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@mm‘kr˜ne˜Bnlahm‘snqhbr

Rhem Smcdp sgd �nihmn MnahmrnmtRbgdmrsdc DUor

Sgnl]r Ohdsq]gn�

CdoWpsldms ne EWsgdlWshbr� Anvcnhm Bnkkdfd� Aptmrvhbj� EWhmd .3.00� SR@
sohdspWg:anvcnhm,dct

Mdbdhudc EWx 12� 1.02

KSsedlSshbr Mtaidbs fijSrrh�bSshnm5 .4D0.

.arscAbs� Ud fdmdpWkhyd W enpltkW nasWhmdc hmcdodmcdmskx ax Mdhedfdprsd Wmc RiznrspWmc enp
sgd rhfm ne W odpltsWshnm tmcdp sgd bkWrrhbWk Mnahmrnm¨Rbgdmrsdc lWo sn W eWlhkx ne cnlhmn
Mnahmrnm¨Rbgdmrsdc Wkfnphsglr,

Cdwunocr5 Mnahmrnm¨Rbgdmrsdc� cnlhmn sWakdWtw

.� 1mronctTrhnm

Hm sgdhq vnqj udqhexhmf Rs]mkdxcr rhfm hla]k]m�d enqltk]) Pdhedfdqrsd ]mb Riflnrsq]mb
hmbdodmbdmskx nas]hmdb sgd enkknvhmf qdl]qj]akd enqltk] enq qd]bhmf sgd rhfm ne ]
odqlts]shnm eqnl hsr hl]fd tmbdq sgd �k]rrh�]k Pnahmrnm,R�gdmrsdb l]o- Hs hr a]rdb
nm svn s]akd]tw rs]shrsh�r d ]mb rhem9

Iednodi .�.� ’Y07) 1/[( Bnmrhcdp u ∈ Re Tmc ids QR�u( ) �H. P( ad hsr hlTed tmcdp
sgd biTrrhbTi QnahmrnmwRbgdmrsdc lTo� Sgdm

rhem�u( ) �·0(� § rhem�H( § rhem�P(�

Hm Y5[) athkbhmf nm sgd vnqj ne A]qa]r�g ]mb Unf]m hm Y0[) F]qzmjkd hmsqnbt�db
] fdmdq]khy]shnm ne sgd Pnahmrnm,R�gdmrsdb ]kfnqhsgl qdk]shmf dkdldmsr ne sgd nsgdq
�k]rrh�]k Vdxk fqntor ]mb r]ld,rg]od o]hqr ne bnlhmn s]akd]tw- Sghr ]kfnqhsgl v]r
etqsgdq dwsdmbdb sn ] nmd,o]q]ldsdq e]lhkx ne l]or Cn ax u]m Kddtvdm trhmf bnlhmn
s]akd]tw vhsg mnm,dlosx �nqd- Enq k]qfd u]ktdr ne p) u]m Kddtvdmcr l]or qd�nudq xds
]mnsgdq fdmdq]khy]shnm ne sgd Pnahmrnm,R�gdmrsdb l]or hm sghr rdsshmf hmsqnbt�db ax
Rs]mkdx Y10) }5[- Sgd ]hl ne sghr o]odq hr sn ]bbqdrr sgd m]stq]k ptdrshnm vgdsgdq hs
hr ]f]hm onrrhakd sn qd�nudq sgd o]qhsx ne sgd kdmfsg etm�shnm) vgh�g vd �]kk hsr rhfm)
eqnl sgd s]akd]tw hl]fdr ne sgdrd l]or-

Hm e]�s) sghr g]r ]kqd]bx addm bnmd enq Rs]mkdxcr l]o hm Y04[ hm sgd lnqd fdmdq]k
�nmsdws ne �nlokdw qdfid�shnm fqntor- Enq sgd e]lhkx ne l]or Cn) ntq l]hm qdrtks
qdkhdr nm sgqdd bnlhmn s]akd]tw rs]shrsh�r c) rohm) ]mb rhem bdzmdb hm Rd�shnm 1-2-

Kds Ge ad sgd Vdxk fqnto ne sxod .e-
� Sd untkc khid sn sgWmi Cihclnpd .nkkdfd enp hsr gnrohsWkhsw ctphmf sgd uphshmf ne sghr lWmtraphos�
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Iednodi .�0� Bnmrhcdp u ∈ Ge. Tmc ids Cn�u( ) �H. P( ad hsr hlTed Tlnme sgd
rTldwrgTod rsTmcTpc cnlhmn sTaidTtv nY pTmj p� Sgdm

rhem�u( ) �·0(b § �·0(pkfe�r()pkfe�P( § rhem�H( § rhem�P(�

Sgd oqnne hmunkudr sgqdd rsdor- Vd zqrs udqhex sgd dpt]shnm enq k]qfd p ax sq]mrk]s,
hmf adsvddm Rs]mkdxcr l]o ]mb Cn ]mb ]ood]khmf sn sgd enqltk] drs]akhrgdb hm Y04[-
Hs hr sgdm onrrhakd sn dwsdmb sgd qdrtks sn hmunktshnmr hm Ge enq ]qahsq]qx p ax trhmf
] qdk]shnm adsvddm �nmrd�tshud l]or Cn bdr�qhadb hm Y06[) ]mb zm]kkx sn ]kk rhfmdb
odqlts]shnmr ax sq]�jhmf sgd adg]uhnq ne sgd drs]akhrgdb rhfm enqltk] tmbdq S]r̈j¸mcr
ok]�sh� qdk]shnmr hmsqnbt�db hm Y12[-

Sgd bnlhmn s]akd]tw Pnahmrnm,R�gdmrsdb ]kfnqhsglr ]ood]q hm sgd vnqj �k]rrh,
exhmf I]ygb]m,Ktryshf �dkkr hm tmdpt]k o]q]ldsdq Hv]gnqh,Gd�jd ]kfdaq]r ne sxod .)
rdd Y2[- =s kd]rs �nmid�stq]kkx) enq �dqs]hm u]ktdr ne sgd o]q]ldsdq) nmd,rhbdb �dkkr
�nqqdronmb sn ok]�sh� ]mb �nok]�sh� �k]rrdr enq sgd l]or Cn- =r �nqnkk]qx sn sgd ]anud
rhfm enqltk]) vd mnsd sg]s sgd Lflnahtr etm�shnm enq sgd Aqtg]s nqbdq) tahpthsntr hm
I]ygb]m,Ktryshf sgdnqx) hr vdkk,adg]udb vhsg qdrod�s sn sgdrd �dkkr- Ehqrs bdr�qhadb
ax Udql] hm Y13[) sgd Lflnahtr etm�shnm μ s]jdr sgd enql

μ�q. u( ) �·0(��t()��v(.

vgdqd > hr sgd kdmfsg etm�shnm nm sgd Vdxk fqnto- Hm sxod .) sgd u]ktdr ne μ �]m ad
qd]bhkx qd]b nee eqnl sgd s]akd]tw ne q ]mb u ]qhrhmf eqnl sgd l]or Cn- Etqsgdq) vd
g]ud sgd enkknvhmf qdrtks-

9nonggSos .�2� Bnmrhcdp v. v−. x. x− ∈ Ge Tmc zv T lTo Cn� Rtoonrd sgTs sgd idYs
sTaidTtv nY sgd oThp v Tmc x Tr udii Tr v− Tmc x− Tpd sgd rTld- Tmc sgd phegs sTaidTtv
nY sgd oThpr v. v− Tmc x. x− rhlhiTpix Tepdd� Sgdm- ud gTqd

μ�v. x( ) μ�v−. x−(�

0� LodghihmSohdp

Vd bdzmd sgd mnshnmr ne rs]mb]qb ]mb bnlhmn s]akd]tw) bdr�qhad ] e]lhkx ne Pnahmrnm,
R�gdmrsdb l]or) ]mb bds]hk rdudq]k s]akd]tw rs]shrsh�r vgh�g vhkk ad md�drr]qx enq ntq
vnqj-

1-0- O]qshshnmr ]mb S]akd]tw

Ntq zqrs naid�shud hr sn bdzmd sgd mnshnmr ne rs]mb]qb Wntmf) ah,) ]mb bnlhmn s]akd]tw-
= mnm,hm�qd]rhmf rdptdm�d ne onrhshud hmsdfdqr � ) ���. �1. � � � . �s( hr �]kkdb ] oTpw
shshnm ne sgd hmsdfdq m ) �f �f- Vd vhkk vqhsd � ∈ m ]mb {� { ) m- O]qshshnm mns]shnm
�]m nesdm ad ]aaqduh]sdb ax trhmf dwonmdmsr sn bdmnsd ltkshokh�hsx: enq hmrs]m�d)
�3. 3. 2. 2. 2. 0( �]m ad vqhssdm ]r

)

31. 22. 0
�

- Vd vhkk hbdmshex ] o]qshshnm vhsg hsr
Wntmf bh]fq]l +� [) nq ] kdes,itrshzdb ]qq]x ne rpt]qdr �nms]hmhmf �f rpt]qdr hm qnv h-

