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Abstract

The Diestel-Leader groups, described in Section 1.4, are a family of groups first introduced
in 2001 by Diestel and Leader in [7]. In this paper, we demonstrate that the Diestel-Leader
group ['3(2) is not almost convex with respect to a particular generating set S, defined in
Section 2.5. Almost convexity, described in Section 1.3, is a geometric property that has
been shown by Cannon [3] to guarantee a solvable word problem (that is, in any almost
convex group there is a finite-step algorithm to determine if two strings of generators, or
“words”, represent the same group element). Our proof relies on the word length formula
given by Stein and Taback in [10], and we construct a family of group elements X in Section
3.0.3 that contradicts the almost convexity condition. We then go on to show that I'3(2) is

minimally almost convex with respect to S, a geometric property also defined in Section 1.3.

This research was supported by NSF grant DMS-1105407.



Section 1

Introduction

1.1 Overview

We first show that the Diestel-Leader group I'3(2) is not almost convex with respect to a
particular generating set S.

Prior to the proof of this theorem, we provide an introduction to the notions of almost
convexity and minimal almost convexity. In order to do so, we first give basic definitions
of Cayley graphs and word length. We then provide an introduction to the Diestel-Leader
groups, paying special attention to the group I';(2), taken to be generated by a set we call S.
Harkening back to our description of Cayley graphs, we go on to show that the Diestel-Leader
graph DL3(2) is the Cayley graph of the group I'3(2) with respect to S. Having gained a
thorough understanding of I'5(2), the generating set S, and the Cayley graph with respect

to this generating set DL3(2), we reprove a word length formula on I'3(2), first given in [10].

These tools are sufficient for us to introduce a family of elements X that violate the almost

convexity condition, thereby disproving the almost convexity of I'3(2) with respect to S.

Finally, we show that the Diestel-Leader group I'3(2) is minimally almost convex with respect

to S.



1.2 Introduction to word length and Cayley graphs

Given a group G generated by a set S, the word length of an element ¢ is defined as the

minimal length of any string of generators representing g.

Given a group G generated by a set S, we can define a graph I'(G,S) (notation not to

be confused with that of the Diestel-Leader groups) as follows:

e Establish a bijective correspondence between group elements in G and vertices in

vert(I'(G, 9)).

e Draw an edge between the vertices corresponding to group elements that differ by a

generator s. Label that edge s.

— i.e. vy and v, are connected by an edge iff g = hs for some s € S.

Note that in the coming sections it becomes tedious to constantly distinguish between group
elements and vertices, so we will on occasion simply refer to vertices by the name of the group
element they correspond to. We will likewise refer to edges by the name of the generator
they are labelled by.

Notice that, for any group element g, a word that realizes the word length of ¢ will be
represented in the Cayley graph a minimal-length path from the identity to g (where length
is measured by number of edges traversed).

Cayley graphs are often studied as metric spaces, with a metric defined from the word length.
For a group G with word length formula [(g) relative to generating set S, the word metric
is given by

d(g,h) =1(g~"'h)

This correspondence allows us to think about groups as metric spaces.
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Figure 1.1: The almost convexity condition AC,. If the points shown above are in the Cayley
graph of a group G with respect to generating set S, then we say G is AC, with respect to S
if for any such x,y there exists a path 7, of length less than or equal to some fixed number
N that remains in B(n —1). We say G is minimally almost convex if for any such x,y there
exists a path v, that is strictly shorter than the path described by v2. That is, the length of
~1 is strictly less than 2n.

1.3 Introduction to almost convexity

The notion of almost convexity was introduced by James Cannon [3] in 1987. It is defined
for a group G, finite generating set S, and Cayley graph I'(G,S) with word length I(g) and
word metric d(x,y). The almost convexity condition ACy is satisfied when there is some
number N such that for sufficiently large n, for any two points = and y inside the ball B(n)
that are joined by a path of length £, there exists a path from = to y of length at most N
that lies entirely inside the ball B(n). A diagram of the property ACy is shown in Figure
1.1.

We say that a group is almost convex, or AC, with respect to a particular generating set if
it is ACy, for every k. Cannon [3] also showed that AC, implies AC, meaning that we only
have to concern ourselves with points that are joined by a path of length 2. Finally, Cannon

[3] showed that if a group is almost convex with respect to a given generating set, then it is



recursive with respect to that generating set, where recursive means there is an algorithm to
construct B(k) for any positive integer k. Such an algorithm can be used to determine if two
words represent the same group element, and thus solve the word problem—the question of
when two different words describe the same group element. For this reason, almost convexity
is a very useful property for a group to have.

The weaker notion of minimal almost convexity is a relaxation of the almost convexity
condition. We say a group is minimally almost convex (MAC) with respect to a particular
generating set if for any k£ and for any sufficiently large n, for any two points x and y inside
the ball B(n) that are joined by a path of length k, there exists a path from z to y of length
at most 2n — 1 that lies entirely inside the ball B(n). The notion encapsulated by minimal
almost convexity is that if we have two points = and y in the ball B(n), there is some path
between them that remains in B(n) that is shorter than the path described by simply going
from x back to the identity and then out to y. It is clear that if G is almost convex with
respect to some generating set .S, then it is also minimally almost convex with respect to S.
The MAC property is also illustrated graphically in Figure 1.1.

Cleary and Taback [6] have shown that the lamplighter group, described in the next section,
is not minimally almost convex. In addition, Belk and Bux [2] have shown that Thompson’s
group F'is not minimally almost convex, and Miller and Shapiro have shown that the solvable

Baumslag-Solitar groups are not almost convex [9].

1.4 Introduction to the Diestel-Leader groups

In 2001 Diestel and Leader [7] introduced a family of graphs, which came to be called the
Diestel-Leader graphs. The Diestel-Leader graphs are notated DLg(my, ma, ..., mg) for some
natural numbers d,mq, ..., m,. The Diestel-Leader graph DL4(mq,ma, ..., my) is a subset
of the Cartesian product of d trees, the first of valence m; + 1, the second of valence my + 1,

et cetera. The precise definition will be given for some concrete examples of Diestel-Leader



graphs in Sections 2.2 and 2.4.

These groups were first introduced as an attempt to produce a connected, locally finite, vertex
transitive graph that is not quasi-isometric with a Cayley graph of any finitely generated
group. Five years later, in 2006, Eskin, Fisher, and Whyte [8] showed that if m; # mqy then
the Diestel-Leader graph DLg(mq,m2) is not quasi-isometric with the Cayley graph of any
finitely generated group. But when m; = ma, the Diestel-Leader graph DLy (mq,ms) is the

Cayley graph of the lamplighter group with respect to a particular generating set.

It was later shown by Bartholdi, Neuhauser, and Woess [1] that DLg(m1, ma, ..., mg) is not
the Cayley graph of any finitely generated group if we do not have m; = my = -+ = my.
However, it is known that if my = mg = --- = mg and d < p+ 1 for all primes p dividing the

m;, then DLg(mq,ma, ..., my) is a Cayley graph of some finitely generated group. As these
are the only Diestel-Leader graphs we will concern ourselves with in this paper, we simply

write DL4(q) for DL4(q, q, ..., q), since each tree is assumed to be of the same valence.
We will write the group for which DLy(q) is a Cayley graph as I'4(q).

Interestingly, if m; = mgy = --- = my and d > p + 1 for some prime p dividing the m;, it is

still not known if DLg(my, ma, ..., my) is a Cayley graph of any finitely generated group.



Section 2

Background on Diestel-Leader Groups

In this paper we study convexity properties of one particular group in this family, I'5(2),

although our results will generalize to any Diestel-Leader group I's(q).

2.1 The lamplighter Group ['y(2)

The Diestel-Leader group I'5(2) is more commonly referred to as the lamplighter group, and
is usually denoted by L,. We will simply call it L. It is a simple example of a wreath
product, that is,

L =7517.

The family of lamplighter groups is given by L, = Z, 1 Z. 1t is particularly nice to study, as
there is a convenient visualization of elements of this group, using a diagram like the one in
Figure 2.1, called the lamplighter picture corresponding to a group element. The diagram is
meant to encapsulate a bi-infinite sequence of lamps with one placed at each integer point on
the number line, some finite number of which are illuminated, with a lamplighter positioned
at one of them. This group is denoted L, because the lamps are modeled on Zy—that is,

they can either be on or off. The lamplighter group L, has lamps with n distinct states.

10
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Figure 2.1: An element of L. The integer-indexed circles are meant to represent lamps, which
can be either on (solid) or off (empty), and the arrow is meant to represent the position of
the lamplighter. The infinite number of lamps not pictured are assumed to be off.

The identity is simply the element in which no bulbs are illuminated and the lamplighter is

positioned at 0. With this convenient visualization in mind, we unpack the definition of a

wreath product and express L as follows:

L=EP(Z)i %, Z

1€EZL

where p(n) € AUt(@(Zg)i) shifts the indices up by n.

The semidirect prozcelict of groups is by definition a group, so we know that L is a group.
An element of L looks like ((...0,0,1,0,1,1,1,0,0,...),n). The infinite tuple of 0’s and 1’s
is meant to contain the information of which bulbs in our picture are illuminated, and the
integer n represents the position of the lamplighter. In this notation, the element represented

by Figure 2.1 is ((...0,1,1,0,1,0,1,0...),3), where the first 1 is in the copy of Z, indexed
by 0 € Z.

The information captured in an element of the semidirect product can also be stored in a

matrix. For instance, L is equivalently defined by
L={(4) |z €Z Pelt,t ']}

The definition of L as a matrix group is the most useful one, as we will be using the matrix
presentation when we discuss its generalization, I'3(2). P is a polynomial in ¢ and ¢!

with coefficients from Z,. Beginning with an infinite tuple as above, a; in the i** position

11



becomes the term a;t* in the corresponding polynomial. So, P encodes which lamps are on.
The integer = is meant to represent the position of the lamplighter. In this notation, the
element represented in Figure 2.1 is (tg’ 1+t+f3+t5 ) The binary operation is standard matrix
multiplication:

(515 F)=("""9")

To see that the binary operation under this definition agrees with the binary operation under

the preceding definition, we include a sample calculation:

Example 2.1.1. Consider the group elements ((...,0,1,1,0,1,0,1,0,...),3) and

((...,0,1,1,0,...),—2), where the bar represents the copy of Zy indexed by 0 € Z.

Using the correspondence noted above, we see that these elements correspond to the matrices
(tg t72+t711+t+t3) and (%2 ’711“), respectively. First the product in the semidirect product

notation:
((...,(),1,1,(_],1,0,1,0,...),3)((...,0,1,1,0,...),—2):((...,0,1,1,1,0,0,1,0,...),1)

This element corresponds to the matrix (6 t_2+t_11+1+t3). We now check that the matrix

product agrees:

(tg t*2+t*11+t+t3 ) (tBQ t*11+1) — ((t) t(r1+1)+t*12+t*1+t+t3) — (6 t*2+r11+1+t3)

So multiplying matrices of the above form corresponds to semidirect product multiplication.

We wish to examine a Cayley graph for L, so we must determine a generating set and

presentation for the group.

A presentation that corresponds nicely with the lamplighter picture in Figure 2.1, and is

12



therefore somewhat intuitive, is given by

L=/{a,t|a®=¢eVi,jeZ: (tat™)tat™?) = Fat ) (tat™))

The generator a is meant to correspond with the action of switching a bulb on or off, and the
generator ¢ is meant to represent the action of moving the lamplighter one bulb to the right.
The relation a? = e can be understood to mean that toggling a bulb twice (i.e. turning it

on and then off again) has no net effect. The family of relations defined by

Vi,j €Z: (t'at™)(tat™) = (Fat ™) (t'at™)

encapsulate the notion that moving to a bulb at index 7, toggling it, returning to the origin,
moving to a bulb at index j, toggling it, and returning to the origin produces the same
element as instead toggling 7 first and then toggling i. That is, these “operations” commute.

In this notation, the element represented by Figure 2.1 is atat®at®at=2.

We can give an equivalent presentation of L in terms of matrices with entries in Zs[t, t7!],
using the generating set {(é %), (3 (1])} We can do some simple multiplication to figure out
which matrix in this presentation is meant to correspond to which generator in the previous

presentation. Take a generic element (tg r ) of L and compute

(5 5)(

) =(5"1")

O

So, in the polynomial of the resultant matrix, the Zs-coefficient of t* has changed, and the
exponent of ¢ is unchanged in the first entry. Recall that = is meant to encode the position of
the lamplighter, and the coefficient of t* in P is meant to encode the state of the bulb indexed

by x. So multiplying by this generator toggles the bulb at the position of the lamplighter—it

13



is equivalent to a in the above presentation. Multiplication by the other generator yields

(5 7)) =(""")

So, in the first entry of the resultant matrix, the exponent of ¢ has increased by 1, and
the polynomial is unchanged. Recall that the exponent of ¢ encodes the position of the
lamplighter. So multiplying by this generator moves the position of the lamplighter to the
right—it is the equivalent of ¢ in the above presentation.

Of course, the graph that we would like to investigate as a Cayley graph of this group is
DL4(2). In order to get that DLy(2) is a Cayley graph of L, we must choose an alternate

generating set to work with. The generating set we wish to use is

T={(51),(69)}

which corresponds to {¢,at} in our previous notation. Observe that this generating set

generates the same set of group elements as the above generators, because

BHED " =1,

We claim that DLy(2) is the Cayley graph of L with respect to T'. Before this claim can be

substantiated, we must first precisely define DLy(2).

2.2 The Diestel-Leader Graph DLs(2)

The Diestel-Leader graph DLy(2) is a subset of the Cartesian product of two binary trees.
Figure 2.2 shows the two trees with one sample point from DLy(2) marked. We must define
two height functions, which are maps h : T — R with Vert(7') mapping onto Z such that

each level is assigned a height value and adjacent levels of vertices are mapped to consecutive

14



—1
Figure 2.2: A picture of part of the Cartesian product of two binary trees. Note that we have
defined a height function h : T' — Z on each tree, and then lined the levels up by height.
The vertices in this Cartesian product are ordered pairs of vertices, one from each tree. The

graph DLjy(2) is a subset of this graph. The indicated point is one example of a vertex of
DLy (2).

integers. So call the height function on 77 “h;” and the height function on 75 “hs.” The

vertices of DLy(2) are defined by
Vert(DL2(2)) = {(Ul, Uz) S Vert(Tl) X Vel"t(Tg) | hl(Ul) + hQ(UQ) = O}

Using this fact we can readily see that the point indicated in Figure 2.2 is indeed in DLy (2).
We define the edges of DLy(2) as follows:

Edges(DLy(2)) = {((v1,v2), (w1, w2)) €(Vert(DL,(2)) x Vert(DL,(2)))”

| (v1,wr) € Edges(Th), (v2, w2) € Edges(Th) }

Figure 2.3 demonstrates that the valence of each vertex in DIy(2) is 4. This fact will become

important when we argue that DL, (2) is the Cayley graph of I'5(2) with respect to T.

2.3 Identification between L generated by 7" and DL,(2)

Recall from Section 1.2 that, to establish that DLy (2) is the Cayley graph of L with respect

to T, we must show that each element of L corresponds with a unique vertex in DLy (2), and

15



that for any ¢ € L and s € T, the vertex corresponding to g is connected by an edge to the

vertex corresponding to gs.

We identify group elements with vertices as follows:

Consider a binary tree with edges labelled as in 7} in Figure 2.4. Then, for any vertex v
at height k, there is a unique sequence of zeros and ones corresponding to the labels on the
edges from v to the parent of v, then to the parent above that, and so on. Notice that this
string will eventually be only zeros. In this way we can see that vertices of a tree can be

uniquely identified with an integer and a series of zeros and ones.

We now wish to give an identification procedure between elements of L and vertices of
DL4(2). It will use the same strategy, but we will need two sequences to pick out vertices in
two trees. So, for an element of L of the form g = (¥ ©’) we first use the integer k to obtain
two sequences of zeros and ones of the form (ag,ags1,...) and (ag_1,ar_2,...) where a; is
the coefficient of 2% in P. Note that there can only be a finite number of nonzero coefficients
in P, so both of these sequences become all zeroes after a finite length. The vertex associated
with this element will have height k in tree 1 and height —k in tree 2. So, we use the integer
k and the former sequence to identify a vertex in tree one as described above, and the integer

—k and the latter sequence to identify a vertex in tree two as described above. Since the the

height of the vertex in tree 1 is k and the height of the vertex in tree 2 is —k, this vertex is

h T T
1 ! d
0

1 b c . f

Figure 2.3: The marked vertex in DLy(2) is connected by an edge in DL3(2) to the vertices
(a,e), (a, f), (d,b), and (d,c).

