshmf- Hs adfhmr vhsg ] aqhde chrbtrrhnm ne Ktryshf”r qhmf I + vghbg b]m ad
uhdvdc ]r ]m ]rxlosnshb udqrhnm ne D� =ksgntfg nqhfhm]kkx cdffmdc hm sgd
dpt]k,o]q]ldsdq b]rd+ hsr bnmrsqtbshnm ]krn l]jdr rdmrd hm sgd rdsshmf ne
tmdpt]k,o]q]ldsdq Gdbjd ]kfdaq]r tmcdq sgd ]rrtloshnm sg]s sgd bnmidb,
stqdr L0zL04 gnkc- Trhmf sgd ldsgncr cdudknodc hm Y10“+ I oqnuhcdr ] v]x
ne rstcxhmf sgd kdes,bdkk qdoqdrdms]shnmr ne D-
Pdb]kk sgd hmsdfdqr  wxy cdffmdc enq ]kk w. x. ]mc y hm T ]r sgd bnmrs]ms

sdqlr ne t��y(fwxyL� � Sgdm I hr sgd eqdd ]adkh]m fqnto vhsg a]rhr {sw } w ∈
T{- Sn dmcnv hs vhsg ] qhmf rsqtbstqd+ cdffmd ] ahkhmd]q oqnctbs nm I ax

sw · sx ;
∑

y∈T

 wxysyL�

enq w ]mc x hm T� Bnmidbstqdr L0zL04 ]kknv tr sn rs]sd sgd enkknvhmf
qdrtksr-

Sfcnpcl 1-1� ’Y10“( ;rrtlhmf bnmidbstqdr L0zL04� sgd enkknvhmf gnkc.
’0( I hr Wm WrrnbhWshud qhmf vhsg hcdmshsx dkdldms 0I ;

∑
c∈A mcsc:

’1( sgd fqnto WkfdaqW CYT “ hr hrnlnqoghb Wr W C,WkfdaqW sn IC ;C±T I�
Enkknvhmf Y10+ Rdbshnm 1.-1“+ vd vhkk vqhsd D♠ enq sgd IC,lnctkd bnqqd,

ronmchmf sn ] CYT “,lnctkd D- Hs rg]qdr hsr tmcdqkxhmf ro]bd vhsg D+ vghkd
sgd ]bshnm ne ]m dkdldms ne IC hr cdffmdc ax sgd ]bshnm ne hsr hl]fd tmcdq
sgd hrnlnqoghrl vhsg CYT “- Bnmrhcdq ] kdes bdkk � ne T. ]mc cdffmd I�C sn
ad

⊕
w∈�Csw� Ax L7+ sghr hr ] kdes hcd]k hm IC� Etqsgdqlnqd+ vd g]ud sgd

enkknvhmf-

Sfcnpcl 1-2� ’Y10“( ;rrtlhmf sgWs sgd bnmidbstqdr L0zL04 gnkc� sgd
IC,lnctkdr I�C Wmc Y�“♠ Wqd hrnlnqoghb-

Vd ]qd qd]cx sn ]ccqdrr Y08+ Kdll] 01-04“- Hsr nqhfhm]k oqnne qdkhdr nm
] bg]q]bsdqhy]shnm ne kdes bdkkr hm sdqlr ne sgd ct]k a]rdr {Bw{ ]mc {Cw{
rs]sdc hm Y08+ hmcdw hsdl 4-0-03“- Sghr qdrtks hm stqm qdkhdr nm onrhshuhsx
oqnodqshdr vghbg cn mns gnkc hm sgd tmdpt]k,o]q]ldsdq b]rd+ ]mc+ sgdqdenqd+
] mdv ]ooqn]bg sn sgd kdll] hr qdpthqdc- Sgd hcd] ne trhmf I hm sgd oqdrdms
oqnne hr ctd sn Fdbj-

IcllT 1-3� ;rrtld sgWs bnmidbstqdr L0zL04 gnkc- Fe � Wmc �� Wqd svn
kdes bdkkr hm T vhsg qdrodbs sn W vdhfgs etmbshnm K� sgdm

chl GnlT ’Y�“. Y��“( ; }� ∩ ��−0}�
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Oqnne- Kds w ∈ �−0 ∩ ��+ ]mc cdffmd ] l]o φw nm I�C uh] φw’sx( ; sxsw�

Vhsg w ]mc x ]r ]anud+ vd b]m vqhsd

sxsw ;
∑

 xwysyL� �

Enq  xwy ∈; .+ L7 hlokhdr sg]s w ∼D y−0� Rhmbd w ∈ ��+ sghr enqbdr sxsw sn khd
hm I�

�
C . ]mc vd g]ud hm e]bs cdffmdc ] l]o φw 9 I�C� I�

�
C �

=r w qtmr nudq sgd rds �−0 ∩ ��+ sgd l]or φw ]qd khmd]qkx hmcdodmcdms-
=rrtld sg]s+ enq rnld bnmrs]msr aw+ vd g]ud

∑

w∈�L�R��

awφw ; .

]mc+ bnmrdptdmskx+ ∑

w∈�L�R��

awsxsw ; .

enq ]kk x ∈ �� Hm o]qshbtk]q+ he c hr sgd tmhptd dkdldms hm A ∩ � ft]q]msddc
ax L02+ sgdm vd ]krn g]ud

∑

w∈�L�R��

awscsw ;
∑

w∈�L�R��

± awsw ; ..

vgdqd sgd ffqrs dpt]khsx enkknvr eqnl L1� L4� L6� ]mc L02- Ats sghr ld]mr
sg]s aw ; . enq ]kk qdkdu]ms w nq+ hm nsgdq vnqcr+ sg]s sgd φw ]qd khmd]qkx hmcd,
odmcdms- Vd b]m sgdqdenqd bnmbktcd sg]s chl GnlI�’I

�
C. I

��
C ( ≥ }�−0 ∩ ��}�

Rhmbd sghr hmdpt]khsx hr sqtd enq ]kk o]hqr ne kdes bdkkr � ]mc �� hm T. vd g]ud
∑

����

chl GnlI�’I
�
C. I

��
C ( ≥

∑

����

}�−0 ∩ ��}�

Sgd qhfgs rhcd ne sghr hmdpt]khsx hr itrs sgd nqcdq ne T rhmbd d]bg ne hsr
dkdldmsr khdr hm ] tmhptd kdes ]mc ] tmhptd qhfgs bdkk- Nm sgd nsgdq g]mc+ ax
sgd bnqqdronmcdmbd qdrtkshmf eqnl Sgdnqdl 1-2+ sgd kdes rhcd hr

chl GnlI�

∣∑

�

I�C.
∑

��

I�
�

C

(
; chl GnlT ’PdfT .PdfT ( ; }T }�

Gdmbd sgd nqhfhm]k hmdpt]khsx ltrs ad hm e]bs ]m dpt]khsx+ ]mc sgd kdll]
enkknvr-

Vd hlldch]sdkx nas]hm sgd enkknvhmf bnqnkk]qx+ vgnrd oqnne hr hcdmshb]k
sn sg]s ne Y08+ Bnqnkk]qx 01-06“-

AnpnjjTpx 1-4� ;rrtld sgWs bnmidbstqdr L0zL04 gnkc Wmc sgWs sgd
qdoqdrdmsWshnmr bWqqhdc ax sgd kdes bdkkr ne T vhsg qdrodbs sn W vdhfgs etmb,
shnm K Wqd ltkshokhbhsx,eqdd- Sgdm � ∩ �−0 hr sgd rds ne hmunktshnmr hm �-
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2. SFML4R OHDSP4FM

�2- Sxod Am

Sgd fn]k ne sghr rdbshnm hr sn cds]hk sgd bnlahm]snqhbr ne ]qahsq]qx,q]mj
rs]mc]qc cnlhmn s]akd]tw mdbdrr]qx sn cdrbqhad I]ygc]m,Ktryshf bdkkr hm
sxod Am-

2-0- Cnlhmn sUakdUtu
Bnmrhcdq ] o]qshshnm n ne ] m]stq]k mtladq m- Vd vhkk uhdv hs ]r ] Wntmf

ch]fq]l Wn+ ] kdes,itrshffdc ]qq]x ne rpt]qdr vgnrd qnv kdmfsgr cdbqd]rd
vd]jkx- Sgd rpt]qd hm qnv h ]mc bnktlm i ne Wn vhkk ad cdmnsdc rfi + ]mc ]
o]hq ne rpt]qdr hm Wn ne sgd enql {rfi . rf)0�i{ nq {rfi . rf�i)0{ vhkk ad b]kkdc ]
cnlhmn- = cnlhmn hr qdlnuWakd eqnl Wn he cdkdshmf hsr tmcdqkxhmf rpt]qdr
kd]udr dhsgdq ]mnsgdq Wntmf ch]fq]l bnms]hmhmf sgd rpt]qd r00 nq sgd dlosx
rds-
Rtbbdrrhud cdkdshnmr ne qdlnu]akd cnlhmnr eqnl ] Wntmf ch]fq]l Wn ltrs

dudmst]kkx sdqlhm]sd hm ] rs]hqb]rd o]qshshnm bnms]hmhmf
 
p)0
1

(
rpt]qdr enq

rnld mnmmdf]shud hmsdfdq p- Sghr mtladq hr cdsdqlhmdc dmshqdkx ax sgd
tmcdqkxhmf o]qshshnm n ]mc cndr mns cdodmc nm sgd rdptdmbd ne cdkdshnmr
ne qdlnu]akd cnlhmnr- Vd vhkk vqhsd n ∈ Hp+ ]mc vd vhkk r]x sg]s n hr ]
oWqshshnm ne qWmj p- Sgd bnqd ne n hr hsr tmcdqkxhmf rs]hqb]rd o]qshshnm-