He sgd qhfgslnrs rpt]qd r ne ] qnv hm ] Wntmf bh]fq]l +� [ �]m ad qdlnudb vghkd
kd]uhmf ]mnsgdq Wntmf bh]fq]l +� [p) sgdm hs vhkk ad �]kkdb ] bnpmdp nY +� [- Adfhmmhmf
vhsg +� [) nmd �]m rs]qs rt��drrhudkx qdlnuhmf �nqmdqr tmshk sghr oqn�drr hmduhs]akx
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Ehftqd 09 ’]( Sgd Wntmf bh]fq]l ne sgd o]qshshnm
)

3. 21. 0
�

) ’a( ] rs]mb]qb ahs]akd]t
ne rg]od ��2. 1. 0(. �1. 0(() ]mb ’�( ] rs]mb]qb bnlhmn s]akd]t ne q]mj 1-

sdqlhm]sdr ]esdq m rsdor vhsg sgd dlosx o]qshshnm- He sgd rpt]qd qdlnudb ]s sgd hsg
rsdo ne sghr oqn�dbtqd hr k]adkdb vhsg sgd mtladq m· h= 0) sgdm sgd qdrtks hr �]kkdb
] rsTmcTpc Xntme sTaidTt- Enq ] s]akd]t S ) vd vhkk vqhsd rg�S ( enq sgd tmbdqkxhmf
o]qshshnm) {S { enq {rg�S ({) RXS �� ( enq sgd rds ne ]kk rs]mb]qb Wntmf s]akd]tw ne rg]od
� ) ]mb RXS �m( enq sgd rds ne rs]mb]qb Wntmf s]akd]tw vhsg m anwdr-

Vd vhkk �]kk ]m nqbdqdb o]hq ne o]qshshnmr �� . μ( ] ahoTpshshnm ne m he {� {= {μ {) m-
= rpt]qd ne �+� [. +μ [( hr ] �nqmdq he hs hr ] �nqmdq ne dhsgdq +� [ nq +μ [- Rt��drrhud qd,
lnu]k ne �nqmdqr rs]qshmf vhsg �+� [. +μ [( sdqlhm]sdr ]esdq m rsdor) ]mb he sgd rpt]qd qd,
lnudb ]s sgd hsg rsdo hr k]adkdb vhsg m· h=0) sgdm sgd qdrtks vhkk ad �]kkdb ] rsTmcTpc
ahsTaidTt- Sgd rg]od ne ] ahs]akd]t hr sgd o]hq ne hsr tmbdqkxhmf o]qshshnmr: vd vhkk
vqhsd R.S�� . μ( enq sgd rds ne ]kk rs]mb]qb ahs]akd]tw ne rg]od �� . μ() ]mb R.S �m(
enq sgd rds ne rs]mb]qb ahs]akd]tw vhsg m anwdr-

Svn rpt]qdr ne ] Wntmf bh]fq]l ]qd TcfTbdms he sgdx rg]qd ] �nllnm rhbd- =b,
i]�dms rpt]qdr r. s hm +� [ enql ] cnlhmn bnpmdp he r hr ] �nqmdq enq +� [ ]mb s hr ] �nqmdq
enq +� [p- Adfhmmhmf vhsg +� [) nmd �]m rs]qs rt��drrhudkx qdlnuhmf bnlhmn �nqmdqr
]mb �nmshmtd tmshk sghr hr mn knmfdq onrrhakd) r]x ]esdq m rsdor- Sgd qdrtkshmf rg]od
hr ] rs]hq�]rd o]qshshnm µn ) �p. p· 0. p· 1. � � � . 0( enq rnld p ≥ / ]mb hr hmbdodmbdms
ne sgd nqbdq ne qdlnu]k ne bnlhmn �nqmdqr) rdd Y03[- Sgd o]qshshnm µn hr jmnvm ]r
sgd 1,bnpd ne � - He sgd rpt]qdr ne +� [ �nqqdronmbhmf sn sgd 1,�nqd ]qd k]adkdb vhsg /
]mb sgd bnlhmn qdlnudb ]s sgd hsg rsdo hr k]adkdb vhsg m· h= 0) sgdm sgd qdrtks hr ]
rsTmcTpc cnlhmn sTaidTt ne q]mj p- Sgd rds ne ]kk rs]mb]qb bnlhmn s]akd]tw ne rg]od
� vhsg 1,�nqd µn vhkk ad bdmnsdb ax RASn�� ( vghkd RASn�m( vhkk bdmnsd sgd rds ne ]kk
rs]mb]qb bnlhmn s]akd]tw �nmrhrshmf ne sgd 1,�nqd µn ]mb m bnlhmnr- Vd vhkk �]kk sgd
rds ne rpt]qdr hm ] bnlhmn s]akd]t S k]adkdb vhsg / sgd bnpd ne S -

1-1- Pnahmrnm,R�gdmrsdb L]or

Bnmrhbdq ] odqlts]shnm u ∈ Re- Vd vhkk vqhsd hs hm nmd,khmd mns]shnm ]r u�u1 § § §ue
vhsg d]�g dmsqx uf ∈ �e- Sgd �k]rrh�]k Pnahmrnm,R�gdmrsdb l]o drs]akhrgdr ] ahid�,
shnm adsvddm odqlts]shnmr hm Re ]mb r]ld,rg]od o]hqr ne rs]mb]qb Wntmf s]akd]tw
hm RXS �m(× RXS �m( uh] ]m hmrdqshnm ]mb ] qd�nqbhmf ]kfnqhsgl- Vd ]rrtld sgd
qd]bdq hr e]lhkh]q vhsg sgd a]rh�r: bds]hkr �]m ad entmb hm Y4[ nq Y11[- Vd vhkk vqhsd
QR�u( ) �H�u(. P�u(( enq sgd hl]fd ne ] odqlts]shnm tmbdq sghr l]o-

= rhemdc odpltsTshnm hr ] odqlts]shnm snfdsgdq vhsg ] �gnh�d ne rhfm enq d]�g ne
hsr dmsqhdr- Vd vhkk ]f]hm trd nmd,khmd mns]shnm) trhmf ] a]q nudq ] kdssdq sn bdmnsd sgd
�gnh�d ne ] mdf]shud rhfm- Sgd rds ne rhfmdb odqlts]shnmr nm m kdssdqr enqlr ] fqnto
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tmbdq �nlonrhshnm ]mb ltkshokh�]shnm ne rhfmr: hs hr hrnlnqogh� sn sgd gxodqn�s]gdbq]k
fqnto Ge ) N1 ≥Re ]mb hr fdmdq]sdb ax

rf ) 0 1 § § § h= 0 h § § §m ]mb s ) 0 1 § § §m.

enq 0 ≤ h / m- Kds > ad sgd kdmfsg etm�shnm nm Ge bdzmdb hm sdqlr ne sghr fdmdq]shmf
rds ]mb vqhsd rhem�u( ) �·0(��v(�

Vd ]qd hmsdqdrsdb hm svn fdmdq]khy]shnmr ne sgd Pnahmrnm,R�gdmrsdb l]o hm sghr
rdsshmf- Sgd zqrs drs]akhrgdr ] l]o

C� 9 Ge ·→ R.S �m(× R.S�m(.

vgh�g hr ] ahid�shnm nmsn r]ld,rg]od o]hqr ne ahs]akd]tw- Fhudm ] rhfmdb odqlts]shnm)
sgd hmrdqshnm ahs]akd]t enq u ∈ Ge hr �nmrsqt�sdb ax ] u]qh]ms ne sgd �k]rrh�]k hmrdqshnm
]kfnqhsgl- Onrhshud kdssdqr ]qd hmrdqsdb hmsn sgd zqrs s]akd]t ]mb mdf]shud hmsn sgd rd�,
nmb enkknvhmf sgdhq nqbdq ne ]ood]q]m�d hm sgd nmd,khmd mns]shnm enq u- Sgd qd�nqbhmf
ahs]akd]t sq]�jr sgd rg]od ne sgd hmrdqshnm ahs]akd]t ]s d]�g rsdo- Rdd Y10[-

DvTloid 1�,� Bnmrhbdq sgd rhfmdb odqlts]shnm u ) �3210( ∈ G0� Sgd rdptdm�d ne
ahs]akd]tw �nmrsqt�sdb ax rt��drrhud hmrdqshnm ne sgd kdssdqr ne u hr9
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Iddohmf sq]�j ne sgd rg]odr ]ood]qhmf hm sghr rdptdm�d) vd �]m �nmrsqt�s ]mnsgdq
ahs]akd]t ne sgd r]ld rg]od9
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�

Sgd rd�nmb fdmdq]khy]shnm ne sgd �k]rrh�]k Pnahmrnm,R�gdmrsdb ]kfnqhsgl sn sgd
gxodqn�s]gdbq]k fqntor l]o g]r hl]fd vhsghm r]ld,rg]od o]hqr ne bnlhmn s]akd]tw-
Hm e]�s) enq dudqx mnm,mdf]shud hmsdfdq p) sgdqd hr ] l]o

Cn 9 Ge ·→ RASn�m(× RASn�m(.

