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oqdbhrdkx sgd k‘sdq hmsqnctbdc qdrhct‘k* b‘m ad l‘cd ‘qahsq‘qhkx rl‘kk- Sgd MKR dpt‘shnm hr sgdm ‘bbnlo‘mhdc ax ‘ rxrsdl ne
khmd‘q OCDr ‘mc ‘kfdaq‘hb dpt‘shnmr-

7ooqnwhlVsd cdraqhoshnm ne hmsdqVashnm cxmVlhar Hm sgd b‘rd ne svn,v]ud oqno]f]shnm sgd mnmkhmd‘qhsx kd‘cr sn ‘m hmsdq‘b,
shnm adsvddm sgd v‘ud o‘bjdsr vghbg hm stqm qdrtks hm ‘ lnch�b‘shnm ne sgd otqd hmsdqm‘k cxm‘lhbr- Vd hloqnud sgd ‘mr‘sy
eqnl Y2[ ‘mc rddj rnktshnmr ne sgd enql

ε +
 
ε:0 + ε1:1 + ε2:2

(
D +

 
εA0 + ε1A1 + ε2A2

(
E + b-b-+ ε2Llhwdc ’2(

vgdqd sgd sdql Llhwdc rdqudr sn b‘mbdk lhwdc ‘mc ghfgdq,nqcdq g‘qlnmhb sdqlr hm sgd enql‘k dqqnq ‘mc vgdqd

D + dwo
 
h
 
j:w �:s + εΩ:.0(YA . S (+ ε1Ω:.1(YA . S (

((
.

E + dwo
 
h
 
jAw �As + εΩA.0(Y :. S (+ ε1ΩA.1(Y :. S (

((
.

Y : + ε
 
w b:s + εψ:(UA . S (

(
. ’3(

YA + ε
 
w bAs + εψA(U:. S (

(
. ’4(

: i + : i(Y :. S (. A i + A i(YA . S (. U: + ε(w b:s(. UA + ε(w bAs() ’5(

Sgd hmsdqm‘k cxm‘lhbr ne sgd v‘ud o‘bjdsr vhkk ad cdrbqhadc ax sgd u‘qh‘akdr : i. A i * i + 0.1* vgdqd‘r sgd hmsdq‘bshnm
cxm‘lhbr hr cdrbqhadc ax sgd og‘rd rghesr Ω:. i.ΩA. i * i + 0.1 ‘mc sgd dmudknod rghesr ψ: * ψA -

PdlVqi 1 . ‘( Sgd ‘mr‘sy ’2( hr lnqd fdmdq‘k sg‘m sgd nmd hm Y2[ vgdqd vd drrdmsh‘kkx bgnrd :0 ‘mc A0 hm sgd enql ne
MKR 0,rnkhsnmr- Gdqd vd ‘kknv :0 ‘mc A0 sn ad lnqd fdmdq‘k rnktshnmr ne sgd qdrodbshud MKR dpt‘shnm* rdd Ehf- 0- Sghr sgdm
qdpthqdr sgd hmsqnctbshnm ne ε1:1D * ε1A1E sn cdrbqhad sgd hmsdqm‘k cxm‘lhbr-

a( Sgd og‘rd rghesr Ω:.0* ΩA.0 stqm nts sn ad qd‘k etmbshnmr- Hm nqcdq sn cdrbqhad sgd hmsdq‘bshnm cxm‘lhbr hm lnqd cds‘hk
sg‘m hm Y2[ vd ‘cchshnm‘kkx hmsqnctbd og‘rd rghes bnqqdbshnmr Ω:.1* ΩA.1* vghbg stqm nts sn g‘ud ‘m hl‘fhm‘qx bnlonmdms*
‘mc sgd dmudknod rghesr ψ: * ψA - Sgdrd k‘rs nmdr g‘ud ‘kqd‘cx addm hmsqnctbdc hm d‘qkhdq vnqjr khjd Y7[ nq Y00[ vgdqd sgdx
‘qd b‘kkdc otkrd rghesr- Ntq ‘hl hr sn u‘khc‘sd enqltk‘r enq sgd dmudknod rghesr ax qhfnqntr drshl‘sdr-

b( Etqsgdqlnqd* vd bg‘mfd sgd mns‘shnm9 Sgd u‘qh‘akdr X : * XA eqnl Y2[ ‘qd mnv b‘kkdc :2* A2* vgdqd‘r :2* A2 eqnl Y2[
‘qd gdqd bnms‘hmdc hm sgd sdql Llhwdc-

c( Ehm‘kkx* hm sgd enkknvhmf vd qdok‘bd sgd ‘qftldmsr UA * U: ne ψ: * ψA ax YA * Y : - Lnqd qhfnqntrkx vd l‘x cd�md Y : *
YA hlokhbhskx ax

Y : + ε
 
w b:s + ε =ψ:(YA(

(
. YA + ε

 
w bAs + ε =ψA(Y :(

(
) ’6(



L- Bghqhktr,Aqtbjmdq ds ]k- . I- L]sg- :m]k- :ook- 236  1//7( 2/3z203 2/6
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PdlVqi 1 2 Rhmbd HlΩ:.1* HlΩA.1 ‘qd rtoonrdc sn cdrbqhad hmsdq‘bshnm cxm‘lhbr vd l‘x ‘rrtld sg‘s Ω:.1 +ΩA.1 + /
hmhsh‘kkx- Lnqdnudq* ctd sn sgd e‘bs sg‘s HlΩ:.1 ‘mc HlΩA.1 stqm nts sn ad ro‘sh‘kkx knb‘khydc* D ‘mc E bnms‘hm nmkx og‘rd
rghesr enq |w|�∞* h-d- HlΩ:.1 ‘mc HlΩA.1 ok‘x mn qnkd enq sgd dmudknod rghes- Hm cds‘hk* hm Kdll‘ 3-5 vd oqnud sgd �(0(,
antmcdcmdrr ne Ω:.0* ΩA.0* PdΩ:.1 ‘mc PdΩA.1 hm K∞ ‘mc sg‘s HlΩ:.1 ‘mc HlΩA.1 ‘qd �(0(,antmcdc hm Gr(l(- Sgtr*
enq hmrs‘mbd* |HlΩ:.1(YA . S (|� B<(0 + ε|w bAs|(l ctd sn Rnankdu$r dladcchmf sgdnqdl enq r / 0<1- Enq sgd r‘ld qd‘rnm
vd g‘ud |: i(Y :. S (|� B<(0+ ε|w b:s|(l ‘mc rn* enq k‘qfd s * h-d- enq s / 0<ε*