DuTlojc 2-0� Sgd o]qshshnm n; Y3.21.0“ khdr hm sgd rds H1- Adknv ]qd hsr
Wntmf ch]fq]l Wn ]mc ] cnlhmn shkhmf qdrtkshmf eqnl ] rdptdmbd ne cdkdshnmr
ne qdlnu]akd cnlhmnr dwghahshmf sgd tmcdqkxhmf rs]hqb]rd o]qshshnm9

Bnmrhcdq n ∈ Hp- Hs hr ] o]qshshnm ne sgd hmsdfdq 1m )
 
p)0
1

(
enq rnld m-

= rsWmcWqc cnlhmn sWakdWt ne qWmj p Wmc rgWod n hr ] shkhmf ne sgd mnmbnqd
rpt]qdr ne Wn ax cnlhmnr+ d]bg ne vghbg hr k]adkdc ax ] tmhptd hmsdfdq eqnl
{0. � � � . m{ hm rtbg ] v]x sg]s sgd k]adkr hmbqd]rd ]knmf hsr qnvr ]mc bnktlmr-
Vd vhkk vqhsd RCSp’n( enq sgd rds ne rsWmcWqc cnlhmn sWakdWtw ne q]mj p

ne rg]od n ]mc RCSp’m( enq sgd rds ne rs]mc]qc cnlhmn s]akd]tw ne q]mj p

vghbg bnms]hm dw]bskx m cnlhmnr-
Enq S ∈ RCSp’m(+ vd vhkk r]x sg]s sgd rpt]qd rfi hr uWqhWakd he h ) i •

p lnc 1 ]mc  wdc nsgdqvhrd- =r chrbtrrdc hm Y5“ ]mc Y14“+ ] bgnhbd ne
ffwdc rpt]qdr nm ] s]akd]t S ]kknvr tr sn cdffmd svn mnshnmr9 ] o]qshshnm
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ne hsr cnlhmnr hmsn bxbkdr ]mc sgd nodq]shnm ne lnuhmf sgqntfg ] bxbkd-
Sgd lnuhmf,sgqntfg l]o+ vgdm ]ookhdc sn ] bxbkd b hm ] s]akd]t S + xhdkcr
]mnsgdq rs]mc]qc cnlhmn s]akd]t LS ’S. b(+ vghbg chΛdqr eqnl S nmkx hm
sgd k]adkr ne sgd u]qh]akd rpt]qdr ne b- He b bnms]hmr C’k. S (+ sgd cnlhmn
hm S vhsg k]adk k+ sgdm LS ’S. b( hr hm rnld rdmrd sgd lhmhl]kkx ]Λdbsdc
rs]mc]qc cnlhmn s]akd]t hm vghbg sgd k]adk ne sgd u]qh]akd rpt]qd hm C’k. S (
hr bg]mfdc ’rdd Y14“ enq cds]hkdc cdffmhshnmr(-
He sgd rg]od ne LS ’S. b( hr sgd r]ld ]r sgd rg]od ne S + vd vhkk r]x sg]s b

hr ] bknrdc bxbkd- Nsgdqvhrd+ nmd rpt]qd vhkk ad qdlnudc eqnl S ’nq ]ccdc sn
hsr bnqd(+ ]mc nmd vhkk ad ]ccdc- Hm sghr b]rd+ vd vhkk r]x sgd b hr nodm ]mc
cdmnsd sgd ]enqdldmshnmdc rpt]qdr ]r rb’b( ]mc rd ’b(. qdrodbshudkx- Ehm]kkx+
he rb’b( hr ]ci]bdms sn sgd bnqd ne S + vd vhkk r]x sg]s b hr ] bnqd nodm bxbkd-
Vd vhkk vqhsd NB’S ( enq sgd rds ne ]kk nodm bxbkdr ne S ]mc NB∗’S ( sgd
rtards ne mnmbnqd nodm bxbkdr-

2-1- DdmdqUkhydc Pnahmrnm,Rbgdmrsdc Ukfnqhsglr
Sgd Vdxk fqnto Tm ne sxod Am bnmrhrsr ne sgd rds ne rhfmdc odqlts]shnmr

nm m kdssdqr+ vghbg vd vqhsd hm nmd,khmd mns]shnm ]r v ; ’v0v1 · · · vm(- Enq
d]bg mnmmdf]shud hmsdfdq p+ sgdqd hr ]m hmidbshud l]o

Fp 9 Tm� RCSp’m(· RCSp’m(

vghbg hr nmsn sgd rtards ne cnlhmn s]akd]tw ne sgd r]ld rg]od ’rdd Y5“ ]mc
Y16“(- Vd vhkk vqhsd Fp’w( ; ’Np’w(. Sp’w(( enq sgd hl]fd ne ] odqlts]shnm w+
]mc vd vhkk qdedq sn sgd svn bnlonmdmsr ]r sgd kdes ]mc qhfgs sWakdWtw ne w-

Ccehmhshnm 2-1� Bnmrhcdq w. x ∈ Tm+ ]mc ffw ] mnmmdf]shud hmsdfdq p- Vd
vhkk r]x sg]s

’0( w ≈ι
D x he Sp’x( ; Sp’w(: ]mc

’1( w ≈D x he Sp’x( ;LS ’Sp’w(.B( enq rnld B ⊂ NB∗’Sp’w((�

Vd vhkk b]kk sgd dpthu]kdmbd bk]rrdr cdffmdc ax ≈ι
D hqqdctbhakd bnlahmW,

snqhWk kdes bdkkr ne qWmj p hm T. ]mc sgnrd cdffmdc ax ≈D hsr qdctbhakd bnl,
ahmWsnqhWk kdes bdkkr ne qWmj p- Hm sgd hqqdctbhakd b]rd+ vd vhkk r]x sg]s sgd
bnlahm]snqh]k kdes bdkk hr qdoqdrdmsdc ax sgd sWakdWt Sp’w(- Hm sgd qdctbhakd
b]rd+ vd vhkk r]x sg]s sgd bnlahm]snqh]k kdes bdkk hr qdoqdrdmsdc ax sgd rds
{LS ’Sp’w(.B( }B ⊂ NB∗’Sp’w(({ ne rs]mc]qc cnlhmn s]akd]tw-

2-2- Adkkr hm sxod Am

Bnmrhcdq sgd fdmdq]snqr ne Tm ]r hm sgd enkknvhmf ch]fq]l9
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ts t t t� � �r0 r1 rm−0

Cdffmd sgd vdhfgs etmbshnm K ax K’s( ; a ]mc K’rf( ; a enq ]kk h+ ]mc rds
r ; a<a- Sgd enkknvhmf hr ] bnmidbstqd ne Anmm]ed́+ Fdbj+ H]mbt+ ]mc K]l
]mc ]ood]qr hm Y2+ Bnmidbstqdr =+ A+ ]mc C“-

Anmicastpc 2-2� Anmrhcdq W Tdxk fqnto ne sxod Am vhsg W vdhfgs etmb,
shnm K Wmc oWqWldsdq r cd mdc Wr Wanud-

’0( Tgdm r <∈ C� sgd IWygcWm,Ktryshf kdes bdkkr bnhmbhcd vhsg sgd hqqdctbhakd
bnlahmWsnqhWk kdes bdkkr ne qWmj ∩r$-

’1( Tgdm r ∈ C� sgd IWygcWm,Ktryshf kdes bdkkr bnhmbhcd vhsg sgd qdctbhakd
bnlahmWsnqhWk kdes bdkkr ne qWmj r| 0-

Sghr bnmidbstqd hr vdkk jmnvm sn ad sqtd enq r; 0 ax sgd vnqj ne F]qffmjkd
Y7“ ]mc g]r addm udqhffdc vgdm r / m| 0 ax Anmm]ed́ ]mc H]mbt Y3“- Hs g]r
]krn addm rgnvm sn gnkc enq ]kk u]ktdr ne r vgdm m ≤ 5 ’rdd Y2“(- Etqsgdqlnqd+
]rrtlhmf L0zL04+ Anmm]ed́ Y1“ g]r rgnvm sgd bnmidbstqd sn ad sqtd hm sgd
hqqdctbhakd b]rd ]mc sg]s+ hm sgd qdctbhakd b]rd+ I]ygc]m,Ktryshf kdes bdkkr
]qd tmhnmr ne sgd qdctbhakd bnlahm]snqh]k kdes bdkkr-

�3- Anmrsqtbshakd qdoqdrdmsUshnmr hm sxod Am

Fdbj Y8“ g]r rgnvm sg]s he Ktryshf”r bnmidbstqdr L0zL04 gnkc+ sgdm sgd
qdoqdrdms]shnmr neT b]qqhdc ax sgd I]ygc]m,Ktryshf kdes bdkkr ne ]m tmdpt]k,
o]q]ldsdq Gdbjd ]kfdaq] ]qd oqdbhrdkx sgd bnmrsqtbshakd nmdr- Cdffmdc hm
sgd tmdpt]k,o]q]ldsdq rdsshmf ax Ktryshf Y10+ Rdbshnm 1.-04“+ bnmrsqtbshakd
qdoqdrdms]shnmr ]qhrd uh] sqtmb]sdc hmctbshnm ]mc sdmrnqhmf vhsg sgd rhfm
qdoqdrdms]shnm- Sgd fn]k ne sghr rdbshnm hr sn fhud ] bnlahm]snqh]k cdrbqhoshnm
ne sgd dΛdbsr ne sgdrd svn nodq]shnmr nmT,lnctkdr hm sxod Am- Lx ]ooqn]bg
hr a]rdc nm sgd dpt]k,o]q]ldsdq qdrtksr ne Y11“-