vgh�g hr ] ahid�shnm nmsn r]ld,rg]od o]hq ne bnlhmn s]akd]tw ne q]mj p- Rs]qshmf vhsg
sgd bh]fq]l +µn[) ] s]akd]t hr �nmrsqt�sdb uh] ] bnlhmn hmrdqshnm oqn�dbtqd hmrohqdb
ax sgd �k]rrh�]k ]kfnqhsgl- Onrhshud kdssdqr ]qd hmrdqsdb ]r gnqhynms]k bnlhmnr hm sgd
zqrs qnv ne sgd s]akd]t vghkd mdf]shud nmdr ]qd hmrdqsdb ]r udqsh�]k bnlhmnr hm hsr zqrs
�nktlm- =r knmf ]r sgd svn sxodr ne bnlhmnr bn mns hmsdq]�s) sgd oqn�dbtqd hr udqx
rhlhk]q sn �k]rrh�]k hmrdqshnm: vgdm sgdx bn) ] lnqd �nlokh�]sdb atlohmf oqn�dbtqd
ad�nldr md�drr]qx-

DvTloid 1�1� Kds p ) 1 ]mb u ) �3210( ∈ G0� Sgd rdptdm�d ne bnlhmn s]akd]tw
�nmrsqt�sdb ax rt��drrhud hmrdqshnm ne sgd kdssdqr ne u hmsn sgd 1,�nqd +µ1[ hr9
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Iddohmf sq]�j ne sgd rg]odr ]ood]qhmf hm sghr rdptdm�d) vd �]m �nmrsqt�s ]mnsgdq
bnlhmn s]akd]t ne sgd r]ld rg]od9
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=m hmhsh]k udqrhnm ne sgd gxodqn�s]gdbq]k Pnahmrnm,R�gdmrsdb l]or C3 ]mb C�
hr btd sn A]qa]r�g ]mb Unf]m Y0[) ats v]r nmkx bdr�qhadb k]sdq hm sdqlr ne bnlhmn
hmrdqshnm ax F]qzmjkd Y5[- U]m Kddtvdm rgnvdb sg]s sgd ahid�shnm gnkbr enq ]kk p ]mb
bdr�qhadb sgd l]o trhmf fqnvsg bh]fq]lr Y00[- Enq ] lnqd enql]k bdr�qhoshnm ne Cn
vgdqd ]kk sgd bds]hkr ne sgd hmrdqshnm ]mb atlohmf oqn�dbtqdr l]x ad entmb) rdd Y5[
nq Y08[-

Vgdm p hr rtez�hdmskx k]qfd qdk]shud sn m) hmrdqsdb bnlhmnr �nqqdronmbhmf sn sgd
onrhshud ]mb mdf]shud kdssdqr ne u bn mns hmsdq]�s ]mb hs hr d]rx sn rdd sg]s hs hr onrrhakd
sn qd�nudq C��u( eqnl Cn�u(- Sgtr hm sghr rdmrd) C� hr ]m ]rxlosnsh� udqrhnm ne Cn-
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Ehftqd 19 Hl]fdr ne u ) �3210( tmbdq sgd bnlhmn Pnahmrnm,R�gdmrsdb l]or Cn-

1-2- S]akd]tw Rs]shrsh�r

Ntq tkshl]sd fn]k hr sn qd]b nee sgd rhfm �g]q]�sdq ne ] rhfmdb odqlts]shnm eqnl hsr
hl]fd tmbdq sgd u]qhntr Pnahmrnm,R�gdmrsdb l]or- Sn bn rn) vd zqrs bdzmd ]mb
dwsdmb ] edv s]akd]tw rs]shrsh�r-

Cdymhrhnm 0�2� Ids S ∈ RXS �m(� 6 oThp nY dmsphdr �h. f( hr Tm hmudqrhnm hm S hY f / h
Tmc f hr bnmsThmdc hm T pnu rsphbsix adinu sgd pnu nY h�

Vd zqrs dwsdmb sgd bdzmhshnmr ne hmudqrhnmr ]mb rhfm sn ahs]akd]tw ]r vdkk ]r
bnlhmn s]akd]tw-
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Cdymhrhnm 0�3� Ids S ) �S�. S1( ∈ R.S�m(� 6 oThp nY dmsphdr �h. f( hr Tm hmudqrhnm hm
S hY hs hr dhsgdp Tm hmqdprhnm hm sgd rsTmcTpc Xntme sTaidTtv S� np S1- np f / h Tmc f hr
bnmsThmdc hm S� ughid h hr bnmsThmdc hm S1� Ud cdzmd rohm�S ( ) {S1{,1�

Cdymhrhnm 0�4� Ids S ∈ RAS �m(� Ud uhii rTx sgTs T rktTpd nY S hr l]qjdb hY sgd rtl
nY hsr bnnpchmTsdr hr dqdm� 6 oThp nY onrhshqd dmsphdr �h. f( hr Tm hmudqrhnm hm S hY f / h
Tmc f iTadir T lTpjdc rktTpd hm T pnu rsphbsix adinu sgd lTpjdc rktTpd uhsg iTadi h�

Enq ] rs]mb]qb Wntmf) ah,) nq bnlhmn s]akd]t S ) vd vhkk vqhsd Fmq�S ( enq sgd rds ne
hsr hmudqrhnmr ]mb hmq�S ( enq sgd �]qbhm]khsx ne sghr rds- Sgd rhem ne sgd s]akd]t S vhkk
sgdm ad bdzmdb ]r rhem�S ( ) �·0(fet�R(- Mnsd sg]s vgdm ]ookhdb sn bnlhmn s]akd]tw)
sgd oqdrdms mnshnm ne rhfm bheedqr hm fdmdq]k eqnl sgd sq]bhshnm]k nmd ]r bdzmdb hm Y14[)
enq dw]lokd- Hm o]qsh�tk]q) vhsg sgd oqdrdms bdzmhshnm) sgd rhfm ne ] bnlhmn s]akd]t
bdodmbr nm lnqd sg]m itrs sgd tmbdqkxhmf bnlhmn shkhmf ne sgd bnlhmn s]akd]t rg]od)
rdd Y14) Oqno- 8[-

DvTloid 1�4� Bnmrhbdq sgd enkknvhmf sgqdd s]akd]tw9

S )
0 1 3
2 )
4

) R )

( 1 2 )
3 6
7 )

0 4
8

(

) M )
. . 0
. 1

2 3

-

=��nqbhmf sn sgd ]anud bdzmhshnmr) sgdhq rdsr ne hmudqrhnmr ]qd Fmq�S ( ) \�3. 2(.
�5. 4(|) Fmq�R( ) \�1. 0(. �2. 0(. �3. 0(. �6. 0(. �7. 0(. �5. 3(. �5. 4(. �6. 4(. �7. 4(|)
]mb Fmq�M( )Z-

Vd ]krn bdzmd ] edv rs]shrsh�r rod�h]k sn bnlhmn s]akd]tw- Kds q�S ( ad sgd mtladq
ne udqsh�]k bnlhmnr hm S ]mb kds rohm�S ( ) q�S (,1- Enq ] rhfmdb odqlts]shnm u) sgd
snsTi bninp sb�u( hr sgd mtladq ne mdf]shud kdssdqr hm hsr nmd,khmd mns]shnm- Sghr rs]shrsh�
hr o]qsh�tk]qkx vdkk adg]udbvhsg qdrod�s sn sgd bnlhmn Pnahmrnm,R�gdmrsdbl]or Cn-

Iednodi 0�6� ’ Y0/) 08[( Bnmrhcdp T rhemdc odpltsTshnm u ∈ Ge Tmc Ytpsgdp ids
Cn�u( ) �H. P( ad hsr hlTed tmcdp sgd cnlhmn QnahmrnmwRbgdmrsdc lTo Cn Tlnme
rTldwrgTod oThpr nY cnlhmn sTaidTtv uhsg 1wbnpd µn� Sgdm

sb�u( ) rohm�H(= rohm�P(�

Sghr qdrtks hr �kd]q vgdm p ≥ m· 0- Hs v]r udqhzdb enq p ) / hm Y08[ ]mb dwsdmbdb
sn ]kk p hm Y0/[- Ne o]qsh�tk]q hmsdqdrs sn tr hr sgd hlldbh]sd nardqu]shnm sg]s sgd rtl
ne sgd rohmr ne sgd qd�nqbhmf ]mb sq]�jhmf s]akd]tw enq sgd l]or Cn hr hmbdodmbdms
ne p-

Enq ] rs]mb]qb bnlhmn s]akd]t S ) kds dg�S ( ]mb dq�S ( bdmnsd sgd mtladq ne gnqh,
ynms]k bnlhmnr hm dudm hmbdw qnvr ]mb udqsh�]k bnlhmnr hm dudm hmbdw �nktlmr ne S )
qdrod�shudkx- He vd kds c�S ( bdmnsd sgd mtladq ne rpt]qdr vhsg ] onrhshud k]adk vgh�g
khd ansg hm ]m dudm qnv ]mb ]m dudm �nktlm ne S ) sgdm dg�S (= dq�S( ) c�S (-
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1-3- Sgd Sxod 6 Rhfm Bg]q]�sdq

Vd �]m mnv rs]sd sgd qdrtks ne Pdhedfdqrsd ]mb Riflnrsq]mb vgh�g ntq l]hm qdrtksr fdm,
dq]khyd-

Iednodi 0�7� ’Y07) 1/[( Bnmrhcdp T odpltsTshnm u ∈ Re Tmc ids QR�u( ) �H. P( ad
hsr hlTed tmcdp sgd biTrrhbTi QnahmrnmwRbgdmrsdc lTo� Sgdm

rhem�u( ) �·0(� § rhem�H( § rhem�P(.