∣∣: i(Y :. S (
∣∣ HlΩ:.1(YA . S (+�

 
(εs( l(

)

Lnqdnudq* enq vdkk,oqdo‘qdc otkrdr |: i(Y :. S (|HlΩ:.1(YA . S ( hr dwonmdmsh‘kkx rl‘kk- @bbnqchmf sn sgd k‘rs qdl‘qj*
|: i(Y :. S (|HlΩ:.1(YA . S ( g‘r sn ad n(ε(* dwbdos ctqhmf hmsdq‘bshnm- Sgtr vd qdpthqd (εs( l + �(ε0+δl( vhsg δ / / ‘q,
ahsq‘qx rl‘kk ats �wdc- Sghr xhdkcr s • ε (0+0<l+δ( ∼ ε 1 enq l > 1- Hm rtll‘qx* enq B0ε

 (0+0<l+δ( � s � B1ε
 1 sgd

bnqqdbshnmr HlΩ:.1 ‘mc HlΩA.1 ok‘x mn qnkd enq sgd dmudknod rghesr- Hm b‘rd ne vdkk,oqdo‘qdc otkrdr sghr b‘m ad rg‘qodmdc
sn B0 km(ε(ε 0 � s � B1ε

 1-

2 CdqhuVshnm ne VooqnwhlVshnm dptVshnmr

Sgd rn,b‘kkdc qdrhct‘k

Pdr(ε (+ >1s (ε (+ >1w (ε ( (ε (+ (ε (2 ’7(

cdrbqhadr gnv ltbg ‘m ‘mr‘sy ε e‘hkr sn r‘shrex sgd mnmkhmd‘q v‘ud dpt‘shnm ’0(- Oktffhmf sgd ‘mr‘sy ’2( hmsn sgd qdrhct‘k

Pdr(ε (+
∑

k.l.m

εk Pdrk.l.m DlEm ’8(

kd‘cr sn ‘ mtladq ne bnmchshnmr hm nqcdq sn l‘jd sgd qdrhct‘k ‘r rl‘kk ‘r onrrhakd* hm o‘qshbtk‘q sn mnmkhmd‘q Rbgq—chmfdq
dpt‘shnmr enq :0 ‘mc A0- ’8( hr ‘ cd�mhshnm enq sgd sdqlr Pdrk.l.m vghbg ‘qd sgd bndfibhdmsr hm ‘m dwo‘mrhnm ne sgd qdrhct‘k
v-q-s- εk Dl Em -

PdlVqi 2 . Sgd sdql Llhwdc + Llhwdc(:0. :1. :2. A0. A1. A2. D. E ( hm ’2( ‘bbntmsr enq sdqlr hmunkuhmf ghfgdq,nqcdq nq
lhwdc g‘qlnmhbr* h-d- enq sgd eqdptdmbhdr vghbg ‘qd fdmdq‘sdc ax sgd mnmkhmd‘qhsx ‘bbnqchmf sn sgd enqltk‘

 
ε:0D + ε1:1D + ε2:2D + εA0E + ε1A1E + ε2A2E + b-b-

(2 +
∑

j0+)))+j01+2.j i>/

2]
j0] · · ·j01]

(ε:0D(j0 · · ·
 
ε2A2E

(j01
.

gnvdudq vhsgnts sgd mnmkhmd‘q sdqlr fdmdq‘sdc ‘s D nq E - @s ε2D1E enq dw‘lokd sgd sdql :1
0A0 ‘ood‘qr- Sn b‘mbdk sghr

sdql vd dwsdmc sgd ‘mr‘sy ax α10ε
2:1

0A0D1E ‘mc fds ‘m ‘kfdaq‘hb dpt‘shnm enq α10 ne sgd enql
 
0+ (1h�: + h�A(

1 + (1hj: + hjA(
1(α10 + 2)

Sgd oqnbdctqd hr drrdmsh‘kkx sgd r‘ld enq d‘bg rtbg sdql kd‘chmf sn dpt‘shnmr ne sgd enql
 
0+ (k�: + i�A(

1 + (kj: + ijA(
1(αk i + βk i )

Mnv Llhwdc bnms‘hmr ‘kk sgdrd dwsdmrhnmr- Sgtr* vd b‘m bnmbdmsq‘sd nm sgd qdl‘hmhmf sdqlr ne sgd qdrhct‘k-
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PdlVqi 2 1 Rhmbd : i * i + 0.1.2. cdodmc nm sgd r‘ld u‘qh‘akdr ‘mc adknmf sn sgd r‘ld g‘qlnmhb* sgd rtardptdms ghdq‘qbgx
ne bnmchshnmr ’0/(”’04( qd‘ood‘qr rghesdc hm nqcdq* h-d- sgd qdrhct‘k ‘bst‘kkx bnms‘hmr ltbg lnqd sdqlr* enq dw‘lokd ε i( j1: +
�1

:  0(: i(Y :. S (D * i + 0.1.2* vghbg vd nmkx khrs enq i + 0- Gdmbd bgnnrhmf sgd chrodqrhnm qdk‘shnm ‘r rnku‘ahkhsx bnmchshnm
b‘mbdkr ‘kk sgdrd sdqlr- Sgd dw‘bs r‘ld ldbg‘mhrl gnkcr enq sgd dmshqd rxrsdl ne Dpr- ’0/(”’04(* rn vd s‘bhskx kdes nts
qdod‘sdc sdqlr sn rhlokhex sgd dwonrhshnm-

Trhmf sgd mns‘shnm Pdrk.l.m eqnl ’8( enq sgd bndfibhdmsr ne εk Dl Em vd �mc sgd rtardptdms ghdq‘qbgx ne dpt‘shnmr-

