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OèBHEHB INTQMèK NE LèSGDLèSHBR
Unk0 214: Mn0 fi: 1912
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DRSHL�SD ENP SGD EHPRS ENTPSG RSDIKNU DHFDMU�KTD
NE � LHMHL�K GWODPRTPE�BD VHSG EPDD ANTMC�PW

QNMCHMDKKD AèSHRSè: AèQMèAÇ KHLè: OèTKN RNTRè èMC AQTMN UHDHQè

Vd cdchbXsd sghr oXodq sn InÉn WXuhdq cX Bqty Mdsn nm sgd nbbXrhnm ne ghr rhwshdsg ahqsgcXx0

Vd dwoknpd sgd entpsg,npcdp Rsdiknu opnakdl ne Y bnloYbs dladccdc gxodp,
rtpeYbd )m vhsg epdd antmcYpx hm Y σm≤fi(,chldmrhnmYk bnloYbs lYmhenkc
Hm≤fi vghbg gYr mnmmdfYshud Phbbh btpuYstpd Ymc rsphbskx bnmudw antmcYpx0
He ) hr lhmhlYk vd drsYakhrg Y knvdp antmc enp sgd yprs dhfdmuYktd ne sghr
opnakdl0 Vgdm H + �m≤fi hr sgd tmhs aYkk hm !m≤fi. he ) gYr bnmrsYms ldYm
btpuYstpd C) vd opnud sgYs sgd yprs dhfdmuYktd rYshrydr �fi � m≤ =C)=0 Hm
sgd lhmhlYk bYrd -C) + 9(. vd opnud sgYs �fi + m0

fi0 Hmspnctbshnm

Kds!m ad Zm m/chldmrhnmZk bnloZbs QhdlZmmhZm lZmhenkc vhsg mnmdlosx antmcZqx
>! ̸+�0 Bnmrhcdq sgd entqsg/nqcdq Rsdjknu dhfdmuZktd oqnakdl

–fi(

〉




"1ν + 9 hm !.

ν + 9 nm >!.

"ν + π
>ν
>µ!

nm >!.

vgdqd π hr Z qdZk mtladq: " hr sgd KZokZbhZm nodqZsnq nm ! Zmc µ! cdmnsdr sgd
ntsvZqc tmhs mnqlZk nm >!0 Sgd zqrs mnmydqn dhfdmuZktd ne sgd Zanud oqnakdl vhkk
ad cdmnsdc ax πfi + πϕ!(0 Sgd zqrs dhfdmuZktd ne –fi( gZr sgd enkknvhmf uZqhZshnmZk
bgZqZbsdqhyZshnm.

–1( πfi + hme
v|>!+9

∑
!
ϕ"v(1

∑
>!

�
>v
>µ!

(1 &

VZmf Zmc WhZ )1998[ oqnudc sgZs he ! gZr mnmmdfZshud Qhbbh btquZstqd Zmc sgd
ldZm btquZstqd ne >! hr antmcdc adknv ax Z onrhshud bnmrsZms b sgdm πfi ≥ b · m0
Etqsgdqlnqd: dptZkhsx nbbtqr he Zmc nmkx he ! hr hrnldsqhb sn Zm m/chldmrhnmZk
DtbkhcdZm aZkk ne qZchtr fib 0

LRBfi2fi2. oqhlZqx 42B19: 42B31, rdbnmcZqx 24I39: 24Ofi40
Jdxvnqcr. entqsg Rsdjknu dhfdmuZktd: gxodqrtqeZbd vhsg eqdd antmcZqx0

’ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr èssqhatshnm Khbdmrd 309 –BB
AX(0 Nodm èbbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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Rhmbd sgdhq zqrs ZoodZqZmbd hm )Rsdjknee fi891[: dkkhoshb oqnakdlr vhsg oZqZldsdqr
hm sgd antmcZqx bnmchshnmr Zqd bZkkdc Rsdjknu oqnakdlr0 Jtsskdq )fi861[ Zmc OZxmd
)fi869[ rstchdc sgd hrnodqhldsqhb oqnodqshdr ne sgd zqrs dhfdmuZktd πfi ne sgd entqsg/
nqcdq Rsdjknu oqnakdl –fi(0 Lnqdnudq: Zr ZkqdZcx mnshbdc hm )Jtsskdq fi861, fi868,
Jtsskdq Zmc Rhfhkkhsn fi874[: πfi hr sgd rgZqo bnmrsZms enq K1 Z oqhnqh drshlZsdr enq
rnktshnmr ne sgd –rdbnmc/nqcdq( KZokZbd dptZshnm tmcdq mnmgnlnfdmdntr Chqhbgkds
antmcZqx bnmchshnmr0 Hm )Edqqdqn ds Zk0 1994[ sgd Ztsgnqr rstchdc sgd rodbsqtl
ne sgd ahgZqlnmhb Rsdjknu oqnakdl –fi( Zmc nasZhmdc Z bgZqZbsdqhyZshnm ne hs: Zmc
oqdrdmsdc Z ogxrhbZk hmsdqoqdsZshnm ne πfi0 Enq bnloqdgdmrhud qdedqdmbdr nm rtbg
Rsdjknu oqnakdlr: rdd )Adqbghn ds Zk0 1995, Atbtq ds Zk0 1998, VZmf Zmc WhZ 1998[0
Hs rgntkc ad onhmsdc nts sgZs sgd oqnakdl

–2(

〉




"1ν + 9 hm !.

ν + 9 nm >!.
>1ν

>µ1!
+ η

>ν
>µ!

nm >!.

hr Z mZstqZk Rsdjknu oqnakdl Zmc nmd bZm bgdbj sgZs vgdm sgd ldZm btquZstqd ne
>! hr bnmrsZms: hs hr dpthuZkdms sn –fi(0
Kds L ad Z bnloZbs QhdlZmmhZm lZmhenkc vhsg mnmdlosx antmcZqx >L Zmc

! ⊂ L Z bnloZbs gxodqrtqeZbd –vhsg antmcZqx >!( oqnodqkx dladccdc hmsn L :
sgZs hr: !∩>L + >!0 Vd rZx sgZs ! hr Z lhmhlZk gxodqrtqeZbd vhsg eqdd antmcZqx
he ! hr Z lhmhlZk gxodqrtqeZbd Zmc ! lddsr >L nqsgnfnmZkkx Zknmf >!0 Hm sghr
rdsshmf: EqZrdq Zmc Kh )19fi3[ nasZhmdc Z knvdq antmc enq sgd zqrs dhfdmuZktd ne sgd
rdbnmc/nqcdq Rsdjknu oqnakdl0
He L + Am hr sgd tmhs aZkk hm !m : hs hr jmnvm )EqZrdq Zmc Rbgndm 19fi2[ sgZs sgd

bnnqchmZsd etmbshnmr Zqd dhfdmetmbshnmr ne sgd rdbnmc/nqcdq Rsdjknu oqnakdl vhsg
dhfdmuZktd fi0 SZjhmf sgZs hmsn bnmrhcdqZshnm: EqZrdq Zmc Kh )19fi3[ bnmidbstqdc sgZs
sgd zqrs dhfdmuZktd ne sgd rdbnmc/nqcdq Rsdjknu oqnakdl ne Z bnloZbs oqnodqkx
dladccdc lhmhlZk gxodqrtqeZbd hm Am hr fi Zmc oqnudc sgZs sghr hr khlhsdc eqnl
adknv ax fi

1 0
Nm sgd nmd gZmc: vd chc mns zmc hm sgd khsdqZstqd Zm dwsqhmrhb ZooqnZbg sn sgd

entqsg/nqcdq Rsdjknu dhfdmuZktd oqnakdl0 LnshuZsdc ax sgd vnqj ne EqZrdq Zmc Kh:
hm sghr oZodq vd bnmrhcdq sgd entqsg/nqcdq Rsdjknu oqnakdl ne Z bnloZbs oqnodqkx
dladccdc lhmhlZk gxodqrtqeZbd ! vhsg eqdd antmcZqx hm Z bnloZbs lZmhenkc L 0
Nm sgd nsgdq gZmc: Edqqdqn: FZyynkZ Zmc Vdsg )Edqqdqn ds Zk0 1994[ dwoknqdc

sgd entqsg/nqcdq Rsdjknu dhfdmuZktd oqnakdl hm Z antmcdc cnlZhm w ne !m Zmc
oqnudc sgZs sgd zqrs dhfdmuZktd ne sghr oqnakdl hr dptZk sn m vgdm w + Am 0 Hs hr
jmnvm sgZs sgd tmhs aZkk Am hr Z lhmhlZk gxodqrtqeZbd vhsg eqdd antmcZqx hm Am+fi0
Hm sghr rdsshmf: vd gZud drsZakhrgdc Zm toodq drshlZsd enq sgd zqrs dhfdmuZktd ne sgd
entqsg/nqcdq Rsdjknu oqnakdl ne Z bnloZbs oqnodqkx dladccdc BLB gxodqrtqeZbd
hm Am+fi vhsg eqdd antmcZqx nm >Am+fi.
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Opnonrhshnm fi0 Kds !m ad X bnloXbs oqnodqkx dladccdc gxodqrtqeXbd hm sgd tmhs
aXkk Am+fi: vhsg eqdd antmcXqx nm >Am+fi + "m0 ãrrtld sgXs ! gXr bnmrsXms
mnqlXkhydc ldXm btquXstqd G! 0 Sgdm

πfi · m+ |G!
|&

Hs enkknvr eqnl Oqnonrhshnm fi sgZs he ! hr lhmhlZk ϕG!
+ 9(: sgdm πfi · m0 Sghr:

snfdsgdq vhsg sgd qdrtks ne Edqqdqn: FZyynkZ Zmc Vdsg )Edqqdqn ds Zk0 1994[: mZstqZkkx
kdc tr sn enqltkZsd Zmc oqnud sgd lZhm qdrtks ne sghr oZodq.

Sgdnpdl 10 Kds !m ad X bnloXbs oqnodqkx dladccdc lhmhlXk gxodqrtqeXbd hm sgd
tmhs aXkk Am+fi: vhsg eqdd antmcXqx nm >Am+fi + "m0 Sgdm sgd zqrs dhfdmuXktd ne sgd
entqsg/nqcdq Rsdjknu oqnakdl ne ! hr dptXk sn m0

VZmf Zmc WhZ )1998[ oqnudc sgZs Zmx bnloZbs bnmmdbsdc QhdlZmmhZm lZmhenkc!
vhsg antmcZqx >! rZshrzdr

–3( |!|πfi · |>!|.

vgdqd |>!| Zmc |!| cdmnsd sgd ZqdZ ne >! Zmc sgd unktld ne !: qdrodbshudkx0 He hm
Zcchshnm sgd Qhbbh btquZstqd ne ! hr mnmmdfZshud Zmc sgd dptZkhsx gnkcr: sgdm ! hr
hrnldsqhb sn Zm m/chldmrhnmZk DtbkhcdZm aZkk0 Hm ntq bnmsdws: sgd dptZkhsx ZkvZxr
gnkcr dudm enq bnchldmrhnm fqdZsdq sgZm fi –rdd Oqnonrhshnm 103 hm )Kh 1919[(: h0d0:

j |!|+ |>!|

enq dudqx j/chldmrhnmZk hlldqrdc eqdd antmcZqx lhmhlZk rtalZmhenkc !j hm sgd
tmhs aZkk Am+fi0 èr Z bnmrdptdmbd ne sghr dptZkhsx Zmc eqnl –3( vd fds sgZs πfi · j
enq eqdd antmcZqx lhmhlZk rtalZmhenkcr !j

⊂ Am+fi0
SZjhmf sgZs hmsn bnmrhcdqZshnm: hs hr mZstqZk sn bnmrhcdq sgd enkknvhmf ptdrshnm0

Opnakdl 20 Tmcdq vgXs XcchshnmXk Xrrtloshnm hr hs onrrhakd sn dmrtqd sgXs X
bnloXbs oqnodqkx dladccdc lhmhlXk gxodqrtqeXbd hm sgd tmhs aXkk Am+fi: vhsg eqdd
antmcXqx nm >Am+fi + "m : rtbg sgXs πfi + m hr sgd tmhs aXkk Am“

Hm ntq mdws qdrtks: vd oqnud Z knvdq drshlZsd enq πfi vgdm!m hr Z bnloZbs oqnodqkx
dladccdc lhmhlZk gxodqrtqeZbd vhsg eqdd antmcZqx hm Z bnloZbs lZmhenkc vghbg
gZr mnmmdfZshud Qhbbh btquZstqd Zmc rsqhbskx bnmudw antmcZqx0 Lnqd oqdbhrdkx: vd
oqnud sgd enkknvhmf sgdnqdl0

Sgdnpdl 30 Kds Lm+fi ad Xm ϕm+fi(/chldmrhnmXk bnloXbs nqhdmsXakd PhdlXmmhXm
lXmhenkc vhsg mnmmdfXshud Phbbh btquXstqd Xmc mnmdlosx antmcXqx >L0 ãrrtld sgd
rdbnmc etmcXldmsXk enql ne >L rXshrzdr ã>Lϕ∂. ∂(≥ j < 9: enq Xmx tmhs udbsnq ∂
sXmfdms sn >L0
Kds !m ad X oqnodqkx dladccdc lhmhlXk gxodqrtqeXbd hm L vhsg eqdd antmcXqx

nm >L0 ãrrtld >! gXr bnmrsXms ldXm btquXstqd G >! 0 He
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–h( ! hr nqhdmsXakd: nq

–hh( ξfiϕL( hr zmhsd:

sgdm vd gXud sgd dhfdmuXktd drshlXsd πfi ≥ G >!
+

j
1 : vgdqd πfi hr sgd zqrs dhfdmuXktd

ne sgd entqsg/nqcdq Rsdjknu oqnakdl nm !0

Sghr drshlZsd enq πfi hr ZmZknfntr sn sgd drshlZsdr ne EqZrdq Zmc Kh )19fi3[ enq sgd
zqrs mnmydqn Rsdjknu dhfdmuZktd ne sgd Chqhbgkds/sn/MdtlZmm lZo nm !0

PdlYpi 40 He L + Am+fi hr sgd tmhs aZkk hm !m+fi Zmc!+ Am ⊂ Am+fi hr sgd tmhs aZkk
hm !m –”dptZsnqhZk chrj;(: sgdm G >!

+ m�fi Zmc j+ fi: Zmc vd fds sgZs πfi+ G >!
+j0

Enq sghr qdZrnm: vd adkhdud sgZs πfi ≥ G >!
+ j hr sgd rgZqo drshlZsd0 Bnmrdptdmskx:

sgd gxonsgdrhr hm Sgdnqdl 3 sgZs >! gZr bnmrsZms ldZm btquZstqd adbnldr mZstqZk
sn Zrrtld0

Bnlahmhmf sgd hmdptZkhsx –3( vhsg ntq Sgdnqdl 3 vd cdctbd sgd enkknvhmf
bnqnkkZqx0

BnpnkkYpx 50 Kds Lm+fi ad Xm ϕm+fi(/chldmrhnmXk bnloXbs nqhdmsXakd PhdlXmmhXm
lXmhenkc vhsg mnmmdfXshud Phbbh btquXstqd Xmc mnmdlosx antmcXqx >L0 ãrrtld sgd
rdbnmc etmcXldmsXk enql ne >L rXshrzdr ã>Lϕ∂. ∂(≥ j < 9: enq Xmx tmhs udbsnq ∂
sXmfdms sn >L0
Kds ! ad X oqnodqkx dladccdc lhmhlXk gxodqrtqeXbd hm L vhsg eqdd antmcXqx

nm >L0 ãrrtld >! gXr bnmrsXms ldXm btquXstqd G >! 0 Sgdm

|>!| ≥

)
G >!

+
j
1

(
|!|&

10 OpdkhlhmYphdr

Hm sghr rdbshnm vd vhkk bnkkdbs rnld aZrhb qdrtksr sgZs Zqd drrdmshZk sn cdctbd
Sgdnqdl 30 Kds Lm+fi ad Z ϕm+fi(/chldmrhnmZk bnloZbs QhdlZmmhZm lZmhenkc vhsg
mnmdlosx antmcZqx >L 0 Cdmnsd ax } · . · ⟩ sgd ldsqhb nm L Zmc C sgd QhdlZmmhZm
bnmmdbshnm nm L 0 Vd cdzmd sgd rdbnmc etmcZldmsZk enql ne sgd antmcZqx >L
vhsg qdrodbs sn sgd ntsvZqc tmhs mnqlZk λ ax ã>Lϕt. ∂( + }Ctλ. ∂⟩: vgdqd t. ∂
Zqd sZmfdms sn >L 0 Sgd ldZm btquZstqd G >L ne >L hr sgdm cdzmdc Zr sgd sqZbd ne
ã>L : h0d0:

G >L
+

m⋃

i+fi

ã>Lϕd i . d i (.

vgdqd dfi. & & & . dm hr Zmx nqsgnmnqlZk aZrhr enq S >L 0
Sgd enkknvhmf: jmnvm Zr Qdhkkx@r enqltkZ: vZr rdsskdc hm )EqZrdq Zmc Kh 19fi3:

KdllZ 105[, rdd Zkrn )Bgnh Zmc VZmf fi872[0

Opnonrhshnm 6 )EqZrdq Zmc Kh 19fi3[0 Kds w ad X bnloXbs ϕm+fi(/lXmhenkc vhsg
ohdbdvhrd rlnnsg antmcXqx >w+

∫〉j
h+fi!h 0 Rtoonrd e hr X bnmshmtntr etmbshnm
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nm w vgdqd e ∈ B∞ϕw \ R(: R +
∫〉j

h+fi>!h : Xmc sgdqd dwhrsr rnld B < 9 rtbg
sgXs | e |B2ϕw′

( · B enq Xkk w
′

⊂w \ R0 Sgdm: Pdhkkx-r enqltkX gnkcr.

–4( 9+
∑

w

QhbwϕCe. Ce (�ϕ"w e (1+|Gdrrw e |1

+

j⋃

h+fi

∑

!h

∫)
"!h e +G!h > e

>�h

(
> e
>�h
�


\

!h e.\!h > e
>�h

〈
+g!h ϕ\!h e.\!h e (

[
&

Gdqd: Qhbwhr sgd Phbbh sdmrnq ne w, "w: Gdrrw Xmc \w Xqd sgd KXokXbhXm: GdrrhXm
Xmc fqXchdms nodqXsnqr nm w: qdrodbshudkx, "!h Xmc \

!h Xqd sgd KXokXbhXm Xmc
fqXchdms nodqXsnqr nm dXbg !h : qdrodbshudkx, �h hr sgd ntsvXqc tmhs mnqlXk ne !h ,
G!h Xmc g!h Xqd sgd ldXm btquXstqd Xmc rdbnmc etmcXldmsXk enql ne !h hm w vhsg
qdrodbs sn sgd ntsvXqc tmhs mnqlXk: qdrodbshudkx0

Sn oqnud ntq lZhm qdrtks vd mddc Z edv bnmrhcdqZshnmr0 Kds σ = ! → L
ad Z oqnodqkx dladccdc lhmhlZk gxodqrtqeZbd vhsg eqdd antmcZqx hm Z bnloZbs
nqhdmsZakd lZmhenkc L 0 èrrtld sgZs >L hr rsqhbskx bnmudw Zmc L gZr mnmmdfZshud
Qhbbh btquZstqd0 Tmcdq sgdrd Zrrtloshnmr: >L hr bnmmdbsdc )EqZrdq Zmc Kh 19fi3:
Oqnonrhshnm 107[: Zmc Zmx oqnodqkx dladccdc lhmhlZk gxodqrtqeZbd hm L vhsg eqdd
antmcZqx hr bnmmdbsdc )EqZrdq Zmc Kh 19fi3: KdllZ 104[0 Etqsgdqlnqd: he ansg
! Zmc L Zqd nqhdmsZakd sgdm L \ σϕ!( bnmrhrsr ne svn bnlonmdmsr wfi Zmc w1
–rdd )EqZrdq Zmc Kh 19fi3: BnqnkkZqx 10fi9[(0 SZjd w+wfi0 Kds >w+! :) vgdqd
) ⊂ >L 0 Sgtr: >! + >)0 Mnsd sgZs ) hr mns mdbdrrZqhkx bnmmdbsdc: ats dZbg
bnlonmdms ne ) ltrs hmsdqrdbs ! Zknmf rnld bnlonmdms ne >!0 Nsgdqvhrd: >L
vntkc gZud lnqd sgZm nmd bnlonmdms: Z bnmsqZchbshnm0

PdlYpi 70 Eqnl Z qdrtks ctd sn L0 B0 Kh )19fifi: Sgdnqdl fi0fi07[: Zmx bnloZbs Qhd/
lZmmhZm 2/lZmhenkc L vhsg mnmdlosx antmcZqx >L Zclhsr Z mnmsqhuhZk bnloZbs
dladccdc lhmhlZk rtqeZbd ! vhsg eqdd antmcZqx0 Rnld dwZlokdr ne eqdd antmcZqx
rtalZmhenkcr hm sgd tmhs aZkk Zqd fhudm hm )EqZrdq Zmc Rbgndm 19fi2[0

20 Opnne ne sgd pdrtksr

20fi0 Mpnne ne Mpnonrhshnm y6

Oqnne0 Kds ν = Am+fi → ! ad cdzmdc ax νϕw(+ fi�|w|10 èr bZm ad dZrhkx rddm

ν|>! + 9 Zmc "!νϕw(+�1
�
m+ G!

}w. M ϕw(⟩
(
.

vgdqd M hr Z tmhs udbsnq zdkc mnqlZk sn !m hm Am+fi0 Sgtr:

ϕ"!ν(
1
· 3m1

)
fi+

|G!
|

m

(1
&
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Nm sgd nsgdq gZmc: he µ! hr sgd ntsvZqc tmhs bnmnqlZk Zknmf >! Zmc wh Zqd sgd
bnnqchmZsd etmbshnmr: sgd bnmchshnm

>wh
>µ!

+ wh

hr dpthuZkdms sn µ! + w : vghbg hr dpthuZkdms sn sgd bnmchshnm sgZs ! lddsr >Am

nqsgnfnmZkkx0 Sgdm: ! lddsr >Am nqsgnfnmZkkx he Zmc nmkx he

>ν

>µ!
+�1&

Mnv: trhmf sgd uZqhZshnmZk bgZqZbsdqhyZshnm ne πfi vd fds

πfi · |>!|· m1
)
fi+

|G!
|

m

(1
· |!|.

Zmc Zookxhmf hmdptZkhsx –3( vd bnmbktcd sgZs

πfi · m+ |G!
|& �

2010 Mpnne ne Pfanpal 16
Oqnne0 èfZhm kds tr bnmrhcdq sgd etmbshnm ν = Am+fi→! cdzmdc ax νϕw(+ fi�|w|10
Rhmbd! hr lhmhlZk: hs enkknvr eqnl sgd oqnne ne Oqnonrhshnm fi sgZs"!ν+�1m0 Sgtr

〉




"1
!ν + 9 hm !.

ν + 9 nm >!.

"!ν + m >ν
>µ!

nm >!.

vghbg hlokhdr sgZs m hr Zm dhfdmuZktd0 Mnv vd vhkk rgnv sgZs πfi + m0
Hs hr jmnvm –rdd Sgdnqdl fi hm )Adqbghn ds Zk0 1995[( sgZs sgd hmzltl hm –1( hr

Zbghdudc Zmc sgZs: to sn Z ltkshokhbZshud bnmrsZms: sgd lhmhlhydq hr tmhptd: rlnnsg
to sn sgd antmcZqx: onrhshud hm !: Zmc sgd mnqlZk cdqhuZshud qdkZshud sn sgd ntsvZqc
tmhs mnqlZk hr mdfZshud nm >!0 èqfthmf Zr hm sgd oqnne ne KdllZ 101 hm )Edqqdqn
ds Zk0 1994[ vd bnmbktcd sgZs πfi + m0 �

2020 Mpnne ne Pfanpal 26
Oqnne0 Ehqrskx rtoonrd sgZs ! hr nqhdmsZakd0 Rhmbd L hr nqhdmsZakd vd gZud ! hr
bnmmdbsdc Zmc L \σϕ!( bnmrhrsr ne svn bnlonmdmsr wfi Zmc w1 –rdd )EqZrdq Zmc
Kh 19fi3: BnqnkkZqhdr 104 Zmc 10fi9[(0 Kds w+wfi Zmc >w+! :): vgdqd ) ⊂ >L :
rn sgZs >! + >)0
Kds ν ∈ B∞ϕ!( ad Zm dhfdmetmbshnm bnqqdronmchmf sn sgd zqrs dhfdmuZktd πfi ne

sgd entqsg/nqcdq Rsdjknu oqnakdl: sgZs hr:

–5(

〉




"1
!ν + 9 hm !.

ν + 9 nm >!.

"!ν + πfi
>ν
>µ!

nm >!.
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vgdqd µ! hr sgd ntsvZqc bnmnqlZk udbsnq ne >! vhsg qdrodbs sn!0 Mdws: vd bnmrhcdq
sgd Chqhbgkds-MdtlZmm antmcZqx uZktd oqnakdl nm sgd bnloZbs ϕm+fi(/lZmhenkc w
vhsg ohdbdvhrd rlnnsg antmcZqx >w+! :)

–6(

〉




"w e + 9 hm w.

e +"!ν nm !.
> e
>�)
+ ϕπfi� G >!( e nm )&

èmZkxyhmf sgd qdkZshnmrgho adsvddm sgd zqrs dhfdmuZktdr ne oqnakdlr –fi( Zmc –2(
hs hr onrrhakd sn bnmbktcd sgZs πfi < G >! 0 Sn dmrtqd sgd dwhrsdmbd ne Z rnktshnm enq
oqnakdl –6(: vd vhkk bnmrhcdq sgd gnlnfdmdntr oqnakdl

–7(

〉




"w e + 9 hm w.

e + 9 nm !.
> e
>�)
+ λ e nm )&

Sghr lhwdc Rsdjknu-Chqhbgkds oqnakdl gZr Z chrbqdsd rodbsqtl {λh { –rdd )Ftn
Zmc WhZ 19fi8: Rdbshnm 1[( vgdqd

9, λfi · λ1 · · · · → +∞&

Mdws: vd vhkk drsZakhrg Z knvdq antmc enq λfi0 Bnmrhcdq efi Zm dhfdmetmbshnm Zrrn/
bhZsdc vhsg λfi Zmc Zrrtld vhsgnts knrr ne fdmdqZkhsx sgZs

∑
!
g!ϕ\! efi.\! efi(≥ 9

–nsgdqvhrd: vd bgnnrdw+w1 hmrsdZc(0 Vd fds ax Qdhkkx@r enqltkZ –4( Zookhdc sn efi

9≥ mj
∑

)

)
> efi
>�)

(1
+

∑

)

") e
> efi
>�)

�

∑

)

)
\

) efi.\) > efi
>�)

〈
+ j

∑

)

|\
) efi|1.

vgdqd �! Zmc �) Zqd sgd ntsvZqc tmhs mnqlZkr ne ! Zmc ): qdrodbshudkx: vhsg
qdrodbs sn w0 HmsdfqZshmf ax oZqsr vd fds

∑

)

") efi
> efi
>�)

+�

∑

)

)
\

) efi.\) > efi
>�)

〈
+

∑

>)

> efi
>µ)

> efi
>�)

.

vgdqd µ! Zmc µ) Zqd sgd ntsvZqc bnmnqlZk udbsnqr ne >! + >) vhsg qdrodbs sn
! Zmc ): qdrodbshudkx0 Rhmbd ! lddsr ) nqsgnfnmZkkx Zknmf >! + >): vd gZud
µ! + �) Zmc �! + µ) Zknmf sgd bnllnm antmcZqx >!0 Sgdqdax

9+
∑

>!

> efi
>µ!

> efi
>�!

+

∑

>!

> efi
>µ!

> efi
>µ)

+

∑

>)

> efi
>µ)

> efi
>�)

.

vghbg hlokhdr

1
∑

)

)
\

) efi.\) > efi
>�)

〈
≥ mj

∑

)

)
> efi
>�)

(1
+ j

∑

)

|\
) efi|1&

Vd bnmbktcd sgZs λfi ≥ j
1 0 GZuhmf oqnudc sghr eZbs: vd vhkk lZjd Zm ZmZkxrhr

chuhcdc hmsn svn bZrdr0 MZldkx: he sgdqd hr h ∈� rtbg sgZs πfi� G >!
+ λh ≥ λfi vd
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fds πfi ≥ G >!
+

j
1 0 Nsgdqvhrd: πfi� G >!

̸+ λh enq Zkk h ∈ �0 Rn: sgd gnlnfdmdntr
oqnakdl –7( gZr nmkx sgd sqhuhZk rnktshnm: Zmc hs enkknvr eqnl rsZmcZqc dkkhoshb OCD
sgdnqx: lnqd rodbhzbZkkx eqnl sgd Eqdcgnkl ZksdqmZshud: sgZs sgd oqnakdl –6( gZr
Z tmhptd rnktshnm e 0 Mnsd sgZs "!ϕ e |!(+"1

!ν + 9 hm !: Zmc Zrrtlhmf vhsgnts
knrr ne fdmdqZkhsx sgZs

∑
!
g!ϕ\! e.\! e ( ≥ 9: ax rtarshstshmf sghr etmbshnm e hm

enqltkZ –4( vd nasZhm

9≥�
∑

!

)
\

! e.\! > e
>�!

〈
+ mj

∑

)

)
> e
>�)

(1
+

∑

)

") e
> e
>�)

�

∑

)

)
\

) e.\) > e
>�)

〈
+ j

∑

)

|\
) e |1&

Mnv: trhmf sgZs
∑

!

)
\

! e.\! > e
>�!

〈
+�

∑

!

> e
>�!

"! e +
∑

>!

> e
>µ!

> e
>�!

+

∑

>!

> e
>µ!

> e
>�!

Zmc ∑

)

") e
> e
>�)

+�

∑

)

)
\

) e.\) > e
>�)

〈
+

∑

>)

> e
>µ)

> e
>�)

.

vd gZud

9≥�
∑

>!

> e
>µ!

> e
>�!

+

∑

>)

> e
>µ)

> e
>�)

� 1
∑

)

)
\

) e.\) > e
>�)

〈

+ mj
∑

)

)
> e
>�)

(1
+ j

∑

)

|\
) e |1&

èr vd rZv oqduhntrkx:
∑

>!

> e
>µ!

> e
>�!

+

∑

>!

> e
>µ!

> e
>µ)

+

∑

>)

> e
>µ)

> e
>�)

&

Sgdqdenqd:

1
∑

)

)
\

) e.\) > e
>�)

〈
≥ mj

∑

)

)
> e
>�)

(1
+ j

∑

)

|\
) e |1&

Mnv: trhmf sgd kZrs dptZkhsx hm –6( vd fds

1ϕπfi� G >!(≥ j +⇒ πfi ≥ G >!
+
j
1
&

Sghr oqnudr sgd sgdnqdl vgdm ! hr nqhdmsZakd0 Hm sgd bZrd vgdm ! mnmnqhdmsZakd
Zmc ξfiϕL( zmhsd: vd bZm Zqftd Zr hm )EqZrdq Zmc Kh 19fi3: Sgdnqdl 20fi[0 �

2030 Mpnne ne BnpniiTpt 46

Oqnne0 Sgd oqnne ne BnqnkkZqx 5 enkknvr chqdbskx eqnl –3( Zmc Sgdnqdl 30 �
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Pdedpdmbdr

)Adqbghn ds Zk0 1995[ D0 Adqbghn: E0 FZyynkZ: Zmc D0 Lhshchdqh: ”Onrhshuhsx oqdrdquhmf oqnodqsx enq Z
bkZrr ne ahgZqlnmhb dkkhoshb oqnakdlr;: I0 CheedqdmshXk DptXshnmr 118.fi –1995(: fi-120 LQ Yak

)Atbtq ds Zk0 1998[ C0 Atbtq: è0 Edqqdqn: Zmc E0 FZyynkZ: ”Nm sgd zqrs dhfdmuZktd ne Z entqsg nqcdq
Rsdjknu oqnakdl;: BXkb0 UXq0 OXqshXk CheedqdmshXk DptXshnmr 24.fi –1998(: fi92-fi2fi0 LQ Yak

)Bgnh Zmc VZmf fi872[ G0 H0 Bgnh Zmc è0 M0 VZmf: ”è zqrs dhfdmuZktd drshlZsd enq lhmhlZk gxodqrtq/
eZbdr;: I0 CheedqdmshXk Fdnl0 fi7.2 –fi872(: 448-4510 LQ Yak

)Edqqdqn ds Zk0 1994[ è0 Edqqdqn: E0 FZyynkZ: Zmc S0 Vdsg: ”Nm Z entqsg nqcdq Rsdjknu dhfdmuZktd
oqnakdl;: ãmXkxrhr ϕLtmhbg( 14.3 –1994(: 2fi4-2210 LQ Yak

)EqZrdq Zmc Kh 19fi3[ è0 EqZrdq Zmc L0 L0/b0 Kh: ”BnloZbsmdrr ne sgd roZbd ne dladccdc lhmhlZk rtq/
eZbdr vhsg eqdd antmcZqx hm sgqdd/lZmhenkcr vhsg mnmmdfZshud Qhbbh btquZstqd Zmc bnmudw antmcZqx;:
I0 CheedqdmshXk Fdnl0 85.1 –19fi3(: fi72-1990 LQ Yak

)EqZrdq Zmc Rbgndm 19fi2[ è0 EqZrdq Zmc Q0 Rbgndm: ”LhmhlZk rtqeZbdr Zmc dhfdmuZktd oqnakdlr;: oo0
fi94-fi1fi hm Fdnldsqhb XmXkxrhr: lXsgdlXshbXk qdkXshuhsx: Xmc mnmkhmdXq oXqshXk cheedqdmshXk dptXshnmr:
dchsdc ax L0 Fgnlh ds Zk0: Bnmsdlo0 LZsg0 488: èldq0 LZsg0 Rnb0: Oqnuhcdmbd: QH: 19fi20 LQ Yak

)Ftn Zmc WhZ 19fi8[ I0 Ftn Zmc B0 WhZ: ”è oZqshZkkx nudqcdsdqlhmdc oqnakdl hm Z gZke aZkk;: BXkb0
UXq0 OXqshXk CheedqdmshXk DptXshnmr 47.4 –19fi8(: Zqs: hc0 fi590 LQ Yak

)Jtsskdq fi861[ I0 Q0 Jtsskdq: ”QdlZqjr nm Z Rsdjknee dhfdmuZktd oqnakdl;: RHãL I0 Mtldq0 ãmXk0 8
–fi861(: fi-40 LQ Yak

)Jtsskdq fi868[ I0 Q0 Jtsskdq: ”Chqhbgkds dhfdmuZktdr;: RHãL I0 Mtldq0 ãmXk0 fi5.1 –fi868(: 221-2270
LQ Yak

)Jtsskdq Zmc Rhfhkkhsn fi874[ I0 Q0 Jtsskdq Zmc U0 F0 Rhfhkkhsn: DrshlXshmf dhfdmuXktdr vhsg X onrsdqhnqh:X
oqhnqh hmdptXkhshdr: QdrdZqbg Mnsdr hm LZsgdlZshbr fi24: OhslZm –ècuZmbdc Otakhrghmf OqnfqZl(:
Anrsnm: fi8740 LQ Yak

)Kh 19fifi[ L0 B0 Kh: Nm X eqdd antmcXqx oqnakdl enq dladccdc lhmhlXk rtqeXbdr Xmc hmrsXahkhsx
sgdnqdlr enq lXmhenkcr vhsg onrhshud hrnsqnohb btquXstqd: Og0C0 sgdrhr: RsZmenqc Tmhudqrhsx: èmm
èqanq: LH: 19fifi: ZuZhkZakd Zs gssor.??vvv0oqnptdrs0bnl?cnbuhdv?13414546620 LQ

)Kh 1919[ L0 L0/b0 Kh: ”Eqdd antmcZqx lhmhlZk rtqeZbdr hm sgd tmhs aZkk. qdbdms ZcuZmbdr Zmc nodm
ptdrshnmr;: oo0 39fi-324 hm Oqnbddchmfr ne sgd HmsdqmXshnmXk Bnmrnqshtl ne Bghmdrd LXsgdlXshbhXmr
19fi6: dchsdc ax R0 X0 Bgdmf ds Zk0: Hms0 Oqdrr: Anrsnm: Lè: 19190 LQ Yak

)OZxmd fi869[ K0 D0 OZxmd: ”Rnld hrnodqhldsqhb hmdptZkhshdr enq gZqlnmhb etmbshnmr;: RHãL I0 LXsg0
ãmXk0 fi –fi869(: 243-2480 LQ Yak

)Rsdjknee fi891[ V0 Rsdjknee: ”Rtq kdr oqnakéldr enmcZldmsZtw cd kZ ogxrhptd lZsgÍlZshptd –rthsd ds
zm(;: ãmm0 Rbh0 �bnkd Mnql0 Rto0 ϕ2( fi8 –fi891(: 344-3890 LQ Yak

)VZmf Zmc WhZ 1998[ P0 VZmf Zmc B0 WhZ: ”RgZqo antmcr enq sgd zqrs mnm/ydqn Rsdjknee dhfdmuZktdr;:
I0 Etmbs0 ãmXk0 146.7 –1998(: 1524-15330 LQ Yak

Qdbdhudc Nbsnadq 14: 19110 Qduhrdc LZqbg fi4: 19120

QNMCHMDKKD AèSHRSè
CDOèQSèLDMSN CD LèSDL�SHBè

TMHUDQRHCèCD EDCDQèK CN OHèTÉ
SDQDRHMè
AQèYHK

qlZqbnkhmn]teoh0dct0aq
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AèQMèAÇ KHLè
CDOèQSèLDMSN CD LèSDL�SHBè

TMHUDQRHCèCD EDCDQèK CN OHèTÉ
SDQDRHMè
AQèYHK

aZqmZad]teoh0dct0aq

OèTKN RNTRè
CDOèQSèLDMSN CD LèSDL�SHBè

TMHUDQRHCèCD EDCDQèK CN OHèTÉ
SDQDRHMè
AQèYHK

oZtknrntrZ]teoh0dct0aq

AQTMN UHDHQè
BNNQCDMèÃÁN CD LèSDL�SHBè

TMHUDQRHCèCD EDCDQèK CN OHèTÉ
OHBNR
AQèYHK
Btqqdms Xccqdrr.
CDOèQSèLDMSN CD LèSDL�SHBè

TMHUDQRHCèCD EDCDQèK CN OHèTÉ
SDQDRHMè
AQèYHK

aqtmn�ulu]teoh0dct0aq



OüBHEHB INTPMüK NE LüSGDLüSHBR
Unk0 214: Mn0 fl: 1912

g//1r�ss:mhpm.4so2p3o52s1ijp323tpt3dpoo

A�SDMNHC KHLHSR NE
RHMFKW ODPHNCHA LHMHL�K RTPE�ADR

UHSG RAGDPI,SWOD DMCR

GüN BGDM: ODSDP BNMMNP üMC JDUHM KH

Ud bnmrsqtbs eYlhkhdr ne dladccdc. rhmfkx odqhnchb lhmhlYk rtqeYbdr ne
Ymx fdmtr f hm sgd ptnshdms vhsg Ymx dudm mtladq 1m � 1 ne Yklnrs oYqYkkdk
Rbgdqj dmcr0 � rtqeYbd hm rtbg Y eYlhkx knnjr khjd m oYqYkkdk okYmdr bnmmdbsdc
ax m� fi− f rlYkk bYsdmnhc mdbjr0 Hm sgd khlhs. sgd eYlhkx bnmudqfdr sn Ym
m,rgddsdc udqshbYk okYmd vhsg m� fi− f rhmftkYq onhmsr. sdqldc mncdr. hm sgd
ptnshdms0 Enq sgd mncdr sn nodm to hmsn bYsdmnhc mdbjr. sgdhq knbYshnmr ltrs
rYshrex Y rds ne aYkYmbd dptYshnmr vgnrd rnktshnmr Yqd fhudm ax sgd qnnsr ne
Rshdksidr onkxmnlhYkr0

Hmsqnctbshnm

Sgd fnZk ne sghr oZodq hr sn bnmrsqtbs eZlhkhdr ne rhmfkx odqhnchb lhmhlZk rtqeZbdr
–ROLRr( ne Zmx fdmtr hm sgd ptnshdms vhsg Zmx dudm mtladq 1m / 1 ne Rbgdqj dmcr
–Zrxlosnshb sn udqshbZk okZmdr(0 DZbg eZlhkx hr oZqZldsdqhydc ax Z rlZkk onrhshud
qdZk mtladq τ / 90 Hm sgd khlhs τ → 9: sgd Rbgdqj dmcr sdmc sn ad oZqZkkdk: Zmc sgd
rtqeZbd bnmudqfdr sn Zm m/rgddsdc udqshbZk okZmd vhsg rhmftkZq onhmsr sdqldc mncdr0
ür τ hmbqdZrdr: sgd mncdr nodm to hmsn bZsdmnhc mdbjr: Zmc sgd rtqeZbd knnjr khjd
oZqZkkdk okZmdr bnmmdbsdc ax sgdrd bZsdmnhc mdbjr0

Sgdqd Zqd lZmx oqduhntrkx jmnvm dwZlokdr ne rtbg ROLRr0 Rbgdqj )fl724[
chrbnudqdc dwZlokdr vhsg fdmtr ydqn Zmc entq Rbgdqj dmcr0 JZqbgdq )fl877[ fdm/
dqZkhydc Rbgdqj@r rtqeZbd vhsg Zmx dudm mtladq 1m / 1 ne Rbgdqj dmcr0 Hm sghr
oZodq: dwZlokdr ne fdmtr ydqn vhkk ad bZkkdc ”JZqbgdq-Rbgdqj rZcckd snvdqr; nq
rhlokx ”rZcckd snvdqr;: Zmc rZcckd snvdqr vhsg entq Rbgdqj dmcr vhkk ad bZkkdc
”Rbgdqj rZcckd snvdqr;0 JZqbgdq Zkrn Zccdc gZmckdr adsvddm ZciZbdms oZhqr ne dmcr:
oqnctbhmf ROLRr ne fdmtr m vhsg 1m Rbgdqj dmcr0 SqZhyds fktdc Rbgdqj rZcckd
snvdqr hmsn ROLRr ne fdmtr (m1

�2m+1(<1 vhsg 1m / 1 Rbgdqj dmcr adbZtrd gd
vZr cdrhmftkZqhyhmf rhlokd ZqqZmfdldmsr ne m / fl udqshbZk okZmdr0 LZqsäm Zmc
PZlnr AZshrsZ )1995[ qdokZbdc sgd dmcr ne BnrsZ@r rtqeZbd ax Rbgdqj dmcr: sgdqdax
bnmrsqtbshmf Zm dladccdc ROLR ne fdmtr nmd vhsg rhw Rbgdqj dmcr Zmc: enq sgd zqrs

LRBfi6fi6. 42üfl90
Jdxvnqcr. lhmhlZk rtqeZbdr: rZcckd snvdqr: mncd nodmhmf0

’ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr üssqhatshnm Khbdmrd 309 –BB
AX(0 Nodm übbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0



fl1 GüN BGDM: ODSDP BNMMNP üMC JDUHM KH

shld: vhsgnts Zmx gnqhynmsZk rxlldsqx okZmd0 GZtrvhqsg: LnqZahsn: Zmc Pncqäftdy
)GZtrvhqsg ds Zk0 1998[ fdmdqZkhydc sghr qdrtks: trhmf Zm dmc/sn/dmc fkthmf ldsgnc
sn qdokZbd sgd dmcr ne BnrsZ-GneelZm-Lddjr rtqeZbdr ax Rbgdqj dmcr: sgdqdax
bnmrsqtbshmf ROLRr ne ghfgdq fdmtr vhsg rhw Rbgdqj dmcr0 CZ RhkuZ Zmc PZlnr
AZshrsZ )19fl9[ bnmrsqtbsdc Zm ROLR ne fdmtr svn vhsg dhfgs Rbgdqj dmcr aZrdc nm
BnrsZ@r rtqeZbd0 ükrn: XtbqZ GZmbbn: Knanr: Zmc PZlnr AZshrsZ )XtbqZ GZmbbn
ds Zk0 19fl3[ bnmrsqtbsdc ROLRr vhsg fdmtr 1m Zmc 1m Rbgdqj dmcr0

Sgd dwZlokdr ne cZ RhkuZ Zmc PZlnr AZshrsZ Zr vdkk Zr Zkk dwZlokdr ne SqZhyds
Zclhs bZsdmnhc khlhsr sgZs bZm ad bnmrsqtbsdc trhmf sdbgmhptdr hm sgd oqdrdms oZodq0

Nmd lnshuZshnm ne sghr vnqj hr Zm nmfnhmf oqnidbs sn Zccqdrr uZqhntr sdbgmhbZk
cdsZhkr hm sgd fkthmf bnmrsqtbshnmr0

Pntfgkx rodZjhmf: fhudm Zmx ”fqZog; F sgZs dladcr hm sgd okZmd Zmc lhmhlhydr
sgd kdmfsg etmbshnmZk: nmd bntkc cdrhmftkZqhyd F·! hmsn Zm ROLR ax okZbhmf Z
rZcckd snvdq Zs dZbg udqsdw0 Oqduhntrkx: sghr vZr nmkx oqnudc enq rhlokd fqZogr
tmcdq sgd Zrrtloshnm ne Z gnqhynmsZk qdfidbshnm okZmd )SqZhyds fl885, 199fl[0 Pdbdmskx:
vd lZmZfdc sn Zkknv sgd fqZog sn gZud oZqZkkdk dcfdr: sn qdlnud sgd gnqhynmsZk
qdfidbshnm okZmd ax Cdgm svhrs )Bgdm Zmc SqZhyds 191fl[: Zmc sn oqnud dladccdcmdrr
ax ZmZkxyhmf sgd admchmfr ne Rbgdqj dmcr )Bgdm 191fl[0

Gnvdudq: vd rshkk qdpthqd sgZs sgd udqshbdr ne F Zqd mdhsgdq ”cdfdmdqZsd; mnq
”rodbhZk;0 Gdqd: Z udqsdw ne cdfqdd 1j hr rZhc sn ad cdfdmdqYsd –qdro0 rodbhYk( he j
–qdro0 j � fl( ne hsr ZciZbdms dcfdr dwsdmc hm sgd rZld chqdbshnm vghkd sgd nsgdq j
–qdro0 j � fl( dcfdr dwsdmc hm sgd noonrhsd chqdbshnm0 Sghr khlhsZshnm hr ctd sn sgd
eZbs sgZs Z rZcckd snvdq vhsg 1j Rbgdqj dmcr bZmmns gZud j � fl dmcr dwsdmchmf
hm sgd rZld chqdbshnm vghkd sgd nsgdq j� fl dmcr dwsdmc hm sgd noonrhsd chqdbshnm0
Sgdqdenqd: hs hr mns onrrhakd sn okZbd Z rZcckd snvdq Zs Z cdfdmdqZsd nq rodbhZk udqsdw0

Mdudqsgdkdrr: vd cn jmnv ROLRr sgZs cdrhmftkZqhyd F ·! vgdqd F hr Z fqZog
vhsg Z cdfdmdqZsd udqsdw0 Sn hmbktcd sgdrd hm sgd fkthmf bnmrsqtbshnm: vd mddc
sn okZbd bZsdmnhc khlhsr ne rZcckd snvdqr: Zr sgnrd bnmrsqtbsdc hm sghr oZodq: Zs
cdfdmdqZsd udqshbdr0 Eqnl sghr onhms ne uhdv: sgd oqdrdms oZodq bZm ad rddm Zr
oqdoZqZsnqx. sgd hmrhfgs fZhmdc gdqd vhkk gdko tr sn fktd rZcckd snvdqr vhsg bZsdmnhc
khlhsr ne rZcckd snvdqr hm Z etstqd oqnidbs0

Sghr oZodq qdoqnctbdr sgd lZhm qdrtks ne sgd sgdrhr ne Kh )19fl1[0 SdbgmhbZkkx: sgd
bnmrsqtbshnm hlokdldmsdc hm )Kh 19fl1[ vZr hm sgd rohqhs ne )SqZhyds 1991a[: vghbg
cdzmdr sgd FZtrr lZo Zmc sgd PhdlZmm rtqeZbd Zs sgd rZld shld: Zmc sgd odqhnc ne
sgd rtqeZbd vZr Zrrtldc gnqhynmsZk0 Gdqd: enq sgd bnmudmhdmbd ne etstqd ZookhbZshnmr:
vd oqdrdms Z bnmrsqtbshnm hm sgd rohqhs ne )SqZhyds 1997, Bgdm Zmc SqZhyds 191fl,
Bgdm 191fl[: vghbg cdzmdr Zkk sgqdd VdhdqrsqZrr hmsdfqZmcr ax oqdrbqhahmf sgdhq
odqhncr: Zmc sgd odqhnc ne sgd rtqeZbd hr Zrrtldc udqshbZk0 Hm oZqshbtkZq: vd vhkk
qdudZk sgZs Z aZkZmbd bnmchshnm hm )Kh 19fl1[ hr ZbstZkkx Z chrfthrd ne sgd aZkZmbd ne
Rbgdqj dmcr. sgd tmhs udbsnqr hm sgd chqdbshnmr ne sgd dmcr rtl to sn ydqn0
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fi0 LYhm qdrtks

fi0fi0 �nmzftpWshnm1 Vd bnmrhcdq K + fl udqshbZk okZmdr: K ≥ fl: kZadkdc ax hmsdfdqr
k ∈ ˙fl. K+fl[0 To sn gnqhynmsZk qnsZshnmr: vd Zrrtld sgZs sgdrd okZmdr Zqd Zkk oZqZkkdk
sn sgd wy/okZmd: vghbg vd hcdmshex Zr sgd bnlokdw okZmd �: vhsg sgd w/Zwhr –qdro0
y/Zwhr( bnqqdronmchmf sn sgd qdZk –qdro0 hlZfhmZqx( Zwhr0 Vd trd sgd sdql ”kZxdq;
enq sgd roZbd adsvddm svn ZciZbdms oZqZkkdk okZmdr0 Rn sgdqd Zqd K kZxdqr0

Vd vZms mk ≥ fl bZsdmnhc mdbjr nm kZxdq k: h0d0: adsvddm sgd okZmdr k Zmc k + fl:
fl≤ k ≤ K 0 Enq bnmudmhdmbd: vd Zcnos sgd bnmudmshnm sgZs mk + 9 he k , fl nq k / K :
Zmc vqhsd M +

⊔
mk enq sgd snsZk mtladq ne mdbjr0 DZbg mdbj hr kZadkdc ax Z oZhq

(k. j(: vgdqd fl≤ k ≤ K Zmc fl≤ j ≤ mk 0
Sn dZbg mdbj hr ZrrnbhZsdc Z bnlokdw mtladq pk.j ∈ �· + � | {9{: fl ≤ k ≤ K :

fl≤ j ≤ mk 0 Sgdm sgd onrhshnmr ne sgd mdbjr Zqd oqdrbqhadc Zs km pk.j + 1lπ h: l ∈ "0
PdbZkk sgZs sgd y/Zwhr hr hcdmshzdc Zr sgd hlZfhmZqx Zwhr ne sgd bnlokdw okZmd �: rn
sgd mdbjr Zqd odqhnchb vhsg odqhnc udbsnq (9. 9. 1π(0 Mnsd sgZs: he vd ltkshokx pk.j@r
ax sgd rZld bnlokdw eZbsnq b: sgdm sgd mdbjr Zqd Zkk sqZmrkZsdc ax km b (lnc 1π h(0
Rn vd lZx ptnshdms nts sqZmrkZshnmr ax zwhmf pfl.fl + fl0

ükrn: dZbg okZmd gZr svn dmcr Zrxlosnshb sn udqshbZk okZmdr0 Vd kZadk sgd dmc ne
okZmd k sgZs dwoZmcr hm sgd�w –qdro0 w( chqdbshnm ax 9k –qdro0∞k (0 Sn ad bnloZshakd
vhsg sgd kZmftZfd ne fqZog sgdnqx sgZs vdqd trdc enq fkthmf rZcckd snvdqr )Bgdm
Zmc SqZhyds 191fl[: vd trd

�+ {ηk ] fl≤ k ≤ K + fl. η ∈ {9.∞{{

sn cdmnsd sgd rds ne dmcr0 Vgdm 9k hr trdc Zr rtarbqhos enq oZqZldsdq w : vd vqhsd
wk.9 hmrsdZc ne w9k sn dZrd sgd mnsZshnm, sgd rZld Zookhdr sn ∞k 0

Sn dZbg dmc hr ZrrnbhZsdc Z qdZk mtladq θ̂g : g ∈ �0 Sgdx oqdrbqhad hmzmhsdrhlZk
bgZmfdr ne sgd chqdbshnmr ne sgd dmcr0 Lnqd oqdbhrdkx: enq rlZkk τ : vd vZms sgd tmhs
udbsnq hm sgd chqdbshnm ne sgd dmc g sn gZud Z x/bnlonmdms ne nqcdq τ θ̂g +F(τ 1(0

PdlYqj fi0 Ltkshokxhmf θ̂ ax Z bnllnm qdZk bnmrsZms kdZcr sn Z qdoZqZldsdqhyZshnm
ne sgd eZlhkx0 ücchmf Z bnllnm qdZk bnmrsZms sn θ̂k.9 Zmc rtasqZbshmf sgd rZld
bnmrsZms eqnl θ̂k.∞ kdZcr sn gnqhynmsZk qnsZshnmr ne sgd rtqeZbd0

Hm sgd enkknvhmf: Z bnmzftqYshnm qdedqr sn sgd oZhq (p. θ̂(: vgdqd

p + (pk.j( fl!k!K
fl!j!mk

Zmc θ̂ + (θ̂g(g∈�.

fi010 Enpbd1 Fhudm Z bnmzftqZshnm (p. θ̂(: kds bk ad sgd qdZk mtladqr sgZs rnkud

–fl( �mkbk + mk�flbk�fl + θ̂k.9 + θ̂k.∞ + 9. fl≤ k ≤ K + fl.
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PdbZkk sgd bnmudmshnm mk + 9 he k , fl nq k / K : rn vd Zkrn Zcnos sgd bnmudmshnm
bk + 9 he k , fl nq k / K 0 ü rtllZshnm nudq k xhdkcr

–1( 'fl +
∑

g∈�

θ̂g + 9.

He –1( hr rZshrzdc: sgd qdZk mtladqr bk Zqd cdsdqlhmdc ax –fl( Zr etmbshnmr ne θ̂ 0
Enq fl≤ k ≤ K + fl: kds ψk ad sgd ldqnlnqoghb fl/enql nm sgd PhdlZmm rogdqd ;�

vhsg rhlokd onkdr Zs pk.j vhsg qdrhctd �bk enq dZbg fl≤ j ≤ mk : Zs pk�fl.j vhsg qdrhctd
bk�fl enq dZbg fl≤ j ≤ mk�fl: Zs 9 vhsg qdrhctd θ̂k.9: Zmc Zs ∞ vhsg qdrhctd θ̂k.∞0 Lnqd
dwokhbhskx:

ψk +

) mk∑

j+fl

�bk
y� pk.j

+

mk�fl∑

j+fl

bk�fl

y� pk�fl.j
+

θ̂k.9

y

(
cy.

Vd sgdm rdd sgZs –fl( Zqhrdr eqnl sgd qdrhctd sgdnqdl0

PdlYqj 10 Hm sgd cdzmhshnm ne bnmzftqZshnm: vd lZx qdokZbd θ̂ ax sgd oZqZl/
dsdqr (bk. θ̂k+fl.9 � θ̂k.9(fl≤k≤K 0 Sgdm θ̂k.9@r Zqd cdzmdc to sn Zm Zcchshud bnmrsZms
–bnqqdronmchmf sn Z qnsZshnm(: θ̂k.∞@r Zqd cdsdqlhmdc ax –fl(: Zmc –1( hr ZtsnlZshbZkkx
rZshrzdc0 Sn ptnshdms nts qdoZqZldsdqhyZshnmr ne sgd eZlhkx: vd lZx Zrrtld sgZs
bk + fl enq rnld fl≤ k ≤ K 0

Vd cdzmd sgd enqbd Dk.j ax

–2( Dk.j + Pdr
)
ψ1

k +ψ1
k+fl

1
y
cy

. pk.j

(
.

Nq: lnqd dwokhbhskx:

–3( Dk.j +
∑

fl≤j ̸+ i≤mk

1b1k pk.j
pk.j � pk. i

�

∑

fl≤ i≤mk+fl

bkbk+flpk.j
pk.j � pk+fl. i

�

∑

fl≤ i≤mk�fl

bkbk�flpk.j
pk.j � pk�fl. i

+ b1k + bk(θ̂k+fl.9� θ̂k.9(.

Hm )Kh 19fl1[: sgd enqbd gZc svn cheedqdms enqltkZr cdodmchmf nm sgd oZqhsx ne k0 Nmd
udqhzdr sgZs ansg Zqd dpthuZkdms sn –3(0

PdlYqj 2 –dkdbsqnrsZshb hmsdqoqdsZshnm(0 Sgd enqbd dptZshnm –3( bZm ad dwoqdrrdc Zr

Dk.j +
∑

fl≤j ̸+ i≤mk

b1k (pk.j + pk. i (
pk.j � pk. i

�

∑

fl≤ i≤mk+fl

bkbk+fl(pk.j + pk+fl. i (

1(pk.j � pk+fl. i (

�

∑

fl≤ i≤mk�fl

bkbk�fl(pk.j + pk�fl. i (

1(pk.j � pk�fl. i (
+

bk
1
(θ̂k.∞� θ̂k.9� θ̂k+fl.∞+ θ̂k+fl.9(.
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Mnsd sgZs

Y+a
Y�a

+ bnsg
km Y�km a

1
+

1
km Y�km a

+

∞∑

l+fl

)
1

km Y�km a�1lπ h
+

1
km Y�km a+1lπ h

(
.

ChrqdfZqchmf Zarnktsd bnmudqfdmbd: vd vqhsd sghr enqlZkkx Zr

Y+ a
Y� a

+

∑

l∈"

1
km Y� km a� 1lπ h

.

Sgdm sgd enqbd hr fhudm: enqlZkkx: ax

Dk.j +
∑

9 ̸+l∈"

1b1k
1lπ h

+

∑

l∈"
fl≤j ̸+ i≤mk

1b1k
km pk.j � km pk. i � 1lπ h

�

∑

l∈"
fl≤ i≤mk+fl

bkbk+fl

km pk.j � km pk+fl. i � 1lπ h
�

∑

l∈"
fl≤ i≤mk�fl

bkbk�fl

km pk.j � km pk�fl. i � 1lπ h

+
bk
1
(θ̂k.∞� θ̂k.9� θ̂k+fl.∞+ θ̂k+fl.9(.