3-0- Hqqdctbhakd Tm,lnctkdr
Vd qdrsqhbs ntq ]ssdmshnm sn sxod Am: vqhsd Tm enq sgd bnqqdronmchmf

Vdxk fqnto+ ]mc cdffmd bnmrs]msr a+ a+ ]mc r ]r hm Rdbshnm 2-2- Adfhm ax
qdb]kkhmf sgd rs]mc]qc o]q]ldsqhy]shnm ne hqqdctbhakd Tm,lnctkdr- Kds H1
ad sgd rds ne nqcdqdc o]hqr ne o]qshshnmr+ ]mc kds H1’m( ad sgd rtards ne H1
vgdqd sgd bnlahmdc rtl ne sgd o]qsr ne ansg o]qshshnmr hr m-

Sfcnpcl 3-0� Sgd rds ne hqqdctbhakd qdoqdrdmsWshnmr ne Tm hr oWqWld,
sqhydc ax H1’m(- Fe vd vqhsd Y’c. e(“ enq sgd qdoqdrdmsWshnm bnqqdronmchmf sn
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’c. e( ∈ H1’m(� sgdm
Y’e s. cs(“ ∼; Y’c. e(“± rfm.

vgdqd ns cdmnsdr sgd sqWmronrd ne sgd oWqshshnm n-

Hm sghr enql+ sgd bnmmdbshnm adsvddm hqqdctbhakd Tm,lnctkdr ]mc sgd
cdrbqhoshnm ne kdes bdkkr hm Bnmidbstqd 2-2 hr mns bkd]q- Sn qdldcx sghr+ vd
vntkc khjd sn qdrs]sd Sgdnqdl 3-0 hm sdqlr ne o]qshshnmr ne ]qahsq]qx q]mj
vghbg ]qhrd ]r rg]odr ne sgd rs]mc]qc cnlhmn s]akd]tw hm sghr bnmidbstqd-
Sgtr kds p ; ∩r$ he r <∈ C ]mc p ; r| 0 nsgdqvhrd+ ]mc vqhsd γ; r| ∩r$- =r
]m hmsdqldch]qx sn sghr fn]k+ vd cdffmd sgd mnshnm ne ] rxlank ne cdedbs s Wmc
qdrhctd γ enq ] mnmmdf]shud hmsdfdq s ]mc . ≤ γ, 0 ]r ]m ]qq]x ne mnmmdf]shud
mtladqr ne sgd enql

Λ;
(

λ0 ) γ λ1 ) γ � � � λL)s ) γ

μ0 μ1 � � � μL

)
.

vgdqd sgd ’onrrhakx dlosx( rdptdmbdr {λf{ ]mc {μf{ bnmrhrs ne hmsdfdqr ]mc
]qd rsqhbskx hmbqd]rhmf- He vd cdffmd ] qdk]sdc rxlank ax kdsshmf

Λ� ;
(

γ λ0 ) 0) γ λ1 ) 1) γ � � � λL)s )M ) s) γ

. μ0 ) 0 � � � μL )M

)
.

sgdm sgd ahm]qx qdk]shnm cdffmdc ax rdsshmf Λ ∼ Λ� fdmdq]sdr ]m dpthu]kdmbd
qdk]shnm- Vd vhkk vqhsd Rxl 

s enq sgd rds ne hsr dpthu]kdmbd bk]rrdr-
Vd cdrbqhad svn l]or adsvddm rxlankr ]mc o]qshshnmr- = o]qshshnm b]m

ad trdc sn bnmrsqtbs ] rxlank hm sgd enkknvhmf v]x- He n ; ’n0. n1. � � � . nj(+
enql nW ; ’n0. n1. � � � . nj�( ax ]cchmf ]m ]cchshnm]k ydqn sdql sn n he sgd q]mj
ne n g]r sgd r]ld o]qhsx ]r j- Chuhchmf sgd rds {nf ) j� | h{j�

f90 hmsn hsr ncc
]mc dudm o]qsr xhdkcr svn rdptdmbdr+

{1μf ) 0{Lf90. {1λf{L)s
f90 .

enq rnld mnmmdf]shud hmsdfdq s- = rxlank Λn ne cdedbs s ]mc qdrhctd γ bnqqd,
ronmchmf sn n b]m mnv ad cdffmdc ax ]qq]mfhmf sgd hmsdfdqr λf ]mc μf hmsn
]m ]qq]x ]r ]anud-
Fhudm ] rxlank ne cdedbs s ]mc qdrhctd γ+ hs hr ]krn onrrhakd sn bnmrsqtbs

]m nqcdqdc o]hq ne o]qshshnmr- Vhsg Λ ]r ]anud+ kds

cΛ ; {λf | h) 0{L)s
f90 . eΛ ; {μf | h) 0{Lf90�

Ansg bnmrsqtbshnmr ]qd vdkk adg]udc vhsg qdrodbs sn sgd dpthu]kdmbd nm
rxlankr cdffmdc ]anud- Sgd mdws sgdnqdl enkknvr eqnl Y05+ Rdbshnm 1-6“-
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Sfcnpcl 3-1� Sgd lWor n )� Λn Wmc Λ )� ’cΛ. eΛ( cd md ahidbshnmr

Hp� Rxl 
p)0�H1

enq Wkk uWktdr ne p Wmc γ- Anmrdptdmskx� sgdhq bnlonrhshnm xhdkcr W ahidbshnm
adsvddm Hp’m( Wmc H1’m(-

Sghr qdrtks ]kknvr tr sn btrsnl s]hknq ] o]q]ldsqhy]shnm ne hqqdctbhakd
Tm,lnctkdr sn d]bg u]ktd ne sgd o]q]ldsdq r ax cdffmhmf p ]mc γ ]r ]anud-
Snfdsgdq vhsg Y10+ Kdll] 11-07“+ sgd oqdrdms sgdnqdl hlokhdr sgd enkknvhmf
]ksdqm]sd o]q]ldsqhy]shnm ne sgd qdoqdrdms]shnmr ne Tm hm sdqlr ne rxlankr-
= o]q]ldsqhy]shnm hm sdqlr ne o]qshshnmr ne q]mj p enkknvr-

AnpnjjTpx 3-2� Fe vd  w uWktdr ne sgd cdedbs p Wmc qdrhctd γ� sgdm sgd rds
ne hqqdctbhakd qdoqdrdmsWshnmr ne Tm hr oWqWldsqhydc ax sgd rds ne dpthuWkdmbd
bkWrrdr ne rxlankr {Λ ∈ Rxl 

p)0 } oWqsr ne cΛ Wmc eΛ rtl sn m{� Tqhshmf
YΛ“ enq sgd qdoqdrdmsWshnm bnqqdronmchmf sn Λ� vd gWud

YΛ́“ ; YΛ“± rfm.

vgdqd sgd rxlank Λ́ hr cd mdc eqnl Λ ax sgd enkknvhmf oqnbdctqd- Tqhsd Λ
Wr Wanud� Wmc kds τ ad sgd hmsdfdq oWqs ne hsr kWqfdrs dmsqx- Sgdm sgd hmsdfdq
oWqsr ne sgd sno Wmc anssnl qnvr ne Λ́ bnmrhrs ne sgd bnlokdldmsr ne {τ|μf{f
Wmc {τ | λf{f hm Y.. τ “∩ T� qdrodbshudkx-

AnpnjjTpx 3-3� Fe vd  w W mnmmdfWshud hmsdfdq p� sgdm sgd rds ne hqqd,
ctbhakd qdoqdrdmsWshnmr ne Tm hr oWqWldsqhydc ax Hp’m(- Tqhshmf Yn“ enq sgd
qdoqdrdmsWshnm bnqqdronmchmf sn n ∈ Hp’m(� vd gWud

Yns“ ∼; Yn“± rfm.

vgdqd ns hr sgd sqWmronrd ne sgd oWqshshnm n-

DuTlojc 3-4� Kds r ; 201 + rn sg]s p ; 2 ]mc γ ; 0<1+ ]mc bnmrhcdq sgd
hqqdctbhakd qdoqdrdms]shnm Y’’02(. ’0((“ ne T3- Sgdm ]bbnqchmf sn sgd ]anud
o]q]ldsqhy]shnmr+ Y’’02(. ’0((“ ; Y’3.2.11(“ ; YΛ�3�2�11(“+ vgdqd

ΛT�3�2�11([ ;
(
0
1 101 201 301

0

)

hr ] rxlank ne cdedbs 2 ]mc qdrhctd 0<1- Mnsd sg]s ’’02(. ’0(( ∈ H1’3(+
’3.2.11( ∈ H1’3(+ ]mc Λ�3�2�11( hr ] qdoqdrdms]shud ne ] bk]rr hm Rxl

 
2 enq
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γ ; 0<1- Etqsgdqlnqd+ Y’’02(. ’0((“ ± rfm ; Y’’0(. ’2((“ ; Y’3.2.11(“ ± rfm ;
Y’31.1.0(“ ; YΛ�3�2�11(“± rfm ; YΛ�31�1�0(“. vgdqd

ΛT�31�1�0([ ;
(
0
1 001 101 301

2

)
�

Vd vhkk mddc sgd enkknvhmf kdll]+ vghbg gnkcr enq ffmhsdT vgdmdudq L0z
L04 gnkc- Hs hr ] bnlahm]shnm ne Y10+ Rdbshnm 00-6“ ]mc Y10+ Rdbshnm 10-4“-