ugdpd d ) d�H( hr sgd rtl nY sgd idmesgr nY Tii sgd dqdmwhmcdv pnur nY H�

Sgd enkknvhmf hr ] rod�h]k �]rd ne ] qdrtks nm sgd rhfm �g]q]�sdqr ne sgd �nlokdw
qdfid�shnm fqntor C�p. o. m(-

Iednodi 0�8� ’Y04[( Bnmrhcdp u ∈ Ge Tmc ids C��u( ) �H. P( ad hsr hlTed Tlnme
rTldwrgTod rsTmcTpc ahsTaidTtv- ugdpd H ) �H�. H1( Tmc P ) �P�. P1(� Sgdm

rhem�u( ) �·0(� § �·0(pkfe�r()pkfe�P( § rhem�H( § rhem�P(.

ugdpd d ) d�H�(= d�H1( hr sgd rtl nY sgd idmesgr nY Tii sgd dqdmwhmcdv pnur nY sgd
bnmrshstdms sTaidTtv nY H�

1-4- Bx�kdr

Sgd lnrs sd�gmh�]k ]rod�s ne sghr vnqj khdr hm sgd mnshnm ne ] �x�kd hm ] bnlhmn
s]akd]t- Ehqrs bdzmdb hm Y5[) �x�kdr g]ud ]ood]qdb hm u]qhntr rdsshmfr) hm�ktbhmf Y3[)
Y01[) Y02[) ]mb Y06[- Vd oqnuhbd ] aqhde hmsqnbt�shnm) adfhmmhmfvhsg ] edv bdzmhshnmr-

Enq ] rs]mb]qb bnlhmn s]akd]t S ∈ RASn�m() vd vhkk r]x sgd rpt]qd rf i hm qnv h
]mb �nktlm f ne S hr qTphTaid vgdm h= f ≡ p lnb 1: nsgdqvhrd) vd vhkk �]kk hs zvdc-
Enkknvhmf Y5[) vd etqsgdq bheedqdmsh]sd u]qh]akd rpt]qdr ax r]xhmf rf i hr ne sxod W he h
hr nbb ]mb ne sxod U nsgdqvhrd- Vqhsd A�j. S ( enq sgd bnlhmn k]adkdb ax sgd onrhshud
hmsdfdq j hm S ]mb rtooA�j. S ( enq hsr tmbdqkxhmf rpt]qdr- Vqhsd iTadi rf i enq sgd
hmsdfdq k]adk ne rf i hm S ]mb kds iTadi rf i ; / he dhsgdq h nq f hr kdrr sg]m nq dpt]k sn ydqn)
]mb iTadi rf i ) ∞ he h ]mb f ]qd onrhshud ats rf i hr mns ] rpt]qd hm S -

Cdymhrhnm 0�.u� Ids rtooA�j. S ( ) \rf i. rf)�, i| np \rf, i|�. rf i| Tmc rtoonrd sgTs
sgd rktTpd rf i hr zvdc� Adzmd T mdu cnlhmn A−�j( iTadidc ax sgd hmsdedp j ax idsshme
rtooA−�j. S ( ad dktTi sn

’0( \rf i. rf|�, i| hY j / iTadi rf|�, i)�-
’1( \rf i. rf, i)�| hY j < iTadi rf|�, i)��

FY rtooA�j. S ( ) \rf i. rf|�, i| np \rf, i)�. rf i| Tmc sgd rktTpd rf i hr zvdc- sgdm cdzmd
rtooA−�j. S ( sn ad

’0( \rf i. rf, i|�| hY j / iTadi rf)�, i|�-
’1( \rf i. rf)�, i| hY j < iTadi rf)�, i|��

Cdymhrhnm 0�..� Enp S ∈ RASn�m(- sgd bxbid b ) b�j. S ( sgpnteg j hr sgd rds nY hmsdedpr
cdzmdc ax sgd bnmchshnm sgTs i ∈ b hY dhsgdp



411� S-�Ohdsq‘gn

’0( i ) j-
’1( rtooA�i. S (∩ rtooA−�l. S ( ∩) ./- Ynp rnld l ∈ b- np
’2( rtooA−�i. S (∩ rtooA�l. S ( ∩) ./- Ynp rnld l ∈ b�

Ud hcdmshYx sgd iTadir bnmsThmdc hm T bxbid uhsg sgdhp tmcdpixhme cnlhmnr�

He b hr ] �x�kd hm S ) sgdm hs hr onrrhakd sn �nmrsqt�s ] s]akd]t LS �S. b( ax qdok]�hmf
dudqx bnlhmn A�i. S ( ∈ b ax sgd rghesdb bnlhmn A−�i. S ( bdzmdb ]anud- Sghr l]o
oqnbt�dr ] rs]mb]qb bnlhmn s]akd]t) oqdrdqudr sgd k]adkr ne sgd zwdb rpt]qdr ne S )
]mb �g]mfdr sgd k]adkr ne sgd u]qh]akd rpt]qdr hm b- Sgd rg]od ne LS �S. b( dhsgdq
dpt]kr sgd nqhfhm]k rg]od ne S ) nq g]r nmd rpt]qd qdlnudb ’nq ]bbdb sn sgd �nqd( ]mb
nmd ]bbdb- Hm sgd zqrs �]rd) sgd �x�kd b hr �]kkdb binrdc: nsgdqvhrd) hs hr �]kkdb nodm-
Enq ]m nodm �x�kd b ne ] s]akd]t S ) vd vhkk vqhsd RT�b( enq sgd rpt]qd sg]s g]r addm
qdlnudb ’nq ]bbdb sn sgd �nqd( ax lnuhmf sgqntfg b- Hs hr sgd adehmmhme rktTpd ne b-
Rhlhk]qkx) vd vhkk vqhsd R d �b( enq sgd rpt]qd sg]s hr ]bbdb sn sgd rg]od ne S ) sgd zmTi
rktTpd nY b- Mnsd sg]s RT�b( ]mb R d �b( ]qd ]kv]xr u]qh]akd rpt]qdr-

DvTloid 1�,1� Adknv ]qd svn bh]fq]lr ne ] rs]mb]qb bnlhmn s]akd]t ne q]mj 1) sgd
zqrs tm]bnqmdb) ]mb sgdm vhsg hsr �x�kdr ghfgkhfgsdb ]mb sgd zm]k rpt]qdr ne sgd nodm
�x�kdr bhrok]xdb ]r b]rgdb anwdr- Sgdqd hr nmd �knrdb �x�kd) b ) \00. 01|-

D]�g rpt]qd ]bi]�dms sn sgd �nqd hm S ∈ RASn�m( hr sgd adfhmmhmf rpt]qd enq rnld
nodm �x�kd- Vd bdmnsd sgd rds ne ]kk rt�g nodm �x�kdr Δ�S (-

Lonlnphrhnm 0�.2� ’Y5) 05[( Bnmrhcdp S ∈ RASn�m(� FY b ∈ Δ�S (- sgdm sgd qTphTaid
rktTpdr RT�b( Tmc R d �b( Tpd ansg nY sxod W np ansg nY sxod U� Fm oTpshbtiTp- RT�b( ihdr
hm Tm dqdm pnu Tmc bnitlm nY S hY Tmc nmix hY R d �b( cndr Tr udii�

Sgd nqbdq hm vgh�g nmd ]ookhdr sgd lnuhmf sgqntfg l]o sn �x�kdr hm ] rds M
hr hll]sdqh]k ax Y5) Bnq- 0-4-18[) ]kknvhmf tr sn vqhsd LS �S. M( enq sgd s]akd]t
nas]hmdb ax lnuhmf sgqntfg ]kk ne sgd �x�kdr hm sgd rds M -

2� Rhfm na 9ngnodc LdoitrSrhnmp

A]rdb nm sgd bdzmhshnmr ne bnlhmn s]akd]tw rs]shrsh�r hm Rd�shnm 1-2 vd ]qd qd]bx sn
rs]sd ] enqltk] enq qd]bhmf sgd rhfm ne ] �nknqdb odqlts]shnm eqnl hsr hl]fd tmbdq
]mx ne sgd bnlhmn Pnahmrnm,R�gdmrsdb l]or-
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Iednodi 2�.� Bnmrhcdp T rhemdc odpltsTshnm u ∈ Ge Tmc ids Cn�u( ) �H. P( ad hsr
hlTed Tlnme rTldwrgTod rsTmcTpc cnlhmn sTaidTtv nY pTmj p� Sgdm

rhem�u( ) �·0(b § �·0(pkfe�r()pkfe�P( § rhem�H( § rhem�P(.

ugdpd c ) c�H( cdmnsdr sgd mtladp nY mnmwbnpd rktTpdr ughbg ihd bnmbtppdmsix hm Tm
dqdm pnu Tmc dqdm bnitlm nY H- Tmc rohm cdmnsdr sgd rohm nY T sTaidTt�

Ntq zqrs fn]k hr sn udqhex sgd sgdnqdl enq hmunktshnmr hm Ge- Sgdqd ]qd svn l]hm
snnkr) h-d-) sgd rhfm enqltk] enq �nknqdb odqlts]shnmr tmbdq C� bdqhudb eqnl Y04[ ]mb
] bdr�qhoshnm ne sgd qdk]shnmrgho adsvddm sgd l]or Cn ]mb Cn)� nas]hmdb hm Y06[-
Vgdm p hr k]qfd qdk]shud sn m) sgd qdk]shnmrgho adsvddm C� ]mb Cn hr rhlokd ]mb hs hr
] sqhuh]k s]rj sn sq]mrk]sd nmd rhfm enqltk] hmsn sgd nsgdq- Trhmf sgd l]o ne Y06[) vd
sgdm dwsdmb sgd qdrtks nm hmunktshnmr sn ]kk p-

Tmbdq sgd l]or Cn) sgd kdes ]mb qhfgs s]akd]tw enq ]m hmunktshnm hm Ge �nhm�hbd)
rdd Y00[- Sn �nlokdsd ntq oqnne) vd dw]lhmd sgd adg]uhnq ne sgd rhfm �g]q]�sdq
tmbdq sgd ok]�sh� qdk]shnmr nm Ge nas]hmdb hm Y12[- =r ok]�sh� qdk]shnmr fdmdq]sd sgd
dpthu]kdm�d �k]rrdr ne g]uhmf sgd r]ld kdes s]akd]t tmbdq Cn) sghr dwsdmbr sgd sgdnqdl
sn ]kk ne Ge-

2-0- Hmunktshnmr

Sgd fn]k ne sghr rd�shnm hr sn udqhex sgd �k]hldb rhfm enqltk] enq hmunktshnmr hm Ge-
Vd enkknv sgd ]ooqn]�g ntskhmdb ]anud ]mb rs]qs ax sq]mrk]shmf sgd enqltk] enq sgd
]rxlosnsh� l]o C� sn sgd l]or Cn enq p ≥ m· 0-

DdiiS 2�0� Ids h ∈ Ge ad Tm hmqnitshnm Tmc uphsd Cn�h( ) �H. H(� Enp p ≥ m· 0-

rhem�h( ) �·0(b § �·0(1pkfe�r(.

ugdpd c ) c�H( cdmnsdr sgd mtladp nY mnmwbnpd rktTpdr ughbg ihd bnmbtppdmsix hm Tm
dqdm pnu Tmc dqdm bnitlm nY H- Tmc rohm cdmnsdr sgd rohm nY T sTaidTt�

HpnnY� Kds C��h( ) �Q. Q(- Ax Sgdnqdl 1-8) he vd vqhsd Q ) �Q�. Q1() sgdm rhem�h( )
�·0(�)|Q�| vgdqd d ) d�Q�(= d�Q1( hr sgd rtl ne sgd kdmfsgr ne ]kk sgd dudm,hmbdw
qnvr ne sgd �nmrshstdms s]akd]tw ne Q- Mnv mnsd sg]s sb�h( ) {Q1{ ) 1rohm�H() rn hs
qdl]hmr sn rgnv sg]s c ) d- Sgd rpt]qdr hm dudm,hmbdwdb qnvr ne Q� �nqqdronmb sn
gnqhynms]k bnlhmnr hm dudm qnvr ne H ]mb sgd rpt]qdr hm dudm,hmbdwdb qnvr ne Q1
�nqqdronmb sn udqsh�]k bnlhmnr hm dudm �nktlmr ne H- Dpt]khsx enkknvr-

Mdws) vd dwsdmb sghr enqltk] sn ]kk u]ktdr ne p- Kds p ]mb p − ad mnm,mdf]shud
hmsdfdqr ]mb rtoonrd sg]s S ∈ RASn�m(- Enkknvhmf Y06[) vd bdzmd ] l]o

sn,n ∗ 9 RASn�m(→ RASn ∗�m(

ax rdsshmf sn,n ∗�S ( ) S − vgdmdudq C|�
n �S. S ( ) C|�

n ∗ �S −. S −(- Vgdm p ]mb p − ]qd �nm,
rd�tshud hmsdfdqr) sghr l]o g]r ] o]qsh�tk]qkx rhlokd bdr�qhoshnm hm sdqlr ne �x�kdr
hm ] bnlhmn s]akd]t- Fhudm S ∈ RASn�m() hs hr d]rx sn oqnbt�d ] bnlhmn s]akd]t ne
q]mj p = 0 ax lnuhmf sgqntfg nodm �x�kdr: rhlokx lnud sgqntfg ]kk sgd nodm �x�kdr
hm Δ�S (- Hs hr �kd]q sg]s sgd 1,�nqd ne sgd qdrtkshmf s]akd]t hr µn)�- Vg]s hr odqg]or
rtqoqhrhmf hr sg]s sghr l]o �nhm�hbdr vhsg sn,n)�9
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Iednodi 2�2� ’Y06[( Ids sn,n)� 9 RASn�m( → RASn)��m( ad cdzmdc Tr Tanqd� Sgdm

sn,n)��S ( ) LS �S. Δ�S ((�

DvTloid 2�3� Bnmrhbdq sgd hmunktshnm h ) �486000520/173( ∈ G��- Hsr hl]fd
tmbdq sgd bnlhmn Pnahmrnm,R�gdmrsdb ]kfnqhsgl C1 hr ] o]hq ne s]akd]tw �H. H( vhsg
H ]r adknv-

H )

. . 0 1

. 4 )

2 6
8

0. 00
3 7

� H− )

. . . 0 1

. . 4 )

.
6

8

2 0. 00
7

3

,

Sgdqd ]qd sgqdd nodm �x�kdr hm Δ�H() m]ldkx) \0. 1|) \2. 3|) ]mb \4. 5|- Lnuhmf
sgqntfg ]kk sgqdd �x�kdr oqnbt�dr sgd s]akd]t H−- =r �k]hldb ax Sgdnqdl 2-2) sghr hr
]krn sgd hl]fd ne h tmbdq C2: m]ldkx) C2�h( ) �H−. H−(-

Hm nqbdq sn dwsdmb sgd hmunktshnm rhfm enqltk] sn ]kk u]ktdr ne p) hs rtez�dr sn
�gd�j sg]s ntq s]akd]t rs]shrsh�r ]qd vdkk,adg]udb vhsg qdrod�s sn sgd l]or sn,n)� enq
]kk u]ktdr ne p-

DdiiS 2�4� Ids h ∈ Ge ad Tm hmqnitshnm Tmc uphsd Cn�h( ) �H. H(� Enp p ≥ /-

rhem�h( ) �·0(b § �·0(1pkfe�r(.

ugdpd c ) c�H( cdmnsdr sgd mtladp nY mnmwbnpd rktTpdr ughbg ihd bnmbtppdmsix hm Tm
dqdm pnu Tmc dqdm bnitlm nY H- Tmc rohm cdmnsdr sgd rohm nY T sTaidTt�

HpnnY� Kds H− ) sn,n)��H(- Vd udqhex sg]s c�H( ) c�H−( ]mb rohm�H( ) rohm�H−()
rgnvhmf sg]s sgd qhfgs,g]mb rhbd ne sgd �k]hldb dpt]shnm hr hmbdodmbdms ne p- Rhm�d
sgd sgdnqdl gnkbr enq k]qfd p ax Kdll] 2-1) sgd qdrtks vhkk enkknv-

Ehqrs) mnsd sg]s rohm�H( ) rohm�H−( rhm�d ansg dpt]k sb�h( ax Sgdnqdl 1-6- Rhm�d
H− ) LS �H. Δ�H(( ax Sgdnqdl 2-2) sgd bheedqdm�d adsvddm sgd rg]odr ne sgd svn
s]akd]tw ]qd sgd adfhmmhmf ]mb zm]k rpt]qdr enq sgd nodm �x�kdr hm Δ�H(- Hm sghr
oqn�drr) c�H( hr qdbt�db ax nmd enq d]�g �x�kd vgnrd adfhmmhmf rpt]qd khdr hm ]m dudm
qnv ]mb ]m dudm �nktlm- Hs hm�qd]rdr ax nmd enq d]�g �x�kd vgnrd zm]k rpt]qd khdr hm
]m dudm qnv ]mb ]m dudm �nktlm- Ats ax Oqnonrhshnm 1-02) �x�kdr hm Δ�H( vgnrd zm]k
rpt]qd khdr hm ]m dudm qnv ]mb �nktlm ]qd oqd�hrdkx sgnrd vgnrd adfhmmhmf rpt]qd
khdr hm ]m dudm qnv ]mb ]m dudm �nktlm- Sgtr c�H( ) c�H−(-

2-1- Dwsdmrhnm sn Ge

Hm sghr rd�shnm vd �nlokdsd sgd oqnne ne Sgdnqdl 2-0- D]�g ne sgd Pnahmrnm,R�gdm,
rsdb ]kfnqhsglr Cn rtffdrsr ]m dpthu]kdm�d qdk]shnm nm Ge) vhsg svn �nknqdb odq,
lts]shnmr dpthu]kdms he ]mb nmkx he sgdx rg]qd sgd r]ld kdes s]akd]t hm sgd hl]fd ne
Cn- Vghkd sghr e]lhkx ne qdk]shnmr g]r rhfmhz�]m�d hm qdoqdrdms]shnm sgdnqx ]mb sgd
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I]ygb]m,Ktryshf sgdnqx ne �dkkr) rdd Y5[ ]mb Y2[) vd g]ud ]m noonqstmhsx sn trd hs
snv]qb ntq lnqd lnbdrs otqonrd- Hm Y12[) S]r̈j¸m bdr�qhadb ] rds ne fdmdq]snqr enq
d]�g ne sgd ]anud dpthu]kdm�d qdk]shnmr- Sn oqnud Sgdnqdl 2-0) vd sq]�j sgd ]�shnm
ne d]�g fdmdq]snq nm kdes s]akd]tw ]r vdkk ]r sgd rhfm ne sgd �nqqdronmbhmf �nknqdb
odqlts]shnm-