• @s εD vd �mc

Pdr0.0./ +
 
 j1: +�1

:  0
(
:0(Y :. S (

]+ /

vghbg xhdkcr sgd khmd‘q chrodqrhnm qdk‘shnm

�1
: + j1: + 0)

• @s ε1D vd �mc

Pdr1.0./ + 1h(j:  b:�:(>0:0(Y :. S (
]+ /

vghbg xhdkcr sgd khmd‘q fqnto udknbhsx

b: + j:<�: )

• @s ε2D vd �mc

Pdr2.0./ + r20 + r21

vhsg

r20 + 1h�:>1:0(Y :. S (+
 
0 b1:

(
>10 :0(Y :. S (+ 2

∣∣:0(Y :. S (
∣∣1:0(Y :. S (.

r21 +
 
1(�:bA  j:((Y :. S (>0Ω:.0(YA . S (+ 5

∣∣A0(YA . S (
∣∣1(:0(Y :. S ()

Sgdm r20
]+ / xhdkcr sgd MKR dpt‘shnm

 1h�:>1:0(Y :. S (+
 
0 b1:

(
>10 :0(Y :. S (+ 2

∣∣:0(Y :. S (
∣∣1:0(Y :. S (. ’0/(

‘mc r21
]+ / xhdkcr sgd og]rd rghes enqltk]

Ω:.0(YA . S (+
2

j:  �:bA

YA∫ ∣∣A0(ζ. S (
∣∣1 cζ. ’00(

rn Ω:.0 hr ‘ qd‘k pt‘mshsx ‘mc sgdqdenqd ‘ otqd og]rd bnqqdbshnm-
• @s ε3D vd �mc

Pdr3.0./ + 1�: h>1:1(Y :. S (+
 
0 b1:

(
>10 :1(Y :. S (+ r30 + r31 + r32 + r33 + r34 + r35

vgdqd

r30 +
 
5:1(Y :. S (:0(Y :. S (+ 2:1(Y :. S (:0(Y :. S (

(
:0(Y :. S (.

r31 + 1b:>0>1:0(Y :. S (.

r32 + 5
 
A1(YA . S (A0(YA . S (+ A1(YA . S (A0(YA . S (

(
:0(Y :. S (.

r33 + 1�: :0(Y :. S (>1Ω:.0(YA . S (.

r34 + 1h>0:0(Y :. S (
 
(j:  bA�:(>0ψ:(YA . S (+ (0 b:bA(>0Ω:.0(YA . S (

(
.

r35 +
 
h
 
0 b1A

(
>10Ω:.0(YA . S (+ 1>0Ω:.1(YA . S ((�:bA  j:(

(
:0(Y :. S ()

Vd ‘qd mnv kdes vhsg ‘ khmd‘q hmgnlnfdmdntr dunktshnm dpt‘shnm enq :1*

 1�: h>1:1(Y :. S (+
 
0 b:

1(>10 :1(Y :. S (+ r30 + r31) ’01(

Gdqd* mn bntokhmf vhsg sdqlr hmunkuhmf A,u‘qh‘akdr nbbtqr rtbg sg‘s :1 cdrbqhadr hmsdqm‘k cxm‘lhbr ne ‘ rhmfkd otkrd-
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Sgd sdqlr hm r34 snfdsgdq vhsg ’00( fhud sgd dmudknod rghes enqltk]

ψ:(YA . S (+
2(0 b:bA(

(bA�:  j:(1

YA∫ ∣∣A0(ζ. S (
∣∣1 cζ) ’02(

Sgd sdqlr hm r32 + r33 + r35 xhdkc sgd rdbnmc,nqcdq bnqqdbshnm sn sgd og]rd rghes hm sgd enql

>0Ω:.1(YA . S (+
0

1(j:  �:bA(

 
h
 
0 b1A

(
>10Ω:.0(YA . S ( 5

 
A1(YA . S (A0(YA . S (+ A1(YA . S (A0(YA . S (

(

+ 1�:>1Ω:.0(YA . S (
(
) ’03(

Sghr dpt‘shnm hr rdo‘q‘sdc hm qd‘k ‘mc hl‘fhm‘qx o‘qs* h-d-*

PdΩ:.1(YA . S (+
YA∫

0

1(j:  �:bA(

 
 5

 
A1(ζ. S (A0(ζ. S (+ A1(ζ. S (A0(ζ. S (

(
+ 1�:>1Ω:.0(ζ. S (

(
cζ.

HlΩ:.1(YA . S (+
0

1(j:  �:bA(
h
 
0 b1A

(
>0Ω:.0(YA . S (+

2h(0 b1A(

1(j:  �:bA(1

∣∣A0(YA . S (
∣∣1)

Nmkx PdΩ:.1 fhudr ‘ og‘rd bnqqdbshnm* vghkd HlΩ:.1 hr ‘m ]lokhstcd bnqqdbshnm* vghbg gnvdudq hr ‘kfdaq‘hb‘kkx rl‘kk
v-q-s- ε dwbdos ctqhmf sgd bnkkhrhnm ne v‘ud o‘bjdsr- Hm nqcdq sn g‘ud ‘m �(0(,antmc ne PdΩ:.1(YA . S ( rtardptdmskx
hm K∞ vd mddc sg‘s ‘kk sdqlr tmcdq sgd hmsdfq‘k

∑ YA ) ) ) cζ ‘qd ro‘sh‘kkx knb‘khydc- Sghr hr bkd‘q enq ‘kk sdqlr dwbdos
>1Ω:.0(ζ. S (- Gnvdudq* trhmf sgd MKR dpt‘shnm ’0/( enq A0 ‘mc sgd qdoqdrdms‘shnm enqltk‘ ’00( enq Ω:.0 vd �mc sg‘s

>1Ω:.0(YA . S (+ h
2(0 b1:(

1�:(j:  �:bA(

 
>0A0(YA . S (A0(YA . S ( >0A0(YA . S (A0(YA . S (

(

hr ‘krn ro‘sh‘kkx knb‘khydc-
• @s ε4D vd �mc

Pdr4.0./ + 1�: h>1:2(Y :. S (+
 
0 b1:

(
>10 :2(Y :. S (+ r40 + r41 + r42 + r43 + r44 + r45

vgdqd

r40 +
 
5:2(Y :. S (:0(Y :. S (+ 2:2(Y :. S (:0(Y :. S (

(
:0(Y :. S (.

r41 + >11 :0(Y :. S (+ 1b:>0>1:1(Y :. S (.

r42 + 5:0(Y :. S (
∣∣:1(Y :. S (

∣∣1 + 2:1
1(Y :. S (:0(Y :. S (.

r43 + 5
 
A2(YA . S (A0(YA . S (+ A2(YA . S (A0(YA . S (

(
:0(Y :. S (.

r44 +
 
0 b1A

(
>0:0(Y :. S (>

1
0ψ:(YA . S (+ 1(0 b:bA(>

1
0 :0(Y :. S (>0ψ:(YA . S (

+ h
[ 
0 b1A

(
:0(Y :. S (>

1
0Ω:.1(YA . S (+ 1(0 b:bA(>0:0(Y :. S (>0Ω:.1(YA . S (

]

+
 
b1A  0

(
:0(Y :. S (

 
>0Ω:.0(YA . S (

(1
.

r45 + 1�: :0(Y :. S (>1Ω:.1(YA . S (+ 5
∣∣A1(YA . S (

∣∣1:0(Y :. S (

+ 1h
[
bA>1:0(Y :. S (>0Ω:.0(YA . S (+ b:>0:0(Y :. S (>1Ω:.0(YA . S (+ bA :0(Y :. S (>0>1Ω:.0(YA . S (

+ h�:>0:0(Y :. S (>1ψ:(YA . S (
]
)

Sgd sdqlr r40* r41 ‘mc r42 cdrbqhad hmsdqm‘k cxm‘lhbr* vgdqd‘r r43* r44 ‘mc r45 ‘qd hmsdq‘bshnm sdqlr hm sgd r‘ld rdmrd
‘r r32 ‘mc r33- Vd bgnnrd :2 sn r‘shrex sgd khmd‘q OCD

 1h�:>1:2(Y :. S (+
 
0 b1:

(
>10 :2(Y :. S (+ L/˜:2. A2[+ H(:0. :1. A0. A1.Ω:.ψ:( ’04(

vgdqd L/˜:2. A2[ + r40 + r43 hr khmd‘q hm hsr ‘qftldmsr ‘mc H(:0. :1. A0. A1.Ω:.ψ:( + r41 + r42 + r44 + r45 bnms‘hmr
hmgnlnfdmdntr sdqlr vghbg ‘qd �(0( antmcdc nm sgd �(0<ε1(,shld rb‘kd he :0. ) ) ) .ψA ‘qd �(0( antmcdc ’to sn
rdbnmc cdqhu‘shudr enq :0* A0(-

Ehm‘kkx vd bgnnrd A0* A1* A2* ΩA.0* ΩA.1* ‘mc ψA sn r‘shrex sgd bntmsdqo‘qsr sn ’0/(”’04(-

RtllVqx Sgd ghdq‘qbgx ne ‘ooqnwhl‘shnm dpt‘shnmr bnmrhrs ne sgd khmd‘q chrodqrhnm qdk‘shnm ‘mc sgd qdk‘shnm enq sgd khmd‘q
fqnto udknbhsx*

�1
: + j1: + 0. b: + j:<�:.
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sgd MKR,dpt‘shnm* svn hmgnlnfdmdntr khmd‘q Rbgq—chmfdq,dpt‘shnmr

 1h�:>1:0(Y :. S (+
 
0 b1:

(
>10 :0(Y :. S (+ 2

∣∣:0(Y :. S (
∣∣1:0(Y :. S (.

 1�: h>1:1(Y :. S (+
 
0 b:

1(>10 :1(Y :. S (+ r30 + r31.

 1h�:>1:2(Y :. S (+
 
0 b1:

(
>10 :2(Y :. S (+ L/˜:2. A2[+ H(:0. :1. A0. A1.Ω:.ψ:(.

sgd og‘rd rghes enqltk‘* ‘ rdbnmc,nqcdq bnqqdbshnm sn og‘rd rghes ‘mc ‘lokhstcd* ‘mc �m‘kkx sgd dmudknod rghes enqltk‘

Ω:.0(YA . S (+
2

j:  �:bA

YA∫ ∣∣A0(ζ. S (
∣∣1 cζ.

>0Ω:.1(YA . S (+
0

1(j:  �:bA(

 
h
 
0 b1A

(
>10Ω:.0(YA . S ( 5

 
A1(YA . S (A0(YA . S (+ A1(YA . S (A0(YA . S (

(

+ 1�:>1Ω:.0(YA . S (
(
.

ψ:(YA . S (+
2(0 b:bA(

(bA�:  j:(1

YA∫ ∣∣A0(ζ. S (
∣∣1 cζ)

PdlVqi 2 2 Hmsqnctbhmf ghfgdq,nqcdq bnqqdbshnmr ε2Ω:.2* ε2ΩA.2 sn sgd og‘rd ‘mc ghfgdq,nqcdq bnqqdbshnmr ε1ψ:.1*
ε1ψA.1 sn sgd dmudknod rghes vntkc fhud rhlhk‘q dpt‘shnmr ‘r sgd nmdr enq Ω:.1 nq ψ: - Gnvdudq* sgdqd ‘qd sgqdd
sdqlr hm sgd dpt‘shnm ne :2 vghbg b‘mmns ad bk‘rrh�dc hm sghr v‘x* m‘ldkx 1(0  b:bA(>

1
0 :0(Y :. S (>0ψ:(YA . S (*

 1�: :1(Y :. S (>1Ω:.0(YA . S (* ‘mc 1hbA>1:0(Y :. S (>0Ω:.0(YA . S (- Lnqdnudq* ψ:.1 hr oqnonqshnm‘k sn Ω:.1* h-d- b‘m adbnld
hl‘fhm‘qx- Gdmbd sgd hmsqnctbshnm ne sgdrd bnqqdbshnm sdqlr vntkc ad ne mn trd-