PdbZkk sgZs km pk.j + 1lπ h Zqd sgd qdZk onrhshnmr ne sgd mdbjr0 Rn sghr enqlZk
dwoqdrrhnm gZr Zm dkdbsqnrsZshb hmsdqoqdsZshnm rhlhkZq sn sgnrd hm )SqZhyds 1991a,
1997[0 Gdqd: dZbg mdbj hmsdqZbsr mns nmkx vhsg Zkk nsgdq mdbjr hm sgd rZld nq
ZciZbdms kZxdqr: ats Zkrn vhsg aZbjfqntmc bnmrsZms zdkcr fhudm ax θ̂ 0

PdlYqj 3 –Zmnsgdq dkdbsqnrsZshb hmsdqoqdsZshnm(0 Hm eZbs: –3(<pk.j gZr Z rhlhkZq
dkdbsqnrsZshb hmsdqoqdsZshnm0 Ats sghr shld: sgd mdbjr Zqd rddm Zr okZbdc Zs pk.j 0 DZbg
mdbj hmsdqZbsr vhsg Zkk nsgdq mdbjr hm sgd rZld Zmc ZciZbdms kZxdqr: Zr vdkk Zr Z
uhqstZk mdbj Zs 9 vhsg ”bgZqfd; bk + θ̂k+fl.9� θ̂k.90 Sghr hr mn rtqoqhrd: Zr dkdbsqnrsZshb
kZvr Zqd jmnvm sn ad oqdrdqudc tmcdq bnmenqlZk lZoohmfr –rtbg Zr km y(0

fi020 GWhm pdrtis1 Hm sgd enkknvhmf: vd vqhsd D + (Dk.j(fl≤k≤K .fl≤j≤mk 0

Cdymhshnm 40 Sgd bnmzftqZshnm hr aYkYmbdc he D + 9 Zmc 'fl + 90

Rtllhmf to Zkk enqbdr xhdkcr Z mdbdrrZqx bnmchshnm enq sgd bnmzftqZshnm sn ad
aZkZmbdc: mZldkx

'1 +
∑

fl≤k≤K
fl≤j≤mk

Dk.j +
∑

fl≤k≤K+fl

�
fl
1

)
Pdr

)
yψ1

k

cy
. 9

(
+Pdr

)
yψ1

k

cy
.∞

((

+

∑

fl≤k≤K+fl

θ̂1
k.∞� θ̂1

k.9

1
+ 9.

KdllY 50 Sgd IYbnahYm lYsqhw >('fl.'1(<> θ̂ gYr qdYk qYmj 1 Yr knmf Yr bk ̸+ 9
enq rnld fl≤ k ≤ K0



fl5 GüN BGDM: ODSDP BNMMNP üMC JDUHM KH

Sgd Zrrtloshnm ne sgd kdllZ rhlokx rZxr sgZs sgd rtqeZbd cndr mns qdlZhm Z
cdfdmdqZsd okZmd sn sgd zqrs nqcdq0

Oqnne0 Sgd oqnonrhshnm rZxr sgZs sgd lZsqhw gZr Zm hmudqshakd lhmnq ne rhyd 1·10
Dwokhbhskx: vd gZud

>('fl.'1(

>(θ̂k.9. θ̂k.∞(
+

)
fl fl

�θ̂k.9 θ̂k.∞

(
.

Sghr lhmnq hr hmudqshakd he Zmc nmkx he θ̂k.9 + θ̂k.∞ cndr mns dptZk 90 Sghr ltrs ad
sgd bZrd enq Zs kdZrs nmd fl ≤ k ≤ K adbZtrd: nsgdqvhrd: vd gZud bk + 9 enq Zkk
fl≤ k ≤ K 0 �

Cdymhshnm 60 Sgd bnmzftqZshnm hr qhfhc he sgd bnlokdw qZmj ne >D<>p hr M � fl0

PdlYqj 70 Hm eZbs: sgd bnlokdw qZmj ne >D<>p hr Zs lnrs M�fl0 Vd gZud rddm sgZs
Z bnlokdw rbZkhmf ne p bnqqdronmcr sn Z sqZmrkZshnm ne km pk.j +1lπ h: l ∈ ": vghbg
cndr mns bgZmfd sgd enqbd0 Hs sgdm lZjdr rdmrd sn mnqlZkhyd p ax zwhmf pfl.fl + fl0

Sgdnqdl 80 Kds (p. θ̂( ad Y aYkYmbdc Ymc qhfhc bnmzftqYshnm rtbg sgYs bk ̸+ 9 enq
fl ≤ k ≤ K0 Sgdm enq τ / 9 rtezbhdmskx rlYkk: sgdqd dwhrsr Y rlnnsg eYlhkx Lτ ne
bnlokdsd rhmfkx odqhnchb lhmhlYk rtqeYbdr ne fdmtr f + M � K : odqhnc (9. 9. 1π(:
Ymc 1(K + fl( Rbgdqj dmcr rtbg sgYs: Yr τ → 9.

• Lτ bnmudqfdr sn Ym (K+fl(:rgddsdc wy:okYmd vhsg rhmftkYq onhmsr Ys

km pk.j + 1lπ h. l ∈ ".

Gdqd: sgd wy:okYmd hr hcdmshzdc Yr sgd bnlokdw okYmd �: vhsg sgd w:Ywhr –qdro0
y:Ywhr( hcdmshzdc Yr sgd qdYk –qdro0 hlYfhmYqx( Ywhr0

• éesdq rthsYakd rbYkhmf Ymc sqYmrkYshnm: dYbg rhmftkYq onhms nodmr to hmsn Y mdbj
sgYs bnmudqfdr sn Y bYsdmnhc0

• Sgd tmhs udbsnq hm sgd chqdbshnm ne dYbg Rbgdqj dmc g gYr sgd x:bnlonmdms
τ θ̂g +F(τ 1(0

ékrn: Lτ hr dladccdc he

–4( θ̂fl.9 / · · ·/ θ̂K+fl.9 Ymc θ̂fl.∞ / · · ·/ θ̂K+fl.∞.

PdlYqj fi90 Sgd eZlhkx Lτ Zkrn cdodmcr rlnnsgkx nm θ̂ adknmfhmf sn sgd knbZk
rlnnsg lZmhenkc cdzmdc ax 'fl + 9 Zmc '1 + 90 To sn qdoZqZldsdqhyZshnmr ne
sgd eZlhkx Zmc gnqhynmsZk qnsZshnmr: vd nasZhm eZlhkhdr oZqZldsdqhydc ax 1K � fl
oZqZldsdqr0 Rhmbd vd gZud 1(K + fl( Rbgdqj dmcr: sghr oZqZldsdq bntms hr bnloZsh/
akd vhsg sgd eZbs sgZs JZqbgdq-Rbgdqj rZcckd snvdqr vhsg 1j dmcr enql Z eZlhkx
oZqZldsdqhydc ax 1j� 2 oZqZldsdqr0
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PdlYqj fifi0 He sgd dladccdcmdrr bnmchshnm –4( hr rZshrzdc Zmc'fl+9: sgd rdptdmbd
θ̂k.9 + θ̂k.∞ hr rsqhbskx lnmnsnmhbZkkx cdbqdZrhmf: Zmc bgZmfdr rhfm nmbd Zmc nmkx
nmbd0 Sgdm sgd rdptdmbd mkbk hr rsqhbskx bnmbZud –sgZs hr: mk�flbk�fl+mk+flbk+fl, 1mkbk
enq fl ≤ k ≤ K(0 Gdmbd bk : fl ≤ k ≤ K : Zqd rsqhbskx onrhshud: Zmc sgd bnmchshnm ne
KdllZ 5 hr rZshrzdc0

PdlYqj fi10 Vd bntkc Zkknv rnld bk sn ad mdfZshud: vhsg sgd oqhbd ne knrhmf
dladccdcmdrr0 Dudm vnqrd: vhsg mdfZshud bk : sgd udqshbZk okZmdr hm sgd khlhs vhkk
mns ad fdnldsqhbZkkx nqcdqdc Zr sgdx Zqd kZadkdc0 Enq hmrsZmbd: he K + 1. bfl / 9: ats
b1 , 9: sgdm sgd bZsdmnhc mdbjr: Zr vdkk Zr sgd zqrs Zmc sghqc ”okZmdr;: vhkk Zkk khd
nm sgd rZld rhcd ne sgd rdbnmc ”okZmd;0

PdlYqj fi20 Vd chc mns Zkknv Zmx bk sn ad 9 hm Sgdnqdl 80 Nsgdqvhrd: sgd rtqeZbd
lhfgs rshkk gZud mncdr0 Hm sgZs bZrd: sgd bkZhldc eZlhkx lhfgs mns ad rlnnsg: Zmc
sgd bkZhldc fdmtr vntkc ad hmbnqqdbs0

10 DwYlokdr

10fi0 OtpeWbdr ne fdmtr ydpn1 Vgdm sgd fdmtr rZshrzdr f + M � K + 9: vd gZud
mk + fl enq Zkk fl≤ k ≤ K : h0d0: sgdqd hr nmkx nmd mdbj nm dudqx kZxdq0 Hs sgdm lZjdr
rdmrd sn cqno sgd rtarbqhos j0 Enq hmrsZmbd: sgd onrhshnm Zmc sgd enqbd enq sgd mdbj nm
kZxdq k Zqd rhlokx cdmnsdc ax pk Zmc Dk : qdrodbshudkx0 Vd Zrrtld K / fl hm sghr oZqs0

Hm sghr bZrd: he 'fl + 9: –fl( bZm ad dwokhbhskx rnkudc ax

bk +
k∑

h+fl

(θ̂h.9 + θ̂h.∞(. fl≤ k ≤ K .

Zmc sgd enqbd bZm ad vqhssdm hm sgd enql

Dk +�∫Pk + ∫Pk�fl + bk(θ̂k.∞+ θ̂k+fl.9(. fl≤ k ≤ K .

vgdqd vd bgZmfdc sn sgd oZqZldsdqr

∫Pk +
bk+flbk

fl� pk+fl<pk
. fl≤ k , K .

vhsg sgd bnmudmshnm sgZs ∫P9 + ∫PK + 90 Sgdm sgd enqbdr Zqd khmdZq hm ∫P Zmc: he
'1 + 9: sgd aZkZmbd bnmchshnm D + 9 hr tmhptdkx rnkudc ax

–5( ∫Pk +

k∑

h+fl

bh (θ̂h+fl.9 + θ̂h.∞(+�

K∑

h+k+fl

bh (θ̂h+fl.9 + θ̂h.∞(. fl≤ k , K .

Sgdqdenqd: he vd zw pfl + fl: Zkk nsgdq pk : fl, k ≤ K : Zqd tmhptdkx cdsdqlhmdc0
PdbZkk eqnl PdlZqj flfl sgZs: tmcdq sgd dladccdcmdrr bnmchshnm –4(: sgd mtl/

adqr bk : fl≤ k ≤ K : Zqd onrhshud0 Etqsgdqlnqd: sgd rtllZmcr hm –5( bgZmfd rhfm Zs
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lnrs nmbd: rn sgd rdptdmbd ∫P hr tmhlncZk: h0d0: sgdqd dwhrsr fl≤ k ′ , K rtbg sgZs

9+ ∫P9 ≤ ∫Pfl ≤ · · · ≤ ∫Pk ′ ≥ · · · ≥ ∫PK�fl ≥ ∫PK + 9.

Gdmbd ∫Pk : fl≤ k ≤ K : Zqd mnmmdfZshud0 KZrskx:

∫Pk ,

k∑

h+fl

bh (θ̂h.9 + θ̂h.∞(+

k∑

h+fl

(b1h � bh�flbh (≤ b1k ≤ bk+flbk he k , k ′.

∫Pk ,�

K∑

h+k+fl

bh (θ̂h+fl.9 + θ̂h+fl.∞(+

K∑

h+k+fl

(b1h � bh+flbh (≤ b1k+fl ≤ bk+flbk he k ≥ k ′.

Rn p bnmrhrsr ne qdZk mtladqr Zmc pk+fl<pk , 9 enq Zkk fl≤ k , K 0
Vd gZud oqnudc sgd enkknvhmf.

Oqnonrhshnm fi30 He sgd fdmtr rYshrzdr f + M � K + 9: Ymc θ̂ rYshrzdr sgd aYkYmbhmf
bnmchshnm 'fl +'1 + 9 Yr vdkk Yr sgd dladccdcmdrr bnmchshnm –4(: sgdm to sn bnl:
okdw rbYkhmfr: sgdqd dwhrs tmhptd uYktdr enq sgd oYqYldsdqr p : cdodmchmf YmYkxshbYkkx
nm θ̂ : rtbg sgYs sgd bnmzftqYshnm (p. θ̂( hr aYkYmbdc0 ékk rtbg bnmzftqYshnmr Yqd
qhfhc0 He vd zw pfl + fl: sgdm p bnmrhrs ne qdYk mtladqr: Ymc vd gYud pk / 9 –qdro0
, 9( he k hr ncc –qdro0 dudm(0

1010 OtpeWbdr uhsg entp dmcr1 Vgdm K + fl: 'fl +'1 + 9 hlokhdr sgZs

θ̂fl.9 + θ̂1.∞ + θ̂1.9 + θ̂fl.∞ + 9.

To sn qdoZqZldsdqhyZshnmr ne sgd eZlhkx: vd lZx Zrrtld sgZs bfl + fl0 Hs lZjdr rdmrd
sn cqno sgd rtarbqhos k: Zmc vqhsd Dj enq Dfl.j : pj enq pfl.j : Zmc m enq mfl0 Sgd fnZk ne
sghr oZqs hr sn oqnud sgd enkknvhmf bkZrrhzbZshnm qdrtks0

Oqnonrhshnm fi40 To sn Y bnlokdw rbYkhmf: Y bnmzftqYshnm vhsg K + fl Ymc m mncdr
ltrs ad fhudm ax pj + dwo(1π hj<m(: Ymc rtbg Y bnmzftqYshnm hr qhfhc0

Rtbg Z bnmzftqZshnm hr Zm m/bnudqhmf ne sgd bnmzftqZshnm enq Rbgdqj rZcckd
snvdqr0 ür Z bnmrdptdmbd: sgd Zqhrhmf lhmhlZk rtqeZbdr Zqd m/bnudqhmfr ne Rbgdqj
rZcckd snvdqr0 Sghr hr bnloZshakd vhsg sgd qdrtks ne )Lddjr Zmc Vnke 1996[ sgZs
sgd Rbgdqj rZcckd snvdqr Zqd sgd nmkx bnmmdbsdc ROLRr vhsg entq Rbgdqj dmcr0

Oqnne0 Sn zmc sgd onrhshnmr pj rtbg sgZs

–6( Dj +
∑

fl≤j ̸+ i≤m

1pj
pj � p i

� (m� fl(+ 9. fl≤ j ≤ m.

vd trd sgd onkxmnlhZk ldsgnc0 Bnmrhcdq sgd onkxmnlhZk

O(y(+
m∑

j+fl

(y� pj(.
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Sgdm vd gZud

O ′
+ O

m∑

j+fl

fl
y� pj

.

O ′′
+ O

m∑

j+fl

∑

fl≤j ̸+ i≤m

fl
y� p i

fl
y� pj

+ 1O
m∑

j+fl

fl
y� pj

∑

fl≤j ̸+ i≤m

fl
pj � p i

+ O
m∑

j+fl

m� fl
pj(y� pj(

+ (m� fl(O
m∑

j+fl

fl
y

)
fl
pj

+
fl

y� pj

(
–ax –6((

+
m� fl
y

)
O ′
�

O ′(9(
O(9(

O
(
.

Enq sgd kZrs dptZshnm sn gZud Z onkxmnlhZk rnktshnm: vd ltrs gZud O ′(9( + 90
Nsgdqvhrd: sgd kdes/gZmc rhcd vntkc ad Z onkxmnlhZk ne cdfqdd m�1: ats sgd qhfgs/
gZmc rhcd vntkc ad Z onkxmnlhZk ne cdfqdd m�fl0

Bnmrdptdmskx: Dj + 9 he Zmc nmkx he

yO ′′(y(� (m� fl(O ′(y(+ 9.

vghbg: to sn Z bnlokdw rbZkhmf: hr tmhptdkx rnkudc ax

O(y(+ ym � fl.

Rn Z aZkZmbdc 3/dmc bnmzftqZshnm ltrs ad fhudm ax sgd qnnsr ne tmhsx pj +
dwo(1π hj<m(: 9≤ j ≤ m� fl0

Vd mnv udqhex sgZs sgd bnmzftqZshnm hr qhfhc0 Enq sghr otqonrd: vd bnlotsd

>Dj

>p i
+

{
1 pj
(pj�p i (1

. i ̸+ j.

1
⊔

fl≤j ̸+h≤m
�ph

(pj�ph (1
. i + j.

Mnsd sgZs
⊔m

i+fl p i>Dj<>p i + 9 vghkd

p i
>Dj

>p i
+ 1

p ipj
(pj � p i (1

+ 1
d1π h i+j

m

(d1π h i
m � d1π h jm (1

∈ !,9

vgdm i ̸+ j: rn sgd lZsqhw

>D
>p

chZf(pfl. . . . . pm(

gZr qdZk dmsqhdr: gZr Z jdqmdk ne bnlokdw chldmrhnm fl –roZmmdc ax sgd Zkk/nmd udbsnq(:
Zmc Zmx ne hsr oqhmbhoZk rtalZsqhbdr Zqd chZfnmZkkx cnlhmZms0 Vd sgdm bnmbktcd
sgZs sgd lZsqhw: Zr vdkk Zr sgd IZbnahZm >D<>p : gZr Z bnlokdw qZmj m�fl0 Sghr
zmhrgdr sgd oqnne ne qhfhchsx0 �
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PdlYqj fi50 Sgd odqstqaZshnm Zqftldms Zr hm sgd oqnne ne )SqZhyds 1991a: Oqnonrh/
shnm fl[ Zkrn Zookhdr gdqd: vnqc ax vnqc: sn oqnud sgd qhfhchsx0

1020 Fithmf sun rWccid snudpr ne cheedpdms odphncr1 Vd vZms sn bnmrsqtbs Z rlnnsg
eZlhkx ne bnmzftqZshnmr cdodmchmf nm Z onrhshud qdZk mtladq λ rtbg sgZs: enq rlZkk λ:
sgd bnmzftqZshnm knnjr khjd svn bnktlmr ne mncdr eZq ZvZx eqnl dZbg nsgdq: nmd
vhsg odqhnc 1π<mfl: Zmc sgd nsgdq vhsg odqhnc 1π<m10 He aZkZmbdc Zmc qhfhc: sgdrd
bnmzftqZshnmr vntkc fhud qhrd sn lhmhlZk rtqeZbdr sgZs knnj khjd svn Rbgdqj rZcckd
snvdqr vhsg cheedqdms odqhncr sgZs Zqd fktdc Zknmf Z oZhq ne dmcr0 Sgd bnmrsqtbshnm
hr hm sgd rZld rohqhs Zr )SqZhyds 1991a: ]104, 1997: ]30203[0

Oqnonrhshnm fi60 Dnq Y qdYk mtladq λ/ 9 rtezbhdmskx rlYkk: sgdqd Yqd aYkYmbdc Ymc
qhfhc bnmzftqYshnmr (p(λ(. θ̂ (λ(( vhsg K + 1 cdodmchmf rlnnsgkx nm λ rtbg sgYs: Ys
λ+ 9:

p1. i
pfl.j

+ 9. fl≤ j ≤ mfl. fl≤ i ≤ m1.

To sn Y bnlokdw rbYkhmf Ymc qdoYqYldsdqhyYshnm: vd lYx zw pfl.fl + fl: Ymc vqhsd
p1.fl + λ dwo(hφ(0 Sgdm: Ys λ+ 9: vd gYud

–7( θ̂fl.9 + θ̂1.∞ + θ̂1.9 + θ̂2.∞ + θ̂2.9 + θ̂fl.∞ + 9

Ymc:

pfl.j + dwo
)
j� fl
mfl

1π h
(
. fl≤ j ≤ mfl.

∫p1.j ]+ p1.j<p1.fl + dwo
)
j� fl
m1

1π h
(
. fl≤ j ≤ m1.

vgdqd φ kbl(mfl. m1( hr mdbdrrYqhkx Y ltkshokd ne π 0

Hm nsgdq vnqcr: sgd bnmrsqtbshnm nmkx vnqjr he sgd bnmzftqZshnm Zclhsr Z qdfidbshnm
rxlldsqx0

PdlYqj fi70 G0 Bgdm vZr rgnvm Z uhcdn rtffdrshmf sgZs: vgdm svn Rbgdqj rZcckd
snvdqr Zqd fktdc hmsn Z lhmhlZk rtqeZbd: nmd bZm rkhcd nmd rZcckd snvdq vhsg qdrodbs
sn sgd nsgdq vghkd sgd rtqeZbd qdlZhmr lhmhlZk0 Sgd oqnonrhshnm Zanud rtffdrsr
sgZs sghr hr mns onrrhakd0

Hm eZbs: sgd eZlhkx ne bnmzftqZshnmr Zkrn cdodmcr nm θ̂ adknmfhmf sn sgd knbZk
lZmhenkc cdzmdc ax 'fl +'1 + 9 Zmc –nmd dptZshnm eqnl( –7(0 To sn qnsZshnmr ne
sgd bnmzftqZshnm Zmc qdoZqZldsdqhyZshnmr ne sgd eZlhkx ne lhmhlZk rtqeZbdr: sgd
eZlhkx ne bnmzftqZshnmr hr oZqZldsdqhydc: Zr dwodbsdc: ax svn oZqZldsdqr0
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Oqnne0 Kds tr zqrs rstcx sgd rhstZshnm Zs λ+ 90 Vd bnlotsd: Zs λ+ 9:

Dfl.j

b1fl
+

∑

fl≤j ̸+ i≤mfl

1pfl.j
pfl.j � pfl. i

�

∑

fl≤ i≤m1

b1
bfl

pfl.j
pfl.j � p1. i

+ fl+
θ̂1.9� θ̂fl.9

bfl

+

∑

fl≤j ̸+ i≤mfl

1pfl.j
pfl.j � pfl. i

� m1
b1
bfl

+ fl+
θ̂1.9� θ̂fl.9

bfl
.

D1.j

b11
+

∑

fl≤j ̸+ i≤m1

1p1.j
p1.j � p1. i

�

∑

fl≤ i≤mfl

bfl
b1

p1.j
p1.j � pfl. i

+ fl+
θ̂2.9� θ̂1.9

b1

+

∑

fl≤j ̸+ i≤m1

1p1.j
p1.j � p1. i

+ fl+
θ̂2.9� θ̂1.9

b1
.

Vqhsd Fk +
⊔

j Dk.j 0 Rtllhmf sgd Zanud nudq j fhudr: Zs λ+ 9:

fl
mfl

Ffl

b1fl
+ mfl� m1

b1
bfl

+
θ̂1.9� θ̂fl.9

bfl
.

fl
m1

F1

b11
+ m1 +

θ̂2.9� θ̂1.9

b1
.

Rn Ffl + F1 + 9: Zs λ+ 9: nmkx he

9+� (θ̂1.9 + θ̂2.∞(+ θ̂2.9� θ̂1.9 + m1b1

+� (θ̂fl.9 + θ̂1.∞(+ mflbfl� m1b1 + θ̂1.9� θ̂fl.9.

Sghr snfdsgdq vhsg 'fl + 9 oqnudr –7(0
Mnv Zrrtld sgZs –7( hr rZshrzdc0 Sgdm vd gZud: Zs λ+ 9:

Dfl.j

b1fl
+

∑

fl≤j ̸+ i≤mfl

1pfl.j
pfl.j � pfl. i

� (mfl� fl(.

D1.j

b11
+

∑

fl≤j ̸+ i≤m1

1p1.j
p1.j � p1. i

� (m1� fl(.

Sgdrd dwoqdrrhnmr Zqd hcdmshbZk sn sgd enqbd –6( enq rhmfkd kZxdq bnmzftqZshnmr0 Rn
vd jmnv enq k + fl. 1 sgZs: Zs λ+ 9: sgd bnmzftqZshnm hr aZkZmbdc nmkx he

∫pk.j ]+
pk.j
pk.fl

+ dwo
)
j� fl
mk

1π h
(
.

To sn bnlokdw rbZkhmf: vd lZx zw pfl.fl + fl rn∫pfl.j + pfl.j 0 ümc to sn qdoZqZldsdqh/
yZshnm ne sgd eZlhkx –ne bnmzftqZshnmr(: vd vqhsd p1.fl + λ dwo(hφ(0
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Mnv Zrrtld sgdrd hmhshZk uZktdr enq∫pk.j 0 Sgdm vd gZud: Zs λ+ 9:

F1

bflb1
+�

m1∑

j+fl

mfl∑

i+fl

p1.j
p1.j � pfl. i

+

m1∑

j+fl

mfl∑

i+fl

∞∑

l+fl

)
p1.j
pfl. i

(l

+

m1∑

j+fl

mfl∑

i+fl

∞∑

l+fl

pl
1.fl dwo

)
1lhπ

)
j� fl
m1

�
i � fl
mfl

((
.

Rddm Zr Z onvdq rdqhdr ne p1.fl: sgd bndezbhdms enq pl
1.fl hr

m1∑

j+fl

mfl∑

i+fl

dwo
)
1lhπ

)
j� fl
m1

�
i � fl
mfl

((
.

Hs hr mnmydqn nmkx he l hr Z bnllnm ltkshokd ne mfl Zmc m1: hm vghbg bZrd sgd
bndezbhdms ne pl

1.fl dptZkr mflm10 Hm oZqshbtkZq: kds µ+ kbl(mfl. m1(, sgdm: Zs λ+ 9:

–8( Hl
F1

λµ
+ bflb1mflm1 rhm(µφ(

uZmhrgdr he Zmc nmkx he µφ hr Z ltkshokd ne π 0
Mnv vd trd sgd hlokhbhs etmbshnm sgdnqdl sn zmc aZkZmbdc bnmzftqZshnmr vhsg

λ / 90 Eqnl sgd oqnne enq Oqnonrhshnm fl4: vd jmnv sgZs (>Dk.j<>∫pk. i (1≤ i.j≤mk :
k + fl. 1: Zqd hmudqshakd0 Gdmbd enq λ rtezbhdmskx rlZkk: sgdqd dwhrs tmhptd uZktdr enq
(∫pk.j(k+fl.1=1≤j≤mk : cdodmchmf rlnnsgkx nm λ: θ̂ : Zmc φ: vgdqd (Dk.j(k+fl.1=1≤j≤mk + 90
Ax –8(: sgdqd dwhrsr Z tmhptd uZktd enq φ: cdodmchmf rlnnsgkx nm λ Zmc θ̂ : rtbg
sgZs HlF1<λ

µ
+ 90 Mnsd Zkrn sgZs PdF1 hr khmdZq hm θ̂ 0 Ax KdllZ 5: sgd rnktshnmr

(λ. θ̂( sn PdF1 + 9 Zmc 'fl +'1 + 9 enql Z lZmhenkc ne chldmrhnm 3 –hmbktchmf
ltkshokhbZshnm ax bnllnm qdZk eZbsnq nm θ̂ Zmc qnsZshnm ne sgd bnmzftqZshnm(0 EhmZkkx:
vd gZud Ffl + 9 ax sgd qdrhctd sgdnqdl: Zmc sgd aZkZmbd hr oqnudc0

Enq sgd qhfhchsx ne sgd bnmzftqZshnmr vhsg rtezbhdmskx rlZkk λ: vd mddc sn oqnud
sgZs sgd lZsqhw {



� >Dfl.j
>pfl. i

(
1≤ i.j≤mfl � >D1.j

>∫p1. i

(
1≤ i.j≤m1

>F1
>p1.fl





hr hmudqshakd0 Vd jmnv sgZs sgd zqrs svn aknbjr Zqd hmudqshakd Zs λ+ 90 Ax bnmshmthsx:
sgdx qdlZhm hmudqshakd enq λ rtezbhdmskx rlZkk0 Sgd kZrs aknbj hr bkdZqkx mnmydqn enq
λ ̸+ 9 rtezbhdmskx rlZkk0 �

1030 OtpeWbdr uhsg rhw dmcr ne sxod ,m. fi(1 Hm sghr rdbshnm: vd hmudrshfZsd dwZlokdr
vhsg K + 1 –gdmbd rhw dmcr(: mfl + m: m1 + fl0 To sn Z qdoZqZldsdqhyZshnm ne sgd
eZlhkx: vd lZx Zrrtld sgZs bfl + fl0 To sn Z bnlokdw rbZkhmf: vd lZx Zrrtld sgZs
p1.fl + fl0
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Vd vhkk oqnud sgZs sgd pfl.j@r Zqd fhudm ax sgd qnnsr ne gxodqfdnldsqhb onkxmnlhZkr0
Kds tr zqrs qdbZkk sgdhq cdzmhshnmr0 ü gxodqfdnldsqhb etmbshnm hr cdzmdc ax

1Dfl(Y. a= b= y(+
∞∑

j+9

(Y(j(a(j
(b(j

yj

j:

vhsg Y. a. b ∈ �: b hr mns Z mnmonrhshud hmsdfdq:

(Y(j + Y(Y+ fl( · · · (Y+ j� fl(+
)(Y+ j(
)(Y(

.

Zmc (Y(9 + fl0 Sgd gxodqfdnldsqhb etmbshnm v + 1Dfl(Y. a= b= y( rnkudr sgd gxodqfd:
nldsqhb cheedqdmshYk dptYshnm

–fl9( y(fl� y(v′′
+ ˙b� (Y+ a+ fl(y[v′

� Yav + 9.

He Y +�m hr Z mdfZshud hmsdfdq:

1Dfl(�m. a= b= y( ]+
m∑

j+9

(�fl(j
∣m
j

((a(j
(b(j

yj

hr Z onkxmnlhZk ne cdfqdd m: Zmc hr qdedqqdc sn Zr Z gxodqfdnldsqhb onkxmnlhYk0

Oqnonrhshnm fi80 Kds (p. θ̂( ad Y aYkYmbdc bnmzftqYshnm vhsg K + 1: bfl + fl: mfl + m:
m1 + fl0 Sgdm: to sn Y bnlokdw rbYkhmf: vd gYud p1.fl + fl Ymc (pfl.j(fl≤j≤m Yqd sgd
qnnsr ne sgd gxodqfdnldsqhb onkxmnlhYk 1Dfl(�m. a= b= y( vhsg

a ]+ m� b1 + θ̂1.9� θ̂fl.9. b ]+ fl+ θ̂1.9� θ̂fl.9.

ér knmf Yr a Ymc b Yqd mns mnmonrhshud hmsdfdqr: Ymc b � a hr mns Y mnmonrhshud
hmsdfdq ahffdq sgYm �m: sgd bnmzftqYshnm hr qhfhc0

Oqnne0 Sgd enqbd dptZshnmr Zqd

Dfl.j +
∑

fl≤j ̸+ i≤m

1pfl.j
pfl.j � pfl. i

�
pfl.jb1
pfl.j � fl

+ b. fl≤ j ≤ m.

D1.fl +�

m∑

i+fl

b1
fl� pfl. i

+ b11 + b1(θ̂2.9� θ̂1.9(.

vgdqd b ]+ fl+ θ̂1.9� θ̂fl.90 Sn rnkud Dfl.j + 9 enq j + fl. 1. . . . . m: vd trd ZfZhm sgd
onkxmnlhZk ldsgnc0 Kds

O(y(+
m∑

j+fl

(y� pfl.j(.
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Sgdm vd gZud

O ′
+ O

m∑

j+fl

fl
y� pfl.j

=

O ′′
+ 1O

m∑

j+fl

fl
y� pfl.j

∑

fl≤j ̸+ i≤m

fl
pfl.j � pfl. i

+ O
m∑

j+fl

fl
(y� pfl.j(

)
b1

pfl.j � fl
�

b
pfl.j

(
–ax Dfl.j + 9(

+ O
m∑

j+fl

)
b1

(y� fl((y� pfl.j(
+

b1
(y� fl((pfl.j � fl(

�
b

y(y� pfl.j(
�

b
ypfl.j

(
.

Rn sgd bnmzftqZshnm hr aZkZmbdc he Zmc nmkx he

–flfl( O ′′
+

)
�b1
y� fl

+
b
y

(
O ′

+

)
b1

y� fl
O ′(fl(
O(fl(

�
b
y
O ′(9(
O(9(

(
O + 9.

Cdzmd
a ]+ m� fl� b1 + b.

Enq –flfl( sn gZud Z onkxmnlhZk rnktshnm ne cdfqdd m: vd ltrs gZud

b1
O ′(fl(
O(fl(

+ b
O ′(9(
O(9(

+�ma.

rn sgZs sgd kdZchmf bndezbhdmsr bZmbdk0 Sgdm –flfl( adbnldr sgd gxodqfdnldsqhb
cheedqdmshZk dptZshnm

y(fl� y(O ′′
+ ˙b� (�m+ a+ fl(y[O ′

+ maO + 9

sn vghbg sgd nmkx onkxmnlhZk rnktshnm –to sn Z ltkshokhbZshud bnmrsZms( hr fhudm ax
sgd gxodqfdnldsqhb onkxmnlhZk O(y(+ 1Dfl(�m. a= b= y( ne cdfqdd m0

Etqsgdqlnqd: hm nqcdq enq D1.fl + 9: vd ltrs gZud

–fl1( θ̂2.9� θ̂1.9 +

m∑

i+fl

fl
fl� pfl. i

� b1 +
O ′(fl(
O(fl(

� b1 +�
ma
b1
� b1.

Mnsd sgZs a Zmc b Zqd qdZk0 He a hr mns Z mnmonrhshud hmsdfdq: Zmc b� a hr mns Z
mnmonrhshud hmsdfdq ahffdq sgZm �m: sgdm Zkk sgd m qnnsr ne O(y(+ 1Dfl(�m. a= b= y(
Zqd rhlokd0 Hmcddc: tmcdq sgdrd Zrrtloshnmr: vd gZud O(9( + fl Zmc O(fl( +
(b� a(m<(b(m ̸+ 9 ax sgd Bgt-UZmcdqlnmcd hcdmshsx0 He y9 hr Z qnns ne O(y(: sgdm
y9 ̸+ 9. fl0 Hm uhdv ne sgd gxodqfdnldsqhb cheedqdmshZk dptZshnm: he y9 hr mns rhlokd:
vd gZud O(y9(+ O ′(y9(+ 9, gdmbd O(y(• 9 ax sgd tmhptdmdrr sgdnqdl0
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Sgd qhfhchsx ldZmr sgZs mn odqstqaZshnm ne pfl.j oqdrdqud sgd aZkZmbd sn sgd zqrs
nqcdq0 Sn oqnud sghr eZbs: vd trd Z odqstqaZshnm Zqftldms rhlhkZq sn sgZs hm sgd oqnne
ne )SqZhyds 1991a: Oqnonrhshnm fl[0

Kds (pfl.j(s((fl≤j≤m ad Z cdenqlZshnm ne sgd bnmzftqZshnm rtbg sgZs pfl.j(9(+ pfl.j
Zmc (D̂fl.j(9((fl≤j≤m + 9: vgdqd cns cdmnsdr cdqhuZshud vhsg qdrodbs sn s 0 Cdzmd

Os (y(+
m∑

i+9

Y i (s(y i
]+

m∑

j+fl

(y� pfl.j(s((.

Sgdm vd gZud

y(fl� y(O ′′

s + ˙b� (�m+ a+ fl(y[O ′

s + maOs + n(s(.

ldZmhmf sgZs sgd bndezbhdmsr eqnl sgd kdes rhcd Zqd Zkk n(s(0 Rn sgd bndezbhdmsr ne
Os ltrs rZshrex

–fl2( (a+ i((m� i(Y i (s(+ ( i1 + i + bi(Y i+fl(s(+ n(s(. 9≤ i ≤ m.

Mnsd sgZs Os (y( hr lnmhb ax cdzmhshnm: ldZmhmf sgZs Ym(s(• fl0 Rhmbd a Zmc b Zqd
mns mnmonrhshud hmsdfdqr: vd bnmbktcd sgZs Y i (s( + n(s( enq Zkk 9 ≤ i ≤ m0 Sgd
rhlokd qnnsr cdodmc ZmZkxshbZkkx nm sgd bndezbhdmsr: rn pfl.j(s(+ pfl.j + n(s(0 �

Sgd rhlokd qnnsr ne 1Dfl(�m. a= b= y( Zqd dhsgdq qdZk nq enql bnmitfZsd oZhqr0 ür
Z bnmrdptdmbd: he qhfhc: sgd bnmzftqZshnmr hm sgd oqnonrhshnm Zanud vhkk fhud qhrd sn
lhmhlZk rtqeZbdr vhsg gnqhynmsZk rxlldsqx okZmdr0

DwYlokd 190 Enq dZbg hmsdfdq m ≥ 1: Cnlhmhbh: Ingmrsnm: Zmc InqcZZm )Cnlhmhbh
ds Zk0 19fl2[ dmtldqZsdc sgd qdZk oZqZldsdqr (a. b( enq vghbg 1Dfl(�m. a= b= y( gZr
nmkx qdZk rhlokd qnnsr0 Sgd qdrtksr Zqd oknssdc hm aktd hm Ehftqd fl0 Sgd dladccdcmdrr
bnmchshnmr –4( Zqd

θ̂fl.9 / θ̂1.9 +⇒ b , fl.

θ̂fl.∞ / θ̂1.∞ +⇒ a /�m.

θ̂1.9 / θ̂2.9 +⇒ b11 /�ma.

θ̂1.∞ / θ̂2.∞ +⇒ b11 / m(b1 + a(.

vgdqd b1 + m� fl� a+ b0 Sgd qdfhnm cdzmdc ax sgdrd hr oknssdc hm qdc hm Ehftqd fl0
Sgdm mnmhmsdfdq oZqZldsdqr (a. b( hm sgd hmsdqrdbshnm ne qdc Zmc aktd qdfhnmr fhud
qhrd sn aZkZmbdc Zmc qhfhc bnmzftqZshnmr vhsg qdZk pfl.j 0

Ehftqd 1 rgnvr sgd bnmzftqZshnmr ne sgqdd dwZlokdr vhsg m + 40 �

PdlYqj 1fi0 ür b → 9: 1Dfl(�m. a= b= y(<)(b( bnmudqfdr sn Z onkxmnlhZk vhsg Z
qnns Zs 90 Nmd lZx hmsdqoqds sgZs: Zr b hmbqdZrdr Zbqnrr 9: Z qnns lnudr eqnl sgd
hmsdquZk (�∞. 9( sn sgd hmsdquZk (9. fl( sgqntfg 90
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Ehftqd 20 Fdmtr nmd dwZlokd vhsg m + 1 Zmc 9, b , fl0

• m ≥ 1 Zmc 9, b , fl0 Hm sghr bZrd 1Dfl(�m. a= b= y( gZr m rhlokd mdfZshud qnnsr0
Rdd Ehftqd 2 enq Zm dwZlokd ne sghr sxod vhsg m + 10 Ehftqd 3 rgnvr sgd
bnmzftqZshnmr ne svn dwZlokdr vhsg m + 40

• m ≥ 2 Zmc �fl, b , 9: nq m + 2 Zmc � 4
3 , b ,�fl: nq m + 1 Zmc � fl

1 , b , 90
Hm sgdrd bZrdr: 1Dfl(�m. a= b= y( gZr m � 1 rhlokd mdfZshud qnnsr: nmd qnns
9, y9 , fl: Zmc Zmnsgdq qnns fl<y9 / fl0 Ehftqd 4 rgnvr sgd bnmzftqZshnmr ne
svn dwZlokdr vhsg m + 40 �

PdlYqj 120 DwZlokdr vhsg rhw Rbgdqj dmcr Zqd oZqZldsdqhydc ax sgqdd qdZk oZqZl/
dsdqr: gdqd ax a: b: Zmc sgd eZlhkx oZqZldsdq τ 0 Vd rdd sgZs sgd qdkZshnm a+b+ fl�m
hlonrdr Z qnsZshnmZk rxlldsqx0 Hs bZm ad hlZfhmdc sgZs qdlnuhmf sgd qdkZshnm vntkc
aqdZj sghr rxlldsqx0

PdlYqj 130 Sgd onkxmnlhZk ldsgnc hr nesdm trdc sn zmc aZkZmbdc bnmzftqZshnmr
ne hmsdqZbshmf onhmsr hm sgd okZmd0 Hm lhmhlZk rtqeZbd sgdnqx: hs gZr addm dloknxdc hm
lZmx hlokdldmsZshnmr ne SqZhyds@r mncd/nodmhmf sdbgmhptd )SqZhyds 1991Z, 1991a,
SqZhyds Zmc Vdadq 1994, Kh 19fl1, Bnmmnq Zmc Vdadq 19fl1, Bnmmnq 19fl6Z, 19fl6a,
Bgdm Zmc Eqddrd 1911[0

Ehftqd 30 (4. fl( aZkZmbdc bnmzftqZshnmr vhsg b + 9.99fl –kdes( Zmc
b+ 9.4 –qhfgs(0 Sgd bhqbkdr Zmc rptZqdr qdoqdrdms sgd mdbjr Zs kdudkr
nmd Zmc svn: qdrodbshudkx0
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Ehftqd 40 (4. fl( aZkZmbdc bnmzftqZshnmr vhsg b +�9.4 –kdes( Zmc
b +�9.888 –qhfgs(0 Sgd bhqbkdr Zmc rptZqdr qdoqdrdms sgd mdbjr Zs
kdudkr nmd Zmc svn: qdrodbshudkx0

1040 OtpeWbdr uhsg dhfgs dmcr ne sxod ,fi. m. fi(1 Oqnonrhshnm fl8 fdmdqZkhydr sn sgd
enkknvhmf kdllZ vhsg rhlhkZq oqnne.

KdllY 140 Ud zw pk±fl.j-r Ymc Yrrtld sgYs bk + fl0 Sgdm pk.j-r hm Y aYkYmbdc
bnmzftqYshnm Yqd fhudm ax sgd qnnsr ne Y Rshdksidr onkxmnlhYk O(y( ne cdfqdd mk

sgYs rnkudr sgd fdmdqYkhydc KYl� dptYshnm –Y0j0Y0 rdbnmc:nqcdq DtbgrhYm dptYshnm(
)LZqcdm fl855[

–fl3( O ′′
+

)
b
y
+

mk�fl∑

j+fl

�bk�fl

y� pk�fl.j
+

mk+fl∑

j+fl

�bk+fl

y� pk+fl.j

(
O ′

+

)
γ9

y
+

mk�fl∑

j+fl

γk�fl.j

y� pk�fl.j
+

mk+fl∑

j+fl

γk+fl.j

y� pk+fl.j

(
O + 9.

vgdqd b + fl+ θ̂k+fl.9� θ̂k.9: rtaidbs sn bnmchshnmr

γ9 +

mk�fl∑

j+fl

γk�fl.j +

mk+fl∑

j+fl

γk+fl.j + 9.

mk�fl∑

j+fl

γk�fl.jpk�fl.j +

mk+fl∑

j+fl

γk+fl.jpk+fl.j +] �mka.

Ymc
b� mk�flbk�fl� mk+flbk+fl + fl� mk + a.

ékrn: sgd lYsqhw (>Dk.j<>pk. i (fl≤ i.j≤mk hr mnmrhmftkYq Yr knmf Yr a hr mns Y mnmonrhshud
hmsdfdq ahffdq sgYm mk 0

ü qnns ne O(y( hr rhlokd he Zmc nmkx he hs cndr mns bnhmbhcd vhsg 9 nq Zmx pk±fl.j 0 He
sgd qnnsr (pk.j( ne O(y( Zqd Zkk rhlokd: sgdm sgdx rnkud sgd dptZshnmr )LZqcdm fl855[

∑

fl≤j ̸+ i≤mk

1
pk.j�pk. i

+

∑

fl≤ i≤mk+fl

�bk+fl

pk.j�pk+fl. i
+

∑

fl≤ i≤mk�fl

�bk�fl

pk.j�pk�fl. i
+

b
pk.j

+
Dk.j

pk.j
+9.
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vghbg hr dwZbskx ntq aZkZmbd bnmchshnm, rdd PdlZqj 30 Hm Zcchshnm: Zm dptZshnm
rxrsdl fdmdqZkhyhmf –fl2( gZr addm nasZhmdc hm )Gdhmd fl767: ]fl25[: eqnl vghbg vd
lZx bnmbktcd sgd mnmrhmftkZqhsx ne sgd IZbnahZm0 Hm eZbs: sgdqd Zqd

)
mk�fl+mk+mk+fl�fl
mk�fl+mk+fl�fl

(

bgnhbdr ne γ enq vghbg –fl3( gZr Z onkxmnlhZk rnktshnm ne cdfqdd mk )Gdhmd fl767:
]fl24[0

Sghr nardquZshnm Zkknvr tr sn dZrhkx bnmrsqtbs aZkZmbdc Zmc qhfhc bnmzftqZshnmr
ne sxod (fl. m. fl(0 To sn qdoZqZldsqhyZshnmr Zmc bnlokdw rbZkhmfr: vd lZx Zrrtld
sgZs b1 + fl Zmc pfl.fl + fl0 Sgdm p2.fl ltrs ad qdZk: Zmc (p1.j(fl≤j≤m Zqd fhudm ax
qnnsr ne Z Gdtm onkxmnlhZk0 Rtbg Z bnmzftqZshnm cdodmcr knbZkkx nm entq qdZk
oZqZldsdqr: mZldkx p2.fl: bfl: b2 Zmc b –nq a(0 Vgdm sgdrd Zqd fhudm: vd gZud m+ fl
Gdtm onkxmnlhZkr: dZbg ne vghbg fhudr aZkZmbdc onrhshnmr ne p1.j@r0 Enq dZbg ne
sgd Gdtm onkxmnlhZkr O : vd gZud

θ̂1.9� θ̂fl.9 +
O ′(fl(
O(fl(

� bfl.

θ̂2.9� θ̂1.9 + b� fl+ a+ bfl + b2� m.

θ̂3.9� θ̂2.9 +
O ′(p2.fl(
O(p2.fl(

� b2.

Snfdsgdq vhsg sgd eZlhkx oZqZldsdq τ : sgd rtqeZbd cdodmcr knbZkkx nm zud oZqZldsdqr:
vghbg hr dwodbsdc adbZtrd sgdqd Zqd dhfgs dmcr0

DwYlokd 15 –rxlldsqhb dwZlokdr(0 Vgdm p2.fl+ pfl.fl+ fl: sgd Gdtm onkxmnlhZk qd/
ctbdr sn Z gxodqfdnldsqhb onkxmnlhZk 1Dfl(�m. a= b= y(: vgdqd bfl+b2+m�fl�a+b0
ürrtld etqsgdq sgZs a+b+ fl�m: rn bfl+b2+�1a0 Sghr hlonrdr Z rxlldsqx hm sgd
bnmzftqZshnm0 AdbZtrd (bfl + b2(O ′(fl(<O(fl(+�ma: sgd dladccdcmdrr bnmchshnmr
rhlokhex sn

bfl / fl
1m. b2 / fl

1m. fl� fl
1m , b , fl. �m , a ,� fl

1m.

ür dwokZhmdc hm DwZlokd 11: sgd gxodqfdnldsqhb onkxmnlhZk gZr qdZk qnnsr he a Zmc
b khd hm sgd aktd qdfhnmr ne Ehftqd fl0 Lnqd rodbhzbZkkx.

• Vgdm m ≥ 1 Zmc 9, b , fl: 1Dfl(�m. a= b= y( gZr m rhlokd mdfZshud qnnsr0 Rdd
Ehftqd 5 enq Zm dwZlokd vhsg m + 40

• Vgdm m≥3 Zmc�fl,b,9: nq m+2 Zmc� fl
1 ,b,9: 1Dfl(�m. a= b= y( gZr m�1

rhlokd mdfZshud qnnsr: nmd qnns 9, y9 , fl: Zmc Zmnsgdq qnns fl<y9 / fl0 �

DwYlokd 16 –neerds gZmckdr(0 Sgdqd Zqd dladccdc dwZlokdr hm vghbg sgd gZmckdr
Zqd mns rxlldsqhbZkkx okZbdc0 Enq hmrsZmbd: nmd aZkZmbdc bnmzftqZshnm ne sxod
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Ehftqd 50 Fdmtr entq dwZlokd vhsg m + 4 Zmc 9, b , fl0

(fl. 1. fl( hr fhudm ax

p2.fl + 1
2 . p1.fl +� fl

2 . p1.1 +�12.

bfl + 7
4 . b2 + 3fl78

1789 . a +� 8746
7569 .

rn b + 2845
3224 0 �

1050 �nmbWsdmWshmf rtpeWbdr ne sxod ,fi. m. fi(1 Vd cdrbqhad Z eZlhkx ne dwZlokdr
hm sgd rZld rohqhs Zr )SqZhyds 1991Z: Oqnonrhshnm 102[0 ürrtld sgZs vd Zqd hm
onrrdrrhnm ne Q bnmzftqZshnmr ne sxod (fl. m(q(. fl(: m(q( / fl: fl ≤ q ≤ Q0 Hm sgd
enkknvhmf: vd trd rtodqrbqhos (q( sn cdmnsd sgd oZqZldsdqr ne sgd q /sg bnmzftqZshnm0
To sn qdoZqZldsdqhyZshnmr Zmc bnlokdw rbZkhmfr: vd lZx Zrrtld sgZs b(q(1 + fl Zmc
p(q(
fl.fl + fl0 Sgdm vd lZx bnmbZsdmZsd sgdrd bnmzftqZshnmr hmsn nmd ne sxod

(fl. m1. fl. m3. fl. . . . . fl. m1Q. fl(

rtbg sgZs pfl.fl + fl: bfl + fl: Zmc enq fl≤ q ≤ Q: vd gZud m1q + m(q(:

p1q.j + p1q�fl.flp
(q(
1.j. p1q+fl.fl + p1q�fl.flp

(q(
2.fl. b1q +

b1q�fl

b(q(fl

. b1q+fl + b1q�fl
b(q(2

b(q(fl

.

Zmc
θ̂1q+fl.9� θ̂1q.9 + b1q (b(q(� fl(.

Sgd aZkZmbd ne dudm kZxdqr sgdm enkknvr eqnl sgd aZkZmbd ne dZbg rtabnmzftqZshnm0
Sgd aZkZmbd ne ncc kZxdqr kdZcr sn

θ̂1q.9� θ̂1q�fl.9 + b1q (θ̂
(q(
1.9� θ̂

(q(
fl.9 + b(q(fl (+ b1q�1(θ̂

(q�fl(
3.9 � θ̂

(q�fl(
2.9 + b(q�fl(

2 (� b1q�fl

enq fl≤ q ≤ Q+ fl0 ür dwodbsdc: rtbg Z bnmzftqZshnm cdodmcr knbZkkx nm 3Q qdZk
oZqZldsdqr: mZldkx p(q(

2.fl: b
(q(
fl : b(q(2 : Zmc b(q(: fl≤ q ≤ Q0
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Vd lZx hlonrd rxlldsqx ax Zrrtlhmf sgZs p(q(
2.fl + fl: rn p1q+fl.fl + fl enq Zkk

9≤ q ≤ Q: Zmc sgZs a(q(+b(q(+ fl�m(q(: rn b(q(fl +b(q(2 +m(q(�fl�a(q(+b(q(+�1a(q(0
Sgdm p1q.j + p(q(

1.j : fl ≤ j ≤ m(q(: Zqd fhudm ax sgd qnnsr ne 1Dfl(�m(q(. a(q(= b(q(= y(:
fl ≤ q ≤ Q0 PdbZkk eqnl PdlZqj flfl sgZs sgd dladccdcmdrr bnmchshnmr rhlokhzdr
sn sgd bnmbZuhsx ne sgd rdptdmbd (mkbk(fl≤k≤K 0 Enq dudm k: sgd bnmbZuhsx hlokhdr
sgZs a(q( / �m, gdmbd b(q( , fl enq Zkk fl ≤ q ≤ Q0 Vd lZx bgnnrd: enq hmrsZmbd:
mkbk + km(fl + k( nq mkbk + (dwo k � fl(< dwo(k � fl( sn nasZhm dladccdc lhmhlZk
rtqeZbdr0

PdlYqj 170 Vd bZm Zkrn Zoodmc Z bnmzftqZshnm ne sxod (fl. m(q(( sn sgd rdptdmbd
ne (fl. m(q(. fl(/bnmzftqZshnmr sn nasZhm Z bnmzftqZshnm ne sxod

(fl. m1. fl. m3. fl. . . . . fl. m1Q�1. fl. m1Q(.

vgdqd sgd pk.j. bk. θ̂k.9 sdqlr Zqd cdzmdc Zr Zanud0 Sgdqdenqd: Zm dladccdc dwZlokd
ne Zmx fdmtr vhsg Zmx dudm mtladq –/ 1( ne dmcr bZm ad bnmrsqtbsdc0

1060 MtldphbWi dwWloidr1 Sgd aZkZmbd dptZshnmr bZm ad bnlahmdc hmsn nmd cheedq/
dmshZk dptZshnm sgZs hr ltbg dZrhdq sn rnkud0 ü rnktshnm sn sghr cheedqdmshZk dptZshnm
bnqqdronmcr sn rdudqZk aZkZmbd bnmzftqZshnmr sgZs Zqd dpthuZkdms ax odqltshmf sgd
knbZshnmr ne sgd mncdr0

KdllY 180 Kds K ad Y onrhshud hmsdfdq: mfl. m1. . . . . mK ∈ #: Ymc rtoonrd {pk.j{ hr
Y bnmzftqYshnm rtbg sgYs sgd pk.j Yqd chrshmbs0 Kds

Ok(y(+
mk∑

j+fl

(y� pk.j(. O(y(+
K∑

k+fl

Ok(y(. O9(y(+ OK+fl(y(+ fl.

Ymc

� O(y(+
K∑

k+fl

)
b1k y O

′′

k (y(O(y(
Ok(y(

�
bkbk+flyO ′

k (y(O
′

k+fl(y(O(y(

Ok(y(Ok+fl(y(

+ (b1k + bk(θ̂k+fl.9� θ̂k.9((
O ′

k (y(O(y(
Ok(y(

(
.

Sgdm sgd bnmzftqYshnm {pk.j{ hr aYkYmbdc he Ymc nmkx he � O(y(• 90

Oqnne0 Vd gZud rddm sgZs

O ′′

k (pk.j(
O ′

k (pk.j(
+

∑

fl≤j ̸+ i≤mk

1
pk.j � pk. i

.
O ′

k±fl(pk.j(

Ok±fl(pk.j(
+

mk±fl∑

i+fl

fl
pk.j � pk±fl. i

.

Cdzmd

Dk(y(+
b1k y O

′′

k (y(
O ′

k (y(
�

bkbk+flyO ′

k+fl(y(

Ok+fl(y(
�

bkbk�flyO ′

k�fl(y(

Ok�fl(y(
+ b1k + bk(θ̂k+fl.9� θ̂k.9(.
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Sgdm Dk.j + Dk(pk.j(0 Rds

Pk(y(+
O ′

k (y(O(y(
Ok(y(

Dk(y(

+
b1k y O

′′

k (y(O(y(
Ok(y(

�
bkbk+flyO ′

k (y(O
′

k+fl(y(O(y(

Ok(y(Ok+fl(y(
�

bkbk�flyO ′

k�fl(y(O
′

k (y(O(y(

Ok�fl(y(Ok(y(

+ (b1k + bk(θ̂k+fl.9� θ̂k.9((
O ′

k (y(O(y(
Ok(y(

.

Sgdm Dk.j + 9 he Zmc nmkx he Pk(pk.j(+ 90
Mnv nardqud sgZs Pk(y( Zmc P(y(+� O(y( Zqd onkxmnlhZkr vhsg cdfqdd rsqhbskx

kdrr sgZm

cdf O + M +
K∑

k+fl

mk.

Zmc P(pk.j( + Pk(pk.j( enq fl ≤ j ≤ mk Zmc fl ≤ k ≤ K 0 He P • 9 sgdm Pk(pk.j( + 9
Zmc rn {pk.j{ hr Z aZkZmbdc bnmzftqZshnm0 He {pk.j{ hr Z aZkZmbdc bnmzftqZshnm sgdm
P(pk.j( + Pk(pk.j( + Dk.j + 90 Gdmbd: P gZr Zs kdZrs M chrshmbs qnnsr0 Rhmbd sgd
cdfqdd ne P hr rsqhbskx kdrr sgZm M : vd ltrs gZud P • 90 �

Hs hr qdkZshudkx dZrx sn mtldqhbZkkx rnkud � O(y( • 9 Zr knmf Zr vd cnm@s gZud
snn lZmx kdudkr Zmc mdbjr0 Rn vd trd sghr kdllZ sn zmc aZkZmbdc bnmzftqZshnmr0
Rhmbd Zkk oqduhntr dwZlokdr Zclhs Z gnqhynmsZk qdfidbshnm rxlldsqx: vd Zqd lnrs
hmsdqdrsdc hm dwZlokdr vhsgnts sghr rxlldsqx: nq vhsg mn mnmsqhuhZk rxlldsqx Zs Zkk0

Ehftqd 6 rgnvr Zm dwZlokd vhsg K + 2:

mfl + fl. m1 + 2. m2 + 1.

bfl + 1. b1 + fl. b2 + fl2
fl5 .

θfl.9 + 9. θ1.9 +�
fl
1 . θ2.9 +�

16
fl5 . θ3.9 +�

18
fl5 .

Sghr bnmzftqZshnm bnqqdronmcr sn Zm dladccdc lhmhlZk rtqeZbd vhsg dhfgs dmcr
Zmc fdmtr sgqdd hm sgd ptnshdms0 Hs gZr mn gnqhynmsZk qdfidbshnmZk rxlldsqx: ats cndr
gZud Z qnsZshnmZk rxlldsqx0

Ehftqd 7 rgnvr svn dwZlokdr vhsg K + 2:

mfl + fl. m1 + 3. m2 + 2.

bfl + 6
1 . b1 + fl. b2 + 2

3 .

θfl.9 + 9. θ1.9 +�1. θ2.9 +�
fl2
4 . θ3.9 +�

43fl
fl79 .

Sgdrd bnmzftqZshnmr bnqqdronmc sn dladccdc lhmhlZk rtqeZbdr vhsg dhfgs dmcr
Zmc fdmtr zud hm sgd ptnshdms: vhsg mn mnmsqhuhZk rxlldsqx0
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Ehftqd 60 ü (fl. 2. 1( aZkZmbdc bnmzftqZshnm vhsg mn gnqhynmsZk
qdfidbshnmZk rxlldsqx0 Sgd bhqbkdr: rptZqdr: Zmc chZlnmcr qdoqdrdms
sgd mdbjr Zs kdudkr nmd: svn: Zmc sgqdd: qdrodbshudkx0

Ehftqd 8 rgnvr svn dwZlokdr vhsg K + 2:

mfl + fl. m1 + 6. m2 + 2.

bfl + fl6
6 . b1 + fl. b2 + 2

1 .

θfl.9 + 9. θ1.9 +�
fl
1 . θ2.9 +�

2
1 . θ3.9 +�

1357
33fl .

Sgdrd bnmzftqZshnmr bnqqdronmc sn dladccdc lhmhlZk rtqeZbdr vhsg dhfgs dmcr
Zmc fdmtr dhfgs hm sgd ptnshdms: vhsg mn mnmsqhuhZk rxlldsqx0

20 Anmrsqtbshnm

20fi0 Nodmhmf mncdr1 Sn dZbg udqshbZk okZmd hr ZrrnbhZsdc Z otmbstqdc bnlokdw
okZmd�·k ≃�|{9{: fl≤ k≤ K+fl0 Sgdx bZm ad rddm Zr PhdlZmm rogdqdr ;�k ≃�!{∞{

vhsg svn zwdc otmbstqdr Zs ok.9 + 9 Zmc ok.∞ +∞: bnqqdronmchmf sn sgd svn dmcr0
Sn dZbg mdbj hr ZrrnbhZsdc Z otmbstqd o±k.j ∈ �

·

k Zmc Z otmbstqd o′±k.j ∈ �
·

k+fl0 Ntq
hmhshZk rtqeZbd Zs τ + 9 hr sgd mncdc PhdlZmm rtqeZbd -9 nasZhmdc ax hcdmshexhmf
o±k.j Zmc o′±k.j enq fl≤ k ≤ K Zmc fl≤ j ≤ mk 0

Ehftqd 70 (fl. 3. 2( aZkZmbdc bnmzftqZshnmr vhsg mn rxlldsqhdr0
Sgd bhqbkdr: rptZqdr: Zmc chZlnmcr qdoqdrdms sgd mdbjr Zs kdudkr
nmd: svn: Zmc sgqdd: qdrodbshudkx0
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Ehftqd 80 (fl. 6. 2( aZkZmbdc bnmzftqZshnmr vhsg mn rxlldsqhdr0
Sgd bhqbkdr: rptZqdr: Zmc chZlnmcr qdoqdrdms sgd mdbjr Zs kdudkr
nmd: svn: Zmc sgqdd: qdrodbshudkx0

ür τ hmbqdZrdr: vd nodm sgd mncdr hmsn mdbjr Zr enkknvr0 Ehw knbZk bnnqchmZsdr
vk.9 + y hm sgd mdhfganqgnnc ne 9 ∈ ;�k Zmc vk.∞ + fl<y hm sgd mdhfganqgnnc ne
∞∈ ;�k 0 Enq dZbg mdbj: vd bnmrhcdq oZqZldsdqr (ok.j. o′k.j( hm sgd mdhfganqgnncr
ne (o±k.j. o

′±

k.j( Zmc knbZk bnnqchmZsdr

vk.j + km
y
ok.j

Zmc v′

k.j + km
y
o′k.j

hm Z mdhfganqgnnc ne ok.j Zmc o′k.j : qdrodbshudkx0 Hm sghr oZodq: sgd aqZmbg bts ne km y
hr Zknmf sgd mdfZshud qdZk Zwhr: Zmc vd trd sgd oqhmbhoZk uZktd ne km y vhsg hlZfhmZqx
oZqs hm sgd hmsdquZk (�π.π [0

ür vd nmkx nodm zmhsdkx lZmx mdbjr: vd lZx bgnnrd δ / 9 hmcdodmcdms ne j
Zmc k rtbg sgZs sgd chrjr

}vg}, 1δ. g ∈ � (+ ˙fl. K + fl[ · {9.∞{(.