16



Figure 2.4: The vertex in DLy(2) corresponding to (§#+14+17°)e I'y(2). The edges are la-

belled with zeros and ones to facilitate cross-referencing between the trees and the sequences
associated with the group element. It is important to note that we assume that the left side
of both trees is pictured-that is, the top node is a left child, as is its parent, and so on.

indeed in DLy(2).

We have noted in the caption of Figure 2.4 that the vertex indicated corresponds to the
group element (17 %), We can see that the associated strings for this group element are
(1,0,0,...) and (1,0,1,0,0,...). If we refer to Figure 2.4, it is plain to see that these strings

correspond with the indicated vertices as described above.

Now that we have an identification procedure between elements of L and vertices of DIy (2),
we must show that vertices of DLy(2) joined by an edge correspond to elements of L that
differ by a member of the generating set 7. We do so on the following page in Table 2.1. In
this table we can see that for any g € L and any s € T', the vertices corresponding to g and
gs are connected by an edge in DLy(2). So the four generators in 7' correspond to the four

edges from any given point in DLy (2).

We will now explore the generalization to the Diestel-Leader graph DIL3(2), which is a subset
of the Cartesian product of three binary trees. Once we have a handle on this graph we will
investigate the group for which it is a Cayley graph. That group is I'3(2) with respect to the

generating set S defined in Section 2.5.

17



Generator s

tk
(&

P
e

How to identify the vertex corresponding to

k
(to ]13) s in DLy (2)

(o 3)

tk+l P
(0 1)

Move up one edge in height in T,

move down along edge marked a;
(i-e. the coefficient of t* in P) in Ty

(03)

Move down along edge marked ay

(i.e. the coefficient of t* in P) in T7,
move up one edge in height in 75

k+1 k
(é 1) (t 0 r —{ ! ) Move up one edge in height in 77,
move down along edge marked a; + 1
(i.e. the opposite of the coefficient of t* in P)in T,
-1 k—1 k—1
(é 1) (t 0 r +1t ) Move down along edge marked a; + 1

(i.e. the opposite of the coefficient of t* in P) in T3,

move up one edge in height in 75

Table 2.1: Every generator in s € T, along with, for some arbitrary group element g,
instructions on how to find the vertex corresponding to gs from the vertex corresponding

with g.

2.4 The Diestel-Leader Graph DLj3(2)

DL;3(2) is defined analogously to DLy(2), as a subset of the Cartesian product of three trees of
valence 3: DL3(2) C T} x Ty x T3, where T}, Ty, and T3 are binary trees as in the construction

of DLy(2). We associate a height function with each tree, h; : T; — R as in Section 2.2, with

h;(Vert(T;)) = Z. The set of vertices of DL3(2) is given by

Vert(DLg(Q)) = {(Ul,vg,’Ug) € Vert(Tl) XVel"t(Tz) xVert(Tg) | hl(U1)+hQ(U2)+h3(U3) = —1}

18




There is a conspicuous —1 in this definition. Recall that in Section 2.2, we set the sum of
the heights of the vertices equal to zero. This was merely out of convenience; we could have
set this sum equal to any integer n and obtaining an isomorphic graph. In this setting we
need the sum to be equal to —1 to ensure that the group I'3(2) acts faithfully on the graph
DL3(2).

An edge connects two vertices of DL3(2) if and only if the two vertices differ by a single edge
in two of the trees and do not differ in the other tree.

We can see that moving along an edge in DL3(2) from point (v, v, v3) to point (wy, we, ws)
corresponds with moving up in height in one tree, moving down in height in another, and
staying fixed in the third as follows: let v = (vy,v2,v3) and w = (wy, ws, ws). We know
that if an edge connects v and w, they have one coordinate in common. Without loss of
generality, assume that v; = w;. Then vy and ws differ by an edge in T5. Again preserving

generality, assume that ho(ve) + 1 = ho(ws). Because both of these points are in DL3(2),

hl (Ul) + hg(’l}g) + hg(Ug) = hl (wl) + hg(UJQ) -+ hg(U)g).

Substituting, we get

hi(v1) + ha(v2) + ha(vs) = ha(v1) + ha(vz) + 1 + hs(ws)

so we can conclude that hz(vs) — 1 = hg(ws). One can now see that to get from point v to
point w, we must move up in height in tree 2 and down in height in tree 3, while not moving
in tree 1. Note the similarities between Figure 2.2 and Figure 2.5. Now we investigate the

group for which DL3(2) is the Cayley graph with respect to a particular generating set.
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T; 15 13

A0 D A

Figure 2.5: The Cartesian product of three binary trees. Note that we have defined a height
function h : T'— Z on each tree, and then lined the levels up by height. The graph DL3(2)
is a subset of this graph. We will soon see that the marked point will be associated with the
identity in I'3(2).

2.5 The Diestel-Leader Group ['3(2)

Generalizing the matrix representation of the lamplighter group L, we follow Bartholdi,

Neuhauser, and Woess in [1] and define and analogous group of matrices I'3(2) with two

t"(1+t)" P
formal variables, ¢t and 1+ ¢. In general, elements of I'3(2) are of the form
0 1

where a,b € Z and P € Zy[t,t™", (1 4+ t)~']. This group is generated by the following set S

of matrices:

+1 *1 +1 +1 +1 *1
t t 1
o 1+t 0 t 1 1+t 1 &0 Lo
0 1 0 1 0 1 0 1 0 1 0 1

It is with respect to this generating set that we will investigate convexity properties of I'3(2).

2.6 Identification between ['5(2) and DL3(2)

We now show that DL3(2) is the Cayley graph for I'3(2) with respect to the generating set

S presented in Section 2.5.
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t*(14+¢)° P
Let g € T'3(2) be given by , where a,b € Z and P € Zy[t,t™", (1 +t)71].
0 1

2.6.1 Associating group elements to vertices

Analogous to what we did in Section 2.3, we need to get from this matrix a height value
for each of the three trees, and we need to find a way to convert the information in the
polynomial P into three separate sets of instructions that uniquely determine a vertex in
each tree. To obtain height values, we use the top left entry t(1 + ¢)°. The height in the
first tree will be a, the height in the second tree will be b, and, since the vertex must be
in DL3(2), we must have the height in the third tree equal to —(a + b+ 1). To identify
particular vertices at these heights, we will first associate each tree with a formal variable.

Then, we

1. divide P into three separate polynomials, each in terms of one formal variable,

2. define an equivalence relation on polynomials, and use label the vertices of each tree

with an equivalence class, and

3. associate each polynomial from step 1 with an equivalence class, then locate the vertex

in the appropriate tree labelled by that equivalence class.

Each of these steps is described in a subsection, and the details of the identification are

justified in [1].

Dividing P into three polynomials

We first rewrite P in three different Laurent polynomials in one variable, one polynomial for
each of the formal variables ¢,1 4 ¢, and t~1. Note that each of these polynomials is infinite

in at most one direction—that is to say, each has a minimal exponent. In order to ensure
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the identification is consistent, we find the Laurent polynomial not of the polynomial P, but
instead of the polynomial ¢=%(1+¢)~°P, which we will call ). We denote these three Laurent
polynomials by L;(Q), L14+(Q), and Li—1(Q).

Consider a sample term ¢'(1 + ¢)7 in (). We show how to rewrite this term in each of our
three formal variables. It is crucial to remember in these calculations that the coefficients of

these polynomials come from Z,.

In terms of the formal variable ¢, rewriting will depend on the sign of j. If j is positive, it
is clear that t'(1 + )7 can be calculated using the binomial theorem, and is equal to some
finite polynomial in ¢.

If 5 is negative, then we observe that

which, since j is negative, can again be rewritten as a polynomial in ¢ that is infinite in one

direction. That is, there is a minimal degree n for which the coefficient of " is nonzero.

In terms of the formal variable 1 4 ¢, rewriting will depend on the sign of 7. If ¢ is pos-
itive, it is clear that t'(1+¢)? = (1+¢+(1+¢)°)*(14¢)7 can be calculated using the binomial
theorem, and is equal to some finite polynomial in 1 + ¢.

If 7 is negative, then we observe that t* = (t7*)~!. Since i is negative, ¢t is a positive power of
t and can thus be rewritten as above as a finite polynomial in (1+t¢). So ' = (t7%)~! is merely

the inverse of some finite polynomial in 1+¢. So it is equal to some finite polynomial in 14¢.
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In terms of the formal variable t~!, rewriting will again depend on the sign of j. If j is
positive, it is clear that t(1 +¢)/ = (¢71)7%(1 + (¢7!)~!)7 can be calculated using the bino-
mial theorem, and is equal to some finite polynomial in ¢t~

If j is negative, then we observe that

which, since j is negative, can again be rewritten as a polynomial in t~! that is infinite in one

direction. That is, there is a minimal degree n for which the coefficient of (#71)" is nonzero.

So for any term of (), we can rewrite in terms of any of the three formal variables. For a
sample calculation, skip ahead to the initial steps of Example 2.6.1. Therefore we can rewrite
the polynomial () in terms of any of the three formal variables. We call these polynomials in
one formal variable L;(Q), L14+(Q), and L,-1(Q). We must now multiply the term (1 +¢)°
back into the polynomials, to get (£*(1+¢)°)L(Q), (t*(1+¢)°) L14+(Q), and (t*(1+¢)°) L1 (Q).

We have seen above that we can still rewrite the resulting polynomial in terms of the desired
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formal variable. So we will use the following notation for the three polynomials in one formal

variable produced in this step:

0%7 f’?l-i-ta and 9%*1

where the subscript indicates which formal variable we have rewritten P in.

Labeling the vertices of binary trees with polynomials

We now define an equivalence relation on polynomials, and we label equivalence classes as
“balls”. Define B(P,2") to be the set of polynomials that agree with P on terms of degree
less than or equal to —(n 4 1). So if we fix n, we can have the same ball defined by many

different polynomials. For instance,

B(t,27%) = B(t+1*,27%) = B(t + » t',27%),
i>2
but
B(t,27%) # B(t+1,27?%).

This definition is meant to mimic the tree structure, with the exponent of 2 associated with
height—consider how B(0,27!) and B(1,27!) are distinct, but B(0,2°) and B(1,2°) are the
same. The relationship to binary trees is made explicit below.

We associate these balls with the vertices of the trees in DL3(2). Consider as an example
the tree associated with ¢; the procedure in the other trees will be analogous. For any height
value n, we can label the points at height n using polynomials in t. We label the leftmost
node at height n with the ball B(0,2"). The node to its right is labelled B(t",2"), and the

labeling is continued as in Figure 2.6.
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B(1,271)
B(t~1,271) B(1+t~1,271) B(t+t~1,271) B(t+1+t"1,271)

—1 ¥Bo,27)

Figure 2.6: One of the three trees of DL3(2), which we have associated with the formal
variable . We have also labelled the vertices with balls, or equivalence classes of polynomials.

Association between polynomials and vertices

Recall that the group element we are trying to associate with a vertex of DL3(2) is

t(14+t) P

0 1

where a,b € Z and P € Zy[t,t7',(1 + t)"']. We have seen that the height in the tree
associated with tree t is a, the height in the tree associated with tree 1 4 ¢ is b, and the
height in the tree associated with tree ¢t~! is —(a+b+1). Furthermore, we have seen in step

1 that we can get from P the polynomials

92@, D%H_t, and ,,%71,
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each of which is infinite in at most one direction. We associate these polynomials with balls

as described in step 2 as follows:

B(D%’ 27(1)7 B($1+t7 27b>, aIld B(.;Zé—l, 2a+b71)'

Finally, using the labeling described in step 2, we can find a unique vertex in each tree at

the specified height with a label equivalent to the ball in the appropriate formal variable.

Example 2.6.1. Let g € I'3(2) be defined by

(AT P+
’ 0 1
So Q= (B(1+¢)"H(t H(1+1)) =t

The first step is to identify the three Laurent polynomials .Z;(Q), £11+(Q), and .Z-1(Q):

Zi(P) =1,
Lu(P)=(1+1)*+1, and

L (P) = (17Y)2.

Now we can associate the polynomial with the balls

Bt(1+t)'(#*,27 in Ty,
Bt(1+t)"Y((1+)*+1),2") in Ty, and

Bt(14+t)"H (™2, 27 in Ty,
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which, after some arithmetic and using the equivalence relation, can be simplified to

B(0,271) in T7, because t(1 +1)7'(t?) = Z t', which has no terms of degree <0,

i>3
B(0,2") in Ty, because t(1 +) (1 +t)* +1) = (1 +)" "+ 1+ (1 +1) + (1 +1)?
which has no terms of degree < —2, and

B((t) 2+ () +1,27") in Ty, because t(1+¢)7 (7)) = Y _ (¢
i>—2
Now we can locate these points on DL3(2) using the labeling described in Section 2.6.1. So

this group element corresponds to the vertex

A A0 A

We have now seen that each group element can be matched to a vertex. It remains to
be shown that right multiplication by a member of the generating set corresponds with

traversing an edge in DL3(2).

2.6.2 Relationship between generators and edges

We show that for any g € T'3(2) and s € S, the elements g and gs correspond to vertices

t"(1+1t)° P
which differ by an edge in DL3(2). Consider some point g € I'3(2) given by
0 1

where a,b € Z and P € Zy[t,t7', (1 + t)7!]. Associate T; with the formal variable ¢, Ty
with the formal variable 1 + ¢, and T3 with the formal variable t=!. We show the result of

multiplying g by each generator in S in Table 2.2.

Instructions on how to find the vertex corresponding to gs starting from the vertex corre-
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sponding to g can be obtained from Table 2.2 in two steps:

1. To find the heights, refer to the third column, which says in which tree the vertex
associated with gs is one edge above the vertex associated with ¢, and in which tree
the vertex associated with gs is one edge below the vertex associated with g. These
changes in height are obtained by looking at the exponents in the top-left entry in the
product matrix (the second column), which, as we have seen, encode the height of the

vertices in each tree.

2. Notice that each pair of height changes in the third column appears twice. For each
pair with identical height changes, note that in one case there is a new term introduced
to the polynomial and in one case there is not. Recall that the polynomials encode the
position of the vertex in each tree. Referring back to Figure 2.6, we can see that two
nodes that share a common parent have labels that differ by exactly one term in the
polynomial defining the equivalence class. So, these two pairs indicate two different

ways to go down one edge (right or left) in the latter tree.
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Trees in which height
Generator s gs increases and decreases,
respectively
tl+t)~t 0 (141 P
< 0 1) 0 1 I, I
t(l+6)" T (1+¢)7T 1+ )T (1) T+ P
T17 T2
0 1 0 1
t 0 (1 +)° P
<0 1> 0 1 71, s
t 1 L1+ ) I+t + P T
0 1 0 1 b3
t=1(1+1¢) 0 1+t P
< 0 1) ( 0 1 2, I
t71<1_‘_t) 1 tafl(l_;'_t)bJrl tafl(l +t)b+P i
0 1 0 1 2
1+t 0 t* (1 4+ttt p
< 0 1) 0 1 T2 Ty
1+t 1 ta(1+t)b+1 ta( )b+1+P
( 0 1> ( 0 1 2, s
t=1 0 1+t P
( 0 1 ( 0 1 s, hh
T T T+ T4+ + P
(0 1 ) ( 0 1 s D
1+t)~1 0 1+t P
0 1 0 1 s, o
A+t —(1+t)1T 1+ (A4t P T
0 1 0 1 B 72

Table 2.2: Every generator in s € S, along with, for some arbitrary group element g, the
matrix corresponding to gs and the height differences between the vertices associated with
g and gs.
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We have seen in Section 2.4 that moving along an edge in DL3(2) corresponds to moving up
in one tree and down in another. As shown by Table 2.2, multiplying an arbitrary g € I'3(2)
by the each generator in S produces twelve group elements that correspond to the twelve
vertices connected by an edge to the vertex associated with g. So we have produced the de-
sired correspondence between generators and edges, and conclude that DL3(2) is the Cayley

graph of I'3(2) with respect to S.

We will introduce the following notation for our generators: fix a vertex g in DL3(2) such

1+t P
that g = . We let ¢;; denote the generator such that ge;; is located one
0 1

edge higher in tree ¢ and one edge lower in tree j, either preserving or introducing a term
to the polynomial (depending on the group element g). So, this generator can be seen in
DL3(2) as the label of the edge which contains the edge which increases in height in 7; and
decreases in height to the right in 7. Similarly let €;; denote the generator such that ge;; is
located one edge higher in tree ¢ and one edge lower in tree j, either failing to introduce or
removing a term from P. So, this generator can be seen in DL3(2) as the label of the edge
which contains the edge which increases in height in 7T; and decreases in height to the left in
T;. Notice that the precise generator that has these properties will vary based on g, but for
any group element g, there exists some generator with these properties. This notation will

henceforth be the only notation we use to refer to the generators in S.