IcllT 3-5� Anmrhcdq W IWygcWm,Ktryshf kdes bdkk � ⊂ T� Wmc kds v/ ad sgd
knmfdrs dkdldms ne T� Sgdm �v/ hr Wkrn W kdes bdkk hm T� Wmc Y�v/“ ∼; � ± rfm
Wr T,lnctkdr-

3-1- SqtmbUsdc hmctbshnm
Vd mnv stqm sn ] bnlahm]snqh]k cdrbqhoshnm ne sqtmb]sdc hmctbshnm hm

sdqlr ne sgd ]anud o]q]ldsdq rdsr- He µ hr ] qdoqdrdms]shnm ne TE + ] o]q],
ankhb rtafqnto ne Tm+ Ktryshf Y10+ Rdbshnm 1.-04“ cdffmdc ] qdoqdrdms]shnm
IT
T�
’µ( ne T ;Tm- Hsr oqdbhrd cdffmhshnm cdodmcr nm sgd o]q]ldsdqr ne sgd

tmcdqkxhmf Gdbjd ]kfdaq]+ rn hs hr m]stq]k sn dwodbs sg]s sghr hr l]mhedrsdc
hm sgd bnlahm]snqhbr rstchdc ]anud- Enkknvhmf Y11+ Rdbshnm 1“ ]mc Y07“+ vd
mnsd sg]s+ adb]trd ne sgd sq]mrhshuhsx ne sqtmb]sdc hmctbshnm ]mc adb]trd
sgd rhst]shnm hm sxod > hr vdkk tmcdqrsnnc+ vd mddc nmkx sn tmcdqrs]mc
gnv sqtmb]sdc hmctbshnm vnqjr vgdm TE hr ] l]whl]k o]q]ankhb rtafqnto
vgnrd sxod > bnlonmdms ]bsr ax sgd rhfm qdoqdrdms]shnm nm µ- Gdmbdenqsg+
kds TE ad ] l]whl]k o]q]ankhb rtafqnto hm Tm vhsg e]bsnqr T � ne sxod Al

]mc Nk ne sxod >k−0+ vgdqd l) k ; m: etqsgdqlnqd+ vqhsd rfmk enq sgd rhfm
qdoqdrdms]shnm ne Nk-
Sqtmb]sdc hmctbshnm adg]udr vdkk vhsg qdrodbs sn bdkk rsqtbstqd- Hm e]bs+

sgd enkknvhmf kdll] hr sqtd enq fdmdq]k T tmcdq sgd ]rrtloshnm sg]s rs]sd,
ldmsr L0zL04 ne Rdbshnm 1-0 gnkc-

IcllT 3-6� ’Y0.“( Kds �� ad W kdes bdkk ne TE - Sgdm vd gWud

IT
T�
’Y��“( ∼; Y�“.

vgdqd � hr sgd kdes bdkk ne T rtbg sgWs �� ⊂ ��

Kds tr ffqrs oqnuhcd ] cdrbqhoshnm ne sgd rhst]shnm hm sxod Am hm sdqlr
ne rxlankr- Bnmrhcdq ] rxlank Λ� ne cdedbs p ) 0 ]mc qdrhctd γ: uh] sgd
dpthu]kdmbd nm rxlankr+ vd b]m ]rrtld sg]s hs g]r ]s kd]rs k dmsqhdr- He sgd
rds ne k k]qfdrs dmsqhdr ne Λ� hr tmhptdkx cdffmdc+ sgdm kds Λ ad sgd rxlank
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nas]hmdc ax hmbqd]rhmf d]bg ne sgd dmsqhdr hm sghr rds ax nmd- He hs hr mns+ sgdm
kds ΛE ]mc ΛEE ad sgd svn rxlankr nas]hmdc ax hmbqd]rhmf sgd k]qfdrs k| 0
dmsqhdr ne Λ� ]mc sgdm d]bg ne sgd svn ksg k]qfdrs dmsqhdr hm stqm ax nmd-

Opnonrhshnm 3-7� ’Y10“( Sgd qdoqdrdmsWshnm IT
T�
’YΛ�“± rfmk( hr YΛ“ he sgd

rds ne k kWqfdrs dmsqhdr ne Λ� hr tmhptdkx cd mdc� Wmc YΛE“ ) YΛEE“ he hs hr mns-
Sgd enqldq hr WkvWxr sgd bWrd he YΛ�“ hr W rxlank ne qdrhctd γ ∈; .-
Hs hr mns chflbtks sn qdenqltk]sd sghr qdrtks hm sdqlr ne o]qshshnmr ne q]mj p-

Bnmrhcdq ] o]qshshnm n; ’n0. n1. � � � . nj( ∈ Hp- Vd b]m ]rrtld sg]s j ≥ k ax
]cchmf ydqn o]qsr sn n ]r mdbdrr]qx- Kds j� ad sgd mtladq ne o]qsr ne nW-
Cdffmd

nE ; ’n0 ) 1. � � � . nk ) 1. nk)0. � � � . nj(.

nEE ; ’n0 ) 1. � � � . nk−0 ) 1. nk ) 0. nk)0 ) 0. np)1. � � � . nj(�

Mnsd sg]s ansg nE ]mc nEE ]qd ]f]hm o]qshshnmr ne q]mj p-

AnpnjjTpx 3-8� Sgd qdoqdrdmsWshnm IT
T�
’Yn“ ± rfmk( oqnctbdc ax sqtm,

bWsdc hmctbshnm hr YnE“ vgdmdudq nk / nk)0� nk) p| k hr ncc� nq γ ∈; .- Lsgdq,
vhrd�

IT
T�
’Yn“± rfmk( ; YnE“ ) YnEE“�

Oqnne- Trhmf sgd qdrtksr ne Oqnonrhshnm 3-7+ vd g]ud sn bgdbj tmcdq vg]s
bnmchshnmr sgd rds ne k k]qfdrs dmsqhdr hm ] rxlank Λ� hr tmhptdkx cdffmdc
]mc sgdm cdsdqlhmd sgd oqdhl]fdr ne sgd rxlankr ΛE ]mc ΛEE tmcdq sgd
l]o ne Sgdnqdl 3-1- Vgdm γ ∈; .+ sgd k k]qfdrs dmsqhdr hm Λ� ]qd tmhptdkx
cdsdqlhmdc rhmbd ]kk ne hsr dmsqhdr ltrs ad chrshmbs- Vgdm γ; .+ sgdqd vhkk
ad ]m ]lahfthsx hm cdsdqlhmhmf sgd k k]qfdrs dmsqhdr he ]mc nmkx he nk) j�| k

]mc nk)0 ) j� | k| 0 ]qd bnmrdbtshud hmsdfdqr vhsg sgd ffqrs nmd adhmf ncc-
Snfdsgdq vhsg sgd nardqu]shnm sg]s j� hr ]kv]xr ne sgd noonrhsd o]qhsx eqnl p+
sghr fhudr tr sgd bnmchshnmr ne sgd oqnonrhshnm- Cdsdqlhmhmf sgd o]qshshnmr
bnqqdronmchmf sn ΛE ]mc ΛEE hr sgdm itrs ] rhlokd b]kbtk]shnm-

Mnsd sg]s sgd o]qhsx bnmchshnmr ne sgd oqnonrhshnm hlokx sg]s hm sgd b]rd
vgdm IT

T�
’Yn“± rfmk( hr qdctbhakd+ sgd rpt]qd rk�ni)0 ne sgd Wntmf ch]fq]lr

ne nE ]mc nEE hr ffwdc- Hm o]qshbtk]q+ sghr ld]mr sg]s+ vgdm dmcnvdc vhsg
sgd l]whl]k k]adk+ sgd cnlhmn {rk�ni)0. rk�ni)1{ bnmrshstsdr ]m nodm bxbkd hm
] cnlhmn s]akd]t ne rg]od nE- Hsr hl]fd tmcdq sgd lnuhmf,sgqntfg l]o hr
{rk)0�ni)0. rk�ni)0{ vhsg tmcdqkxhmf o]qshshnm nEE� Sghr nardqu]shnm kd]cr sn
sgd enkknvhmf-
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IcllT 3-0.� Kds m ; l ) k� Wmc bnmrhcdq v� ; ’v0v1 · · · vl( ∈ Tl-
Tqhsd S � ; Sp’v�( enq hsr qhfgs sWakdWt ne qWmj p� Wmc cd md W rds ne oWqsh,
shnmr

N� ;
{
rg]odLS ’S �.B(

∣∣B ⊂ NB∗’S �(
}

⊂ Hp’l(�

Cd md sgd rds N ; {nE } n ∈ N�{ P {nEE } n ∈ N� Wmc nk ; nk)0 vhsg nk ) p | k

dudm{- Fe v ; ’v0v1 · · · vlmm | 0 · · · l ) 0( ∈ Tm vhsg qhfgs sWakdWt S ;
Sp’v(� sgdm

N;
{
rg]odLS ’S.B(

∣∣B ⊂ NB∗’S (
}

⊂ Hp’m(�

Oqnne- Sgd kdll] qdk]sdr sgd mnmbnqd nodm bxbkdr hm S � sn sgd mnmbnqd
nodm bxbkdr hm S : gdmbd hs enkknvr eqnl sgd cdrbqhoshnm ne sgd adg]uhnq ne
bxbkdr tmcdq cnlhmn hmrdqshnm hm Y14+ Rdbshnm 2-5“- Gnvdudq+ sghmfr ]qd qd]kkx
rhlokdq sg]m sg]s- Mnsd sg]s S hr nas]hmdc eqnl S � ax ok]bhmf gnqhynms]k
cnlhmnr vhsg k]adkrl)0 sgqntfg m ]s sgd dmc ne hsr ffqrs k qnvr- Drrdmsh]kkx+
sgdqd ]qd entq onrrhahkhshdr- Vd vqhsd rfi enq sgd kdes rpt]qd ne sgd cnlhmn
]ccdc sn qnv h+ ]mc vd kds n; rg]odS �-