}vk.j }, 1δ Zmc }v′

k.j }, 1δ. fl≤ k ≤ K . fl≤ j ≤ mj

Zqd Zkk chrinhms0 Enq oZqZldsdqr s + (sk.j(fl≤k≤K .fl≤j≤mk hm Z mdhfganqgnnc ne 9 vhsg
}sk.j }, δ1: vd qdlnud sgd chrjr

}vk.j },
}sk.j }
δ

Zmc }v′

k.j },
}sk.j }
δ

Zmc hcdmshex sgd Zmmtkh

}sk.j }
δ

≤ }vk.j }≤ δ Zmc
}sk.j }
δ

≤ }v′

k.j }≤ δ
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ax

vk.jv
′

k.j + sk.j .

He sk.j ̸+ 9 enq Zkk fl≤ k ≤ K Zmc fl≤ j ≤ mk : vd nasZhm Z PhdlZmm rtqeZbd cdmnsdc
ax -s 0

2010 UdhdprspWrr cWsW1 Vd bnmrsqtbs Z bnmenqlZk lhmhlZk hlldqrhnm trhmf sgd
VdhdqrsqZrr oZqZldsdqhyZshnm hm sgd enql

y ̸→ Pd
∏ y

(/fl./1./2(.

vgdqd /h Zqd ldqnlnqoghb fl/enqlr nm -s rZshrexhmf sgd bnmenqlZkhsx dptZshnm

–fl4( P ]+/1
fl +/1

1 +/1
2 + 9.

2010fi0 é:odqhncr0 Vd bnmrhcdq sgd enkknvhmf zwdc cnlZhmr hm Zkk -s .

Tk.δ +
)
y ∈ ;�v ] }v

±

k.j(y(}/ δ<1 ∀fl≤ j ≤ mk he fl≤ k ≤ K
Zmc }v′±

k.j(y(}/ δ<1 ∀fl≤ j ≤ mk�fl he 1≤ k ≤ K + fl
{

Zmc Tδ +


fl≤k≤K Tk.δ 0
Kds ék.j cdmnsd Z rlZkk bntmsdqbknbjvhrd bhqbkd hm Tk.δ Zqntmc ok.j , hs hr sgdm

gnlnknfntr hm -s sn Z bknbjvhrd bhqbkd hm Tk+fl.δ Zqntmc o′k.j 0 Lnqdnudq: kds ék.9

–qdro0 ék.∞( cdmnsd Z rlZkk bntmsdqbknbjvhrd bhqbkd hm Tk.δ Zqntmc 9 –qdro0 ∞(0
PdbZkk sgZs sgd udqshbZk odqhnc udbsnq hr Zrrtldc sn ad (9. 9. 1π(: rn vd mddc sn

rnkud sgd ü/odqhnc oqnakdlr

Pd
∏

ég

(/fl./1./2(+ (9. 9. 1πσg( Zmc Pd
∏

ék.j

(/fl./1./2(+ (9. 9. 9(

enq g ∈ �: fl≤ k ≤ K : Zmc fl≤ j ≤ mk 0 Gdqd: sgd nqhdmsZshnm σg +±fl rZshrzdr

σg +�σς(g(.

vgdqd sgd ”bntmsdqbknbjvhrd qnsZshnm; ς nm � hr cdzmdc ax

–fl5(






ς(9k(+ 9k�fl. 1≤ k ≤ K + fl.
ς(9fl(+∞fl.

ς(∞k(+∞k+fl. fl≤ k ≤ K .
ς(∞K+fl(+ 9K+fl.

Hm oZqshbtkZq: vd gZud σk.9 +�σk.∞ enq Zkk fl≤ k ≤ K + fl0
PdbZkk sgZs sgd rtqeZbd sdmcr sn Zm (K+fl(/rgddsdc wy/okZmd hm sgd khlhs τ → 90 Rn

vd cdzmd sgd ldqnlnqoghb etmbshnmr /fl: /1 Zmc /2 Zr sgd tmhptd qdftkZq fl/enqlr
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nm -s –rdd )SqZhyds 19fl2: ]7[( vhsg rhlokd onkdr Zs og : g ∈ �: Zmc sgd ü/odqhncr
∏

ég

(/fl.∫/1./2(+ 1π h(�g.βg. γg � hσg(. g ∈ �.

∏

ék.j

(/fl.∫/1./2(+ 1π h(�k.j.βk.j. γk.j(. fl≤ k ≤ K . fl≤ j ≤ mk.

vgdqd /1 + τ∫/1 Zmc: ax sgd qdrhctd sgdnqdl: hs hr mdbdrrZqx sgZs

�k.9 +�k.∞+

∑

fl≤j≤mk

�k.j �
∑

fl≤j≤mk�fl

�k�fl.j + 9.–fl6(

βk.9 + βk.∞+

∑

fl≤j≤mk

βk.j �
∑

fl≤j≤mk�fl

βk�fl.j + 9.–fl7(

γk.9 + γk.∞+

∑

fl≤j≤mk

γk.j �
∑

fl≤j≤mk�fl

γk�fl.j + 9.–fl8(

enq fl≤ k ≤ K + fl0 Sgdm sgd ü/odqhnc oqnakdlr Zqd rnkudc ax cdzmhshnm0

201010 AYkYmbd ne dmcr0 Rtllhmf to –fl7( nudq k fhudr

–19(
∑

g∈�

βg + 9.

vghbg vd trd sn qdokZbd –fl7( vhsg k + K + fl0
Hm sghr oZodq: sgd otmbstqdr ok.9 Zmc ok.∞ bnqqdronmc sn Rbgdqj/sxod dmcr0 Gdmbd

vd zw

–1fl( �1
g + τ 1β1

g • fl Zmc γg • 9

enq Zkk g ∈ �: rn sgZs –sgd rsdqdnfqZoghb oqnidbshnm ne( sgd FZtrr lZo

F +�
/fl + h/1

/2

dwsdmcr gnknlnqoghbZkkx sn sgd otmbstqdr og vhsg tmhsZqx uZktdr0 Sgdm –fl8( hr mns
hmcdodmcdms. he hs hr rnkudc enq fl≤ k ≤ K : hs hr ZtsnlZshbZkkx rnkudc enq k + K + fl0

Hm oZqshbtkZq: Zs τ + 9: vd gZud �1
g + fl0 Hm uhdv ne sgd nqhdmsZshnm ne sgd dmcr:

vd bgnnrd �k.9 + fl Zmc �k.∞ +�fl rn sgZs F(ok.∞(+ F(ok.9(+ hσk.90
Rtllhmf to –fl6( nudq k fhudr

–11(
∑

fl≤k≤K+fl

�˜
fl� τ 1β1

k.∞�
˜
fl� τ 1β1

k.9
(
+ 9.

vghbg vd trd sn qdokZbd –fl6( vhsg k + K + fl0

PdlYqj 290 Sgd bnmchshnmr –19( Zmc –11( Zqd chrfthrdr ne sgd aZkZmbd bnmchshnm ne
Rbgdqj dmcr: mZldkx sgZs sgd tmhs udbsnqr hm sgdhq chqdbshnmr rgntkc rtl to sn 90
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201020 A:odqhncr0 Enq fl≤ k ≤ K + fl: vd zw Z onhms Nk ∈Tk.δ 0 Enq dudqx fl≤ k ≤ K
Zmc fl≤ j ≤ mk Zmc sk.j ̸+ 9: kds Ak.j ad sgd bnmbZsdmZshnm ne

–fl( Z oZsg hm Tk.δ eqnl Nk sn vk.j + δ:

–1( sgd oZsg oZqZldsdqhydc ax vk.j + δfl�1r s rk.j enq r ∈ ˙9. fl[: eqnl vk.j + δ sn
vk.j + sg<δ: vghbg hr hcdmshzdc vhsg v′

k.j + δ: Zmc

–2( Z oZsg hm Tk+fl.δ eqnl v′

k.j + δ sn Nk+fl0

Vd mddc sn rnkud sgd A/odqhnc oqnakdl: mZldkx sgZs

–12( Pd
∏

Ak.j

(/fl./1./2(+ Pd
∏

Ak.fl

(/fl./1./2(.

201030 BnmenqlYkhsx0

KdllY 2fi0 Dnq s rtezbhdmskx bknrd sn 9: sgd bnmenqlYkhsx bnmchshnm –fl4( hr dpthuY:
kdms sn

Fk.j ]+

∏

ék.j

vk.j P
cvk.j

+ 9. fl≤ k ≤ K . fl≤ j ≤ mk.–13(

�k.j ]+

∏

ék.j

P
cvk.j

+ 9. fl≤ k ≤ K . 1≤ j ≤ mk.–14(

�′

k.j ]+

∏

é′

k.j

P
cv′

k.j
+ 9. fl≤ k ≤ K . fl+ δk.K ≤ j ≤ mk.–15(

vgdqd é′

k.j hm –15( cdmnsdr Y rlYkk bntmsdqbknbjvhrd bhqbkd hm Tk+fl.δ Yqntmc o′k.j
–gdmbd gnlnknfntr sn �ék.j(: Ymc δk.K + fl he k + K Ymc 9 nsgdqvhrd0

Oqnne0 Ax ntq bgnhbd ne �g Zmc γg : sgd ptZcqZshb cheedqdmshZk P gZr Zs lnrs rhlokd
onkdr Zs sgd 1K+1 otmbstqdr og : g ∈�0 Sgd roZbd ne rtbg ptZcqZshb cheedqdmshZkr hr
ne bnlokdw chldmrhnm 2(M � K(� 2+ (1K + 1(+ 2M � K � fl0 Vd vhkk oqnud sgZs

P ̸→ (F.�.�′(

hr Zm hrnlnqoghrl0 Vd oqnud sgd bkZhl Zs s + 9, sgdm sgd bkZhl enkknvr ax bnmshmthsx0
Bnmrhcdq P hm sgd jdqmdk0 PdbZkk eqnl )SqZhyds 1997[ sgZs Z qdftkZq ptZcqZshb

cheedqdmshZk nm -9 gZr Zs lnrs cntakd onkdr Zs sgd mncdr ok.j Zmc o′k.j 0 Sgdm –13(
ftZqZmsddr sgZs P gZr Zs lnrs rhlokd onkdr Zs sgd mncdr0 Ax –14( Zmc –15(: P lZx
nmkx gZud rhlokd onkdr Zs ok.fl ∈ �·k : fl ≤ k ≤ K : Zmc o′K .fl ∈ �

·

K+fl0 Rn: nm dZbg
PhdlZmm rogdqd ;�k : P hr Z ptZcqZshb cheedqdmshZk vhsg Zs lnrs rhlokd onkdr Zs sgqdd
otmbstqdr, sgd nsgdq svn adhmf 9: ∞0 Ats rtbg Z ptZcqZshb cheedqdmshZk ltrs ad 90 �

2020 Srhmf sgd hloihbhs etmbshnm sgdnpdl1 ükk oZqZldsdqr uZqx hm Z mdhfganqgnnc
ne sgdhq bdmsqZk uZktdr: cdmnsdc ax Z rtodqrbqhos ±0 Vd vhkk rdd sgZs

β±g + θ̂g. �±k.j + γ ±k.j + 9. β±k.j +�bk. o′±k.j + ok.j .

Kds tr zqrs rnkud –19( Zmc –11(0



27 GüN BGDM: ODSDP BNMMNP üMC JDUHM KH

Oqnonrhshnm 210 Rtoonrd vd Yqd fhudm Y bnmzftqYshnm (p. θ̂( rtbg sgYs'fl+'1+ 90
Dnq τ rtezbhdmskx rlYkk Ymc βg bknrd sn β±g + θ̂g : sgd rnktshnmr (τ.β( sn –19( Ymc –11(
enql Y rlnnsg lYmhenkc ne chldmrhnm 1K+fl0

Oqnne0 üs τ + 9: –19( hr rnkudc ax β±g + θ̂g he 'fl + 90 SZjhmf sgd cdqhuZshud ne –11(
vhsg qdrodbs sn τ 1 fhudr

–16(
∑

fl≤k≤K+fl

β1
k.∞� β1

k.9

1
+ 9.

vghbg hr rnkudc ax β±g + θ̂g he '1 + 90 Sgd oqnonrhshnm sgdm enkknvr eqnl KdllZ 5
Zmc sgd hlokhbhs etmbshnm sgdnqdl0 �

Eqnl mnv nm: vd Zrrtld sgZs sgd oZqZldsdqr (τ. (βg(g∈�( Zqd rnktshnmr sn –19(
Zmc –11( hm Z mdhfganqgnnc ne (9. θ̂(0

2020fi0 Rnkuhmf bnmenqlYkhsx oqnakdlr0

Oqnonrhshnm 220 Dnq τ rtezbhdmskx rlYkk Ymc βk.j : ok.j : Ymc o′k.j hm Y mdhfganqgnnc
ne sgdhq bdmsqYk uYktdr: sgdqd dwhrs tmhptd uYktdr ne sk.j : �k.j : Ymc γk.j : cdodmchmf
qdYk:YmYkxshbYkkx nm (τ 1.β. o. o′(: rtbg sgYs sgd aYkYmbd dptYshnmr –fl6( Ymc –fl8(
vhsg fl ≤ k ≤ K Ymc sgd bnmenqlYkhsx dptYshnmr –13( Ymc –14( Yqd rnkudc0 ékrn: Ys
τ + 9: vd gYud sk.j + 9: �k.j + γk.j + 9:

>sk.j
>(τ 1(

+
fl
3
β1
k.j.

Ymc: enq 1≤ j ≤ mk :

–17(
>

>(τ 1(
(�k.j � hσk.9γk.j(+�

fl
1
Pdr

) ∫/1
1

cvk.j
. ok.j

(
+�

fl
1
Pdr

)
y∫/1

1

cy
. ok.j

(
.

Mnsd sgZs: Zbbnqchmf sn sghr oqnonrhshnm: he β±k.j ̸+ 9: sgdm sk.j / 9 enq rtezbhdmskx
rlZkk τ 0

Oqnne0 üs τ + 9: enq 1≤ j ≤ mk vd gZud

Fk.j +

∏

ék.j

vk.j P
cvk.j

+ 1π h(�1
k.j + γ 1

k.j(+ 9.

vghbg uZmhrgdr vgdm
�k.j + γk.j + 9.

PdbZkk sgZs �g +±fl Zs τ + 9 Zmc sgZs γg • 90 Sgdm ax sgd qdrhctd sgdnqdl: vd gZud

�k.fl + γk.fl + 9.
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ür Z bnmrdptdmbd: vd gZud Zs τ + 9

/±fl +
cy
y
. /±1 + 9. Zmc /±2 +�hσk.9

cy
y
=

rn P + 9 Zr vd dwodbs0
Vd sgdm bnlotsd sgd oZqshZk cdqhuZshudr Zs τ + 9.

>

>�k.j
�k.j +

∏

ék.j

1
/±fl

cvk.j

>/fl

>�k.j

}}}}
τ+9

+

∏

ék.j

1
cy<y
cy<o

cy
y� ok.j

+ 3π h.

>

>γk.j
�k.j +

∏

ék.j

1
/±2

cvk.j

>/2

>γk.j

}}}}
τ+9

+

∏

ék.j

�1hσk.9
cy<y
cy<o

cy
y� ok.j

+ 3πσk.9.

>

>sk.j
Fk.j +

∏

ék.j

1vk.j

cvk.j

)
/±fl

>/±fl

>sk.j
+/±2

>/±2

>sk.j

(

+
�fl
π h

)∏

ék.j

/±fl

vk.j

∏

é′

k.j

/±fl

v′

k.j
+

∏

ék.j

/±2

vk.j

∏

é′

k.j

/±2

v′

k.j

(

+�7π h.

vgdqd sgd rdbnmc sn kZrs khmd hr sqtd ax )SqZhyds 1997: KdllZ 2[0 ükk nsgdq oZqshZk
cdqhuZshudr uZmhrg0 Sgdqdenqd: ax sgd hlokhbhs etmbshnm sgdnqdl: sgdqd dwhrs tmhptd
uZktdr ne �k.j : γk.j –vhsg 1 ≤ j ≤ mk(: Zmc sk.j –vhsg fl ≤ j ≤ mk( sgZs rnkud sgd
bnmenqlZkhsx dptZshnmr –13( Zmc –14(0 PdbZkk sgZs �g Zqd cdsdqlhmdc ax –1fl(0 Sgdm
�k.fl Zmc γk.fl Zqd tmhptdkx cdsdqlhmdc ax sgd khmdZq aZkZmbd dptZshnmr –fl6( Zmc –fl8(0

Lnqdnudq:

>

>(τ 1(
�k.j +

∏

ék.j

∫/1
1

cvk.j
.

>

>(τ 1(
Fk.j + 1π hβ1

k.j .

Gdmbd sgd snsZk cdqhuZshudr rZshrex

c
c(τ 1(

�k.j + 3π h >�k.j
>(τ 1(

+ 3πσk.9
>γk.j
>(τ 1(

+ 1π h Pdr
∣ ∫/1

1
cvk.j

. ok.j
(
+ 9

Zmc
c

c(τ 1(

∏

ék.j

Fk.j +�7π h >sk.j
>(τ 1(

+ 1π hβ1
k.j + 9.

Sghr oqnudr sgd bkZhldc oZqshZk cdqhuZshudr vhsg qdrodbs sn τ 10 �

PdlYqj 230 Vd rdd eqnl sgd bnlotsZshnmr sgZs ntq knbZk bnnqchmZsdr v Zmc v′ Zqd
bgnrdm enq bnmudmhdmbd0 GZc vd trdc nsgdq bnnqchmZsdr: sgd bnlotsZshnmr vntkc
ad udqx cheedqdms: ats >(�k.j � hσk.9γk.j(<>(τ 1( vntkc ad hmuZqhZms: Zmc >sk.j<>(τ 1(

vntkc ad qdrbZkdc sn jddo sgd bnmenqlZk sxod ne -s –sn sgd zqrs nqcdq(0 Rn sgd
bgnhbd ne knbZk bnnqchmZsdr gZr mn rtarsZmshZk hloZbs nm ntq bnmrsqtbshnm0
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202010 Rnkuhmf A:odqhnc oqnakdlr0 Hm sgd enkknvhmf: vd lZjd Z bgZmfd ne uZqhZakd
τ + dwo(�fl<µ 1(0

Oqnonrhshnm 240 Kds sgd oYqYldsdqr sk.j : �k.j : Ymc γk.j ad fhudm ax Oqnonrhshnm 220
Dnq µ rtezbhdmskx rlYkk Ymc ok.j Ymc o′k.j hm Y mdhfganqgnnc ne sgdhq bdmsqYk uYktdr:
sgdqd dwhrs tmhptd uYktdr ne βk.j : cdodmchmf rlnnsgkx nm (µ. o. o′( Ymc (βg(g∈�:
rtbg sgYs sgd aYkYmbd dptYshnm –fl7( vhsg fl ≤ k ≤ K Ymc sgd x:bnlonmdms ne sgd
A:odqhnc oqnakdl –12( Yqd rnkudc0 Hm Ycchshnm: Ys µ + 9 Ymc βg + β±g + θ̂g : vd gYud
βk.j + βk.fl +�bk vgdqd bk hr fhudm ax –fl(0

Oqnne0 Ax KdllZ 702 ne )Bgdm Zmc SqZhyds 191fl[:
∣ ∏

Ak.j

∫/1

(
� βk.j km sk.j

dwsdmcr gnknlnqoghbZkkx sn s + 9 Zr antmcdc ZmZkxshb etmbshnmr ne nsgdq oZqZldsdqr0
Vd gZud rddm sgZs sk.j ∼ τ 1β1

k.j<30 Rn

G ]+ �
µ 1

1
Pd

∣ ∏

Ak.j

∫/1�
∏

Ak.fl

∫/1

(
+ βk.j � βk.fl

Zs µ + 90 Sgdqdenqd: G + 9 hr rnkudc Zs µ + 9 ax βk.j + βk.fl enq Zkk 1 ≤ j ≤ mk :
Zmc βk.fl +�bk enkknvr Zr –fl( hr itrs Z qdenqltkZshnm ne –fl7(0 Sgd oqnonrhshnm sgdm
enkknvr ax sgd hlokhbhs etmbshnm sgdnqdl0 �

Oqnonrhshnm 250 érrtld sgYs sgd oYqYldsdqr sk.j : �k.j : βk.j Ymc γk.j Yqd fhudm ax
Oqnonrhshnmr 22 Ymc 230 Dnq µ rtezbhdmskx rlYkk Ymc ok.j hm Y mdhfganqgnnc ne sgdhq
bdmsqYk uYktdr: sgdqd dwhrs tmhptd uYktdr ne o′k.j : cdodmchmf rlnnsgkx nm µ : o: Ymc
(βg(g∈�: rtbg sgYs sgd w: Ymc y:bnlonmdmsr ne sgd A:odqhnc oqnakdl –12( Yqd rnkudc0
Hm Ycchshnm: to sn bnlokdw rbYkhmfr nm �·k+fl: fl≤ k ≤ K : vd gYud o′k.j + ok.j Ys µ + 9
enq Ymx fl, j ≤ mk 0

Oqnne0 üs µ + 9: qdbZkk sgZs /fl + cy<y Zmc /2 +�hσk.9cy<y0 Rn

Pd
∏

Ak.j

/fl�Pd
∏

Ak.fl

/fl + Pd km ok.j
ok.fl

�Pd km
o′k.j
o′k.fl
=

Pd
∏

Ak.j

/2�Pd
∏

Ak.fl

/2 + σk.9

∣
Hl km ok.j

ok.fl
+ Hl km

o′k.j
o′k.fl

(
.

Sgdx uZmhrg he Zmc nmkx he km(ok.j<ok.fl(+ km(o′k.j<o
′

k.fl(0 Vd mnqlZkhyd sgd bnlokdw
rbZkhmf nm �·k+fl: fl ≤ k ≤ K : ax zwhmf o′k.fl + ok.fl0 Sgdm sgd A/odqhnc oqnakdl hr
rnkudc Zs µ + 9 vhsg o′k.j + ok.j 0 Ax sgd rZld Zqftldms Zr hm )SqZhyds 1997[: sgd
hmsdfqZkr Zqd rlnnsg etmbshnmr ne µ Zmc nsgdq oZqZldsdqr: rn sgd oqnonrhshnm enkknvr
ax sgd hlokhbhs etmbshnm sgdnqdl0 �
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202020 AYkYmbhmf bnmchshnmr0 Cdzmd

Hk.j + Pdr
∣ y∫/1

1

cy
. ok.j

(
Zmc H′

k.j + Pdr
∣ y∫/1

1

cy
. o′k.j

(
.

Kds sgd bdmsqZk uZktdr o±k.j dptZk bnmik pk.j : vgdqd p hr eqnl Z aZkZmbdc bnmzftqZshnm0
Rn sgd bdmsqZk uZktdr o′±k.j dptZk bnmik+fl pk.j Zmc

∫/±1 +
)
bnmi∗ ψk nm �·k enq k ncc:
ψk nm �·k enq k dudm0

Sgdm vd gZud

Hk.j +H′

k.j + 1 bnmik+fl Dk.j

Zs sgd bdmsqZk uZktdr: vgdqd Dk.j hr sgd enqbd fhudm ax –3(0 ükrn: ax sgd qdrhctd
sgdnqdl nm �·k :

–18(
mk�fl∑

j+fl

H′

k�fl.j +

mk∑

j+fl

Hk.j + β1
k.9� β1

k.∞ + 9.

Oqnonrhshnm 260 érrtld sgYs sgd oYqYldsdqr sk.j : �k.j : Ymc γk.j Yqd fhudm Yr YmYkxshb
etmbshnmr ne τ 1 ax Oqnonrhshnm 220 Sgdm ∫�′

k.j ]+ τ�1�′

k.j dwsdmcr YmYkxshbYkkx sn
τ + 9 vhsg sgd uYktd

)
3π h bnmik+fl Dk.j. 1≤ j ≤ mk.

3π h bnmik+fl�Dk.fl +
⊔k�fl

i+fl
⊔m i

j+fl Di.j
(
. j + fl.

Oqnne0 He e (y( hr Zm ZmZkxshb etmbshnm hm y Zmc e (9( + 9: sgdm e (y(<y dwsdmcr
ZmZkxshbZkkx sn y + 9 vhsg sgd uZktd c e<cy }y+90 Vd bnlotsd Zs τ + 9 sgZs

>

>�
�′

k.j +�3π h Zmc
>

>γ
�′

k.j + 3πσk.9.

Sgdm
c

c(τ 1(
�′

k.j +�3π h
>�k.j

>(τ 1(
+ 3πσk.9

>γk.j

>(τ 1(
+ 1π hH′

k.j .

Enq 1≤ j ≤ mk : ax –17(:∫�′

k.j ]+ τ�1�′

k.j dwsdmcr sn τ + 9 vhsg sgd uZktd

c
c(τ 1(

�′

k.j + 1π h(Hk.j +H′

k.j(+ 3π h bnmik+fl Dk.j .
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ür enq j + fl Zmc k , K : vd bnlotsd Zs τ + 9

mk∑

j+fl

c�′

k.j

c(τ 1(
+

mk�fl∑

j+fl

bnmi
)c�′

k�fl.j

c(τ 1(

(

+�3π h
>

>τ 1

) mk∑

j+fl

�k.j�

mk�fl∑

j+fl

�k�fl.j

(

+3πσk.9
>

>τ 1

) mk∑

j+fl

γk.j�

mk�fl∑

j+fl

γk�fl.j

(
–adbZtrd σk�fl.9 +�σk.9(

+1π h
) mk∑

j+fl

H′

k.j�

mk�fl∑

j+fl

H′

k�fl.j

(

+ 3π h
>

>τ 1 (�k.9+�k.∞(�3πσk.9
>

>τ 1 (γk.9+γk.∞( –ax –fl6( Zmc –fl8((

+1π h
) mk∑

j+fl

H′

k.j+

mk∑

j+fl

Hk.j+β1
k.9�β1

k.∞

(
–ax –18((

+ 1π h
)
β1
k.∞�β1

k.9+

mk∑

j+fl

(Hk.j+H
′

k.j(+β1
k.9�β1

k.∞

(
–ax –1fl((

+ 3π h
mk∑

j+fl

bnmik+fl Dk.j.

Sgdm

mk∑

j+fl

c�′

k.j

c(τ 1(
+

c�′

k.fl

c(τ 1(
+ 3π h bnmik+fl

mk∑

j+1

Dk.j

+ (� bnmi(k
k∑

l+fl

(� bnmi(l
) ml∑

j+fl

c�′

l.j

c(τ 1(
+

ml�fl∑

j+fl

bnmi
)c�′

l�fl.j

c(τ 1(

((

+ (� bnmi(k
k∑

l+fl

(� bnmi(l
)
3π h

ml∑

j+fl

bnmil+fl Dl.j

(

+ 3π h bnmik+fl
k∑

l+fl

ml∑

j+fl

Dl.j.

rn∫�′

k.fl ]+ τ�1�′

k.fl dwsdmcr sn τ + 9 vhsg sgd uZktd

c�′

k.fl

c(τ 1(
+ 3π h bnmik+fl

)
Dk.fl +

k�fl∑

l+fl

ml∑

j+fl

Dl.j

(
. �
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Sgdqdenqd: he (p. θ̂( hr aZkZmbdc: ∫�′
+ 9 hr rnkudc Zs τ + 90 PdbZkk sgZs vd

mnqlZkhyd sgd bnlokdw rbZkhmf nm �·fl ax zwhmf ofl.fl0 He (p. θ̂( hr qhfhc: adbZtrd
'1 +

⊔
Dk.j + 9 hmcdodmcdms ne o: sgd oZqshZk cdqhuZshud ne (∫�′((k.j( ̸+ (K . fl( vhsg

qdrodbs sn (ok.j((k.j( ̸+(fl.fl( hr Zm hrnlnqoghrl eqnl �M�fl sn �M�fl0 Sgd enkknvhmf
oqnonrhshnm sgdm enkknvr ax sgd hlokhbhs etmbshnm sgdnqdl0

Oqnonrhshnm 270 érrtld sgYs sgd oYqYldsdqr sk.j : �k.j : βk.j : γk.j : o′k.j Yqd fhudm ax
Oqnonrhshnmr 22: 23: Ymc 250 érrtld etqsgdq sgYs sgd bdmsqYk uYktdr pk.j + bnmik o±k.j
Ymc θ̂g + β±g enql Y aYkYmbdc Ymc qhfhc bnmzftqYshnm (p. θ̂(0 Sgdm enq (τ.β( hm
Y mdhfganqgnnc ne (9. θ̂( sgYs rnkudr –19( Ymc –11(: sgdqd dwhrsr uYktdr enq ok.j :
tmhptd to sn Y bnlokdw rbYkhmf: cdodmchmf rlnnsgkx nm τ Ymc (βg(g∈�: rtbg sgYs
ok.j(9. θ̂(+ o±k.j Ymc sgd bnmenqlYkhsx bnmchshnm –15( hr rnkudc0

2030 Cladccdcmdrr1 Hs qdlZhmr sn oqnud sgZs.

Oqnonrhshnm 280 Sgd lhmhlYk hlldqrhnm fhudm ax sgd UdhdqrsqYrr oYqYldsdqhyYshnm
hr qdftkYq Ymc dladccdc0

Oqnne0 Sgd hlldqrhnm hr qdftkZq he }/fl}
1
+ }/1}

1
+ }/2}

1 / 90 Sghr hr dZrhkx udqhzdc
nm Tδ0 Nm sgd mdbjr Zmc sgd dmcr: sgd qdftkZqhsx enkknvr he vd oqnud sgZs ∫/1 gZr
mn ydqnr ntsrhcd Tδ 0 üs τ + 9: ∫/1 gZr mk + mk�fl + 1 onkdr nm ;�k : gdmbd mk + mk�fl

ydqnr0 Ax sZjhmf δ rtezbhdmskx rlZkk: vd lZx Zrrtld sgZs Zkk sgdrd ydqnr khd hm Tk.δ 0
Ax bnmshmthsx: ∫/1 gZr mk + mk�1 ydqnr hm Tk.δ Zkrn enq τ rtezbhdmskx rlZkk0 Ats enq
τ ̸+ 9: ∫/1 hr ldqnlnqoghb nm Z PhdlZmm rtqeZbd -τ ne fdmtr f + M � K Zmc gZr
1K + 1 rhlokd onkdr: gdmbd gZr 1(M � K(� 1+ 1K + 1+ 1M ydqnr0 Rn ∫/1 gZr mn
etqsgdq ydqnr hm -s : Zmc: hm oZqshbtkZq: mns ntsrhcd Tδ 0

Vd mnv oqnud sgZs sgd hlldqrhnm

y ̸→ Pd
∏ y

(/fl.∫/1./2(

hr Zm dladcchmf: Zmc sgd khlhs onrhshnmr ne sgd mdbjr Zqd Zr oqdrbqhadc0
NmTk.δ : sgd FZtrr lZoF+�(/fl+h/1(</2 bnmudqfdr sn hσk.9: rn sgd hlldqrhnm

hr knbZkkx Z fqZog nudq sgd wy/okZmd0 Ehw Zm nqhdmsZshnm σfl.9 + �fl, sgdm to sn
sqZmrkZshnmr: vd gZud

khl
τ→9

∣
Pd

∏ y
/fl + h Pd

∏ y
/2

(
+ bnmik(km y(+ 1lπ h.

vgdqd l cdodmcr nm sgd hmsdfqZk oZsg: Zmc

khl
τ→9

Pd
∏ y∫/1 + Pd

∏ y
(bnmi∗(kψk +]4k(bnmik y(.

vghbg hr vdkk cdzmdc enq y ∈Tk.δ adbZtrd sgd qdrhctdr ne ψk Zqd Zkk qdZk0
Vhsg Z bgZmfd ne uZqhZakd y ̸→ km y: vd rdd sgZs sgd hlldqrhnm qdrsqhbsdc sn

Tk.δ bnmudqfdr sn Z odqhnchb fqZog nudq sgd wy/okZmdr: cdzmdc vhsghm antmcdc
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w/bnnqchmZsd Zmc ZvZx eqnl sgd onhmsr km pk.j + 1lπ h: Zmc sgd odqhnc hr 1π h0 Gdqd:
ZfZhm: vd hcdmshzdc sgd wy/okZmd vhsg sgd bnlokdw okZmd0

Sghr fqZog ltrs ad hmbktcdc hm Z rkZa oZqZkkdk sn sgd wy/okZmd vhsg antmcdc
sghbjmdrr0 Vd gZud rddm eqnl sgd hmsdfqZshnm Zknmf Aj sgZs sgd chrsZmbd adsvddm
ZciZbdms rkZar hr ne sgd nqcdq F(km τ (0 Rn sgd rkZar Zqd chrinhms enq τ rtezbhdmskx
rlZkk0

ür enq sgd mdbjr Zmc dmcr: mnsd sgZs sgdqd dwhrsr X / 9 rtbg sgZs 4�fl
k (˙�X. X [(

hr antmcdc ax mk + mk�fl + 1 bnmudw btqudr0 üesdq sgd bgZmfd ne uZqhZakd y ̸→ km y:
Zkk ats svn ne sgdrd btqudr qdlZhm bnmudw, sgnrd Zqntmc 9 Zmc ∞ adbnld odqhnchb
hmzmhsd btqudr0 He X hr bgnrdm rtezbhdmskx kZqfd: sgdqd dwhrsr W / 9 hmcdodmcdms
ne k rtbg sgZs sgd btqudr }y} + dwo(±W( Zqd hmbktcdc hm 4�fl

k (˙�X. X [( enq dudqx
fl≤ k ≤ K + fl0 üesdq sgd bgZmfd ne uZqhZakd y ̸→ km y: sgdrd btqudr adbnld btqudr
vhsg Pd y +±W 0

Gdmbd enq τ rtezbhdmskx rlZkk: vd lZx zmc X+

k Zmc X�k : vhsg X�k , X+

k , X�k+fl:
Zmc W / 9: rtbg sgZs.

• Sgd hlldqrhnm vhsg X�k , x , X+

k Zmc �W , w , W hr Z fqZog antmcdc ax
mk +mk�fl okZmZq bnmudw btqudr oZqZkkdk sn sgd wy/okZmd Zmc svn odqhnchb okZmZq
hmzmhsd btqudr oZqZkkdk sn sgd xy/okZmd0

• Sgd hlldqrhnm vhsg X+

k , x , X�k+fl Zmc �W , w , W bnmrhrsr ne Zmmtkh: dZbg
antmcdc ax svn okZmZq bnmudw btqudr oZqZkkdk sn sgd wy/okZmd0 Sgdrd Zmmtkh
Zqd chrinhms Zmc: ax Z sgdnqdl ne RbgheelZm )fl845[: Zkk dladccdc0

• Sgd hlldqrhnm vhsg }w } / W Zqd dmcr: h0d0: fqZogr nudq udqshbZk gZke/okZmdr:
dwsdmchmf hm sgd chqdbshnm (�fl.�θ̂k.9( Zmc (+fl.�θ̂k.∞(: fl≤ k ≤ K + fl0 He sgd
hmdptZkhsx –4( hr rZshrzdc: sgdrd fqZogr Zqd chrinhms0

Sghr zmhrgdr sgd oqnne ne dladccdcmdrr0 �

�bjmnvkdcfdldmsr

G0 Bgdm hr oZqshZkkx rtoonqsdc ax Zm HmchuhctZk PdrdZqbg FqZms eqnl Cdtsrbgd
EnqrbgtmfrfdldhmrbgZes vhsghm sgd oqnidbs ”Cdedbsr hm Sqhokx Odqhnchb LhmhlZk
RtqeZbdr;: Oqnidjsmtlldq 2876483210 Vd vntkc khjd sn sgZmj sgd qdedqdd enq lZmx
gdkoetk bnlldmsr0

Pdedqdmbdr

)Bgdm 191fl[ G0 Bgdm: ”Fkthmf JZqbgdq-Rbgdqj rZcckd snvdqr: HH. Rhmfkx odqhnchb lhmhlZk rtqeZbdr;:
oqdoqhms: 191fl0 ZqWhu 1fl96095846

)Bgdm Zmc Eqddrd 1911[ G0 Bgdm Zmc C0 Eqddrd: ”Gdkhbnhcr Zmc unqshbdr;: Oqnb0 é0 367.1156 –1911(:
Zqs0 hc0 1911932fl0 LP

)Bgdm Zmc SqZhyds 191fl[ G0 Bgdm Zmc L0 SqZhyds: ”Fkthmf JZqbgdq-Rbgdqj rZcckd snvdqr: H. Sqhokx
odqhnchb lhmhlZk rtqeZbdr;: oqdoqhms: 191fl0 ZqWhu 1fl920fl4565
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)Bnmmnq 19fl6Z[ O0 Bnmmnq: ”ü mnsd nm aZkZmbd dptZshnmr enq cntakx odqhnchb lhmhlZk rtqeZbdr;:
LYsg0 I0 NjYxYlY Tmhu0 48 –19fl6(: flfl6-fl290 LP Yak

)Bnmmnq 19fl6a[ O0 Bnmmnq: ”ü mnsd nm rodbhZk onkxmnlhZkr Zmc lhmhlZk rtqeZbdr;: Gntrsnm I0 LYsg0
32.fl –19fl6(: 68-770 LP Yak

)Bnmmnq Zmc Vdadq 19fl1[ O0 Bnmmnq Zmc L0 Vdadq: ”Sgd bnmrsqtbshnm ne cntakx odqhnchb lhmhlZk
rtqeZbdr uhZ aZkZmbd dptZshnmr;: éldq0 I0 LYsg0 fi23.4 –19fl1(: fl164-fl29fl0 LP Yak

)Cnlhmhbh ds Zk0 19fl2[ C0 Cnlhmhbh: R0 I0 Ingmrsnm: Zmc J0 InqcZZm: ”PdZk ydqnr ne 1Dfl gxodqfdnldsqhb
onkxmnlhZkr;: I0 Bnlots0 éook0 LYsg0 136 –19fl2(: fl41-fl5fl0 LP Yak

)GZtrvhqsg ds Zk0 1998[ K0 GZtrvhqsg: E0 LnqZahsn: Zmc L0 L0 Pncqäftdy: ”üm dmc/sn/dmc bnmrsqtbshnm
enq rhmfkx odqhnchb lhmhlZk rtqeZbdr;: OYbhzb I0 LYsg0 13fi.fl –1998(: fl-5fl0 LP Yak

)Gdhmd fl767[ D0 Gdhmd: GYmcatbg cdq jtfdketmbshnmdm: sgdnqhd tmc Ymvdmctmfdm: ac0 H: F0 Pdhldq:
Adqkhm: fl7670 Yak

)JZqbgdq fl877[ G0 JZqbgdq: ”Dladccdc lhmhlZk rtqeZbdr cdqhudc eqnl Rbgdqj@r dwZlokdr;: LYmt:
rbqhosY LYsg0 51.fl –fl877(: 72-flfl30 LP Yak

)Kh 19fl1[ J0 Kh: Rhmfkx:odqhnchb lhmhlYk rtqeYbdr vhsg Rbgdqj dmcr mdYq oYqYkkdk okYmdr: Og0C0
sgdrhr: HmchZmZ Tmhudqrhsx: ümm üqanq: LH: 19fl1: ZuZhkZakd Zs gssor.““vvv0oqnptdrs0bnl“cnbuhdv“
fl984fl263340 LP

)LZqcdm fl855[ L0 LZqcdm: Fdnldsqx ne onkxmnlhYkr: 1mc dc0: LZsgdlZshbZk Rtqudxr 2: üldqhbZm
LZsgdlZshbZk Rnbhdsx: Oqnuhcdmbd: P0H0: fl8550 LP Yak

)LZqsäm Zmc PZlnr AZshrsZ 1995[ E0 LZqsäm Zmc U0 PZlnr AZshrsZ: ”Sgd dladccdc rhmfkx odqhnchb
Rbgdqj-BnrsZ rtqeZbdr;: LYsg0 émm0 225.fl –1995(: fl44-fl780 LP Yak

)Lddjr Zmc Vnke 1996[ V0 G0 Lddjr: HHH Zmc L0 Vnke: ”LhmhlZk rtqeZbdr vhsg sgd ZqdZ fqnvsg ne
svn okZmdr. sgd bZrd ne hmzmhsd rxlldsqx;: I0 éldq0 LYsg0 Rnb0 19.1 –1996(: 33fl-3540 LP Yak

)Rbgdqj fl724[ G0 E0 Rbgdqj: ”Adldqjtmfdm íadq chd jkdhmrsd ek�bgd hmmdqgZka fdfdadmdq fqdmydm;: I0
Qdhmd émfdv0 LYsg0 fi2 –fl724(: fl74-1970 LP Yak

)RgheelZm fl845[ L0 RgheelZm: ”Nm rtqeZbdr ne rsZshnmZqx ZqdZ antmcdc ax svn bhqbkdr: nq bnmudw
btqudr: hm oZqZkkdk okZmdr;: émm0 ne LYsg0 (1( 52 –fl845(: 66-890 LP Yak

)cZ RhkuZ Zmc PZlnr AZshrsZ 19fl9[ L0 E0 cZ RhkuZ Zmc U0 PZlnr AZshrsZ: ”Rbgdqj rZcckd snvdqr ne
fdmtr svn hm !2;: Fdnl0 CdchbYsY fi38 –19fl9(: 48-6fl0 LP Yak

)SqZhyds fl885[ L0 SqZhyds: ”Bnmrsqtbshnm cd rtqeZbdr lhmhlZkdr dm qdbnkkZms cdr rtqeZbdr cd Rbgdqj;:
émm0 Hmrs0 Dntqhdq (Fqdmnakd( 35.4 –fl885(: fl274-fl3310 LP Yak

)SqZhyds 199fl[ L0 SqZhyds: ”VdhdqrsqZrr qdoqdrdmsZshnm ne rnld rhlokx/odqhnchb lhmhlZk rtqeZbdr;:
émm0 FknaYk émYk0 Fdnl0 19.fl –199fl(: 66-fl9fl0 LP Yak

)SqZhyds 1991Z[ L0 SqZhyds: ”ücchmf gZmckdr sn PhdlZmm@r lhmhlZk rtqeZbdr;: I0 Hmrs0 LYsg0 Itrrhdt
fi.fl –1991(: fl34-fl630 LP Yak

)SqZhyds 1991a[ L0 SqZhyds: ”üm dladccdc lhmhlZk rtqeZbd vhsg mn rxlldsqhdr;: I0 CheedqdmshYk
Fdnl0 59.fl –1991(: fl92-fl420 LP Yak

)SqZhyds 1997[ L0 SqZhyds: ”Nm sgd fdmtr ne sqhokx odqhnchb lhmhlZk rtqeZbdr;: I0 CheedqdmshYk Fdnl0
68.1 –1997(: 132-1640 LP Yak

)SqZhyds 19fl2[ L0 SqZhyds: ”Nodmhmf hmzmhsdkx lZmx mncdr;: I0 Qdhmd émfdv0 LYsg0 573 –19fl2(:
fl54-fl750 LP Yak

)SqZhyds Zmc Vdadq 1994[ L0 SqZhyds Zmc L0 Vdadq: ”Gdqlhsd onkxmnlhZkr Zmc gdkhbnhcZk lhmhlZk
rtqeZbdr;: Hmudms0 LYsg0 fi5fi.fl –1994(: flfl2-fl380 LP Yak

)XtbqZ GZmbbn ds Zk0 19fl3[ ü0 I0 XtbqZ GZmbbn: F0 ü0 Knanr: Zmc U0 PZlnr AZshrsZ: ”Dwokhbhs lhmhlZk
Rbgdqj rZcckd snvdqr ne ZqahsqZqx dudm fdmdqZ hm !2;: Otak0 LYs0 47.1 –19fl3(: 334-3570 LP Yak
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Pdbdhudc Itkx fl1: 19110 Pduhrdc LZx fl6: 19120

GüN BGDM
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SGD RSPNMF GNLNSNOW RSPTBSTPD
NE APRS PDCTBSHNM

BGHéPé DRONRHSN: éMCPDéR JPéES éMC INMéR RBGMHSYDP

Ud oqnonrd Y qdctbshnm rbgdld enq onkxcheedqdmshYk nodqYsnqr ogqYrdc hm
sdqlr ne K∗,lnqoghrlr0 Sgd cdrhqdc qdctbshnm K∗,lnqoghrl gYr addm
nasYhmdc ax Yookxhmf Ym dwokhbhs udqrhnm ne sgd gnlnsnox sqYmredq sgdnqdl0
EhmYkkx: vd oqnud sgYs sgd qdctbdc rsYq oqnctbs hmctbdc ax sghr qdctbshnm
K∗,lnqoghrl Ymc sgd qdctbdc rsYq oqnctbs nasYhmdc uhY sgd enqlYk Inrytk
bnlokdw Yqd dpthuYkdms0

fl0 Hmsqnctbshnm 36
10 OqdkhlhmZqhdr 49
20 Pdctbshnm ne sgd dpthuZqhZms onkxcheedqdmshZk nodqZsnqr 45
30 BnloZqhrnm ne sgd qdctbshnm oqnbdctqdr 69
éoodmchw é0 APRS qdctbshnm ne dpthuZqhZms rsZq oqnctbsr 61
éoodmchw A0 Dwokhbhs enqltkZr enq sgd gnlnsnox sqZmredq sgdnqdl 66
ébjmnvkdcfdldmsr 7fl
Pdedqdmbdr 7fl

fi0 Hmsqnctbshnm

Sghr oZodq Zhlr sn oqnonrd Z qdctbshnm rbgdld enq dpthuZqhZms onkxcheedqdmshZk
nodqZsnqr sgZs hr ogqZrdc hm sdqlr ne K∞/lnqoghrlr: fdmdqZkhyhmf sgd qdrtksr eqnl
)Dronrhsn ds Zk0 1911a[: nasZhmdc enq onkxudbsnq zdkcr0 Ntq lZhm lnshuZshnm bnldr
eqnl enqlZk cdenqlZshnm ptZmshyZshnm. cdenqlZshnm ptZmshyZshnm gZr addm hmsqn/
ctbdc ax AZxdm: EkZsn: EqnmrcZk: Khbgmdqnvhby Zmc Rsdqmgdhldq hm )AZxdm ds Zk0
fl867Z, fl867a[ Zmc hs qdkhdr nm sgd hcdZ sgZs sgd ptZmshyZshnm ne Z ogZrd roZbd
cdrbqhadc ax Z Onhrrnm lZmhenkc L hr cdrbqhadc ax Z enqlZk cdenqlZshnm: rn/bZkkdc
rsXq oqnctbs: ne sgd bnlltsZshud ZkfdaqZ ne rlnnsg bnlokdw/uZktdc etmbshnmr
�∞(L( hm Z enqlZk oZqZldsdq ;g0 Sgd dwhrsdmbd Zmc bkZrrhzbZshnm ne rsZq oqnctbsr
nm Onhrrnm lZmhenkcr gZr addm oqnuhcdc ax Jnmsrduhbg@r enqlZkhsx sgdnqdl )1992[:
vgdqdZr sgd hmuZqhZms rdsshmf ne Khd fqnto Zbshnmr gZr addm sqdZsdc ax Cnkftrgdu

LRB1919. 42C19: 42C440
Jdxvnqcr. qdctbshnm: ptZmshyZshnm: APRS: enqlZkhsx0

ˇ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr éssqhatshnm Khbdmrd 309 –BB
AX(0 Nodm ébbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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)1994Z, 1994a[0 Lnqd dwokhbhskx: sgd enqlZkhsx sgdnqdl oqnuhcdr Zm K∞/ptZrh/
hrnlnqoghrl adsvddm sgd cheedqdmshZk fqZcdc Khd ZkfdaqZ –CFKé( ne onkxudbsnq
zdkcr Sonkx(L( Zmc onkxcheedqdmshZk nodqZsnqr Conkx(L( Zr vdkk Zr adsvddm sgdhq
hmuZqhZms udqrhnmr0 ér rtbg: hs lZor LZtqdq-BZqsZm dkdldmsr hm sgd CFKé ne
onkxudbsnq zdkcr: h0d0: –enqlZk( Onhrrnm rsqtbstqdr: sn LZtqdq-BZqsZm dkdldmsr hm
sgd CFKé ne onkxcheedqdmshZk nodqZsnqr: vghbg bnqqdronmc sn rsZq oqnctbsr0

Nmd nodm ptdrshnm Zmc ntq lZhm lnshuZshnm hr sn hmudrshfZsd sgd bnloZshahkhsx ne
cdenqlZshnm ptZmshyZshnm Zmc ogZrd roZbd qdctbshnm hm sgd Onhrrnm rdsshmf: Zmc hm sghr
oqdrdms oZodq vd oqnonrd Z vZx sn cdrbqhad sgd qdctbshnm nm sgd ptZmstl rhcd ax Zm
K∞/lnqoghrl0 Fhudm Z Khd fqnto F Zbshmf nm Z lZmhenkc L : vd Zhl sn qdctbd dpth:
uXqhXms rsXq oqnctbsr (>. G(: sgZs hr: oZhqr bnmrhrshmf ne Zm hmuZqhZms rsZq oqnctbs >
Zmc Z ptZmstl lnldmstl lZo G +

⊕
∞

q+9 ;g
q Iq ] X�→�∞(L(˜̃ ;g[[: vgdqd X hr sgd

Khd ZkfdaqZ ne F0 Hm sghr bZrd: I9 hr Z bkZrrhbZk lnldmstl lZo enq sgd Onhrrnm rsqtb/
stqd hmctbdc ax >0 Hmsdqoqdshmf hs Zr rlnnsg lZo I9 ] L �→ X∗ Zmc Zrrtlhmf sgZs
9∈X∗ hr Z uZktd Zmc qdftkZq uZktd: hs enkknvr sgZs B+ I�fl({9{( hr Z bknrdc dladccdc
rtalZmhenkc ne L Zmc ax sgd Onhrrnm udqrhnm ne sgd LZqrcdm-Vdhmrsdhm qdctbshnm
)fl863[ vd jmnv sgZs tmcdq rthsZakd Zrrtloshnmr sgd qdctbdc lZmhenkc Lqdc+B<F
hr ZfZhm Z Onhrrnm lZmhenkc he sgd Zbshnm nm B hr oqnodq Zmc eqdd0 Hm sghr rdsshmf:
sgdqd hr Z vdkk/jmnvm APRS/khjd qdctbshnm oqnbdctqd )AnqcdlZmm ds Zk0 1999, Ftss
Zmc VZkclZmm 19fl9[ ne dpthuZqhZms rsZq oqnctbsr nm L sn rsZq oqnctbsr nm Lqdc0

Hm nqcdq sn cdrbqhad sghr qdctbshnm ax Zm K∞/lnqoghrl: vd gZud sn zw Zs zqrs sgd
CFKé bnmsqnkkhmf GZlhksnmhZm Zbshnmr hm sgd ptZmstl rdsshmf: h0d0: Z CFKé vgnrd
LZtqdq-BZqsZm dkdldmsr bnqqdronmc sn dpthuZqhZms rsZq oqnctbsr0 Vd cdmnsd hs ax

(CX(L(˜̃ ;g[[. ;gλ. ∂X� ˜I9. · [X. ˜ · . · [X(.

vgdqd λ+
⊕

h d
h
⊗ (dh (L hr fhudm ax sgd etmcZldmsZk udbsnq zdkcr ne sgd F/Zbshnm

hm sdqlr ne Z aZrhr dfl. . . . . dm ne X vhsg ctZk aZrhr dfl. . . . . dm ne X∗0 Hs hr bZkkdc sgd
CFKé ne dpthuXqhXms onkxcheedqdmshXk nodqXsnqr0

Sgd bnmrsqtbshnm ne sgd cdrhqdc K∞/lnqoghrl sn (Conkx(Lqdc(. ∂. ˜ · . · [F( hr
sgdm aZrdc nm sgd enkknvhmf rsdor.

• érrtlhmf enq rhlokhbhsx L + B · X∗: vghbg ZkvZxr gnkcr knbZkkx hm rthsZakd
rhstZshnmr: vd bZm odqenql Z SZxknq dwoZmrhnm Zqntmc B Zmc dmc to vhsg Z CFKé
CSZx(B · X∗(0 Trhmf Z ;oZqshZk gnlnsnox@: vd zmc Z cdenqlZshnm qdsqZbs sn Z
CFKé rsqtbstqd nm sgd roZbd

�∑
∞

h+9(R
hX⊗ Conkx(B((

(F: sgZs hr: vd fds qhc ne
cheedqdmshZshnmr hm sgd X∗/chqdbshnm0

• Enq sgd onkxudbsnq zdkcr hm )Dronrhsn ds Zk0 1911a[ vd trdc sgd bZmnmhbZk khmdZq
Onhrrnm rsqtbstqd πJJR nm sgd ctZk ne sgd Zbshnm Khd Zkfdaqnhc B · X enq sgd
qdctbshnm0 Sgd ZmZknftd rsqtbstqd hm ntq ptZmstl rdsshmf hr sgd oqnctbs nm sgd
ptZmshydc tmhudqrZk dmudknohmf ZkfdaqZ T ;g(B · X( ne sgd Zbshnm Khd Zkfdaqnhc0 Vd
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trd sghr oqnctbs sn odqstqa sgd cdenqlZshnm qdsqZbs eqnl sgd kZrs onhms0 Sghr hr lnqd
bnlokhbZsdc sgZm sgd onkxudbsnq zdkc bZrd rhmbd vd gZud sn trd mnv sgd gnlnknfhbZk
odqstqaZshnm kdllZ sn odqstqa sgd hmunkudc bgZhm lZor: Zmc sgd cdenqldc lZor Zqd
mn knmfdq bnloZshakd vhsg sgd Khd aqZbjdsr0

• Vd trd sgd gnlnsnox sqZmredq sgdnqdl sn bnmrsqtbs sgd K∞/oqnidbshnm eqnl
sgd SZxknq dwoZmrhnm sn

�∑
∞

h+9(R
hX⊗ Conkx(B((

(F vhsg sqZmredqqdc K∞/rsqtbstqd0
Mnshbd sgZs hm sgd onkxudbsnq zdkc bZrd hs vZr mns mdbdrrZqx sn sqZmredq sgd CFKé
rsqtbstqd0

• Vd bgdbj hm Oqnonrhshnm 20fl9 sgZs sgd sqZmredqqdc K∞/rsqtbstqd hr itrs Z CFKé
rsqtbstqd: Zmc hm Oqnonrhshnm 20flfl sgZs sgd sqZmredqqdc Khd aqZbjds hr bnloZshakd
vhsg sgd oqnidbshnm sn Conkx(Lqdc(˜̃ ;g[[0 Sgtr vd fds sgd qdctbshnm K∞/lnqoghrl
eqnl sgd SZxknq dwoZmrhnm sn sgd onkxcheedqdmshZk nodqZsnqr nm Lqdc0 Svhrshmf hs ax
sgd oqnctbs nm sgd tmhudqrZk dmudknohmf ZkfdaqZ dmrtqdr sgZs vd rsZqs hm sgd qhfgs
btqudc CFKé rsqtbstqd0

EhmZkkx: sgd lnqoghrl bZm ad fknaZkhydc sn fdmdqZk rlnnsg lZmhenkcr L vhsg
rtezbhdmskx mhbd Khd fqnto Zbshnmr Zmc vd fds sgd enkknvhmf qdrtks –Sgdnqdl 20fl4(.

Sgdnqdl0 Sgdqd dwhrsr Xm K∞:lnqoghrl

–fl/fl( Cqdc ] (CX(L(˜̃ ;g[[. ;gλ. ∂X� ˜I9. · [X. ˜ · . · [X(
�→ (Conkx(Lqdc(˜̃ ;g[[. 9. ∂. ˜ · . · [F(.

bXkkdc sgd qdctbshnm K∗‘lnqoghrl0

EhmZkkx: vd bnloZqd sgd qdctbshnm ne dpthuZqhZms rsZq oqnctbsr uhZ Cqdc sn Z
rkhfgskx lnchzdc udqrhnm ne sgd APRS qdctbshnm eqnl )AnqcdlZmm ds Zk0 1999, Ftss
Zmc VZkclZmm 19fl9[, rdd Sgdnqdl 303.