Vd qdoqnbt�d sgd bdzmhshnmr ne zud nodq]snqr nm Ge nqhfhm]kkx ]ood]qhmf hm Y12[-
Sgd zqrs hr bdqhudb eqnl sgd nqhfhm]k Imtsg qdk]shnmr ne Y8[- Oqd�tqrnqr sn sgd mdws svn
]ood]q hm Y1[ ]mb Y6[ ]r ok]�sh� qdk]shnmr enq C� ]mb C3- Sgd zm]k svn ]qd bdrhfmdb
sn bd]k vhsg svn rod�hz� rhst]shnmr ]ood]qhmf ]lnmf bnlhmn s]akd]tw) drod�h]kkx ne
ghfgdq q]mj- Vqhsd u ) u�u1 § § §ue enq ] �nknqdb odqlts]shnm ]mb ]bnos sgd �nmudm,
shnm sg]s y ) y-

0- He uf / uf)1 / uf)� nq uf / uf|� / uf)� enq rnld h / m) sgdm

An
��u( ) u� § § §uf|��uf)�uf(uf)1 § § §ue�

1- He p < / ]mb he sgdqd dwhrsr // h≤ p rt�g sg]s uf ]mb uf)� g]ud noonrhsd
rhfmr) sgdm

An
1�u( ) u� § § §uf|��uf)�uf(uf)1 § § §ue�

2- Rtoonrd sg]s {u�{< {uf{ enq ]kk 0/ h≤ p=1 ]mb u1 § § §un)1 hr nas]hmdb
ax �nm�]sdm]shmf rnld onrhshud bd�qd]rhmf rdptdm�d sn sgd dmb ne rnld
mdf]shud hm�qd]rhmf rdptdm�d ’nq uh�d udqr]() vgdqd ]s kd]rs nmd ne sgd
rdptdm�dr hr mnmdlosx- Sgdm

An
2�u( ) u�u1 § § §ue�

3- Kds j ≥ 0 rt�g sg]s s ) �j= 0(�p= j= 0(≤ l ]mb rtoonrd

u ) �� § § §�j�j)� yus)� § § §ue.

vgdqd d]�g �f hr ] rdptdm�d ne sgd enql �f ) Tf, f)n § § §Tf,�af, f § § §af,� enq
0 ≤ h ≤ j ]mb �j)� ) Tj)�,j)n § § §Tj)�,�� Etqsgdq rtoonrd sg]s sgd hmsd,
fdqr Tf, i ]mb af, i) vgdmdudq sgdx ]ood]q ]lnmf u� § § §us|� ) �� § § §�j)�
r]shrex sgd enkknvhmf �nmbhshnmr9

Tf, i < / ]mb af, i / / ’nq uh�d udqr]()
{Tf, i�{ / {Tf, i{ / {Tf)�, i{ ]mb {af, i|�{ / {af, i{ / {af)�, i{)
{af, f{ / {Tf)�,n)f)�{ / {af)�, f)�{ enq ]kk h ) 0. � � � . j· 0-

Kds m ) l]w\{u�{. � � � . {us|�{| ]mb rtoonrd sg]s us ) y r]shrzdr nmd ne
sgd enkknvhmf9

’0( {aj,j{ ) m ]mb y hr ]m hmsdfdq adsvddm Tj)�,� ]mb aj,�)
’1( {Tj)�,n)j{) m ]mb y hr ]m hmsdfdq adsvddm Tj,� ]mb aj,�)
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’2( {Tj)�,n)j{) m) y hr ]m hmsdfdq adsvddm Tj,� ]mb Tj)�,�) ]mb {Tj)�, f{/
{Tj, f)�{ enq rnld 0 / h ≤ j· 0-

Sgdm rds �j ) aj,jTj,j)n § § §Tj,�aj,j|� § § §aj,� ]mb bdzmd

An
0 ) �� § § §�j|��j�j)� yus)� § § §ue-

4- Kds j ≥ 0 rt�g sg]s s ) �j= 0(�p= j= 1(≤ l ]mb rtoonrd

u ) �� § § §�j�j)� yus)� § § §ue.

vgdqd d]�g �f hr ] rdptdm�d ne sgd enql �f ) Tf, f)n § § §Tf,�af, f § § §af,�
enq 0 ≤ h ≤ j ]mb �j)� ) Tj)�,j)n)� § § §Tj)�,�aj)�,j § § §aj)�,�- Etqsgdq
rtoonrd sg]s sgd hmsdfdqr Tf, i ]mb af, i) vgdmdudq sgdx ]ood]q ]lnmf
u� § § §us|� ) �� § § §�j)�) r]shrex sgd enkknvhmf �nmbhshnmr9

Tf, i < / ]mb af, i / / ’nq uh�d udqr]()
{Tf, i|�{ / {Tf, i{ / {Tf)�, i{ ]mb {af, i|�{ / {af, i{ / {af)�, i{)
{Tf,n)f{ / {af, f{ / {Tf)�,n)f)�{ enq ]kk h ) 0. � � � . j-

Kds m ) l]w\{u�{. � � � . {us|�{| ]mb rtoonrd sg]s us ) y r]shrzdr nmd ne
sgd enkknvhmf9

’0( {Tj)�,n)j)�{ ) m ]mb y hr ]m hmsdfdq adsvddm Tj)�,� ]mb aj)�,�)
’1( {aj)�,j{) m ]mb y hr ]m hmsdfdq adsvddm Tj)�,� ]mb aj,�)
’2( {aj)�,j{) m) y hr ]m hmsdfdq adsvddm aj,� ]mb aj)�,�) ]mb {aj)�, f{ /

{aj, f)�{ enq rnld 0 / h ≤ j· 0-

Sgdm vd rds �j�j)� ) Tj,j)n § § §Tj,�Tj)�,j)�)naj,j § § §aj,�Tj)�,j)n § § §
Tj)�,�aj)�,j § § §aj)�,� ]mb bdzmd

An
4 ) �� § § §�j|��j�j)�yus)� § § §ue�

=r oqnlhrdb) sgdrd fdmdq]sd sgd dpthu]kdm�d qdk]shnmr bdr�qhadb ]anud-

Iednodi 2�5� ’Y12[( Sun bninpdc odpltsTshnmr u Tmc q gTqd sgd rTld idYs sTaidTt
hm sgd hlTed nY sgd lTo Cn hY Tmc nmix hY nmd bTm ad nasThmdc Ypnl sgd nsgdp qhT T
rdktdmbd nY nodpTsnpr An

f Ynp h ) 0. 1. � � � . 4�

Vd oqn�ddb vhsg ] �]rd,ax,�]rd dw]lhm]shnm ne sgd ]�shnm ne d]�g ne sgd ]anud
fdmdq]snqr nm qhfgs s]akd]tw ]mb sgdhq deed�s nm rhem- Bnmrhbdq ] rhfmdb odqlts]shnm
u ∈ Ge ]mb kds Cn�u( ) �H. P( ad hsr hl]fd ]lnmf sgd r]ld,rg]od rs]mb]qb bnlhmn
s]akd]tw ne q]mj p- Cdzmd

E�u( ) �·0(b § �·0(pkfe�r()pkfe�P( § rhem�H( § rhem�P(�
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2-1-0-

Vd zqrs dw]lhmd sgd nodq]snqr An
�- Mnsd sg]s An

��u( ) rfu enq rnld h- Sgtr hm ]kk
�]rdr rhem�An

��u(( ) ·rhem�u(- Vd udqhex sg]s E�An
��u(( ) ·E�u(- Kds P− ad sgd

qhfgs s]akd]t ne An
��u(- Sgdqd ]qd svn onrrhahkhshdr9

0- Rtoonrd sg]s sgd ]�shnm ne An
� nm sgd qhfgs s]akd]t ne u dw�g]mfdr ]

akn�j ne bnlhmnr

G

j l vhsg
G j

l
) nq

G
j
l vhsg

G
l

j )

vghkd jddohmf sgd qdrs ne sgd s]akd]t zwdb- Enq sgd r]jd ne sxodrdsshmf
vd ]qd vqhshmf i ) j = 0 ]mb l ) j = 1- Sgdm sghr nodq]shnm oqdrdqudr
sgd c rs]shrsh� ]r vdkk ]r rohm- Vd dw]lhmd rhem�P( ) �·0(fet�P(- Pd�]kk
sg]s vhsghm bnlhmn s]akd]tw) hmudqrhnmr ]qd bdzmdb hm sdqlr ne l]qjdb
rpt]qdr- Ehqrs ]rrtld sg]s An

� �g]mfdr

R ) G
j
l hmsn R − )