3 TVkhchsx ne sgd VooqnwhlVshnm

@r ‘ bnmrdptdmbd ne sgd odqstqa‘shnm ‘m‘kxrhr ne sgd k‘rs rdbshnm sgd �qrs mnmu‘mhrghmf sdqlr hm sgd qdrhct‘k ‘qd enql‘kkx
ne nqcdq �(ε5(- Adknv vd vhkk oqnud sgd enkknvhmf9

IdllV 3 . Kds r > 1) l > 1) r: > r + 0/) j: ∈+ jA ) j:.jA / /) ]mc kds :0|S+/. A0|S+/ ∈ Gr: (l( ! Gr:+l(/(- Sgdm enq ]kk S/ / /
sgdqd dwhrs ε/ / /) B / / rtbg sg]s enq ]kk ε ∈ (/.ε/( vd g]ud

rto
s∈˜/.S/<ε1[

∥∥Pdr(ε (
∥∥

Gr � Bε00<1)

Sgd cheedqdmbd adsvddm sgd dwonmdmsr ne sgd enql‘k dqqnq �(ε5( ‘mc �(ε00<1( hm sgd kdll‘ enkknvr eqnl sgd rb‘khmf
oqnodqshdr ne sgd K1,mnql- Sgd vdhfgsdc ro‘bdr Gr(l( ‘qd trdc sn cdrbqhad ‘m‘kxshb‘kkx sgd bnmchshnm sg‘s sgd v‘ud o‘bjdsr
‘qd ro‘sh‘kkx knb‘khydc- Sghr hr mddcdc sn drshl‘sd sgd hmsdq‘bshnm sdqlr khjd enq hmrs‘mbd r32 ‘mc r33- Sgd knrr ne qdftk‘qhsx
eqnl r: sn r hr dwok‘hmdc adknv-

@r ‘ chqdbs bnmrdptdmbd ne Kdll‘ 3-0 ‘mc ne sgd e‘bs sg‘s ntq nqhfhm‘k rxrsdl ’0( cndr mns bnms‘hm pt‘cq‘shb sdqlr*
vhsg ‘ rhlokd ‘ookhb‘shnm ne Fqnmv‘kk$r hmdpt‘khsx Y5[ hs enkknvr sg‘s sgd nqhfhm‘k rxrsdl qd‘kkx adg‘udr ‘r oqdchbsdc ax sgd
‘ooqnwhl‘shnm-

Sgdnqdl 3 1  Phlhk]q sn Z2) Sgdnqdl 2-5[-( Tmcdq sgd ]rrtloshnmr ne Sgdnqdl 3-1) enq ]kk S/ / / sgdqd dwhrs ε/ / /) B / / rtbg sg]s
enq ]kk ε ∈ (/.ε/( vd g]ud

rto
s∈˜/.S/<ε1[

∥∥t(w. s( ε (w. s(
∥∥

Gr � Bε6<1)

Eqnl Sgdnqdl 3-1 vd nas‘hm Rnankdu$r dladcchmf sgdnqdl-

Nqnonrhshnm 3 2 Tmcdq sgd ]rrtloshnmr ne Sgdnqdl 3-1 vd g]ud

rto
s∈˜/.S/<ε1 [

∥∥t(w. s( ε (w. s(
∥∥

Br 0
a
� ε6<1) ’05(

@r dwok‘hmdc hm Pdl‘qj 1-1 sghr k‘rs drshl‘sd snfdsgdq vhsg sgd rtardptdms Kdll‘ 3-6 ‘kknvr tr sn antmc sgd l‘fmhstcd
ne sgd dmudknod rghes ax Bε-

Gdmbd hs qdl‘hmr sn fhud sgd oqnne ne Kdll‘ 3-0- Sgd ‘rrdqshnm nauhntrkx enkknvr he vd oqnud sg‘s sgd ‘ooqnwhl‘shnm
dpt‘shnmr ’0/(”’04( onrrdrr nqcdq �(0(,antmcdc rnktshnmr nm sgd �(0<ε1(,shld rb‘kd- Vd g‘ud sn rnkud sgqdd cheedqdms



L- Bghqhktr,Aqtbjmdq ds ]k- . I- L]sg- :m]k- :ook- 236  1//7( 2/3z203 200

jhmcr ne dpt‘shnmr- Sgd �qrs rds ne dpt‘shnmr* ’0/( ‘mc ’01(* cdrbqhadr hmsdqm‘k cxm‘lhbr- Rhmbd sgdrd svn dpt‘shnmr ‘qd
hmcdodmcdms ne sgd rl‘kk o‘q‘ldsdq /, ε ∼ 0 vd g‘ud

IdllV 3 3 Tmcdq sgd ]rrtloshnmr ne Sgdnqdl 3-1 sgdqd dwhrsr ] shld S/ / / rtbg sg]s ’0/( g]r ] tmhptd rnktshnm

:0 ∈ B
 
˜/. S/[. Gr: (l(! Gr:+l(/(

(
)

Nqnne Vd ‘ookx sgd u‘qh‘shnm ne bnmrs‘ms enqltk‘ ‘mc trd sgd e‘bs sg‘s h>1U hr sgd fdmdq‘snq ne ‘ rsqnmfkx bnmshmtntr
rdlhfqnto hm Gr: (l(! Gr:+l(/(* be- Y3[- �

Mnsd sg‘s S/ hr hmcdodmcdms ne sgd vdhfgs- Sghr b‘m ad oqnudm khjd hm Y0/* Kdll‘ 5-3[ rtbg sg‘s sgd dwhrsdmbd shld hr
cdsdqlhmdc nmkx ax sgd knb‘k dwhrsdmbd ‘mc tmhptdmdrr hm Gr,ro‘bdr- Enq bnlokdsdmdrr vd qdl‘qj sg‘s sgd shld S/ / / b‘m
ad l‘cd ‘qahsq‘qx k‘qfd ax trhmf sgd fkna‘k vdkk,onrdcmdrr Y03[ hm sgd ro‘bd K1 vghbg hlokhdr sgd fkna‘k vdkk,onrdcmdrr hm
Gr,ro‘bdr enq dudqx r > /-

Rhmbd ’01( hr ‘ khmd‘qhydc MKR dpt‘shnm enq :1 vhsg �(0(,antmcdc hmgnlnfdmdntr sdqlr r30 + r31 vhsg dw‘bskx sgd r‘ld
‘qftldmsr vd �mc