2.6.3 The projection function

We now define a projection function IT from DL3(2) to (Z*)* which keeps track of some
combinatorial information describing the location of the vertex in all 3 trees. This projection
will be useful as it is much simpler to use than the matrix representation of group elements,

and it is sufficient to determine the word length of a group element (as shown below in
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Section 2.7, and was originally shown in [10]). It is defined by

II(g) = ((ma,h), (M2, 2), (M3, 13))

where (m;,[;) is defined as follows: find a path v from the coordinate of the identity in tree
1 to the coordinate of ¢ in tree 7. Since we are in a tree, this path is unique. We can see that
this path can be divided neatly into two subpaths: the path that strictly goes up in height
(call this v;), and the path that strictly goes down in height (call this v5). So m; is defined
as the length of v; (where length is measured by number of edges), and [; is defined as the
length of v5. That is, m; is how far up in height the path goes, and [; is how far down in
height from the highest point the path goes.

Notice that mq; — [; is the height in tree 1 and my — [y is the height in tree 2, since the
coordinate of the identity in trees 1 and 2 is at height 0. Similarly, m3 — I3 — 1 is the height
in tree 3, since the coordinate of the identity in tree 3 is at height —1. We defined the vertices

of I'3(2) such that their heights sum to -1. So (m; — 1) + (mg —ls) + (m3 — I3 — 1) = —1, or

m1+m2+m3:l1+12+l3 (2.1)

This equation will be key in many future calculations.

Notice that there is only one projection the corresponds to a unique group element:

H(e) = ((07 0)7 (07 O)’ (07 0))

Any point with a nontrivial projection coordinate must have a nontrivial /; value (by Equation
2.1), and there will be at least one other group element with the same projection but with

a different coordinate (at the same height) in tree i. This is demonstrated in Figure 2.7.
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T;

VAN

Figure 2.7: Notice that if g; and h; represent the coordinates of the vertices associated with
group elements g and h in 7;, respectively, then g and h are distinct group elements that
have the same projection coordinate in 7T;.

2.7 Word Length in ['3(2)

A general formula for the Diestel-Leader groups I';(¢) which computes word length with
respect to the generating set S was proven by Stein and Taback in [10]. In this section
we reprove their word length formula specifically for I'5(2). As mentioned above, this word
length formula relies solely on the combinatorial information contained in the projections of
the group elements. We will prove below that the word metric on I'3(2) with respect to S is

given by:

I(g) = minoess{mo(l) + g3y + max{my + ms + ms, Me(2) + la(z)}}-

The proof relies on the following lemma:

Lemma 2.7.1 ([10],Lemma 1). Given a group G with generating set S, letl : G — N be the

word length with respect to S. If f : G — N is another function satisfying:

1. f(g) = 0 iff g is the identity element of G.
2. For every g € G, we have l(g) > f(g).

3. For every nontrivial g € G there exists some s € S with f(gs) =1(g) — 1.
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then l(g) = f(g) for every g € G.

Proof. Let g € G, and suppose f(g) = n. Then by property (3) there exist s1,s,...,s, € S
satisfying f(gs12...5,) = 0. By property (1), g = s;'...s5's7", s0 I(g) < f(g). Hence by

property (2) we have I(g) = f(g). O

So we must show that the above function has the three properties listed in the lemma. We
now use Lemma 2.7.1 to show that Ir,() is indeed the word metric on I'3(2). To facilitate

use of this lemma, assume that w represents the word metric on I'3(2).

Theorem 2.7.2 ([10],Propositions 2,8). Let g be in I'5(2). Then the word length of g with

respect to the generating set S is given by

I(g) = Héisn{mau) + lo(3) + max{my + mg + m3, Mo(2) + lo2)} }
oES3

Proof. We show each of the three properties of Lemma 2.7.1 as follows:
Property (1):

First suppose I(g) = 0, i.e.
(ryréi;;{mo(l) + lo(3) + max{my + ma + m3, Mo2) + lo2)}} =0
Note that for any i € {1,2,3} we have m; > 0 and [; > 0, so
(rjléib%{mg(l) + ly(3) + max{my + mgy + ms, Me(2) + lo2) } } = 0 implies my + mg +m3 =0
regardless of o. Furthermore,

m1:m2:m3:01mpliesl1:l2:l3:0

by Equation 2.1. So I(g) = 0 implies II(g) = ((0,0),(0,0),(0,0)) = II(e). This projection
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determines a unique point in the graph, so it corresponds to a unique group element. That

is, I1(g) = II(e) implies g = e. Therefore,
l(g) =0 implies g = ¢
Now suppose that g = e.

l(e) = néisn{mg(l) + ly(3) + max{my + mqy + ms, Mo(2) + lo(2)}
o€S3

:négl}{0+0+max{0+0+0,0+0}}

=0.

So

g = e implies [(g) =0

We conclude that I(g) =0 iff g = e.

Property (2):

Following [10], we introduce the following notation:

lo(9) = Moy + loz) + max{my 4+ mqy + ms, Mo(2) + lo(2)}

Using this notation, {(g) = minyegs,{l,(g)}

We aim to show for every g € G that there is some o such that w(g) > I,(g). It will then
follow that for every g € G we have w(g) > I(g), since for every o € S3 we have [,(g) > I(g).
Let g be such that II(g) = ((mi,h), (m2,2), (m3,13)), and let  describe a minimal-length
path from e to g.

We define the three summits of v as follows:
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e s is the first point hy € v with I1(h;) = ((ml, 0), (a,b), (c, d)), where a,b,c,d € 7.
e s, is the first point hy € v with TI(h) = ((e, 1), (m2,0), (g, h)), where e, f,g,h € Z.

e s is the first point hy € v with II(h) = ((4, ), (k,1), (m3,0)), where i, j, k,l € Z.

If s; does not come before s, in 7, then rename the summits such that s; is the first summit
and sy is the second. Do the same with s, and s3. Note that these three points are distinct.
This can be demonstrated by contradiction as follows: assume s; = s5. Then consider the
point € v immediately preceding s;. If we assume x # s and x # sy, then II(x) has one of
two forms: either II(x) has tree 1 coordinates (m; +1,0), in which case we must have already
summited in sq, or II(x) has tree 1 coordinates (m; — 1,0), in which case by Equation 2.1
II(x) either has tree 2 coordinates (mg + 1,0) or has tree 3 coordinates (m3 + 1,0), i.e. we
have already summited in s, or s3. So if we assume s; = s then we have mislabeled one or

both of these points. We can apply the same argument to show that sy # s3 and s # s3.

Let v = 71727374, where:

~1 is the path from e to s;.

v is the path from s; to ss.

~3 is the path from sy to s3.

v4 is the path from s3 to g.

In the coming arguments we will be making inferences about the lengths of paths based on
the differences of certain projection coordinates. Recall that each generator in S corresponds
to an edge that goes up one edge in height in one tree and down one edge in height in another.
So for two group elements with a projection coordinate that differs by n, any path between
them must contain at least n generators, and therefore have at least length n. This type
of argument will be tacitly employed each time we make an inference about the length of a

path.
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We have labelled the summits in such a way that the desired permutation will be ¢, the
identity permutation. Since we saw that if [,(g) < w(g) for any o € S3 then I(g) < w(g), it

will suffice to simply show this property for I.(g).

l(g) = my + I3 + max{m; + mo + mg,ma + lo}

We consider two cases, based on which expression realizes the maximal term in the I.(g)
expression.
Case 1: Suppose that max{m + mg + mg, ms + lo} = my + mg + ms.

So

lg(g):m1+l3+m1+m2+m3

Consider 7v17v27v3. By the reasoning above, we have

length(v;) > my

Note that in order to preserve Equation 2.1, the sum of the height of the vertex in 75 and
the height of the vertex in 75 must have decreased by a total of m; at this point. Say we

decreased the height in 75 by n and the height in 75 by m; — n. Then

length(y2) > ms + n, and

length(vs) > ms +my — n.

Furthermore, there can be no overlap between -, and 73, because there is no edge of DL3(2)

that goes up an edge in two trees simultaneously. So

length(v1v273) > mq +mo+n+mg+my —n

:m1+m1+m2+m3
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Now consider v4. By the reasoning above,

length(y) > Iy

So

length(v) = length(y1727374) > my + I3 + my + mg + mg = l.(g)

By our choice of «y, we have w(g) = length(~), so

w(g) > 1.(g)

as desired.

Case 2: Suppose that max{m, + mg + mg, ma + lo} = mg + ls.
So

lo(g) =my+13+ma+ 1y

Consider ;7. By the reasoning above, we have

length(vy;) > my, and

length(vy,) > mo.

Furthermore, there can be no overlap between these two paths, because there is no edge of

DLj3(2) that goes up an edge in two trees simultaneously. So

length(’yl’yg) Z mq =+ mo
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Now consider the rest of v, namely ~374:

length(y374) > l2, because we must get to height mq — Iy in T3, and

length(73v4) > I3, because we must get to height mg — I3 in T5.

Furthermore, there can be no overlap between these two parts of the path, because there is

no edge of DL3(2) that goes down an edge in two trees simultaneously. So

length(ysys) > o + 3

So then

length(y) > mq + I3+ mg + Iz = 1.(g).

By our choice of «, we have w(g) = length(~), so

w(g) > l-(g)

as desired.

In either case, w(g) > l.(g), and we seen that I.(g) > [(g), so we conclude that w(g) > I(g).

Property (3):

Consider g # e € I's(2) with projection II(g) = ((m1, 1), (ma, ls), (M3, 13)).

General observation: If m; = mgo = m3 = 0 then [; + [5 + I3 = 0 by Equation 2.1, so then
if TI(g) is such that m; = ms = mg = 0, then g = e. So in general we can say that g # e
implies at least one of mq, mo, m3 is nonzero and at least one of [y, [5, [3 is nonzero.

Assume we have o € S3 such that ((g) = l,(g).

For ease of notation, assume o = ¢. It will be clear how to produce the necessary generators

38



for other values of o as well. So

l(g) = mq + I3 + max{m; + mqy + ms, my + l5}

We consider two cases, based on which expression realizes the maximal term in the I.(g)
expression.

Case 1: Suppose that max{m; + mg + mg,mo + lo} = ma + 2, so I(g) = my + 3+ mao + ls.

e Subcase la: If I, = 0 and I3 > 0, then my + 0 > my + mo + ms, so m; = mz = 0. But
then

la3)(g9) = ma < I3 + ma = l(g)
contradicting the assumption that [.(g) = I(g). So this case does not arise.

e Subcase 1b: If Iy > 0 then I(g) = my + 0+ my + I = my + I3 + mo + ls. Note that

H(gegl) = ((ml, ll + 1), (mQ, l2 — 1), (mg, lg)) SO

l(gea1) <le(ges) =mi+ls+me+lh—1=1(g)—1

e Subcase lc: If I3 = 0 then I(g) = my + may + l3. Recall from subcase la that we must

have Iy > 0. So then II(ges;) = ((ml, l1 + 1), (mg,ly — 1), (Mg, 13)). So

1(9621) < l€(g€21) =mp+me+lh—1= l(g) —1

Case 2: max{mj+my+ms, ma+Ils} = my+mo+ms, and thus I(g) = mi+I3+mq+mo+ms.

e Subcase 2a: If I3 > 0, then II(ges;) = ((ml, l1 + 1), (ma,ls), (ms, I3 — 1)) So

1(9631) S la(gegl) = m1+l3—1+m1+m2+m3 = m1+13—|—m1 —I—m2+m3—1 = l(g)—l
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e Subcase 2b: If I3 = 0, then it follows from the general observation that [; > 0 or Iy > 0.

Assume without loss of generality that [; > 0. So
l(g) :m1+0+m1+m2+m3 =mi +mi + Mo+ M3
Note that H(gélg) = ((ml, ll - 1)7 (mg, lg), (m3 - 1, 0)), SO

l(g€13> S ls(gélg) =mi + 0+ mi + Mo + M3 — 1= l(g) —1

So, in either case, there is a generator s such that {(gs) < I(g) — 1. Since g and gs are
separated by an edge in DL3(2), we must have [(gs) = [(g) — 1. We can run the above
argument assuming any o € Ss is such that I,(g) = [(g)-the generators produced in each
case will be the same as above but with subscripts permuted by o.

So we conclude that for every g € G there exists some s € S such that {(gs) = l(g) — 1.

We have now shown that [(g) satisfies the three properties of Lemma 2.7.1, so I(g) is the

word length function on I'5(2). O

We will just write [(g) to refer to the word length of a group element g, and we will say that
a permutation o € S3 realizes the word length of g iff [(g) = I,(g). Note that it is possible

for multiple distinct permutations in S5 to realize the word length of an element g.
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Section 3

['3(2) is not AC with respect to S

To show that I'3(2) is not AC with respect to S, we must define a family of elements that
will give rise to pairs of points that violate the ACy condition. That is, these pairs of points
lie in B(n) for some n, are connected by a path of length two, and there is no fixed constant
N such that all of these pairs can be connected by a path inside B(n) of length less that N.
We first introduce the following notation: for g with II(g) = ((m1,11), (ma, ), (ms,13)), we

let g; = (my,1;) for each i € {1,2,3}.

Let the family X C I's(2) be defined by
X={gels2)|(g) = ((z,z+1),2z + 1,22+ 1), (z + 1,z)),z > 1}
Theorem 3.0.3. The Diestel-Leader group I'3(2) is not almost convexr with respect to S.

Before proving the theorem, we show a lemma which will allow us to use the combinato-
rial information encoded in the projections to determine lower bounds on lengths of paths

connecting vertices in DL3(2).
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Lemma 3.0.4. If h, ' € ['5(2) are such that

H(h) = ((ml, ll), (mg, lg), (m37 l3)) and

() = ((m, 1), (m), 15), (mj, 13))

then

o ifl; =1.4+m for somei € {1,2,3} and m € Z, then |m| is a lower bound on the length

of any path from h to h', and

o if m; # m} for some i € {1,2,3} then l; is a lower bound on the length of any path
from h to h'.

Proof. Assume we have h,h' as above, with [; = I} + m for some m € Z. It follows from
the definition of DL3(2) in Section 2.4 that following any single edge of DL3(2) will change
the coordinate in 7; by at most one edge. So, in order for a path in DL3(2) to change the
coordinate in T; by m edges, it must contain at least m edges. That is, such a path must be

of length at least |m/|, as desired.

Now assume we have h,h' as above, and without loss of generality assume that m; > mj.
Furthermore, assume [; > 0, as the statement is trivially true when [; = 0. Consider the
subtree T}, of T; whose root is at the leftmost vertex at height m;. We can see that h; is in
the right subtree of T}, while A is in the left subtree of 7},. Since there are no closed loops,
any path v between these two coordinates must pass through the root of Tj,. So the length
of ~ is greater than or equal to the length of the path from the root of 7}, to h;, which by
definition has length equal to ;. So any path between h; and R in T; is of length greater
than or equal to ;. As observed above, this implies that any path in DL3(2) from h to A’

must have have length greater than or equal to [;, as desired. O]

We now prove the theorem:
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Proof. Assume g € X as defined above, i.e. 1I(g) = ((z,z + 1), 2z + 1,2z + 1), (z + 1, z))

for some x, and assume x > 0.

We will begin by showing that [(ges;) = l(ges1) = I(g) — 1. We compute word lengths below:

e [(9) =l.(g) = 6z + 2, as shown in the following table:
o l-(9) Simplified I, (g)
£ r+x+max{r+2r+1+x+1,20+1+4+22+ 1} 6x + 2
(12) 2t +1+r+max{r+2r+1+ax+1,z+2x+1} Tr+3
(13) |z+1+z+1+max{z+2x+1+2+1,20+1+22+1} 6z + 4
(23) r+2r+1+max{r+2r+1+x+1,z+ 14z} Tr+3
(123) 2r+1+c+1+max{r+2r+1+2+1,2+ 142} Tr+4
(132) r+1+2r+1+maxf{r+2x+1+2+1,z+2+1} Tr+4

e [(ges1) = l.(ges1) = 6z + 1, as shown in the following table.