G
l

j

]mb sg]s sgd sno kdes,lnrs anw ne j hr l]qjdb- Sgdm �j = 1. j = 0( ∈
Fmq�P−( ats mns hm Fmq�P(- Sgd nmkx nsgdq �g]mfdr hm Fmq�P( n��tq vgdm
o hr ] l]qjdb rpt]qd kxhmf hm sgd r]ld qnvr ]r R hm P ats ntsrhbd ne
R- Sgdm ]m hmudqrhnm ne sgd enql �v. o( nq �o. v( hr dw�g]mfdb enq ]m
hmudqrhnm ne sgd enql �x. o( nq �o. x( vgdqd v. x ∈ \j. j=0. j=1|- Bnm,
rdptdmskx) rhem�P( ) ·rhem�P−(- Sgd nsgdq onrrhahkhshdr ]qd rhlhk]qkx
qntshmd-

1- He sgd ]�shnm ne An
� hr mns ax dw�g]mfd ne nmd ne sgd ]anud �nmzftq],

shnmr) sgdm ax Y6) Sgdnqdl 1-0-08[ ]mb Y05) Oqno- 3-5[) P ]mb P− bheedq
ax ]m dw�g]mfd ne k]adkr ne svn �nmrd�tshud bnlhmnr- Hs hr �kd]q sg]s sghr
�g]mfdr hmq�P( ax nmd- Sgd nsgdq rs]shrsh�r ]qd �nmrs]ms-

Hm dhsgdq �]rd) E �An
��u(( ) ·E�u() ]r bdrhqdb-

2-1-1-

Sgd �]rd ne sgd nodq]snq An
1 hr udqx rhlhk]q- =f]hm) vd g]ud An

1�u( ) rfu enq rnld
h ]mb �nmrdptdmskx rhem�An

1�u(( ) ·rhem�u(- Sgd bdr�qhoshnm ne sgd ]�shnm ne sghr
nodq]snq nm P hr hlokh�hs hm sgd oqnne ne Y12) Sgdnqdl 2-0[- Hs dw�g]mfdr svn �nm,
rd�tshud bnlhmnr- =r ]anud) sghr �g]mfdr hmq�P( ax nmd) vhsg sgd nsgdq rs]shrsh�r
�nmrs]ms) ]mb ]f]hm) E �An

1�u(( ) ·E�u() ]r bdrhqdb-
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2-1-2-

Hm sgd �]rd ne An
2) vd g]ud An

2�u( ) su- Bnmrdptdmskx) rhem�An
2�u(( )·rhem�u(- Sgd

]�shnm ne An
2 nm qhfgs s]akd]tw hr lnqd hmsqh�]sd- Ntq bdr�qhoshnm hr a]rdb nm Y05) Bnq

3-3 ds rdp-[- Vhsghm P) sgd nodq]snq dw�g]mfdr sgd rtas]akd]tw

R )

· · · 0

��
�1

β0
�0

β1,,,

β�

]mb R − )

· · · �n

�1

β0 �0
β1

β�,,,

0

vgdqd sgd k]adkr hm R ]mb R − �nhm�hbd vhsg �n)1. α� ) p = 1) ]mb o l]x ad ydqn- Sgd
qdrs ne P hr zwdb- Mnsd sg]s sgd c rs]shrsh� hr zwdb ax sghr nodq]shnm ]mb rohm�P(
�g]mfdr ax nmd- Vd dw]lhmd rhem�P(- Ehqrs ]rrtld sg]s p hr nbb ]mb �nmrdptdmskx
sgd rpt]qdr ]bi]�dms sn sgd �nqd ]qd mns l]qjdb rpt]qdr- Vd g]ud sn �nmrhbdq sgd
deed�s sghr sq]mrenql]shnm g]r nm sgd rds ne hmudqrhnmr hm P- Vd �nmrhbdq svn rtardsr)
h-d-) sgd hmudqrhnmr Fmq�R( ]lnmf dmsqhdr hm R) ]mb sgnrd n��tqqhmf adsvddm dmsqhdr hm
R ]mb sgd qdrs ne P- Sgd nqbdq ne sgd k]ssdq rds hr zwdb ax An

2 ]r k]adkr hm R ]mb R − ]qd
itrs �n)1- Vd �nlo]qd sgd rhyd ne sgd enqldq rds hm R ]mb R −- Ax hmrod�shnm)

Fmq�R −(• Fmq�R( ) \�αf. 0(|�� ′+�∪\�βf. 0(|f�

Sgtr hmq�R −( ) hmq�R(=�p=0(- Rhm�d p hr nbb) sghr ld]mr rhem�P( ) rhem�P−(- Rhl,
hk]q ]m]kxrhr ]ookhdr hm sgd �]rd vgdm p hr dudm- Hm dhsgdq �]rd) vd g]ud sgd dpt]khsx
E�An

2�u(( ) ·E�u() ]r bdrhqdb-

2-1-3-

=s zqrs fk]m�d) sgd nodq]snqr An
0 ]mb An

4 rddl lt�g lnqd b]tmshmf sg]m sgd oqhnq
sgqdd) ats ]s kd]rs nm sgd kdudk ne s]akd]tw) sgdx ]qd hm rnld rdmrd itrs lnqd hmsqh�]sd
udqrhnmr ne An

2- Vd zqrs mnsd sg]s ax sgd �nmrsqt�shnm ne An
0) ]bnoshmf mns]shnm eqnl

hsr bdzmhshnm)
rhem�An

0�u(( ) �·0(j)n)�rhem�u(�

Sgd deed�s ne sgd nodq]snqr An
0 ]mb An

4 nm qhfgs s]akd]tw hr bdr�qhadb hm sgd oqnne ne
Y12) Sgdnqdl 2-0[- Sgdqd ]qd entq �]rdr hm ntq ]m]kxrhr ne E �An

0�u(( bhrshmfthrgdb ax
sgd rhfm ne sgd Tf i ]mb sgd o]qhsx ne p) vgh�g hmfitdm�dr sgd �gnh�d ne l]qjdb rpt]qdr-
Ehqrs ]rrtlhmf sg]s sgd Tf i ]qd mdf]shud) sgd qhfgs s]akd]tw P ne u ]mb P− ne An

0�u(
bheedq vhsghm sgd rtas]akd]tw
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R )

j0
j1

·

·

·

jp�0
jp
s

]mb R − )

j1
j�

·

·

·

jp

j0 s

�nqqdronmbhmf sn sgd bnlhmnr hmrdqsdb eqnl sgd rtavnqb �j�j)� y- Gdqd vd bdzmd
i ) j=p=�j|�

f+� 1h=p) s ) �j=0(�p=j=0() ]mb ]bnos sgd rgnqsg]mb i i ) i= f- Mnsd
sg]s sgdrd s]akd]tw ]qd hmbdodmbdms ne sgd �]rdr ’0(,’2( hm sgd bdzmhshnm ne An

0- Sgd
r]ld rtas]akd]t qdrtksr hm ]kk sgqdd-

Hs hr �kd]q sg]s c�P( ) c�P−( ]r sghr rs]shrsh� nmkx bdodmbr nm sgd tmbdqkxhmf
s]akd]t rg]od- Etqsgdq) rohm�P( ]mb rohm�P−( bheedq ax nmd- Vd ]m]kxyd hmq�P(-
He 6 hr ] rtas]akd]t ne .) sgdm vd vhkk vqhsd .•6 enq sgd anwdr hm . mns hm�ktbdb hm 6)
]mb .�s( enq sgd rtas]akd]t ne . �nmrhrshmf ne bnlhmnr vhsg k]adkr kdrr sg]m nq dpt]k
sn s- Mnsd sg]s

hmq�P( ) hmq�R(= hmq�P�s(• R(= hmq�P�s(•R. R(

= hmq�P•P�s((= hmq�P•P�s(. P�s((�

Sgd nmkx u]ktdr hm sghr bd�nlonrhshnm sg]s �]m onsdmsh]kkx �g]mfd hm sgd sq]mrenql],
shnm eqnl P sn P− ]qd hmq�R( ]mb hmq�P�s(• R. R(-

Vgdm p hr nbb) sgd sno qhfgslnrs rpt]qdr ne R ]mb R − ]qd tml]qjdb ]mb hmq�R −(·
hmq�R( ) j· 0) vghkd hmq�P−�s(• R −. R −(· hmq�P�s(• R. R( ) /- Vgdm p hr dudm) sgdm
sgd sno qhfgslnrs rpt]qdr ne R ]mb R − ]qd l]qjdb ]mb hmq�R −(· hmq�R() j) vghkd ]f]hm
hmq�P−�s(• R −. R −(· hmq�P�s(• R. R( ) /-

Vgdm sgd Tf i ]qd onrhshud) sgd s]akd]tw P ]mb P− bheedq hm rtas]akd]tw sg]s ]qd
sq]mronrdr ne R ]mb R −- Vghkd sgd ]m]kxrhr hr ] khsskd bheedqdms) sgd ]anud qdrtksr ]qd
dw]�skx sgd r]ld9 hmq�P−(· hmq�P( ) j·0 vgdm p hr nbb ]mb j vgdm p hr dudm- Gdm�d
hm ]kk sgd �]rdr) hmq�P−(· hmq�P( ≡ j = p lnb 1 ]mb rhem�P−( ) �·0(j)nrhem�P(�
Bnmrdptdmskx)