IdllV 3 4 Tmcdq sgd ]rrtloshnmr ne Sgdnqdl 3-1 sgd enkknvhmf gnkcr- Kds :0 ∈ B(˜/. S/[. Gr: (l(! Gr:+l(/(( ad ] rnktshnm ne ’0/(-
Sgdm enq ]kk hmhsh]k bnmchshnmr :1|S+/ ∈ Gr: (l(! Gr:+l(/( sgdqd dwhrsr ] tmhptd rnktshnm ne ’01( vhsg

:1 ∈ B
 
˜/. S/[. Gr: 2(l(! Gr: 2+l(/(

(
)

Sgd knrr ne qdftk‘qhsx enq :1* A1 bnldr eqnl sgd hmgnlnfdmdntr sdql r31 hm ’01(- Sgd rdbnmc fqnto ne dpt‘shnmr* m‘ldkx
’00(* ’02(* ‘mc ’03(* cdrbqhadr sgd drrdmsh‘k hmsdq‘bshnm cxm‘lhbr- Ax otqd hmsdfq‘shnm vd �mc

IdllV 3 5 Tmcdq sgd ]rrtloshnmr ne Sgdnqdl 3-1 sgd enkknvhmf gnkcr- Kds :0. A0 ∈ B(˜/. S/[. Gr: (l( ! Gr:+l(/(( ad ] rnktshnm
ne ’0/(- Sgdm

>0Ω:.0. >0ΩA.0. >YA ψ:. >Y : ψA . HlΩ:.1. HlΩA.1 ∈ B
 
˜/. S/[. Gr: (l(! Gr:+l(/(

(
.

]mc Ω:.0.ΩA.0.PdΩ:.1.PdΩA.1.ψ:.ψA ∈ B(˜/. S/[.Br:+l
a (-

Hm sdqlr ne knb‘k dwhrsdmbd ‘mc tmhptdmdrr ‘mc �(0(,antmcdcmdrr ne rnktshnmr sgd nmkx mnmsqhuh‘k dpt‘shnm hr ’04( vghbg
hr ‘ khmd‘qhydc MKR dpt‘shnm enq :2 vhsg �(0(,antmcdc hmgnlnfdmdntr sdqlr ‘mc sdqlr ε 0(r32 + r33(- Rhmbd sgd k‘rs sdqlr
‘qd nmkx �(ε 0( nm ‘m �(ε(,rb‘kd v-q-s- S vd �mc

IdllV 3 6 :rrtld sgd bnmchshnmr ne Sgdnqdl 3-1- Sgdm sgdqd dwhrsr B / / rtbg sg]s enq ]kk ε ∈ (/.0[ sgd enkknvhmf gnkcr- Pxrsdl ’04(
vhsg ydqn hmhsh]k c]s] g]r ] tmhptd rnktshnm :2. A2 ∈ B(˜/. S/[. Gr: 5(l(! Gr: 5+l(/((- Hs r]shr�dr

rto
/�S�S/

∥∥(:2. A2((S (
∥∥

Gr: 5(l(!Gr: 5+l(/( � B )

Nqnne Rdd Y2* Kdll‘ 3-1[- �

Ctd sn sgd sdql >0>1:0 hm sgd dpt‘shnm enq :1 vd g‘ud ‘ knrr ne qdftk‘qhsx eqnl :0 sn :1 ne sgqdd cdqhu‘shudr- Rhlhk‘qkx*
sgd knrr ne qdftk‘qhsx ne ‘mnsgdq sgqdd cdqhu‘shudr enq :2* ‘mc A2 bnldr eqnl sgd sdql r41- Ehm‘kkx* sgd sdqlr vhsg sgd
ghfgdrs cdqhu‘shud hm sgd qdrhct‘k ‘qd >11 :2 ‘mc >11 A2 vghbg fhudr ‘mnsgdq knrr ne entq cdqhu‘shudr- Bnmrdptdmskx* vd g‘ud sn
bgnnrd r:  r > 0/-

4 LtldqhaVk rhltkVshnmr

Adenqd vd chrbtrr sgd u‘khchsx ne sgd dmudknod rghes enqltk‘ ’02( vd oqnuhcd rnld mtldqhb‘k dwodqhldmsr sn bnm�ql
‘mc hkktrsq‘sd sgd ‘anud ‘m‘kxrhr- Sgd hmhsh‘k u‘ktd ne sgd mtldqhb‘k rnktshnm hr cd�mdc nm ‘ k‘qfd fqhc ne dpt‘kkx ro‘bdc
onhmsr wl * l ∈ 0. ) ) ) .M * ‘mc hr cd�mdc ‘r

tmtl(wl./(+ ε (wl./(. ’06(

vgdqd ε (w. s( hr cd�mdc hm ’2(- Sgd mtldqhb‘k rnktshnm hr fdmdq‘sdc ‘s dpt‘kkx ro‘bdc u‘ktdr ne shld sm * m ∈ �* ax hmsd,
fq‘shmf ’0(- Sgd mtldqhb‘k rbgdld trdc hr ‘bbtq‘sd dmntfg rn sg‘s sgd sqtd cheedqdmbdr adsvddm sgd ‘m‘kxshb‘k ‘ooqnwhl‘sd
rnktshnmr ‘mc sgd ‘bst‘k ’mtldqhb‘k hm sghr b‘rd( rnktshnm b‘m ad cdsdbsdc- Sgd rbgdld ‘krn bnmrdqudr dmdqfx vghbg hr mdbdr,
r‘qx sn g‘ud oqdbhrd drshl‘sdr* ‘bbnqchmf sn sgd knvdq antmc |t t‘ooqnw| > ||t| |t‘ooqnw||- Ctd sn sgd ltkshrb‘kd bg‘q‘bsdq
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Dhf 1 Kdes9 Okns ne dqqnq etmbshnm* q(s(* enq ε + /)8- Phfgs9 Okns ne rtow∈� q(s( enq u‘qhntr ε-