Note that (ges;) = Il(gez1) = ((z, 2+ 2), 2z + 1,2z + 1), (z + 1,z — 1)).

o ly(gest) Simplified [, (ges;)
€ r+zr—1l+max{r+2r+14+2+1,20+1+22+1} 6z +1
(12) 2t +1+z—1+max{e+2zx+1+a+1,2+2+2} Tx +2
(13) |z+1+z+2+max{zr+2z+1+zx+1,2x+1+2x+ 1} 6x +5
(23) r+2r+1+max{r+2r+14+2+1c+1+z—1} Tr+3
(123) | 2z + 142+ 24+ max{z+2z+1+az+ 1, z+1+2—1} Tr+5
(132) r+1+2x+1+max{er+2x+14+2+1,2+2+2} Tr +4

Since ges; and ges; have the same projection, they must have the same word length. So, we

conclude that {(ges;) = I(gés1) =6z +1=1(g9) — 1.

Now assume 7 is a path from ges; to ges; such that v remains entirely inside the ball

B(l(g) —1). We produce a point h which must be on v by considering the three projections
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T

g1
/ \
(g€31)1 (gesi)

Figure 3.1: The relative positions in T3 of ges;, ges;, and g.

II(g), [1(ges1), and I1(ges; ).

First recall that

I(g) = ((z,z+ 1), 2z + 1,22+ 1), (z + 1,z)) and

M(gesi) = ((z, 2 +2), 2z + 1,2z + 1), (z + 1,z — 1)) = II(ges)

Since ges; and ges; differ only by their position in tree 1, that is, their coordinates in 7T}
share a common parent, any path connecting them in DL3(2) must pass through a point A
such that g; = hy. As proof consider a path in DIL3(2) between ges; and ges; which does
not contain such an intermediate point. We can see by our definition of the edges of DL3(2)
that connected paths in DL3(2) define connected paths in each tree. So such a path defines
a connected path in Ti-we can readily see from Figure 3.1 that such a path in 7} would
create a closed loop, and therefore must not exist. Since g; = hy, we have hy = (z,x + 1).

Case 1: Assume that we can write
II(h) = ((z,z+1),(2z + 1,204+ 146),(x + 1,z — 0)) for some — (2z+1) <J <=

Since v stays completely inside the ball B(I(g) — 1), the point A must be inside this ball.
We will use this fact to produce a lower bound on |§|. We have that h is inside the ball,
so l(h) < I(g), or I(g) — l(h) > 0. Recall that [(g) = 6z + 2. We can no longer say which
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permutation realizes I(h), so we must test each of them. We first test four permutations,
produce a lower bound on |d| based on these four, and then verify that this lower bound

holds for the other two permutations as well.

o Sign of ¢ lo(h) Simplified I, (h) | I(g) — l5(h)
1 € + r+xr—0+2x+14+2x+149 6z 4 2 0
2 € - r+r—0+r+2r+1+x+1 6r+2—06 o
3| (12) | Irrelevant 2e+14+2r—-d0+ax+2x+1+2+1 Tx+3-9 —r—149§
4| (13) + c+l+z+1+20+1+20+1+6 62+ 446 335
5 (13) - r+1l+zrx+14+c+2x+1+2+1 6x + 4 -2
6 || (132) | Irrelevant | z+ 142z +1+5+2x+2x+1+2+1 Tx+4+4+9 —r—2—-9§

We can see that no ¢ in rows 1,2/4, or 5 can realize the word length of h, as ((g) — ,(h) <0
and we have seen that [(g) —I(h) > 0. So if h is inside the ball, then the only permutations
in the above table that can realize [(h) are those in row 3 or row 6. That is, I(h) = l12)(h)
or I[(h) = lasz)(h).

If I(g) — la2)(h) > 0, we must have —z — 1+ 6 > 0 and therefore § > z + 1.

If I(9) — lasz2)(h) > 0, we must have —x —2 — ¢ > 0 and therefore § < —(z + 2).

So if any of the permutations in the above table realize the word length of h we must have
0] > = + 1.

We are seeking a lower bound of d, so to test the remaining two permutations, we assume
6] < x4+ 1. Notice that the maximal expression in both the l23)(h) and the l123)(h)

expressions is

max{r +2x+1+z+1,2+14+2—0}

=max{4r + 2,20 + 1 — 0}

Because [0] < x 4 1, we can say that 4z +2 > 2z + 1 — §. So the maximal term in both
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expressions will be 4x + 2.

o ly(h) Simplified l,(h) | I(g) — l,(h)
1] (23) |z+2c+1+0+4x+2 Tr+3+9 —r—1-9¢
2 (123) |2z +14+2+1+4x+2 Tr +4 —r —2

We can see clearly that I(g) — l(123)(h) < 0, so this scenario does not arise. Furthermore,
since we assumed |0| <z + 1, we can see that —z —1—0 < 0. So I(g) — l(23)(h) < 0 as well.

So, assuming |§| < x 4+ 1, we can see that neither of these permutations realizes [(h).

Combining the above, we get that if h is in the ball B(I(g) — 1), then |§| > = + 1. Since
h € =, the path v must contain a subpath from ges; to h, which by Lemma 3.0.4, has a

length of at least x + 2. So 7 has length at least = + 2.

Case 2: Assume that we cannot write II(h) as above. That is, either the first coordinate of

ho or the first coordinate of hy differs from the corresponding coordinate in I1(g).

Case 2a: Assume the first coordinate of hy differs from the first coordinate of gs. Since
g2 = (ges1)2, the first coordinate of hy differs from the first coordinate of (ges;)s. Then by

Lemma 3.0.4, the length of any path between ges; and h is bounded below by 2x + 1.

Case 2b: Assume the first coordinate of hs differs from the first coordinate of g3. Since the
first coordinate of g3 equals the first coordinate of (ges1)s, the first coordinate of hg differs
from the first coordinate of (ges;)s. Then by Lemma 3.0.4, the length of any path between

ges; and h is bounded below by =z — 1.

Again because v contains a subpath from ges; to h, we conclude that the length of ~ is at

least x — 1. In either case, the length of v is bounded below by x —1. Thus for any N, we can

select g € X such that II(g) = (N 42, N+3),(2(N+2)+1,2(N+2) + 1), (N + 3, N +2)).
Then the elements ges; and ges; cannot be connected by a path of length less than N + 1

inside the ball of radius I(ges;). So I';(2) is not ACs, and therefore not almost convex. [
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Section 4

['3(2) is MAC with respect to S

4.1 Proof Overview

We wish to show that I'3(2) is minimally almost convex with respect to S, i.e. that for every
pair of points of word length n joined by a path of length two, there exists a path between

them remaining inside the closed ball of radius n, whose length is at most 2n — 1.

We will begin by identifying every pair of points of word length n joined by a path of length
two such that the intermediate point on the path is of word length n+ 1. These are precisely
the points described in Figure 1.1. Note that if the intermediate point on the path is of
length less than n + 1, it represents a fixed-length path that stays inside the required ball.
So in this way we will enumerate every point for which it is actually necessary to produce a

path of length less than 2n — 1.

Our method for finding all of these points is to identify for each point g € I'3(2) every
generator s € S with the property that [(gs) = I(g) — 1. Each of these points gs, assuming
there is more than one of them, will represent an endpoint of a path we must produce, which
stays inside the closed ball B(l(gs)) and is of length less than 2[(gs) — 1. This process is

carried out in three main cases, called the two-zero, one-zero, and no zero cases. These names
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are based on the number of ;’s in II(g) that are equal to zero. Notice that the three-zero
case would consist solely of the element g with II(g) = ((0,0), (0,0), (0,0)) (due to equation

2.1), which is the identity and does not give rise to any of the pairs we are interested in.

The two-zero case deals with g € I'3(2) such that II(g) = ((ma,l), (m2,0), (ms,0)). In
this case, we must handle the possibility of some of the m;’s being zero in separate claims.
The one-zero case deals with g € I's(2) such that II(g) = ((ma,h), (m2,2), (m3,0)). In
this case it is not important whether m; or my are 0, but we must investigate the case
where mg = 0 separately. Finally, the no-zero case deals with g € I's(2) such that II(g) =

((ma, k1), (ma,l5), (ms, 13)). In this case it does not matter if any m; is 0.

The results of these sections will be enough to describe any element of g up to permutation.
That is, to find out which generators s have the property that for ¢ € I'3(2) such that
I1(g) = ((m1,0), (M2, l2), (m3,0)) we have I(gs) = I(g) — 1, we can still use our result from
the two-zero case, we merely need to apply the permutation (12) to the subscripts of each
generator. The idea of proofs and results being the same up to permutation will arise again

in the coming sections.

Note that we will be using the following notation: my,(g) is the coordinate m, in II(g). If
we are comparing two group elements g and ge;; such that we know m,(g) = m,(ge;;), we
will simply write m,,. Note that this notation can sometimes look similar to the word length
formula of an element—so we must remember that [,(g) for some ¢ € S is an expression

dealing with word length of g, while [,(g) for some = € {1,2,3} is a coordinate from II(g).

Also make note of the following lemmas, the first of which simplifies the process of determin-
ing when multiplication by a generator decreases word length. It will be used in the one-zero

and no-zero cases, as well as when we go on to build paths.

Lemma 4.1.1. Let g € I'5(2) and s € S. If there is a 0 € S5 such that I,(gs) = I(g) — 1

then l,(gs) = 1(gs).
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Proof. Assume we have o such that [,(gs) = [(g) — 1, and by way of contradiction assume
that there is some 7 € S5 such that I.(gs) < l,(gs). So l;(gs) < I(g) — 2, and since
l(gs) < .(gs) we can see that I(gs) < [(g) — 2. So we have found two elements of I'3(2) that
differ by a single generator, whose word length differs by more than one. So [ must not be
the word length function for I';(2) generated by S, contradicting Section 2.7. We conclude
that there is no such 7. So then for any other 7 € S5 we have I.(gs) > l,(gs). Therefore o

is minimal, i.e. I,(gs) = I(gs), as desired. O

The next lemma is a property on the ordering of the maximal terms m; + msy + m3 and

Mg(2) + lo(2)-

Lemma 4.1.2. Let g € I'5(2) and let {i,j,k} = {1,2,3}. IfII(g) is such that

my +mg +mg < m; +[; then my + mg +ms > m; + l; and my + mg +mg > my, + .

Proof. Assume without loss of generality that i = 1, j = 2, and k£ = 3, and assume by way
of contradiction that m; + mqy + ms < my; + 1 and my + ma + ms < mq + 5.
So 2(m1 +m2—|—m3) < my +m2—|—ll —|—l2

From Equation 2.1 we have mi +mqy +ms — I3 =11 + Is.

So
2(m1+m2+m3) <m1+m2—|—m1+m2+m3—l3
mi + Mo + M3 <m1—|—m2—l3
ms < —lg
Since projection values are nonnegative, this is a contradiction. O]
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4.1.1 Two-Zero Case

In this section, we will enumerate all generators s € S with the property i(gs) = I(g) — 1

under the assumption that II(g) is of the form ((ml, l1), (m2,0), (ms, O))

So assume II(g) = ((ma,h), (m2,0), (m3,0)). We will first concern ourselves with the case

where [; = 1 in the following two lemmas:

Lemma 4.1.3. IfTI(g) = ((1, 1), (0,0), (0, 0)) then e1s, €12, €13, and €13 are the only genera-

tors s such that l(gs) = 1(g) — 1.

Proof. Clearly I(g) = 2, so any point of word length I(g) — 1 must be a generator.

We can see that II(ge12) = II(gei2) = ((1,0), (0,1),(0,0)) = e12.

Similarly II(gei3) = (ger3) = ((1,0),(0,0),(0,1)) = exs.

The product of g and any other generator will have a projection with nonzero m-coordinates

in two trees, and is therefore not a generator. O

Lemma 4.1.4. IfII(g) = ((0,1),(1,0),(0,0)) or II(g) = ((0,1),(0,0),(1,0)) then the only

generator that decreases word length is g 1.

Proof. 1f TI(g) = ((0,1), (1,0), (0,0)) then g = es, and if II(g) = ((0,1),(0,0), (1,0)) then
g = é31.
In either case I(g) = 1, so the only point at word length I(g) — 1 is the identity.

Because inverses are unique, ¢! is the only generator that decreases word length. O

Finally note that the three projections in Lemmas 4.1.3 and 4.1.4 are the only possible
projections in the two-zero case with [; = 1, as a result of Equation 2.1.

So we assume [; > 1. We also assume ms and ms are nonzero. We will handle the case in
which some of these values are zero separately.

First we simplify the word length formula for this case by enumerating the possible values

over all 0 € S3. We will use the fact that, from Equation 2.1, m; + mq + ms = [;:
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o ls(g) Simplified I, (g)

€ my + max{my + my + mz, mo} myi + my + mg + mg

(12) | mg + max{m, + mg + mg,my + 1 } mo + mq + mq + ma + ms

(13) | m3 + i1 + max{my + mo + m3, ma} | m3 + mq + mg + ms + my + my + ms

(23) my + max{m; + my + mg, m3} my +my + me +ms

(123) | mg + 11 + max{my + mg + ms, ms} | my +my + mg + mgz + my + mq + ms

(132) m3+max{m1 + mo + ma, my +l1} ms + M1 + My + Mg + M3

So for any o € S3, we can see by direct comparison that [. < 1,(g), and therefore I.(g) = l(g).
So in the two zero case,

I(g) = m1 +my +my +ms (4.1)

Proposition 4.1.5. For g as above and any generator s € S, we have that [(gs) = 1(g) — 1

iff s ==¢€15 or s =¢e3

Proof. We show the biconditional by enumerating all generators and explicitly showing which
ones reduce word length. First consider those generators e;; such that ly(ge;;) = 0 and
ls(ge;;) = 0. Because we have assumed that [; > 1, we know that the word length formula
specified in equation 4.1 will hold for ge;;. We enumerate those generators and compute
corresponding word lengths in Table 4.1. Notice that only €5 and €;3 subtract 1 from the
word length of g, given in Equation 4.1. The remaining generators not in the above table are
given in Table 4.2. Let s be one of the generators in Table 4.2. Since each of the generators
has the property that either ly(gs) # 0 or l3(gs) # 0, we can no longer apply Equation 4.1.
Instead we divide the problem into two subcases, based on which term is maximal in the

l(gs) expression. Assume we have I(gs) = l,(gs) for some o € S;. First note that

I(gs) = me(1)(95) + lo(3)(9s) + max{my + ma(gs) + ms(gs), Me(2)(95) + lo(2)(95)}
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| Generator s | Differences between I1(g) and II(gs) |

I(gs)

€12 li(gei2) = li(g) — 1 my +my +ma(g) — 1+ mg
may(geiz) = ma(g) — 1

€13 li(geiz) =li(g) — 1 my +my +mo +ms(g) — 1
mz(geiz) = ms(g) — 1

€23 ma(gezs) = ma(g) +1 my +my +ma(g) +1+ms(g) — 1
m3(geas) = ms(g) — 1

€32 m3(ges2) = ma(g) +1 my +my + ma(g) — 14+ ma(g) +1
ma(gesz) = ma(g) — 1

521 ll(gégl) = ll(g) -+ 1 mi + My + mg(g) -+ 1 + ms
ma(gear) = ma(g) +1

€91 ll(gegl) = ll(g) -+ 1 mi + my + mg(g) + 1 + ms
may(gear) = ma(g) +1

€31 li(gesi) = lLi(g) +1 my +my +mg +ms(g) +1
ms(gesi) = ma(g) +1

€31 li(gesi) = lLi(g) +1 my +my +mg +ms(g) +1
ms(gesr) = ma(g) +1

Table 4.1: List of generators that do not change the value of Iy or [3.
’ Generator \ Projection ‘
€12 [I(ge1n) = ((ml, l1 — 1), (ma, 1), (ms, 0))
e13 II(gei3) = ((ml, [ — 1), (ms,0), (ms, 1))
€93 [I(geqss) = ((ml, 1), (ms+ 1,0), (ms, 1))
€32 [I(gess) = ((ml, 1), (ma, 1), (ms + 1, O))
Table 4.2: The generators not listed in Table 4.1.

Case 1: max{my + ma(gs) + ms3(gs), Mo2)(95) + lo2)(95)} = Mo(2)(95) + lo(2)(g5).

In this case mq(2)(95) + lo(2)(95) = m1 + ma(gs) + ms(gs) implies o(2) = 1, since [ and

I3 are at most 1, and ms(gs), ms(gs) > 0.

And l1(g) = mq + ma(g) + ms(g), as noted above.

So

l(gs) =

mo(l)(gs) + 1o (3) (gs) + max{m + ma(g) +ms(g), m1 + l1(g)}

Me1)(98) + lo3)(gs) + max{my + ma(g) +ms(g), m1 + lL(g)}

.S = €93

.S = €39

Mo1)(9) + lo(z)(g5) + max{ms +ma(g) +ms(g),m1 + li(g) — 1} :s5=-e, €3

Notice that my + {1(g) = m1 + mq + ma(g) + ms(g) = l(g), so we can see right away
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that [(gess) > I(g) and I(gess) > I(g). Furthermore, since my(1)(g) > 1, we also have

I(ge12) = l(gews) > 1(g).