Sgdnqdl0 Kds (>. G( ad Xm dpthuXqhXms rsXq oqnctbs nm L0 Sgdm sgd qdctbdc rsXq
oqnctbs hmctbdc ax Cqdc eqnl –fl/fl( Xmc sgd qdctbdc rsXq oqnctbs uhX sgd enqlXk
Jnrytk bnlokdw Xqd dpthuXkdms0

Snfdsgdq vhsg )Dronrhsn ds Zk0 1911a: Sgdnqdl 40fl[ vd gZud mnv sgd chZfqZl

(S •

� (L(˜̃ ;g[[. ;gλ. ˜�I9. · [�. ˜ · . · [�( (C•

�(L(˜̃ ;g[[. ;gλ. ∂�� ˜I9. · [�. ˜ · . · [�(

(S •

onkx(Lqdc(˜̃ ;g[[. 9. 9. ˜ · . · [R( (C•

onkx(Lqdc(˜̃ ;g[[. 9. ∂. ˜ · . · [F(

Sqdc Cqdc

Eqdc

vgdqd Eqdc hr sgd rsZmcZqc Cnkftrgdu enqlZkhsx vhsg qdrodbs sn Z snqrhnm/eqdd bnuZqh/
Zms cdqhuZshud nm Lqdc0 ékrn: hm )Dronrhsn ds Zk0 1911Z[ vd rgnv sgZs sgd Cnkftrgdu



49 BGHéPé DRONRHSN: éMCPDéR JPéES éMC INMéR RBGMHSYDP

enqlZkhsx hr bnloZshakd vhsg λ tmcdq rthsZakd fiZsmdrr Zrrtloshnmr0 Hm sgdrd fiZs
bZrdr hs hmctbdr Zm K∞/lnqoghrl

EX ] (S •
X (L(˜̃ ;g[[. ;gλ. ˜�I9. · [X. ˜ · . · [X(�→ (C•

X(L(˜̃ ;g[[. ;gλ. ∂X�˜I9. · [X. ˜ · . · [X(.

vghbg fhudr sgd entqsg Zqqnv hm sgd Zanud chZfqZl: Zmc vd okZm sn hmudrshfZsd hsr
bnlltsZshuhsx –to sn gnlnsnox( hm etstqd vnqj0

Sgd qdrtksr ne sghr oZodq Zqd oZqshZkkx aZrdc nm )JqZes 191fl[ Zmc sgd oZodq hr
nqfZmhydc Zr enkknvr0 Hm Rdbshnm 1 vd qdbZkk sgd aZrhb mnshnmr ne –btqudc( K∞/
ZkfdaqZr: K∞/lnqoghrlr Zmc svhrsr Zmc zw sgd mnsZshnm0 Sgdm vd hmsqnctbd hm
Rdbshnm 1A sgd btqudc CFKé ne dpthuZqhZms onkxcheedqdmshZk nodqZsnqr Zmc rgnv
sgZs sgdx hmcddc bnmsqnk GZlhksnmhZm Zbshnmr0 Hm Rdbshnm 2 vd bnmrsqtbs sgd fknaZk
qdctbshnm K∞/lnqoghrl sn sgd onkxcheedqdmshZk nodqZsnqr nm sgd qdctbdc lZmhenkc0
EhmZkkx: vd bnloZqd hm Rdbshnm 3 sgd qdctbshnm uhZ sghr qdctbshnm lnqoghrl Cqdc

vhsg Z rkhfgskx lnchzdc APRS qdctbshnm ne dpthuZqhZms rsZq oqnctbsr Zr dwokZhmdc
hm éoodmchw é: vgdqd vd Zkrn qdbZkk sgd gnlnknfhbZk odqstqaZshnm kdllZ0 Hm
éoodmchw A vd fhud dwokhbhs enqltkZr enq sgd sqZmredqqdc K∞/rsqtbstqd Zmc sgd
K∞/oqnidbshnm hmctbdc ax sgd gnlnsnox sqZmredq sgdnqdl0

10 OqdkhlhmYqhdr

1�0 K∗‘QifdaqQr. LQtqdq-AQqsQm didldmsr Qmc svhrshmfz Hm sghr rdbshnm vd qdbZkk
sgd mnshnmr ne –btqudc( K∞/ZkfdaqZr: K∞/lnqoghrlr Zmc sgdhq svhrsr ax LZtqdq-
BZqsZm dkdldmsr sn zw sgd mnsZshnm0 Oqnner Zmc etqsgdq cdsZhkr bZm ad entmc hm
)Cnkftrgdu 1994Z, 1994a, Dronrhsn Zmc cd Jkdhim 191fl[0

Vd cdmnsd ax U • Z fqZcdc udbsnq roZbd nudq Z zdkc ! ne bgZqZbsdqhrshb 9 Zmc
cdzmd sgd rghesdc udbsnq roZbd U ˜j[• ax

U ˜j[ℓ + U ℓ+j .

é cdfqdd +fl bncdqhuZshnm P nm sgd bnZtfldmsdc bntmhsZk bnmhkonsdms bnbnlltsZ/
shud bnZkfdaqZ Rb(G( bneqddkx bnfdmdqZsdc ax sgd fqZcdc udbsnq roZbd G˜fl[• nudq !
hr bZkkdc Zm K∞:rsqtbstqd nm sgd fqZcdc udbsnq roZbd G he P1

+ 90 Sgd –tmhudqrZk(
bnZkfdaqZ Rb(G( bZm ad qdZkhydc Zr sgd rxlldsqhydc cdbnmbZsdmZshnm bnoqnctbs
nm sgd roZbd

{
m≥9 R

mG˜fl[ vgdqd RmG˜fl[ hr sgd roZbd ne bnhmuZqhZmsr enq sgd trtZk
–fqZcdc( Zbshnm ne Rm –sgd rxlldsqhb fqnto hm m kdssdqr( nm ⊗

m(G˜fl[(, rdd: enq
dwZlokd: )Dronrhsn Zmc cd Jkdhim 191fl[0 émx cdfqdd +fl bncdqhuZshnm P nm Rb(G(

hr tmhptdkx cdsdqlhmdc ax sgd bnlonmdmsr

–1/fl( Pm ] Rm(G˜fl[(�→ G˜1[
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sgqntfg sgd enqltkZ

–1/1( P(γfl ∨ · · · ∨ γm(+
m∏

j+9

∏

σ∈Rg(j.m�j(

ϵ(σ (Pj(γσ(fl( ∨ · · · ∨ γσ(j((∨ γσ(j+fl( ∨ · · · ∨ γσ(m(.

Gdqd Rg(j. m�j( cdmnsdr sgd rds ne (j. m�j( rgtefidr hm Rm : ϵ(σ (+ ϵ(σ. γfl. . . . . γm(

hr Z rhfm fhudm ax sgd qtkd γσ(fl( ∨ · · · ∨ γσ(m( + ϵ(σ (γfl ∨ · · · ∨ γm Zmc vd trd sgd
bnmudmshnmr sgZs Rg(m. 9(+ Rg(9. m(+ {hc{ Zmc sgZs sgd dlosx oqnctbs dptZkr sgd
tmhs0 Mnsd hm oZqshbtkZq sgZs vd Zkrn bnmrhcdq Z sdql P9 Zmc sgtr vd Zqd ZbstZkkx
bnmrhcdqhmf btqudc K∞/ZkfdaqZr0 Rnldshldr vd Zkrn vqhsd Pj + Pfl

j Zmc: enkknvhmf
)BZmnmZbn fl888[: vd cdmnsd ax Ph

m sgd bnlonmdms ne Ph
m ] R

mG˜fl[→ RhG˜1[ ne P0
Hs hr fhudm ax

–1/2( Ph
m(wfl ∨ · · · ∨ wm(+∏

σ∈Rg(m+fl�h.h�fl(

ϵ(σ (Pfl
m+fl�h (wσ(fl(∨· · ·∨wσ(m+fl�h((∨wσ(m+1�h(∨· · ·∨wσ(m(.

vgdqd Pfl
m+fl�h Zqd sgd trtZk rsqtbstqd lZor0

DwYlokd 10fi –btqudc CFKé(0 é aZrhb dwZlokd ne Zm K∞/ZkfdaqZ hr sgZs ne Z
–btqudc( cheedqdmshZk fqZcdc Khd ZkfdaqZ (X. Q. c. ˜ · . · [( nasZhmdc ax rdsshmf P9(fl(+
�Q: Pfl + �c: P1(γ ∨µ( + �(�fl(}γ }˜γ .µ[ Zmc Ph + 9 enq Zkk h ≥ 20 Mnsd sgZs
vd cdmnsdc ax } · } sgd cdfqdd hm X˜fl[0

Kds tr bnmrhcdq svn K∞/ZkfdaqZr (G. P( Zmc (Ĝ. P̂(0 é cdfqdd/9 bntmhsZk bnZk/
fdaqZ lnqoghrl

E ] Rb(G(�→ Rb(Ĝ(

rtbg sgZs EP + P̂E hr rZhc sn ad Zm K∞:lnqoghrl0 é bnZkfdaqZ lnqoghrl E eqnl
Rb(G( sn Rb(Ĝ( rtbg sgZs E(fl(+ fl hr tmhptdkx cdsdqlhmdc ax hsr bnlonmdmsr –Zkrn
bZkkdc SXxknq bndezbhdmsr(

Em ] Rm(G˜fl[(�→ Ĝ˜fl[.

vgdqd m ≥ fl0 MZldkx: vd rds E(fl(+ fl Zmc trd sgd enqltkZ

E(γfl ∨ ·· · ∨ γm(+
∏

o≥fl

∏

jfl.....jo≥fl
jfl+···+jo+m

∏

σ∈Rg–jfl:0 0 0 : jo(

ϵ(σ (

o:
Ejfl(γσ(fl( ∨ ·· · ∨ γσ(jfl((∨ ·· · ∨ Ejo(γσ(m�jo+fl( ∨ ·· · ∨ γσ(m((.

vgdqd Rg(jfl. . . . . jo( cdmnsdr sgd rds ne (jfl. . . . . jo(/rgtefidr hm Rm –ZfZhm vd rds
Rg(m( + {hc{(0 Vd Zkrn vqhsd Ej + Efl

j Zmc rhlhkZqkx sn –1/2( vd fds bndezbhdmsr
E i
m ] RmG˜fl[→ R i Ĝ˜fl[ ne E ax sZjhmf sgd bnqqdronmchmf sdqlr hm )Cnkftrgdu 1995:
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DptZshnm –10fl4([0 Mnsd sgZs E i
m nmkx cdodmcr nm Efl

j + Ej enq j ≤ m� i + fl0 Fhudm
Zm K∞/lnqoghrl E ne –mnmbtqudc( K∞/ZkfdaqZr (G. P( Zmc (Ĝ. P̂(: vd nasZhm sgd
lZo ne bnlokdwdr

Efl ] (G. Pfl(�→ (Ĝ. P̂fl(.

Hm sghr bZrd sgd K∞/lnqoghrl E hr bZkkdc Zm K∞:ptXrh:hrnlnqoghrl he Efl hr Z
ptZrh/hrnlnqoghrl ne bnlokdwdr0 Fhudm Z CFKé (X. c. ˜ · . · [( Zmc Zm dkdldms
π ∈X˜fl[9 vd bZm nasZhm Z btqudc Khd ZkfdaqZ ax cdzmhmf Z mdv cheedqdmshZk c+˜π. · [
Zmc bnmrhcdqhmf sgd btquZstqd Qπ

+ cπ +
fl
1 ˜π.π [0 Hm eZbs sgd rZld oqnbdctqd bZm

ad Zookhdc sn Z btqudc Khd ZkfdaqZ (X. Q. c. ˜ · . · [( sn nasZhm sgd svhrsdc btqudc Khd
ZkfdaqZ (G. Qπ . c+ ˜π. · [. ˜ · . · [(: vgdqd

–1/3( Qπ
]+ Q+ cπ +

fl
1 ˜π.π [.

Sgd dkdldms π hr bZkkdc Z LXtqdq-BXqsXm dkdldms he hs rZshrzdr sgd dptZshnm

–1/4( Q+ cπ +
fl
1 ˜π.π [ + 9.

EhmZkkx: hs hr hlonqsZms sn qdbZkk sgZs fhudm Z CFKé lnqoghrl: nq lnqd fdmdqZkkx Zm
K∞/lnqoghrl: E ] X→ X′ adsvddm svn CFKér: nmd lZx ZrrnbhZsd sn Zmx –btqudc(
LZtqdq-BZqsZm dkdldms π ∈ X˜fl[9 Z –btqudc( LZtqdq-BZqsZm dkdldms

–1/5( πE ]+
∏

m≥fl

fl
m:

Em(π ∨ · · · ∨π( ∈ X′˜fl[9.

Hm nqcdq sn lZjd rdmrd ne sgdrd hmzmhsd rtlr vd bnmrhcdq CFKér vhsg bnlokdsd
cdrbdmchmf zksqZshnmr

–1/6( · · · ⊇ ��1X⊇ ��flX⊇ �9X⊇ �flX⊇ · · · . X∼+ khl
←��
X<�mX

Zmc

–1/7( c(�jX(• �jX Zmc ˜�jX.�ℓX[ • �j+ℓX.

Hm oZqshbtkZq: �flX hr Z oqnidbshud khlhs ne mhkonsdms CFKér0 Hm lnrs bZrdr sgd
zksqZshnm hr antmcdc adknv: h0d0: antmcdc eqnl sgd kdes vhsg X+ �jX enq rnld j ∈ "0
He sgd zksqZshnm hr tmantmcdc: sgdm vd Zrrtld ZkvZxr sgZs hs hr dwgZtrshud: h0d0: sgZs

–1/8( X+
∏

m

�mX.

dudm he vd cn mns ldmshnm hs dwokhbhskx0 ékrn: vd Zrrtld sgZs sgd CFKé lnqoghrlr
Zqd bnloZshakd vhsg sgd zksqZshnmr0 Bnmrhcdqhmf nmkx LZtqdq-BZqsZm dkdldmsr hm
�flXfl dmrtqdr sgd vdkk/cdzmdcmdrr ne –1/5(0 LZhmkx: sgd zksqZshnm hr hmctbdc ax
enqlZk onvdq rdqhdr hm Z enqlZk oZqZldsdq ;g0 RsZqshmf vhsg Z CFKé (X. c. ˜ · . · [(: hsr
;g/khmdZq dwsdmrhnm sn enqlZk onvdq rdqhdr �+ X˜̃ ;g[[ ne Z CFKé X gZr sgd bnlokdsd
cdrbdmchmf zksqZshnm �j�+ ;gj�0
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Nmd bZmmns nmkx svhrs sgd CFKér Zmc K∞/ZkfdaqZr: ats Zkrn sgd K∞/lnqoghrlr
adsvddm sgdl0 Adknv vd mddc sgd enkknvhmf qdrtks, rdd )Cnkftrgdu 1995: Oqnonrh/
shnm 1, 1994a: Oqnonrhshnm fl[0

Oqnonrhshnm 1010 Kds E ] (X. P(→ (X′. P′( ad Xm K∞:lnqoghrl ne CFKAr: π ∈

�flXfl X LXtqdq-BXqsXm dkdldms Xmc R + Efl(dwo(π(( ∈ �flX′fl0

–h( Sgd lXo

Eπ
+ dwo(�R∨(E dwo(π∨( ] R(X˜fl[(�→ R(X′˜fl[(

cdzmdr Xm K∞:lnqoghrl adsvddm sgd CFKAr (X. c+˜π. · [( Xmc (X′. c+˜R. · [(0

–hh( Sgd rsqtbstqd lXor ne Eπ Xqd fhudm ax

–1/fl9( Eπ
m (wfl. . . . . wm(+

∞∏

j+9

fl
j:

Em+j(π. . . . .π. wfl. . . . . wm(.

–hhh( Kds E ad Xm K∞:ptXrh:hrnlnqoghrl vgdqd Efl
fl hr mns nmkx X ptXrh:hrnlnqoghrl

ne zksdqdc bnlokdwdr K → K ′ ats dudm hmctbdr X ptXrh:hrnlnqoghrl

Efl
fl ] �

j K �→ �j K ′

enq dXbg j0 Sgdm Eπ hr Xm K∞:ptXrh:hrnlnqoghrl0

1A0 CpthuQqhQms onixcheedqdmshQi nodqQsnqrz Hm sgd enkknvhmf vd oqdrdms rnld
aZrhb qdrtksr bnmbdqmhmf dpthuZqhZms onkxcheedqdmshZk nodqZsnqr: vghbg Zqd aZrhbZkkx
enkjknqd jmnvkdcfd Zmc Zqd aZrdc nm )SrxfZm 19fl9[0

Kds tr bnmrhcdq sgd CFKé ne onkxcheedqdmshXk nodqXsnqr nm Z rlnnsg lZmhenkc L

–1/flfl( (C•

onkx(L(. ∂ + ˜µ. · [F. ˜ · . · [F(

Gdqd

C•

onkx(L(+

∞⊕

m+�fl

Cm
onkx(L(.

vgdqd Cm
onkx(L(+Gnlchee(�

∞(L(⊗m+fl.�∞(L(( Zqd sgd cheedqdmshZakd Gnbgrbghkc
bnbgZhmr uZmhrghmf nm bnmrsZmsr0 Vd trd sgd rhfm bnmudmshnm eqnl )Atqrysxm ds Zk0
19fl1[ enq sgd FdqrsdmgZadq aqZbjds ˜ · . · [: mns sgd nqhfhmZk nmd eqnl )FdqrsdmgZadq
fl852[0 Dwokhbhskx

–1/fl1( ˜C. D[F + (�fl(}D }}C}(C ◦ D � (�fl(}C}}D }D ◦ C(
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vhsg

–1/fl2( C ◦ D(X9. . . . . Xc+d(+
}C}∏

h+9

(�fl(h }D }C(X9. . . . . Xh�fl. D(Xh . . . . . Xh+d(. Xh+d+fl. . . . . Xc+d(

enq gnlnfdmdntr C. D ∈ C•

onkx(L( Zmc X9. . . . . Xc+d ∈ �
∞(L(0 ékrn: µ cdmnsdr

sgd bnlltsZshud onhmsvhrd oqnctbs nm �∞(L(˜̃ ;g[[ Zmc ∂ hr sgd trtZk Gnbgrbghkc
cheedqdmshZk0

Vd Zqd hmsdqdrsdc hm sgd bZrd ne fqnto Zbshnmr vgdqd vd ZkvZxr bnmrhcdq Z –kdes(
Zbshnm + ] F·L → L ne Z bnmmdbsdc Khd fqnto F0 Kds L ad mnv dpthoodc vhsg
Z F/hmuZqhZms rsZq oqnctbs >: sgZs hr: Zm ZrrnbhZshud oqnctbs >+ µ+

⊕
∞

q+fl ;g
qBq +

µ9 + ;gl> ∈ (Cfl
onkx(L((F˜̃ ;g[[0 PdbZkk sgZs Z khmdZq lZo G ] X→ �∞(L(˜̃ ;g[[ hr

bZkkdc Z ptXmstl lnldmstl lXo he

!ξL +�
fl
;g
˜G(ξ(. · [> Zmc fl

;g
˜G(ξ(. G(η([> + G(˜ξ. η[(.

vgdqd ξL cdmnsdr sgd etmcZldmsZk udbsnq zdkc bnqqdronmchmf sn sgd Zbshnm +0
é oZhq (>. G( bnmrhrshmf ne Zm hmuZqhZms rsZq oqnctbs >+µ+ ;gl> Zmc Z ptZmstl

lnldmstl lZo G hr Zkrn bZkkdc dpthuXqhXms rsXq oqnctbs0 Sgdx Zqd trdetk rhmbd
sgdx Zkknv enq Z APRS khjd qdctbshnm rbgdld, rdd éoodmchw é0 Vd hmsqnctbd mnv
sgd CFKé sgZs bnmsZhmr sgd cZsZ ne GZlhksnmhZm Zbshnmr: h0d0: ne dpthuZqhZms rsZq
oqnctbsr0 Gdqd vd enkknv )SrxfZm 19fl9[0

Cdzmhshnm 102 –dpthuZqhZms onkxcheedqdmshZk nodqZsnqr(0 Sgd CFKé ne dpthuXqhXms
onkxcheedqdmshXk nodqXsnqr (C•

X(L(. ∂X. ˜ · . · [X( hr cdzmdc ax

–1/fl3( Cj
X(L(+

⊕

1h+ i+j

(RhX∗ ⊗ C i
onkx(L((F

vhsg aqZbjds

–1/fl4( ˜�⊗ Cfl.β⊗ C1[X + �∨ β⊗ ˜Cfl. C1[F

Zmc cheedqdmshZk

–1/fl5( ∂X(�⊗ Cfl(+ �⊗ ∂Cfl + �⊗ ˜µ. Cfl[F

enq �⊗Cfl.β⊗C1 ∈ C•
X(L(0 Gdqd vd cdmnsd ax ∂ Zmc ˜ · . · [F sgd trtZk Gnbgrbghkc

cheedqdmshZk Zmc FdqrsdmgZadq aqZbjds nm sgd onkxcheedqdmshZk nodqZsnqr: qdrodbshudkx:
Zmc ax µ sgd onhmsvhrd ltkshokhbZshnm ne �∞(L(0

Mnshbd sgZs hmuZqhZmbd vhsg qdrodbs sn sgd fqnto Zbshnm ldZmr hmuZqhZmbd tmcdq
sgd sqZmrenqlZshnmr éc∗f ⊗+∗

f enq Zkk f ∈F: Zmc sgZs sgd dpthuZqhZms onkxcheedqdmshZk
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nodqZsnqr bZm ad hmsdqoqdsdc Zr dpthuZqhZms onkxmnlhZk lZor X→ Conkx(L(0 Vd
hmsqnctbd sgd bZmnmhbZk khmdZq lZo

λ ] X ∋ ξ ̸�→ !ξL ∈ C9
onkx(L(.

Zmc rdd sgZs λ ∈ C1
X(L( hr bdmsqZk Zmc lnqdnudq ∂Xλ + 90 Sghr hlokhdr sgZs vd

bZm rdd C•
X(L( dhsgdq Zr Z fiZs CFKé vhsg sgd Zanud rsqtbstqdr nq Zr Z btqudc

CFKé vhsg sgd Zanud rsqtbstqdr Zmc btquZstqd λ0 Hm sgd bZrd ne enqlZk onvdq rdqhdr
vd qdrbZkd sgd btquZstqd ZfZhm ax ;g1 Zmc nasZhm sgd enkknvhmf bgZqZbsdqhyZshnm ne
LZtqdq-BZqsZm dkdldmsr.

KdllY 1030 A btqudc enqlXk LXtqdq-BXqsXm dkdldms / ∈ ;gCfl
X(L(˜̃ ;g[[: sgXs hr:

Xm dkdldms / rXshrexhmf

–1/fl6( ;g1λ+ ∂X/+
fl
1 ˜/./[X + 9.

hr dpthuXkdms sn X oXhq (l>. G(: vgdqd l> ∈ Cfl
onkx(L((F˜̃ ;g[[ cdzmdr X F:hmuXqhXms

rsXq oqnctbs uhX >+ µ+ ;gl> vhsg ptXmstl lnldmstl lXo G ] X→ �∞(L(˜̃ ;g[[0
Hm nsgdq vnqcr: (>. G( hr Xm dpthuXqhXms rsXq oqnctbs0

Oqnne0 Vd gZud sgd cdbnlonrhshnm

/+ ;gl>� ;gG ∈ ;g(Cfl
onkx(L((F ⊕ (X∗ ⊗ C�fl

onkx(L((F˜̃ ;g[[.

Sgdm sgd btqudc LZtqdq-BZqsZm dptZshnm Zookhdc sn Zm dkdldms ξ ∈ X qdZcr

�;g1!ξL +�;g
1λ(ξ(+ ∂X/(ξ(+ fl

1 ˜/./[X(ξ(

+ ;g˜µ.l>[F +
fl
1 ;g

1
˜l>.l>[F� ;g1

˜l>. G(ξ([F.

Sghr hr dpthuZkdms sn sgd eZbs sgZs ;gl> hr LZtqdq-BZqsZm hm sgd fiZs rdsshmf Zmc sgZs
!ξL + �

fl
;g
˜G(ξ(.�[>: rhmbd ;g˜l>. G(ξ([F( e ( + �˜G(ξ(. e [> enq e ∈ �∞(L(0

Sgdm sgd hmuZqhZmbd ne ansg dkdldmsr hlokhdr sgZs >+ µ+ ;gl> hr Z F/hmuZqhZms rsZq
oqnctbs vhsg ptZmstl lnldmstl lZo G 0 �

Svn dpthuZqhZms rsZq oqnctbsr ;g(l> � G( Zmc ;g(l ′
> � G ′( Zqd bZkkdc dpthu:

XqhXmskx dpthuXkdms he sgdx Zqd fZtfd dpthuZkdms: h0d0: he sgdqd dwhrsr Zm ;gS ∈

;gC9
onkx(L(F˜̃ ;g[[⊂ C9

X(L( rtbg sgZs

;g(l ′

>� G ′(+ dwo( ;g˜S. · [X( = ;g(l>� G(+ dwo( ;g˜S. · [X((µ+ ;g(l>� G((�µ.

Sghr ldZmr sgZs R + dwo( ;gS ( rZshrzdr enq Zkk e. f ∈ �∞(L(˜̃ ;g[[

R( e > f(+ R e >′ Rf Zmc RG + G ′.
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20 Pdctbshnm ne sgd dpthuYqhYms onkxcheedqdmshYk nodqYsnqr

Mnv vd Zhl sn cdrbqhad Z qdctbshnm rbgdld enq fdmdqZk dpthuZqhZms onkxcheedqdmshZk
nodqZsnqr uhZ Zm K∞/lnqoghrl cdmnsdc ax Cqdc: fdmdqZkhyhmf sgd qdrtksr enq sgd
onkxudbsnq zdkcr eqnl )Dronrhsn ds Zk0 1911a[0

Kds L ad Z rlnnsg lZmhenkc vhsg Zbshnm + ] F·L → L ne Z bnmmdbsdc Khd
fqnto Zmc kds (>. G + I + ;g I ′( ad Zm dpthuZqhZms rsZq oqnctbs: sgZs hr: Z btqudc
enqlZk LZtqdq-BZqsZm dkdldms hm sgd dpthuZqhZms onkxcheedqdmshZk nodqZsnqr, rdd
KdllZ 1030 Gdqd sgd bnlonmdms I ] L → X∗ ne sgd ptZmstl lnldmstl lZo G
hm ;g/nqcdq ydqn hr Z bkZrrhbZk lnldmstl lZo vhsg qdrodbs sn sgd Onhrrnm rsqtbstqd
hmctbdc ax sgd rjdv/rxlldsqhyZshnm ne sgd ;gfl/oZqs ne >0 Vd Zrrtld eqnl mnv nm
sgZs 9 ∈ X∗ hr Z uZktd Zmc Z qdftkZq uZktd ne I Zmc rds B + I�fl({9{(0 Hm Zcchshnm:
vd qdpthqd sgd Zbshnm sn ad oqnodq Zqntmc B Zmc eqdd nm B 0 Sgdm Lqdc + B<F hr Z
rlnnsg lZmhenkc Zmc vd cdmnsd ax ι ] B → L sgd hmbktrhnm Zmc ax oq ] B → Lqdc

sgd oqnidbshnm nm sgd ptnshdms0 Lnqdnudq: sgd oqnodqmdrr Zqntmc B hlokhdr sgZs
sgdqd dwhrsr Zm F/hmuZqhZms nodm mdhfganqgnnc Lmhbd • L ne B Zmc Z F/dpthuZqhZms
cheednlnqoghrl1 ]Lmhbd→Tmhbd•B·X∗: vgdqdTmhbd hr Zm nodm mdhfganqgnnc ne
B·{9{ hm B·X∗0 Gdqd sgd Khd fqnto F Zbsr nm B·X∗ Zr+f ++B

f ·éc∗f�fl : vgdqd
+B hr sgd hmctbdc Zbshnm nm B : Zmc sgd lnldmstl lZo nm Tmhbd hr sgd oqnidbshnm
sn X∗ –rdd )AnqcdlZmm ds Zk0 1999: KdllZ 2, Ftss Zmc VZkclZmm 19fl9[(0

Eqnl mnv nm vd Zrrtld L + Lmhbd0 Sgdm vd bZm cdzmd Zm dpthuZqhZms oqnknm:
fXshnm lXo ax

oqnk ] �∞(B( ∋ φ ̸�→ (oqfl ◦1(∗φ ∈ �∞(Lmhbd(

Zmc vd chqdbskx fds ι∗ oqnk+ hc�∞(B(0
Bnmrhcdq sgd SZxknq dwoZmrhnm Zqntmc B hm sgd X∗/chqdbshnm Zr hm )Dronrhsn ds Zk0

1911a: Rdbshnm 30fl[: vghbg hr Z lZo

CX∗ ] Cj
onkx(B · X

∗( ̸�→

∞∑

h+9

(RhX⊗ S j+fl(RX∗(⊗ Cj
onkx(B((.

vgdqd S •(RX∗( cdmnsdr sgd sdmrnq ZkfdaqZ ne RX∗0 Mnsd sgZs vd Zqd nmkx hmsdqdrsdc
hm Z rtaroZbd rhmbd vd bnmrhcdq onkxcheedqdmshZk nodqZsnqr uZmhrghmf nm bnmrsZmsr0
Rkhfgskx Zatrhmf sgd mnsZshnm: sgd SZxknq dwoZmrhnm ne sgd dpthuZqhZms onkxcheedqdmshZk
nodqZsnqr sZjdr sgdm sgd enkknvhmf enql.

–2/fl( CSZx(B · X∗(+
)
RX∗ ⊗

∞∑

h+9

(RhX⊗ S (RX∗(⊗ Conkx(B((
(F

Zmc nmd dZrhkx bgdbjr sgZs sghr xhdkcr Zm dpthuZqhZms CFKé lnqoghrl

–2/1( CX∗ ] (CX(L(. λ. ∂X. ˜ · . · [X(�→ (CSZx(B · X∗(. λ. ∂. ˜ · . · [(.
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Ntq fnZk bnmrhrsr hm zmchmf Z qdctbshnm lnqoghrl eqnl

Cqdc ] (CSZx(B·X∗(˜̃ ;g[[. ;gλ. ∂+˜�I. · [. ˜ · . · [(�→ (Conkx(Lqdc(˜̃ ;g[[. ∂. ˜ · . · [F(.

Enkknvhmf Z rhlhkZq rsqZsdfx Zr hm )Dronrhsn ds Zk0 1911a[: vd bnmrsqtbs K∞/
lnqoghrlr

–2/2( CSZx(B · X∗(˜̃ ;g[[ �→
) ∞∑

h+9

(RhX⊗ Conkx(B((
(F

˜̃ ;g[[ �→ Conkx(Lqdc(˜̃ ;g[[

vhsg rthsZakd K∞/rsqtbstqdr nm sgd sgqdd roZbdr: vgdqd
�∑

∞

h+9(R
hX⊗Conkx(B((

(F
˜̃ ;g[[

hr Z bZmchcZsd enq Z BZqsZm lncdk0

2�0 � ,oQqshQi– gnlnsnox enq sgd Gnbgrbghic cheedqdmshQiz Hm nqcdq sn zmc Z rths/
Zakd ZmZknftd ne sgd BZqsZm lncdk enq sgd onkxcheedqdmshZk nodqZsnqr: vd mddc sn
tmcdqrsZmc sgd bngnlnknfx ne

(CX(L(. ∂X� ˜I. · [X. ˜ · . · [X(

Zmc hm oZqshbtkZq sgd qnkd ne sgd cheedqdmshZk ˜�I. · [X0 Sn sghr dmc vd bnmrsqtbs Z
;oZqshZk@ gnlnsnox enq ∂X�˜I. · [X0 Gdqd vd trd sgd qdrtksr bnmbdqmhmf sgd gnlnsnox
enq sgd Gnbgrbghkc cheedqdmshZk eqnl )Cd Vhkcd Zmc Kdbnlsd fl884[0 Hm oZqshbtkZq:
vd qdrsqhbs ntqrdkudr sn sgd rtaroZbd ne mnqlZkhydc cheedqdmshZk Gnbgrbghkc bnbgZhmr:
h0d0: onkxcheedqdmshZk nodqZsnqr uZmhrghmf nm bnmrsZmsr0 Nmd bZm rgnv sgZs sgdx Zqd
ptZrh/hrnlnqoghb sn sgd cheedqdmshZk nmdr0 PdbZkk sgd lZor

+ ] CX
onkx(L(�→ CX�fl

onkx (L(.

+(A(( e9. . . . . eX�fl(+

m∏

s+fl

∏

h

X�fl∏

i+h

(�fl(h A
)
e9. . . . . eh�fl. ws . . . . .

∂

∂ws
e i . . . . . eX�fl

(
.

enq efl. . . . . eX�fl ∈ �
∞(L(: Zmc

1 ]CX
onkx(L(∋ A ̸�→ (�fl(X˜wh . A[F!

∂

∂wh
+ (�fl(X+fl

m∏

h+fl

(A◦wh (!
∂

∂wh
∈CX

onkx(L(.

enq knbZk bnnqchmZsdr (wfl. . . . . wm( ne L 0 Sgdx rZshrex: ax )Cd Vhkcd Zmc Kdbnlsd
fl884: Oqnonrhshnm 30fl[: sgd bnmchshnm

–2/3( + ◦ ∂ + ∂ ◦++�(cdfC · hc+1(.

vgdqd cdfC hr sgd nqcdq ne sgd cheedqdmshZk nodqZsnq0
Vd Zrrtld eqnl mnv nm enq rhlokhbhsx L + B · X∗ Zmc I + oqX∗ Zmc vd vZms

sn zmc Z rthsZakd BZqsZm lncdk enq sgd onkxcheedqdmshZk nodqZsnqr0 RhlhkZqkx sn
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)Dronrhsn ds Zk0 1911a: Cdzmhshnm 30fl3[ enq sgd onkxudbsnq zdkc bZrd: vd vZms sn
nasZhm Z CFKé rsqtbstqd nm

–2/4(
) ∞∑

h+9

(RhX⊗ Conkx(B((
(F

.

Gdmbd vd ZcZos sgd lZor + Zmc 1 hm rtbg Z vZx sgZs sgdx nmkx hmbktcd bnnqchmZsdr
Ih + �h + dh nm X∗ vhsg h + fl. . . . . m.

+(A(( e9. . . . . eX�fl(+

m∏

s+fl

∏

h≤ i,X

(�fl(h A
)
e9. . . . . eh�fl. ds . . . . .

∂

∂ds
e i . . . . . eX�fl

(
.

1(A(+ (�fl(X+fl
m∏

h+fl

(A ◦ dh (!
∂

∂dh
.

vgdqd A ∈ CX
onkx(B · X

∗( Zmc e9. . . . . eX�h ∈ �
∞(B · X∗(0

Oqnonrhshnm 20fi0 Nmd gXr nm Conkx(B · X∗(

–2/5( + ◦ ∂ + ∂ ◦++�(cdfX · hc+1(.

vgdqd cdfX hr sgd nqcdq ne cheedqdmshXshnmr hm sgd chqdbshnm ne X∗:bnnqchmXsdr0

Oqnne0 Sgd oqnne enkknvr sgd rZld khmdr Zr hm )Cd Vhkcd Zmc Kdbnlsd fl884:
Oqnonrhshnm 30fl[0 Hs hr oqnudm ax hmctbshnm nm sgd cdfqdd ne X ne A ∈ CX

onkx(B ·X
∗(0

Enq X + 9 Zmc A ∈ C9
onkx(B · X

∗( Zr vdkk Zr e ∈ �∞(B · X∗( vd fds

((+ ◦ ∂ + ∂ ◦+((A((( e (+ (∂A(
)
dh .

∂

∂dh
e
(

+ dh A
)

∂

∂dh
e
(
� A

)
dh

∂

∂dh
e
(
+ A(dh (

∂

∂dh
e

+ (� cdfX(A( A�1(A((( e (.

Mnsd sgZs 1 gZr sgd enkknvhmf bnloZshahkhsx vhsg sgd !/oqnctbs.

1(A! A(+ (1A(! A+ A! (1A(+ (�fl(X(A ◦dh (!
)

∂

∂dh
! A+ (�fl(aA! ∂

∂dh

(
.

Vqhshmf h(A(( · (+ ( · ( ◦ A nmd bnlotsdr

–2/6( (+◦∂+∂◦+((A!A(+ ((+◦∂+∂◦+(A(!A+A!((+◦∂+∂◦+(A(

+((h(dh (◦∂+∂◦h(dh ((A(!h
)

∂

∂dh

(
A

+(�fl(X(h(dh (A(!
)
∂◦h

)
∂

∂dh

(
�h

)
∂

∂dh

(
◦∂

(
A.

Sgd nodqZsnqr (h(dh ( ◦ ∂ + ∂ ◦ h(dh (( Zmc (∂ ◦ h(∂<∂dh (� h(∂<∂dh ( ◦ ∂( Zqd fqZcdc
bnlltsZsnqr ne cdqhuZshnmr ne sgd !/oqnctbs Zmc Zqd sgdqdenqd fqZcdc cdqhuZshnmr0
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Sgtr sgdx Zqd cdsdqlhmdc ax sgdhq Zbshnm nm C�fl
onkx(B · X

∗( Zmc C9
onkx(B · X

∗(0 Sgd
zqrs nmd nauhntrkx uZmhrgdr0 Sgd rdbnmc bnhmbhcdr nm sgdrd fdmdqZsnqr vhsg

A ̸�→�

)
∂

∂dh
! A+ (�fl(XA! ∂

∂dh

(

Zmc sgd oqnonrhshnm hr rgnvm0 �

ér hm )Dronrhsn ds Zk0 1911a[: vd cdzmd Z gnlnsnox nm sgd dpthuZqhZms onkxche/
edqdmshZk nodqZsnqr

ḡ ] (RX∗ ⊗ Cc
onkx(B · X

∗((F ∋ O ⊗ C ̸�→

(�fl(c+fl hr(dh (O ⊗ C ! ∂

∂dh
∈ (RX∗ ⊗ Cc+fl

onkx (B · X
∗((F.

Sgd eZbs sgZs ḡ lZor hmuZqhZms dkdldmsr sn hmuZqhZms nmdr enkknvr Zr hm sgd bZrd ne
onkxudbsnq zdkcr0 EhmZkkx: mnsd sgZs + Zmc 1 Zqd dpthuZqhZms: vgdmbd sgdx bZm ad
dwsdmcdc sn sgd dpthuZqhZms onkxcheedqdmshZk nodqZsnqr: vgdqd vd bZm rgnv.

Oqnonrhshnm 2010 Nmd gXr nm (RX∗ ⊗ Conkx(B · X∗((F

–2/7( ˜ḡ�+. ∂X+ ˜�I. · [X[ + (cdfRX∗ + cdfX( hc.

vgdqd cdfX hr XfXhm sgd nqcdq ne cheedqdmshXshnmr hm sgd chqdbshnm ne X∗:bnnqchmXsdr0

Oqnne0 Eqnl –2/5( vd jmnv ˜+. ∂X[ + �(cdfX · hc+1(0 Hm Zcchshnm: nmd gZr enq
gnlnfdmdntr O ⊗ C

ḡ◦∂X(O⊗C(+ (�fl(c+1 hr(dh (O⊗(∂C(! ∂

∂dh
+�(�fl(c+fl hr(dh (O⊗∂

)
C! ∂

∂dh

(

+�∂X◦ḡ(O⊗C(.

Rhmbd vd bnmrhcdq nmkx cheedqdmshZk nodqZsnqr uZmhrghmf nm bnmrsZmsr: nmd bgdbjr
dZrhkx sgZs Zkrn ˜+. ˜�I. · [X[ + 90 EhmZkkx:

˜ḡ. ˜�I. · [X[(O⊗C(+ (�fl(c hr(dh ((d i
∨O(⊗˜�I i . C[!

∂

∂dh
+(�fl(c+fld i

∨hr(dh (O⊗

˜
�I i . C!

∂

∂dh

[

+�1(O⊗C(+(�fl(cd i
∨hr(dh (O⊗˜�I i . C[!

∂

∂dh
+(�fl(c+fld i

∨hr(dh (O⊗˜�I i . C[!
∂

∂dh
+cdfRX∗(O(O⊗C

+ (cdfRX∗ · hc�1(O⊗C.

Sgtr sgd oqnonrhshnm hr rgnvm0 �

Sgd Zanud bnmrsqtbshnmr vnqj Zkrn enq sgd SZxknq rdqhdr dwoZmrhnm ne sgd dpthuZqh/
Zms onkxcheedqdmshZk nodqZsnqr: vgdqd vd qdrsqhbs ntqrdkudr ZfZhm sn onkxcheedqdmshZk
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nodqZsnqr uZmhrghmf nm bnmrsZmsr0 Vd rkhfgskx Zatrd sgd mnsZshnm Zmc cdmnsd sgdl
ZfZhm ax CSZx(B · X∗(, rdd –2/fl(0 Vqhshmf

–2/8( g +

{
fl

cdfR�∗ + cdf�
(ḡ�+( he cdfRX∗ + cdfX ̸+ 9.

9 dkrd:

vd fds sgd enkknvhmf qdrtks.

Oqnonrhshnm 2020 Nmd gXr X cdenqlXshnm qdsqXbs

–2/fl9(
��∑

∞

h+9(R
hX⊗ Conkx(B((

(F
˜̃ ;g[[. ∂

(
(CSZx(B · X∗(˜̃ ;g[[. ∂ + ˜�I. · [(

h
g

o

vgdqd o Xmc h cdmnsd sgd nauhntr oqnidbshnm Xmc hmbktrhnm0 Sghr ldXmr sgXs nmd
gXr oh + hc Xmc hc�h o + ˜g. ∂ + ˜�I. · [[0 Akrn: sgd hcdmshshdr gh + 9+ og gnkc0

PdlYqi 2030 Mnsd sgZs nmd gZr g1
̸+ 9: h0d0: sgd Zanud qdsqZbs hr mns Z rodbhZk

cdenqlZshnm qdsqZbs0 Gnvdudq: ax sgd qdrtksr ne )GtdarbglZmm 19flfla: PdlZqj 10fl[
vd jmnv sgZs sghr bntkc Zkrn ad Zbghdudc0

Sgd qdctbshnm vnqjr mnv hm svn rsdor0 és zqrs: vd trd sgd gnlnknfhbZk odqstq/
aZshnm kdllZ eqnl Oqnonrhshnm é0fl sn cdenql sgd cheedqdmshZk nm CSZx(B · X∗(˜̃ ;g[[:
Zmc hm sgd rdbnmc rsdo vd trd sgd gnlnsnox sqZmredq sgdnqdl: rdd Sgdnqdl A01:
sn dwsdmc sgd cdenqldc oqnidbshnm sn Zm K∞/lnqoghrl0 Sghr vhkk onrrhakx fhud tr
ghfgdq aqZbjdsr nm

�∑
∞

h+9(R
hX⊗ Conkx(B((

(F
˜̃ ;g[[ sgZs vd gZud sn chrbtrr0

2A0 �ooihbQshnm ne sgd gnlninfhbQi odqstqaQshnm idllQz Hm ntq rdsshmf: sgd atmckd
B · X→ B bZm ad dpthoodc vhsg sgd rsqtbstqd ne Z Khd Zkfdaqnhc rhmbd X Zbsr nm B
ax sgd etmcZldmsZk udbsnq zdkcr0 Sgd aqZbjds ne sghr Xbshnm Khd Xkfdaqnhc hr fhudm ax

–2/flfl( ˜ξ. η[B·X(o(+ ˜ξ(o(. η(o([ � (!ξBη((o(+ (!ηB ξ((o(

enq ξ. η ∈ �∞(B. X(0 Sgd Zmbgnq hr fhudm ax ρ(o. ξ(+ �ξB }o0 Hm oZqshbtkZq: nmd
bZm bgdbj sgZs πJJR hr sgd mdfZshud ne sgd khmdZq Onhrrnm rsqtbstqd nm hsr ctZk B·X∗

hm sgd bnmudmshnm ne )MdtlZhdq Zmc VZkclZmm 1998[0
Enq Khd Zkfdaqnhcr sgdqd hr Z vdkk/jmnvm bnmrsqtbshnm ne tmhudqrZk dmudknohmf

ZkfdaqZr )Lndqchij Zmc Lq’btm 19fl9, MdtlZhdq Zmc VZkclZmm 1998, PhmdgZqs
fl852[0 Hs stqmr nts sgZs hm ntq rodbhZk bZrd vd fds Z rhlokdq cdrbqhoshnm ne sgd
tmhudqrZk dmudknohmf ZkfdaqZ.

Oqnonrhshnm 2040 Sgd tmhudqrXk dmudknohmf XkfdaqX T (B · X( ne sgd Xbshnm Khd
Xkfdaqnhc B · X hr hrnlnqoghb sn �∞(B(�T (X( vhsg oqnctbs

–2/fl1( ( e. w( · (f. x(+
∏

( e!(w(fl(((f(. w(1(x(.

Gdqd x(fl( ⊗ x(1( + )(x( cdmnsdr sgd bnoqnctbs nm T (X( hmctbdc ax dwsdmchmf
)(ξ(+ fl⊗ ξ + ξ ⊗ fl Xr Xm XkfdaqX lnqoghrl0 Akrn: ! ]T (X(→ Cheeno(�∞(B((
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hr sgd dwsdmrhnm ne sgd Xmbgnq ne sgd Xbshnm Xkfdaqnhc: sgXs hr: ne sgd mdfXshud
etmcXldmsXk udbsnq zdkcr: sn sgd tmhudqrXk dmudknohmf XkfdaqX0 Sgd rXld gnkcr Xkrn
hm sgd enqlXk rdsshmf ne T ;g(X( vhsg aqXbjds qdrbXkdc ax ;g0 Mnsd sgXs hm sghr bXrd nmd
gXr sn qdrbXkd ! ax onvdqr ne ;g: sgXs hr: !ξ +�;g!ξB enq ξ ∈ X0

Oqnne0 Mnsd sgZs sgd oqnctbs hr ZrrnbhZshud rhmbd

(( e. w( · (f. x(( · (g. y(+
∏

( e!(w(fl((f. w(1(x( · (g. y(

+

∏
( e!(w(fl((f!(w(1(x(fl((g. w(2(x(1(y(

+

∏
( e. w( · (f!(x(fl((g. x(1(y(+ ( e. w( · ((f. x( · (g. y((.

vgdqd sgd odmtkshlZsd hcdmshsx enkknvr vhsg sgd bnZrrnbhZshuhsx ne) Zmc sgd hcdmshsx
!(w(( e f(+!(w(fl((( e (!(w(1(((f(0 Sgd hmbktrhnmr κB ] �

∞(B(→ �∞(B(�T (X(

Zmc κ ] �∞(B(⊗ X→ �∞(B(�T (X( rZshrex

˜κ(r(. κB( e ([ + κ(ρ(r( e ( Zmc κB( e (κ(r(+ κ( e r(.

Sgtr sgd tmhudqrZk oqnodqsx fhudr sgd cdrhqdc lnqoghrlT (B·X(→�∞(B(�T (X(0
Pdbtqrhudkx vd bZm rgnv sgZs sgd qhfgs/gZmc rhcd hr fdmdqZsdc ax t ∈ �∞(B( Zmc
ξ ∈�∞(B(⊗X vghbg fhudr sgd rtqidbshuhsx ne sgd lnqoghrl0 Bnmbdqmhmf hmidbshuhsx:
rtoonrd ( e hfl. dhfl( · · · ( e

hm . dhm (+ 9 hm �∞(B(�T (X(0 Vd gZud sn rgnv sgZs Zkrn
( e hfldhfl( · · · ( e

hfldhfl(+ 9 hm T (B · X(0 Ats sghr enkknvr eqnl Z chqdbs bnloZqhrnm ne
sgd sdqlr hm sgd bnqqdronmchmf ZrrnbhZsdc fqZcdc ZkfdaqZr0 �

Hs hr vnqsg ldmshnmhmf sgZs hm )GtdarbglZmm fl889[ sgd Zanud rlZrgdc oqnctbs
–trdc enq Gnoe ZkfdaqZr( hr rstchdc hm Z lnqd fdmdqZk bnmsdws0

PdbZkk sgZs ax sgd OnhmbZqá-Ahqjgnee-Vhss sgdnqdl sgd lZo

R(X( ∋ wfl ∨ · · · ∨ wm ̸�→
fl
m:

∏

σ∈Rm

wσ(fl( · · · wσ(m( ∈T (X(

hr Z bnZkfdaqZ hrnlnqoghrl vhsg qdrodbs sn sgd trtZk bnZkfdaqZ rsqtbstqdr hmctbdc
ax dwsdmchmf )(ξ( + ξ ⊗ fl+ fl⊗ ξ enq ξ ∈ X, rdd: enq dwZlokd: )Adqdyhm fl856,
Ghffhmr fl858[0 Sghr rsZsdldms gnkcr Zkrn hm sgd bZrd ne enqlZk onvdq rdqhdr hm
;g vgdmbd vd bZm sqZmredq sgd oqnctbs nm sgd tmhudqrZk dmudknohmf ZkfdaqZ Zr hm
Oqnonrhshnm 204 sn Zm ZrrnbhZshud oqnctbs >F + µ+ ;glF nm �∞(B(⊗ R(X(˜̃ ;g[[0

KdllY 2050 Sgd Etss oqnctbs >F nm �∞(B(⊗ R(X(˜̃ ;g[[ hr F:hmuXqhXms Xmc I +
oqX∗ ] L + B · X∗ → X∗ hr X lnldmstl lXo: h0d0:

–2/fl2( �!ξL +
fl
;g
Zc>F(I (ξ((.

Oqnne0 Sgd kdllZ enkknvr chqdbskx eqnl sgd dwokhbhs enqltkZ hm Oqnonrhshnm 2040 �
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Vd cdenql sgd cheedqdmshZk ∂+ ˜�I. · [ ax ˜ ;glF. · [: sgZs hr: dwZbskx ax sgd ghfgdq
nqcdqr ne sghr oqnctbs0 Sgd odqstqadc cheedqdmshZk ∂X+ ˜ ;glF� I. · [ + ˜>F� I. · [
rptZqdr hmcddc sn ydqn rhmbd vd gZud vhsg sgd Zanud kdllZ

˜>F� I. · [1 + fl
1 ˜˜>F� I. >F� I [. · [ + ˜�;gλ. · [ + 9.

vgdqd ZfZhm λ+ dh
⊗ (dh (L 0 Ax sgd gnlnknfhbZk odqstqaZshnm kdllZ Zr enqltkZsdc

hm Rdbshnm éfl sghr xhdkcr Z gnlnsnox qdsqZbs

–2/fl3(
��∑

∞

h+9(R
hX⊗Conkx(B((

(F
˜̃ ;g[[. ∂ ;g

(
(CSZx(B·X∗(˜̃ ;g[[. ˜>F� I. · [(

h ;g

o ;g
g ;g

vhsg A + ˜;glF. · [ Zmc

–2/fl4(
A + (hc+Ag(�flA. ∂ ;g + ∂ + oAh. h ;g + h � gAh.

o ;g + o� oAg. g ;g + g� gAg;

bnloZqd vhsg Oqnonrhshnm é0fl0 Lnqd dwokhbhskx: vd gZud

–2/fl5( h ;g +
∞∏

j+9

(+̂ ◦ A(j ◦ h Zmc g ;g + g ◦
∞∏

j+9

(�Ag(j.

vgdqd +̂ hr sgd bnlahmZshnm ne + vhsg sgd cdfqdd/bntmshmf bndezbhdms eqnl g
eqnl –2/8(0 Vd vZms sn sZjd Z bknrdq knnj Zs sgd hmctbdc cheedqdmshZk.

Oqnonrhshnm 2060 Nmd gXr

–2/fl6( o ;g + o Xmc ∂ ;g + ∂ + δ

vhsg
δ(O ⊗ C(+ (�fl(c O(fl(⊗ C !!O(1( � (�fl(c O ⊗ C ! hc

enq gnlnfdmdntr O ⊗ C ∈ RX⊗ Cc
onkx(B(0

Oqnne0 Sgd eZbs sgZs o ;g + o enkknvr rhmbd Ag ZkvZxr Zccr cheedqdmshZkr hm sgd
X/chqdbshnm0 Enq sgd cdenqldc cheedqdmshZk vd bnlotsd enq gnlnfdmdntr O ⊗ C ∈

RX⊗ Cc
onkx(B( Zmc eh ∈ �∞(B(

(δ(O⊗C((( e9. efl. . . . . ec+fl(+

)
o◦

∞∏

j+9

(A◦+̂(j A◦h(O⊗C(
(
( e9. efl. . . . . ec+fl(

+ o(A(O⊗C(( e9. efl. . . . . ec+fl((

+ (�fl(c o( ;glF(O⊗C( e9. . . . . ec(. ec+fl(

+ (�fl(c O(fl(⊗C( e9. . . . . ec(·!O(1( ec+fl

enq Zkk O(1( ̸+ fl0 Gdqd vd trdc sgd dwokhbhs enql ne sgd Ftss oqnctbs Zr hm
Oqnonrhshnm 204 Zmc sgd eZbs sgZs R(X(˜̃ ;g[[ Zmc T ;g(X( Zqd hrnlnqoghb bnZkfdaqZr0 �
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Rhmbd sgd bkZrrhbZk gnlnsnox dpthuZkdmbd cZsZ –2/fl9( hr mns Z rodbhZk cdenqlZshnm
qdsqZbs: sgd odqstqadc nmd hr Zkrn mns Z rodbhZk nmd0 Ats hs rshkk gZr rnld mhbd
oqnodqshdr0

Oqnonrhshnm 2070 Nmd gXr

–2/fl7( o ;g ◦ g ;g + 9+ g ;g ◦ h ;g Xmc o ;g ◦ h ;g + hc .

Oqnne0 Sgd oqnodqshdr enkknv eqnl o ◦ g + 9+ g ◦ h : o ◦ h + hc Zmc +̂1
+ 90 �

Sgtr sgd cdenqlZshnm qdsqZbs –2/fl3( rZshrzdr Zkk oqnodqshdr ne Z rodbhZk cdenqlZshnm
qdsqZbs dwbdos enq g ;g ◦g ;g + 9: Zmc vd bZm rshkk Zookx sgd gnlnsnox sqZmredq sgdnqdl0

2B0 �ooihbQshnm ne sgd gnlnsnox sqQmredq sgdnqdlz Vd trd sgd gnlnsnox sqZmr/
edq sgdnqdl sn dwsdmc o ;g sn Zm K∞/lnqoghrl0 Vd cdmnsd sgd K∞/rsqtbstqd nm
sgd SZxknq dwoZmrhnm ax P Zmc sgd dwsdmrhnm ne g ;g sn sgd rxlldsqhb ZkfdaqZ Zr
hm –A/1( ax G 0 Sgdm Zookxhmf sgd gnlnsnox sqZmredq sgdnqdl hm sgd enql ne
Sgdnqdl A01 sn sgd cdenqlZshnm qdsqZbs –2/fl3( hmctbdr ghfgdq aqZbjdsr (PB(

fl
j nm�∑

∞

h+9(R
hX⊗ Conkx(B((

(F
˜̃ ;g[[.

Oqnonrhshnm 2080 Sgd lXor

–2/fl8( (PB(
fl
fl +�∂ ;g. (PB(

fl
j+fl + Ofl

j ◦ Pj
j+fl ◦ h∨(j+fl(

;g .

vgdqd

–2/19(

Ofl
fl + o ;g + o.

Ofl
j+fl +

) j+fl∏

ℓ+1

Pfl
B.ℓ ◦ Oℓ

j+fl� Ofl
j ◦ Pj

j+fl

(
◦ Gj+fl enq j ≥ fl.

hmctbd X bncheedqdmshXk PB nm sgd rxlldsqhb bnXkfdaqX ne
) ∞∑

h+9

(RhX⊗ Conkx(B((
(F

˜̃ ;g[[˜fl[

Xmc Xm K∞:ptXrh:hrnlnqoghrl

O ] (CSZx(B·X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(�→
)) ∞∑

h+9

(RhX⊗Conkx(B((
(F

˜̃ ;g[[. PB

(
.

Oqnne0 Sgd oqnonrhshnm enkknvr chqdbskx eqnl sgd gnlnsnox sqZmredq sgdnqdl Zr hm
Sgdnqdl A010 Mnsd sgZs vd cn mns mddc g ;g ◦ g ;g + 9: nmkx sgd nsgdq oqnodqshdr ne Z
rodbhZk cdenqlZshnm qdsqZbs eqnl Oqnonrhshnm 2070 �

Kds tr sZjd Z bknrdq knnj Zs sgd ghfgdq aqZbjdsr PB hmctbdc ax sgd gnlnsnox
sqZmredq sgdnqdl0 Nmd bZm bgdbj sgZs sgdx uZmhrg.



53 BGHéPé DRONRHSN: éMCPDéR JPéES éMC INMéR RBGMHSYDP

Oqnonrhshnm 20fi90 Nmd gXr

–2/1fl( (PB(
fl
j+fl + 9 enq Xkk j ≥ 1.

Oqnne0 Hm sgd ghfgdq aqZbjdsr vhsg j ≥ 1 nmd gZr

Gj ◦ Pj
j+fl ◦ h∨(j+fl(

;g .

vgdqd hm Gj nmd bnlonmdms bnmrhrsr ne sgd ZookhbZshnm ne +̂: sgZs hr: bnmsZhmr Zm
hmrdqshnm ne Z khmdZq bnnqchmZsd etmbshnm ds 0 Vd bkZhl sgZs hs gZr sn uZmhrg0 és zqrs:
hs hr bkdZq sgZs sgd hlZfd ne h uZmhrgdr he nmd Zqftldms hr ds 0 Kds tr mnv rgnv sgZs
h ;g rZshrzdr sgd rZld oqnodqsx: vghbg chqdbskx fhudr sgd oqnonrhshnm rhmbd sgdm Zkrn
sgd aqZbjds uZmhrgdr he nmd hmrdqsr Z X∗/bnnqchmZsd0

Enq gnlnfdmdntr C ∈ Cc
SZx(B · X

∗( Zmc e9. . . . . ec ∈
∑

h (R
hX⊗�∞(B((: vd

bZm bnlotsd

+◦A(C(( e9. . . . . ec(

+

m∏

s+fl

c∏

i+fl

i∏

h+9

(�fl(h (A(C((
)
e9. . . . . eh�fl.ds . . . . .

∂

∂ds
e i . . . . . ec

(

+

m∏

s+fl

c∏

i+fl

i∏

h+9

(�fl(h
)
;glF

)
e9.C( efl. . . . . eh�fl.ds . . . . .

∂

∂ds
e i . . . . . ec(

(

�C
)
;glF( e9. efl(. . . . . eh�fl.ds . . . . .

∂

∂ds
e i . . . . . ec

(
+·· ·

+(�fl(c ;glF

)
C
)
e9. . . . . eh�fl.ds . . . . .

∂

∂ds
e i . . . . . ec�fl

(
. ec

((
.

He C uZmhrgdr he nmd ne sgd Zqftldmsr hr Z X∗/bnnqchmZsd: sgdm sghr rhlokhzdr sn

+ ◦ A(C(( e9. . . . . ec(

+

c∏

i+9

)
;glF

)
ds . C

)
e9. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

((

� C
)
;glF(ds . e9(. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

((

+

c∏

i+fl

C
)
;glF( e9. ds (. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

(
+ · · · .

vgdqd ds hr ZkvZxr Zm Zqftldms ne ;glF0 Hm oZqshbtkZq: vd jmnv ;glF(dh . d i ( +
;g
1 ˜dh . d i [ Zmc vd rdd sgZs sgd Zanud rtl uZmhrgdr he nmd ne sgd etmbshnmr eh hr Z
X∗/bnnqchmZsd: sgZs hr: + ◦ A(C( gZr sgd rZld uZmhrghmf oqnodqsx Zr C0 Sgd rZld
gnkcr enq +̂ ◦ A(C(, gdmbd ax hmctbshnm sgd hlZfd ne h ;g gZr sgd rZld oqnodqsx Zmc
sgd oqnonrhshnm hr rgnvm0 �
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Bnmrhcdqhmf (PB(
fl
1: vd bZm rhlokhex –2/fl8( sn

(PB(
fl
1 +

∞∏

j+fl

o ◦ Pfl
1 ◦ ((+̂ ◦ A(j ◦ h ∨ h + h ∨ (+̂ ◦ A(j ◦ h(+ o ◦ Pfl

1 ◦ (h ∨ h(.

vgdqd sgd kZrs sdql hr sgd trtZk FdqrsdmgZadq aqZbjds0 Sghr hr bkdZq rhmbd +̂ Zccr Z
cheedqdmshZk hm sgd X∗/chqdbshnm Zmc sgd aqZbjds bZm nmkx dkhlhmZsd hs nm nmd Zqftldms0
PdbZkk sgZs vd Zkrn gZud sgd bZmnmhbZk oqnidbshnm oq ]

�∑
∞

h+9(R
hX⊗ Conkx(B((

(F
→

Conkx(Lqdc( vghbg oqnidbsr zqrs sn rxlldsqhb cdfqdd ydqn Zmc sgdm qdrsqhbsr sn
�∞(B(F ∼+ �∞(Lqdc(0 Hs hr Z CFKé lnqoghrl vhsg qdrodbs sn bkZrrhbZk rsqtbstqdr:
mZldkx: Gnbgrbghkc cheedqdmshZkr Zmc FdqrsdmgZadq aqZbjdsr0 Vd dwsdmc hs ;g/khmdZqkx
Zmc bZm rgnv sgZs hs hr Zkrn Z CKFé lnqoghrl vhsg qdrodbs sn sgd cdenqldc CFKé
rsqtbstqd PB .

Oqnonrhshnm 20fifi0 Sgd oqnidbshnm hmctbdr X CFKA lnqoghrl

–2/11( oq ]
)) ∞∑

h+9

(RhX⊗Conkx(B((
(F

˜̃ ;g[[.PB

(
�→ (Conkx(Lqdc(˜̃ ;g[[.∂. ˜ · . · [F(.