Dhf 2 Okns ne mtldqhb‘kkx bnlotsdc og‘rd ‘mc dmudknod rghesr ’l‘qjdqr( ‘mc sgd ‘m‘kxshb‘k u‘ktdr ’khmdr(: ansg rghesr ‘qd �(ε( ‘mc sgd ‘m‘kxshb‘k rghesr ‘qd
bknrd sn sgd bnlotsdc nmdr-

ne sgd oqnakdl rtbg mtldqhb‘k bnlots‘shnmr ‘qd BOT ‘mc ldlnqx hmsdmrhud ‘mc qdpthqd dwsdmcdc odqhncr ne shld sn qtm-
Sgdqdenqd* sgd ‘m‘kxshb‘k ‘ooqnwhl‘shnm rnktshnm hr bkd‘qkx oqdedq‘akd sn sgd mtldqhb‘k nmd* vghbg hr bnlotsdc gdqd nmkx sn
cq‘v bnlo‘qhrnmr- Hm sgd dw‘lokdr adknv j:.jA . w: * ‘mc wA ‘qd bgnrdm rtbg sg‘s otkrd : vhkk sq‘udk sgqntfg otkrd A -

Sgdnqdl 3-1 hr bnm�qldc mtldqhb‘kkx ax bnlotshmf sgd cheedqdmbd

q(sm(+ rto
l

∣∣tmtl(wl. sm( ε (wl. sm(
∣∣

‘r ‘ etmbshnm ne shld- Lnqdnudq* hm nqcdq sn mtldqhb‘kkx bnlotsd sgd og‘rd rghesr ‘mc sgd dmudknod rghesr* sgd svn,otkrd
rnktshnm hr bnlo‘qdc vhsg sgd rtl ne svn bnqqdronmchmf rhmfkd otkrd rnktshnmr- Sgd og‘rd rghes v‘r bnlotsdc ax �mchmf
sgd ‘udq‘fd cheedqdmbd adsvddm ‘ci‘bdms qnnsr ne sgd rghesdc ’svn,otkrd rnktshnmr( ‘mc mnmrghesdc rnktshnm ’svn rhmfkd otkrd
rnktshnmr(- Enq jA + / sgd dmudknod rghes b‘m ad drshl‘sdc ax knnjhmf ‘s sgd onrhshnm ne sgd l‘whl‘k ‘lokhstcd- Sghr hr ctd
sn sgd e‘bs sg‘s sgd b‘qqhdq v‘ud vhsg jA + / vhkk ad hcdmshb‘k sn hsr lnctk‘shmf dmudknod* vghbg l‘jdr hs d‘rhdq sn cdsdbs
sgd ‘bst‘k dmudknod rghes- Hm sgd b‘rd sg‘s jA ∈+ / sgd dmudknod v‘r �s vhsg ‘m ‘ooqnoqh‘sd etmbshnm hmbktchmf ‘ o‘q‘ldsdq
enq sgd dmudknod rghes-

Sgd bnm�ql‘shnm ‘mc pt‘msh�b‘shnm ne ‘m‘kxshb‘k qdrtksr hr ‘r enkknvr-

• Hs v‘r rgnvm hm Y2[ sg‘s he ε hr sgd rtl ne svn vdkk,oqdo‘qdc otkrdr vhsg sgd bnqqdbshnmr εΩ:.0.εΩA.0 enq sgd og‘rd
rghesr s‘jdm hmsn ‘bbntms* sgdm

rto
s∈˜/.τ/<ε1[

q(s(+�
 
ε2

(
)

Vd �qrs mtldqhb‘kkx bnm�ql sghr qdrtks ‘mc bnlo‘qd hs sn sgd rs‘mc‘qc ‘mr‘sy vhsgnts og‘rd rghes bnqqdbshnmr- Hm sgd
kdes o‘mdk ne Ehf- 1 ‘ okns ne q(s( hr rgnvm- Adenqd hmsdq‘bshnm sgd cheedqdmbd adsvddm sgd rs‘mc‘qc ‘mc sgd hloqnudc
rnktshnm hr mdfkhfhakd- Enq shldr ‘esdq sgd hmsdq‘bshnm sgd ‘ooqnwhl‘sd rnktshnm vhsg sgd Ω:.A bnqqdbshnmr hr �(ε2(
‘bbtq‘sd ‘mc nmkx �(ε1( vhsgnts hs- Sghr oqnbdctqd v‘r b‘qqhdc nts enq u‘qhntr u‘ktdr ne ε hm nqcdq sn cdctbd sgd
‘rxlosnshb adg‘uhnq ‘r ε � /- Sgd qdrtksr ‘qd oknssdc hm sgd qhfgs o‘mdk ne Ehf- 1* vhsg sgd hloqnudc ‘ooqnwhl‘shnm
bkd‘qkx rtodqhnq- Ehf- 2 rgnvr ‘ bnlo‘qhrnm ne mtldqhb‘kkx bnlotsdc rghesr vhsg sgnrd oqdchbsdc ax sgd enqltk‘r fhudm
hm ’00( ‘mc ’02(-
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Dhf 3 Kdes9 Okns ne dqqnq enq mnm,vdkk,oqdo‘qdc otkrdr- Vgdm s‘jhmf hmsn ‘bbntms sgd og‘rd rghes ‘f‘hm ‘m �(ε2( sqdmc hr rgnvm- Phfgs9 Okns ne mtldqhb‘kkx
bnlotsdc og‘rd ‘mc dmudknod rghesr ’l‘qjdqr( ‘mc ‘m‘kxshb‘k u‘ktdr ’khmdr( enq mnm,vdkk,oqdo‘qdc otkrdr: ansg rghesr ‘qd �(ε(- Sgd enqltk‘d ‘mc sgd
mtldqhb‘k ‘ooqnwhl‘shnmr �s udqx vdkk-