Case 2: max{my + ma(gs) + ms(gs), Ma(2)(95) + lo(2)(gs) } = M1 + ma(gs) +ms(gs).

In this case my(2)(95) + lo2)(95) < m1 + ma(gs) + ms(gs) implies o(2) # 1, since

l1 = my + mg + m3 and may(gs), msz(gs) > 0. So o(1) =1 or 6(3) = 1. We examine the
cases

separately:

Case 2a: o(1) =1

Then I(gs) = mi(9) + lo@)(gs) + mu + ma(gs) + ms(gs) = U(g).

Case 2b: 0(3) =1

So

(g5) Me(1y(g5) + li(g) +my +ma(g) + ms(g) 1S = €33,€39
gs) =
Moy (9) +1i(g9) — 1 +mi +ma(g) + ms(g) 5= ez, €3

Since [1(g) = mq1 + ma(g) + ms(g), we can see I(geas) > I(g) and I(ges2) > I(g), and
furthermore since each o(1) = 2 or 3 and my(g), m3(g) > 1 we have I(gei2) > I(g) and

I(gei3) > 1(g) as well.

We have shown that, regardless of what form the word length formula takes, i(gs) > I(g)
where s stands for any of the above 4 generators. So we have enumerated all generators
s € S, and found that exactly two of them have the property that [(gs) = (g) — 1: €2 and

€13. So then for any g as above, we can say [(gs) = I(g) — 1 iff s =€ or s = &3. O

We now move on to enumerate exactly which generators s have the property that [(gs) =

I(g) — 1 in the cases in which some m,; values are zero:

Lemma 4.1.6. If g is such that I1(g) = ((m1,h), (0,0), (m3,0)) and s is any generator then

l(gs) =1(g) — 1 iff s ="¢€12, s = €12, Or s = €13.
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Proof. The proof is almost identical to the proof of Proposition 4.1.5, with 0 substituted for
mo, with the exception of the s = ej5 case. To see that this generator also decreases word
length, simply observe that II(gei2) = ((mq,l1 — 1),(0,1), (m3,0)) = II(ge12), so l(ge12) =
l(ge12) = U(g) — 1. O
Lemma 4.1.7. If g is such that I1(g) = ((m1, k), (m2,0), (0,0)) and s is any generator then

l(gs) =1(g) — 1 iff s =12, s = €13, or s = €13.

Proof. The proof is identical to the proof of Lemma 4.1.6, with the permutation (23) applied

to all subscripts. O

Lemma 4.1.8. If g is such that I1(g) = ((0,1,),(0,0), (m3,0)) and s is any generator then

l(gs) =1l(g) — 1 iff s =23,

Proof. The proof is almost identical to the proof of Proposition 4.1.5, with 0 substituted for
my and msy, with the exception of the s = €15 case. To see that this generator no longer
decreases word length, simply observe that II(ge12) = ((0,1; — 1), (0,1), (ms,0)) = II(ge),
so l(ge12) = l(gerz) # U(g) — 1 0
Lemma 4.1.9. If g is such that I1(g) = ((0,1), (m2,0),(0,0)) and s is any generator then

l(gs) =1(g) — 1 iff s =eys.

Proof. The proof is identical to the proof of Lemma 4.1.8, with the permutation (23) applied

to all subscripts. O

Claim 4.1.10. If g is such that Il(g) = ((ml,ll), (0,0), (0,0)) and s is any generator then

l(gS) = l(g) -1 Z[fS = €19, 613,612, or 613.

Proof. The proof is almost identical to the proof of Proposition 4.1.5, with 0 substituted for
ms and mg, with the exception of the s = ej5 case and the s = e;3 case. To see the word
length does decrease in both of these cases as well, simply apply the arguments from the

proofs of Lemmas 4.1.6 and 4.1.7. O
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4.1.2 Omne-Zero Case

In this case we will be considering g € I's(2) such that II(g) = ((ma, 1), (ma, l), (m3,0)),
where [y, [5, and m3 are assumed to be nonzero. We will deal with the case when mz = 0 in
a series of corollaries. We will say of any g with a projection of this form that it satisfies the

“1 zero condition.”

Proposition 4.1.11. For g satisfying the 1 zero condition, if o € S is such that l(g) = l,(g)
then 0(3) = 3. That is, o € {e,(12)}.

Proof. Assume that I(g) = [,(g) for some o € S.

First note that ms + l3 < my + my + mg, because I3 = 0.

We proceed by trying all permutations 7 € S3 and both maximal terms within the [,(g)
expression. In this way we enumerate every possible form that the [(g) expression can take,

in Table 4.3

I l-(g) |
€ my + max{m; + mq + mg, my + lo}
(12) ms + max{m; + mq + mg, my + 1}
(23) mi + l2 + max{m1 + mg + M3, mg}
(13) | ms + 1 + max{my + mgs + msz, mg + l2}
(123) ma + 11 + max{my + msy + ms, ms}
(132) | m3 + Iy + max{my + mg + mg,my + l1}

Table 4.3: Every possible form of [(g) for g satisfying the one-zero condition.

We have now enumerated all possible values for [(g). Notice that I.(g) < l@3)(g9) and
laz) < l123), 50 1(g) # li23)(g) and I(g) # l123)(g). Unfortunately, we cannot simply com-
pare the other expressions directly. Instead, we can consider the problem in cases based on
which term is maximal. Recall that my 4+ mo + m3 > mg + I3. The other potential maximal

expressions can compare to one another in the following four ways:

Case 1: m1+m2+m3§m1+l1 andm1+m2+m3§m2+l2.
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By Lemma 4.1.2 we have m; + mg + m3 = my + Iy or m; + mo + m3 = mso + ls. So this

scenario is covered by case 2 or case 3.

Case 2: my+ 11 <mq+mo+mg < mo+Is.
Then, given o, we know what the maximal term will be, and we can enumerate the possible

values of I(g) as follows:

o l-(g)

15 m1+m2+12

(12) Mo + M1 + Mg + M3

(13) ms + ll + mo + lg

(132) m3+l2+m1+m2—l—m3

Direct comparison to I.(g) rules out /(139)(g).

So we consider I(13)(g):

las)(g) = ms +mo + (Ih + lz) = mg +mg +my +mg +mg > my +my +ma + mg = l12)(g).
So las)(9) > laz)(9)-

So l(g) = l=(9) or l(g) = lu2)(9)-

In either case, 0(3) = 3.

Case 3: moy+ 1l <my +mae+mg <m;+1;.
Then, given o, we know what the maximal term will be, and we can enumerate the possible

values of I(g) as follows:

o lo(9)
£ mi + myq + mo + ms
(12) meo + mq + ll

(13) m3+l1+m1+m2+m3

(132) ms + lQ +mq + ll
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Direct comparison to l(12)(g) rules out /(13)(g).

So we consider l(132)(g):

las2)(g) = ms +my + (I1 + o) = m3 +my + my + mg +mg > my +my +me +mz = 1.(g).
S0 ls2)(9) > l(9)-

So I(g) = l(g) or U(9) = lu)(9)-

In either case, 0(3) = 3.

Case 4: mq + 11 < my +mg +mg and my + Iy < my + mg + ms.
Then, given o, we know what the maximal term will be, and we can enumerate the possible

values of I(g) as follows:

o la(g)

e my + my1 + mg + ms3

(12) Mo + My + Mg + M3

(13) ms + 11 +mq + mg + mg

(132) ms + 12 + mi +mg + M3

First consider l(139)(9):
lasy(9) = ms + Iy + (my +mg +mg) > mg + (I + 1) +my > mg + my + mg +ms + my
> my + my +mg +msz = 1(g).
So lasz)(9) > I=(9)-
Now consider l(13)(9):
las)(9) = mg + L + (M1 + ma +mg3) > mg + (I1 + lz) + ma > mg + mq + ma + mg + my
> mg +mi+ma+ms = l2)(g).
So l(13)(9) > l(lz)(g)-
So l(g) = I=(g) or I(g) = lu2)(9)-
In either case, o(3) = 3.

So 0(3) = 3 for the minimal o. O
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Corollary 4.1.12. For g € I's(2) with II(g) = ((m1,11), (ma, l5), (0,0)),

e l(g) =I(9) = l(132)(9)7 or

o l(g) = l(12)(g) = l(13)(g)

and 1(g) # l(23)(9), la23)(9)-

Proof. Assume Il(g) = ((ml,ll), (ma, o), (0,0)), where mq, [y, ma, l > 0.

First note that I(g) # l23)(g) and I(g) # ln23)(g) by the same logic as in the proof of
Proposition 4.1.11.

First note that m; + mq = [1 + l3, which will be used in the following calculations.

First we show l.(g) = l132)(9):

So

le(g) = my + max{my + mg,ms + lo}
=my +max{l; + lo, mg + [}
=my + ly + max{ly, mo}
= ly +my + max{ma, 1 }
= ly + max{my + ma,mq + 1}

= las(9)

So I-(g9) = la32)(9)-

Next we show [(12)(9) = l13)(9):
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So

l(12)(9) my + max{m + ma,my + 1}
= mgy + max{l; + lo,m + [1}

= mgy + [ + max{ly, m }

= Iy + mg + max{my, o}

= Iy + max{my + mg, my + lo}

= 1(13) (9)

So l(u)({]) = l(13)<g) -

Note that Corollary 4.1.12 allows us to conclude that for any g with

I(g) = ((ml, l1), (ma,12), (0, 0)),

the word length [(g) is realized by ¢ or (12).

We now wish to find for ¢ satisfying the one-zero condition, which values of i,j € {1,2,3}
the generators e;; and €;; will have the property l(ge;;) = I(g) — 1 or I(ge;;) = l(g) — 1,
respectively. We begin with a series of propositions that identify circumstances in which
particular values of 7, 7 will never have this property. The first two propositions together say

that no generator of the form es; or es; will have the property {(gs) = I(g) — 1.

Proposition 4.1.13. For g satisfying the 1 zero condition and j € {1,2}, we have

I(ges;) = U(g) and I(ges;) = U(g).

Proof. The following proof is for the generator es;. However, in this case II(ges;) = [I(ges;),
so the same argument will work for es;.

We know ms(ges;) = ms(g) + 1. Furthermore, since j # 3, we know [3(ges;) = l3(g) = 0.
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So Proposition 4.1.11 applies to both group elements. We divide the proof into four cases

according to which permutations in {e, (12)} minimize the I(g) and I(ges;) expressions:
Case 1: Assume I(g) = l.(g) and [(ges;) = l-(ges;).

So

l(g) =mi + lg(g) -+ max{m1 + mq + m3(9>,m2 + lg(g)}

and

l(ges;) = mq + l3(ges;) + max{m; + mao + ms(ges;), ma + la2(ges;) }

Since ms(ges;) = ms(g) + 1 and l3(ges;) = I3(g) = 0, we can say

l(g) =m; + max{m1 + mq + mg(g),m2 + lg(Q)}

and

l(ges;) = mq + max{m; + ma + m3(g) + 1,m2 + l2(ges;) }

Since j # 3, we know that l5(ges;) > l2(g). So, regardless of which term is maximal, we have

max{m1 -+ mo + mg(g), mo -+ lz(g)} S max{m1 -+ mo + TTL3(Q> -+ 1, mo —+ lg(g€3j)}

So then direct comparison shows [(g) < I(ges;).
Case 2: Assume [(g) = [-(g) and [(ges;) = l12)(ges;).

First note that I(g) = [.(g) implies l12)(g) > l(9), i.e.

mo + maX{m1 + mg +ms(g), my + l1(9)} > my + max{m1 + mgy + ms(g), ma + 52(9)}

We can see that

l(ges;) = mo + max{m, + mqy + ms(ges;), m1 + li(ges;) }
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Since ms(ges;) = ms(g) + 1 and Il3(ges;) = l3(g) = 0, we can substitute to get

I(gesj) = my + max{m; +mg + ms(g) + 1,m1 + l1(ges;) }

Since j # 3, we know that [y (ges;) > l1(g). Combining the above, we get

I(g9) < lu2(g) = me + max{m; +my +ms(g), m1 +1(g)}

< my + max{m; + me +ms(g) + 1,m1 + l1(ges;)} = I(ges;)

So then [(g) < I(ges;).

Case 3: Assume I(g) = l12)(g) and I(ges;) = l-(ges;).
This case is analogous to case 2, with the permutation (12) substituted for € and replacing
1 with 2 and 2 with 1 in all subscripts of coordinates.

Case 4: Assume I(g) = l12)(g) and I(ges;) = la2)(ges;).
This case is analogous to case 1, with the permutation (12) substituted for € and replacing
1 with 2 and 2 with 1 in all subscripts of coordinates.

Regardless of minimal permutation, we have [(ges;) > I(g). O

We now show that e;3 and ey3 do not have the property ((gs) = l(g) — 1 for any g satisfying

the 1 zero condition:

Proposition 4.1.14. For g satisfying the 1 zero condition, l[(gei3) > 1(g) and l(gess) > 1(g).

Proof. Consider ej3. For this generator we have

(gews) = ((ma,1(g) — 1), (mg, 15), (M3, 1))

We cannot appeal to Proposition 4.1.11, so we enumerate the values of [,(gej3) over all

o € S3 in Table 4.4.
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’ o ‘ Maximal term in TI(g) ‘ lo(gers) l+(9)

m1 + mo + ms m1 + 1+ my + mg 4+ mg3 mi1 +mi1 +mg +ms
mao + lg m1+ 1+ mg+ o my + mo + I
(12) mi + meo + ms mo + 14+ m1 + mo + mg3 meo + mi1 + mo + ms
(12) m1 +11(g) ma +1+my +1i(g) —1or ma +my + l1(g) or
mao + 1+ mq + mg + ms mg +mq + mg +m3
(13) m1 + mo + ms ms3 +11(g) — 1+ my + ma + m3 m3+ll(g)+m1+m2+m3
(13) ma + lg ms +11(g) —1+ma+ 1o ms + 11(g) + ma + l2
(23) m1 + mo + ms mq +lo +mq +mo +mg mi + ls + mq + mo +mg
(23) ms N/A (ms3 can’t be maximal) N/A
(123) m1 +ma +ms3 ma +1l(g) —1+m1+ma+m3 | ma+1i(g) +mi+ma+m3
(123) ms N/A (ms3 can’t be maximal) N/A
(132) mi + mg 4+ ms3 m3 + Iy +m1 4+ ma + mg3 m3 + la +my +my +m3
(132) m1 +11(g) ms+1lo+my +1i(g) —1or ms + lo +my +11(g) or
m3 + lo +m1 + mo +mg3 mg + lo +my + ma + mg

Table 4.4: Values of [,(gei3) and I,(g), for both possible maximal terms in II(g), over all
o c Sg.

From Proposition 4.1.11, we know that for each o ¢ {e,(12)} we have I(g) < l,(g) and so

l,(g) —1>1(g). So, for each o & {e,(12)}, regardless of maximal term, we can say that

lo(ge13) > lo(g) — 1 > 1(g)

Furthermore I.(ge13) = I.(g9) + 1 > I(g) for both maximal terms arising when o = &, and

la2)(gers) > laay(g) > l(g) for both maximal terms arising when o = (12). So

I(ge13) > U(g)

Now consider eg3. For this generator we have

H(gegg) = ((ml, ll(g) + 1), (mg, 12), (mg, 1))

We cannot appeal to Proposition 4.1.11, so we enumerate the values of [(gess) over all o € S

in Table 4.5.
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’ o ‘ Maximal term in TI(g) ‘ lo(geas) l+(9) ‘

m1 + mo + ms m1 + 1+ my + mg 4+ mg3 mi1 +mi1 +mg +ms
€ ma + l2(g) my +1+mg+1la(g) —1or my + mg + l2(g) or
m1 + 1+ mq +mg 4+ mg3 mi1 +mi +mo +ms
(12) my + mg + ms3 mg + 1+ my +mg + mg may 4+ my + ma + ms3
(12) mi1+ 1 me +14+mq+ 1 mo +m1 + 1
(13) mi1 + mo + ms msg + 11 +mi1 +mg + ms mg + 11 +m1 +mo + ms
(13) ma + l2(g) mg + 11 +mo +12(g9) — 1 or ms + 11 + ma + l2(g) or
ms + 11 +mq +mg +m3 mg + 11 + m1 +mo + ms
(23) mi + mg + ms3 my +1l2(g) — 1 +mq +ma +m3 | my +la(g) +my +ma +ms3
(23) ms N/A (ms3 can’t be maximal) N/A
(123) my1 + ma + ms3 mao + 1 + m1 + ma +m3 ma + 11 +m1 + ma + ms
(123) ms3 N/A (mg can’t be maximal) N/A
(132) my + mg + m3 m3 +la(g) — 14+ m1 +mo+m3z | m3+1l2(g) +m1 +mo +ms3
(132) my + 1 ms+1l2(g) — 1+m1 + 14 ms + la(g) + m1 + 1

Table 4.5: Values of [,(geas) and I,(g), for both possible maximal terms in II(g), over all
o c Sg.