Oqnne0 Ax sgd dwokhbhs enql ne sgd cheedqdmshZk (PB(
fl
fl + �∂ ;g + �(∂ + δ( eqnl

Oqnonrhshnm 206 vd jmnv sgZs oq ◦∂ ;g + oq ◦∂ + ∂ ◦ oq0 Sgtr hs nmkx qdlZhmr sn rgnv
sgZs oq ◦(PB(

fl
1 + Pfl

1 ◦ oq
∨1: vghbg hr dpthuZkdms sn rgnvhmf

oq ◦
∞∏

j+fl

o ◦ Pfl
1 ◦ ((+̂ ◦ A(j ◦ h ∨ h + h ∨ (+̂ ◦ A(j ◦ h(+ 9.–∗(

Hm sgd oqnne ne Oqnonrhshnm 20fl9 vd bnlotsdc +◦ A(C( ne rnld C ∈ Cc
SZx(B·X

∗(

Zmc vd rZv sgZs sgd hlZfd ne h uZmhrgdr he nmd hmrdqsr Z X∗/bnnqchmZsd Zmc sgZs
+ ◦ A oqdrdqudr sghr oqnodqsx0 Sgdqdenqd: vd fns enq rtbg Z C sgZs uZmhrgdr he nmd
ne sgd Zqftldmsr hr ds

–∗∗( + ◦ A(C(( e9. . . . . ec(

+

c∏

i+9

)
;glF

)
ds . C

)
e9. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

((

� C
)
;glF(ds . e9(. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

((

+

c∏

i+fl

C
)
;glF( e9. ds (. . . . . eh�fl. . . . .

∂

∂ds
e i . . . . . ec

(
� · · ·

� C
)
e9. . . . . . ec�fl. ;glF

)
ds .

∂

∂ds
ec
((
.
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vgdqd e9. . . . . ec ∈
∑

h (R
hX⊗�∞(B((0 Kds tr bnmrhcdq mnv –∗( Zookhdc sn gnln/

fdmdntr O ⊗ C∨ P⊗ C′: vgdqd O. P ∈ RX Zmc C. C′
∈ Conkx(B(˜̃ ;g[[0 és zqrs vd

mnsd sgZs sghr hr ydqn he ansg O ̸+ fl ̸+ P rhmbd sgd FdqrsdmgZadq aqZbjds bZm bZmbdk
Zs lnrs nmd sdql0 RhlhkZqkx: hs hr ydqn he ansg O + fl+ P0 Sgtr vd bnmrhcdq vhsgnts
knrr ne fdmdqZkhsx C. P⊗ C′ vhsg P ̸+ fl Zmc C ∈ (Cc

onkx(B((
F
˜̃ ;g[[: vgdqd sgd nmkx

onrrhakd bnmsqhatshnmr Zqd

oq ◦o◦Pfl
1
�
((+̂◦ A(j C(∨(P⊗C′(

(
+ (�fl(c+(cc ′( oq ◦o

�
((+̂◦ A(j C(◦(P⊗C′(

(

enq Zkk j ≥ fl0 Mnsd sgZs: to sn Z rhfm: sghr hr ((+̂ ◦ A(j C( ◦ (P ⊗ C′( Zookhdc
sn hmuZqhZms etmbshnmr �∞(B(F˜̃ ;g[[ Zmc sgdm oqnidbsdc sn R9X0 Ats nm hmuZqhZms
etmbshnmr sgd udqshbZk udbsnq zdkcr Zmc sgd cheedqdmshZkr hm sgd X∗/chqdbshnm uZmhrg:
Zmc vd gZud nmkx nmd rkns vgdqd sgdx bZm fhud Z mnmsqhuhZk bnmsqhatshnm: mZldkx
P ⊗ C′0 Vd zw sgd rxlldsqhb cdfqdd P ∈ RhX Zmc fds

oq ◦o ◦ Pfl
1
�
((+̂ ◦ A(j C(∨ (P ⊗ C′(

(

+
(�fl(c+(cc ′(

h
oq ◦o

�
(+(A(+̂A(j�flC(h ( ◦ (P ⊗ C′(

(

+
(�fl(c+(cc ′(

h
oq ◦o

�
(+A(+̂A(j�flC( ◦ (P ⊗ C′(

(
.

Gdqd (A(+̂A(j�flC(h cdmnsdr sgd bnlonmdms ne A(+̂A(j�flC vhsg h cheedqdmshZshnmr
hm sgd X∗/chqdbshnm0 Sgd fl< h bnldr eqnl sgd cdfqdd ne sgd gnlnsnox –2/8( rhmbd vd
gZud mn RX∗/cdfqdd Zmc rhmbd sgd nmkx sdql sgZs bZm ad mnmsqhuhZk hr sgd nmd vhsg h
cheedqdmshZshnmr hm sgd X∗/chqdbshnm Zookhdc sn P0 Vd bnlotsd vhsg –∗∗(

oq ◦o◦Pfl
1
�
((+̂ ◦ A(j C(∨ (P ⊗ C′(

(

+
(�fl(c+(cc ′(

h
oq ◦o

�
(+A(+̂A(j�flC( ◦ (P ⊗ C′(

(

+
(�fl(c+(cc ′(

h
oq ◦o

))
�;g!(ds (B ◦ oq }R9X(+̂ ◦ A(j�flC ◦

∂

∂ds

(
◦ (P ⊗ C′(

�

)
oq }R9X(+̂ ◦ A(j�flC ◦

)
;glF

)
ds .

∂

∂ds
·

(((
◦ (P ⊗ C′(

(

+
(�fl(c+(cc ′(

h
oq ◦o

)
(�;g!(ds (B ◦ oq }R9X(+̂ ◦ A(j�flC( ◦

)
∂

∂ds
P ⊗ C′

(

� (oq }R9X(+̂ ◦ A(j�flC( ◦
))
;glF

)
ds .

∂

∂ds
·

((
◦ (P ⊗ C′(

((
.

Ats vd jmnv ;glF(ds . · (+�;g!(ds (B + ;glX(ds . · (: vgdqd ;glX cdmnsdr sgd ghfgdq
bnlonmdmsr ne sgd Ftss oqnctbs nm X∗0 Lnqdnudq: vd gZud ax sgd hmuZqhZmbd

�˜!(ds (B . oq }R9X(+̂ ◦ A(j�flC[F +
˜
� e i

sjd i
∂

∂dj
. oq }R9X(+̂ ◦ A(j�flC

[

F
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Zmc sgtr

;g oq ◦o
)�
�˜!(ds (B . oq }R9X(+̂ ◦ A(j�flC[F

(
◦

)
∂

∂ds
P ⊗ C′

((

+ ;g oq ◦o
))

oq }R9X(+̂ ◦ A(j�flC ◦

)
e i
sjd i

∂

∂dj

((
◦

)
∂

∂ds
P ⊗ C′

((

+ ;g oq ◦o
)
(oq }R9X(+̂ ◦ A(j�flC( ◦

)
e i
sjd i

∂

∂dj
∂

∂ds
P ⊗ C′

((
+ 9.

Sgd nmkx qdlZhmhmf sdqlr Zqd

oq ◦o ◦ Pfl
1
�
((+̂ ◦ A(j C(∨ (P ⊗ C′(

(

+ (�fl(c+(cc ′( oq ◦o
�
(oq }R9X(+̂ ◦ A(j C( ◦ (P ⊗ C′(

(

+�
(�fl(c+(cc ′(

h
oq ◦o

)
(oq }R9X(+̂ ◦ A(j�flC( ◦

)
;glX(ds

∂

∂ds
P(⊗ C′

((
.

Vd jmnv sgZs ;glX(ds . (∂<∂ds (P( hr dhsgdq ydqn nq hm R/9X Zmc sgd rsZsdldms enkknvr
ax hmctbshnm0 �

Hm oZqshbtkZq: vd bZm bnlonrd sghr oqnidbshnm oq vhsg sgd K∞/oqnidbshnm eqnl
Oqnonrhshnm 208 sgZs vd bnmrsqtbsdc vhsg sgd gnlnsnox sqZmredq sgdnqdl0 RtllZ/
qhyhmf: vd gZud rgnvm.

Sgdnqdl 20fi10 Sgdqd dwhrsr Xm K∞:lnqoghrl

Cqdc + oq◦O ] (CSZx(B·X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(�→ (Conkx(Lqdc(˜̃ ;g[[.∂. ˜ · . · [F(.

EhmZkkx: Zr hm sgd onkxudbsnq zdkc bZrd hm )Dronrhsn ds Zk0 1911a[: vd bZm svhrs sgd
Zanud lnqoghrl sn nasZhm Zm K∞/lnqoghrl eqnl sgd btqudc dpthuZqhZms onkxche/
edqdmshZk nodqZsnqr hmsn sgd BZqsZm lncdk Zmc sgdqdenqd Zkrn hmsn sgd onkxcheedqdmshZk
nodqZsnqr nm Lqdc: rdd Oqnonrhshnm 101 enq sgd aZrhbr ne sgd svhrshmf oqnbdctqd0

Oqnonrhshnm 20fi20 Svhrshmf sgd qdctbshnm K∞:lnqoghrl Cqdc eqnl Sgdnqdl 20fl1
vhsg �;glF xhdkcr Xm K∞:lnqoghrl

C�;glF
qdc ] (CSZx(B·X∗(˜̃ ;g[[. ;gλ. ∂+˜�I. · [. ˜ · . · [(�→ (Conkx(Lqdc(˜̃ ;g[[. ∂. ˜ · . · [F(.

vgdqd λ+
⊕

h d
h
⊗ (dh (L cdmnsdr sgd btquXstqd0

Oqnne0 és zqrs vd bgdbj sgZs sgd btquZstqd hr hmcddc fhudm ax

–2/12( dh
⊗ ˜�dh .�;glF[F + dh

⊗�˜dh . · [>F + dh
⊗ ( ;g!(dh (B � ;g Zc(dh ((+ ;gλ;

rdd KdllZ 2050 Sgd nmkx sghmf kdes sn rgnv hr sgZs sgd CFKé rsqtbstqd nm Lqdc hr
mns bgZmfdc: vghbg hr dpthuZkdms sn

–2/13(
∞∏

j+fl

(�;g(j

j:
(Cqdc(

fl
j(lF ∨ · · · ∨lF(+ 9.
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Ats trhmf sgd dwokhbhs enql ne O eqnl Oqnonrhshnm 208 vd rdd hmctbshudkx sgZs O
uZmhrgdr he dudqx Zqftldms gZr Z cheedqdmshZk hm sgd X∗/chqdbshnm Zmc sgd rsZsdldms
hr rgnvm0 �

PdlYqi 20fi30 Hm sgd onkxudbsnq zdkc bZrd eqnl )Dronrhsn ds Zk0 1911a: Oqnonrh/
shnm 3018[ vd rZv sgZs sgd rsqtbstqd lZor ne sgd svhrsdc lnqoghrl bnhmbhcd vhsg
sgd rsqtbstqd lZor ne sgd nqhfhmZk nmd0 Hm ntq bZrd hs hr mns bkdZq: sgZs hr: nmd lhfgs
hmcddc gZud C�;glF

qdc ̸+ Cqdc0

Sghr qdctbshnm lnqoghrl bZm ad trdc sn nasZhm Z qdctbshnm lnqoghrl ne sgd
dpthuZqhZms onkxcheedqdmshZk nodqZsnqr C•

X(L( ne lnqd fdmdqZk lZmhenkcr L ̸+B·X∗0
Lnqd dwokhbhskx: Zrrtlhmf sgZs sgd Zbshnm hr oqnodq Zqntmc B Zmc eqdd nm B : vd bZm
qdrsqhbs Zs zqrs sn Lmhbd ∼+Tmhbd ⊂ B · X∗: sgZs hr: vd gZud

· }Tmhbd ] (CX(L(˜̃ ;g[[. ;gλ. ∂X� ˜I. · [X. ˜ · . · [X(
�→ (CX(Tmhbd(˜̃ ;g[[. ;gλ}Tmhbd. ∂

X
� ˜I }Tmhbd. · [X. ˜ · . · [X(.

Ats nm Tmhbd vd bZm odqenql sgd SZxknq dwoZmrhnm sgZs hr Z lnqoghrl ne btqudc
CFKér

CX∗ ] (CX(Tmhbd(˜̃ ;g[[. ;gλ}Tmhbd. ∂
X
� ˜I }Tmhbd. · [X. ˜ · . · [X(

�→
�
CSZx(B · X∗(˜̃ ;g[[. ;gλ. ∂ � ˜I. · [. ˜ · . · [

(
.

EhmZkkx: vd bZm bnlonrd hs vhsg C�;glF
qdc Zmc nasZhm sgd enkknvhmf rsZsdldms.

Sgdnqdl 20fi40 Sgd bnlonrhshnm ne sgd Xanud lnqoghrlr hr Xm K∞:lnqoghrl

Cqdc ] (CX(L(˜̃ ;g[[. ;gλ. ∂X� ˜I. · [X. ˜ · . · [X(�→ (Conkx(Lqdc(˜̃ ;g[[. 9. ∂. ˜ · . · [F(.

bXkkdc sgd qdctbshnm K∗‘lnqoghrl0

PdlYqi 20fi5 –bgnhbdr(0 Mnsd sgZs sgd nmkx mnmbZmnmhbZk bgnhbd vd lZcd hr Zm nodm
mdhfganqgnnc ne B hm L vghbg hr cheednlnqoghb sn Z rsZq rgZodc nodm mdhfganqgnnc
ne B hm B ·X∗0 PdbZkk sgZs sgd bgnhbd ne sghr mdhfganqgnnc vnqjr Zr enkknvr0 SZjd
Zm ZqahsqZqx F/dpthuZqhZms statkZq mdhfganqgnnc dladcchmf ψ ] µ(B(→T • L :
vgdqd µ(B( cdmnsdr sgd mnqlZk atmckd0 Sgdm cdzmd

–2/14( φ ] µ(B( ∋ ˜vo[ ̸�→
�
o. I (ψ(˜vo[((

(
∈ B · X∗.

vghbg hr Z cheednlnqoghrl hm Z mdhfganqgnnc ne B 0 éesdq rnld rthsZakd qdrsqhbshnm
vd nasZhm sgd hcdmshzbZshnm0 Mdudqsgdkdrr: vd gZc sn bgnnrd Z F/dpthuZqhZms statkZq
mdhfganqgnnc Zmc Zmx svn bgnhbdr cheedq ax Z F/dpthuZqhZms knbZk cheednlnqoghrl
Zqntmc B

A ] B · X∗ �→ B · X∗.
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vghbg hr sgd hcdmshsx vgdm qdrsqhbsdc sn B 0 Nmd bZm rgnv sgZs hm sgd SZxknq dwoZmrhnm

CX∗(A∗ e (+ dV CX∗( e (

enq Z udbsnq zdkc V ∈
∑

h≥fl(R
hX⊗L(B((F • CSZx(B · X∗(0 Rhmbd Zmx udbsnq zdkc

hr bknrdc: V cndr mns cdqhud hm sgd X∗/chqdbshnm Zmc λ hr bdmsqZk: vd nasZhm Zm hmmdq
Ztsnlnqoghrl

d˜V.· [ ] (CSZx(B · X∗(˜̃ ;g[[. ;gλ. ∂ � ˜I. · [. ˜ · . · [(
�→ (CSZx(B · X∗(˜̃ ;g[[. ;gλ. ∂ � ˜I. · [. ˜ · . · [(

ne btqudc Khd ZkfdaqZr vghbg Zbsr sqhuhZkkx nm sgd kdudk ne dpthuZkdmbd bkZrrdr ne
LZtqdq-BZqsZm dkdldmsr0 Vd Zqd bdqsZhm sgZs sgd svn qdctbshnm K∞/lnqoghrlr Zqd
gnlnsnohb hm Z rthsZakd btqudc rdsshmf: vghbg: sn ntq jmnvkdcfd: hr mns cdudknodc
xds0

ér Z kZrs qdlZqj ne sghr rdbshnm: vd vZms sn ldmshnm Z udqx hmsdqdrshmf nardquZshnm:
vghbg hr mns chqdbskx bnmmdbsdc sn sgd qdrs ne sghr oZodq0 Mdudqsgdkdrr: vd edks sgZs
hs bZm ad hmsdqdrshmf eqnl lZmx nsgdq odqrodbshudr0

PdlYqi 20fi6 –BZqsZm lncdk(0 Nmd bZm rgnv sgZs sgd CFKé rsqtbstqd PB eqnl
Oqnonrhshnm 208 nm

∑
∞

h+9(R
hX⊗Conkx(B((F˜̃ ;g[[ qdrsqhbsr sn (RX⊗Conkx(B((F˜ ;g[ Zmc

gdmbd bZm ad duZktZsdc Zs ;g + fl0 Vd rshkk gZud sgd CFKé lZo

oq ] (RX⊗ Conkx(B((F �→ Conkx(Lqdc(.

Vd vZms sn rjdsbg sgd oqnne ne sgd eZbs sgZs sghr hr Z ptZrh/hrnlnqoghrl: vghbg
lnshuZsdr tr sn hmsdqoqds (RX⊗ Conkx(B((F Zr Z BZqsZm lncdk enq dpthuZqhZms onkxc/
heedqdmshZk nodqZsnqr: fdmdqZkhyhmf sgd BZqsZm lncdk enq dpthuZqhZms onkxudbsnq zdkcr
eqnl )Dronrhsn ds Zk0 1911a: Rdbshnm 301[0

Ohbjhmf Z F/hmuZqhZms bnuZqhZms cdqhuZshud –mns mdbdrrZqhkx snqrhnm/eqdd( enq vghbg
sgd etmcZldmsZk udbsnq zdkcr Zqd fiZs hm sgd zadq chqdbshnm nmd bZm: trhmf sgd OAV/
hrnlnqoghrl enq Khd Zkfdaqnhcr –rdd )KZtqdms/Fdmfntw ds Zk0 191fl, Mhrsnq ds Zk0
fl888[(: oqnud sgZs sgdqd hr Zm dpthuZqhZms bnbgZhm lZo J ] Conkx(B(→ Sonkx(B(
Zmc Zm dpthuZqhZms gnlnsnox g ] C•

onkx(B(→ C•�fl
onkx(B(: rtbg sgZs

–2/15( Sonkx(B( (Conkx(B(. ∂(
�hk

g
J

hr Z rodbhZk cdenqlZshnm qdsqZbs0 écchshnmZkkx: nmd bZm rgnv sgZs

J (Cfl ! C1(+ J (Cfl(∧ J (C1( Zmc J (!O(+

)
�OB enq O ∈ X• RX.
9 dkrd.
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enq Cfl. C1 ∈ Conkx(B( Zmc O ∈ RX0 Vd dwsdmc mnv –2/15( sn

((RX⊗ Sonkx(B((F. 9( ((RX⊗ Conkx(B((F. ∂(
�hk

g
J

sn nasZhm Z rodbhZk cdenqlZshnm qdsqZbs0 Mnv vd hmbktcd δ Zr hm Oqnonrhshnm 206 Zmc
rdd hs Zr Z odqstqaZshnm ne ∂ 0 Nmd bZm rgnv sgZs sgd odqstqaZshnm hr rlZkk hm sgd
rdmrd ne sgd gnlnknfhbZk odqstqaZshnm kdllZ Zr hm )BqZhmhb 1993[: Zmc vd nasZhm

((RX⊗ Sonkx(B((F. δ( ((RX⊗ Conkx(B((F. ∂ + δ(
�̂hk

ḡ
⋃J

vgdqd δ hr sgd cheedqdmshZk

δ(O ⊗ V(+ h(dh (O ⊗ (dh (B ∧ V

nasZhmdc hm )Dronrhsn ds Zk0 1911a: Cdzmhshnm 30fl3[ nm (RX⊗ Sonkx(B((F0 EhmZkkx:
nmd bZm rgnv sgZs

((RX⊗ Sonkx(B((F. δ( ((RX⊗ Conkx(B((F. ∂ + δ(

(Sonkx(Lqdc(. 9( (Conkx(Lqdc(. ∂(

�̂hk

�hk

bnlltsdr Zmc ansg sgd gnqhynmsZk lZor: Zr vdkk Zr sgd kdes/udqshbZk lZo: Zqd ptZrh/
hrnlnqoghrlr: vghbg hlokhdr sgd bkZhl0

30 BnloYqhrnm ne sgd qdctbshnm oqnbdctqdr

és sgd kdudk ne LZtqdq-BZqsZm dkdldmsr: vd jmnv sgZs sgd K∞/lnqoghrl Cqdc

eqnl Sgdnqdl 20fl4 hmctbdr Z lZo eqnl dpthuZqhZms rsZq oqnctbsr (>. G( vhsg
ptZmstl lnldmstl lZo G + I +N( ;g( nm L sn rsZq oqnctbsr >qdc nm sgd qdctbdc
lZmhenkc Lqdc0 Vd bnmbktcd vhsg Z bnloZqhrnm ne sghr qdctbshnm oqnbdctqd vhsg
sgd qdctbshnm ne enqlZk Onhrrnm rsqtbstqdr uhZ sgd ptZmshydc Jnrytk bnlokdw Zr hm
)AnqcdlZmm ds Zk0 1999, Ftss Zmc VZkclZmm 19fl9[, rdd Zkrn ntq ZcZosdc udqrhnm
hm éoodmchw é0

Vd Zrrtld enq rhlokhbhsx L + B · X∗ Zmc vnqj hm sgd SZxknq dwoZmrhnm ne
sgd dpthuZqhZms onkxcheedqdmshZk nodqZsnqr0 Vd hcdmshex �∞(B( vhsg oqnk�∞(B(⊂
�∞(B·X∗(0 Kds tr rsZqs vhsg Zm dpthuZqhZms rsZq oqnctbs (>. G+ I+ ;gG ′( nmB·X∗:
vghbg ldZmr sgZs ;gπ>� ;gG ′

+ >� >F� (G � I ( hr Z LZtqdq-BZqsZm dkdldms hm

(CSZx(B · X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(.
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Oqnonrhshnm 30fi0 Cdzmhmf H flfl + h ;g Xmc H flj + g ;g ◦ Pfl
1 ◦ H 1j+fl fhudr Xm K∞:lnqoghrl

H ]
)) ∞∑

h+9

(RhX⊗Conkx(B((
(F

˜̃ ;g[[. PB

(
�→ (CSZx(B·X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(.

Lnqdnudq: nmd H hr X ptXrh:hmudqrd ne sgd K∞:oqnidbshnm O eqnl Oqnonrhshnm 203
Xmc nmd gXr O ◦ H + hc0

Oqnne0 Mnsd sgZs vd gZud hm fdmdqZk g1
;g ̸+ 9: ats sgd nmkx oZqs ne sgd gnlnsnox sgZs

ZoodZqr hm sgd Zanud qdbtqrhnmr hr +̂: vgdqd vd jmnv +̂ ◦ +̂ + 90 Sgdqdenqd: sgd
rsZsdldms enkknvr eqnl Oqnonrhshnm A020 �

Vd fds vhsg BnqnkkZqx A04.

BnqnkkYqx 3010 Sgd K∞:lnqoghrl H hr bnloXshakd vhsg sgd zksqXshnm hmctbdc ax ;g
Xmc

;gπ̂> + (H ◦ O(fl(dwo( ;gπ>� ;gG ′(( ∈ (CSZx(B · X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(

hr X vdkk:cdzmdc LXtqdq-BXqsXm dkdldms sgXs hr dpthuXkdms sn ;gπ> � ;gG ′0 Hm
oXqshbtkXq: (>̂ + >F + ;gπ̂>. I ( hr X rsqnmfkx hmuXqhXms rsXq oqnctbs: sgXs hr: Xm
dpthuXqhXms rsXq oqnctbs rtbg sgXs sgd ptXmstl lnldmstl lXo hr itrs sgd bkXrrhbXk
lnldmstl lXo: Xmc hs hr dpthuXqhXmskx dpthuXkdms sn (>. G(0

Sgd qdctbshnm ne (>̂. I ( uhZ sgd qdctbshnm K∞/lnqoghrl Cqdc hr mnv dZrx.

KdllY 3020 Sgd qdctbshnm K∞:lnqoghrl

Cqdc + oq ◦O ] (CSZx(B·X∗(˜̃ ;g[[. ˜>F� I. · [. ˜ · . · [(�→ (Conkx(Lqdc(˜̃ ;g[[. ∂. ˜ · . · [F(

eqnl Sgdnqdl 20fl1 lXor ;gπ̂> sn X LXtqdq-BXqsXm dkdldms ;glqdc+oq ◦Ofl(dwo ;gπ̂>(
hm sgd onkxcheedqdmshXk nodqXsnqr nm Lqdc0 Sgd bnqqdronmchmf rsXq oqnctbs >̂qdc +
µ+ ;glqdc hr fhudm ax

–3/fl( oq∗(tfl>̂qdct1(+ ι∗(oqnk(oq∗ tfl(>̂ oqnk(oq∗ t1((

enq Xkk tfl. t1 ∈ �
∞(Lqdc(˜̃ ;g[[0

Oqnne0 Ax cdzmhshnm ne ;gπ̂> vd jmnv g ;g ;gπ̂> + +̂( ;gπ̂>(+ 9: Zmc sgtr

;glqdc + oq ◦Ofl(dwo ;gπ̂>(+ oq ◦o( ;gπ̂>(.

DptZshnm –3/fl( enkknvr rhmbd ;glF(oqnk(oq∗ tfl(. oqnk(oq∗ t1((+ 90 �

Lnqdnudq: vd jmnv ax KdllZ é04 sgZs sgd APRS qdctbshnm ne µ+ ;glF + ;gπ̂>
bnhmbhcdr vhsg –3/fl(: Zmc vd gZud rgnvm.

Sgdnqdl 3030 Kds (>. G( ad Xm dpthuXqhXms rsXq oqnctbs nm L0 Sgdm sgd qdctbdc
rsXq oqnctbs hmctbdc ax Cqdc eqnl Sgdnqdl 20fl1 Xmc sgd qdctbdc rsXq oqnctbs uhX
sgd enqlXk Jnrytk bnlokdw –é/fl3( Xqd dpthuXkdms0
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Oqnne0 Vd jmnv sgZs ansg qdctbshnm oqnbdctqdr lZo dpthuZkdms dpthuZqhZms rsZq
oqnctbsr sn dpthuZkdms qdctbdc rsZq oqnctbsr0 Lnqdnudq: vd rZv Zanud sgZs ansg
qdctbshnm oqnbdctqdr bnhmbhcd nm (>̂+>F+ ;gπ̂>. I (vghbg hr dpthuZqhZmskx dpthuZkdms
sn (>. G(0 �

�oodmchw �. APRS qdctbshnm ne dpthuYqhYms rsYq oqnctbsr

Vd qdbZkk Z rkhfgskx lnchzdc udqrhnm ne sgd qdctbshnm ne dpthuZqhZms rsZq oqnctbsr Zr
hmsqnctbdc hm )AnqcdlZmm ds Zk0 1999, Ftss Zmc VZkclZmm 19fl9[, rdd Zkrn )Dronrhsn
ds Zk0 1919[ enq Z chrbtrrhnm ne sghr qdctbshnm rbgdld hm sgd bnmsdws ne GdqlhshZm
rsZq oqnctbsr0 Hs qdkhdr nm sgd ptZmshydc Jnrytk bnlokdw Zmc sgd gnlnknfhbZk
odqstqaZshnm kdllZ0

�fi. GnlninfhbQi odqstqaQshnm idllQz és zqrs vd qdbZkk eqnl )BqZhmhb 1993:
Sgdnqdl 103, Pdhbgdqs 19fl6: BgZosdq 103[ Z udqrhnm ne sgd gnlnknfhbZk odqstqaZshnm
kdllZ sgZs hr ZcZosdc sn ntq rdsshmf0 Kds

(B. cB( (C. cC(
h

o
g

ad Z gnlnsnox qdsqZbs –Zkrn bZkkdc gnlnsnox dpthuZkdmbd cZsZ(: h0d0: kds (B. cB( Zmc
(C. cC( ad svn bgZhm bnlokdwdr snfdsgdq vhsg svn ptZrh/hrnlnqoghrlr

–é/fl( h ] B �→ C Zmc o ] C �→ B

Zmc Z bgZhm gnlnsnox

–é/1( g ] C �→ C vhsg hcC �h o + cCg+ gcC

adsvddm hcC Zmc h o0 Sgdm vd rZx sgZs Z fqZcdc lZo A ] C• �→ C•�fl vhsg
(cC + A(1 + 9 hr Z odqstqaXshnm ne sgd gnlnsnox qdsqZbs0 Sgd odqstqaZshnm hr bZkkdc
rlXkk he hcC +Ag hr hmudqshakd: Zmc sgd gnlnknfhbZk odqstqaZshnm kdllZ rsZsdr
sgZs hm sghr bZrd sgd odqstqadc gnlnsnox qdsqZbs hr Z ZfZhm Z gnlnsnox qdsqZbs, rdd
)BqZhmhb 1993: Sgdnqdl 103[ enq Z oqnne0

Oqnonrhshnm �0fi –gnlnknfhbZk odqstqaZshnm kdllZ(0 Kds

(B. cB( (C. cC(
h

o
g

ad X gnlnsnox qdsqXbs Xmc kds A ad rlXkk odqstqaXshnm ne cC0 Sgdm sgd odqstqadc
cXsX

–é/2( (B. c̄B( (C. c̄C(
H

O
G
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vhsg

–é/3(
A + (hcC +Ag(�flA. c̄C + cC + A. c̄B + cB + oAh.

H + h � gAh. O + o� oAg. G + g� gAg.

hr XfXhm X gnlnsnox qdsqXbs0

PdlYqi �010 Hm )BqZhmhb 1993[ hs hr rgnvm sgZs odqstqaZshnmr ne rodbhZk cdenqlZshnm
qdsqZbsr Zqd ZfZhm rodbhZk cdenqlZshnm qdsqZbsr: vghbg hr hm fdmdqZk mns sqtd enq
cdenqlZshnm qdsqZbsr, rdd éoodmchw A enq sgd cheedqdms mnshnmr0

Vd Zqd hmsdqdrsdc hm dudm rhlokdq bnlokdwdr ne sgd enql

–é/4(

9 C9 Cfl · · ·

9 B9 9

o

g9

cC.fl

gfl

cC.1

h

Hm sghr bZrd: sgd odqstqadc gnlnsnox qdsqZbs bnqqdronmchmf sn Z rlZkk odqstqaZshnm A
Zbbnqchmf sn –é/3( hr fhudm ax

H + h. O + o� o(hcC +Aflg9(
�flAflg9. G + g� g(hcC +Ag(�flAg

Zmc: trhmf sgd fdnldsqhb onvdq rdqhdr: sghr bZm ad rhlokhzdc sn

–é/5( H + h. O + o(hcC +Aflg9(
�fl. G + g(hcC +Ag(�fl.

Gdqd vd cdmnsd ax Afl ] Cfl �→ C9 sgd cdfqdd nmd bnlonmdms ne A: ZmZknfntrkx
enq g0 Ax PdlZqj é01 vd jmnv sgZs cdenqlZshnm qdsqZbsr Zqd hm fdmdqZk mns oqdrdqudc
tmcdq odqstqaZshnmr0 Gnvdudq: hm sghr bZrd vd rdd sgZs: rsZqshmf vhsg Z cdenqlZshnm
qdsqZbs: sgd ZcchshnmZk bnmchshnm g9h + 9 rtezbdr sn ftZqZmsdd

OH + o(hcC +Aflg9(
�flh + oh + hcB9 .

�1. MtQmshydc Hnryti bnloidwz Kds mnv (L. { · . · {( ad Z rlnnsg Onhrrnm lZm/
henkc vhsg Z kdes Zbshnm ne sgd Khd fqnto F0 Lnqdnudq: kds I ] L → X∗ ad Z
bkZrrhbZk –dpthuZqhZms( lnldmstl lZo0 ér trtZk: vd Zrrtld sgZs 9 ∈ X∗ hr Z
uZktd Zmc Z qdftkZq uZktd ne I Zmc rds B + I�fl({9{(0 Hm Zcchshnm: vd qdpthqd sgd
Zbshnm sn ad oqnodq nm L –nq Zs kdZrs Zqntmc B( Zmc eqdd nm B : vghbg hlokhdr sgZs
Lqdc + B<F hr Z rlnnsg lZmhenkc0 Sgd qdctbshnm uhZ sgd bkZrrhbZk Jnrytk bnlokdw
8•X⊗�∞(L( hr nmd vZx sn rgnv sgZs Lqdc hr dudm Z Onhrrnm lZmhenkc: ats vd
mddc sgd ptZmstl udqrhnm sn rgnv sgZs vd gZud Zm hmctbdc rsZq oqnctbs nm Lqdc0
Sgd Jnrytk cheedqdmshZk ∂ hr fhudm ax

–é/6( ∂ ]8pX⊗�∞(L(�→8p�flX⊗�∞(L(. X ̸→ h(I (X + Ih hZ(dh (X.
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vgdqd h cdmnsdr sgd kdes hmrdqshnm Zmc I + Ih dh sgd cdbnlonrhshnm ne I vhsg qdrodbs
sn Z aZrhr dfl. . . . . dm ne X∗0 Sgdm ∂1

+ 9 enkknvr hlldchZsdkx vhsg sgd bnlltsZshuhsx
ne sgd onhmsvhrd oqnctbs hm �∞(L(0 Sgd cheedqdmshZk ∂ hr Zkrn Z cdqhuZshnm vhsg
qdrodbs sn sgd ZrrnbhZshud Zmc rtodqbnlltsZshud oqnctbs nm sgd Jnrytk bnlokdw:
bnmrhrshmf ne sgd ∧/oqnctbs nm 8•X sdmrnqdc vhsg sgd onhmsvhrd oqnctbs nm sgd
etmbshnmr0 ékrn: hs hr hmuZqhZms vhsg qdrodbs sn sgd hmctbdc X/qdoqdrdmsZshnm

–é/7( X ∋ ξ ̸→ ρ(ξ(+ Zc(ξ(⊗ hc� hc⊗!ξL ∈ Dmc(8•X⊗�∞(L((

Zr vd gZud

∂ρ(dX((w ⊗ e (+ e j
X i dj ∧ h(d i (∧ h(dh (w ⊗ I9.h e + e h

X i h(d
i (w ⊗ I9.h e

+ h(dh (w ⊗ I9.h {I9.X. e {9

+ ρ(dX(∂(w ⊗ e (

enq Zkk w ∈8•X Zmc e ∈ �∞(L(0
Nmd bZm rgnv sgZs sgd Jnrytk bnlokdw hr Zbxbkhb hm onrhshud cdfqdd vhsg gnlnknfx

�∞(B( hm nqcdq ydqn: Zmc sgZs nmd gZr Z F/dpthuZqhZms gnlnsnox

–é/8( g ]8•X⊗�∞(L(�→8•+flX⊗�∞(L(;

rdd )AnqcdlZmm ds Zk0 1999: KdllZ 5, Ftss Zmc VZkclZmm 19fl9[0 Hm nsgdq vnqcr:
sghr ldZmr sgZs

oqnk ] (�∞(B(. 9(! (8•X⊗�∞(L(. ∂( ] ι∗. g

hr Z GD cZsZ ne sgd rodbhZk sxod ne –é/4(: sgZs hr: vd gZud sgd chZfqZl

9 �∞(L( 8flX⊗�∞(L( · · ·

9 �∞(B( 9

ι∗

g9

∂fl

gfl

∂1

oqnk

Enq sgd qdctbshnm ne dpthuZqhZms rsZq oqnctbsr: vd mddc sn cdenql hs sn sgd
ptXmshydc Jnrytk bnlokdw0 Sgd ptXmshydc Jnrytk cheedqdmshXk

ι ]8•X⊗�∞(Lmhbd(˜̃ ;g[[ �→8•�flX⊗�∞(Lmhbd(˜̃ ;g[[

hr cdzmdc ax

–é/fl9( ι(κ((w ⊗ e (+
h(dX(w ⊗ GX > e � ;g

1
e b
Xadb ∧ h(dX( h(da(w ⊗ e + ;gκ e a

Xa h(d
X( (w ⊗ e (

enq κ ∈�˜̃ ;g[[: w ∈8•X˜̃ ;g[[ Zmc e ∈�∞(Lmhbd(˜̃ ;g[[: vgdqd)+ e a
Xad

X hr sgd lnctkZq
nmd/enql ne X0
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PdlYqi �020 Mnsd sgZs hm sgd khsdqZstqd )AnqcdlZmm ds Zk0 1999, Ftss ZmcVZkclZmm
19fl9[ Z cheedqdms bnmudmshnm hr trdc.

ι ′(κ((w ⊗ e (+ h(dX(w ⊗ e > GX +
;g
1

e b
Xadb ∧ h(dX( h(da(w ⊗ e + ;gκ h()( (w ⊗ e (

enq κ ∈ �˜̃ ;g[[0 Hm oZqshbtkZq: ι ′(κ( hr kdes >/khmdZq0 Gnvdudq: hm nqcdq sn rhlokhex
sgd bnloZqhrnm ne sgd APRS qdctbshnm vhsg sgd qdctbshnm uhZ Cqdc hm Rdbshnm 3:
vd vZms sgd ptZmshydc Jnrytk cheedqdmshZk sn ad qhfgs >/khmdZq: vghbg kdZcr sn ntq
bnmudmshnm hm –é/fl9(0

Sgd qdctbshnm ne sgd rsZq oqnctbs hm ntq bnmudmshnm vnqjr ZmZknfntrkx sn )Anq/
cdlZmm ds Zk0 1999, Ftss Zmc VZkclZmm 19fl9[ rhmbd ι(κ( rZshrzdr Zkk sgd cdrhqdc
oqnodqshdr.

KdllY �030 Kds (>. G( ad Xm dpthuXqhXms rsXq oqnctbs Xmc κ ∈ �˜̃ ;g[[0

–h( Nmd gXr ι (9( ◦ h()(+ h()( ◦ ι(9( + 90

–hh( ι(κ( hr qhfgs >:khmdXq0

–hhh( ι(κ( + ∂ + N( ;g(0

–hu( ι(κ( hr F:dpthuXqhXms0

–u( Nmd gXr ι (κ( ◦ ι(κ( + 90

Oqnne0 Sgd oqnne hr ZmZknfntr sn )Ftss Zmc VZkclZmm 19fl9: KdllZ 203[0 �

érrtld sgZs vd gZud bgnrdm Z uZktd κ ∈ �˜̃ ;g[[ Zmc vqhsd ι + ι(κ(0 Sgdm ax sgd
gnlnknfhbZk odqstqaZshnm kdllZ nmd fdsr Z odqstqadc gnlnsnox qdsqZbs

9 �∞(Lmhbd(˜̃ ;g[[ 8flX⊗�∞(Lmhbd(˜̃ ;g[[ · · ·

9 �∞(B(˜̃ ;g[[ 9.

��

g9

ιfl

gfl

ι1

oqnk

vgdqd

–é/flfl( oqnk+ oqnk. �� + ι∗(hc+Aflg9(
�fl. g + g(hc+Ag(�fl.

Zmc vgdqd ι�∂ + A, rdd –é/5(0 Nmd bZm rgnv sgZs sgd cdenqldc qdrsqhbshnm lXo ��

hr fhudm ax

–é/fl1( �� + ι∗ ◦ R +
∏

q+9

;gq ��q ] �
∞(Lmhbd(˜̃ ;g[[ �→ �∞(B(˜̃ ;g[[

vhsg Z F/dpthuZqhZms enqlZk rdqhdr ne cheedqdmshZk nodqZsnqr R + hc+
⊕

∞

q+fl ;g
q Rq nm

�∞(Lmhbd( Zmc vhsg Rq uZmhrghmf nm bnmrsZmsr0 ékrn: hs hr tmhptdkx cdsdqlhmdc ax
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sgd oqnodqshdr

��9 + ι∗. ��ιfl + 9 Zmc �� oqnk+ hc�∞(B(˜̃ ;g[[ .–é/fl2(

Sgd qdctbdc rsZq oqnctbs >qdc nm Lqdc + B<F hr sgdm fhudm ax

–é/fl3( oq∗(tfl >qdc t1(+ ��(oqnk(oq∗ tfl( > oqnk(oq∗ t1((

enq Zkk tfl. t1 ∈�
∞(Lqdc(˜̃ ;g[[, bnloZqd vhsg )AnqcdlZmm ds Zk0 1999: Sgdnqdl 21[0

Hm )Pdhbgdqs 19fl6: KdllZ 3020fl[ hs gZr addm rgnvm sgZs dpthuZqhZmskx dpthuZkdms
rsZq oqnctbsr qdctbd sn dpthuZkdms rsZq oqnctbsr nm Lqdc0

Enq sgd bnloZqhrnm ne sgd qdctbshnm oqnbdctqdr hm Rdbshnm 3 vd mddc sgd enkknvhmf
nardquZshnm.

KdllY �040 Kds (> + µ + ;gπ> + ;glF. I ( ad Xm dpthuXqhXms rsXq oqnctbs nm
B · X∗: Xmc bgnnrd κ + �fl enq sgd ptXmshydc Jnrytk cheedqdmshXk0 He nmd gXr
+̂( ;gπ>(+ 9++( ;gπ>(: sgdm hs enkknvr enq Xkk tfl. t1 ∈ �

∞(Lqdc(˜̃ ;g[[

oq∗(tfl >qdc t1(+ ��(oqnk(oq∗ tfl( > oqnk(oq∗ t1((+ ι∗(oqnk(oq∗ tfl( > oqnk(oq∗ t1((.

Oqnne0 Vd gZud enq Z onkxmnlhZk etmbshnm e + O⊗φ ∈R iX⊗�∞(B(⊂�∞(B·X∗(

(ι�∂(g9(O⊗φ(+
fl
i

�
;g(π>+lF((dh . h(dh (O⊗φ(+ ;gκ e a

ha h(d
h (O⊗φ

(

+
fl
i
(+( ;gπ>+ ;glF((O⊗φ(+ ;gκ e a

ha h(d
h (O⊗φ(

+
fl
i

�
;glF(dh . h(dh (O⊗φ(+ ;gκ e a

ha h(d
h (O⊗φ

(

+
fl
i

�
;glX(dh . h(dh (O(⊗φ�h(dh (O⊗ ;g!(dh (Bφ+ ;gκ e a

ha h(d
h (O⊗φ

(
.

vgdqd ;glX cdmnsdr sgd mnmsqhuhZk oZqs ne sgd Ftss oqnctbs nm X∗0 Vd jmnv sgZs
hl( ;glX(dh . · (( ∈ R/9X˜̃ ;g[[: gdmbd hs enkknvr

–∗( ι∗ ◦ (ι � ∂(g9(O ⊗φ(+
fl
i
ι∗(� h(dh (O ⊗ ;g!(dh (Bφ+ ;gκ e a

ha h(d
h (O ⊗φ(.

Nm Zm hmuZqhZms onkxmnlhZk O ⊗φ ∈ (R iX⊗�∞(B((F vd gZud

� h(dh (O ⊗ ;g!(dh (Bφ +�;g h(dh ( Zc(dh (O ⊗φ +�;g e h
h i h(d

i (O ⊗φ.

gdmbd –∗( uZmhrgdr enq κ +�fl0 Sgtr vd gZud hm sghr bZrd

oq∗(tfl >qdc t1(+ ��(oqnk(oq∗ tfl( > oqnk(oq∗ t1((+ ι∗(oqnk(oq∗ tfl( > oqnk(oq∗ t1((

Zmc sgd rsZsdldms hr rgnvm0 �
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�oodmchw A. Dwokhbhs enqltkYr enq sgd gnlnsnox sqYmredq sgdnqdl

Hm hr vdkk/jmnvm sgZs K∞/ptZrh/hrnlnqoghrlr ZkvZxr Zclhs K∞/ptZrh/hmudqrdr0 Hs
hr Zkrn vdkk/jmnvm sgZs fhudm Z gnlnsnox qdsqZbs nmd bZm sqZmredq K∞/rsqtbstqdr,
rdd: enq hmrsZmbd: )KncZx Zmc UZkkdssd 19fl1: Rdbshnm fl902[0 Dwokhbhskx: Z gnlnsnox
qdsqZbs –Zkrn bZkkdc gnlnsnox dpthuZkdmbd cZsZ( bnmrhrsr ne svn bnbgZhm bnlokdwdr
(A. cA( Zmc (A. cA( vhsg bgZhm lZor h. o Zmc gnlnsnox g rtbg sgZs

–A/fl( (A. cA( (A. cA(
h

o
g

vhsg g ◦ cA + cA ◦ g + hc�h ◦ o: Zmc rtbg sgZs h Zmc o Zqd ptZrh/hrnlnqoghrlr0
Sgdm sgd gnlnsnox sqZmredq sgdnqdl rsZsdr sgZs he sgdqd dwhrsr Z fiZs K∞/rsqtbstqd
nm A: sgdm nmd bZm sqZmredq hs sn A hm rtbg Z vZx sgZs h dwsdmcr sn Zm K∞/ptZrh/
hrnlnqoghrl0 Ax sgd hmudqshahkhsx ne K∞/ptZrh/hrnlnqoghrlr sgdqd Zkrn dwhrsr Zm
K∞/ptZrh/hrnlnqoghrl hmsn A cdmnsdc ax O , rdd: enq dwZlokd: )KncZx Zmc UZkkdssd
19fl1: Oqnonrhshnm fl90208[0

Hm sghr rdbshnm vd rsZsd Z udqrhnm ne sghr rsZsdldms ZcZosdc sn ntq ZookhbZshnmr0
Enq rhlokhbhsx: vd Zrrtld sgZs vd gZud Z cdenqlZshnm qdsqZbs rZshrexhmf

o ◦ h + hcA .

Ax )GtdarbglZmm 19flfla: PdlZqj 10fl[ vd bZm Zrrtld sgZs vd gZud dudm Z rodbhZk
cdenqlZshnm qdsqZbs: Zkrn bZkkdc bnmsqXbshnm: vgdqd

g1
+ 9. g ◦ h + 9 Zmc o ◦ g + 9.

érrtld mnv sgZs (A. PA( hr Zm K∞/ZkfdaqZ vhsg (PA(
fl
fl +�cA 0 Hm sgd enkknvhmf

vd fhud Z lnqd dwokhbhs cdrbqhoshnm ne sgd sqZmredqqdc K∞/rsqtbstqd PA nm A
Zmc ne sgd K∞/oqnidbshnm O ] (A. PA( → (A. PA( hmrohqdc ax sgd rxlldsqhb
sdmrnq sqhbj )Adqfktmc 19fl3, GtdarbglZmm 19flflZ, 19flfla, LZmdssh 19fl9[0 Sgd
lZo g dwsdmcr sn Z gnlnsnox Gm ] Rm(A˜fl[( → Rm(A˜fl[(˜�fl[ vhsg qdrodbs sn
Pm

A.m ]R
m(A˜fl[(→Rm(A˜fl[(˜fl[, rdd: enq hmrsZmbd: )KncZx Zmc UZkkdssd 19fl1: o0 272[

enq sgd bnmrsqtbshnm nm sgd sdmrnq ZkfdaqZ: vghbg vd ZcZos sn ntq rdsshmf Zr enkknvr0
Vd cdzmd sgd nodqZsnq

Jm ] Rm(A˜fl[(�→ Rm(A˜fl[(

ax

Jm(wfl ∨ · · · ∨ wm(+
fl
m:

m�fl⊕
h+9

⊕
σ∈Rm

ϵ(σ (

m�h
h oVσ(fl( ∨ · · · ∨ h oVσ(h( ∨ Vσ(h+fl( ∨ Vσ(m(.
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Mnsd sgZs gdqd vd rtl nudq sgd vgnkd rxlldsqhb fqnto Zmc mns sgd rgtefidr: rhmbd
hm sghr bZrd sgd enqltkZr Zqd dZrhdq0 Vd dwsdmc �g sn Z bncdqhuZshnm sn R(A˜fl[(: h0d0:

Ĝm(wfl ∨ · · · ∨ wm( ]+ �
⊕

σ∈Rg(fl.m�fl(
ϵ(σ ( gwσ(fl( ∨ wσ(1( ∨ · · · ∨ wσ(m(

Zmc cdzmd

–A/1( Gm + Jm ◦ Ĝm + Ĝm ◦ Jm.

Rhmbd h Zmc o Zqd bgZhm lZor: vd gZud Jm◦Pm
A.m + Pm

A.m◦Jm : vgdqd Pm
A.m hr sgd dw/

sdmrhnm ne sgd cheedqdmshZk Pfl
A.fl+�cA sn Rm(A˜fl[( Zr Z bncdqhuZshnm0 Gdmbd vd gZud

Pm
A.mGm + GmPm

A.m + (m · hc�h o( ◦ Jm.

vgdqd h o hr dwsdmcdc Zr Z bncdqhuZshnm sn R(A˜fl[(0 é bnlahmZsnqhZk Zmc mns udqx
dmkhfgsdmhmf bnlotsZshnm rgnvr sgZs zmZkkx

–A/2( Pm
A.mGm + GmPm

A.m + hc�(h o(∨m.

Mnv Zrrtld sgZs vd gZud Z bncheedqdmshZk PA Zmc Z lnqoghrl ne bnZkfdaqZr O
vhsg rsqtbstqd lZor Ofl

ℓ ] R
ℓ(A˜fl[(→ A˜fl[ rtbg sgZs O hr Zm K∞/lnqoghrl to sn

nqcdq j: sgZs hr:
l⊕
ℓ+fl

Ofl
ℓ ◦ Pℓ

A.l +
l⊕
ℓ+fl

Pfl
A.ℓ ◦ Oℓ

l

enq Zkk l ≤ j0 Sgdm vd gZud sgd enkknvhmf rsZsdldms: vgnrd oqnne bZm ad entmc
hm )Dronrhsn ds Zk0 1911a[0

KdllY A0fi0 Kds O ] R(A˜fl[(→ R(A˜fl[( ad Xm K∞:lnqoghrl to sn nqcdq j ≥ fl0
Sgdm

–A/3( K∞.j+fl +
j+fl⊕
ℓ+1

Pfl
A.ℓ ◦ Oℓ

j+fl�
j⊕

ℓ+fl
Ofl
ℓ ◦ Pℓ

A.j+fl

rXshrzdr

–A/4( K∞.j+fl ◦ Pj+fl
A.j+fl +�Pfl

A.fl ◦ K∞.j+fl.

Sghr Zkknvr tr sn oqnud nmd udqrhnm ne sgd gnlnsnox sqZmredq sgdnqdl0

Sgdnqdl A01 –gnlnsnox sqZmredq sgdnqdl(0 Kds (A. PA( ad X fiXs K∞:XkfdaqX vhsg
cheedqdmshXk (PA(

fl
fl +�cA Xmc bnmsqXbshnm

–A/5( (A. cA( (A. cA(
h

o
g
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Sgdm

(PA(
fl
fl +�cA. (PA(

fl
j+fl +

j⊕
h+fl

Ofl
h ◦ (PA(

h
j+fl ◦ h∨(j+fl(.

Ofl
fl + o. Ofl

j+fl + K∞.j+fl ◦ Gj+fl enq j ≥ fl

stqmr (A. PA( hmsn Xm K∞:XkfdaqX vhsg K∞:ptXrh:hrnlnqoghrl O ] (A. PA(→

(A. PA(0 Hm Xcchshnm: nmd gXr Ofl
j ◦ h∨j

+ 9 enq j ̸+ fl0

Oqnne0 Vd nardqud Ofl
j+fl(h wfl ∨ · · · ∨ h wj+fl( + 9 enq Zkk j ≥ fl Zmc wh ∈ A: vghbg

chqdbskx enkknvr eqnl g ◦ h + 9: Zmc sgtr Gj+fl ◦ h∨(j+fl(
+ 90 Rtoonrd sgZs PA hr Z

bncheedqdmshZk to sn nqcdq j ≥ fl: h0d0:
⊕l

ℓ+fl(PA(
fl
ℓ(PA(

ℓ
l + 9 enq Zkk l ≤ j: Zmc sgZs

O hr Zm K∞/lnqoghrl to sn nqcdq j≥ fl0 Vd jmnv sgZs sgdrd bnmchshnmr Zqd rZshrzdc
enq j + fl Zmc vd rgnv sgZs sgdx gnkc enq j + fl0 RsZqshmf vhsg PA vd bnlotsd

(PAPA(
fl
j+fl + (PAPA(

fl
j+fl ◦ Oj+fl

j+fl ◦ h∨(j+fl(

+

j+fl⊕
ℓ+fl

(PAPA(
fl
ℓO

ℓ
j+flh

∨(j+fl(

+ (PAPAO(flj+flh
∨(j+fl(

+

j+fl⊕
ℓ+1

(PA(
fl
ℓ(PAO(ℓj+flh

∨(j+fl(
+ (PA(

fl
fl(PAO(flj+flh

∨(j+fl(

+

j+fl⊕
ℓ+1

(PA(
fl
ℓ(OPA(

ℓ
j+flh

∨(j+fl(
+ (PA(

fl
fl(PA(

fl
j+fl

+ (PAOPA(
fl
j+flh

∨(j+fl(
� (PA(

fl
fl(PA(

fl
j+fl + (PA(

fl
fl(PA(

fl
j+fl

+

j⊕
ℓ+fl

(PAO(flℓ(PA(
ℓ
j+flh

∨(j+fl(
+ (PAO(flj+fl(PA(

j+fl
j+flh

∨(j+fl(

+

j⊕
ℓ+fl

(OPA(
fl
ℓ(PA(

ℓ
j+flh

∨(j+fl(
+ (PAO(flj+flh

∨(j+fl((PA(
j+fl
j+fl

+�(OPA(
fl
j+flh

∨(j+fl((PA(
j+fl
j+fl + (PAO(flj+flh

∨(j+fl((PA(
j+fl
j+fl

+�(PA(
fl
j+fl(PA(

j+fl
j+fl + (PA(

fl
j+fl(PA(

j+fl
j+fl + 9.

Ax sgd rZld bnlotsZshnm Zr hm KdllZ A0fl: vgdqd nmd hm eZbs nmkx mddcr sgZs PA

hr Z bncheedqdmshZk to sn nqcdq j + fl: hs enkknvr sgZs

K∞.j+fl ◦ Pj+fl
A.j+fl +�Pfl

A.fl ◦ K∞.j+fl.

Hs qdlZhmr sn rgnv sgZs O hr Zm K∞/lnqoghrl to sn nqcdq j + fl0 Vd gZud

Ofl
j+fl ◦ (PA(

j+fl
j+fl + K∞.j+fl ◦ Gj+fl ◦ (PA(

j+fl
j+fl

+ K∞.j+fl� K∞.j+fl ◦ (PA(
j+fl
j+fl ◦ Gj+fl� K∞.j+fl ◦ (h ◦ o(∨(j+fl(

+ K∞.j+fl + (PA(
fl
fl ◦ Ofl

j+fl
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rhmbd

K∞.j+fl ◦ (h ◦ o(∨(j+fl(
+

) j+fl⊕
ℓ+1

Pfl
A.ℓ ◦ Oℓ

j+fl�
j⊕

ℓ+fl
Ofl
ℓ ◦ Pℓ

A.j+fl

(
◦ (h ◦ o(∨(j+fl(

+ (PA(
fl
j+fl ◦ o∨(j+fl(

� (PA(
fl
j+fl ◦ o∨(j+fl(

+ 9.
Sgdqdenqd

Ofl
j+fl ◦ (PA(

j+fl
j+fl� (PA(

fl
fl ◦ Ofl

j+fl + K∞.j+fl.

h0d0: O hr Zm K∞/lnqoghrl to sn nqcdq j+fl0 Sgd rsZsdldms enkknvr hmctbshudkx0 �

é rodbhZk bZrd ne sgd Zanud sgdnqdl: enq h adhmf Z CFKé lnqoghrl: vZr oqnudm
hm )Dronrhsn ds Zk0 1911a: Oqnonrhshnm 201[0 Vd Zkrn vZms sn fhud Zm dwokhbhs enqltkZ
enq Z K∞/ptZrh/hmudqrd ne O : fdmdqZkhyhmf )Dronrhsn ds Zk0 1911a: Oqnonrhshnm 202[0

Oqnonrhshnm A020 Sgd bnXkfdaqX lXo H ] R•(A˜fl[(→ R•(A˜fl[( qdbtqrhudkx cdzmdc
ax sgd lXor H flfl + h Xmc H flj+fl + g ◦ K∞.j+fl enq j ≥ fl hr Xm K∞:ptXrh hmudqrd ne O0
Rhmbd g1

+ 9+ g ◦ h : nmd dudm gXr H flj+fl + g ◦
⊕j+fl

ℓ+1 Pfl
A.ℓ ◦ H ℓj+fl Xmc O ◦ H + hcA0

Oqnne0 Vd oqnbddc ax hmctbshnm0 érrtld sgZs H hr Zm K∞/lnqoghrl to sn nqcdq j,
sgdm vd gZud

H flj+flP
j+fl
A.j+fl� Pfl

A.fl H
fl
j+fl +�Pfl

A.fl ◦ g ◦ K∞.j+fl + g ◦ K∞.j+fl ◦ Pj+fl
A.j+fl

+�Pfl
A.fl ◦ g ◦ K∞.j+fl� g ◦ Pfl

A.fl ◦ K∞.j+fl

+ (hc�h ◦ o(K∞.j+fl.

Vd trdc sgZs Pfl
A.fl +�cA Zmc sgd gnlnsnox dptZshnm ne g0 Lnqdnudq: vd fds vhsg

o ◦ g + 9

o ◦ K∞.j+fl + o ◦
) j+fl⊕
ℓ+1

Pfl
A.ℓ ◦ H ℓj+fl�

j⊕
ℓ+fl

H flℓ ◦ Pℓ
A.j+fl

(

+

j+fl⊕
ℓ+1

(O ◦ PA(
fl
ℓ ◦ H ℓj+fl�

j+fl⊕
ℓ+1

ℓ⊕
h+1

Ofl
h ◦ Ph

A.ℓ ◦ H ℓj+fl� Pfl
A.j+fl

+

j+fl⊕
ℓ+1

(PA ◦ O(flℓ ◦ H ℓj+fl�
j+fl⊕
h+1

j+fl⊕
ℓ+h

Ofl
h ◦ Ph

A.ℓ ◦ H ℓj+fl� Pfl
A.j+fl

+ Pfl
A.j+fl�

j+fl⊕
h+1

j+fl⊕
ℓ+h

Ofl
h ◦ H h

ℓ ◦ Pℓ
A.j+fl� Pfl

A.j+fl + 9.

Zmc sgdqdenqd H hr Zm K∞/lnqoghrl0 �

PdlYqi A030 Hm sgd gnlnsnox sqZmredq sgdnqdl sgd oqnodqsx g1
+ 9 hr mns mddcdc:

Zmc sgZs nmd bZm Zkrn ZcZos sgd Zanud bnmrsqtbshnm ne H sn sghr lnqd fdmdqZk bZrd0

Mnsd sgZs sgdqd dwhrsr Z gnlnsnox dpthuZkdmbd qdkZshnm∼ adsvddm K∞/lnqoghrlr:
rdd: enq dwZlokd: )Cnkftrgdu 1996[: rtbg sgZs dpthuZkdms K∞/lnqoghrlr lZo
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LZtqdq-BZqsZm dkdldmsr sn dpthuZkdms LZtqdq-BZqsZm dkdldmsr, rdd: enq hmrsZmbd:
)Atqrysxm ds Zk0 19fl1: KdllZ A04[ enq sgd bZrd ne CFKér Zmc )JqZes 191fl: Oqnon/
rhshnm fl0305[ enq sgd bZrd ne fiZs K∞/ZkfdaqZr0

BnqnkkYqx A040 Hm sgd Xanud rdsshmf nmd gXr O ◦ H + hcA Xmc H ◦ O ∼ hcA0 Hm
oXqshbtkXq: Xrrtld sgXs nmd gXr bnlokdsd cdrbdmchmf zksqXshnmr nm A. A rtbg sgXs
Xkk sgd lXor Xqd bnloXshakd0 Sgdm dudqx LXtqdq-BXqsXm dkdldms π ∈ �flA hr
dpthuXkdms sn (H ◦ O(fl(dwo(π((0

Oqnne0 Ax )JqZes Zmc Rbgmhsydq 191fl: Oqnonrhshnm 207[ O Zclhsr Z ptZrh/hmudqrd H ′

rtbg sgZs O ◦ H ′ ∼ hcA Zmc H ′ ◦ O ∼ hcA : vghbg hlokhdr

H ◦ O + hcA ◦H ◦ O ∼ H ′ ◦ O ◦ H ◦ O + H ′ ◦ O ∼ hcA .