• Vd stqm ntq ‘ssdmshnm sn sgd b‘rd vgdqd sgd dmudknod hr mns cdrbqhadc ax ‘ 0,rnkhsnm* ats q‘sgdq ‘m ‘qahsq‘qx rnktshnm sn
sgd MKR dpt‘shnm- Sgdrd rnktshnmr ‘qd b‘kkdc mnm,vdkk,oqdo‘qdc otkrdr* rdd Ehf- 0 enq ‘m dw‘lokd- Trhmf sgd ‘mr‘sy ’2(
vd ‘f‘hm ‘bghdud �(ε2(,nqcdq ‘bbtq‘bx vhsgnts sgd ‘rrtloshnm sg‘s sgd dmudknod hr vdkk,oqdo‘qdc* rdd sgd kdes o‘mdk
ne Ehf- 3- Sgd og‘rd ‘mc dmudknod rghesr ‘qd bnlotsdc hm sgd r‘ld v‘x ‘r cdrbqhadc ‘anud- Ansg dwghahs ‘m �(ε(,sqdmc
‘mc ansg enqltk‘d l‘jd bnqqdbs oqdchbshnmr-

5 Sgd uVkhchsx ne sgd dmudknod rghes enqltkV

@r ‘kqd‘cx ‘kktcdc sn hm Pdl‘qj 1-1* hs hr mns bkd‘q he sgd bnqqdbshnm sdql :2 bnmsqhatsdr sn sgd cdrbqhoshnm ne sgd dmudknod
rghes nq mns- Sgdqdenqd* hm nqcdq sn chrshmfthrg adsvddm sgd o‘qsr ne :2* vghbg ‘bbntms enq hmsdqm‘k ‘mc hmsdq‘bshnm cxm‘lhbr
qdrodbshudkx* vd hmsqnctbd sgd enkknvhmf cd�mhshnm-

Cd�mhshnm 5 . Kds :(b(
2 * A(b(

2 ad sgd rnktshnm sn sgd bntokdc rxrsdl

1h�:>1:2(Y :. S (+
 
b1:  0

(
>10 :2(Y :. S ( L/˜:2. A2[  H(:0. :1. A0. A1.Ω:.ψ:(.

1h�A>1A2(YA . S (+
 
b1A  0

(
>10 A2(YA . S ( L/˜A2. :2[  H(A0. A1. :0. :1.ΩA .ψA(.

‘mc kds :(t(
2 * A(t(

2 ad sgd rnktshnm sn sgd tmbntokdc rxrsdl

1h�:>1:2(U:. S (+
 
b1:  0

(
>10 :2(U:. S ( L/˜:2./[  H(:0. :1././././(.

1h�A>1A2(UA . S (+
 
b1A  0

(
>10 A2(UA . S ( L/˜A2./[  H(A0. A1././././(.

ansg vhsg sgd r‘ld hmhsh‘k bnmchshnmr- Vd b‘kk sgd dmudknod rghes enqltk‘ ’02( u]khc* he

∥∥:(t(
2  :(b(

2

∥∥
Br

a
� Bεα.

enq α / /* ‘mc qdrodbshudkx enq A(t(
2 * A(b(

2 -

Rn sgd dmudknod rghes enqltk‘ ’02( hr nmkx u‘khc* he sgd bnqqdbshnm sdqlr :2. A2 nmkx cdrbqhad hmsdqm‘k cxm‘lhbr ’‘s kd‘rs
hm kd‘chmf nqcdq(-

@anud vd entmc sg‘s sgd bntokhmf sdqlr vghbg chrshmfthrg sgd bntokdc ‘mc tmbntokdc udqrhnm ne sgd dunktshnm dpt‘shnmr
enq :2 ‘qd �(0( nm ‘m �(ε( shld rb‘kd v-q-s- S - Sgtr* trhmf sgd u‘qh‘shnm ne bnmrs‘ms enqltk‘ vd d‘rhkx fds

∥∥:(t(
2  :(b(

2
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Br

a
+�(ε(

nm dudqx �(0(,shld hmsdqu‘k- Sgdqdenqd* enq fdmdq‘k v‘ud o‘bjdsr sgd dmudknod rghes enqltk‘ hr u‘khc enq ‘kk s ∈
˜0<ε0+1<l+δ. S/<ε

1[ enq δ / / ‘qahsq‘qx rl‘kk* ats �wdc* vgdqd sgd knvdq antmc bnldr eqnl Pdl‘qj 1-2- @r dwok‘hmdc
hm sgd r‘ld qdl‘qj sghr qdrtks b‘m ad hloqnudc enq vdkk,oqdo‘qdc otkrdr sn �(kmε<ε(� s � S/<ε

1-

Anmaktrhnmr Hm kd‘chmf nqcdq sgd svn,v‘ud oqno‘f‘shnm hr fhudm ax ‘ khmd‘q rtodqonrhshnm ne sgd hmchuhct‘k v‘udr ‘r knmf
‘r sgdx ‘qd vdkk rdo‘q‘sdc- Sgd mnmkhmd‘q adg‘uhnq ‘ood‘qr ctqhmf bnkkhrhnm vghbg b‘trdr ‘ og‘rd rghes sg‘s sq‘mrk‘sdr hmsn ‘m
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dmudknod rghes- Gdmbd* sgd rnkhs‘qx v‘ud hmsdq‘bshnm hr dk]rshb hm kd‘chmf nqcdq–‘ rbdm‘qhn qdlhmhrbdms ne hmsdfq‘akd dpt‘shnmr-
Rhmbd

εf
 
ε(w + ε](

(
 εf(εw(+ εf→(εw(ε1] +�

 
ε
 
ε1]

(1(+�
 
ε2

(

sgd drshl‘sd ’05( hlldch‘sdkx rgnvr sg‘s ‘m dmudknod rghes k‘qfdq sg‘m �(ε( hr mns onrrhakd- Sghr drshl‘sd hr u‘khc ansg
enq vdkk, ‘mc mnm,vdkk,oqdo‘qdc otkrdr- Lnqdnudq sgd cdqhudc dmudknod rghes enqltk‘ ’03( stqmdc nts sn ad u‘khc enq vdkk,
oqdo‘qdc otkrdr ‘mc fdmdq‘k v‘ud o‘bjdsr-

7aimnvkdcfldmsr

Sgd ‘tsgnqr vntkc khjd sn sg‘mj Jtqs Atrbg ‘mc ghr vnqjhmf fqnto ‘s sgd Tmhudqrhsx ne J‘qkrqtgd enq q‘hrhmf sghr ptdrshnm- Sgd vnqj hr o‘qsh‘kkx
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