Again from Proposition 4.1.11, we know that for each o ¢ {e, (12)} we have I(g) < l,(g) and

s0 ly(g) —1 >1(g). So, for each o & {¢,(12)}, regardless of maximal term, we can say that

lo(geas) > 1o(g) — 1 > 1(g)

Furthermore [.(ge2s) > 1.(9) > Il(g) for both maximal terms arising when o = &, and

la2)(ge2s) = la2)(g) + 1 > l(g) for both maximal terms arising when o = (12). So

I(geas) > U(g)

The next proposition enumerates scenarios in which the generators e, and €15 do not have

the property I(gs) = l(g) — 1.

Proposition 4.1.15. If g satisfies the 1 zero condition and is such that I(g) # la2)(g) then

l(ger2) = U(g) and l(ge12) = U(g).
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Proof. The following proof is for the generator e;5. However, in this case I1(ge;2) = I1(ge2),
so the same argument will work for €.

Assume g is such that I(g) # la2)(9)-

We can see that I1(g) and II(ge1s) are such that l1(ge1n) = l1(g) — 1 and lo(ger2) = l2(g) + 1,
and every other coordinate is the same.

So l(g) = l-(g) = mi+max{m;+ma+ms, ma+Ils(g9)} < mo+max{mi+mo+ms, mi+11(g)},
so then [(g) < mg + max{my + my +ms, mi +l;(g)} — 1.

We divide the problem into cases based on which o realizes the word length of gei5. Note

that, because l3(ge12) = l3(g) = 0, by Proposition 4.1.11, 0 = € or 0 = (12).

Case 1: I(ger2) = l-(geia).
So

l(ge12) = my + max{ms + mqy + mgz, ms + lo(ge12) }
= my + max{my + mg + ms, ms + lo(g) + 1}
> my + max{m; + ms + ms,ma + l2(g)}

= 1(g).

So l(ge12) > U(g).

Case 2: I(ge12) = l12)(ge2).
So

[(ge1a) = ma + max{my + my + mg, my + l1(ge12)}

= my + max{m; +mq +ms,my +1(g) — 1}.

Notice that max{m; + mq + msz,m; + l1(g9)} — 1 < max{m; + mq + mz,my + l1(g) — 1}.
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So

l(g) < mg+ max{m; +mo+ mg,my +1(g9)} —1
< mgy + max{m; +mg + mg,m1 + l1(g) — 1}

= l(ge12).
So l(ge12) > U(g). O

We now show a similar result for ey; and €.

Proposition 4.1.16. If g satisfies the 1 zero condition and is such that l(g) # l-(g) then

l(gear) > U(g) — 1 and l(gear) > I(g) — 1.

Proof. The proof of Proposition 4.1.16 follows the reasoning of the proof of Proposition
4.1.15 exactly, with every permutation multiplied by (12) and every projection coordinate

subscript and generator subscript permuted by (12). O

Corollary 4.1.17. The results of Propositions 4.1.13, 4.1.15, and 4.1.16 all hold if

II(g) = ((ma,h), (m2,12),(0,0)) as well.

Proof. Simply note that none of the proofs of Propositions 4.1.13, 4.1.15, or 4.1.16 relied on

mg being nonzero. ]

We now wish to enumerate exactly when the rest of the generators s have the property
l(gs) = 1l(g) — 1. We approach the problem casewise. For g satisfying the 1 zero condition,
Proposition 4.1.11 tells us that there are two permutations that can realize I(g). So we
consider the problem in three cases: when only e realizes word length, when only (12)

realizes word length, and when both permutations realize word length.

Theorem 4.1.18. If g satisfies the 1 zero condition and [(g) = l.(g) = l12)(g) then:
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o l(gen) = U(g) — 1 and I(gex1) = I(g) — 1 iff ma + la(g) > my + ma + ms
o I(ger) = U(g) — 1 and I(gers) = I(g) — 1 iff mq + l1(g) > my + ma + ms
* l(ges) = I(g) —1
* (gex) =1(g) —1

e Any generator s not noted above does not have the property l(gs) = l(g) — 1 under any

circumstances.

Proof. Since I.(g) = l12)(g) we know that

mg + max{my + ma + ms(g), m1 + l1(g9)} = my + max{my + ma + ms(g), ma + l2(g)}

First, we can eliminate six generators that we know will not have the property ((gs) = I(g)—1

as follows:

* l(gesz) = U(g),

* l(ges) = U(g),

e [(gesy) > 1(g), and

e [(ges1) > I(g) by Proposition 4.1.13, and
e [(gei3) > 1(g) and

e [(gess3) > I(g) by Proposition 4.1.14.

The remaining 6 generators we consider individually:

Consider e;; and e3;. For these generators we have

II(gear) = M(gear) = ((ma,l1(g) + 1), (ma, la(g) — 1), (3, 0))
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so from Proposition 4.1.11 we know that [(ges;) and [(gés;) are minimized by € or (12). The

corresponding expressions are below:

la2) (gear) = la2) (g€21) = mao + max{my + mg +mg,my + l1(g) + 1} > l(g)

l(gear) = l-(g€21) = my + max{my + mo + ms, ma +l2(g) — 1} < (g)

We proceed using es;. The same argument works for €.

If (12) realizes I(ges1) then I(gesr) > U(g).

But if € realizes [(gea;) then [(gear) = I(g) — 1 only if ma + l5(g) > my + mo + ms.
Notice that if mg + l3(g) > mi + mg + mg then I.(gea) < I(g9) < la2)(gea), and so
e realizes [(gea; ).

So

ma + la(g) > my + may +mg —> ¢ realizes [(ges;)

and

e realizes [(gea1) = l(ge21) = (g) — 1 only if ma + l2(g) > my + ma + ms

So if ma + l2(g) > my + ma + mg then [(ges) = 1(g) — 1 and I(gea) = I(g) — 1.

Consider e;3 and €;2. For these generators we have

M(ge1) = M(ge12) = ((m1,l1(g) — 1), (M2, la(g) + 1), (m3,0))

so from Proposition 4.1.11 we know that [(ge2) and [(gé;2) are minimized by € or (12). The

corresponding expressions are below:

le(ge12) = l(ge12) = my + max{my + my + mg, ma + lo(g) + 1} > l(g)
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laz)(gerz) = laz)(gi2) = ma + max{m, + my +ms,my + l1(g) — 1} < I(g)

We proceed using e15. The same argument works for €;s.

If ¢ realizes I(ge12) then I(gei2) > I(g).

But if (12) realizes I(geis) then I(geis) = I(g) — 1 only if mq + I1(g) > mq + ma + ms.
Notice that if m; + 11(g) > mi + my + ms then l12)(gei2) < l(g) < l.(gei2), and so
(12) realizes l(geis).

So

my + l1(g) > m1 +mg +mg = (12) realizes [(ge12)

and

(12) realizes l(ge12) == l(ger2) = l(g) — 1 only if my + l1(g) > mq + ma + mgs

So if my + 11(g) > my + ma + m3 then [(ge1n) = U(g) — 1 and I(ge12) = I(g) — 1.

Consider €;3. For this generator we have

H(géli’») = ((mbll(g) - 1)’ (mQ’ l2)7 (m3(g) - 170))

Note that

1(12)(9513) = mg + max{m; +my +mz(g) — 1,m1 +1l:(g) — 1} = l(g) — 1

so by Lemma 4.1.1, €;3 decreases word length.
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Consider €53. For this generator we have

H<gé23) = ((m17l1)7 (valQ(g) - 1)’ (mS(g) - 170))

Note that

le(g€a3) = my + max{my + mg +m3(g) — 1,ma +1l2(9) — 1} =1(g9) — 1

So by Lemma 4.1.1, €535 decreases word length.

We have now considered every generator. O

Corollary 4.1.19. IfII(g) = ((m1,11), (m2, 1), (0,0)) and l(g) = l-(9) = la2)(g) then

o I(gear) = I(g) — 1 and [(ges1) = I(g) — 1 iff ma + la(g) > my + ma + my
o [(geyn) =1(g) — 1 and I(gé1z) = 1(g) — 1 iff m1 + l1(g) > mq1 + mg + mg3
o I(ge1s) = l(ge1s) = I(g) — 1
® I(geas) = l(geas) = I(g) — 1

e Any generator s not noted above does not have the property l(gs) = l(g) — 1 under any

circumstances.

Proof. For the generators esq, €a1, €12, and €19, we can simply refer to the proof of Theorem
4.1.18, as these generators did not rely on mg3 being nonzero.

Similarly for ess, esq, €32, and €31, we can simply refer to the proof of Theorem 4.1.18, as
these generators did not rely on mg being nonzero.

Next we will show I(ge13) = I(g) — 1 and I(gé13) = I(g) — 1.

Notice that
II(geis) = (gers) = ((ma,ln — 1), (ma, 1), (0,1))
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So

las)(gers) = lasy(gers)

=l — 1+ max{my + maq,ms + o}

=lus)(g) — 1
= la2)(g9) — 1 by Corollary 4.1.12

= l(g) — 1 by the assumptions of the corollary.

So l(ge13) = l(ge13) = I(g) — 1 by Lemma 4.1.1.

Finally we show [(gea3) = I(g) — 1 and [(gea3) = I(g) — 1.
Notice that

H(gegg,) = H(gégg) = ((ml, ll), (mg, lg - 1), (07 1))
So

l(132)(ge23) = l(132)(g€23)

= lg -1+ max{m1 + mo, Ty + l1}

= laaz(g) —1

=1l.(9) — 1 by Corollary 4.1.12

=1(g) — 1 by the assumptions of the corollary.
So l(gess) = l(geas) = I(g) — 1 by Lemma 4.1.1.

Theorem 4.1.20. If g satisfies the 1 zero condition and 1(g) # la2)(g) then:

o l(gea1) = l(g) — 1 and I(gen) = I(g) — 1 iff ma + lz(g) > m1 + mo + m3
o [(ge13) = U(g) — 1 iff mo + lo < my + my + m3(g)
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e Any generator s not noted above does not have the property l(gs) = I(g) — 1 under any

circumstances.

Proof. By Proposition 4.1.13:

l(g9) = l-(g) = m1 + max{my + mq + m3(g), m2 + l2(g9)}

First, we can eliminate eight generators that we know will not have the property

l(gs) =1(g) — 1 as follows:

o l(ges2) > U(g),

o l(ges1) > U(g),

e [(ges2) > 1(g), and

e [(ges1) > I(g) by Proposition 4.1.13,

e [(gei3) > I(g) and

e [(gess) > I(g) by Proposition 4.1.14, and
e [(gei2) > I(g) and

e [(ge12) > I(g) by Proposition 4.1.15.

So we have 4 generators left to investigate:

Consider es;, €37, and e33. For these generators we can apply the same argument
from the proof of Theorem 4.1.18. So €s3 decreases word length under any conditions, if
ma+Ia(g) > myi+mae+ms then ey decreases word length, if mo+12(g) > mq+mo-+ms then €9

decreases word length, and no other generator s on this list has the property ((gs) = I(g) — 1.
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Consider €;3. For this generator we have

H<gél3) = ((m17l1<g) - 1)7 (m27 12)7 (m3(g> - 170))

so from Proposition 4.1.11 we know that [(ge;3) is minimized by € or (12). The corresponding

expressions are below:

l(lz)(gélz) = my + max{m; + my +ms(g) — 1,mi +li(g9) — 1} = 1(12)(9) —1>1(g)

l-(ge13) = mu + max{m; +ma +ms(g) — 1,ma + o} <l(g9) = (g)

So if (12) realizes [(ge;3) then I(gei3) > I(g).

But if ¢ realizes [(gé;3) then [(ge13) = I(g) — 1 only if my + l2(g) < my + ma + ms.
Notice that if my + l3(g) < my1 + mg + mg then I.(ge13) < l(g9) < la2)(g€i3), and so
e realizes [(geé13).

So

ma + la(g) < my 4+ my +mg = ¢ realizes [(ge;3)

and

e realizes I(gé13) = l(g€13) = (g) — 1 only if ma + l2(g) < my + ma +mg

So if mg + l3(g) < mq 4+ my + mg then €13 decreases word length.
We have now considered every generator. O
Corollary 4.1.21. IfII(g) = ((m1,11), (ma, 1), (0,0)) and {(g) # la2)(g) then

o [(gea1) =1(g) — 1 and l(gea1) = l(g) — 1 iff ma + l2(g) > my + mo
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o [(ge13) =1(g) — 1 and l(gers) = l(g) — 1 iff mi +1l1(g) > my + mo

o [(geos) = (gea3) =1(g) — 1

e Any generator s not noted above does not have the property l(gs) = I(g) — 1 under any

circumstances.

Proof. For the generators egq, €21, €12, and €19, we can simply refer to the proof of Theorem

4.1.20, as these generators did not rely on mg being nonzero.

Similarly for ess, €31, €32, and €31, we can simply refer to the proof of Theorem 4.1.20, as

these generators did not rely on ms being nonzero.

It follows from Corollary 4.1.12 that (g) = l.(g) = l132)(9).

First we will show [(gei3) = I(g) — 1 and I(gei3) = l(g) — 1 iff mq + 11(g) > mq + my using

Table 4.6.

| o | Maximal term in I1(g) |

l,(ge1s) = l,(g€13)

l-(9)

my + me my+ 1+ mqy + mo mi + my + Mo
9 m2+l2 m1+1+m2+12 m1+m2+l2
(12) my + mo mo + 1+ mq + mo My + mq + me
(12) my +11(g) me+1+my+1(g) —1or | me+my+1i(g) or
mo + 1+ mq + msy me + mq + Mo
(13) mi + ma ll(g) —1+my+msy ll(g) + my + me
(13) ma + Iy li(g) =1+ mo+ 1o li(g) +mao + 15
(23) mi + Mo my + Iy +mq + mo my + Iy +mq + meo
(23) mg =0 N/A (0 can’t be maximal) N/A
(123) mi + mo mo +11(g) — 14+ mqy +mg | mo+11(g) +my + ma
(123) mg =0 N/A (0 can’t be maximal) N/A
(132) my + Mo lz +my + Mo lz +my + Mo
(132) my +11(g) lo +my+1i(g) — 1 or lo +my +11(g) or
l2+m1+m2 l2+m1+m2

Table 4.6: Values of [,(geis), l5(g€13), for either maximal term in II(g), over all o € Ss.
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From Corollary 4.1.12 and from the assumptions of the corollary, we know that for each
o & {e,(132)} we have I(g) < l,(g) and so l,(g) — 1 > I(g). So, for o # €, (132), regardless

of maximal term, we have

la(gel?,) = la(gél3) 2 la(g) —1 Z l(g)

Furthermore, I.(ge13) = l.(ge13) = l.(g9) + 1 =1(g) + 1.

Finally, we can see that l(130)(ge13) = l132)(9€13) = [(g) — 1, and therefore

l(ge13) = l(gers) = U(g) — 1 by Lemma 4.1.1, only under the condition that m; + I;(g) >
mq -+ meo.

So we can say that [(ge13) = I(g) — 1 and I(gé13) = l(g) — 1 iff my + 11(g) > mq + mo.

Finally we must show that [(ges3) = [(g€as) = [(g) — 1, but this argument will be iden-

tical to the argument for the same claim from the proof of Corollary 4.1.19. O
Theorem 4.1.22. If g satisfies the 1 zero condition and l(g) # l.(g) then:

o l(ger) =1(g) — 1 and l(gerz) = 1(g) — 1 iff m1 + 11(g) > m1 + ma + m3

o [(géa3) =1(g) — 1 iff ma +lo < my +ma +m3(g)

* l(gers) =1(g) — 1

e Any generator s not noted above does not have the property l(gs) = l(g) — 1 under any

circumstances.

Proof. By Proposition 4.1.13:

I(g) = la2)(g9) = ma + max{m; +mq +ms3(g), m1 + L (g)}

First, we can eliminate eight generators that we know will not have the property

l(gs) =1l(g) — 1 as follows:
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* l(gesz) = U(g),

e l(ges1) = U(g),

e [(gesy) > 1(g), and

e [(ges1) > I(g) by Proposition 4.1.13,

e [(gei3) > 1(g) and

e [(geas) > I(g) by Proposition 4.1.14, and
e [(ges) > 1(g) and

e [(ges) > I(g) by Proposition 4.1.16.