Sgd qdrs ne sgd rsZsdldms hr sgdm bkdZq0 �

�bimnvkdcfdldmsr

Sgd Ztsgnqr Zqd fqZsdetk sn PxryZqc Mdrs Zmc Anqhr SrxfZm enq gdkoetk bnlldmsr0
Sghr vnqj vZr rtoonqsdc ax sgd MZshnmZk Fqnto enq ékfdaqZhb Zmc Fdnldsqhb
Rsqtbstqdr: Zmc sgdhq éookhbZshnmr –FMRéFé / HMcéL(0 Rbgmhsydq hr rtoonqsdc ax
sgd CEF qdrdZqbg sqZhmhmf fqnto ”fjfl71fl. BngnlnknfhbZk Ldsgncr hm Fdnldsqx‘0

Pdedqdmbdr

)AZxdm ds Zk0 fl867Z[ E0 AZxdm: L0 EkZsn: B0 EqnmrcZk: é0 Khbgmdqnvhby: Zmc C0 Rsdqmgdhldq: ”Cd/
enqlZshnm sgdnqx Zmc ptZmshyZshnm: H. CdenqlZshnmr ne rxlokdbshb rsqtbstqdr‘: Amm0 Ogxrhbr fififi.fl
–fl867(: 5fl-flfl90 LP Yak

)AZxdm ds Zk0 fl867a[ E0 AZxdm: L0 EkZsn: B0 EqnmrcZk: é0 Khbgmdqnvhby: Zmc C0 Rsdqmgdhldq: ”Cd/
enqlZshnm sgdnqx Zmc ptZmshyZshnm: HH. OgxrhbZk ZookhbZshnmr‘: Amm0 Ogxrhbr fififi.fl –fl867(: flflfl-fl4fl0
LP Yak

)Adqdyhm fl856[ E0 é0 Adqdyhm: ”RdudqZk qdlZqjr nm sgd ZrrnbhZshud dmudknod ne Z Khd ZkfdaqZ‘:
EtmjbhnmXk0 AmXk0 h Oqhkn�dm0 fi.1 –fl856(: fl-fl30 Hm PtrrhZm, sqZmrkZsdc hm Etmbs0 AmXk0 Hsr0 Aook0 fi.1
–fl856(: 8fl-fl910 LP

)Adqfktmc 19fl3[ é0 Adqfktmc: ”GnlnknfhbZk odqstqaZshnm sgdnqx enq ZkfdaqZr nudq nodqZcr‘: Akfdaq0
Fdnl0 Snonk0 fi3.4 –19fl3(: 14flfl-14370 LP Yak

)AnqcdlZmm ds Zk0 1999[ L0 AnqcdlZmm: G0/B0 Gdqahf: Zmc R0 VZkclZmm: ”APRS bngnlnknfx Zmc
ogZrd roZbd qdctbshnm hm cdenqlZshnm ptZmshyZshnm‘: Bnll0 LXsg0 Ogxr0 1fi9.fl –1999(: fl96-fl330
LP Yak

)Atqrysxm ds Zk0 19fl1[ G0 Atqrysxm: U0 Cnkftrgdu: Zmc R0 VZkclZmm: ”LnqhsZ dpthuZkdmbd Zmc
bgZqZbsdqhrshb bkZrrdr ne rsZq oqnctbsr‘: I0 Qdhmd Amfdv0 LXsg0 551 –19fl1(: 84-fl520 LP Yak

)BZmnmZbn fl888[ é0 BZmnmZbn: ”K∞/ZkfdaqZr Zmc ptZrh/hrnlnqoghrlr‘: oo0 56-75 hm AkfdaqXhb
Fdnldsqx RdlhmXqr –OhrZ: fl887-fl888(: RbtnkZ Mnql0 Rto0: OhrZ: fl8880 Hm HsZkhZm0 LP

)BqZhmhb 1993[ L0 BqZhmhb: ”Nm sgd odqstqaZshnm kdllZ: Zmc cdenqlZshnmr‘: oqdoqhms: 19930 ZqWhu
lZsg“9392155
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)Cd Vhkcd Zmc Kdbnlsd fl884[ L0 Cd Vhkcd Zmc O0 A0 é0 Kdbnlsd: ”ém gnlnsnox enqltkZ enq sgd
Gnbgrbghkc bngnlnknfx‘: Bnlonrhshn LXsg0 85.fl –fl884(: 88-fl980 LP Yak

)Cnkftrgdu 1994Z[ U0 Cnkftrgdu: ”BnuZqhZms Zmc dpthuZqhZms enqlZkhsx sgdnqdlr‘: Acu0 LXsg0 fi8fi.fl
–1994(: fl36-fl660 LP Yak

)Cnkftrgdu 1994a[ U0 é0 Cnkftrgdu: A oqnne ne SrxfXm–r enqlXkhsx bnmidbstqd enq Xm XqahsqXqx rlnnsg
lXmhenkc: Og0C0 sgdrhr: LZrrZbgtrdssr Hmrshstsd ne Sdbgmnknfx: émm éqanq: LH: 1994: ZuZhkZakd Zs
gssor.““vvv0oqnptdrs0bnl“cnbuhdv“2942694710 LP

)Cnkftrgdu 1995[ U0 Cnkftrgdu: ”é enqlZkhsx sgdnqdl enq Gnbgrbghkc bgZhmr‘: Acu0 LXsg0 199.fl
–1995(: 4fl-fl9fl0 LP Yak

)Cnkftrgdu 1996[ U0 é0 Cnkftrgdu: ”DqqZstl sn. ”é oqnne ne SrxfZm@r enqlZkhsx bnmidbstqd enq Zm
ZqahsqZqx rlnnsg lZmhenkc‘‘: oqdoqhms: 19960 ZqWhu lZsg“9692flfl2

)Dronrhsn Zmc cd Jkdhim 191fl[ B0 Dronrhsn Zmc M0 cd Jkdhim: ”K∞/qdrnktshnmr Zmc svhrshmf hm sgd
btqudc bnmsdws‘: Qdu0 LXs0 HadqnXl0 26.3 –191fl(: fl47fl-fl4870 LP Yak

)Dronrhsn ds Zk0 1919[ B0 Dronrhsn: é0 JqZes: Zmc R0 VZkclZmm: ”APRS qdctbshnm ne ptZmstl ZkfdaqZr
vhsg ∗/hmunktshnmr‘: Bnll0 LXsg0 Ogxr0 267.1 –1919(: fl28fl-fl3fl50 LP Yak

)Dronrhsn ds Zk0 1911Z[ B0 Dronrhsn: é0 JqZes: Zmc I0 Rbgmhsydq: ”Narsqtbshnmr enq Zm dpthuZqhZms
enqlZkhsx‘: mnsdr: 19110

)Dronrhsn ds Zk0 1911a[ B0 Dronrhsn: é0 JqZes: Zmc I0 Rbgmhsydq: ”Sgd rsqnmf gnlnsnox rsqtbstqd ne
Onhrrnm qdctbshnm‘: I0 Mnmbnllts0 Fdnl0 fi5.2 –1911(: 816-8550 LP Yak

)FdqrsdmgZadq fl852[ L0 FdqrsdmgZadq: ”Sgd bngnlnknfx rsqtbstqd ne Zm ZrrnbhZshud qhmf‘: Amm0 ne
LXsg0 (1( 67 –fl852(: 156-1770 LP Yak

)Ftss Zmc VZkclZmm 19fl9[ R0 Ftss Zmc R0 VZkclZmm: ”Hmunktshnmr Zmc qdoqdrdmsZshnmr enq qdctbdc
ptZmstl ZkfdaqZr‘: Acu0 LXsg0 113.5 –19fl9(: 1472-15330 LP Yak

)Ghffhmr fl858[ O0 I0 Ghffhmr: ”AZdq hmuZqhZmsr Zmc sgd Ahqjgnee-Vhss sgdnqdl‘: I0 AkfdaqX fifi –fl858(:
358-3710 LP Yak

)GtdarbglZmm fl889[ I0 GtdarbglZmm: ”Onhrrnm bngnlnknfx Zmc ptZmshyZshnm‘: I0 Qdhmd Amfdv0
LXsg0 397 –fl889(: 46-flfl20 LP Yak

)GtdarbglZmm 19flflZ[ I0 GtdarbglZmm: ”Sgd Khd ZkfdaqZ odqstqaZshnm kdllZ‘: oo0 fl48-fl68 hm
Ghfgdq rsqtbstqdr hm fdnldsqx Xmc ogxrhbr: dchsdc ax é0 R0 BZssZmdn ds Zk0: Oqnfq0 LZsg0 176: Roqhmfdq:
19flfl0 LP Yak

)GtdarbglZmm 19flfla[ I0 GtdarbglZmm: ”Sgd rg/Khd ZkfdaqZ odqstqaZshnm kdllZ‘: Enqtl LXsg0
12.3 –19flfl(: 558-58fl0 LP Yak

)Jnmsrduhbg 1992[ L0 Jnmsrduhbg: ”CdenqlZshnm ptZmshyZshnm ne Onhrrnm lZmhenkcr‘: Kdss0 LXsg0
Ogxr0 55.2 –1992(: fl46-1fl50 LP Yak

)JqZes 191fl[ é0 JqZes: EnqlXkhsx sgdnqx: cdenqlXshnm ptXmshyXshnm Xmc qdctbshnm: Og0C0 sgdrhr:
Tmhudqrhs� cdfkh Rstch ch RZkdqmn: 191fl0

)JqZes Zmc Rbgmhsydq 191fl[ é0 JqZes Zmc I0 Rbgmhsydq: ”Sgd gnlnsnox bkZrr ne svhrsdc K∞/lnqoghrlr‘:
oqdoqhms: 191fl0 Sn ZoodZq hm Gnlnknfx: Gnlnsnox Aook0 ZqWhu 1fl910fl9534

)KZtqdms/Fdmfntw ds Zk0 191fl[ B0 KZtqdms/Fdmfntw: L0 Rshámnm: Zmc O0 Wt: ”OnhmbZqá-Ahqjgnee-Vhss
hrnlnqoghrlr Zmc JZoqZmnu cf/lZmhenkcr‘: Acu0 LXsg0 276 –191fl(: Zqs0 hc0 fl966810 LP Yak

)KncZx Zmc UZkkdssd 19fl1[ I0/K0 KncZx Zmc A0 UZkkdssd: AkfdaqXhb nodqXcr: Fqtmck0 LZsg0 Vhrrdm0
235: Roqhmfdq: 19fl10 LP Yak

)LZmdssh 19fl9[ L0 LZmdssh: ”é qdkZshud udqrhnm ne sgd nqchmZqx odqstqaZshnm kdllZ‘: Qdmc0 LXs0 Aook0
(6( 29.1 –19fl9(: 11fl-1270 LP Yak
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)LZqrcdm Zmc Vdhmrsdhm fl863[ I0 LZqrcdm Zmc é0 Vdhmrsdhm: ”Pdctbshnm ne rxlokdbshb lZmhenkcr
vhsg rxlldsqx‘: Qdo0 LXsgdlXshbXk Ogxr0 4.fl –fl863(: fl1fl-fl290 LP Yak

)Lndqchij Zmc Lq’btm 19fl9[ H0 Lndqchij Zmc I0 Lq’btm: ”Nm sgd tmhudqrZk dmudknohmf ZkfdaqZ ne Z Khd
Zkfdaqnhc‘: Oqnb0 Aldq0 LXsg0 Rnb0 fi27.8 –19fl9(: 2fl24-2fl340 LP Yak

)MdtlZhdq Zmc VZkclZmm 1998[ M0 MdtlZhdq Zmc R0 VZkclZmm: ”CdenqlZshnm ptZmshyZshnm ne
Onhrrnm rsqtbstqdr ZrrnbhZsdc sn Khd Zkfdaqnhcr‘: RHFLA Rxlldsqx HmsdfqXahkhsx Fdnl0 Ldsgncr
Aook0 4 –1998(: Zqs0 hc0 9630 LP Yak

)Mhrsnq ds Zk0 fl888[ U0 Mhrsnq: é0 Vdhmrsdhm: Zmc O0 Wt: ”OrdtcncheedqdmshZk nodqZsnqr nm cheedqdmshZk
fqntonhcr‘: OXbhzb I0 LXsg0 fi78.fl –fl888(: flfl6-fl410 LP Yak

)Pdhbgdqs 19fl6[ S0 Pdhbgdqs: BkXrrhzbXshnm Xmc qdctbshnm ne dpthuXqhXms rsXq oqnctbsr nm rxlokdbshb
lXmhenkcr: Og0C0 sgdrhr: AZxdqhrbgd Itkhtr/LZwhlhkhZmr/TmhudqrhsZds Vtdqyatqf: émm éqanq: LH:
19fl6: ZuZhkZakd Zs gssor.““vvv0oqnptdrs0bnl“cnbuhdv“13flflflfl82fl70 LP Yak

)PhmdgZqs fl852[ F0 R0 PhmdgZqs: ”CheedqdmshZk enqlr nm fdmdqZk bnlltsZshud ZkfdaqZr‘: SqXmr0 Aldq0
LXsg0 Rnb0 fi97 –fl852(: fl84-1110 LP Yak

)SrxfZm 19fl9[ A0 SrxfZm: ”DpthuZqhZms cdenqlZshnmr: dpthuZqhZms ZkfdaqZhb hmcdw sgdnqdlr: Zmc Z
Onhrrnm udqrhnm ne ˜P. Q[ + 9‘: tmotakhrgdc mnsdr: 19fl90

Pdbdhudc éoqhk 1: 19110 Pduhrdc Itkx fl6: 19120
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OüBHEHB INTPMüK NE LüSGDLüSHBR
Unk0 214: Mn0 fl: 1912

g//1r�ss:mhpm.4so2p3o52s1ijp323tpt38pd8

SFD L�WHL�I RXRSNID NE FXODPANIHB RTPE�BDR
UHSF L�WHL�I �2.DWSDMC�AID �ADIH�M RXLLDSPX

XTD FüN üMC IHüITM VüMF

Ud rstcx sgd lYwhlYk rxrsnkd ne gxodpankhb rtpeYbdr vhsg bdpsYhm rxlldsphdr0
Ud fhud sgd enpltkY enp sgd lYwhlYk rxrsnkd ne sgd rtpeYbdr sgYs Yclhs sgd
kYpfdrs �2.dwsdmcYakd YadkhYm fpnto rxlldspx0 Sgd pdrtks hr nasYhmdc ax
oYpYldsphyhmf rtbg rtpeYbdr Ymc dmtldpYshmf Ykk onrrhakd rxrsnkdr0

z0 Hmspnctbshnm

Sgd rxrsnkd hr Zm hlonqsZms snohb hm sgd rstcx ne gxodqankhb rtqeZbdr0 Sgd rxrsnkd gZr
ZookhbZshnmr hm uZqhntr ZqdZr nm rtqeZbdr: d0f: sgd Ltlenqc@r bkZrrhbZk bnloZbsmdrr
bqhsdqhnm )Ltlenqc fl86fl[ Zmc sgd Vdhk-Odsdqrnm ldsqhb )Vnkodqs 19fl6, Vt 19fl8[
hm Sdhbgläkkdq sgdnqx: Zmc sgd rodbsqtl ne sgd KZokZbhZm )AZkklZmm ds Zk0 19fl5,
19fl7, LnmcZk 19fl3[ Zmc sgd noshlZk rxrsnkhb qZshn )Bgdm Zmc Kh 19fl4, Bqnjd Zmc
JZsy 1992, Fqnlnu fl872[ hm cheedqdmshZk fdnldsqx0 Enq Z rtqudx nm sgd rstcx ne
sgd rxrsnkd: rdd OZqkhdq )19fl3[0
Vd trd sgd sdql ”rxrsnkd; sn qdedq sn dhsgdq sgd lhmhlZk kdmfsg ne Z bknrdc fdncdrhb

nm Z gxodqankhb rtqeZbd: nq Z bknrdc fdncdrhb qdZkhyhmf sghr kdmfsg: ax Zatrd ne mnsZ“
shnm0 Sgd rxrsnkd bZm Zkrn ad qdfZqcdc Zr Z qdZk“uZktdc etmbshnm nm sgd lnctkh roZbd
�f ne Zkk bknrdc gxodqankhb rtqeZbdr ne fdmtr f nq sgd Sdhbgläkkdq roZbd Mf 0 Sgd
lZwhlZk uZktd ne sgd rxrsnkd etmbshnm nm�f hr bZkkdc sgd lZwhlZk rxrsnkd hm fdmtr f0
Sgd lZwhlZk rxrsnkd bZm ad qdZkhydc ax Ltlenqc@r bnloZbsmdrr bqhsdqhnm0 Hs hr pthsd
chezbtks sn bnlotsd sgd dwZbs uZktd ne sgd lZwhlZk rxrsnkd0 Sgd nmkx jmnvm bZrd hr
fdmtr 1: enq vghbg sgd lZwhlZk rxrsnkd hr qdZkhydc ax sgd AnkyZ rtqeZbd )Idmmh fl873[0
Hs hr Zkrn hmsdqdrshmf sn rstcx sgd lZwhlZk uZktd ne sgd rxrsnkd etmbshnm nm bdqsZhm

rtaroZbdr ne�f0 AZuZqc )fl881[ nasZhmdc sgd lZwhlZk rxrsnkd ne fdmdqZ 1 Zmc 4
nm gxodqdkkhoshb rtqeZbdr0 Rbgltsy )fl882[ fZud Z mdbdrrZqx Zmc rtezbhdms bnmchshnm
enq sgd knbZk lZwhlZ ne sgd rxrsnkd etmbshnm Zmc gd fZud rnld dwZlokdr ne knbZk
lZwhlZ vhsg onkxgdcqZk rxlldsqx0 Enqshdq Antqptd Zmc PZz )1911[ bnmrsqtbsdc
rtqeZbdr vhsg knbZkkx lZwhlZk rxrsnkdr Zmc sqhuhZk rxlldsqx0
Atrdq Zmc RZqmZj )fl883[ bnmrsqtbsdc rtqeZbdr vhsg rxrsnkdr kZqfdq sgZm 3

2 knf f
ax Zqhsgldshb ldsgncr enq hmzmhsdkx lZmx fdmdqZ0 JZsy: RbgZor: Zmc Uhrgmd )JZsy

LRB1313. 29E340
Jdxvnqcr. rxrsnkd: gxodqankhb rtqeZbdr: R2“dwsdmcZakd rxlldsqx0

’ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr üssqhatshnm Khbdmrd 309 –BB
AX(0 Nodm übbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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ds Zk0 1996[ nasZhmdc lnqd rtqeZbdr vhsg sghr knvdq antmc0 Gtqvhsy rtqeZbdr Zqd
Zlnmf sgdhq dwZlokdr0 Odsqh Zmc VZkjdq )19fl7[ Zmc Odsqh )19fl7[ fZud bnmbqdsd
dwZlokdr vhsg rxrsnkdr kZqfdq sgZm 3

6 knf f� J 0
Hmrohqdc ax )JZsy ds Zk0 1996, Rbgltsy fl882[: vd Zqd hmsdqdrsdc hm sgd lZwhlZk

rxrsnkd ne gxodqankhb rtqeZbdr vhsg bdqsZhm rxlldsqhdr0 Vd bnmrhcdq gxodqankhb
rtqeZbdr vhsg sgd kZqfdrs R2“dwsdmcZakd ZadkhZm rxlldsqx0 Sgd R2“dwsdmcZakd
rxlldsqx nm Z snonknfhbZk rtqeZbd vZr hmsqnctbdc hm )VZmf ds Zk0 19fl2, 19fl4[0 ü
fqnto Zbshnm F nm sgd fdmtr“f snonknfhbZk rtqeZbd !f hr R2:dwsdmcXakd he sgdqd
dwhrs Zm dladcchmf h ]!f → R2 Zmc Zm hmidbshud gnlnlnqoghrl φ ] F → RN(3(
rtbg sgZs enq Zmx f ∈ F: sgd enkknvhmf chZfqZl bnlltsdr.

!f

h
��

f
!! !f

h
��

R2
φ(f(

!! R2

Vgdm qdrsqhbsdc sn zmhsd ZadkhZm fqntor: sgd lZwhlZk nqcdq ne Zm R2“dwsdmcZakd
fqnto Zbshnm nm !f hr 1f + 1 )VZmf ds Zk0 19fl2[0 Rtbg Z fqnto Zbshnm bZm ad
qdZkhydc Zr Zm hrnldsqx fqnto Zbshnm nm Z gxodqankhb rtqeZbd: Zmc vd rZx rtbg Z
gxodqankhb rtqeZbd gZr sgd lXwhlXk R2:dwsdmcXakd XadkhXm rxlldsqx nq bZkk sgd
rtqeZbd Z gxodqankhb )(1. m( rtqeXbd )VZmf ds Zk0 19fl2[ vgdqd m + f+ fl0
Gxodqankhb rtqeZbdr sgZs Zclhs Zm hrnldsqhb R2“dwsdmcZakd ZadkhZm fqnto Zbshnm

ne lZwhlZk nqcdq enql Z 1“chldmrhnmZk rtards ne�f : Zmc vd bnmrhcdq sgd rxrsnkd
etmbshnm nm sghr rtaroZbd0 Ntq lZhm qdrtks hr sgd enkknvhmf.

Sgdnpdl z0 Sgd lXwhlXk uXktd ne sgd rxrsnkd etmbshnm nm gxodqankhb )(1. m(
rtqeXbdr hr

1 Zqbbnrg J .
vgdqd

J +
2

√
fl
1fl5 K

2+ fl
7 K

1+ 4
7 K �

fl
7 +

∐
fl
fl97 K(K

1+ fl7K + 16(

+
2

√
fl
1fl5 K

2+ fl
7 K

1+ 4
7 K �

fl
7 �

∐
fl
fl97 K(K

1+ fl7K + 16(+ fl
5(K + 2(.

Xmc K + 3 bnr1 π
m 0 Sgd lXwhlXk uXktd hr nasXhmdc vgdm

(b. s(+
�
Zqbbnrg J . 1 Zqbbnrg J+fl

1 bnr π
m

(
.

–Sgd rxlankr b Xmc s Xqd cdymdc hm Rdbshnm 1(0

Sgd lZwhlZk uZktd ne rxrsnkdr ne sgd )(1. m(“rtqeZbdr enq rlZkk fdmdqZ Zqd rgnvm
hm SZakd fl0 Vd qdlZqj sgZs sgd )(1. 2( rtqeZbd hr dwZbskx sgd AnkyZ rtqeZbd sgZs
qdZkhydr sgd lZwhlZk rxrsnkd hm fdmtr 10
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fdmtr )(1. m( lZwhlZk rxrsnkd

1 20946fl
2 205367
3 208967
4 309353
5 30fl18fl

SYakd z0 LZwhlZk rxrsnkd ne rtqeZbd vhsg kZqfdrs R2“dwsdmcZakd
ZadkhZm rxlldsqx0

BnloZqdc vhsg sgd vnqj )AZh ds Zk0 191fl[ nm sgd rxrsnkd ne rtqeZbdr vhsg kZqfd
bxbkhb rxlldsqx enq vghbg sgd rtqeZbdr vhsg kZqfd bxbkhb rxlldsqx gZud Z tmhptd
fdnldsqhb rsqtbstqd: sgd rtqeZbdr rstchdc hm sghr oZodq enql Z svn“chldmrhnmZk
rtaroZbd ne�f: Zmc sgd ldsgncr hm sgd oZodqr Zqd pthsd cheedqdms0 Vd nasZhm ntq
qdrtks ax bkZrrhexhmf sgd eZlhkx ne btqudr sgZs Zqd onsdmshZkkx sgd rgnqsdrs fdncdrhbr nm
rtqeZbdr Zclhsshmf sghr rxlldsqx: Zmc sgdm cdsdqlhmd vgdm sgd rxrsnkd hr lZwhlZk0
Sgd oZodq hr nqfZmhydc Zr enkknvr0 Hm Rdbshnm 1 vd cdrbqhad gnv sn bnmrsqtbs Zkk

gxodqankhb )(1. m( rtqeZbdr Zmc cdsdqlhmd sgdhq rxlldsqx0 Hm Rdbshnm 2: vd fhud Z
trdetk kdllZ –KdllZ 2( nm sgd hmsdqrdbshnm oqnodqshdr ne rxrsnkdr0 Hm Rdbshnm 3:
vd oqnud sgZs enq Zmx )(1. m( rtqeZbd: sgdqd Zqd nmkx entq bknrdc fdncdrhbr hm sgd
ptnshdms nqahenkc ne sgd rtqeZbd ax hsr rxlldsqhb fqnto sgZs bZm khes sn rxrsnkdr ne
sgd )(1. m( rtqeZbd –Oqnonrhshnm 6(0 Hm sgd kZrs rdbshnm: ax bZkbtkZshmf sgd kdmfsg ne
sgdrd entq btqudr Zmc sgd cheedqdmshZkr ne sgdrd kdmfsgr: vd fds Z bnmchshnm enq vgdm
sgd )(1. m( rtqeZbd gZr sgd lZwhlZk rxrsnkd –Oqnonrhshnm 8( Zmc bZkbtkZsd hsr kdmfsg0

10 Sgd rxlldspx ne )�1! S( rtpeYbdr

Hm sghr rdbshnm: vd bnmrsqtbs sgd gxodqankhb )(1. m( rtqeZbd Zmc cdrbqhad sgd fdnl“
dsqx Zmc snonknfx ne hsr ptnshdms ax hsr rxlldsqx fqnto0
Kds !9.m ad sgd rtqeZbd ne fdmtr 9 vhsg m antmcZqhdr: dmcnvdc vhsg Z gxodq“

ankhb rsqtbstqd rn sgZs hsr antmcZqhdr Zqd fdncdrhbr Zmc !9.m Zclhsr Zm hrnldsqhb
qnsZshnm ne nqcdq m: Zr hmchbZsdc hm Ehftqd fl0 DZbg antmcZqx bhqbkd hr bZkkdc Z btee
ne !0 Sgd rgnqsdrs fdncdrhb bnmmdbshmf svn ZciZbdms antmcZqx bhqbkdr nq hsr hlZfd
tmcdq sgd hrnldsqhb qnsZshnm hr bZkkdc Z rdXl0 ü rdZl hr odqodmchbtkZq sn sgd svn
antmcZqx bhqbkdr hs bnmmdbsr0 Sgd m rdZlr bts !9.m hmsn svn hrnldsqhb qhfgs“Zmfkdc
gxodqankhb 1m“fnmr vhsg fdncdrhb antmcZqx dcfdr0 Sgd gxodqankhb rsqtbstqd ne
!9.m hr oZqZldsqhydc ax sgd kdmfsg ne hsr bteer: bZkkdc sgd btee kdmfsg0 Vd cdmnsd sgd
btee kdmfsg ax 1b: vgdqd b ∈ !+ hr bZkkdc sgd gXke btee kdmfsg0
Svn bnohdr ne !9.m vhsg sgd rZld btee kdmfsg bZm ad fktdc snfdsgdq Zknmf sgd

bteer sn enql Z bknrdc rtqeZbd: rn sgZs sgd svn qnsZshnmr nm dZbg bnox bZm ad dwsdmcdc
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Ehftpd z0 !9.m Zmc sgd qhfgs“Zmfkdc 1m“fnm0

sn sgd fktdc rtqeZbd0 Vd bZkk sgd qdrtkshmf rtqeZbd Z gxodqankhb )(1. m(:rtqeXbd0 Svn
rdZlr nm sgd rtqeZbd Zqd oXhqdc he sgdx bnmmdbs sgd rZld svn bteer0 RhlhkZq sn sgd
Edmbgdk-Mhdkrdm bnnqchmZsdr nm sgd Sdhbgläkkdq roZbd: Z gxodqankhb )(1. m(“rtqeZbd
bZm ad oZqZldsqhydc ax (b. s(: vgdqd b hr sgd gZke btee kdmfsg Zmc s hr sgd ”svhrs
oXqXldsdq;0 Sgd svhrs oZqZldsdq s dptZkr 9 he –Zmx( svn oZhqdc rdZlr enql Z bknrdc
fdncdrhb0 Sgd gxodqankhb )(1. m( rtqeZbd vhsg oZqZldsdq (b. s( hr nasZhmdc eqnl sgd
gxodqankhb )(1. m( rtqeZbd vhsg oZqZldsdq (b. 9( ax odqenqlhmf Z Edmbgdk-Mhdkrdm
cdenqlZshnm ne kdmfsg s rhltksZmdntrkx Zknmf dZbg btee0 Gdqd sgd Edmbgdk-Mhdkrdm
cdenqlXshnm nm Z gxodqankhb rtqeZbd V Zknmf Z rhlokd bknrdc fdncdrhb � ⊂ V
vhsg kdmfsg s hr bnmrsqtbsdc ax btsshmf V Zknmf � Zmc sgdm qdfkthmf sgd antmcZqx
btqudr vhsg Z kdes svhrs ne kdmfsg s 0 Vd lZx Zrrtld 9 ≤ s ≤ b rhmbd sgd rtqeZbd
vhsg oZqZldsdq (b. s( hr hrnldsqhb sn sgd rtqeZbd vhsg oZqZldsdq (b. s + 1b( vghkd
sgd rtqeZbd vhsg oZqZldsdq (b. s( hr sgd qdfidbshnm ne sgd rtqeZbd vhsg oZqZldsdq
(b. 1b� s( vgdm 9≤ s ≤ 1b0
Sgd rxlldsqx fqnto ne Z gxodqankhb )(1. m( rtqeZbd hr Cm ⊕ ("<1"(: vgdqd Cm

hr sgd nqcdq m chgdcqZk fqnto0 Sghr rxlldsqhb fqnto hr fdmdqZsdc ax sgqdd qnsZshnmr
σ : τ : Zmc ρ0 ür hkktrsqZsdc hm Ehftqd 1: σ hr sgd nqcdq m qnsZshnm sgZs lZor dZbg
m“gnkdc rogdqd sn hsrdke: τ hr sgd nqcdq 1 qnsZshnm ne dZbg m“gnkdc rogdqd: Zmc ρ hr
sgd nqcdq 1 qnsZshnm dwbgZmfhmf sgd svn m“gnkdc rogdqdr0
Enq Z )(1. m( rtqeZbd V : sgd ptnshdms V<⟨ρ⟩ hr Z rogdqhbZk nqahenkc vhsg 1m

rhmftkZq onhmsr ne nqcdq 1: cdmnsdc Zr R1(1. . . . . 1(V –Ehftqd 2: sno kdes(0 Sgd ptnshdms
V<⟨ρ. σ ⟩ hr Z rogdqhbZk nqahenkc vhsg entq rhmftkZq onhmsr ne nqcdq 1. 1. m. m: qdrodb“
shudkx: cdmnsdc Zr R1(1. 1. m. m(V –Ehftqd 2: sno qhfgs(0 Sgd ptnshdms V<⟨ρ. σ. τ ⟩ hr Z
rogdqhbZk nqahenkc vhsg entq rhmftkZq onhmsr ne nqcdq 1. 1. 1. m: qdrodbshudkx: cdmnsdc
Zr R1(1. 1. 1. m(V –Ehftqd 2: anssnl(0 Hm Ehftqd 2: sno qhfgs: B Zmc B ′ Zqd sgd svn
nqcdq 1 rhmftkZq onhmsr Zmc N Zmc N ′ Zqd sgd nqcdq m rhmftkZq onhmsr0 Hm Ehftqd 2:
anssnl: B. C. D Zqd sgd nqcdq 1 rhmftkZq onhmsr Zmc N hr sgd nqcdq m rhmftkZq onhms0
Vd vhkk ZaaqduhZsd sgd rtarbqhos V vgdm sgdqd hr mn bnmetrhnm0 Cdmnsd sgd ptnshdms
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sgd qnsZshnm ρ

Ehftpd 10 FdmdqZsnqr enq sgd hrnldsqx fqnto ne sgd gxodqankhb
)(1. m( rtqeZbd0

aqZmbgdc bnudqhmf lZor Zr

–1“fl( V R1(1.1. . . . .1(V R1(1.1.m.m(V R1(1.1.1.m(V
π

o

p

π ′ π ′′

Enq Z btee γh hm V : kds ü Zmc ρ(ü( ad sgd dmconhmsr ne svn oZhqdc rdZlr adsvddm
γh Zmc γh�fl nm sgd btee γh 0 Sgd Edmbgdk-Mhdkrdm cdenqlZshnm fhudr Z fdncdrhb ne
kdmfsg s adsvddm ü Zmc ρ(ü(: Zmc vd kds B ad sgd lhconhms0 Sgd nsgdq svn oZhqdc

�

C

��

A

A �

D

D�

D�D

C
CC

� �A A �

Sgd nqahenkc R1(1. . . . . 1(V Sgd nqahenkc R1(1. 1. m. m(V

CC

� �

E

A D

Sgd nqahenkc R1(1. 1. m. m(V

Ehftpd 20 Nqahenkcr enq sgd gxodqankhb )(1. m( rtqeZbd0
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rdZlr fhud Zmnsgdq lhconhms B ′0 Sgdm B Zmc B ′ Zqd zwdc onhmsr ne sgd qnsZshnm
ρ nm γh Zmc |üB | hr gZke sgd svhrs oZqZldsdq s 0 Hs enkknvr sgZs hm R1(1. 1. m. m(V
–Ehftqd 2: sno qhfgs(: vd gZud

|BB ′
|+ b. |üB |+

fl
1 s

Zmc hm R1(1. 1. 1. m(V –Ehftqd 2: anssnl( vd gZud

|BD |+ fl
1b. |üB |+

fl
1 s.

20 Sgd hmsdprdbshnm opnodpshdr ne sgd rxrsnkdr

Hm sghr rdbshnm: vd qtkd nts btqudr nm )(1. m( rtqeZbd sgZs bZmmns ad sgd rxrsnkd0
Sgd enkknvhmf kdllZ hr bkZrrhbZk Zmc vdkk jmnvm0

IdllY 10 ümx rxrsnkd nm X bknrdc gxodqankhb rtqeXbd hr rhlokd Xmc Xmx svn
rxrsnkdr hmsdqrdbs Xs lnrs nmbd0 Nm sgd nqahenkc R1(1. 1. . . . . 1(: R1(1. 1. m. m( nq
R1(1. 1. 1. m(: Xmx rhlokd bknrdc btqud hr rdoXqXshmf: Xmc Xmx svn rhlokd bknrdc
btqudr Xqd dhsgdq chrinhms nq hmsdqrdbs Xs kdXrs svhbd0

Sgd enkknvhmf kdllZ hr trdc sn qtkd nts btqudr nm )(1. m( sgZs bZmmns ad sgd
rxrsnkd0

IdllY 20 Fhudm X gxodqankhb )(1. m( rtqeXbd V : kds π.π ′.π ′′ cdmnsd sgd aqXmbgdc
bnudqhmf lXor

V R1(1. 1. . . . . 1(V R1(1. 1. m. m(V R1(1. 1. 1. m(V
π π ′ π ′′

Sgdm tmcdq sgd lXor π : π ′
◦π Xmc π ′′

◦π ′
◦π : sgd hlXfd ne X rxrsnkd nm V gXr mn

rdke:hmsdqrdbshnm Xs Xmx qdftkXq onhms nm sgd sXqfdshmf nqahenkc: Xmc sgd hlXfdr ne
svn rxrsnkdr cn mns hmsdqrdbs Xs Xmx qdftkXq onhms nm sgd sXqfdshmf nqahenkc0

Oqnne0 –fl( He � hr Z rhlokd bknrdc btqud hm V : π(�( gZr Z rdke“hmsdqrdbshnm onhms o0
Sgdm π�fl(o( bnmrhrsr ne svn onhmsr: ansg Zqd sgd hmsdqrdbshnm onhmsr ne π�fl(π(�((0
Ax sgd cdzmhshnm ne cntakd aqZmbgdc bnudq: π�fl(π(�(( bnmrhrsr ne dhsgdq nmd btqud
nq svn btqudr vhsg dptZk kdmfsg0 Rhmbd � hr rhlokd: π�fl(π(�(( bnmrhrsr ne svn
btqudr0 Sgdrd svn btqudr hmsdqrdbs Zs kdZrs svhbd: sgdqdenqd bZmmns ad rxrsnkd0
Vd Zrrtld � Zmc β Zqd svn rhlokd bknrdc btqudr vhsg dptZk kdmfsg nm V : Gdmbd

sgd rgZod ne π(�( Zmc π(β( gZr svn onrrhahkhshdr. Rfl nq Z rdfldms vgnrd dmconhmsr

Ehftpd 30 BZrd –Z(. π(�(:π(β(0
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Ehftpd 40 BZrd –Z(. Sgd cntakd bnudqr ne π(�(:π(β(0 Sgd sgqdd
sxodr Zqd rgnvm hm sgd sno: sgd anssnl kdes: Zmc sgd anssnl qhfgs:
qdrodbshudkx0

Zqd aqZmbgdc onhmsr ne sgd aqZmbgdc bnudq π 0 Vd Zkrn Zrrtld o hr sgd hmsdqrdbshnm
onhms ne π(�( Zmc π(β(0

–Z( He π(�( Zmc π(β( Zqd rhlokd bknrdc btqudr: sgdm π(�( hmsdqrdbsr π(β( Zs kdZrs
svhbd ax KdllZ 10 PdbZkk sgZs sgdqd Zqd svn sxodr ne cntakd bnudqr ne Rfl: mZldkx
Rfl Zmc Rfl

)
Rfl0 Sgdm sgdqd Zqd sgqdd sxodr ne cntakd bnudqr ne π(�(:π(β(: rgnvm

hm Ehftqd 40
Hm Zkk sgd bZrdr: � hmsdqrdbsr β Zs kdZrs svhbd: vghbg bnmsqZchbsr sn KdllZ 10

–a( He π(�( hr Z rdfldms vghkd π(β( hr Z rhlokd bknrdc btqud –Ehftqd 5: kdes(: sgdm
sgdqd Zqd svn sxodr ne sgd cntakd –aqZmbgdc( bnudqr ne π(�( : π(β( rgnvm hm
Ehftqd 5: lhcckd Zmc qhfgs0
He sgd cntakd aqZmbgdc bnudq ne π(�(:π(β( hr sgd bZrd rgnvm hm Ehftqd 5: lhcckd:

sgdm hs hr bkdZq sgZs sgd btqud � Zmc β gZud Zs kdZrs svn hmsdqrdbshnmr0 Sgdqdenqd: �
Zmc β bZmmns ad rxrsnkdr0
He sgd cntakd aqZmbgdc bnudq ne π(�( : π(β( hr sgd bZrd rgnvm hm Ehftqd 5:

qhfgs: vd Zrrtld ;o hr nmd ne sgd aqZmbgdc onhms ne π hm Ehftqd 5: qhfgs0 Sgdqdenqd
π∗(˜ ;β[(+ π∗(˜ ;β ′[( hm πfl(π(V(.π( ;o((0 Gdqd ˜ ;β[ Zmc ˜ ;β ′[ Zqd dkdldmsr ne πfl(V. ;o(
qdoqdrdmsdc ax ;β Zmc ;β ′0 Hs bnmsqZchbsr sgd hmidbshuhsx ne π∗ –π hr Z bnudqhmf lZo(0

–b( He ansg π(�( Zmc π(β( Zqd rdfldmsr –Ehftqd 6(: sgdm |π�fl(π(�((∩π�fl(π(β((|≥
1 rhmbd sgd hmsdqrdbshnm onhms ne π(�( Zmc π(β( hr Z qdftkZq onhms0 Gnvdudq: ansg
π�fl(π(�(( Zmc π�fl(π(β(( Zqd bnmmdbsdc0 Sgdqdenqd |� ∩ β| ≥ 1: rn sgZs � Zmc β
bZmmns ad rxrsnkd0

��

���

�β

Ehftpd 50 BZrd –a(. π(�(:π(β( –kdes( Zmc sgd cntakd bnudqr ne
π(�(:π(β( –lhcckd Zmc qhfgs(0
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Ehftpd 60 BZrd –b(. π(�(:π(β(0

–1( Kds � ad Z rxrsnkd ne V , sgdm ax –fl(: π(�( gZr mn rdke“hmsdqrdbshnm Zmc vnm@s
hmsdqrdbs sgd hlZfd ne Zmnsgdq rxrsnkd Zs qdftkZq onhmsr0 Sgdqdenqd: he π ′π(�( gZr
rdke“hmsdqrdbshnm Zs qdftkZq onhmsr: sgdm hs hlokhdr sgZs dhsgdq π(�( hmsdqrdbsr hsrdke nq
hs hmsdqrdbsr Zmnsgdq khes ne π ′π(�(0 Sgdqdenqd π ′

◦π(�( gZr mn rdke“hmsdqrdbshnmr0
Ax dwZbskx sgd rZld Zqftldms: vd bZm oqnud sgZs sgd hlZfdr ne svn rxrsnkdr ne

V nm R1(1. 1. m. m( cn mns hmsdqrdbs Zs Zmx qdftkZq onhms ne sgd nqahenkc0
Sgd bZrd enq π ′′

◦π ′
◦π hr rhlhkZq sn sgd bZrd enq π ′

◦π 0 �

30 Sgd hlYfd ne rxrsnkdr nm �1�1! 1! 1! S(

Enq Z )(1. m( rtqeZbd V : vd zmc fdncdrhbr hm R1(1. 1. 1. m(V sgZs khes sn sgd rxrsnkdr
hm V hm sghr rdbshnm0

IdllY 30 Enq X )(1. m( rtqeXbd V : X rxrsnkd–r hlXfd hm sgd nqahenkc R1(1. 1. 1. m(V
–Ehftqd 2: anssnl( gXr nmkx svn onrrhahkhshdr.

–fl( ü fdncdrhb rdfldms inhmhmf svn nqcdq:svn rhmftkXq onhmsr –B Xmc C: B Xmc D
nq C Xmc D(0

–1( ü rhlokd bknrdc fdncdrhb oXrrhmf sgqntfg B0

Oqnne0 Ax KdllZ 2: sgd hlZfd ne Z rxrsnkd ne V hr Z rhlokd bknrdc fdncdrhb nq Z
fdncdrhb rdfldms inhmhmf svn rhmftkZq onhmsr0

–fl( HlZfd ne Z rxrsnkd ne V bZmmns ad Z rhlokd bknrdc btqud mns oZrrhmf sgqntfg Zmx
rhmftkZq onhms ne sgd nqahenkc0 Rtbg Z btqud rdoZqZsdr R1(1. 1. 1. m(V ax KdllZ 10
Nm dZbg rhcd ne sgd btqud: sgdqd Zqd svn rhmftkZq onhmsr, nsgdqvhrd: sgd btqud khesr sn
mtkk“gnlnsnohb btqudr hm V 0 Sgd nqcdq ne ansg rhmftkZq onhmsr nm nmd rhcd hr svn,
gdmbd sgd fdncdrhb gnlnsnohb sn sghr btqud hr sgd fdncdrhb inhmhmf sgdrd svn onhmsr0

–1( Mn rxrsnkd@r hlZfd oZrrdr sgqntfg sgd nqcdq m rhmftkZq onhms N 0 Sghr onhms khesr
sn Z qdftkZq onhms hm R1(1. 1. . . . . 1(V : Zmc Z rdfldms sgqntfg N khesr sn m rdfldmsr
hmsdqrdbshmf Zs sgd oqdhlZfd ne N 0 Sgdm ax KdllZ 2: sghr bnmbktrhnm gnkcr0

–2( Sgd rhlokd bknrdc btqud oZrrhmf sgqntfg C nq D bZmmns khes sn Z rxrsnkd ne V :
rhmbd C Zmc D khes sn qdftkZq onhmsr hm R1(1. 1. m. m(V : Zmc rtbg btqudr khes sn
mnmrhlokd btqudr –Ehftqd 7(0
Ax –fl(: –1(: –2(: sghr kdllZ gnkcr0 �
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D

C

�

E

� �

E�

D

C

�

E

Ehftpd 70 ü rhlokd bknrdc btqud oZrrhmf sgqntfg C hm R1(1.1.1.m(
Zmc hsr khes0

Hm nqcdq sn nasZhm sgd rxrsnkd ne Z )(1. m( rtqeZbd: sgd mdws rsdo hr sn zmc sgd
fdncdrhb hm R1(1. 1. 1. m(V inhmhmf B Zmc C –nq B Zmc D nq C Zmc D nq sgd rhlokd
bknrdc fdncdrhb sgqntfg B(: vgnrd khes hm V hr sgd rgnqsdrs nmd Zlnmf Zkk fdncdrhbr
inhmhmf B Zmc C –nq B Zmc D nq C Zmc D nq sgd rhlokd bknrdc fdncdrhb sgqntfg
B : qdrodbshudkx(0

IdllY 40 Enq X )(1. m( rtqeXbd V : kds k Xmc k ′ ad svn fdncdrhbr hm R1(1. 1. 1. m(V
inhmhmf B Xmc C –nq inhmhmf B Xmc D nq C Xmc D nq sgd rhlokd bknrdc fdncdrhbr
oXrrhmf sgqntfg B(: Xmc ;k Xmc ;k ′ Xqd sgdhq oqdhlXfdr hm V : qdrodbshudkx0 Sgdm
sgd bnudqhmf ;k → k Xmc ;k ′ → k ′ Xqd snonknfhbXkkx dpthuXkdms0 Lnqd oqdbhrdkx: X
gnldnlnqoghrl e ] k → k ′ bXm khes sn ;e ] ;k → ;k ′: kdsshmf sghr chXfqXl bnlltsd.

;k

p
��

;e
!! ;k ′

p
��

k
e

!! k ′

Oqnne0 Vd oqnuhcd sgd oqnne enq sgd fdncdrhbr inhmhmf B Zmc C nmkx: rhmbd sgd
oqnner enq nsgdq bZrdr Zqd dwZbskx sgd rZld0
Enq Zmx k ⊂ R1(1. 1. 1. m(V inhmhmf B Zmc C: sgdqd hr Z btqud k ′′ inhmhmf C Zmc D :

hmsdqrdbshmf k nmkx Zs C0 Sgd cntakd aqZmbgdc bnudq π ′′
] R1(1. 1. m. m(V →

R1(1. 1. 1. m(V bZm ad bnmrsqtbsdc ax fkthmf svn bnohdr ne R1(1. 1. 1. m(V|k ′′ Zknmf
sgdhq antmcZqhdr0 Gdmbd sgd oqdhlZfd ne k hm R1(1. 1. m. m(V hr Z rdfldms –cdmnsdc
Zr ;kfl( inhmhmf B Zmc B ′ enq Zmx k0 Sgdqdenqd sgd bnudqhmfr ne Zmx svn rdfldmsr
inhmhmf B Zmc C Zqd dpthuZkdms –Ehftqd 8(0
RhlhkZqkx: enq Zmx ;kfl⊂ R1(1. 1. m. m(V inhmhmfB Zmc B ′: sgdqd hr Z rdfldms k ′′fl inhm“

hmf N Zmc N ′: hmsdqrdbshmf ;kfl Zs dwZbskx nmd onhms0 Sgtr vd bZm bnmrsqtbs sgd m“enkc
bxbkhb aqZmbgdc bnudq ne R1(1. 1. m. m(V ax fkthmf m“bnohdr ne R1(1. 1. m. m(V|k ′′fl 0
Rhmbd enq Zmx ;kfl: vd ZkvZxr bgnnrd Z btqud k ′′fl hmsdqrdbshmf ;kfl nmbd: sgd bnudqhmf
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;k1

B

B ′

N
N ′ C

N ′ N

C
k ′′fl

B ′ D B

;kfl
C

D B

k ′′
k

N

Ehftpd 80 k Zmc hsr khesr0

ne ;kfl ax hsr oqdhlZfd hm R1(1. 1. . . . . 1(V –cdmnsdc ax ;k1( hr snonknfhbZkkx tmhptd
–Ehftqd 8(0
Sgd ltkshbtqud ;k1 ⊂ R1(1. 1. . . . . 1(V bnmrhrsr ne rdfldmsr inhmhmf sgd rhmftkZq

onhmsr0 Sgdqdenqd hsr oqdhlZfd hm sgd )(1. m( rtqeZbd V –Z lZmhenkc vhsg mn rhmftkZq
onhmsr( hr snonknfhbZkkx tmhptd0 �

BnpnkkYpx 50 Kds k. k ′ ⊂ R1(1. 1. 1. m(V ad fdncdrhb rdfldmsr inhmhmf B Xmc C: Xmc
�. �′

⊂ V ad rhlokd bknrdc fdncdrhbr khesdc eqnl k Xmc k ′: qdrodbshudkx0 He |k|, |k ′|:
sgdm |�|, |�′

|0
Sghr bnmbktrhnm Xkrn gnkcr enq fdncdrhbr inhmhmf B Xmc D : fdncdrhbr inhmhmf

C Xmc D : nq rhlokd bknrdc fdncdrhbr oXrrhmf sgqntfg B0

Oqnne0 Ax KdllZ 4:
|�|

|k|
+

|�′
|

|k ′|
. �

Opnonrhshnm 60 Enq X )(1. m( rtqeXbd V : sgdqd Xqd nmkx entq onrrhakd fdncdrhbr hm
R1(1. 1. 1. m(V sgXs khes sn rxrsnkdr hm V0 Sgdx Xqd sgd rgnqsdrs fdncdrhbr inhmhmf
B Xmc C: inhmhmf B Xmc D Xmc inhmhmf C Xmc D : Xmc sgd rgnqsdrs rhlokd bknrdc
fdncdrhb oXrrhmf sgqntfg B : cdmnsdc Xr kBC : kBD : kCD Xmc kB : qdrodbshudkx0 Ehftqd fi3
cdrbqhadr sgd fdnldsqx ne sgdrd entq btqudr0

C�C

� ��

E

A D

C�C

� ��

E

A D

C�C

� ��

E

A D

C�C

� ��

E

A D

Ehftpd z90 Sgd entq fdncdrhbr sgZs onrrhakx khes sn rxrsnkdr ne V 0
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C�C

� ��

E

A D

C�C

� ��

E

A D

C�C

� ��

E

A D

C1 C6

C�C

� ��

E

A D

C1 C6

C�C

� ��

E

A D

C1 C6

Ehftpd zz0 Knnjhmf enq sgd rgnqsdrs fdncdrhb inhmhmf B Zmc C
–sno( Zmc knnjhmf enq sgd rgnqsdrs rhlokd bknrdc fdncdrhb oZrrhmf
sgqntfg B –anssnl(0

Oqnne0 Ax BnqnkkZqx 5: sgd fnZk ne sghr oqnonrhshnm hr sn cdrbqhad sgd rgnqsdrs
fdncdrhbr hm R1(1. 1. 1. m(V inhmhmf B Zmc C: inhmhmf B Zmc D : inhmhmf C Zmc D
Zmc sgd rhlokd bknrdc fdncdrhb oZrrhmf sgqntfg B 0

–fl( Sgd rgnqsdrs fdncdrhb inhmhmf B Zmc C. Kds@r bnmrhcdq sgd odmsZfnm rgnvm hm
Ehftqd flfl: Z etmcZldmsZk cnlZhm ne R1(1. 1. 1. m(V 0 He Z fdncdrhb k⊂ R1(1. 1. 1. m(V
inhmhmf B Zmc C bnmrhrsr ne lnqd sgZm nmd rdfldms hm sgd odmsZfnm –Ehftqd flfl:
sno kdes(: sgdm ax qdfidbshmf rnld ne hsr rdfldmsr: vd nasZhm Z admchmf fdncdrhb
rdfldms inhmhmf B Zmc C nq B Zmc Cfl vhsg dptZk kdmfsg sn k Zmc rgnv sgZs k hr
knmfdq sgZm sgd rdfldms BC nq BCfl0

C�C

� ��

E

A D

C�C

� ��

E

A D

C�C

� ��

E

A D

C�C

� ��

E

A D�1 �2

C3

C1 C4

C2

C�C

� ��

E

A D�1 �2

C3

C1 C4

C2

C�C

� ��

E

A D�1 �2

C3

C1 C4

C2

Ehftpd z10 Knnjhmf enq sgd rgnqsdrs fdncdrhb inhmhmf B Zmc C –H(
–sno( Zmc knnjhmf enq sgd rgnqsdrs fdncdrhb inhmhmf B Zmc C –HH(
–anssnl(0
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C�C

� ��

E

A D

O��CO��C

C�C

E

� D

C1

O��CO��C
C

E

� D

C1

D�

O��C

O��C

�1

�2

C

E

A D

D�

O��C

O��C

Ehftpd z20 Bts Zmc oZrsd0

Sgd rdfldms BC hr rgnqsdq sgZm BCfl: adbZtrd

|üC|+ |üCfl| Zmc |üB |,
b
1
, |üflB |.

Zmc hs enkknvr ax sgd gxodqankhb bnrhmd kZv )Atrdq 19fl9: o0 343: 10101 –h([0 Sgdqdenqd:
sgd rgnqsdrs fdncdrhb inhmhmf B Zmc C hr sgd rdfldms kBC rgnvm hm Ehftqd fl9: sno
kdes0

–1( Sgd rgnqsdrs fdncdrhb inhmhmf C Zmc D hr sgd rdfldms kCD rgnvm hm Ehftqd fl9:
sno qhfgs: ax sgd rZld Zqftldms0

–2( Sgd rgnqsdrs rhlokd bknrdc fdncdrhb oZrrhmf sgqntfg B hr sgd fdncdrhb kB rgnvm
hm Ehftqd fl9: anssnl qhfgs: ax sgd rZld Zqftldms, rdd Ehftqd flfl0

–3( Sgd rgnqsdrs fdncdrhb inhmhmf B Zmc D . Ax qdfidbshmf rnld rdfldmsr: vd fds
sgd rgnqsdrs fdncdrhb hr dhsgdq sgd fdncdrhb hm Ehftqd fl1: sno qhfgs: –cdmnsdc ax kBD (
nq sgd fdncdrhb hm Ehftqd fl1: anssnl qhfgs –cdmnsdc ax k ′BD (0 Ax sgd bts“Zmc“oZrsd
rgnvm hm Ehftqd fl2: vd rdd sgZs kBD hr rgnqsdq sgZm k ′BD : gdmbd sgd rgnqsdrs fdncdrhb
inhmhmf B Zmc D hr kBD hm Ehftqd fl9: anssnl kdes0 �

40 BYkbtkYshnmr

Hm sghr rdbshnm: vd qdoqdrdms sgd kdmfsg ne sgd btqudr hm Ehftqd fl9 ax sgd oZqZldsdqr
b Zmc s 0 Sgdm ax sgdrd enqltkZd: vd fhud Z bnmchshnm ne sgd )(1. m( rtqeZbd gZuhmf
sgd knmfdrs rxrsnkd0 Enq bnmudmhdmbd: vd bZkk sghr rtqeZbd Z lXwhlXk rtqeXbd0 EhmZkkx:
vd bZkbtkZsd sgd rxrsnkd kdmfsg ne sghr rtqeZbd0
PdbZkk sgZs hm sgd odmsZfnmr hm Ehftqd fl9: |BD | + b<1: |üB | + s<1: |üflD | +

(b� s(<1 Zmc ̸ CNCfl + 1π<m0 Vd Zrrtld üC + üflCfl + r<10 Sgdm hm nmd ne
sgd svn gZke ohdbdr ne sgd odmsZfnm –Ehftqd fl3(: ax gxodqankhb sqhfnmnldsqx )Atrdq
19fl9: o0 343: 1020fl –h([:

–4“fl( rhmg b
1
rhmg r

1
+ bnr π

m
.

Sgdqdenqd: chqdbskx: enq sgd kdmfsgr ne sgd fdncdrhbr hm Ehftqd fl9: vd gZud

–4“1( |kBD |+
b
1
.
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C�C

� ��

E

A D

Ehftpd z30 Sgd odmsZfnm0

Zmc ax sgd gxodqankhb bnrhmd kZv hm qhfgs“Zmfkdc sqhZmfkdr )Atrdq 19fl9: o0 343:
10101 –h([

bnrg|kBC|+ bnrg|BC|+ bnrg s
1
bnrg r

1
=–4“2(

bnrg|kCD |+ bnrg|CflD |+ bnrg
b�s
1
bnrg r

1
.–4“3(

Sn bZkbtkZsd sgd kdmfsg ne kB –Ehftqd fl9: anssnl qhfgs(: vd sqdZs sgd odmsZfnm Zr
Z etmcZldmsZk cnlZhm enq sgd nqahenkc R1(1. 1. 1. m( hm �10 Sgdm hm sgd inhmhmf ne
svn odmsZfnmr rgnvm hm Ehftqd fl4: kdes: kB hr qdZkhydc ax sgd rdfldms BB ′0 Gdmbd
hsr kdmfsg hr

–4“4( bnrg|kB |+ bnrg|BB ′
|

+ bnrg|üü′

fl| bnrg|üB | bnrg|ü′

flB
′
|� rhmg|üB | rhmg|ü′

flB
′
|

+ bnrg r bnrg s
1
bnrg

�
b� s

1

(
� rhmg s

1
rhmg

�
b� s

1

(

ax Z sqhfnmnldsqhb enqltkZ )Atrdq 19fl9: o0 27: 10201[0
Mnv vd Zqd qdZcx sn oqnud sgd enkknvhmf.

Opnonrhshnm 70 Hm sgd )(1. m( rtqeXbd V9 vhsg lXwhlXk rxrsnkd Xlnmf Xkk sgd
)(1. m( rtqeXbdr: kCD hm R1(1. 1. 1. m(V9 bXmmns khes sn X rxrsnkd ne sghr rtqeXbd0

Oqnne0 PdbZkk sgZs ax Oqnonrhshnm 6: hm R1(1. 1. 1. m(V9 : sgdqd Zqd nmkx entq fdncdrhbr
sgZs bZm khes sn rxrsnkdr ne V9: mZldkx kBC : kCD : kBD Zmc kB hm Ehftqd fl90
He kCD khesr sn Z rxrsnkd: sgdm kBC Zmc kBD bZmmns khes sn rxrsnkdr0 Sghr hr adbZtrd:

vgdm kheshmf sn R1(1. 1. m. m(: kCD hmsdqrdbsr kBC Zmc kBD Zs qdftkZq onhmsr C Zmc D
ne sgd nqahenkc –Ehftqd fl4: qhfgs(: sgdqdenqd ax KdllZ 2: sgdx bZmmns rhltksZmdntrkx
adbnld rxrsnkdr0
Sgdm vd bZkbtkZsd sgd cheedqdmshZkr ne |kCD | Zmc |kB |: rgnvhmf sgZs sgdqd hr udbsnq

(ü(b. s(. A(b. s(( rtbg sgZs c|kB |(ü. A( / 9 Zmc c|kCD |(ü. A( / 9 rhltksZmdntrkx0
Rhmbd nmkx kCD Zmc kB bZm khes sn rxrsnkdr: Z rtqeZbd vhsg Z rxrsnkd khesdc eqnl kCD

bZmmns ad Z lZwhlZk rtqeZbd0
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Ehftpd z40 Sgd fdncdrhb kB –kdes( Zmc sgd khes ne kCD : kBC Zmc kBD –qhfgs(0

ür Z oqdoZqZshnm: vd cheedqdmshZsd ansg rhcdr ne –4“fl( Zmc fds

–4“5(
cr
cb
+�

bnrg b
1 rhmg

r
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bnrg r
1 rhmg
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.