’0( Gdqd rfi ; Nd ’b( enq ] bxbkd b ne S �- Sgdm sgd cnlhmn inhmr sgd bxbkd b+
]mc sgd ffm]k rpt]qd ne sgd mdv bxbkd hr rf�i)1-

’1( Gdqd rfi−0 ; Nb’b( enq ] bxbkd b ne S �- Sgdm sgd cnlhmn inhmr sgd bxbkd
b+ ]mc sgd adfhmmhmf rpt]qd ne sgd mdv bxbkd hr rf�i)0-

’2( Gdqd nf−0 ; nf vhsg nf)p|h ncc- Sgdm sgd cnlhmnr vhsg k]adkrl)h|0
]mc l) h hm S enql ] bknrdc bxbkd hm S -

’3( Gdqd nk ; nk)0 vhsg nk) p| k dudm- Sgdm sgd cnlhmn vhsg k]adk m enqlr
] rhmfkdsnm mnmbnqd nodm bxbkd hm S sg]s cndr mns bnqqdronmc sn ] bxbkd
hm S �-

He B ⊂ NB∗’S �( ]mc B̃ hr sgd rds ne sgd bnqqdronmchmf bxbkdr hm S + sgdm hs
hr bkd]q eqnl sgd ]anud cdrbqhoshnm sg]s {rg]odLS ’S. B̃( }B ⊂ NB∗’S �({;
{nE } n ∈ N�{- He b]rd ’3( ]qhrdr ]mc S g]r ]m ]cchshnm]k mnmbnqd nodm bxbkd b;
{m{+ sgdm {rg]odLS ’S. B̃ P b( } B ⊂ NB∗’S �({; {nEE } n ∈ N�{� Sgd kdll]
enkknvr-

DuTlojc 3-00� Kds r ; 2 rn sg]s p ; 1 ]mc γ ; .+ ]mc bnmrhcdq sgd
o]qshshnm ’3.2.12( ∈ H1’4(- Hs bnqqdronmcr sn sgd rxlank

ΛT�3�2�12([ ;
(
0 1 2 3

0

)
∈ Rxl/2�
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Enq k; 3+ vd g]ud IT
T�
’Y’3.2.12(“± rfm3( ; Y’5.4.3.21(“ ) Y’5.4.31.1(“� Mnsd

sg]s ansg o]qshshnmr khd hm H1’8(- Hm sdqlr ne rxlankr+

IT
T�
’YΛ�3�2�12(“± rfm3( ;

[(
1 2 3 4

0

)]
)

[(
0 2 3 4

1

)]
�

�4- Tm,lnctkd rsqtbstqd Umc rsUmcUqc cnlhmn sUakdUtu

Uhdvhmf bdkkr ]r bnmrsqtbshakd qdoqdrdms]shnmr ]kknvr tr sn dw]lhmd sgdhq
rsqtbstqd hmctbshudkx- Trhmf sgd cdrbqhoshnm ne sqtmb]sdc hmctbshnm ]mc sdm,
rnqhmf vhsg rhfm cdqhudc hm Rdbshnm 3+ vd cdrbqhad sgd Tm,lnctkd b]qqhdc
ax d]bg bdkk hm sdqlr ne sgd o]q]ldsqhy]shnm ne hqqdctbhakd Tm,lnctkdr ne
Rdbshnm 3-0- Ehqrs+ vd bnmrhcdq ] edv e]bsr ]ants bnlahm]snqh]k bdkkr-

IcllT 4-0� Anmrhcdq svn bnlahmWsnqhWk kdes bdkkr � Wmc �� hm Tm ne
qWmj p qdoqdrdmsdc ax rdsr P Wmc P� ne qWmj p rsWmcWqc cnlhmn sWakdWtw-
Sgdm

}� ∩ ��−0};L.

vgdqd L hr sgd mtladq ne sWakdWtw hm P vgnrd rgWod lWsbgdr sgd rgWod ne
W sWakdWt hm P�-

Oqnne- Rtoonrd ffqrs sg]s � ]mc �� ]qd hqqdctbhakd rn sg]s P ; {S{ ]mc
P� ; {S �{- He sgdx ]qd ne sgd r]ld rg]od+ sgdm sgd hmsdqrdbshnm � ∩ ��−0 ;
F−0

p ’S
�. S (: nsgdqvhrd+ hs hr dlosx-

Nm sgd nsgdq g]mc+ he � ]mc �� ]qd qdctbhakd+ sgdm kds I bnmrhrs ne
sgd s]akd]tw hm P vgnrd rg]odr l]sbg sgd rg]od ne ] s]akd]t hm P�+ ]mc
cdffmd }I } ;L - Pdb]kk sg]s ax sgd cdffmhshnm ne ] bnlahm]snqh]k kdes bdkk+
P; {LS ’S.B( } B ∈ NB∗ S{ enq rnld s]akd]t S + ]mc sgdqdenqd P bnmrhrsr
ne nmkx s]akd]tw ne chΛdqhmf rg]odr- He S ∈ I + vqhsd S � enq sgd tmhptd s]akd]t
hm P� ne sgd r]ld rg]od ]r S - Sgdm

� ∩ ��−0 ;
⋃

N ∈I

F−0
p ’S

�. S (�

Vd b]m nas]hm ] rkhfgskx adssdq cdrbqhoshnm ne sgd hmsdqrdbshnm ne ] bnl,
ahm]snqh]k kdes bdkk ]mc ] bnlahm]snqh]k qhfgs bdkk ax qdb]kkhmf sgd cdffmhshnm
ne ]m dwsdmcdc nodm bxbkd hm ] s]akd]t qdk]shud sn ]mnsgdq s]akd]t ne sgd
r]ld rg]od ’rdd Y6+ Cdffmhshnm 1-2-0“ nq Y13+ Cdffmhshnm 1-3“ enq cds]hkr(- Hm
fdmdq]k+ ]m dwsdmcdc nodm bxbkd hr ] tmhnm ne nodm bxbkdr-
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AnpnjjTpx 4-1� Anmrhcdq svn qdctbhakd bnlahmWsnqhWk kdes bdkkr � Wmc
�� hm Tm ne qWmj p qdoqdrdmsdc ax rdsr P Wmc P� ne qWmj p rsWmcWqc cnlhmn
sWakdWtw- Fe S ∈ P Wmc S � ∈ P� Wqd ne sgd rWld rgWod Wmc l hr sgd mtladq
ne mnmbnqd dwsdmcdc nodm bxbkdr hm S qdkWshud sn S �� sgdm

}� ∩ ��−0}; 1l�

Oqnne- =m dwsdmcdc nodm bxbkd hm S qdk]shud sn S � hr ] lhmhl]k rds ne
nodm bxbkdr hm S ]mc S � rtbg sg]s lnuhmf sgqntfg hs oqnctbdr ]mnsgdq o]hq
ne s]akd]tw ne sgd r]ld rg]od- Bnmrdptdmskx+ lnuhmf sgqntfg svn chΛdqdms
dwsdmcdc nodm bxbkdr ]qd hmcdodmcdms nodq]shnmr- Mnshmf sg]s

P;
{
LS ’S.B(

∣∣B ⊂ NB∗’S (
}
. P� ;

{
LS ’S �.B(

∣∣B ⊂ NB∗’S �(
}
.

vd g]ud sg]s ] s]akd]t,o]hq ’N.N�( ∈ P· P� hr sgd r]ld rg]od he ]mc nmkx
he hs chΛdqr eqnl ’S.S �( ax lnuhmf sgqntfg ] rds ne mnmbnqd dwsdmcdc nodm
bxbkdr hm S qdk]shud sn S �- Sgtr+ he D hr sgd rds ne mnmbnqd dwsdmcdc nodm
bxbkdr hm S qdk]shud sn S �+ sgdm

� ∩ ��−0 ;
⋃

/⊂D

F−0
p

 
LS ’’S �. S (.C(

(
.

eqnl vghbg sgd qdrtks enkknvr-

Pdb]kk sgd o]q]ldsdq r cdqhudc eqnl ] vdhfgs etmbshnm K hm sxod Am- Vd
vhkk b]kk ] I]ygc]m,Ktryshf kdes bdkk hm sghr rdsshmf ] kdes bdkk ne vdhfgs r-
Anmm]ed́ Y1“ g]r rgnvm sg]s

• tmcdq sgd ]rrtloshnm sg]s rs]sdldmsr L0zL04 ne Rdbshnm 1-0 gnkc+ vgdm
r <∈ C+ kdes bdkkr ne vdhfgs r ]qd oqdbhrdkx sgd hqqdctbhakd bnlahm]snqh]k kdes
bdkkr ne q]mj p ; ∩r$+ ]mc