E�An
0�u(( ) �·0(j)n)�E�u(�

]mb vd zmb sg]s E�u( sq]mrenqlr hm rsdo vhsg rhem�u() ]r bdrhqdb-

2-1-4- An
4

Sgd ]m]kxrhr ne sghr nodq]snq enkknvr ] rhlhk]q ntskhmd ]r sg]s ne An
0- Vd zqrs mnsd sg]s

ax hsr �nmrsqt�shnm) ]f]hm ]bnoshmf mns]shnm eqnl sgd bdzmhshnm ne An
4)

rhem�An
4�u(( ) �·0(j)�rhem�u(�
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=f]hm sgdqd ]qd entq �]rdr hm ntq ]m]kxrhr ne E�An
4�u((- Ehqrs ]rrtlhmf sg]s sgd Tf i

]qd onrhshud) sgd qhfgs s]akd]tw P ne u ]mb P− ne An
4�u( bheedq vhsghm sgd rtas]akd]tw

R )

j0
j1

·

·

·

j−3
j−0
s

]mb R − )

j1
j�

·

·

·

j−0

j0 s

�nqqdronmbhmf sn sgd bnlhmnr hmrdqsdb eqnl sgd rtavnqb�j�j)� y- Gdqd vd bdzmd i )
�j

f+��1h=p() s ) �j=0(�p=j=1() ]mb enq hmsdfdqr f) i i ) i= f) ]mb i −i ) i=j=p= f-
=f]hm) c�P( ) c�P−( ]mb rohm�P( bheedqr eqnl rohm�P−( ax 0- Vd ]m]kxrd hmq�P(-

Vgdm p hr nbb) sgd sno qhfgslnrs rpt]qdr ne R ]mb R − ]qd l]qjdb ]mb hmq�R −(·
hmq�R( ) j= p = 0) ]mb hmq�P−�s(• R −. R −(· hmq�P�s(• R. R( ) /- Vgdm p hr dudm) sgd
sno qhfgslnrs rpt]qdr ne R ]mb R − ]qd tml]qjdb ]mb hmq�R −(· hmq�R( ) j = p) ]mb
]f]hm hmq�P−�s(• R −. R −(· hmq�P�s(• R. R( ) /-

Vgdm sgd Tf i ]qd mdf]shud) sgd s]akd]tw P ]mb P− bheedq hm rtas]akd]tw sg]s ]qd
sq]mronrdr ne R ]mb R −- Vd ]f]hm g]ud hmq�P−(· hmq�P( ) j= p=0 vgdm p hr nbb ]mb
j = p vgdm p hr dudm vhsg sgd nsgdq hmudqrhnm rs]shrsh�r tm�g]mfdb- Gdm�d hm ]kk sgd
�]rdr) hmq�P−(· hmq�P(≡ j lnb 1 ]mb rhem�P−( ) �·0(jrhem�P(� Bnmrdptdmskx)

E �An
4�u(( ) �·0(j)�E�u(�

Sgd oqnne ne Sgdnqdl 2-0 hr �nlokdsd-

PdadodmTdp

0, AWpaWrbg� C,� TnfWm� C,5 Ophlhshud hcdWkr Wmc npahsWk hmsdfpWkr hm bnlokdw bkWrrhbWk
fpntor, EWsg, @mm, 148#1(� 042fl088 #0871(

1, AnmmWe–d� B,� HWmbt� K,5 Kdes bdkkr hm sxod yk vhsg tmdYtWk oWpWldsdpr, Mdopdrdms, Qgdnpx
6� 476fl).8 #1..2(

2, AnmmWe–d� B,� Fdbj� E,� HWmbt� K,� KWl� Q,5 Nm cnlhmn hmrdpshnm Wmc JWygcWm¨Ktryshf
bdkkr hm sxod yk, Hm5 FxniW� @,� LWjWihlW� G,� RghmncW� J,¨h,� Rgnih� Q,� QWmhrWjh� Q, #dcr,(
MdopdrdmsWshnm Qgdnpx ne @kfdapWhb Fpntor Wmc PtWmstl Fpntor, Opnfp, EWsg,� Tnk, 173�
oo, 22fl43, AhpjgWtrdp� Ldv Xnpj #1.0.(

3, BWpp–d� B,� Kdbkdpb� A,5 Rokhsshmf sgd rYtWpd ne W Rbgtp etmbshnm hmsn hsr rxlldsphb Wmc
Wmshrxlldsphb oWpsr, I, @kfdapWhb Bnlahm, 3#2(� 1.0fl120 #0884(

4, 9tksnm� U,5 Xntmf QWakdWtw, BWlaphcfd Smhudprhsx Opdrr� BWlaphcfd #0886(
), FWpqmjkd� C,5 Nm sgd bkWrrhqbWshnm ne ophlhshud hcdWkr enp bnlokdw bkWrrhbWk Khd WkfdapWr�

H, Bnlonrhshn EWsg, 64#1(� 024fl0)8 #088.(
6, FWpqmjkd� C,5 Nm sgd bkWrrhqbWshnm ne ophlhshud hcdWkr enp bnlokdw bkWrrhbWk Khd WkfdapWr�

HH, Bnlonrhshn EWsg, 70#2(� 2.6fl22) #0881(
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7, Jhl� I,R,5 Rjdv cnlhmn Rbgdmrsdc bnppdronmcdmbd Wmc rhfm¨hlaWkWmbd, DtpnodWm I,
Bnlahm, 20#0(� 10.fl118 #1.0.(

8, Jmtsg� C,D,5 OdpltsWshnmr� lWsphbdr� Wmc fdmdpWkhydc Xntmf sWakdWtw, OWbhqb I, EWsg,
23#2(� 6.8fl616 #086.(

0., KWl� Q,5 Fpnvsg chWfpWlr� cnlhmn hmrdpshnm Wmc rhfm¨hlaWkWmbd, I, Bnlahm, Qgdnpx Rdp,
@ 0.6#0(� 76fl004 #1..3(

00, uWm Kddtvdm� E,@,@,5 Qgd Mnahmrnm¨Rbgdmrsdc Wmc Rbgztsydmadpfdp Wkfnphsglr� Wm dkd¨
ldmsWpx WoopnWbg, Dkdbspnm, I, Bnlahm, 2#1(� -M04 #088)(

01, uWm Kddtvdm� E,@,@,5 Dcfd rdYtdmbdr� phaanm sWakdWtw� Wmc Wm Wbshnm ne Weqmd odplt¨
sWshnmr, DtpnodWm I, Bnlahm, 1.#1(� 068fl084 #0888(

02, uWm Kddtvdm� E,@,@,5 Rnld ahidbshud bnppdronmcdmbdr hmunkuhmf cnlhmn sWakdWtw, Dkdb¨
spnm, I, Bnlahm, 6#0(� -M24 #1...(

03, EWbcnmWkc� H,5 Rxlldsphb 9tmbshnmr Wmc GWkk OnkxmnlhWkr, Nwenpc Smhudprhsx Opdrr� Ldv
Xnpj #0884(

04, EahphjW� @,� OhdspWgn� Q,� Rhkudp� U,5 Nm sgd rhfm pdopdrdmsWshnmr enp sgd bnlokdw pdfidbshnm
fpntor B�o� k� m(, WpVhu502.2,4.10 #1.02(

0), OhdspWgn� Q,5 Jmtsg pdkWshnmr enp sgd gxodpnbsWgdcpWk fpntor, I, @kfdapWhb Bnlahm, 18#3(�
4.8fl424 #1..8(

06, OhdspWgn� Q,5 @ pdkWshnm enp cnlhmn Mnahmrnm¨Rbgdmrsdc Wkfnphsglr, @mm, Bnlahm, 02#3(�
408fl421 #1.0.(

07, Mdhedfdprsd� @,5 OdpltsWshnm rhfm tmcdp sgd Mnahmrnm¨Rbgdmrsdc bnppdronmcdmbd, @mm,
Bnlahm, 7#0(� 0.2fl001 #1..3(

08, Rghlnynmn� E,� Ughsd� C,D,5 @ bnknp¨sn¨rohm cnlhmn Rbgdmrsdc Wkfnphsgl, Dkdbspnm, I,
Bnlahm, 7#0(� -M10 #1..0(

1., RiznrspWmc� I,5 Nm sgd rhfm¨hlaWkWmbd ne oWpshshnm rgWodr, I, Bnlahm, Qgdnpx Rdp, @ 000#1(�
08.fl1.2 #1..4(

10, RsWmkdx� M,5 Rnld Wrodbsr ne fpntor Wbshmf nm qmhsd onrdsr, I, Bnlahm, Qgdnpx Rdp, @
21#1(� 021fl0)0 #0871(

11, RsWmkdx� M,5 DmtldpWshud BnlahmWsnphbr� Tnkr, H� HH, BWlaphcfd Smhudprhsx Opdrr� BWl¨
aphcfd #0886( #0888(

12, QWŕj¸m� E,5 OkWbshb pdkWshnmr enp o¨cnlhmn sWakdWtw, Dkdbspnm, I, Bnlahm, 08#0(� -O27
#1.01(

13, TdplW� C,¨L,5 Eznahtr hmudprhnm enp sgd AptgWs npcdphmf nm W Udxk fpnto, @mm, Rbh, –Dbnkd
Lnpl, Rto, #3( 3� 282fl287 #0860(

14, Ughsd� C,D,5 Rhfm¨aWkWmbdc onrdsr, I, Bnlahm, Qgdnpx Rdp, @ 84#0(� 0fl07 #1..0(
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