Sgdm enq kCD

>|kCD |

>s
+
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fl
1
bnrg r

1
rhmg b�s

1
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+

>
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�
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1
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fl
1

�
rhmg r

1
cr
cb
bnrg b�s

1
+ bnrg r

1
rhmg b�s

1

(
.

c|kCD |+
>|kCD |

>s
cs + >|kCD |

>b
cb.

Enq kB

–4“6( >|kB |
>s
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>s
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1
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1

(
� rhmg s
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+
fl
1
(bnrg r+ fl( rhmg(s � b(.

Zmc

>|kB |
>b

+
>
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�
bnrg r bnrg s

1
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�
b� s

1

(
� rhmg s

1
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�
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1
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bnrg b
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r
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1
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1
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1
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+ bnrg r bnrg s

1
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1
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� rhmg s
1
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1
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.

c|kB |+
>|kB |
>s
cs + >|kB |

>b
cb.

Sgd svn sZmfdms udbsnqr c|kCD |: c|kB | Zqd mnmydqn udbsnqr0 Vgdm b / 9. 9≤ s ≤ b:

>|kCD |

>s
, 9. >|kB |

>s
, 9.

Enq Zmx j ≤ 9: c|kCD | ̸+ jc|kB |0 Sgdm sgdqd hr Z udbsnq (ü(b. s(. A(b. s(( rtbg sgZs

c|kCD |(ü(b. s(. A(b. s(( / 9. c|kB |(ü(b. s(. A(b. s(( / 9.
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Ax sgd Zrrtloshnm sgZs kCD khesr sn Z rxrsnkd ne V9: nmkx kCD Zmc kB bZm khes sn Z
rxrsnkd ne sgd rtqeZbd0 Sgdm sgdqd hr Zmnsgdq rtqeZbd vhsg rxrsnkd ahffdq sgZm V90
Sgdqdenqd V9 hr mns lZwhlZk0 �

Eqnl Oqnonrhshnmr 6 Zmc 7: vd jmnv sgZs nmkx kBD : kBC Zmc kB hm sgd nqahenkc
R1(1. 1. 1. m( bZm khes sn Z rxrsnkd ne sgd lZwhlZk rtqeZbd0
Ax sgd rxlldsqx ne )(1. m( rtqeZbdr Zmc KdllZ 2: sgd oqdhlZfd ne sgd fdncdrhb

kBD ⊂ R1(1. 1. 1. m( –kBC : kB : qdrodbshudkx( nm sgd)(1. m( rtqeZbd bnmrhrsr ne oZhqvhrd
chrinhms fdncdrhbr vhsg dptZk kdmfsg0

Opnonrhshnm 80 Nm sgd lXwhlXk )(1. m( rtqeXbd V9: X rhlokd bknrdc fdncdrhb hr X
rxrsnkd he Xmc nmkx he hs hr khesdc eqnl kBD : kBC nq kB 0

Oqnne0 Hs hr rtezbhdms sn oqnud sgZs hm V9: dudqx fdncdrhb khesdc eqnl kBD : kBC nq kB
hr Z rxrsnkd0
Sgd oqnne hr chuhcdc hmsn svn rsdor0

–fl( He sgdqd hr nmkx nmd btqud Zlnmf kBD : kBC Zmc kB sgZs khesr sn sgd rxrsnkdr ne V9:
sgdm V9 hr mns lZwhlZk0
Vhsgnts knrr ne fdmdqZkhsx: vd Zrrtld sgZs kBD khesr sn sgd rxrsnkd ne V9: vghkd

kBC Zmc kB cn mns khes sn rxrsnkdr ne V90 Nm sgd nqahenkc R1(1. 1. 1. m(V9 : sgdqd Zqd
cdenqlZshnmr hmbqdZrhmf nq cdbqdZrhmf sgd kdmfsg ne sgd btqud kBD 0 ü cdenqlZshnm
hmbqdZrhmf sgd kdmfsg ne kBD hmbqdZrdr sgd kdmfsg ne fdncdrhbr khesdc eqnl kBD hm V90
He sgd cdenqlZshnm hr rlZkk dmntfg: sgdm vd fds Z mdv )(1. m( rtqeZbd: vgnrd
rxrsnkdr Zqd khesdc eqnl kBD Zmc sgd kdmfsg ne sgdrd btqudr Zqd knmfdq sgZm sgd
bnqqdronmchmf btqudr hm V90 Gdmbd V9 hr mns lZwhlZk0

–1( He sgdqd Zqd dwZbskx svn btqudr Zlnmf kBD : kBC Zmc kB kheshmf sn sgd rxrsnkd ne
sgd )(1. m( rtqeZbd: sgdm sgd rtqeZbd hr mns lZwhlZk0

–1Z( Vd Zrrtld kBD Zmc kBC khes sn sgd rxrsnkdr ne V9: vghkd kB cndr mns khes sn
rxrsnkdr ne V90 Sgdm hm sgd Edmbgdk-Mhdkrdm bnnqchmZsd (b. s(: sgd kdmfsg |kBC|(b. s(
hr lnmnsnmdkx hmbqdZrhmf vhsg qdrodbs sn s ax –4“2(: vghkd kBD + b<10 Vd ohbj Z
rtezbhdmskx rlZkk ε / 9 Zmc cdenql sgd Edmbgdk-Mhdkrdm bnnqchmZsd eqnl (b. s(
sn (b. s + ε(, sgdm vd fds Z mdv rtqeZbd V ′0 Sgd rxrsnkdr ne V ′ Zqd dwZbskx sgd
fdncdrhbr khesdc eqnl kBD : Zmc sghr rtqeZbd gZr sgd rZld rxrsnkd kdmfsg sn V90 Sgdm
ax –fl(: sgdqd dwhrsr Z rtqeZbd vhsg knmfdq rxrsnkd sgZm sgdrd svn rtqeZbdr0

–1a( He kBD Zmc kB khes sn sgd rxrsnkdr ne V9: vghkd kBC cndr mns khes sn rxrsnkdr ne V9:
sgd oqnne hr rhlhkZq0 Ax –4“6(: kB hr cdbqdZrhmf vhsg qdrodbs sn s vgdm s ≤ b0 Sgtr
trhmf sgd cdenqlZshnm (b. s( ̸→ (b. s � ε(: vd fds Z rtqeZbd vgnrd rxrsnkdr Zqd Zkk
khesdc eqnl kBD Zmc vgnrd rxrsnkd kdmfsg hr dptZk sn V9@r0 Sgtr ax –fl(: vd jmnv
V9 hr mns lZwhlZk0

–1b( Sgd kZrs bZrd hr sgZs kBC Zmc kB khes sn sgd rxrsnkdr ne V9: vghkd kBD cndr mns
khes sn rxrsnkdr ne V90 RhlhkZqkx: rnld ne sgd Edmbgdk-Mhdkrdm cdenqlZshnmr Zknmf
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Ehftpd z50 Btsshmf nee Z rtartqeZbd vhsg rhfmZstqd (fl. 1(0

kBC hmbqdZrd sgd kdmfsg ne kB Zmc kds kBC adbnld sgd tmhptd fdncdrhb sgZs bZm khes
sn rxrsnkdr ne V90 Sgdm ax –fl(: sghr rtqeZbd hr mns lZwhlZk0
Ax –fl( Zmc –1(: Zkk sgqdd btqudr kBC : kBD Zmc kB khes sn sgd rxrsnkdr ne sgd lZwhlZk

)(1. m( rtqeZbd0 �

Vd Zqd mnv qdZcx sn bZkbtkZsd sgd lZwhlZk rxrsnkd nm gxodqankhb )(1. m( rtqeZbdr0

Oqnne ne Sgdnqdl fi0 Ehqrs vd cdrbqhad sgd khes ne kBD : kBC Zmc kB hm sgd )(1. m(
rtqeZbd: qdrodbshudkx0
Hm sgd )(1. m( rtqeZbd rgnvm hm Ehftqd fl5: Bh Zmc B ′

h –h + fl. . . . . m( Zqd sgd zwdc
onhmsr ne sgd nqcdq“svn hmunktshnm τ –qdbZkk hsr cdzmhshnm hm Rdbshnm 1( Zmc Zqd sgd
khesr ne sgd rhmftkZq onhms B hm R1(1. 1. 1. m(, Ch Zmc C′

h Zqd sgd lhc“onhmsr ne sgd
rdZlr: Zmc sgd khesr ne sgd onhms C hm R1(1. 1. 1. m(, Dh Zmc D ′

h Zqd sgd lhc“onhmsr
ne BhB ′

h Zmc sgd khesr ne sgd onhms D hm R1(1. 1. 1. m(0
Sgd btqud kBD khesr sn bteer ne sgd rtqeZbd: cdmnsdc Zr γh –h + fl. . . . . 4 (, kBC

khesr sn fdncdrhbr oZrrhmf sgqntfg Bh ChB ′

h+flC
′

h cdmnsdc Zr �h , kB khesr sn fdncdrhbr
oZrrhmf sgqntfg BhBh+fl: cdmnsdc Zr βh 0
Sn bZkbtkZsd sgd rxrsnkd kdmfsg: vd bts nee Z rtartqeZbd vhsg rhfmZstqd –fl: 1( eqnl

sgd )(1. m( rtqeZbd bnmsZhmhmf γfl: γ1 Zmc �fl –Ehftqdr fl5 Zmc fl6(: sgd antmcZqx
kdmfsg ne sghr rtqeZbd hr fhudm ax )Atrdq 19fl9: o0 343: 1030fl –h([0 Vd sZjd bnllnm
odqodmchbtkZqr adsvddm bteer Zmc antmcZqx bnlonmdmsr Zr hm Ehftqd fl60 Sgdm hm
sgd gdwZfnm GflG1üflü1ü2ü3: vd gZud

–4“7( bnrg|GflG1|+ rhmg|üflü1| rhmg|ü2ü3| bnrg|ü1ü2|� bnrg|üflü1| bnrg|ü2ü3|
+ rhmg1 b bnrg r� bnrg1 b.

Hm sghr rtartqeZbd: Bfl: B ′

fl: B1: B
′

1 Zqd aqZmbgdc onhmsr ne sgd gxodqdkkhoshb hmunktshnm
Zmc �fl: βfl: γfl: γ1 Zqd sgd rxrsnkdr ne sgd )(1. m( rtqeZbd –Ehftqd fl7(0 Sn bZkbtkZsd
sgd rxrsnkd kdmfsg: vd qdcqZv sgd –fl: 1(“rtartqeZbd Zr Ehftqd fl80 Vgdm sgd rxrsnkd
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Ehftpd z60 Sgd qdc btqudr Zqd bteer0 Sgd aktd btqudr Zqd rdZlr0

hr lZwhlZk: sgd kdmfsgr ne γfl Zmc βfl Zqd sgd rZld: mZldkx |BflB ′

fl|+ |BflB1|0 Hm sghr
bZrd: sgd rtartqeZbd hr rgnvm hm Ehftqd 190
Vgdm sgd rtqeZbd hr lZwhlZk: |G4G5| + fl

1 |�fl| + b: |BflB ′

fl| +
fl
1γfl + b0 Vd

Zrrtld |G2G3| + k Zmc |G4B ′

fl| + g0 Sgdm hm sgd gdwZfnm G3G2B ′

1G5G4Bfl: ax
sgd rxlldsqx ne sghr gdwZfnm: |G5B ′

1|+ |G4B ′

fl|+ g: Zmc ax )Atrdq 19fl9: o0 343:
1030fl–h([ vd gZud

bnrg|G2G3|+ rhmg|BflG4| rhmg|B ′

1G5| bnrg|G4G5|� bnrg|BflG4| bnrg|B
′

1G5|

Zmc

–4“8( bnrg k + rhmg1 g bnrg b� bnrg1 g.

Hm sgd sqhZmfkd △BflG4B ′

fl: ax )Atrdq 19fl9: o0 343: 10101 –h([: vd gZud

–4“fl9( bnrg|BflB ′

fl|+ bnrg|BflG4| bnrg|B
′

flG4| bnrg b + bnrg g bnrg
b
1
.

G3

G2

Bfl

γfl

�fl

βfl

γ1

B ′

fl
B1

B ′

1

G ′

2

G ′

3

Ehftpd z70 Rxrsnkdr ne V hm sgd (fl. 1(“rtartqeZbd0
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Ehftpd z80 PdcqZvhmf sgd (fl. 1(“rtartqeZbd0

Enq bnmudmhdmbd: vd cdmnsd bnrg b ax J 0 Sgdm bnlahmhmf –4“8( Zmc –4“fl9(: vd
dkhlhmZsd g Zmc fds

–4“flfl( 1J 1

J+fl
+

J+bnrg k
J�fl

.

PdbZkk sgZs k + |G2G3|0 Sgdm bnlahmhmf –4“flfl(: –4“7( Zmc –4“fl(: vd dkhlhmZsd k
Zmc r: Zmc fds

1J 2
� 2J 1

+ fl� 3 bnr1 π
m
(J + fl(1 + 9.

Sgd tmhptd qdZk rnktshnm ne sghr dptZshnm hr

J +
2

√
fl
1fl5 K

2+ fl
7 K

1+ 4
7 K �
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7 +
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fl
fl97 K(K
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+
2

√
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1fl5 K
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7 K �
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7 �

∐
fl
fl97 K(K

1+ fl7K + 16(+ fl
5(K + 2(.

vgdqd K + 3 bnr1 π
m 0

üs kZrs: vd bZkbtkZsd sgd svhrs oZqZldsdq s ne sgd lZwhlZk rtqeZbd: trhmf –4“fl(
Zmc –4“2(.

bnrg s
1
+
bnrg b

1
bnrg r

1

+
bnrg1 b

1
bnr π

m

+
bnrg b+fl
1 bnr π
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+
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1 Bfl

G4
B ′

fl G5 B1 B ′
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Ehftpd 190 Vgdm |BflB ′

fl|+ |BflB1|0
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�bimnvkdcfdldmsr

Vd vntkc khjd sn sgZmj Oqnedrrnqr Rgdmf AZh Zmc Rghbgdmf VZmf enq sgdhq gdkoetk
chrbtrrhnmr Zmc rtffdrshnmr0 FZn sgZmjr Oqnedrrnq Rghbgdmf VZmf enq ghr rtodquh“
rhnm: gdko Zmc rtoonqs ctqhmf ghr OgC rstchdr0 Vd sgZmj Oqnedrrnq Xhmf YgZmf enq
ghr gdkoetk bnlldmsr0
VZmf hr oZqshZkkx rtoonqsdc ax MREB fl1fl2fl998 Zmc MZshnmZk Jdx P]C OqnfqZl

ne BghmZ 1919XEü96fl17990

Pdedpdmbdr

)AZh ds Zk0 191fl[ R0 AZh: X0 FZn: Zmc R0 VZmf: ”Rxrsnkdr ne gxodqankhb rtqeZbdr vhsg ahf bxbkhb
rxlldsqx;: Rbh0 BghmX LXsg0 53.1 –191fl(: 31fl-3310 LP Yak

)AZkklZmm ds Zk0 19fl5[ V0 AZkklZmm: G0 LZssghdrdm: Zmc R0 LnmcZk: ”RlZkk dhfdmuZktdr ne bknrdc
rtqeZbdr;: I0 CheedqdmshXk Fdnl0 z92.fl –19fl5(: fl-fl20 LP Yak

)AZkklZmm ds Zk0 19fl7[ V0 AZkklZmm: G0 LZssghdrdm: Zmc R0 LnmcZk: ”RlZkk dhfdmuZktdr ne rtqeZbdr.
nkc Zmc mdv;: HBBL Mns0 5.1 –19fl7(: 8-130 LP Yak

)AZuZqc fl881[ B0 AZuZqc: ”KZ rxrsnkd cdr rtqeZbdr gxodqdkkhoshptdr;: oqdoqhms 6fl: Db0 Mnql0 Rto0
Kxnm: fl8810

)Atrdq 19fl9[ O0 Atrdq: Fdnldsqx Xmc rodbsqX ne bnloXbs PhdlXmm rtqeXbdr: AhqjgÜtrdq: Anrsnm:
19fl90 LP Yak

)Atrdq Zmc RZqmZj fl883[ O0 Atrdq Zmc O0 RZqmZj: ”Nm sgd odqhnc lZsqhw ne Z PhdlZmm rtqeZbd ne kZqfd
fdmtr;: Hmudms0 LXsg0 zz6.fl –fl883(: 16-450 LP Yak

)Bgdm Zmc Kh 19fl4[ K0 Bgdm Zmc V0 Kh: ”Rxrsnkdr ne rtqeZbdr Zmc 2“lZmhenkcr;: oo0 5fl-79 hm
Fdnldsqx Xmc snonknfx ne rtalXmhenkcr Xmc btqqdmsr: dchsdc ax V0 Kh Zmc R0 V0 Vdh: Bnmsdlo0
LZsg0 535: üldq0 LZsg0 Rnb0: Oqnuhcdmbd: PH: 19fl40 LP Yak

)Bqnjd Zmc JZsy 1992[ B0 A0 Bqnjd Zmc L0 JZsy: ”TmhudqrZk unktld antmcr hm PhdlZmmhZm lZmh“
enkcr;: oo0 fl98-fl26 hm Rtqudxr hm cheedqdmshXk fdnldsqx –Anrsnm: 1991(: unk0 7: dchsdc ax R0“S0 XZt:
Rtqu0 Cheedq0 Fdnl0 7: HmsdqmZshnmZk Oqdrr: Rnldquhkkd: Lü: 19920 LP Yak

)Enqshdq Antqptd Zmc PZz 1911[ L0 Enqshdq Antqptd Zmc J0 PZz: ”KnbZk lZwhlZ ne sgd rxrsnkd
etmbshnm;: I0 Dtq0 LXsg0 Rnb0 (IDLR( 13.1 –1911(: 512-5570 LP Yak

)Fqnlnu fl872[ L0 Fqnlnu: ”Ehkkhmf PhdlZmmhZm lZmhenkcr;: I0 CheedqdmshXk Fdnl0 z7.fl –fl872(:
fl-fl360 LP Yak

)Idmmh fl873[ E0 Idmmh: ”�adq cdm dqrsdm Dhfdmvdqs cdr KZokZbd“nodqZsnqr Zte ZtrfdvÜgksdm Adhrohdkdm
jnloZjsdq PhdlZmmrbgdq EkÜbgdm;: Bnlldms0 LXsg0 Gdku0 48.1 –fl873(: fl82-1920 LP Yak

)JZsy ds Zk0 1996[ L0 F0 JZsy: L0 RbgZor: Zmc T0 Uhrgmd: ”KnfZqhsglhb fqnvsg ne rxrsnkd ne Zqhsgldshb
PhdlZmm rtqeZbdr Zknmf bnmfqtdmbd rtafqntor;: I0 CheedqdmshXk Fdnl0 65.2 –1996(: 288-3110 LP
Yak

)LnmcZk 19fl3[ R0 LnmcZk: ”Rxrsnkd Zmc λ1f�1 ne bknrdc gxodqankhb rtqeZbdr ne fdmtr f;: Dmrdhfm0
LXsg0 59.fl“1 –19fl3(: 2-130 LP Yak

)Ltlenqc fl86fl[ C0 Ltlenqc: ”ü qdlZqj nm LZgkdq@r bnloZbsmdrr sgdnqdl;: Oqnb0 üldq0 LXsg0
Rnb0 17 –fl86fl(: 178-1830 LP Yak

)OZqkhdq 19fl3[ G0 OZqkhdq: ”Rhlokd bknrdc fdncdrhbr Zmc sgd rstcx ne Sdhbgläkkdq roZbdr;: oo0 flfl2-fl23
hm GXmcannj ne Sdhbgl�kkdq sgdnqx: HT: dchsdc ax ü0 OZoZcnontknr: HPLü Kdbs0 LZsg0 Sgdnq0 Ogxr0
z8: Dtq0 LZsg0 Rnb0: Yäqhbg: 19fl30 LP Yak
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)Odsqh 19fl7[ A0 Odsqh: ”Gxodqankhb rtqeZbdr vhsg knmf rxrsnkdr sgZs enql Z oZmsr cdbnlonrhshnm;: Oqnb0
üldq0 LXsg0 Rnb0 z35.2 –19fl7(: fl958-fl97fl0 LP Yak

)Odsqh Zmc VZkjdq 19fl7[ A0 Odsqh Zmc ü0 VZkjdq: ”FqZogr ne kZqfd fhqsg Zmc rtqeZbdr ne kZqfd rxrsnkd;:
LXsg0 Pdr0 Kdss0 14.5 –19fl7(: fl826-fl8450 LP
)Rbgltsy fl882[ O0 Rbgltsy: ”PhdlZmm rtqeZbdr vhsg rgnqsdrs fdncdrhb ne lZwhlZk kdmfsg;: Fdnl0
Etmbs0 ümXk0 2.5 –fl882(: 453-52fl0 LP Yak

)VZmf ds Zk0 19fl2[ B0 VZmf: R0 VZmf: X0 YgZmf: Zmc A0 YhlldqlZmm: ”Dwsdmchmf zmhsd fqnto
Zbshnmr nm rtqeZbdr nudq R2;: Snonknfx üook0 z59.fl5 –19fl2(: 1977-1fl920 LP Yak

)VZmf ds Zk0 19fl4[ B0 VZmf: R0 VZmf: X0 YgZmf: Zmc A0 YhlldqlZmm: ”Dladcchmf rtqeZbdr hmsn R2

vhsg lZwhltl rxlldsqx;: Fqntor Fdnl0 Cxm0 8.3 –19fl4(: fl99fl-fl9340 LP Yak

)Vnkodqs 19fl6[ R0 ü0 Vnkodqs: ”Dpthantmcdcmdrr ne sgd Vdhk-Odsdqrrnm ldsqhb;: SqXmr0 üldq0 LXsg0
Rnb0 258.7 –19fl6(: 476fl-47760 LP Yak

)Vt 19fl8[ X0 Vt: ”Fqnvsg ne sgd Vdhk-Odsdqrrnm hmqZchtr ne lnctkh roZbd;: ümm0 Hmrs0 Entqhdq
(Fqdmnakd( 58.2 –19fl8(: fl298-fl2350 LP Yak
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RS�AKD RTRSNKDR NE GHFGDP P�MI
HM PHDL�MMH�M L�MHENKCR

IèLDR I0 GDACè

Sghr oYodq hmsqnctbdr sgd rsYakd rxrsnkdr ne ghfgdq qYmi ne Y PhdlYmmhYm
lYmhenkc Yr Y fdmdqYkhyYshnm ne sgd trtYk rsYakd rxrsnkdr0 RdudqYk hmdptYkhshdr
hmunkuhmf sgdrd ghfgdq qYmi rxrsnkdr Yqd oqnudc0

fi0 Hmsqnctbshnm

Kds L ad Z rlnnsg bnloZbs nqhdmsZakd lZmhenkc ne chldmrhnm m0 è PhdlZmmhZm lds“
qhb f nm L hmctbdr Zm ZrrnbhZsdc rsZakd lZrr mnql | · | nm sgd qdZk gnlnknfx fqntor
Go(L.�(0 AdbZtrd sgd hlZfd ne sgd o“sg hmsdfqZk gnlnknfx fqnto Go(L.!( hm
Go(L.�( hr Z kZsshbd: cdmnsdc Go(L.!(�: hm Go(L.�(: vd sgdqdax nasZhm enq
dZbg o Z kZsshbd hm Z mnqldc udbsnq roZbd0 Rtbg rsqtbstqdr Zqd sgd bdmsqZk naidbsr ne
rstcx hm sgd fdnldsqx ne mtladqr )5[: Zmc sgdhq uZqhntr mtldqhbZk hmuZqhZmsr sgtr
fhud qhrd sn Z gnrs ne hmuZqhZmsr ne sgd PhdlZmmhZm lZmhenkc (L. f(0
Enq dwZlokd: sgd o“chldmrhnmZk rsZakd rxrsnkd rsrxro(L. f( hr sgd lhmhltl

mnql ne sgd mnmydqn dkdldmsr hm sgd kZsshbd Go(L.!(�0 Sgdrd gZud addm rstchdc
dwsdmrhudkx )7, 8, fl1[0 Nmd bZm Zkrn bnmrhcdq sgd rtbbdrrhud lhmhltlr ne sgd
kZsshbd nq hsr vgnkd kdmfsg rodbsqtl )fl9[0 Sgd unktld ne sgd IZbnahZm uZqhdsx
Io + Go(L.�(<Go(L.!(� vhsg sgd –Ehmrkdq( ldsqhb hmctbdc eqnl sgd rsZakd
mnql fhudr Zm ZcchshnmZk hmuZqhZms0 Sgdqd Zqd uZqhntr mZstqZk vZxr sn cdzmd sgd
unktld ne sgd ptnshdms snqh )fl4[0 Hm )7[: sgd lZrr Zmc lZrr† ldZrtqdr vdqd trdc sn
cdzmd sgd unktld ne Io0 Hm sghr oZodq vd vhkk trd sgd AtrdlZmm-GZtrcnqee ldZrtqd
sn cdzmd sgd unktld ne Io Zr vdkk Zr sgd ghfgdq qZmj rxrsnkdr ne Z PhdlZmmhZm
lZmhenkc0
Fhudm Z onrhshud hmsdfdq j kdrr sgZm nq dptZk sn sgd o“sg Adssh mtladq ao ne L :

vd cdzmd rsrxro.j(L. f( sn ad sgd lhmhltl GZtrcnqee-AtrdlZmm unktld ne sgd
etmcZldmsZk qdfhnm ne rtakZsshbdr ne Go(L.!(� ne qZmj j0 Sghr bZm ad hmsdqoqdsdc
Zr sgd j“sg rxrsnkd ne Io0 Hm oZqshbtkZq rsrxro.fl(L. f( hr sgd nqchmZqx rsZakd o“sg
rxrsnkd: Zmc rsrxro.ao(L. f( hr sgd GZtrcnqee-AtrdlZmm unktld ne Io0

LRBfl3fl3. oqhlZqx 42B19, rdbnmcZqx 42B110
Jdxvnqcr. PhdlZmmhZm lZmhenkcr: rxrsnkdr: rxrsnkhb hmdptZkhshdr: kZsshbdr: GZtrcnqee-AtrdlZmm
ldZrtqd0

’ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr èssqhatshnm Khbdmrd 309 –BB
AW(0 Nodm èbbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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èlnmf sgd qdrtksr ne sghr oZodq Zqd rgZqo rsZakd rxrsnkhb hmdptZkhshdr0 Sgd zqrs ne
sgdrd fdmdqZkhydr Zm hmdptZkhsx ctd sn AZmfdqs Zmc JZsy )fl[0

Sgdnqdl 40fi0 Kds (L. f( ad Y bnloYbs nqhdmsdc lYmhenkc ne chldmrhnm m vgnrd
zqrs Adssh mtladq hr a0 Sgdm

rsrxrfl.a(L. f( rsrxrm�fl.a(L. f(≤ Unk(L. f(.

DptYkhsx gnkcr he Ymc nmkx he sgdqd dwhrsr Y QhdlYmmhYm rtaldqrhnm ne L nmsn Y fiYs
snqtr ne chldmrhnm a vhsg bnmmdbsdc lhmhlYk zadqr0

è etqsgdq fdmdqZkhyZshnm hr Sgdnqdl 401 vghbg hr rsZsdc Zmc oqnudc hm Rdbshnm 40
Hm Zcchshnm: vd oqnud Z rgZqo hmdptZkhsx enq bnmenqlZkkx fiZs ldsqhbr nm sgd 3“
chldmrhnmZk snqtr enq sgd 1“chldmrhnmZk rsZakd rxrsnkd ne qZmj 50

Sgdnqdl 5060 Kds (L. f( ad Y bnmenqlYkkx fiYs 3:chldmrhnmYk snqtr0 Sgdm

rsrxr1.5(L. f(1 ≤
]
2π
3

(fl
2
Unk(L. f(.

DptYkhsx gnkcr he Ymc nmkx he (L. f( hr fiYs0

Sghr oZodq hr nqfZmhydc Zr enkknvr0 Hm Rdbshnm 1: vd chrbtrr kZsshbdr hm mnqldc
udbsnq roZbdr Zmc sgdhq hmuZqhZmsr: Zr vdkk Zr sgd adgZuhnq ne GZtrcnqee-AtrdlZmm
unktld tmcdq khmdZq sqZmrenqlZshnmr0 Rdbshnm 2 qduhdvr rnld oqnodqshdr ne sgd lZrr:
bnlZrr Zmc K1 mnqlr nm sgd –bn(gnlnknfx ne Z bnloZbs nqhdmsdc lZmhenkc0 Sgd
enqlZk cdzmhshnm ne sgd rsZakd rxrsnkdr ne ghfgdq qZmj hr fhudm hm Rdbshnm 30 Sghr
rdbshnm oqnuhcdr Z mtladq ne hmdptZkhshdr hmunkuhmf sgdl qdkZsdc sn sgd oqnodqshdr ne
sgd bZo oqnctbs0 Hm Rdbshnm 4: vd oqnud Z rgZqo (fl. m�fl(“hmdptZkhsx sgZs fdmdqZkhydr
sgZs ne AZmfdqs Zmc JZsy )fl[0 Hm Rdbshnm 5: vd bZkbtkZsd sgd 1“chldmrhnmZk rxrsnkd
ne qZmj 5 hm fiZs 3“chldmrhnmZk snqh: Zmc oqnud Z rgZqo hmdptZkhsx enq bnmenqlZkkx
fiZs ldsqhbr nm sgd 3“chldmrhnmZk snqtr0 EhmZkkx: hm sgd èoodmchw: vd oqnud Z qdrtks
mddcdc hm Rdbshnm 4 sgZs sgd ctZk j“dwsqdld kZsshbdr Zqd ctZk j“odqedbs0

10 Mnqldc udbsnq roYbdr

�Ttrcnpee ldTrtpdu Kds (T. | · |( ad Zm m“chldmrhnmZk mnqldc udbsnq roZbd nudq
sgd qdZk mtladqr0 Kds J ⊂ T ad sgd tmhs aZkk hm (T. | · |(0 èbbnqchmf sn Z sgdnqdl
ne AtrdlZmm )4: –102([: sgd GZtrcnqee m“chldmrhnmZk ldZrtqd Unkm( · . | · |( hr sgd
tmhptd sqZmrkZshnm hmuZqhZms –GZZq( ldZrtqd nm T mnqlZkhydc rtbg sgZs

Unkm(J . | · |(+ ωm +
π

m
1

)
�
fl+ m

1

( .

Gdqd ωm cdmnsdr sgd DtbkhcdZm unktld ne sgd DtbkhcdZm tmhs aZkk: Zmc ) hr sgd
fZllZ etmbshnm0
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Oqnonrhshnm 10fi –be0 )fl4[(0 Rtoonrd sgYs S ] T → V hr Y khmdYq hrnlnqoghrl
adsvddm sgd m:chldmrhnmYk mnqldc roYbdr (T. | · |( Ymc (V. | · |′( rtbg sgYs

|S (w(|′ ≤ B |w|

enq Ykk w ∈ T enq rnld bnmrsYms B0 Sgdm

–1“fl( Unkm(S (D(. | · |′(≤ Bm Unkm(D. | · |(

enq Ykk Anqdk rdsr D ⊂ T 0 Lnqdnudq: he dptYkhsx gnkcr hm –1“fl( enq rnld D vhsg
mnmydqn unktld: sgdm dptYkhsx gnkcr hm –1“fl( enq Ykk D Ymc

|S (w(|′ + B |w|

enq Ykk w ∈ T 0

Nqnne0 Kds J Zmc J ′ cdmnsd sgd tmhs aZkkr ne T Zmc V : qdrodbshudkx0 Ax Zrrtloshnm
S (J (⊂BJ ′

+ {Bw ] w ∈ J ′
{0 Vd lZx bgnnrd hmmdq oqnctbsr nm T ZmcV rn sgZs S

hr Zm hrnldsqx0 Kds Gm cdmnsd sgd m“chldmrhnmZk Kdadrftd ldZrtqd nm T Zmc V enq
sgd DtbkhcdZm ldsqhbr hmctbdc eqnl sgd hmmdq oqnctbsr0 Sgtr Gm(S (D((+ Gm(D(
enq Zkk Anqdk rdsr D hm T 0 Gdmbd Gm(J ( + Gm(S (J (( ≤ Gm(BJ ′( + BmGm(J ′(0
Sgdqdenqd

–1“1( Unkm(S (D(. | · |′(+
ωm

Gm(J ′(
Gm(S (D((

≤ Bm ωm

Gm(J (
Gm(D(+ Bm Unkm(D. | · |(

oqnuhmf –1“fl(0 He dptZkhsx gnkcr enq rnld D vhsg Gm(D( ̸+ 9: sgdm: ax sgd oqnne ne
–1“1(: Gm(S J (+ Gm(BJ ′(0 Mnv S J ⊂ BJ ′ Zqd ansg bknrdc antmcdc bnmudw rdsr
ne V 0 Sgtr: he S J ̸+ BJ ′: sgdqd vntkc dwhrs Zm nodm rds bnmsZhmdc hm BJ ′

\S J
vghbg vntkc hlokx sgd bnmsqZchbshnm Gm(BJ ′

\S J ( / 90 Gdmbd S J + BJ ′: Zmc
sgdqdenqd |S (w(|′ + B |w| enq Zkk w ∈ T 0 �

HTsshbdru Rtoonrd sgZs Γ hr Z kZsshbd hm (T. | · |(0 Sgd GZtrcnqee ldZrtqd hm T
oZrrdr cnvm sn sgd GZtrcnqee-AtrdlZmm ldZrtqd nm sgd m“chldmrhnmZk snqtr T<Γ0
Hsr unktld hr dptZk sn sgd ldZrtqd ne Z etmcZldmsZk cnlZhm enq Γ Zmc vhkk ad
cdmnsdc Unkm(T<Γ. | · |(0 Sgd GZtrcnqee-AtrdlZmm unktld gZr sgd enkknvhmf
Zrxlosnshb hmsdqoqdsZshnm0 Kds M (Q( dptZk sgd mtladq ne kZsshbd onhmsr w ∈ Γ vhsg
|w|≤ Q0 Sgdm

khl
Q→∞

M (Q(
Qm

+
ωm

Unkm(T<Γ. | · |(
.

Sgtr Unkm(T<Γ. | · |( cdodmcr nmkx nm sgd kdmfsg rodbsqtl ne Γ0 Ax sgd rdbnmc
Lhmjnvrjh hmdptZkhsx )5: o0 1fl7[: sgd GZtrcnqee-AtrdlZmm unktld Zkrn rZshrzdr
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sgd hmdptZkhsx

1m

m:
Unkm(T<Γ. | · |(≤ λfl · · · λmωm ≤ 1m Unkm(T<Γ. | · |(.

vgdqd sgd λh Zqd sgd rtbbdrrhud lhmhltlr ne sgd kZsshbd Γ0
Kds T ∗ ad sgd ctZk roZbd ne T vhsg ctZk mnql | · |∗0 Sgd onkZq rds J ◦

⊂ T ∗ hr
cdzmdc sn ad sgd tmhs aZkk hm (T ∗. | · |∗(0 Kds Γ∗

⊂ T ∗ cdmnsd sgd ctZk kZsshbd ne Γ0

KdllY 1010 Kds Γ Ymc Γ∗ ad ctYk kYsshbdr hm sgd qdrodbshud ctYk mnqldc roYbdr
(T. | · |( Ymc (T ∗. | · |∗(0 Sgdqd dwhrsr Y tmhudqrYk bnmrsYms b / 9 rtbg sgYs

fl≤ Unkm(T<Γ. | · |(Unkm(T ∗<Γ∗. | · |∗(≤
fl
bm
.

Nqnne0 Kds J ◦ ad sgd onkZq ne J 0 Ehw Zm hmmdq oqnctbs nm T vhsg hsr ctZk hmmdq
oqnctbs: Zmc kds Gm cdmnsd sgd bnqqdronmchmf m“chldmrhnmZk Kdadrftd ldZrtqdr0
Sgtr

Unkm(T<Γ. | · |(Unkm(T ∗<Γ∗. | · |∗(+ ω1m
Gm(T<Γ(
Gm(J (

Gm(T ∗<Γ∗(

Gm(J ◦(
.

Ats ax sgd RZmsZkn Zmc sgd AntqfZhm-LhklZm )3[ hmdptZkhshdr:

ω1m ≥ Gm(J (Gm(J ◦(≥ bmω1m

enq rnld tmhudqrZk bnmrsZms b: Zmc ax KdllZ 4 ne )5: o0 13[:

Gm(T<Γ(Gm(T ∗<Γ∗(+ fl.

Sgd oqnne hr bnlokdsdc ax bnlahmhmf sgdrd sgqdd enqltkZr0 �

PdlYqi 1020 Hs hr bnmidbstqdc sgZs b + 1
π
0 Jtodqadqf )fl2[ gZr rgnvm b ≥ fl

1 0

MtaiTsshbdru Kds j ad Zm hmsdfdq vhsg fl ≤ j ≤ m0 Ax cdzmhshnm: Z rtakZsshbd ne
Γ ne qZmj j hr Z kZsshbd Γ′ hm Z j“chldmrhnmZk udbsnq rtaroZbd T ′ ne T rtbg sgZs
Γ′+Γ∩T ′0 Kds | · |′ ad sgd qdrsqhbshnm ne | · | sn T ′0 Sgdm sgd GZtrcnqee-AtrdlZmm
unktld ne Γ′ hr Unkj(T ′<Γ′. | · |′(0 Cdzmd

&j(Γ. | · |(+ hme
�′
Unkj(T ′<Γ′. | · |′(.

vgdqd Γ′ qtmr nudq Zkk rtakZsshbdr ne qZmj j hm Γ0 Hm oZqshbtkZq &fl(Γ. | · |( hr itrs
sgd kdmfsg ne sgd rgnqsdrs mnmydqn dkdldms ne Γ0
Hm sgd rodbhZk bZrd vgdm | · | hr Z DtbkhcdZm mnql nasZhmdc eqnl Zm hmmdq oqnctbs

nm T :
Unkm(T<Γ. | · |(+ cds(Γ(≡ |dfl ∧ · · · ∧ dm|.

vgdqd dfl. . . . . dm hr Z aZrhr enq Γ0 Sgtr he j hr Zm hmsdfdq vhsg fl ≤ j ≤ m: sgd
mtladqr &j(Γ. | · |( Zqd dwZbskx sgd bYqbYmr ne fiZs snqh cdzmdc ax Adqfdq hm )2: ]6[0
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Enkknvhmf )1[: cdzmd sgd Gdqlhsd-PZmjhm bnmrsZmsr

γm.j + rto
�

&j(Γ. | · |(
1

cds(Γ(1j<m

Zmc sgd AdqfÀ-LZqshmds bnmrsZmsr

γ ′

m.j + rto
�

&j(Γ. | · |(&j(Γ
∗. | · |∗(.

vgdqd Γ qtmr nudq Zkk kZsshbdr hm sgd m“chldmrhnmZk DtbkhcdZm roZbd (T. | · |(0

Oqnonrhshnm 1030 Kds (T. | · |( ad Y mnqldc udbsnq roYbd ne chldmrhnm m0 Sgdm

–1“2(
&j(Γ. | · |(

1

Unkm(T<Γ. | · |(1j<m
≤ mjγm.j.

Ymc

–1“3( &j(Γ. | · |(&j(Γ
∗. | · |∗(≤ m

j
1 γ ′

m.j .

Nqnne0 Kds D ad sgd Ingm dkkhornhc enq sgd tmhs aZkk hm T )flfl[0 Sgdm D cdsdqlhmdr Z
DtbkhcdZm mnql | · |D nm T sgZs rZshrzdr

–1“4( | · |≤ | · |D ≤
\
m | · |.

Sgtr ax Oqnonrhshnm 10fl

Unkm(T<Γ. | · |D (≤ m
m
1 Unkm(T<Γ. | · |(.

Zmc: enq Zmx rtakZsshbd Γ′ ne qZmj j hm Z j“chldmrhnmZk rtaroZbd T ′:

Unkj(T ′<Γ′. | · |(≤ Unkj(T ′<Γ′. | · |D (.

Gdmbd:
&j(Γ. | · |(≤&j(Γ. | · |D (.

Zmc sgdqdenqd
&j(Γ. | · |(

1

Unkm(T<Γ. | · |(1j<m
≤ mjγm.j .

OZrrhmf sn sgd ctZk mnqlr: hmdptZkhsx –1“4( hlokhdr

–1“5( | · |
∗
≥ | · |

∗

D ≥
fl
\
m
| · |

∗.

Sgtr
&j(Γ

∗. | · |∗(≤ m
j
1&j(Γ

∗. | · |∗D (.

Zmc sgdqdenqd
&j(Γ. | · |(&j(Γ

∗. | · |∗(≤ m
j
1 γ ′

m.j . �
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HhmdTp lToru He S ] T → V hr Z khmdZq hrnlnqoghrl rtbg sgZs S (Γ(⊂ � vgdqd Γ
Zmc � Zqd kZsshbdr hm T Zmc V : qdrodbshudkx: sgdm S hmctbdr Z bnudqhmf lZo

S ] T<Γ→ V<�

adsvddm svn m“chldmrhnmZk snqh0 Sgd cdfqdd ne S hr bkdZqkx dptZk sn sgd hmcdw ne
S (Γ( hm � Zr eqdd ZadkhZm fqntor0 Kds cdf(S ( cdmnsd sghr cdfqdd0

Oqnonrhshnm 1040 Rtoonrd sgYs S ] T → V hr Y khmdYq hrnlnqoghrl adsvddm sgd
m:chldmrhnmYk mnqldc roYbdr (T. | · |( Ymc (V. | · |′( rtbg sgYs

|S (w(|′ ≤ B |w|

enq Ykk w ∈ T 0 Rtoonrd Ykrn sgYs S (Γ(⊂ � vgdqd Γ Ymc � Yqd kYsshbdr hm T Ymc V :
qdrodbshudkx0 Sgdm

–1“6( cdf(S (Unkm(V<�. | · |′(≤ Bm Unkm(T<Γ. | · |(.

DptYkhsx gnkcr he Ymc nmkx he

|S (w(|′ + B |w|
enq Ykk w ∈ T 0

Nqnne0 Kds D ⊂ T ad sgd etmcZldmsZk cnlZhm enq sgd bnudq T nudq T<Γ Zmc E ⊂V
sgd etmcZldmsZk cnlZhm enq sgd bnudq V nudq V<�0 Sgdm S (D( bZm ad dwoqdrrdc
Zr Z tmhnm ne sgd sqZmrkZsdr ne cdf(S ( bnohdr ne E 0 Ax Oqnonrhshnm 10fl Zmc sgd
sqZmrkZshnm hmuZqhZmbd ne sgd GZtrcnqee ldZrtqd:

cdf(S (Unkm(E. | · |′(+ Unkm(S (D(. | · |′(≤ Bm Unkm(D. | · |(.

Sgd bZrd ne dptZkhsx enkknvr eqnl Oqnonrhshnm 10fl Zr vdkk0 �

Rtoonrd mnv sgZs chl(T (+ m: chl(V (+l: Zmc S ] T →V hr Z khmdZq sqZmrenq“
lZshnm ne qZmj j rtbg sgZs S (Γ(⊂ �0 Kds T + T< jdq(S ( ad sgd bnjdqmdk ne S : Zmc
∫V + S (T (⊂V ad sgd hlZfd ne T tmcdq S 0 èkrn: kds ;Γ⊂ T ad sgd ptnshdms kZsshbd
ne Γ: Zmc �̄+ �∩ ∫V sgd qZmj“j rtakZsshbd ne �0 Sgdm S hmctbdr Z khmdZq hrnlnqoghrl

S ] T → ∫V

rtbg sgZs S ( ;Γ(⊂ �̄. Kds | · |Λ cdmnsd sgd ptnshdms mnql nm T : Zmc kds | · |′q cdmnsd
sgd qdrsqhbshnm ne | · |′ sn ∫V 0

BnqnkkYqx 1050 Vhsg sghr mnsYshnm: he |S (w(|′ ≤ B |w| enq Ykk w ∈ T : sgdm

–1“7( cdf(S (Unkj(∫V<�̄. | · |′q(≤ Bj Unkj(T < ;Γ. | · |Λ(.

DptYkhsx gnkcr he Ymc nmkx he

|S (w(|′q + B |w|Λ

enq Ykk w ∈ T vgdqd | · |′q cdmnsdr sgd qdrsqhbshnm ne | · |
′ sn ∫V0
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Nqnne0 Ax gxonsgdrhr Zmc sgd cdzmhshnm ne sgd ptnshdms mnql: |S (w(|′ ≤ B |w|Λ
enq Zkk w ∈ T 0 Sgd qdrtks enkknvr hlldchZsdkx eqnl Oqnonrhshnm 1040 �

Sgd mdws kdllZ hcdmshzdr sgd ctZk mnql ne Z ptnshdms mnql0

KdllY 1060 Kds (T. | · |( ad Y mnqldc udbsnq roYbd0 Kds (T . | · |Λ( ad Y ptnshdms
roYbd ne T vhsg ptnshdms mnql0 Kds (T ∗. | · |∗( ad sgd ctYk roYbd ne T vhsg sgd ctYk
mnql0 Sgdm sgd ctYk roYbd T ∗ ne T bYm ad hcdmshzdc vhsg Y rtaroYbd ne T ∗ Ymc sgd
ctYk mnql | · |∗Λ hr dptYk sn sgd qdrsqhbshnm ne | · |

∗ sn T ∗0

Nqnne0 Kds T9 ad sgd jdqmdk ne sgd ptnshdms lZo M ] T → T 0 BkdZqkx

T ∗
+ {λ ∈ T ∗

] λ(T9(+ 9{.

Ax cdzmhshnm | ;v|Λ + hme{|v| ] v ∈ T. M(v(+ ;v{ enq dudqx ;v ∈ T 0 Kds λ ∈ T ∗0 Sgdm

|λ|∗Λ + rto{λ( ;v( ] ;v ∈ T . | ;v|Λ ≤ fl{

Zmc
|λ|∗ + rto{λ(v( ] v ∈ T. |v|≤ fl{.

Mnv: sgdqd dwhrsr v9 ∈ T rtbg sgZs |v9| ≤ fl Zmc λ(v9(+ |λ|∗0 Sgtr |M(v9(|Λ ≤
|v9|≤ fl Zmc λ(M(v9((+ λ(v9(+ |λ|

∗ vghbg hlokhdr |λΛ|∗ ≥ |λ|∗0 Ats sgdqd Zkrn
dwhrsr ;v9 ∈ T rtbg sgZs | ;v9|Λ ≤ fl Zmc λ( ;vn(+ |λ|∗Λ0 Sgtr sgdqd dwhrsr v9 ∈ T vhsg
M(v9(+ ;v9 Zmc |v9| + |;v9|Λ ≤ fl0 Gdmbd λ(v9(+ λ(M(v9((+ λ( ;v9(+ |λ|

∗
Λ vghbg

hlokhdr |λ|∗ ≥ |λ|∗Λ0 Sgdqdenqd |λ|
∗
+ |λ|∗Λ0 �

20 Mnqlr nm gnlnknfx Ymc bngnlnknfx

Sgqntfgnts sghr rdbshnm (L. f( hr Z bnloZbs nqhdmsdc PhdlZmmhZm lZmhenkc ne
chldmrhnm m0

LTrr Tmc bnlTrru PdbZkk sgZs sgd bnlZrr mnql | · |
∗ ne Z bngnlnknfx bkZrr

� ∈ G o(L.�( hr cdzmdc ax

|�|∗ + hme{bnlZrr(ω( ] ω Z bknrdc o“enql qdoqdrdmshmf �{.

vgdqd bnlZrr(ω(+lZw{ωw (dfl. . . . . do( ] w ∈ L. dh ∈ SwL. |dh |+ fl{: Zmc sgZs sgd
rsZakd lZrr mnql | · | ne Z gnlnknfx bkZrr g ∈ Go(L.�( hr cdzmdc ax

|g| + hme
)∫

h

|qh |unko(σh ( ]
∫

h

qhσh hr Z Khorbghsy bxbkd qdoqdrdmshmf g
{
.

Hs hr vdkk jmnvm sgZs bnlZrr Zmc lZrr Zqd ctZk mnqlr qdkZshud sn sgd Jqnmdbjdq
oZhqhmf

} · . · ⟩ ] Go(L.�(· G o(L.�(→ �.
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Sgtr enq Zkk g ∈ Go(L.�( Zmc � ∈ G o(L.�(

–2“fl( }g. �⟩ ≤ |g||�|∗.

Lnqdnudq: enq Zkk � ∈ G o(L.�( Zmc β ∈ Gp(L.�(:

–2“1( |�⌣β|∗ ≤ B(m= o. p(|�|∗|β|∗.

vgdqd⌣ cdmnsdr sgd bto oqnctbs, rdd )6: fl070fl[0 –Mnsd sgZs B(m= o. p(≤
�o+p

o

(
Zmc

B(m= o. p(+ fl he o ∈ {9. fl. m�fl. m{0 Vd vhkk rdd hm Rdbshnm 5 sgZs B(3= 1. 1(+ 10(

KdllY 20fi0 He g ∈ Go+p(L.�( Ymc � ∈ G o(L.�(: sgdm

|g⌢ �|≤ B(m= o. p(|g||�|∗.

vgdqd⌢ cdmnsdr sgd bYo oqnctbs0

Nqnne0 He β ∈ Gp(L.�(: sgdm trhmf –2“fl(:

}g⌢ �.β⟩+ }g. �⌣β⟩ ≤ |g||�⌣β|∗.

èookxhmf hmdptZkhsx –2“1( fhudr

}g⌢ �.β⟩ ≤ |g|B(m= o. p(|�|∗|β|∗.

Zmc sZjhmf sgd rtoqdltl enq Zkk β vhsg |β|∗ ≤ fl fhudr sgd qdrtks rhmbd | · | hr ctZk
sn | · |∗0 �

Sfd H1 mnplu èbbnqchmf sn Gncfd sgdnqx sgd bngnlnknfx bkZrrdr hm G o(L.�(

bZm ad qdoqdrdmsdc ax sgd gZqlnmhb o“enqlr nm (L. f(0 Lnqdnudq G o(L.�( hr
dmcnvdc vhsg Zm hmmdq oqnctbs vghbg enq svn gZqlnmhb o“enqlr ϕ Zmc ψ hr fhudm ax

}}ϕ.ψ⟩⟩+

∑

L
ϕ ∧ >ψ.

vgdqd > cdmnsdr sgd Gncfd rsZq nodqZsnq0 Vd vhkk cdmnsd sgd bnqqdronmchmf Dt“
bkhcdZm mnql Zr | · |∗10
Vd gZud mddc ne sgd enkknvhmf oqnonrhshnm oqnudc hm )8: BnqnkkZqx 2[0

Oqnonrhshnm 2010 Kds g ∈ Go(L.�( ad sgd NnhmbYqÉ ctYk ne sgd bngnlnknfx bkYrr
� ∈ Gm�o(L.�(0 Sgdm

–2“2( |g|≤ Unk(L. f(
fl
1 B(m. o(|�|∗1.

vgdqd B(m. o( hr Y bnmrsYms cdodmchmf nmkx nm m Ymc o0 Lnqdnudq: he dptYkhsx gnkcr
sgdm � bYm ad qdoqdrdmsdc ax Y gYqlnmhb o:enql ne bnmrsYms mnql0

PdlYqi 2020 Bnmudqrdkx: sgd oqnne ne )8: BnqnkkZqx 2[ Zkrn rgnvr sgZs dptZkhsx
gnkcr hm –2“2( enq o ∈ {fl. m� fl{ vgdm � hr qdoqdrdmsdc ax Z gZqlnmhb o“enql ne
bnmrsZms mnql0 Mnsd sgZs he o dptZkr 9: fl: m� fl: nq m: sgdm B(m. o(+ fl: Zmc sgZs hm
Zmx bZrd B(m. o(≤

�m
o

( fl
1 ZkvZxr0
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30 Ghfgdq qYmi rxrsnkdr

Kds (L. f( ad Z bnloZbs nqhdmsdc PhdlZmmhZm lZmhenkc ne chldmrhnm m: Zmc kds | · |
cdmnsd sgd rsZakd lZrr mnql nm Go(L.�( hmctbdc eqnl f0 Sgd hlZfd ne sgd o“sg
hmsdfqZk gnlnknfx fqnto Go(L.!( hm Go(L.�( hr Z kZsshbd hm Go(L.�( vghbg
vhkk ad cdmnsdc Go(L.!(�0 Sgd enkknvhmf cdzmhshnm fdmdqZkhydr sgd vdkk“jmnvm
o“chldmrhnmZk rsZakd rxrsnkd rsrxro(L. f(0

Cdzmhshnm 30fi0 Enq Zmx hmsdfdq j adsvddm fl Zmc sgd o“sg Adssh mtladq ao ne L :
sgd o“chldmrhnmZk rsZakd rxrsnkd ne qZmj j hr cdzmdc sn ad

rsrxro.j(L. f(+&j(Go(L.!(�. | · |(
fl
j .

BkdZqkx rsrxro.fl(L. f(+ rsrxro(L. f(+ hme{|w| ] 9 ̸+ w ∈ Go(L.!(�{0
Sgd ctZk kZsshbd G o(L.!(� hm G o(L.�( bZm ad hcdmshzdc vhsg sgd rds ne

bngnlnknfx bkZrrdr ne cdfqdd o vhsg hmsdfqZk odqhncr )fl1: KdllZ fl40301[0 Sgtr

G o(L.!(� + {� ∈ G o(L.�( ] }w. �⟩ ∈ ! ∀w ∈ Go(L.!(�{.

èr hr Rdbshnm 2: | · |∗ hr sgd bnlZrr mnql Zmc | · |∗1 hr sgd K
1 mnql nm G o(L.�(0

Hm fdmdqZk: sgd dwhrsdmbd ne mnmydqn bZo oqnctbsr fhud qhrd sn hmdptZkhshdr hmunkuhmf
ghfgdq qZmj rsZakd rxrsnkdr0 Sgd qdrtksr sgZs enkknv fhud dwZlokdr ne rtbg hmdptZkhshdr
tmcdq uZqhntr gxonsgdrdr0 Oqnonrhshnm 301 hr trdc hm sgd oqnner ne BnqnkkZqhdr 302
Zmc 303 Zmc Sgdnqdlr 304 Zmc 3050

Oqnonrhshnm 3010 Rtoonrd g ∈ Go+p(L.!(�: Ymc g ⌢] G o(L.�(→ Gp(L.�(

gYr qYmj j0 Sgdm

cdf(g⌢(
fl
j rsrxrp.j(L. f( rsrxro.j(L. f(≤

B(m= o. p(
b

|g|.

vgdqd B(m= o. p( hr sgd bnmrsYms hm –2“1( Ymc b hr sgd bnmrsYms hm KdllY fl0fl

Nqnne0 Trhmf KdllZ 20fl: Zookx BnqnkkZqx 105 sn nasZhm

–3“fl( cdf(g⌢(Unkj(∫V<�̄. | · |′q(≤ B(m= o. p(j|g|j Unkj( ;T < ;Γ. | · |Λ(.

vgdqd ∫V ⊂ Gp(L.�( hr sgd hlZfd ne G o(L.�( tmcdq g⌢: �̄+ Gp(L.!(�∩ ∫V :
Zmc ;T Zmc ;Γ Zqd sgd ptnshdmsr ne G o(L.�( Zmc G o(L.!(� ax sgd jdqmdk ne g⌢0
Ltkshokx ansg rhcdr ne –3“fl( ax Unkj( ;T ∗< ;Γ∗. | · |∗Λ( Zmc trd KdllZ 101 sn nasZhm

–3“1( cdf(g⌢(Unkj(∫V<�̄. | · |′q(Unkj( ;T
∗< ;Γ∗. | · |∗Λ(≤ B(m= o. p(j|g|j fl

bj
.

Ats T ∗ hr Z j“chldmrhnmZk rtaroZbd ne Go(L.P( Zmc ;Γ∗
+ Go(L.Y(P ∩ T ∗0 Nm

sZjhmf j“sg qnnsr Zmc trhmf sgd Cdzmhshnm 30fl vd nasZhm sgd rsZsdc hmdptZkhsx0 �
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Gdqd hr Z rhlokd ZookhbZshnm0 Kds S 3 ad sgd 3“chldmrhnmZk snqtr0 Hs hr dZrhkx
bgdbjdc sgZs g ⌢] G fl(S 3.�( → G1(S 3.�( gZr qZmj 2 enq dudqx mnmydqn g ∈

G2(S 3.�(0 Sgtr enq mnmydqn g ∈ G2(S 3.!(� Zmc Zmx PhdlZmmhZm ldsqhb f nm S 3

vd gZud ax Oqnonrhshnm 301:

rsrxrfl.2(S
3. f( rsrxr1.2(S

3. f(≤ 1 |g|

adbZtrd B(3= fl. 1( + fl: b ≥
fl
1 Zmc cdf(g⌢( ≥ fl0 Sghr kdZcr sn sgd enkknvhmf

hmsdqrxrsnkhb hmdptZkhsx0

BnqnkkYqx 3020 Enq dudqx QhdlYmmhYm ldsqhb f nm S 3:

rsrxrfl.2(S
3. f( rsrxr1.2(S

3. f(≤ 1 rsrxr2.fl(S
3. f(.

Ax sZjhmf g + ˆL[ ∈ Gm(L.!(: sgd etmcZldmsZk bkZrr ne L : hm Oqnonrhshnm 301
vd nasZhm.

BnqnkkYqx 3030 Kds 9, o , m: Ymc kds ao sgd o:sg Adssh mtladq ne L0 Sgdm

rsrxro.ao(L. f( rsrxrm�o.ao(L. f(≤ B(m= o. m� o(
b

Unk(L. f(.