So we have 4 generators left to investigate:

Consider e;3, €13, and e;3. For these generators we can apply the same argument
from the proof of Theorem 4.1.18. So €13 decreases word length under any conditions, if
mi1+11(g) > mi+mae+ms then ejs decreases word length, if mq+1;(g) > mi+mo+mg then €15

decreases word length, and no other generator s on this list has the property ((gs) = {(g) — 1.

Consider €53. For this generator we have

H<g€23) = ((m17l1)7 (mQalQ(g) - 1)7 (m3(g) - 170))

so from Proposition 4.1.11 we know that [(gey3) is minimized by € or (12). The corresponding

expressions are below:

[(ge2s) = le(ge2s) = my + max{my + ma + ms(g) — 1 m2 + lo(g) — 1} = l-(9) = 1 = I(g)

l(12)(g@a3) = my + max{m; +mg +m3(g) — 1,m1 + L1} <I(g)
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So if € realizes I(géa3) then I(géas) > I(g).

But if (12) realizes [(gess) then I(geas) = I(g) — 1 only if mq + I1(g) < mq + ma + ms.
Notice that if m; + 11(g) < mi + mg + mg then l9)(g€23) < l(g9) < l12)(g€23), and so
(12) realizes l(gea3).

So

m1 +l1(g) < my 4+ mo+mg = (12) realizes (geas)

and

(12) realizes l(géas) = l(gea3) = l(g) — 1 only if my + 11(g) < my + mg + m3

So if my + {1(g) < my + mgy + m3 then éy3 decreases word length.

We have now considered every generator. O]

Corollary 4.1.23. IfII(g) = ((m1,11), (m2, 1), (0,0)) and (g) # l-(g) then

o [(ge12) =1(g) — 1 and l(ge12) = 1(g) — 1 iff my + li(g) > my + ma
o l(gegg) = l(gégg> = l(g) —1 Zﬁ mo + lg(g) > my + me
® I(ge1z) = Il(gewz) = l(g) — 1

e Any generator s not noted above does not have the property l(gs) = 1(g) — 1 under any

circumstances.

Proof. For the generators ey, €a1, €12, and €15, we can simply refer to the proof of Theorem
4.1.20, as these generators did not rely on mg being nonzero.
Similarly for ess, esq, €32, and €31, we can simply refer to the proof of Theorem 4.1.20, as

these generators did not rely on mg3 being nonzero.
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It follows from Corollary 4.1.12 that I[(g) = l12)(g) = l13)(9)-

First we will show [(gea3) = I(g) — 1 and I(g€a3) = I(g) — 1 iff my +12(g) > my + my in Table

4.7
’ o ‘ Maximal term in II(g) ‘ ly(geas) = l,(gea3) ‘ l5(g) ‘
my + mo my+ 1+ mq + mo my +mqy + ms
ms + ls(g) my+14+me+1(g) —Lor| my—+mo+I(g) or
my+ 1+ mq + mo mi + mq + me
(12) mq + Mo m2+1+m1+m2 Mo + My + Mo
(12) m1+l1 m2—|—1+m1+l1 m2+m1+l1
(13) my + mo Iy +my +me Iy +my +me
(13) ma + lo(9) l1 +mg +12(g) — 1 or lh +ma + l5(g) or
l1—|—m1—|—m2 l1+m1—|—m2
(23) my + mo mi1+1la(g) — 14+ mqg +mg | my+la(g) +my + mo
(23) mg =0 N/A (0 can’t be maximal) N/A
(123) mi + mo me -+ 11 +my + meo my + 1 +my + mo
(123) ms =0 N/A (0 can’t be maximal) N/A
(132) mp + mo lo(g) = 1+my +my la(g) +myi +my
(132) my + lo(g) —1+mi+ 1 la(g) +mi + 1

Table 4.7: Values of ,(gess), l,(g€23), for either maximal term in II(g), over all o € S.

From Corollary 4.1.12 and from the assumptions of the corollary, we know that for each
o & {(12),(13)} we have I(g) < l,(g) and so l,(g) — 1 > l(g). So, for o # (12),(13),

regardless of maximal term, we have

Furthermore, l19)(g€23) = l12)(g€23) = l12)(g) + 1 = l(g) + 1.

Finally, we can see that l(13)(gess) = l13)(9€23) = I(g) — 1, and therefore

l(geas) = l(geaz) = U(g) — 1 by Lemma 4.1.1, only under the condition that mq + lo(g) >
mq + meo.

So we can say that {(gea3) = I(g) — 1 and I(g€a3) = I(g) — 1 iff my + la(g) > my + mo.

Finally we must show that [(ge13) = l(g€13) = {(g) — 1, but this argument will be iden-

7



tical to the argument for the same claim from the proof of Corollary 4.1.19. [

4.1.3 No-Zero Case

Assume we have g € T'3(2) such that II(g) = ((mu,h), (ma, ), (ms,13)) where I; > 0 for
i €{1,2,3}. We have shown that

l(g) = EiSIl{mg(l) -+ lg(3) -+ max{ml + mo =+ ms, mo'(Q) —+ lg(g)}} (42)
3

g

First note that, when {; > 0 for i € {1,2, 3}, for any ¢, j € {1, 2,3} we have II(ge;;) = II(ge;;).
So we will omit the bar in this case, and everything we say of a generator e;; will also hold
for the corresponding €;;.

We now show that, in this case, if we have a group element g and a generator e;; such that

l(g) — 1 =l(ge;;) then [(g) and I(ge;;) can be realized by the same permutation.

Proposition 4.1.24. Suppose e;; is such that [(ge;;) = 1(g) — 1 and l(ge;;) = - (gei;). Then

Proof. We can see that

I(geij) =l-(gei;)
=m.(1)(g€ij) + lr3)(gei;) + max{m,(gey;) + ma(gei;) + ms(gei;),

me(2)(geij) + lr2)(geij) }
Claim. |I(ge;;) —I-(9)| < 1.

Proof. Consider I-(g) = mz(1)(9) + L3 (9) + max{mi(g) +ma(g) +ms(g), mr2)(9) +lr2)(9)}-
Because no values in II(g) are zero, we know that for k # 7,7 we have l;(ge;;) = lk(9).

Furthermore, for each i € {1, 2,3} we have m;(g) = m;(ge;;). Finally, we know
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li(g) = li(gei;) + 1 and 1;(g) = [;(ges;) — 1.

So we can write the difference of the word lengths as follows:

l(gei)=1(g) = [lrs)(9ei) = L) (9)]

+ [max{m + mq + ms, mr2) + l(2)(gei;) } — max{ms +ma + ms, mr2) + lr2)(9)}]

We have used square brackets to divide the expression into the sum of two differences. For
ease of reference, we let l-(3)(geij) —l-(3)(9) = A and max{my +my+ms, m-(2) +1lr(2)(9€i;) } —
max{mi + ms + ms, m-(2) + lr2)(g)} = B. Notice that |l-(3)(gei;) — l-3)(g)| < 1 by the way
we defined our generators. So |A| < 1. We break the problem into cases based on the value
of A.

Case 1: A=—

So lr(3)(geij) — lr (9) = —1.

Then, because i # j, we have 0 < [9)(gei;) — lr2)(9) < 1. So we have two possible subcases

for the second difference.

Case 1a: l;(5)(gei;) — lr2)(g) =0

Then B = max{mi +ma+mgs, m,2) +l-(2)(gei;) } — max{mq +mqo+ms, m-(2)+1r2)(9)}
=0,and so A+ B = —1.

Case 1b: l;5)(geij) — lr2)(9) =1

Then B = max{mi +ma+mgs, m-2) +l(2)(gei;) } — max{my +mqo+ms, m-(2)+1r2)(9)}
=1,and so A+ B =0.

Case 2: A =0.

So l:3)(gei5) — Lr3)(9) = 0.
Then, because i # j, we have |l;2)(gei;) — l-(2)(g)] = 1. So we have two possible subcases

for the second difference.
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Case 2a: l5)(geij) — lr2)(g9) = —1

Then B = max{mi +ma+mg, m-(2) +l(2)(ges;) } — max{mq +mo+ms, m-(2)+1r2)(9)}
=—1,andso A+ B=—1.

Case 2b: [ 5)(geij) — lr2)(9) =1

Then B = max{mi +ma+mgs, m-2) +lr(2)(ges;) } — max{my +mqo+ms, m-(2)+1r2)(g)}
=1,andso A+ B = 1.

Case 3: A =1.

So l (gezj) lT(B) (g) = 1.
Then, because i # j, we have —1 < Il (9)(gei;) — lr2)(9) < 0. So we have two possible

subcases for the second difference.

Case 3a: l;5)(geij) — lr2)(g) = —1

Then B = max{m; +ma+ms, mr@)+lr@2)(gei;)} —max{m, +ms+ms, m-)+ 12 (9)}
=—1,and so A+ B =0.

Case 3b: [, (9)(gei;) — lr(2)(9) =0

Then B = max{mi +ma+mgs, M2+l (2)(ges;) } — max{mq +mo+ms, m-(2)+1r2)(9)}
=0,andso A+ B =1.

In any case, |A + B| < 1, so we can conclude that

|lT(3) (gew) + max{m; + my + ms, Mz (2) + l (gew)}

—l3)(9) — max{my +ma + ms, mr2) + l:2)(g)}| < 1

Therefore |I(ge;;) — l-(g)] <1, as desired. O

So then I-(g) = I;(gei;) + € where ¢ € {—1,0, 1}.
First assume € < 0. So [;(g) < l(ge;j), and I(g) < l-(g) by our definition of the ! function,
and [(ge;;) < l(g) by our choice of e;;. Combining these, we get [(g) < I(g), a contradiction.

So we must have ¢ = 1. So l;(g) = l;(ge;;) +1 =1(9) —1+1, s0 l.(g) = I(g), as desired. O
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For any generator e;; such that I(ge;;) = l-(ge;;) = l(g) — 1, Proposition 4.1.24 tells us that:

l(gei;) = mrqay + lr3)(ges;) + max{my + my + mg, m-(2) + l-(2)(ge€i;) } (43)

= mT(l) + l‘r(3) (g) + maX{ml + mo + ms, mT(Q) + ZT(Q) (g)} 1= l(g) -1

We will enumerate which generators s have the property I(gs) = [(g) — 1 in three cases based
on which term in the I(g) expression realizes the maximum. In each proposition, we will
show which generators s have the property {(gs) = [(g) — 1 based on the particular o that

realizes word length for both ¢ and gs.

Proposition 4.1.25. Assume g is such that I(g) = l,(g) and my+ma+ms > M) +ls2)(9),

and assume i,j € {1,2,3} are such that i # j. Then

lgeij) = U(g) =1 iff i = o(3)

Proof. Assume that g, 7, and j are as above.

(=) Assume [,(ge;;) = l(ges;) = 1(g) — 1. Because my + my + mg > my2) + lo2)(g) + 1
we can eliminate all common terms from Equation 4.3 and get l,(3)(gei;) = lo3)(g) — 1. We
know [;(ge;;) = l;(g) — 1 and no other [, value has this property. So l53) = l;, and therefore

o(3) =1, as desired.

(«<=) Assume i = 0(3). We know [;(ge;;) = l;(g) — 1 and [;(ge;;) = l;(g) + 1. Then

lo(gei;) = Moy + li(gei;) + max{my + ma + mg, Mo(2) + lo2)(ge45) }
= myq) + li(g) — 1 + max{my + ma + ms, My2) + lo2)(9€i;) }
= Me(1) + 1i(g) — 1+ max{m; + ma + m3, My(2) + lo2)(9) }, as my + ma +mg > My
+ lo2)(9)
=ls(g9) —1

=1l(g) -1
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So l,(gei;) = 1(g) — 1, and by Lemma 4.1.1 I(ge;;) = l(g) — 1 O

Proposition 4.1.26. Assume g is such that I(g) = l,(g) and my+ma+ms = M) +ls2)(9),

and assume i,j € {1,2,3} are such that i # j. Then

l(ges) = Ug) =1 iff i = o(3) and j = o(1)

Proof. Assume that g, 7, and j are as above.

(=) Assume [,(ge;;) = l(ge;;) = 1(g) — 1.

Assume by way of contradiction that o(1) = i. Then m,) + lo(3)(9€ij) = Moy + lo(s)(g€ij)
and max{my +ma + m3z, Mu(2) + lo2)(ges;) } > max{m +mg +ms, my2) + ls2)(9)}. So then
l(gei;) > U(g), contradicting our assumption. So (1) # i.

Assume by way of contradiction that o(2) = i. Then m,(1) + [,3(gei;) > my(1) + 1,3(gei;)
and max{ms +ma +ms, My(2) + lo2)(9€i;) } = max{my +ma +ms3, My(2) + lo2)(9)}. So then
l(gei;) > l(g), contradicting our assumption. So o(2) # i.

We have now shown that o(3) = i.

Assume by way of contradiction that o(2) = j. Then

max{ml + mg + mg, Mg (2) + lcr(2) (g)} +1= maX{ml + mg + ms, Mg (2) + lo‘(?) (gel_j)}

So we can eliminate common terms from Equation 4.3 and get l,(3)(gei;) + 1 = lo3)(g) — 1.
But this is a contradiction, as [;(ge;;) = li(g) — 1, l;(gei;) = l;(g) + 1, and every other
coordinate is identical between II(g) and II(ge;;). So o(2) # j. Therefore o(1) = j.

So 0(3) =i and o(1) = 7, as desired.

(«<=) Assume i = 0(3) and j = o(1).
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We know [;(ge;;) = li(g) — 1 and [;(ge;;) = [;(g) + 1. Then

lo(gei;) = Moy + li(geij) + max{my + mo + ms, Mo(2) + lo(2)(gei5) }
=m; + 1;(g) — 1 + max{my + mg + ms3, Me(2) + lo2)(9€i;) }
=m; +li(g) — 1 + max{my + ma +m3, Mo(2) + lo2)(9) }, as lo2)(g9€ij) = lo2)(9)
=1l,(g9) — 1

=1(g) —1

So l,(gei;) = 1(g) — 1, and by Lemma 4.1.1 I(ge;;) = 1(g) — 1

]

Proposition 4.1.27. Assume g is such that I(g) = l,(g) and my+ma+ms < M) +ls2)(9),

and assume i,j € {1,2,3} are such that i # j. Then

l(geij) = U(g) =1 iff j = o(1)

Proof. Assume that g, 7, and j are as above.

(=) Assume l,(ge;;) = l(ge;;) = 1(g) — 1.

Assume by way of contradiction that o(2) = j. Then max{m;+mao+ms, mg(2)+lo2)(9) } +1 =
max{m + ma + ms, My (2) + lo(2)(ges;) }. So we can eliminate common terms from Equation
4.3 and get l,(3)(geij) + 1 = lo3)(g) — 1. But this is a contradiction, as l;(ge;;) = li(g) — 1,
lj(gei;) = (g) + 1, and every other coordinate is identical between II(g) and II(ge;;). So
o(2) #

Now assume by way of contradiction that o(3) = j. Then we can eliminate common terms
from Equation 4.3 and get max{m, + my + ms, mo(2) + lo2)(g€ij)} + 1 = max{my + my +
ms, Me(2) +lo(2)(9) } — 1, but this is a contradiction, as l;(ge;;) = l;(g) — 1, 1;(ges;) = 1;(g) +1,
and every other coordinate is identical between II(g) and II(ge;;). So o(3) # j.

We conclude that o(1) = j, as desired.
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(<) Assume j = o(1).
We know [;(ge;;) = li(g) — 1 and [;(ge;;) = l;(g) + 1. We now must consider the problem in
cases, based on which value ¢ maps to i:

Case 1: 0(2) =i. Then

lo(gei;) = Moy + loz) (g€i;) + max{my + ms + mg, m; + ;(ge;;)}
= m; + lo3)(ges;) + max{my + my + mg, m; + li(ge;;)}
= m; + lo3)(g) + max{m; + mo + mg, m; + 1;(g) — 1}, as ly3)(g9€i;) = lo)(9)
= mj + ly(3)(9) + max{my + mo + mg,m; + L;(g)} — 1, as my + ma + mz < M) + lo2)(9)
=l,(9) =1

=1l(g) —1

So ly(gei;) = 1(g) — 1, and by Lemma 4.1.1 I(ge;;) = l(g) — 1

Case 2: 0(3) =i. Then

lo(gei;) = Moy + li(geij) + max{my + mo + ms, Mo(2) + lo2)(ges5) }
= m; + l;(gei;) + max{my + mqy + m3, My(2) + lo(2)(ges5) }
=m; +1(g) = 1+ max{my +my + M3, Mo(2) + lo(2)(9)}, 35 lo2)(9¢15) = lo(2)(9)
=lo(9) — 1

=1(g) —1

So ly(gei;) = l(g) — 1, and by Lemma 4.1.1 I(ge;;) = l(g) — 1 O
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4.2 Summary of Sections 4.1.1, 4.1.2, and 4.1.3

The findings of sections 4.1.1, 4.1.2, and 4.1.3 are summarized in Figure 4.1. Note that the
28 rows of the figure represent, up to permutation, every possible value for the projection of

an element of I'3(2).
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4.3 Triangles in DL;(2)

In this section we enumerate every instance in which two elements of the form g¢s, gs; for
some S, s € S are connected by an edge in DL3(2). These represent the triangles in DL3(2),

and these triangles will be used to connect most of the elements identified in the Figure 4.1.