• vgdm r ∈ C+ kdes bdkkr ne vdhfgs r ]qd tmhnmr ne qdctbhakd bnlahm]snqh]k
kdes bdkkr ne q]mj p ; r| 0-
Hm sghr v]x+ ]r hm Cdffmhshnm 2-1+ vd b]m r]x sg]s ] kdes bdkk ne vdhfgs r hr

qdoqdrdmsdc ax ] rds ne rs]mc]qc cnlhmn s]akd]tw ne q]mj p- Enq mnmhmsdfdq r+
sghr rds bnmrhrsr ne sgd tmhptd s]akd]t qdoqdrdmshmf sgd hqqdctbhakd bnlahm],
snqh]k kdes bdkk+ ]mc hm sgd k]ssdq+ hs hr sgd tmhnm ne sgd rdsr ne s]akd]tw qdo,
qdrdmshmf d]bg ne sgd qdctbhakd bnlahm]snqh]k bdkkr hm sgd I]ygc]m,Ktryshf
bdkk- Hm vg]s enkknvr+ vd ]rrtld sg]s rs]sdldmsr L0zL04 gnkc-
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IcllT 4-2� Ptoonrd sgWs � hr W kdes bdkk ne vdhfgs r Wmc sgWs �;
⋃

fCf

hr hsr cdbnlonrhshnm hmsn bnlahmWsnqhWk kdes bdkkr ne qWmj p- Fe vd kds Pf ad sgd
rds ne cnlhmn sWakdWtw qdoqdrdmshmf Cf� sgdm sgd rds ne rgWodr ne sWakdWtw
hm Pf hr chrinhms eqnl sgd rds ne rgWodr ne sWakdWtw hm Pi vgdmdudq h ∈; i-

Oqnne- Ax Bnqnkk]qx 1-4+ � ∩ �−0 bnmrhrsr ne sgd hmunktshnmr hm �- Sgd
rds ne hmunktshnmr hm d]bg bnlahm]snqh]k bdkk Cf bnmrhrsr ne Cf ∩ C−0

f - Sghr
enqbdr Cf ∩ C−0

i ; � vgdmdudq h ∈; i+ vghbg b]m nbbtq nmkx he sgd rds ne
rg]odr ne s]akd]tw hm Pf hr chrinhms eqnl sgd rds ne rg]odr ne s]akd]tw hm Pi

ax Kdll] 4-0-

Kds tr ffqrs rgnv sg]s sgd rg]odr ne sgd rs]mc]qc cnlhmn s]akd]tw ne
q]mj p qdoqdrdmshmf ] kdes bdkk ne vdhfgs r cdsdqlhmd hsrTm,lnctkd rsqtbstqd-

Ccehmhshnm 4-3� Rtoonrd sg]s P hr ] rds ne rs]mc]qc cnlhmn s]akd]tw ne
q]mj p- Enq S ∈ P+ vqhsd nN ∈ Hp’m( enq hsr tmcdqkxhmf o]qshshnm+ ]mc cdffmd

YP“ ;
⊕

N ∈P
YnN “�

IcllT 4-4� Ptoonrd sgWs � Wmc �� Wqd kdes bdkkr ne vdhfgs r hm Tm� Wmc
rtoonrd sgWs

�;
∐

f≤b

Cf. �� ;
∐

f≤c

C�
f

Wqd sgdhq cdbnlonrhshnmr hmsn bnlahmWsnqhWk kdes bdkkr ne qWmj p- Ptoonrd sgWs
dWbg Cf Wmc C�

f hr qdoqdrdmsdc ax sgd rds ne qWmj p sWakdWtw Pf Wmc P�
f�

qdrodbshudkx- Sgdm Y�“ ∼; Y��“ he Wmc nmkx he b; c Wmc� rthsWakx nqcdqdc� YPf“ ∼;
YP�

f“ enq Wkk h-

Oqnne- Enq bk]qhsx+ kds tr sqd]s sgd hmsdfdq ]mc mnmhmsdfdq u]ktdr ne r rdo,
]q]sdkx- Ehqrs+ ]rrtld sg]s r <∈ C rn sg]s b ; c ; 0+ ]mc s]jd {S{ ; P0
]mc {S �{ ; P�

0� Ax Kdll]r 1-3 ]mc 4-0+ vd g]ud chlGnlT ’Y�“. Y�“( ;
chlGnlT ’Y��“. Y��“( ; 0� Etqsgdqlnqd+ vd g]ud chlGnlT ’Y�“. Y��“( ; }� ∩
��−0} ; 0 he ]mc nmkx he sgd rg]odr ne S ]mc S � bnhmbhcd: nsgdqvhrd+
chlGnlT ’Y�“. Y��“( ; .- Kdll] 4-4 enkknvr-
Mdws+ ]rrtld sg]s r ∈ C- Rtoonrd ffqrs sg]s Y�“ ∼; Y��“� Sgdm chlGnl’�.

�( ; chlGnl’��.��( ; chlGnl’�.��(+ ]mc ax Kdll] 1-3+ }� ∩ �−0} ;
}�� ∩ ��−0}; }� ∩ ��−0}� Ax Kdll] 4-2+ vd g]ud

∑

f≤b

}Cf ∩ C−0
f };

∑

f≤c

}C�
f ∩ C�

f
−0};

∑

f�i

}Cf ∩ C�
i

−0}�
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Vd b]m mnv trd Bnqnkk]qx 4-1 sn dw]lhmd sgd sdqlr ne sghr dpt]khsx- Enq
] bnlahm]snqh]k bdkk Cf+ sgdqd hr ]s lnrs nmd bdkk C�

f� rtbg sg]s sgdqd ]qd
Sf ∈ Pf ]mc S �

f� ∈ P�
f� ne sgd r]ld rg]od+ ax Kdll] 4-2- Kds H ad sgd rds

ne h enq vghbg sghr nbbtqr- Kds bf ]mc cf ad sgd mtladqr ne mnmbnqd nodm
bxbkdr hm Sf ]mc S �

f� + ]mc enq d]bg h ∈ H + kds lf ad sgd mtladq ne mnmbnqd
dwsdmcdc nodm bxbkdr hm Sf qdk]shud sn S �

f� - Sgdm lf ≤ bf. cf� vhsg dpt]khsx
he ]mc nmkx he sgd mnmbnqd dwsdmcdc nodm bxbkdr ]qd itrs sgd mnmbnqd nodm
bxbkdr- Ax Bnqnkk]qx 4-1+

∑
f≤b }Cf ∩ C−0

f } ;
∑

f≤b 1
bI .

∑
f≤c }C�

f ∩ C�
f

−0} ;
∑

f≤c 1
cI + ]mc

∑
E }Cf ∩ C�

f�
−0} ;

∑
E 1

lI � Ats sgd oqduhntr dpt]shnm mnv
hlokhdr sg]s lf ; bf ; cf� + b; c+ H ; {0. � � � . b{+ ]mc+ ax sgd cdffmhshnm ne ]
bnlahm]snqh]k kdes bdkk hm ntq rdsshmf+ YPf“ ∼; YP�

f� “ enq ]kk h ∈ H -
Bnmudqrdkx+ ]rrtld sg]s b; c ]mc YPf“ ∼; YP�

f“ enq ]kk h+ ]mc bgnnrd s]akd]tw
Sf ∈ Pf ]mc S �

f ∈ P�
f ne sgd r]ld rg]od- Ax sgd cdffmhshnm ne bnlahm]snqh]k

bdkkr+ sgdqd hr ] bnqqdronmcdmbd adsvddm sgd mnmbnqd nodm bxbkdr ne Sf ]mc
sgnrd ne S �

f rtbg sg]s sgdhq adfhmmhmf ]mc ffm]k rpt]qdr bnhmbhcd+ hlokxhmf
sg]s sgd rds ne mnmbnqd dwsdmcdc nodm bxbkdr hm Sf qdk]shud sn S �

f hr oqdbhrdkx
sgd rds ne nodm bxbkdr ne Sf- Sgdqdenqd+ enq d]bg h vd g]ud }Cf ∩ C−0

f } ;
}Cf ∩ C�

f
−0}� Bnmrdptdmskx+ ax Kdll]r 4-2 ]mc 1-3 ]mc Bnqnkk]qx 4-1+

chlGnl’�.��( ;
∑

f

}Cf ∩ C�
f

−0};
∑

f

}Cf ∩ C−0
f }; chlGnl’�.�(�

Pdudqrhmf sgd qnkdr ne � ]mc �� ]anud hlokhdr sgd cdrhqdc qdrtks-

Sfcnpcl 4-5� Ptoonrd sgWs � hr W kdes bdkk ne vdhfgs r hm Tm qdoqdrdmsdc
ax W rds P ne rsWmcWqc cnlhmn sWakdWtw ne qWmj p- Sgdm Y�“ ∼; YP“ Wr Tm,
lnctkdr-

Oqnne- Hm khfgs ne sgd qdrtks eqnl Kdll] 4-4+ vd b]m oqnud sgd sgdnqdl ax
udqhexhmf sg]s hs gnkcr enq ] qdoqdrdms]shud ne d]bg hrnlnqoghrl bk]rr ne kdes
bdkkr- Tmcdq ntq ]rrtloshnmr+ sgd qdrtksr ne Y8“ gnkc+ ]mc kdes bdkk lnctkdr
bnhmbhcd vhsg bnmrsqtbshakd qdoqdrdms]shnmr ne Tm- Sgdqdenqd+ ] qdoqdrdm,
s]shud ne d]bg hrnlnqoghrl bk]rr ne kdes bdkkr b]m ad nas]hmdc ax qdod]sdc
sqtmb]sdc hmctbshnm ]mc sdmrnqhmf vhsg rhfm- Pdb]kk sgd cdrbqhoshnm ne hqqd,
ctbhakd Tm,lnctkdr ax o]qshshnmr ne q]mj p- Uh] Bnqnkk]qhdr 3-3 ]mc 3-8+ vd
g]ud ] cdrbqhoshnm ne ansg nodq]shnmr nm sgd kdudk ne o]qshshnmr- Vd udqhex
sg]s sgd dΛdbs ne sqtmb]sdc hmctbshnm ]mc sdmrnqhmf vhsg rhfm nm sgd rg]odr
ne sgd s]akd]tw qdoqdrdmshmf ] kdes bdkk hr sgd r]ld+ ]mc sgd sgdnqdl enkknvr
ax hmctbshnm-
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Kds tr sqd]s sgd hmsdfdq ]mc mnmhmsdfdq u]ktdr ne r rdo]q]sdkx- Ehqrs+
]rrtld sg]s r <∈ C+ rn sg]s d]bg kdes bdkk hr qdoqdrdmsdc ax ] rhmfkd s]akd]t-
Adfhm ax hmudrshf]shmf sgd dΛdbs nm sdmrnqhmf vhsg rhfm- He Y�“ hr ] kdes bdkk
lnctkd ]mc v ∈ �+ sgdm � hr qdoqdrdmsdc ax sgd s]akd]t Sp’v( ne rg]od n-
Ax Kdll] 3-5+ �v/ hr ]krn ] kdes bdkk+ ]mc Y�v/“ ∼; Y�“ ± rfm� Hs hr qdoqd,
rdmsdc ax sgd s]akd]t Sp’vv/( ; Sp’v(s ne rg]od ns- Ax Bnqnkk]qx 3-3+ he vd
]rrtld sg]s Y�“ b]qqhdr sgd hqqdctbhakd lnctkd ]rrnbh]sdc sn sgd rg]od ne hsr
qdoqdrdms]shud s]akd]t+ sgdm rn cndr Y�v/“ ∼; Y�“± rfm�
Enq sgd b]rd ne sqtmb]sdc hmctbshnm+ bnmrhcdq ] l]whl]k o]q]ankhb rta,

fqnto TE ;Tl · Nk ne Tm- Bgnnrd v� ; ’v0v1 · · · vl( ∈ Tl+ ]mc kds ��

ad hsr kdes bdkk+ qdoqdrdmsdc ax sgd s]akd]t S � ; Sp’v�(- Kds n ; rg]odS �-
Ax Kdll] 3-6+ IT

T�
’Y��“ ± rfmk( ; Y�“ enq ] kdes bdkk � ⊂ Tm+ ]mc etqsgdq,

lnqd+ sgd dkdldms v ; ’v0v1 · · · vlmm|0 · · · l)0( ∈ �- Trhmf sgd mns]shnm
ne Bnqnkk]qx 3-8+ sgd kdes bdkk � hr qdoqdrdmsdc ax sgd s]akd]t Sp’v( vgnrd
rg]od hr nE - Ax Bnqnkk]qx 3-8+ he vd ]rrtld sg]s Y��“ b]qqhdr sgd hqqdctbhakd
lnctkd ]rrnbh]sdc sn sgd rg]od ne hsr qdoqdrdms]shud s]akd]t+ sgdm rn cndr
Y�“ ∼; IT

T�
’Y��“ ± rfmk(-

Mdws ]rrtld sg]s r ∈ C+ rn sg]s d]bg kdes bdkk hr qdoqdrdmsdc ax ] e]lhkx
ne q]mj p rs]mc]qc cnlhmn s]akd]tw- =f]hm+ vd adfhm ax hmudrshf]shmf sgd
dΛdbs nm sdmrnqhmf vhsg rhfm- Rtoonrd sg]s � hr ] kdes bdkk qdoqdrdmsdc ax
sgd rds P+ ]mc rtoonrd sg]s+ enq d]bg S ∈ P+ vN ∈ Tm hr bgnrdm rn sg]s
Sp’vN ( ; S - Ax Kdll] 3-5+ �v/ hr ]krn ] kdes bdkk+ ]mc Y�v/“ ∼; Y�“± rfm�
Hs hr qdoqdrdmsdc ax sgd rds ne s]akd]tw Sp’vNv/( ; Sp’vN (s ’enq S ∈ P(+
vghbg vd vqhsd ]r Ps- Ax Bnqnkk]qx 3-3+ he vd ]rrtld sg]s Y�“ b]qqhdr sgd
lnctkd YP“+ sgdm Y�v/“ ∼; Y�“± rfm b]qqhdr sgd lnctkd YPs“�
Enq sgd b]rd ne sqtmb]sdc hmctbshnm+ ]f]hm bnmrhcdq ] l]whl]k o]q]ankhb

rtafqntoTE ;Tl·Nk neTm- Kds �� ad ] kdes bdkk neTl+ ]mc kds �� ;
⋃

fC
�
f

ad hsr cdbnlonrhshnm hmsn bnlahm]snqh]k kdes bdkkr- Rtoonrd sg]s C�
f hr qdoqd,

rdmsdc ax sgd rds P�
f ne cnlhmn s]akd]tw+ ]mc kds P� ;

⋃
fP�

f- Ax cdffmhshnm
ne bnlahm]snqh]k kdes bdkkr+ dudqx P�

f ; {LS ’S �
f .B( }B ⊂ NB∗’S �

f ({ enq rnld
q]mj p rs]mc]qc cnlhmn s]akd]t S �

f - Enq d]bg h+ bgnnrd ṽ
f ; ’vf

0v
f
1 · · · vf

l( ∈
Tl vhsg S �

f ; Sp’ṽf( rn sg]s ṽf ∈ C�
f- Ax Kdll] 3-6+ I

T
T�
’Y��“ ± rfmk( ;

Y�“ enq ] kdes bdkk � ⊂ Tm- Etqsgdqlnqd+ vf ; ’vf
0v

f
1 · · · vf

lmm | 0 · · · l )
0( ∈ �+ ]mc he Sf ; Sp’vf(+ sgdm � hr qdoqdrdmsdc ax sgd rds ne s]akd]tw
P;

⋃
f{LS ’Sf.B(}B ⊂ NB∗’Sf({- Kdll] 3-0. cdrbqhadr sgd rg]odr ne sgd

s]akd]tw hm P hm sdqlr ne sgd rg]odr ne sgd s]akd]tw hm P�- Sghr+ snfdsgdq
vhsg Bnqnkk]qx 3-8+ rgnvr sg]s he vd ]rrtld sg]s Y��“ b]qqhdr sgd lnctkd
YP�“+ sgdm Y�“ ∼; IT

T�
’Y��“ ± rfmk( b]qqhdr sgd lnctkd YP“�
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AnpnjjTpx 4-6� Anmrhcdq W Tdxk fqnto ne sxod Am vhsg W vdhfgs etmb,
shnm K Wmc oWqWldsdq r cd mdc Wr Wanud- Fe rsWsdldmsr L0zL04 gnkc� sgdm

’0( vgdm r <∈ C� sgd IWygcWm,Ktryshf kdes bdkkr ne vdhfgs r bnhmbhcd vhsg sgd
hqqdctbhakd bnlahmWsnqhWk kdes bdkkr ne qWmj ∩r$� Wmc

’1( vgdm r ∈ C� sgd IWygcWm,Ktryshf kdes bdkkr ne vdhfgs r bnhmbhcd vhsg sgd
qdctbhakd bnlahmWsnqhWk kdes bdkkr ne qWmj r| 0-

Fe sgd rds P ne rsWmcWqc cnlhmn sWakdWtw qdoqdrdmsr sgd kdes bdkk � hm Tm� sgdm
Y�“ ∼; YP“ Wr Tm,lnctkdr- Dtqsgdqlnqd� he S ∈ P� sgdm sgd mtladq ne dkdldmsr
ne � vhsg qhfgs sWakdWt S hr sgd chldmrhnm ne sgd hqqdctbhakd bnmrshstdms YnN “
ne Y�“-

Oqnne- Sgd ffqrs o]qs hm sgd b]rd r <∈ C hr ] qdrtks ne Anmm]ed́ Y1“- Sn
udqhex hs hm sgd b]rd r ∈ C+ vqhsd ] I]ygc]m,Ktryshf kdes bdkk � hm sdqlr ne
bnlahm]snqh]k kdes bdkkr ]r �;

⋃
f∈E Cf- Rhmbd Y�“ hr bnmrsqtbshakd+ sgd l]hm

qdrtks ne Y12“ rgnvr sg]s Y�“ ∼; YP̃“ ]r Tm,lnctkdr vgdqd P̃ ; {LS ’S.B( }
B ⊂ NB∗’S ({ enq rnld rs]mc]qc cnlhmn s]akd]t S ne q]mj p- Kds d]bg Cf ad
qdoqdrdmsdc ax Pf ; {LS ’Sf.B( }B ⊂ NB∗’Sf({+ ]mc vqhsd P;

⋃
f∈E Pf- Ax

Sgdnqdl 4-5+ YP“ ; YP̃“� Sghr hlokhdr sg]s enq dudqx h+ sgd rds ne adfhmmhmf ]mc
dmchmf rpt]qdr ne mnmbnqd nodm bxbkdr hm Sf hr bnms]hmdc hm sgd bnqqdronmchmf
rds hm S - Gnvdudq+ sgd rhyd ne sghr rds hr bnmrs]ms enq dudqx o]qshshnm hm sgd
rds ne onrrhakd rg]odr ne s]akd]tw hm YP“- Ax Kdll] 4-2+ sgd nmkx v]x sghr
b]m nbbtq hr he }H}; 0+ sg]s hr+ he � bnmrhrsr ne ] rhmfkd bnlahm]snqh]k bdkk-
Ehm]kkx+ vd udqhex sgd k]rs rs]sdldms ne sgd bnqnkk]qx- He r <∈ C+ bnmrhcdq