Theorem 4.3.1. For any g € I'5(2) and {i,7,k} = {1,2,3}, there is an edge between the
vertices ge;; and ge;, in the Cayley graph T'(I's(2),S) with label ej;. Similarly, there is an

edge between the vertices ge;; and ge;, in the Cayley graph I'(I's(2),S) with label ey,

Proof. Let 11(g) = ((ml, 1), (ma,ls), (mg,lg)).
We will prove the theorem with ¢ = 1,7 = 2, and k£ = 3. Note that the same argument will
work with other values of 7, j, and k. So we will first show there is an edge between ge;, and

geiz, by comparing the projections of each:

H(9612) = ((ml, ll — 1), (mg, lg + 1), (mg, lg))

or II(ge1s) = ((ml +1,0), (ma, Iz + 1), (ms, 13)) ifl;, =0

H(gelg) = ((ml, ll — ].), (TTLQ, lg), (’I’)”Lg7 l3 + ].))

or H(g@lg) = ((m1 + ]_, 0), (m27 lg), (m3, l3 + ]_)) if ll =0

II(geizeas) = ((ma, 1y — 1), (ma, o), (ms, I3 + 1))

or H(g€12€23) = ((m1 + 1, O), (mg, lg), (mg, l3 + 1)) if ll =0

We can see that I1(gejzess) = I1(gess), and since both have the same position in the k tree,
we can say that gejsesz = geqs.

So there is an edge that connects gejo and ge;3 with label egs.
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The same argument produces the same result for ge;o and geqs. O]
Theorem 4.3.2. For any g € 1'5(2) and {i,7,k} = {1,2,3}, there is an edge between the
vertices ge;; and ge;, in the Cayley graph I'(I's(2),.S) with label €j;. Similarly, there is an

edge between the vertices ge;; and ge;, in the Cayley graph I'(I's(2),S) with label €y,

Proof. Let I(g) = ((m1, 1), (m2, o), (ms, 13)).
We will prove the theorem with ¢ = 1,7 = 2, and k£ = 3. Note that the same argument will
work with other values of 7, j, and k. So we will first show there is an edge between ge;s and

geéi3, by comparing the projections of each:

II(ge1z) = ((ma,ln — 1), (ma, o + 1), (mg3, I3))

or H(gelg) = ((m1 + 1, O), (mg, lg + 1), (mg, lg)) if ll =0

II(geis) = ((m1, 11 — 1), (ma, o), (m3, 13 + 1))
or I1(ge3) ( my + 1,0), (ma, ls), (M3, l5 + 1)) ifl; =0
or I1(gei3) ( (mq,l; + 1), mg,lg),(mg—l,())) if I3 =0 and mg > 0
or II(ge3) = (m1+10 (ma, ls), (mg—l,O)) ifly =I3=0and ms >0

II(ge12€23) mi,lp — 1), (ma, lp), (m3, I3 + 1))

my + 1 O mg,lg) (m37l3 + 1)) if ll =0
m17l1+1 mg,l2>,(m3—1,0)) if l3 =0 and m3 >0

= ((

or I(geiaea3) = ((
or I(geia€a3) = ((
= ((

or H 9612623 my + ]_ O mg,lg) (Wl3 — 1,0)) if ll = lg =0 and msg >0

We can see that I1(gejae23) = I1(g€13), and since both have the same position in the k tree,

we can say that gejseaz = geéqs.
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So there is an edge that connects gejo and ge 3 with label eg3.

The same argument produces the same result for gé;o and ge;s. O]

Theorem 4.3.3. For any g € I's(2) and {i,j,k} = {1,2,3}, there is an edge between the
vertices ge;; and gey; in the Cayley graph I'(Is(2),S) with label ey; or €y;. Similarly, there
is an edge between the vertices ge;; and gey; in the Cayley graph I'(Is(2),S) with label ey; or

€L

Proof. Let I1(g) = ((mh l), (ma,l2), (m37l3))-
We will prove the theorem with ¢ = 1,5 = 2, and k£ = 3. Note that the same argument will
work with other values of 7, 7, and k. So we will first show there is an edge between ge;, and

gess, by comparing the projections of each:

[I(geis) = ((ml, li — 1), (ma,lo + 1), (ma, lg))

or H(g€12) = ((m1 + 1, 0), (mQ, lg + 1), (mg, lg)) if ll =0

[I(geqs) = ((m1, ), (ma,ly — 1), (ms, ls + 1))

or H(gelg) = ((ml, ll), (mg + ]_, 0), (mg, l3 + ]_)) if lg =0

H(g€12€31) = ((m1, 11), (m2, ly — 1>7 (mg, ls + 1))

or H(g€12€31) = ((ml, ll), (mg + 1, 0), (mg, 13 + 1)) if lg =0

II(geises) = ((m1, lh), (ma, b — 1), (ms, I3 + 1))

or H(g€12631) = ((ml, ll), (m2 + 1, 0), (mg, l3 + 1)) if l2 =0
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We can see that I1(gejses1) = [I(geiaesi) = [I(gess), and since one of gejpes; or gejaes; has
the same position in the k tree as gess, we can say that gejses; = geso or geja€s; = gess.
So there is an edge that connects gejo and gezs with label e3; or e3;.

The same argument produces the same result for ge;o and gess. O]

We can connect most of the points in Figure 4.1 with fixed-length paths constructed entirely
from the triangles identified above.

In rows 5, 6, 11, and 14 of Table 4.1 there is no fixed-length path to build, as only one
generator decreases word length.

In rows 1, 2, 3, 4, 7, 13, 16, 20, 23, and 26 of Table 4.1, Theorems 4.3.1 and 4.3.2 can
be used to construct a fixed-length path between any two points of length [(g) — 1 that differ
from g by a generator.

In rows 8, 12, and 15 of Table 4.1, Theorem 4.3.3 can be used to construct a fixed-length
path between any two points of length {(g) — 1 that differ from g by a generator.

In rows 9, 10, 18, and 19 of Table 4.1, Theorems 4.3.1, 4.3.2, and 4.3.3 can be used to
construct a fixed-length path between any two points of length [(g) — 1 that differ from g by

a generator.

4.4 Paths of non-constant length

We have yet to address rows 17, 21, 22, 24, 25, 27, or 28 of Table 4.1. Notice that the family
of elements from Section 3.0.3 satisfies the conditions of row 27. For these we will have to
produce paths whose length is not fixed, but is nevertheless less than 2{(g) — 1. In each case,
the problematic points are the points of the form ge;; and ge;;. If we can produce such a
path, then we can use the triangles from Section 4.3 to connect any of the points identified
in these rows. The technique for producing these paths will be to reduce one of the other

[-values down to zero, then change the coordinate in tree j, then return the [-value to it’s
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original position.
We first identify a path that can be used to connect points that arise from any ¢ that satisfies

the conditions of row 17, 21, or 22 of Table 4.1:

Theorem 4.4.1. If g is such that 1I(g) = ((m1, 1), (ma, 1), (0,0)), and l-(g) = las2)(g) =
l(g) then there is a path from gess to gess of length strictly less than 2l(gess) that remains
inside the ball B(I(g) — 1). This path is of the form e 'ese,36% ", where é15 represents

either €15 or €19.

Proof. Begin by observing that I(g) = Iy + max{m; + ms, m; + l;}. We have

II(g) = ((ma,11), (ma, 1), (0,0))

From this it follows that

[I(geas) = ((ml,ll), (ma,ls — 1), (0, 1)) = I1(geéq3)

We can see that l(139)(gea3) = lo — 1 +max{m; +mq,m1 + 1} = (g) — 1, so by Lemma 4.1.1

I(geas) = l132)(geas) = 1(g) — 1.

The nth intermediate point on the path (with n <[y — 1) has projection:
I(gexseyy) = ((ma, 1y +n), (m2,l; —n —1),(0,1))

So l(9€23€31) < l(132) (9623631) =lp—n—1+ max{m1 +mo,my + 1+ n} < 1(9623) = l(g) -1
So I(geasely) < l(g) — 1.

The [;th intermediate point on the path has projection:
TI(geasesy "ez0) = ((ma, 11 + 1 — 1), (ms — 1,0),(0,0))

So I(geasesy " e3) < L) (geasesy " E30) = max{my +ma, my+1 +12— 1} < I(gess) = I(g) — 1.
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So I(geszed 'es) < (g) — 1.

The (I; + 1)th intermediate point on the path has projection:

I1(geoseyy ' Eaaea3) = ((ma, i + 1y — 1), (m2,0), (0,1))

Notice that TI(gesse ‘€spea3) = M(gegsel ™).

So l(gegge%—léggégg) <l(g) — 1L

The remaining edges on the path are of the form ey or €. The goal is to reach a point
with the same position in tree 2 as gess. It is clear that there is some sequence of ejss and
€128 that accomplishes this, so we will just write é1s.

The kth intermediate on the path (with Iy + 1 < k < 2l3) has projection:

H(g6236122171€32€23é1f2) = ((ml, ll + lQ —k— ].), (TTLQ, ]{7), (O, 1))

Notice that H(g€236l22171€32€23é]1€2) = H(geggeglfik).
So 1(962361221_153252351”2) < l(g) —1

The 2l5th intermediate point on the path has projection:

T1(geosey ' Eanoséy ') = ((ml, l), (mg,ly —1),(0, 1)) = II(geas)

So the given path goes from gess to geéaz, and remains entirely inside the ball B(I(g) — 1).
Note that 2{(ge;;) = 2(I(g) — 1) = 2(ly + max{my + mg, m1 +{1}) — 2 > 2l5. So this path is

short enough to satisfy minimal almost convexity. O]

This path can be used in conjunction with the triangles from Theorem 4.3.3 to connect any

of the points that arise from ¢ satisfying the conditions of rows 17 or 22 of Table 4.1.

We now produce a similar path for rows 17, 24, or 25 of Table 4.1:
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Theorem 4.4.2. If g is such that II(g) = ((ml,ll), (ma, l2), (0,0)), and la2y(g) = las)(g) =
l(g), then there is a path from geis to géis of length strictly less than 2l(gey3) that remains
inside the ball B(I(g) — 1). This path is of the form e\, 'ese1365 7", where éyy represents

either es; or €o.

Proof. The proof of this theorem is identical to the argument for Theorem 4.4.1, with the

permutation (12) applied to all subscripts. ]
This path can be used in conjunction with the triangles from Theorem 4.3.3 to connect any
of the points that arise from ¢ satisfying the condition of rows 17 or 25 of Table 4.1.

This leaves rows 27 and 28 of Table 4.1. The following path can be used to connect the

points that arise from any ¢ that satisfies the conditions of rows 27 or 28 of Table 4.1.

Theorem 4.4.3. If g is such that

e II(g) = ((ma,hh), (ma, l), (M3, ls)),
o I,(9) =1(g) where o(1) = j and o(3) =1 for some i # j € {1,2,3}, and

& My +mo+ msz < Mg (2) + la(g),

then there is a path from ge;; to gé;; of length strictly less than 2l(ge;;) that remains inside
the ball B(l(g) — 1). This path is of the form eﬁjc_léﬂéijéﬁji_l, where éy; represents either ey,

or €g;.

Proof. From Section 4.1.3, we can see that [(ge;;) = l(g€;;) = l,(gei;) = l,(g€;;) = l(g) — 1.
Without loss of generality, assume i = 1,7 = 2, and k = 3. So l(ge12) = l(g€12) = I(g) — 1.
The result can be shown in the same way for any other choices of i, j, and k. We can see

that

(ger2) = ((m1,l — 1), (ma, b + 1), (m3, 13)) = 1(ge12)
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Recall that
l(gélg) = l(gelg) = l(lgg)(gelg) = M9 + ll -1 + max{m1 + mq + ms,ms + lg} = l(g) — 1.

The nth intermediate point on the path (with n <; — 1) has projection:
[I(gejaels) = ((ml, Iy —n—1),(mag,la + 1), (mg, I3+ n))
So

l(geizels) < lassy(geizels) = ma + 1l —n — 1 4+ max{ms + mg + ms, mg + ls + n}

< la23)(ge12) = lazzy(gez) = l(g) — 1

So l(geizefs) < l(g) — 1.

The [1th intermediate point on the path has projection:

H(gelgelf?)_légl) = ((ml — 1, 0), (mg, 12), (mg, l3 + ll — 1))
So

l(gelgelfg_lém) < 123 (gelgelfg_lém) = mgy + max{my +ms + ms,mg +l3+1; — 1}

< laa3)(gei2) = lagzy(gez) = U(g) — 1

So l(9€1261113_1§21) <l(g) — 1.

The (I; + 1)th intermediate point on the path has projection:

H(9€12€l113_1521512) = ((mh 0), (ma,la + 1), (ma, I3 + 11 — 1))

Notice that TI(geoelly 1 91815) = (gergely !

So l(geraely Eneia) < l(g) — 1.

The remaining edges on the path are of the form es; or e3;. The goal is to reach a point
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with the same position in tree 1 as geqo. It is clear that there is some sequence of e3;s and
€318 that accomplishes this. So we will simply write é3;.

The kth intermediate point on the path (with I; + 1 < k < 2[;) has projection:

H(9€12€l113_1521512é§1) = ((ml, k), (ma, la + 1), (m3, I3 + 1, + k — 1))

Notice that II(gejsely "exnei2éh;) = (gersely ).

So I(gewaely 'Ene1néh;) < l(g) — 1

The 2[,th intermediate point on the path has projection:

H(96126111371521512€é,1fl) = ((mh lh — 1), (mg,lo + 1), (ms, ls)) = II(ge12)

So the given path goes from geis to g€1o, and remains entirely inside the ball.

Note that 2I(ge;;) = 2(I(g)—1) = 2(mea)+lo@)+max{mi+motms, me)+Hlo@) }) =2 > 2s).

So this path is short enough to satisfy minimal almost convexity. O]

95



Bibliography

BArTHOLDI, L., NEUHAUSER, M., AND WOESS, W. Horocyclic products of trees. J.

Eur. Math. Soc. (JEMS) 10, 3 (2008), 771-816.

BELK, J., AND Bux, K.-U. Thompson’s group F'is maximally nonconvex. In Geomet-
ric methods in group theory, vol. 372 of Contemp. Math. Amer. Math. Soc., Providence,
RI, 2005, pp. 131-146.

CANNON, J. W. Almost convex groups. Geom. Dedicata 22, 2 (1987), 197-210.

CLEARY, S., AND RILEY, T. R. A finitely presented group with unbounded dead-end
depth. Proc. Amer. Math. Soc. 134, 2 (2006), 343-349.

CLEARY, S., AND TABACK, J. Thompson’s group F' is not almost convex. J. Algebra

270, 1 (2003), 133-149.

CLEARY, S., AND TABACK, J. Dead end words in lamplighter groups and other wreath

products. Q. J. Math. 56, 2 (2005), 165-178.

DIESTEL, R., AND LEADER, I. A conjecture concerning a limit of non-Cayley graphs.

J. Algebraic Combin. 14, 1 (2001), 17-25.

EskiIN, A., Fi1sHER, D., AND WHYTE, K. Coarse differentiation of quasi-isometries I:

Spaces not quasi-isometric to Cayley graphs. Ann. of Math. (2) 176, 1 (2012), 221-260.

96



[9] MILLER, III, C. F., AND SHAPIRO, M. Solvable Baumslag-Solitar groups are not

almost convex. Geom. Dedicata 72, 2 (1998), 123-127.

[10] STEIN, M., AND TABACK, J. Metric properties of Diestel-Leader groups. Michigan

Math. J. 62, 2 (2013), 365-386.

[11] TABACK, J. An introduction to lamplighter groups. To appear in: Office Hours with a

Geometric Group Theorist, Princeton University Press.

97



	Convexity Properties of the Diestel-Leader Group Γ_3(2)
	Recommended Citation

	tmp.1400262708.pdf.RPKEM