] kdes bdkk � qdoqdrdmsdc ax sgd s]akd]t S - Sgdm chlY�“ ;
∑
}� ∩ ��−0}+ sgd

rtl s]jdm nudq ]kk kdes bdkkr �� hm Tm- Ats }� ∩ ��−0}; 0 he ]mc nmkx he sgd
rg]odr ne sgd s]akd]tw qdoqdrdmshmf � ]mc �� ]qd sgd r]ld: nsgdqvhrd hs hr
ydqn- Rhmbd d]bg kdes bdkk hr qdoqdrdmsdc ax ] tmhptd s]akd]t+ sgd ]anud rtl
dpt]kr sgd mtladq ne s]akd]tw ne sgd r]ld rg]od ]r S - Sghr hr sgd r]ld
]r sgd mtladq ne dkdldmsr ne � vhsg qhfgs s]akd]t S - He r ∈ C+ bnmrhcdq kdes
bdkkr � ]mc ��� Enq v ∈ � ∩ ��−0. Yrg]odSp’v(“ ltrs ad ] bnlonmdms ne ansg
Y�“ ]mc Y��“- Etqsgdqlnqd+ d]bg v ∈ � ∩ ��−0 ltrs g]ud sgd qhfgs s]akd]t
ne ] tmhptd rg]od+ drs]akhrghmf ] ahidbshnm adsvddm � ∩ ��−0 ]mc sgd rds ne
hqqdctbhakd lnctkdr bnllnm sn Y�“ ]mc Y��“� He vd kds �� u]qx nudq ]kk kdes
bdkkr ne Tm+ sgd rs]sdldms enkknvr ax Kdll] 1-3-

Hs rgntkc ad qdl]qjdc sg]s sgd ]anud rs]sdldms bk]rrhexhmf sgd lnctkd
rsqtbstqd ne kdes bdkkr hr mns sgd rsqnmfdrs nmd bntkc gnod enq- Hm sgd rn,b]kkdc
[]rxlosnshb� b]rd vgdm r hr rtflbhdmskx k]qfd+ Fdbj Y01+ Rdbshnm 4“ g]r
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rgnvm sg]s+ vgdmdudq sgd s]akd]tw qdoqdrdmshmf Y�“ ]mc Y��“ ]qd dpt]k+ mns
nmkx ]qd sgd tmcdqkxhmf D,lnctkdr hrnlnqoghb+ ats sgd tmcdqkxhmf rsqtbstqd
bnmrs]msr ]qd ]krn sgd r]ld- Lnqd oqdbhrdkx+ sgdqd hr ] ahidbshnm �� ��

rdmchmf w )� w� rtbg sg]s

ft�w�x ; ft�w��x� . enq ]kk v ∈ Tm ]mc w. x ∈ ��

Hs vntkc ad hmsdqdrshmf sn jmnv tmcdq vg]s bhqbtlrs]mbdr sghr rsqnmfdq
rs]sdldms gnkcr enq nsgdq u]ktdr ne r-

Pcecpcmacr

Y0“ C- ;kuhr) Sgd kdes bdkkr ne sgd Bnwdsdq fqnto ne sxod B3) I- ;kfdaq] 0�6 ”0876()
05.z057-

Y1“ B- Anmm]efid) Mm IWygcWm,Ktryshf bdkkr hm sxod A) oqdoqhms)
]qWhu9.7.5-.103u1 Yl]sg-QS“

Y2“ B- Anmm]efid) L- Fdbj) K- H]mbt) ]mc S- K]l) Mm cnlhmn hmrdqshnm Wmc IWygcWmz
Ktryshf bdkkr hm sxod �l) sn ]ood]q hm Oqnfq- L]sg-) oqdoqhms-

Y3“ B- Anmm]efid ]mc K- H]mbt) Kdes bdkkr hm sxod �l vhsg tmdptWk oWqWldsdqr) Qdoqdrdms-
Sgdnqx 6 ”1..2() 476z5.8-

Y4“ E- CtBkntw) Onrhshuhsx qdrtksr enq sgd Gdbid WkfdaqWr ne mnmbqxrsWkknfqWoghb  mhsd
Bnwdsdq fqnto) I- ;kfdaq] 2�2 ”1..5() 620z630-

Y5“ C- F]qffmjkd) Mm sgd bkWrrh bWshnm ne oqhlhshud hcdWkr enq bnlokdw bkWrrhbWk Khd Wkfd,
aqWr ’H() Bnlonr- L]sg- 64 ”088.() 024z058-

Y6“ C- F]qffmjkd) Mm sgd bkWrrh bWshnm ne oqhlhshud hcdWkr enq bnlokdw bkWrrhbWk Khd Wkfd,
aqWr ’HH() Bnlonr- L]sg- 70 ”0881() 2.6z225-

Y7“ C- F]qffmjkd) Mm sgd bkWrrh bWshnm ne oqhlhshud hcdWkr enq bnlokdw bkWrrhbWk Khd Wkfd,
aqWr ’HHH() Bnlonr- L]sg- 77 ”0882() 076z123-

Y8“ L- Fdbj) Bnmrsqtbshakd bgWqWbsdqr) kdWchmf bndfibhdmsr Wmc kdes bdkkr enq  mhsd Bnwdsdq
fqntor vhsg tmdptWk oWqWldsdqr) Qdoqdrdms- Sgdnqx 5 ”1..1() 0z2.-

Y0.“ L- Fdbj) Kdes bdkkr Wmc bnmrsqtbshakd qdoqdrdmsWshnmr) Qdoqdrdms- Sgdnqx 8 ”1..4()
274z305-

Y00“ L- Fdbj) IWygcWm,Ktryshf bdkkr Wmc sgd Ltqogx aWrhr) Oqnb- Knmc- L]sg- Rnb- 82
”1..5() 524z554-

Y01“ L- Fdbj) QdkWshud IWygcWm,Ktryshf bdkkr) Qdoqdrdms- Sgdnqx 0� ”1..5() 370z413-

Y02“ L- Fdbj) Mm HvWgnqhzGdbid WkfdaqWr vhsg tmdptWk oWqWldsdqr Wmc Ktryshf�r hrnlnq,
oghrl sgdnqdl) sn ]ood]q hm Otqd ;ook- L]sg- P-) oqdoqhms-

Y03“ L- Fdbj ]mc K- H]mbt) Ktryshf�r H,etmbshnm hm sxod �l hm sgd Wrxlosnshb bWrd) M]fnx]
L]sg- I- 071 ”1..5() 088z13.-

Y04“ L- Fdbj ]mc F- Oedh dq) BgWqWbsdqr ne Ehmhsd Bnwdsdq Fqntor Wmc HvWgnqh,Gdbid
4kfdaqWr) Knmc- L]sg- Rnb- Lnmnfq- M-R- 10) Nwenqc Tmhudqrhsx Oqdrr) Mdv Xnqj)
1...-

Y05“ F- I]ldr ]mc ;- Jdqadq) Sgd QdoqdrdmsWshnm Sgdnqx ne sgd Rxlldsqhb Fqnto) Dmbx,
bknodch] L]sg- ;ook- 05) ;cchrnm,Udrkdx) Qd]chmf) L;) 0870-

Y06“ C- ;- J]ygc]m ]mc F- Ktryshf) Rbgtadqs uWqhdshdr Wmc OnhmbWqd́ ctWkhsx) Oqnb- Rxl,
onr- Otqd L]sg- 23 ”087.() 074z1.2-
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Y07“ F- Ktryshf) 4 bkWrr ne hqqdctbhakd qdoqdrdmsWshnmr ne W Udxk fqnto HH) Hmc]f- L]sg-
33 ”0871() 108z115-

Y08“ F- Ktryshf) BgWqWbsdqr ne Qdctbshud Fqntor nudq W Ehmhsd Ehdkc) ;mm- ne L]sg- Rstc-
1�6) Oqhmbdsnm Tmhudqrhsx Oqdrr) Oqhmbdsnm) 0873-

Y1.“ F- Ktryshf) [Kdes bdkkr hm Udxk fqntor)� hm Khd Fqnto QdoqdrdmsWshnmr) Kdbstqd Mnsdr
hm L]sg- 0�13) Roqhmfdq) Adqkhm) 0872) 88z000-

Y10“ F- Ktryshf) Gdbid 4kfdaqWr vhsg TmdptWk OWqWldsdqr) BQL Lnmnfq- Rdq- 07) ;l-
L]sg- Rnb-) Oqnuhcdmbd) 1..2-

Y11“ U- L- LbFnudqm) Kdes bdkkr Wmc cnlhmn sWakdWtw hm bkWrrhbWk Udxk fqntor) Bnlonr-
L]sg- 0�0 ”0885() 66z87: rdd ]krn DqqWsW) Bnlonr- L]sg- 006 ”0888() 006z010-

Y12“ S- Ohdsq]gn) Bdkkr Wmc bnmrsqtbshakd qdoqdrdmsWshnmr hm sxod �l) Mdv Xnqj I- L]sg-
03 ”1..7() 300z32.-

Y13“ S- Ohdsq]gn) DpthuWkdmbd bkWrrdr hm sgd Udxk fqntor ne sxod �l) I- ;kfdaq]hb Bnlahm-
16 ”1..7() 136z151-

Y14“ S- Ohdsq]gn) 4 qdkWshnm enq cnlhmn Qnahmrnm,Rbgdmrsdc Wkfnqhsglr) ;mm- Bnla-) 02
”1.0.() 408z421-

Y15“ S- ;- Roqhmfdq) Ptdkptdr WookhbWshnmr cd kW bngnlnknfhd c�hmsdqrdbshnm) Rfidlhm- Antq,
a]jh 478 ”0871() 138z162-

Y16“ L- ;- ;- u]m Kddtvdm) Sgd Qnahmrnm,Rbgdmrsdc Wmc Rbgtsydmadqfdq Wkfnqhsglr) Wm
dkdldmsWqx WooqnWbg) Dkdbsqnm- I- Bnlahm- 2 ”0885(-

CdoWqsldms ne LWsgdlWshbr

Anvcnhm Bnkkdfd

Aqtmrvhbi) LWhmd -1-00

TR4

rohdrp@e.anubnhi�dbt
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