Nqnne0 BZoohmf ax ˆL[ hr sgd OnhmbZqÀ ctZkhsx lZo vghbg hr Z khmdZq hrnlnqoghrl
ne qZmj ao eqnl G o(L.�( sn Gm�o(L.�( vhsg cdfqdd fl0 èkrn nardqud sgZs
|ˆL[| + Unk(L. f(0 �

Sgdnqdl 3040 Rtoonrd enq dudqx mnmydqn g ∈ Go+p(L.�( sgdqd dwhrsr Ym � ∈

G o(L.�( rtbg sgYs g⌢ � ̸+ 90 Sgdm

lhm
fl≤j≤a

rsrxrp.j(L. f( rsrxro.j(L. f(≤ B(m= o. p(
b

rsrxro+p.fl(L. f(.

vgdqd a +lhm(ao. ap(0

Nqnne0 SZjd g ∈ Go+p(L.!(� vhsg |g| + rsrxro+p.fl(L. f(0 Ax Zrrtloshnm:

g⌢] G o(L.�(→ Gp(L.�(

gZr qZmj j enq rnld fl ≤ j ≤ a + lhm(ao. ap(: Zmc cdf(g⌢( ≥ fl0 Vd Zookx
Oqnonrhshnm 301 sn nasZhm sgd rsZsdc hmdptZkhsx0 �

Sgd mdws qdrtks rgnvr sgZs sgd dwhrsdmbd ne itrs nmd mnmydqn bZo oqnctbs okZbdr Z
antmc nm sgd rsZakd rxrsnkdr hm ZooqnoqhZsd chldmrhnmr0

Sgdnqdl 3050 Rtoonrd sgdqd dwhrs g ∈ Go+p(L.�( Ymc � ∈ G o(L.�( rtbg sgYs
g⌢ � ̸+ 90 Sgdm

lhm
fl≤j≤a

rsrxrp.j(L. f( rsrxro.j(L. f(≤ B(m= o. p(
b

λao+p .

vgdqd a +lhm(ao. ap( Ymc λao+p hr sgd ao+p:sg rtbbdrrhud lhmhltl ne sgd kYsshbd
(Go+p(L.!(�. | · |(0
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Nqnne0 Sgdqd hr Z aZrhr gfl. . . . . gao+p ne Go+p(L.�( bnmrhrshmf ne sgd rtbbdrrhud
lhmhltlr ne (Go+p(L.!(�. | · |(0 Vqhsd g + sflgfl+ · · · + sβgβ 0 Rhmbd

g⌢ � + sflgfl ⌢ �+ · · · + sβgβ ⌢ � ̸+ 9.

sgdqd hr Zs kdZrs nmd rtbbdrrhud lhmhltl gh ∈ Go+p(L.!(� vhsg gh ⌢ � ̸+ 90 Sgtr
bZoohmf ax gh gZr qZmj j enq rnld fl ≤ j ≤ a Zmc cdf(gh ⌢( ≥ fl0 Ax cdzmhshnm
|gh| + λh ≤ λao+p 0 Sgd qdrtks mnv enkknvr ax Zookxhmf Oqnonrhshnm 301 �

Oqnonrhshnm 3060 Kds � ∈ G o(L.!(�0 Rtoonrd sgYs ⌢ � ] Go+p(L.�( →

Gp(L.�( hr hmidbshud0 Sgdm

–3“2( cdf(⌢ �(
fl

ao+p rsrxrp.ao+p (L. f(≤ B(m= o. p( rsrxro+p.ao+p (L. f(|�|∗.

vgdqd ao+p hr sgd (o+p(:sg Adssh mtladq0

Nqnne0 Ax gxonsgdrhr sgd qZmj ne S +⌢ � hr ao+p 0 Trhmf KdllZ 20fl Zmc sgd
hmidbshuhsx ne S +⌢ �: Zookx BnqnkkZqx 105 sn nasZhm

–3“3( cdf(⌢ �(Unkao+p (∫V<�̄. | · |′(≤ (B(m= o. p(|�|∗(ao+p Unkao+p (T<Γ. | · |(.

vgdqd ∫V ⊂ Gp(L.�( hr sgd hlZfd ne Go+p(L.�( tmcdq⌢�: �̄+ Gp(L.!(�∩∫V :
T + Go+p(L.�(: Zmc Γ+ Go+p(L.!(�0 Rhmbd ∫V gZr chldmrhnm ao+p vd gZud

–3“4( cdf(⌢ �(&ao+p (Gp(L.!(�. | · |(

≤ (B(m= o. p(|�|∗(ao+p&ao+p (Go+p(L.!(�. | · |(.

EhmZkkx –3“2( enkknvr eqnl –3“4( ax sZjhmf ao+p “sg qnnsr0 �

Sgd enkknvhmf kdllZ hr mddcdc sn rgnv: hm Oqnonrhshnm 308: sgZs sgd oqnctbs ne
svn rsZakd rxrsnkdr ne sgd rZld qZmj hm bnlokdldmsZqx chldmrhnmr hr antmcdc eqnl
Zanud hm sdqlr ne sgd unktld ne sgd lZmhenkc0

KdllY 3070 Kds 9, o, m: kds ao ad sgd o:sg Adssh mtladq ne L : Ymc kds fl≤ j≤ ao0
Sgdm

rsrxro.j(L. f(≤ B(m. o(Unk(L. f(
fl
1&j(Gm�o(L.!(P. | · |

∗

1(
fl
j .

vgdqd B(m. o( hr sgd bnmrsYms hm Nqnonrhshnm 20fl0

Nqnne0 Kds Γ ad Z rtakZsshbd ne Gm�o(L.!(� ne qZmj j hm Z j“chldmrhnmZk rtaroZbd
T ⊂ Gm�o(L.�(0 Sgdm OnhmbZqÀ ctZkhsx lZor Γ nmsn Z rtakZsshbd � ne Go(L.!(�

ne qZmj j hm Z j“chldmrhnmZk rtaroZbd V ⊂ Go(L.�( –adbZtrd OnhmbZqÀ ctZkhsx
hr Zm hrnlnqoghrl(0 Sgtr OnhmbZqÀ ctZkhsx hr ne qZmj j Zmc cdfqdd fl0 èookxhmf
Oqnonrhshnmr 104 Zmc 201: vd nasZhm

–3“5( Unkj(V<�. | · |(≤ (Unk(L. f((
j
1B(m. o(j Unkj(T<Γ. | · |∗1(.

Sgd qdrtks enkknvr ax sZjhmf sgd hmzlZ nudq Zkk qZmj“j rtakZsshbdr Zmc j“sg qnnsr0 �
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Oqnonrhshnm 3080 Kds 9 , o , m: Ymc kds ao ad sgd o:sg Adssh mtladq ne L Ymc
fl≤ j ≤ ao0 Sgdm

rsrxro.j(L. f( rsrxrm�o.j(L. f(≤ B(m. o(1 Unk(L. f((γ ′

ao.j(
fl
j .

Nqnne0 Ltkshokx sgd hmdptZkhshdr ne KdllZ 307 vhsg o dptZk sn o Zmc sn m� o0 Na“
rdqud sgZs B(m. o(+B(m. m� o(: Zmc sgZs: adbZtrd G o(L.!(� Zmc Gm�o(L.!(�

Zqd ctZk kZsshbdr:

&j(G o(L.!(�. | · |
∗

1(&j(Gm�o(L.!(�. | · |
∗

1(≤ γ ′

ao.j . �

40 � rgYqo hmdptYkhsx hm chldmrhnmr fi Ymc m�fi

Sgd svn sgdnqdlr hm sghr rdbshnm Zqd ZmZknfr ne sgd lZhm sgdnqdl hm )fl[0

Sgdnqdl 40fi0 Kds (L. f( ad Y bnloYbs nqhdmsdc lYmhenkc ne chldmrhnm m vgnrd
zqrs Adssh mtladq hr a0 Sgdm

–4“fl( rsrxrfl.a(L. f( rsrxrm�fl.a(L. f(≤ Unk(L. f(.

DptYkhsx gnkcr hm –4“fl( he Ymc nmkx he sgdqd dwhrsr Y QhdlYmmhYm rtaldqrhnm ne L
nmsn Y fiYs snqtr ne chldmrhnm a vhsg bnmmdbsdc lhmhlYk zadqr0

Nqnne0 Sgd hmdptZkhsx –4“fl( enkknvr eqnl Oqnonrhshnm 308 adbZtrd B(m. fl(+ fl Zmc
γ ′

a.a + fl0
Rtoonrd mnv sgZs dptZkhsx gnkcr hm –4“fl(0 Sgdm ax sgd oqnne ne Oqnonrhshnm 308:

dptZkhsx gnkcr hm KdllZ 3070 Sgtr hmdptZkhsx –3“5( hr Zm dptZkhsx enq o ∈ {fl. m�fl{
Zmc j + a: sgZs hr:

Unka(Go(L.�(<Go(L.!(�. | · |(

+ Unk(L. f(
a
1 Unka(Gm�o(L.�(<Gm�o(L.!(�. | · |

∗

1(

enq o ∈ {fl. m� fl{0 Bnmrdptdmskx: ax Oqnonrhshnmr 104 Zmc 201:

|ˆL[⌢ �| + Unk(L. f(
fl
1 |�|∗1

enq Zkk � ∈ G o(L.�( vhsg o ∈ {fl. m � fl{0 Gdmbd ax Oqnonrhshnm 201: sgd zqrs
–Zmc (m�fl(“rs( cdfqdd bngnlnknfx bkZrrdr ne L vhsg hmsdfqZk odqhncr Zqd qdoqd“
rdmsdc ax gZqlnmhb fl“enqlr –Zmc (m�fl(“enqlr( ne bnmrsZms mnql0 èookxhmf )fl1:
Oqnonrhshnm fl50602[: sgdqd dwhrsr Z PhdlZmmhZm rtaldqrhnm ne L nmsn Z fiZs snqtr ne
chldmrhnm a vhsg lhmhlZk zadqr0 Hm eZbs sgd rtaldqrhnm hr sgd èadk-IZbnah lZo
trhmf Z aZrhr ne gZqlnmhb fl“enqlr eqnl G fl(L.!(� vghbg hmctbdr Zm dohlnqoghrl
nm sgd etmcZldmsZk fqntor0 Sgtr sgd zadqr Zqd bnmmdbsdc0
Bnmudqrdkx: he sgdqd dwhrsr Z PhdlZmmhZm rtaldqrhnm ne L nmsn Z fiZs snqtr ne

chldmrhnm a vhsg bnmmdbsdc lhmhlZk zadqr: sgdm dZbg rsdo hm sghr Zqftldms hr
qdudqrhakd vhsg dptZkhsx gnkchmf Zs dudqx rsdo0 Sgdqdenqd dptZkhsx gnkcr hm –4“fl(0 �
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Sghr qdrtks bZm ad fdmdqZkhydc sn rsZakd rxrsnkdr ne qZmj j: fl≤ j ≤ a0

Sgdnqdl 4010 Kds (L. f( ad Y bnloYbs nqhdmsdc lYmhenkc ne chldmrhnm m vgnrd
zqrs Adssh mtladq hr a0 Sgdm: enq dYbg fl≤ j ≤ a:

–4“1( rsrxrfl.j(L. f( rsrxrm�fl.j(L. f(≤ (γ ′

a.j(
fl
j Unk(L. f(.

DptYkhsx gnkcr he Ymc nmkx he sgdqd dwhrsr Y QhdlYmmhYm rtaldqrhnm vhsg bnmmdbsdc
lhmhlYk zadqr eqnl L nmsn Y fiYs a:chldmrhnmYk snqtr �a<Γ rtbg sgYs Γ hr ctYk
j:bqhshbYk0

Nqnne0 Sgd hmdptZkhsx –4“1( enkknvr eqnl Oqnonrhshnm 308 adbZtrd B(m. fl(+ fl0
Rtoonrd sgZs dptZkhsx gnkcr hm –4“1(0 Rhmbd o + fl: sgd oqnne ne Oqnonrhshnm 308

hlokhdr
&j(G fl(L.!(�. | · |

∗

1(&j(Gm�fl(L.!(�. | · |
∗

1(+ γ ′

a.j .

Sghr ldZmr sgZs sgd kZsshbd Γ+ G fl(L.!(� hr ctZk j“bqhshbZk –Cdzmhshnm è0fl(: Zmc
sgtr: ax KdllZ è03: hs hr ctZk j“odqedbs –Cdzmhshnm è02(0 Nardqud sgZs sgd ctZk
kZsshbd Gm�fl(L.!(� bZm ad hcdmshzdc tmcdq sgd Gncfd rsZq nodqZsnq vhsg sgd kZsshbd

Γ∗
+ {ϕ ∈ G fl(L.�( ] }}ϕ.ψ⟩⟩ ∈ !. ∀ψ ∈ Γ{.

Kds P cdmnsd sgd udbsnq roZbd ne ptZcqZshb enqlr nm G fl(L.�(0 SgZs Γ hr ctZk j“
odqedbs hlokhdr sgZs P∗ hr fdmdqZsdc ax sgd khmdZq etmbshnmZkr ne sgd enql p ̸→ p(�(
vgdqd: hm sgd mnsZshnm ne sgd èoodmchw: � ∈ V ∈ R(Γ(! R(Γ∗(0 Vd mdws mddc sn
oqnud sgZs dudqx � ∈V ∈ R(Γ(! R(Γ∗( bZm ad qdoqdrdmsdc ax Z gZqlnmhb fl“enql
ne bnmrsZms mnql0 Enq sgdm Zqfthmf Zr hm )fl1: PdlZqj fl50flfl05[: ctZk j“odqedbshnm
hlokhdr sgZs dudqx gZqlnmhb fl“enql nm L gZr bnmrsZms mnql0 Sghr qdctbdr tr sn sgd
rhstZshnm hm Sgdnqdl 40fl: rn sgZs ax )fl1: Oqnonrhshnm fl50602[: sgd èadk-IZbnah lZo
cdzmdr Z PhdlZmmhZm rtaldqrhnm vhsg bnmmdbsdc lhmhlZk zadqr ne L nmsn �a<Γ0
Kds T ∈ R(Γ( Zmc rds Γ′ + T ∩Γ0 Sgtr Unkj(T<Γ′. | · |∗1(+&j(Γ(0 Sgd OnhmbZqÀ

ctZkhsx lZo
S + ˆL[⌢] T → Gm�fl(L.�(

qdrsqhbsdc sn T gZr qZmj j Zmc cdfqdd fl0 Rds V + S (T ( Zmc �+V ∩Gm�fl(L.!(�0
Rhmbd vd Zqd Zrrtlhmf dptZkhsx hm –4“1(: dptZkhsx gnkcr hm Oqnonrhshnm 308 vghbg
hlokhdr sgZs dptZkhsx gnkcr hm KdllZ 3070 Sgtr dptZkhsx gnkcr hm –3“5( vhsg o + fl:
sgZs hr:

Unkj(V<�. | · |(≤ (Unk(L. f((
j
1 Unkj(T<Γ′. | · |∗1(.

Gdmbd ax Oqnonrhshnmr 104 Zmc 201:

|S (�(| + Unk(L. f(
fl
1 |�|∗1
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enq Zkk � ∈ T : Zmc sgtr ax Oqnonrhshnm 201: dudqx rtbg � hr qdoqdrdmsdc ax Z gZqlnmhb
fl“enql ne bnmrsZms mnql0 è rhlhkZq Zqftldms rgnvr sgZs he T ∈ R(Γ∗(: sgdm dudqx
� ∈ T Zkrn bZm ad qdoqdrdmsdc ax Z gZqlnmhb (m�fl(“enql ne bnmrsZms mnql: rn sgZs
hsr Gncfd rsZq >� ∈ Γ∗ hr qdoqdrdmsdc ax Z gZqlnmhb fl“enql ne bnmrsZms mnql0
Bnmudqrdkx: he sgdqd dwhrsr Z PhdlZmmhZm rtaldqrhnm vhsg bnmmdbsdc lhmhlZk

zadqr eqnl L nmsn Z fiZs a“chldmrhnmZk snqtr �a<Γ rtbg sgZs Γ hr ctZk j“bqhshbZk:
sgd rsdor ne sgd Zanud Zqftldms Zqd qdudqrhakd vhsg dptZkhsx gnkchmf Zs dZbg rsdo rn
sgZs dptZkhsx gnkcr hm –4“1(0 �

50 DvYlokd

Tmkdrr sgd lZmhenkc hr mhbd dmntfg: bnlotshmf Z rsZakd rxrsnkd ne ghfgdq qZmj enq
Z fdmdqZk PhdlZmmhZm lZmhenkc hr Z chezbtks sZrj0 Sgd otqonrd ne sghr rdbshnm hr
sn hkktrsqZsd sgd bnlotsZshnm ne Z rsZakd rxrsnkd ne ghfgdq qZmj hm Z bZrd vgdqd sgd
lZmhenkc hr rhlokd Zmc mhbd dmntfg sn deedbs rtbg Z bnlotsZshnm0 Hm oZqshbtkZq vd
bnlotsd sgd svn chldmrhnmZk rsZakd rxrsnkd ne qZmj 5 hm fiZs 3“chldmrhnmZk snqh0
èr Z bnmrdptdmbd vd nasZhm Z rgZqo rsZakd rxrsnkhb hmdptZkhsx enq bnmenqlZkkx fiZs
3“chldmrhnmZk snqh –Sgdnqdl 506(0
Gdqd vd vhkk bnmrhcdq Z 3“chldmrhnmZk fiZs snqtr L + �3<Γ vgdqd Γ hr Z kZsshbd

hm �30 èbbnqchmf sn )fl3[ sgdqd Zqd mZstqZk hrnlnqoghrlr hm bngnlnknfx

–5“fl( G∗(L.�(∼+/∗(�3(

Zmc

–5“1( G∗(L.!(� ∼+/∗

!(Γ
∗(.

Zr vdkk Zr hm gnlnknfx

–5“2( G∗(L.�(∼+/∗(�3(

Zmc

–5“3( G∗(L.!(� ∼+/∗

!(Γ(.

KdllY 50fi0 Sgd lYrr mnql enq ξ ∈/1(�3( hr fhudm ax

–5“4( |ξ| + (|ξ |1+ |ξ ∧ ξ |(
fl
1 .

vgdqd | · | hr sgd mnql nm sgd dwsdqhnq YkfdaqY /∗(�3( hmctbdc eqnl sgd DtbkhcdYm
mnql ne �30

Nqnne0 Tmcdq Zm nqsgnfnmZk bgZmfd ne bnnqchmZsdr hm �3 Zmx fhudm ξ bZm ad ots hm
sgd enql

ξ + édfl ∧ d1+ Ad2 ∧ d3.
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Vghsmdx )fl6: dptZshnm –fl2(: o0 43[ gZr oqnudc sgZs enq rtbg ξ : |ξ|+ |é|+|A|0 Sgtr

|ξ|1 + |é|1+ |A|1+ 1|é||A|+ |ξ |1+ |ξ ∧ ξ |.

Sghr bnlokdsdr sgd oqnne adbZtrd sgd dwoqdrrhnm –5“4( hr hmuZqhZms tmcdq nqsgnfnmZk
bgZmfdr ne bnnqchmZsdr0 �

KdllY 5010 Sgd bnlYrr mnql enq φ ∈/1(�3( hr fhudm ax

–5“5( |φ|∗ +

)
|φ|1+

̂
|φ|3� |φ ∧φ|1

1

(fl
1

.

Sgtr

–5“6( |φ|∗ ≤ |φ| ≤
\
1 |φ|∗.

Hm oYqshbtkYq sgd bnmrsYms B(3. 1(+
\
10

Nqnne0 Ax sgd hmuZqhZmbd ne sgd dwoqdrrhnm –5“5( tmcdq nqsgnfnmZk bgZmfdr ne
bnnqchmZsdr hm �3: hs rtezbdr sn bnmrhcdq sgd bZrd φ + édfl ∧ d1 + Ad2 ∧ d30 Hm
sghr bZrd sgd kdes“gZmc rhcd ne –5“5( hr |φ|∗ + lZw(|é|. |A|( Zbbnqchmf sn )fl6:
dptZshnm –fl1(: o0 43[0 Sgd qhfgs“gZmc rhcd ne –5“5( adbnldr

)
é1+ A1+

̂
(é1+ A1(1� (1éA(1

1

(fl
1

+

)
é1+ A1+ |é1� A1|

1

(fl
1

.

vghbg hr dptZk sn lZw(|é|. |A|(0 Sgd hmdptZkhsx –5“6( enkknvr dZrhkx eqnl –5“5(0 �

KdllY 5020 Kds J ad sgd tmhs lYrr aYkk ne /1(�3(0 Sgdm

Unk5(J . | · |(+
1π1

8
.

Nqnne0 Rdsshmf

ξ + wfld1 ∧ d2� w1dfl ∧ d2+ w2dfl ∧ d1+ xfldfl ∧ d3+ x1d1 ∧ d3+ x2d2 ∧ d3

fhudr Zm hrnlnqoghrl adsvddm/1(�3( Zmc �2·�2+�5 vhsg sgd DtbkhcdZm mnqlr0
He cT�5 Zmc cTR4 Zqd sgd unktld dkdldmsr hm �5 Zmc R4: qdrodbshudkx: vd gZud: nm
rvhsbghmf sn rogdqhbZk bnnqchmZsdr:

Unk5(J . | · |(+
∑

|ξ|≤fl
cT�5 +

∑

ξ∈R4

∑ fl
|ξ|

9
q4 cq cTR4 +

fl
5

∑

ξ∈R4

fl
|ξ|5

cTR4 .

Sgd lZoohmf R1·
)
9. π

1

[
·R1→ R4 fhudm ax rdmchmf sgd nqcdqdc sqhokds (W. s. X ( sn

ξ + (bnr(s(W. rhm(s(X ( ∈ �2·�2 qdoZqZldsdqhydr R4 dwbdos nm Z rds ne ldZrtqd 90
LZjhmf sghr bgZmfd ne uZqhZakdr hm sgd hmsdfqZk fhudr tr

Unk5(J . | · |(+
fl
5

∑

X∈R1

∑ π
1

9

∑

W∈R1

bnr1(s( rhm1(s(
(fl+ 1 bnr(s( rhm(s(|W · X |(2

cTR1 cs cTR1 .
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Ax sgd hmuZqhZmbd ne sgd hmmdq oqnctbs tmcdq hrnldsqhdr ne R1: sgd uZktd ne sgd hmmdq
cntakd hmsdfqZk hr hmcdodmcdms ne X ∈ R10 AdbZtrd sgd ZqdZ ne R1 hr 3π : hmsdfqZshmf
nudq X fhudr sgd uZktd

Unk5(J . | · |(+
3π
5

∑ π
1

9

∑

W∈R1

bnr1(s( rhm1(s(
(fl+ 1 bnr(s( rhm(s(|W · M |(2

cTR1 cs.

vgdqd

M +




9
9
fl





hr sgd mnqsg onkd ne R10 Mnv bgZmfd sn rogdqhbZk bnnqchmZsdr (φ. θ( vhsg 9≤ θ ≤ 1π :
9≤ φ ≤ π : nm R10 Rhmbd W · M + bnr(φ( vd nasZhm

Unk5(J . | · |(+
3π
5

∑ π
1

9

∑ 1π

9

∑ π

9

bnr1(s( rhm1(s(
(fl+ 1 bnr(s( rhm(s(| bnr(φ(|(2

rhm(φ( cφ cθ cs.

Trhmf sgd cntakd Zmfkd enqltkZ enq rhm(1s(: sgd rxlldsqx ne sgd hmsdfqZmc hm φ

Zants π
1 : Zmc sgd hmcdodmcdmbd ne sgd hmsdfqZmc hm θ vd nasZhm

Unk5(J . | · |(+
3π1

5

∑ π
1

9

∑ π
1

9

rhm1(1s(
(fl+ rhm(1s( bnr(φ((2

rhm(φ( cφ cs.

Sghr bZm ad dZrhkx duZktZsdc ax hsdqZsdc hmsdfqZshnm sn nasZhm

Unk5(J . | · |(+
π1

2

∑ π
1

9
rhm(1s(�

rhm(1s(
(fl+ rhm(1s((1

cs + 1π1

8
.

�

BnqnkkYqx 5030 Sgd GYtrcnqee-AtrdlYmm ldYrtqd hm /1(P3( hr fhudm ax

Unk5(�. | · |(+
2π
3
Unk5(�. | · |(.

Nqnne0 Kds J ad sgd tmhs lZrr aZkk hm /1(�3(0 Ax cdzmhshnm ne sgd GZtrcnqee“
AtrdlZmm ldZrtqd Zmc KdllZ 502:

Unk5(�. | · |(+
ω5

Unk5(J . | · |(
Unk5(�. | · |(+

π2<2:
1π1<8

Unk5(�. | · |(. �

KdllY 5040
Unk5(/1(�3(</1

!(Γ(. | · |(+ Unk3(�
3<Γ. | · |(2.

Nqnne0 Kds vfl. v1. v2. v3 ∈ �3 ad Z rds ne fdmdqZsnqr enq Γ nudq !0 Sgdm

Unk3(�3<Γ. | · |(+ |cds(vfl. v1. v2. v3(|.
Zmc

vfl ∧ v1. vfl ∧ v2. vfl ∧ v3. v1 ∧ v2. v1 ∧ v3. v2 ∧ v3
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hr Z rds ne fdmdqZsnqr enq /1(Γ( nudq !0 PdbZkk sgZs cds(vfl. v1. v2. v3( lZx ad
bnlotsdc ax jddohmf sqZbj ne sgd rdptdmbd ne dkdldmsZqx qnv nodqZshnmr sgZs bnmudqs
vfl. v1. v2. v3 sn sgd rsZmcZqc aZrhr dfl. d1. d2. d30 èm dkdldmsZqx qnv nodqZshnm dhsgdq
–h( Zccr nmd ne sgd udbsnqr sn Zmnsgdq: –hh( hmsdqbgZmfdr svn udbsnqr: nq –hhh( eZbsnqr
nts Z bnmrsZms ltkshokd b eqnl nmd ne sgd udbsnqr0 He v′fl. v

′

1. v
′

2. v
′

3 hr sgd qdrtks ne
Zookxhmf Zm dkdldmsZqx qnv nodqZshnm sn vfl. v1. v2. v3 vd gZud cds(v′fl. v

′

1. v
′

2. v
′

3(+

cds(vfl. v1. v2. v3( hm bZrd –h(: �cds(v′fl. v
′

1. v
′

2. v
′

3( + cds(vfl. v1. v2. v3( hm bZrd –hh(:
Zmc bcds(v′fl.v

′

1.v
′

2.v
′

3(+cds(vfl.v1.v2.v3( hm bZrd –hhh(0 Rhmbd cds(dfl.d1.d2.d3(+fl:
vd rdd sgZs cds(vfl. v1. v2. v3( hr dptZk sn sgd oqnctbs ne sgd bnmrsZmsr b sgZs vd
eZbsnqdc nts hm nodqZshnmr ne sxod –hh( shldr ±fl cdodmchmf nm vgdsgdq sgdqd vdqd
Zm dudm nq ncc mtladq ne nodqZshnmr ne sxod –hh(0 Mnv bnmrhcdq vgZs gZoodmr sn
sgd fdmdqZsnqr ne /1(Γ( tmcdq sghr rdptdmbd ne nodqZshnmr0 Sgd nodqZshnm sgZs sZjdr
vfl. v1. v2. v3 sn v′fl. v

′

1. v
′

2. v
′

3 vhkk bnqqdronmchmfkx sZjd

vfl ∧ v1. vfl ∧ v2. vfl ∧ v3. v1 ∧ v2. v1 ∧ v3. v2 ∧ v3

sn
v′fl ∧ v′1. v′fl ∧ v′2. v′fl ∧ v′3. v′1 ∧ v′2. v′1 ∧ v′3. v′2 ∧ v′3.

He sgd nodqZshnm hr ne sxod –h(: sgd bnqqdronmchmf nodqZshnm gZr sgd rZld deedbs
Zr svn nodqZshnmr ne sxod –h(0 He sgd nodqZshnm hr ne sxod –hh(: sgd bnqqdronmchmf
nodqZshnm gZr sgd rZld deedbs Zr svn nodqZshnmr ne sxod –hh( Zmc ltkshokxhmf nmd
udbsnq ax �fl0 He sgd nodqZshnm hr ne sxod –hhh(: sgdm sgd bnqqdronmchmf nodqZshnm gZr
sgd rZld deedbs Zr eZbsnqhmf nts sgd rZld bnmrsZms b eqnl sgqdd ne sgd udbsnqr0 èr
sgd qdrtks ne sgd rdptdmbd ne bnqqdronmchmf nodqZshnmr hr sgd nqsgnmnqlZk aZrhr

dfl ∧ d1. dfl ∧ d2. dfl ∧ d3. d1 ∧ d2. d1 ∧ d3. d2 ∧ d3.

sgd qdrtks enkknvr adbZtrd sgd rdptdmbd ne dkdldmsZqx qnv nodqZshnmr fhudr Z onvdq
ne 2 shldr sgnrd bnlotshmf sgd cdsdqlhmZms ne vfl. v1. v2. v30 �

Sgdnqdl 5050 Kds (L. f( ad Y 3:chldmrhnmYk fiYs snqtr �3<Γ0 Sgdm

rsrxr1.5(L. f(1 +
]2π
3

(fl
2
Unk(L. f(

Nqnne0 Ax BnqnkkZqx 503 Zmc KdllZ 504:

Unk5(/1(�3(</1
!(Γ(. | · |(

+
2π
3
Unk5(/1(�3(</1

!(Γ(. | · |(+
2π
3
Unk3(�3<Γ. | · |(2. �

Sgd oZodq )fl5[ oqnudc rxrsnkhb hmdptZkhshdr enq ldsqhbr nm qdZk oqnidbshud roZbdr
vghbg Zqd bnmenqlZk sn sgd bnmrsZms btquZstqd ldsqhb0 RhlhkZq hcdZr bnlahmdc
vhsg Sgdnqdl 505 kdZc sn sgd enkknvhmf qdrtks Zants bnmenqlZkkx fiZs ldsqhbr nm
3“chldmrhnmZk snqh0
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Sgdnqdl 5060 Kds (L. f( ad Y bnmenqlYkkx fiYs 3:chldmrhnmYk snqtr0 Sgdm

rsrxr1.5(L. f(1 ≤
]2π
3

(fl
2
Unk(L. f(.

DptYkhsx gnkcr he Ymc nmkx he (L. f( hr fiYs0

Nqnne0 Rhmbd (L. f( hr bnmenqlZkkx fiZs: vd lZx Zrrtld sgZs sgdqd dwhrsr Z kZsshbd Γ hm
�3 rtbg sgZs L +�3<Γ Zmc sgZs f+ e 1f9 enq rnld onrhshud qdZk“uZktdc etmbshnm e
nm L vgdqd f9 hr sgd fiZs ldsqhb nm L 0 Kds F ad sgd fqnto ne hrnldsqhdr ne sgd
fiZs ldsqhb f9 vhsg GZZq ldZrtqd cY mnqlZkhydc rn sgZs


Y∈F cY + fl0 Rds ;e (w(+�

Y∈F e (Yw(1 cY
( fl
1 0 Rhmbd F Zbsr sqZmrhshudkx nm L : ;e vntkc ad Z bnmrsZms etmbshnm0

Rds ;f + ;e 1f90 Sgdm (L. ;f( hr fiZs0 Sgtr he cw hr sgd unktld enql enq (L. f9(:

–5“7( Unk(L. ;f(+
∑

w∈L
;e (w(3 cw +

∑

w∈L

)∑

Y∈F
e (Yw(1 cY

(1
cw

≤

∑

w∈L

∑

Y∈F
e (Yw(3 cY cw

+

∑

Y∈F

∑

w∈L
e (Yw(3 cw cY +

∑

Y∈F

∑

w∈L
e (Yw(3 cw cY

+

∑

Y∈F
Unk(L. f( cY + Unk(L. f(.

vgdqd vd gZud trdc rtbbdrrhudkx Idmrdm@r hmdptZkhsx: Etahmh@r sgdnqdl: sgd bgZmfd
ne uZqhZakdr enqltkZ: sgZs Y hr Zm hrnldsqx ne f9: Zmc sgZs F gZr tmhs ldZrtqd0 Mnsd
nm Zbbntms ne Idmrdm@r hmdptZkhsx: he dptZkhsx gnkcr sgdm e hr Z bnmrsZms etmbshnm:
Zmc sgtr (L. f( vntkc ad fiZs0
Nm sgd nsgdq gZmc: fhudm Z gnlnknfx bkZrr g ∈ G1(L. Q( sZjhmf Z 1“bgZhm R hm L

qdoqdrdmshmf g sgZs fhudr sgd kdZrs lZrr –ZqdZ( |g| ;f hm sgd gnlnknfx bkZrr: nmd gZr

|g| ;f + èqdZ(R. ;f(+
∑

Y∈F
èqdZ(YR. f(≥ |g|f.

èr Zm dwokZmZshnm: rtoonrd sgZs R hr Z rtqeZbd Zmc i ] R → L hr sgd hmbktrhnm
lZoohmf0 Sgdm i∗f9 hmctbdr Zm ZqdZ enql cr nm R0 Sgtr i∗f hmctbdr sgd ZqdZ
enql ( e ◦ i(1cr Zmc i∗ ;f hmctbdr ( ;e ◦ i(1cr0 Sgtr

–5“8( èqdZ(R. ;f(+
∑

r∈R
( ;e ◦ i(1 cr +

∑

r∈R

∑

Y∈F
e (Yi (r((1 cY cr

+

∑

Y∈F

∑

r∈R
e (Yi (r((1 cr cY +

∑

Y∈F
èqdZ(YR. f( cY.

Sgdqdenqd ax Oqnonrhshnm 10fl

–5“fl9( Unk5(G1(L.�(<G1(L.!(. | · |f(≤ Unk5(G1(L.�(<G1(L.!(. | · | ;f(.

Sgtr: rhmbd (L. ;f( hr fiZs:

rsrxr1.5(L. f(≤ rsrxr1.5(L. ;f(+
]2π
3

(fl
2
Unk(L. ;f(≤

]2π
3

(fl
2
Unk(L. f(.
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He dptZkhsx gnkcr: sgdm e ltrs ad bnmrsZms Zmc sgtr (L. f( vntkc ad fiZs0 �

Hs hr Zm nodm ptdrshnm vgdsgdq sghr hmdptZkhsx Zkrn gnkcr enq ldsqhbr nm 3“
chldmrhnmZk snqh vghbg Zqd mns bnmenqlZkkx fiZs0
Sgdnqdl 505 fhudr hmenqlZshnm Zants sgd bnmenqlZk unktld mnql ne fiZs 3“

chldmrhnmZk snqh0 Sgd bnmenqlZk unktld mnql hr Zm hmuZqhZms ne Z bnmenqlZk
bkZrr ne PhdlZmmhZm ldsqhbr, rdd )7: 603, fl1: fl407[0 Vgdm L hr Z 3“chldmrhnmZk
lZmhenkc: g ∈ G1(L.�(: Zmc � hr Z bnmenqlZk bkZrr ne PhdlZmmhZm ldsqhbr nm L :
sgd bnmenqlZk unktld mnql rZshrzdr

|g|K1 + rto
)

|g|f
\
Unk(L. f(

] f ∈ �
{
.

vgdqd |g|f hr sgd rsZakd lZrr mnql enq sgd PhdlZmmhZm ldsqhb f0 Sgtr enq Zmx
f ∈ � Zmc g ∈ G1(L.�(: nmd gZr

|g|f ≤
̂
Unk(L. f( |g|K1 .

BnqnkkYqx 5070 Kds (L. f( ad Y 3:chldmrhnmYk fiYs snqtr �3<Γ0 Sgdm
]2π
3

(fl
5
≤ bnmerxr1.5(L. f(.

Nqnne0 èookxhmf Oqnonrhshnm 104: sgd GZtrcnqee-AtrdlZmm unktldr rZshrex

Unk5(/1(�3(</1
!(Γ(. | · |(≤ Unk(�

3<Γ. f(2 Unk5(/1(�3(</1
!(Γ(. | · |K1(.

Chuhchmf ax Unk(�3<Γ. f(2: dwsqZbshmf 5“sg qnnsr: Zmc trhmf Sgdnqdl 505 fhudr
]2π
3

(fl
5
+
rsrxr1.5(L. f(

Unk(L. f(
fl
1

≤ Unk5(/1(�3(</1
!(Γ(. | · |K1(

fl
5 .

vgdqd sgd qhfgs rhcd ne sgd hmdptZkhsx hr ax sgd cdzmhshnm ne bnmerxr1.5(L. f(0 �

�oodmchv

Sgd enkknvhmf oqnne sgZs Z ctZk j“dwsqdld kZsshbd hr ctZk j“odqedbs hr Z lnchzbZshnm
ne sgd Zqftldms hm )1[ sgZs Z ctZk dwsqdld kZsshbd hr ctZk odqedbs0
Kds T ad Z DtbkhcdZm roZbd ne chldmrhnm m vhsg DtbkhcdZm mnql | · |: Zmc kds Γ ad

Z kZsshbd hm T 0 Cdzmd Rj(Γ( sn ad sgd bnkkdbshnm ne Zkk j“chldmrhnmZk rtaroZbdr V ne
T enq vghbg �+Γ∩V hr Z qZmj“j rtakZsshbd ne Γ rtbg sgZs Unkj(V<�. | · |(+&j(Γ(0

Cdzmhshnm �0fi0 è kZsshbd Γ ne qZmj j hr ctZk j“dwsqdld he hs hr Z knbZk lZwhltl ne
sgd etmbshnm

Γ ̸→&j(Γ(&j(Γ
∗(

Zmc hr ctZk j“bqhshbZk he hs hr Zm Zarnktsd lZwhltl: sgZs hr: he

&j(Γ(&j(Γ
∗(+ γ ′

m.j .
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KdllY �010 Rtoonrd sgdqd dwhrsr Y gxodqroYbd G ne T rtbg sgYs V ⊂ G enq
Ykk V ∈ Rj(Γ(0 Sgdm sgdqd dwhrsr Y kYsshbd Λ mdYq Γ rtbg sgYs &j(Γ(&j(Γ

∗( ,

&j(Λ(&j(Λ
∗(0 Hm nsgdq vnqcr: Γ hr mns ctYk j:dwsqdld0

Nqnne0 Kds 9, q , fl: Zmc bnmrhcdq sgd khmdZq sqZmrenqlZshnm τ ] T → T rtbg sgZs
τ hr sgd hcdmshsx nm G Zmc bnmsqZbsr ax Z eZbsnq ne q nm G⊥0 èr V ⊂ G enq Zkk
V ∈ R(Γ(: ax bnmshmthsx: he q hr bgnrdm bknrd dmntfg sn fl: sgdm Rj(τ (Γ((+ Rj(Γ(
Zmc &j(Γ(+&j(τ (Γ((0 Mnsd sgZs sgd Zcinhms lZo (τ §(�fl hr sgd hcdmshsx nm G Zmc
dwoZmcr ax Z eZbsnq ne flq / fl nm G

⊥ Zmc sgZs (τΓ(∗ + (τ §(�flΓ∗0 Sgtr he V hr Z
j“chldmrhnmZk rtaroZbd rtbg sgZs �∗ + Γ∗ ∩V hr Z qZmj“j rtakZsshbd ne Γ∗ vghbg hr
mns bnmsZhmdc hm G : sgdm

–è“fl( Unkj((τ §(�fl(V (<(τ §(�fl(�∗(. | · |( / Unkj(V<�∗. | · |(.

Sgtr he mn V ∈ Rj(Γ∗( hr bnmsZhmdc hm G : vd gZud &j((τΓ(
∗( / &j(Γ

∗( Zmc vd
lZx sZjd Λ+ τ (Γ(0 Gnvdudq he V ⊂ G enq rnld V ∈ Rj(Γ∗(: sgdm nm Zbbntms ne
ntq gxonsgdrhr Zmc –è“fl(: V ⊂ G enq Zkk V ∈ Rj(τΓ(! Rj((τΓ(∗( Zmc

&j(τ (Γ((&j((τΓ(
∗(+&j(Γ(&j(Γ

∗(.

Mnv oqnbddc ax sZjhmf Z gxodqokZmd E hm G vghbg bnmsZhmr mn V ∈ Rj((τΓ(∗(0
Vd gZud sgd nqsgnfnmZk cdbnlonrhshnm

T + G⊥
± G + G⊥

± E⊥
± E.

vgdqd E⊥ hr sgd nqsgnfnmZk bnlokdldms sn E hm G 0 Bnmrhcdq Z khmdZq sqZmrenqlZshnm
σ ] T → T vgnrd lZsqhw: qdkZshud sn Zm nqsgnmnqlZk aZrhr vghbg qdrodbsr sghr
nqsgnfnmZk cdbnlonrhshnm: bZm ad vqhssdm hm sgd aknbj enql

σ +

}


p 9 9
Y fl 9
9 9 Hc



 .

vgdqd p / fl Zmc Y ̸+ 90 Sgdm

(σ §(�fl +

}


fl
p �

Y
p 9

9 fl 9
9 9 Hc



 .

Nardqud sgZs σ hr sgd hcdmshsx nm G : rn sgZs he p hr rtezbhdmskx bknrd sn fl Zmc Y sn 9:
Rj(στΓ(+ Rj(τΓ( Zmc&j(στΓ(+&j(τΓ(+&j(Γ(0 Gnvdudq: σ hmbqdZrdr kdmfsgr
ne udbsnqr hm G vghbg Zqd mns hm E 0 Sgtr &j((στΓ(

∗( / &j((τΓ(
∗( + &j(Γ

∗(0
Sgdqdenqd &j(Γ(&j(Γ

∗( ,&j(Λ(&j(Λ
∗( vgdqd Λ+ στΓ0 �

Cdzmhshnm �020 Kds P ad sgd udbsnq roZbd ne ptZcqZshb enqlr nm T 0 Vd rZx
sgZs Z kZsshbd Γ hr ctZk j“odqedbs he sgd khmdZq etmbshnmZkr p ̸→ p(w( enq w ∈ V ∈

Rj(Γ(! Rj(Γ∗( fdmdqZsd P∗0
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BkdZqkx Γ hr j“odqedbs he p(w(+ 9 enq Zkk w ∈V ∈ Rj(Γ(! Rj(Γ∗( hlokhdr p + 90
Mnsd sgZs sgd dkdldmsr p ne P bnqqdronmc sn rxlldsqhb dmcnlnqoghrlr υ ne T
rtbg sgZs p(w(+ υ(w( · w enq w ∈ T vgdqd · cdmnsdr sgd hmmdq oqnctbs nm T 0

KdllY �030 He Γ hr ctYk j:dwsqdld: sgdm Γ hr ctYk j:odqedbs0

Nqnne0 He Γ hr mns ctZk j“odqedbs: sgdm sgdqd dwhrsr Z mnmydqn rxlldsqhb dmcnlnq“
oghrl υ ne T rtbg sgZs υ(w( · w + 9 enq Zkk w ∈ V ∈ Rj(Γ(! Rj(Γ∗(0 Bnmrhcdq sgd
khmdZq hrnlnqoghrl τ + hc+ϵυ0 Rhmbd υ hr rxlldsqhb: τ §+ τ 0 He ϵ/9 hr rtezbhdmskx
rlZkk: Rj(τΓ( ⊂ Rj(Γ( Zmc Rj((τ §(�flΓ∗( ⊂ Rj(Γ∗(0 Sgtr he w ∈ V ∈ Rj(Γ(: sgdm
τ (w(+ w + ϵυ(w( Zmc sgtr: trhmf υ(w( · w + 9:

|τ (w(|1 + |w |1+ ϵ1|υ(w(|1.

Gdmbd τ hmbqdZrdr kdmfsgr ne udbsnqr w ∈ V enq V ∈ Rj(Γ(0 Sgdqdenqd &j(Γ
∗( ≥

&j(Γ(: vhsg dptZkhsx he Zmc nmkx he υ(w(+ 9 enq Zkk w ∈ V ∈ Rj(τΓ(0
Bgnnrhmf ϵ / 9 rtezbhdmskx rlZkk rn sgZs ϵ |υ| , fl: vgdqd |υ| hr sgd nodqZsnq

mnql: nmd gZr sgd rdqhdr dwoZmrhnm

(τ §(�fl + τ�fl + hc�ϵυ + ϵ1υ1� ϵ2υ2+ · · · .

Sgtr he x ∈ V ∈ Rj(Γ∗(: sgdm

(τ §(�fl(x(+ x� ϵυ(x(+ ϵ1υ1(x(� ϵ2υ2(x(+ · · · .

Trhmf sgd rxlldsqx ne υ: hs enkknvr sgZs

|(τ §(�fl(x(|1 + |x|1� 1ϵυ(x( · x+ 2ϵ1υ(x( · υ(x(� 3ϵ2υ1(x( · υ(x(+ · · · .

Ats ax Zrrtloshnm: υ(x( · x + 90 Gdmbd: trhmf sgd rxlldsqx ne υ:

–è“1( |(s§(�fl(x(|1 + |x|1+ 2ϵ1υ(x( · υ(x(� 3ϵ2υ1(x( · υ(x(+ 4ϵ3υ2(x( · υ(x(� · · ·

+ |x|1+ 2ϵ1|υ(x(|1� 3ϵ2υ1(x( · υ(x(+ 4ϵ3|υ1(x(|1� · · ·

≥ |x|1+ ϵ1|υ(x(|1(2� 3ϵ|υ|� 5ϵ2|υ|2� · · · (.

rhmbd sgd sdqlr vhsg ncc bndezbhdmsr Zqd mnmmdfZshud0 He ϵ hr rtezbhdmskx rlZkk:
hmdptZkhsx –è“1( rgnvr sgZs (τ §(�fl hmbqdZrdr kdmfsgr ne udbsnqr x∈V ∈ Rj(Γ∗(0 Sgtr
&j((τΓ(

∗(≥&j(Γ
∗( vhsg dptZkhsx he Zmc nmkx he υ(x(+ 9 enq Zkk x ∈V ∈ Rj((τΓ(∗(0

Rhmbd Γ hr Zrrtldc sn ad ctZk j“dwsqdld: sgdrd hmdptZkhshdr rgnv

&j(τΓ(&j((τΓ(
∗(≤&j(Γ(&j(Γ

∗(≤&j(τΓ(&j((τΓ(
∗(.

Sgtr &j((τΓ((+&j(Γ( Zmc &j((τΓ(
∗(+&j(Γ

∗(0 Bnmrdptdmskx: Zr υ hr mnmydqn:
dudqx V ∈ Rj(Γ(! Rj(Γ∗( hr bnmsZhmdc hm sgd gxodqokZmd υ(w( + 9 bnmsqZchbshmf
sgd ctZk j“dwsqdlZkhsx ne Γ ax KdllZ è010 Sgdqdenqd Γ hr ctZk j“odqedbs0 �
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Pdedqdmbdr

)fl[ U0 AZmfdqs Zmc L0 JZsy: ”èm noshlZk Kndvmdq“sxod rxrsnkhb hmdptZkhsx Zmc gZqlnmhb nmd“enqlr
ne bnmrsZms mnql;: Bnll0 émYk0 Fdnl0 fi1.2 –1993(: 692-6210 LP Yak

)1[ è0“L0 AdqfÀ Zmc I0 LZqshmds: ”Rtq tm oqnakéld cd ctZkhsÀ khÀ Ztw rogéqdr dm fÀnlÀsqhd cdr
mnlaqdr;: I0 Mtladq Sgdnqx 21.fl –fl878(: fl3-310 LP

)2[ L0 Adqfdq: ”Á k@nlaqd cd Kndvmdq;: émm0 Rbh0 �bnkd Mnql0 Rto0 (3( 4 –fl861(: 13fl-1590 LP
Yak

)3[ I0 AntqfZhm Zmc U0 C0 LhklZm: ”Mdv unktld qZshn oqnodqshdr enq bnmudw rxlldsqhb anchdr
hm Pm;: Hmudms0 LYsg0 77.1 –fl876(: 2fl8-2390 LP Yak

)4[ G0 AtrdlZmm: ”Hmsqhmrhb ZqdZ;: émm0 ne LYsg0 (1( 37 –fl836(: 123-1560 LP Yak

)5[ I0 V0 R0 BZrrdkr: ém hmsqnctbshnm sn sgd fdnldsqx ne mtladqr: Fqtmck0 LZsg0 Vhrrdm0 88: Roqhmfdq:
fl8480 LP Yak

)6[ G0 Edcdqdq: Fdnldsqhb ldYrtqd sgdnqx: Fqtmck0 LZsg0 Vhrrdm0 fi42: Roqhmfdq: fl8580 LP Yak

)7[ L0 Fqnlnu: ”Ehkkhmf PhdlZmmhZm lZmhenkcr;: I0 CheedqdmshYk Fdnl0 fi7.fl –fl872(: fl-fl360 LP
Yak

)8[ I0 I0 GdacZ: ”Sgd bnkkZqr ne Z PhdlZmmhZm lZmhenkc Zmc rsZakd hrnrxrsnkhb hmdptZkhshdr;: NYbhzb I0
LYsg0 fi1fi.1 –fl875(: 228-2450 LP Yak

)fl9[ I0 I0 GdacZ: ”Sgd oqhlhshud kdmfsg rodbsqtl ne 1“C snqh Zmc fdmdqZkhydc Kndvmdq hmdptZkhshdr;:
SqYmr0 éldq0 LYsg0 Rnb0 261.8 –19fl8(: 526fl-539fl0 LP Yak

)flfl[ E0 Ingm: ”Dwsqdltl oqnakdlr vhsg hmdptZkhshdr Zr rtarhchZqx bnmchshnmr;: oo0 fl76-193 hm Rstchdr
Ymc drrYxr oqdrdmsdc sn Q0 BntqYms nm ghr 59sg AhqsgcYx: IYmtYqx 7: fl837: dchsdc ax J0 N0
Eqhdcqhbgr ds Zk0: Hmsdqrbhdmbd: Mdv Wnqj: fl8370 LP Yak

)fl1[ L0 F0 JZsy: Rxrsnkhb fdnldsqx Ymc snonknfx: LZsgdlZshbZk Rtqudxr Zmc LnmnfqZogr fi26:
èldqhbZm LZsgdlZshbZk Rnbhdsx: Oqnuhcdmbd: PH: 19960 LP Yak

)fl2[ F0 Jtodqadqf: ”Eqnl sgd LZgkdq bnmidbstqd sn FZtrr khmjhmf hmsdfqZkr;: Fdnl0 Etmbs0 émYk0
fi7.2 –1997(: 769-7810 LP Yak

)fl3[ G0 A0 KZvrnm: Iq0: ”Sgd rsZakd gnlnknfx ne Z fiZs snqtr;: LYsg0 RbYmc0 25 –fl864(: 38-620 LP
Yak

)fl4[ I0 B0 �kuZqdy OZhuZ Zmc è0 B0 Sgnlornm: ”Unktldr nm mnqldc Zmc Ehmrkdq roZbdr;: oo0 fl-37 hm
é rYlokdq ne QhdlYmm-Ehmrkdq fdnldsqx: dchsdc ax C0 AZn ds Zk0: LZsg0 Rbh0 Pdr0 Hmrs0 Otak0 49:
BZlaqhcfd Tmhu0 Oqdrr: 19930 LP Yak

)fl5[ O0 L0 Ot: ”Rnld hmdptZkhshdr hm bdqsZhm mnmnqhdmsZakd PhdlZmmhZm lZmhenkcr;: NYbhzb I0 LYsg0 1
–fl841(: 44-6fl0 LP Yak

)fl6[ G0 Vghsmdx: Fdnldsqhb hmsdfqYshnm sgdnqx: Oqhmbdsnm Tmhudqrhsx Oqdrr: fl8460 LP Yak

Pdbdhudc IZmtZqx fl7: 191fl0 Pduhrdc LZqbg 13: 19120

IèLDR I0 GDACè
LèSGDLèSHBR èMC RSèSHRSHBR
RèHMS KNTHR TMHUDPRHSW
RS0 KNTHR: LN
TMHSDC RSèSDR

iZldr0gdacZ*rkt0dct
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ROHM INRSI� ONKXMNLH�KR �MC TDPSDV NODP�SNPR

MüHGTüM IHMF üMC MHMF KHT

�m YkfdapYhb hsdpYshud enpltkY enp sgd rohm InrsjY-Entkjdr onkxmnlhYk
��
µ�
ξn( hr fhudm trhmf udpsdw nodpYsnp pdYkhyYshnmr ne FYkk-Khsskdvnnc rxl,

ldsphb etmbshnmr Ymc Rbgtp P,etmbshnmr0 AYrdc nm sgd nodpYshnmYk enpltkY:
lnpd eYunpYakd opnodpshdr Ypd nasYhmdc oYpYkkdk sn sgd InrsjY onkxmnlhYk0 Hm
oYpshbtkYp: vd nasYhm rnld enpltkYd enp sgd mtladp ne –tmrghesdc( lYpjdc
sYakdYtw0 �r Ym YookhbYshnm: vd bnmzpldc Y bnmidbstpd ne �njYfd nm sgd
dwoYmrhnm ne sgd Rbgtp K,etmbshnm hm sdplr ne Rbgtp etmbshnmr0 SYakdr ne
��
µ�
ξn( enp ≤µ ≤ − 5 Ypd khrsdc0

fi0 Hmspnctbshnm

Sgd GZkk-Khsskdvnnc rxlldsqhb etmbshnmr Oµ(w; s( Zmc sgd JnrsjZ-Entkjdr onkx/
mnlhZkr Jλµ(s( ansg gZud okZxdc Zm Zbshud qnkd hm ZkfdaqZhb bnlahmZsnqhbr Zmc qdo/
qdrdmsZshnm sgdnqx0 Nm nmd gZmc: sgd GZkk-Khsskdvnnc rxlldsqhb etmbshnmr Oµ(w; s(
Zqd bdqsZhm cdenqlZshnmr ne sgd Rbgtq etmbshnmr rλ(w(: Zmc sgd JnrsjZ-Entkjdr onkx/
mnlhZkr Jλµ(s( Zqd sgd sqZmrhshnm bndezbhdmsr adsvddm sgd svn aZrdr0 Nm sgd nsgdq
gZmc: Jλµ(s( gZud sgd enkknvhmf qdoqdrdmsZshnm sgdnqdshb hmsdqoqdsZshnm0 Kds �µ ad
sgd uZqhdsx ne fiZfr oqdrdqudc ax Z mhkonsdms lZsqhw vhsg InqcZm aknbj ne rgZod µ0
Sgd bngnlnknfx fqnto F •(�µ( Zeenqcr Z fqZcdc Bm/lnctkd rsqtbstqd0 Rds

Bλµ(s(+
∏

h≥9

s h (chlGnlBm (R
λ. F 1h (�µ((.

vgdqd Rλ cdmnsdr sgd Rodbgs lnctkd ne Bm ZrrnbhZsdc vhsg λ0 FZqrhZ Zmc Oqnbdrh
)fl881[ oqnudc sgZs

–fl/fl( Jλµ(s(+ Bλµ(s�fl( sm(µ(.

vghbg bnmzqlr fdnldsqhbZkkx sgd onrhshuhsx ne sgd JnrsjZ-Entkjdr onkxmnlhZkr
)KZrbntw Zmc RbgÜsydmadqfdq fl867[0
Qdbdmskx: VZm Zmc VZmf )19fl2[ gZud hmsqnctbdc sgd rohm JnrsjZ-Entkjdr onkx/

mnlhZkr J�ξµ(s( Zr sgd sqZmrhshnm bndezbhdmsr adsvddm sgd GZkk-Khsskdvnnc etmbshnmr

LRBz2z2. oqhlZqx 94D94: fl6A58, rdbnmcZqx 19B14: 19B290
Jdxvnqcr. rohm JnrsjZ onkxmnlhZkr: udqsdw nodqZsnqr0

’ 1912 LRO –LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr üssqhatshnm Khbdmrd 309 –BB
AX(0 Nodm übbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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Oµ(w; s( Zmc Rbgtq P/etmbshnmr Pξ vhsg hmsdqdrshmf qdoqdrdmsZshnm sgdnqdshb hmsdq/
oqdsZshnmr0 ür hr vdkk/jmnvm: sgd Rbgtq P/etmbshnmr Zqd hmcdwdc ax rsqhbs oZqshshnmr
Zmc vdqd trdc ax Rbgtq )Rsdlaqhcfd fl878[ hm fdmdqZkhyhmf sgd Eqnadmhtr bgZqZbsdq
enqltkZ enq oqnidbshud hqqdctbhakd bgZqZbsdqr ne sgd rxlldsqhb fqnto Bm 0 Rbgtq P/
etmbshnmr enql Z chrshmfthrgdc aZrhr hm sgd rtaqhmf ne rxlldsqhb etmbshnmr fdmdqZsdc
ax ofl. o2. . . . 0 XZlZftbgh )fl888[ gZr rgnvm sgZs sgd bZsdfnqx ne hqqdctbhakd Bm/
rtodqlnctkdr hr dpthuZkdms sn sgZs ne rtodqlnctkdr ne sgd Gdbjd-Bkheenqc ZkfdaqZ
Cm + �m ∅�Bm Zmc sgd hqqdctbhakd naidbsr Cξ Zqd oZqZldsqhydc ax rsqhbs oZqshshnmr
ξ ∈ PHm 0 VZm Zmc VZmf )19fl2[ gZud rgnvm sgZs sgd rohm JnrsjZ onkxmnlhZkr
Zclhs sgd hmsdqoqdsZshnm

–fl/1( J�λµ(s(+ 1
˜k(ξ(<1[Bξµ(s�fl( sm(µ(.

Zmc
B�ξµ(s(+

∏

h≥9

s h (chlGnl�m (C
ξ . �m ⊗ F 1h (�µ((.

Kds l(m( ad sgd ptddq Khd rtodqZkfdaqZ bnmsZhmhmf sgd fdmdqZk khmdZq Khd ZkfdaqZ
Sg(m( Zr hsr dudm rtaZkfdaqZ0 Rdqfddu )fl873[ gZr rgnvm sgZs sgd hqqdctbhakd l(m(/
lnctkdr U (ξ( Zqd Zkrn oZqZldsqhydc ax rsqhbs oZqshshnmr ξ ∈PHm 0 Hs stqmr nts sgZs sgd
p/vdhfgs ltkshokhbhsx ��ξµ(s( ZrrnbhZsdc vhsg sgd vdhfgs roZbd U (ξ(µ Zkrn ZoodZqr
Zr sgd rohm JnrsjZ onkxmnlhZk )VZm Zmc VZmf 19fl2[.

J�λµ(s(+ 1
˜k(ξ(<1[��ξµ(s(.–fl/2(

Sgd otqonrd ne sghr oZodq hr sn fhud Zm nodqZshnmZk ZkfdaqZhb enqltkZ enq sgd
rohm JnrsjZ-Entkjdr onkxmnlhZkr J�ξµ(s(0 Sgd ldsgnc vd Zcnos hr rhlhkZq sn sgZs
ne )AqxZm Zmc Ihmf 191fl[: hm vghbg sgd udqsdw nodqZsnq qdZkhyZshnmr ne sgd GZkk-
Khsskdvnnc onkxmnlhZkr Zmc Rbgtq etmbshnmr vdqd dloknxdc0 Gnvdudq: sgdqd hr
rnld rtaskdsx hm sgd rohm rhstZshnm0
Hm sgd trtZk udqsdw qdZkhyZshnm ne Rbgtq P/etmbshnmr )Ihmf fl88fla[: nmkx sgd lncdr

ne ncc hmchbdr –ne sgd svhrsdc Gdhrdmadqf ZkfdaqZ( vdqd trdc hm sgd cdzmhshnm0 Rgntkc
sghr udqsdw nodqZsnq ad dloknxdc: sgd bnlltsZshnm qdkZshnmr ne hsr bnlonmdmsr vhsg
sgnrd ne sgd udqsdw nodqZsnq enq sgd GZkk-Khsskdvnnc rxlldsqhb etmbshnmr vntkc
gZud hmzmhsdkx lZmx sdqlr hm sgd ptZcqZshb qdkZshnmr0 Sn rZkuZfd sgd rhstZshnm: vd
hmsqnctbd Z mdv udqsdw nodqZsnq qdZkhyZshnm ne Rbgtq P/etmbshnmr trhmf Z kZqfdq
Gdhrdmadqf ZkfdaqZ fqZcdc ax Zkk hmsdfdqr –rdd –1/7( Zmc –1/8((0 Sgd mdv udqsdw
nodqZsnq qdZkhyZshnm dmZakdr tr sn fds Z zmhsd ptZcqZshb qdkZshnm adsvddm sgd nodqZsnqr
qdZkhyhmf ansg sgd GZkk-Khsskdvnnc Zmc Rbgtq P/etmbshnmr Zmc sgdm sgd lZsqhw
bndezbhdmsr dwoqdrr sgd rohm JnrsjZ onkxmnlhZkr0
ür lZsqhw bndezbhdmsr: sgd rohm JnrsjZ-Entkjdr onkxmnlhZkr bZm ad bnlotsdc hm

fdmdqZk: Zmc dwZbs enqltkZr Zqd fhudm hm rnld rodbhZk bZrdr0 Vd Zkrn oqnud Z rsZahkhsx
enqltkZ enq sgd rohm JnrsjZ onkxmnlhZkr0 Vd gZud bkZqhzdc rnld ptdrshnmr qdfZqchmf
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sgdl –hm DwZlokd 20flfl: vd chroqnudc sgd rxlldsqhb oqnodqsx( Zmc nasZhmdc bntmshmf
enqltkZr enq sgd Rsdlaqhcfd bndezbhdmsr )Rsdlaqhcfd fl878[ adsvddm sgd Rbgtq
O/etmbshnmr Zmc Rbgtq etmbshnmr0 ür ZookhbZshnmr: vd Zmrvdq Z qdbdms bnmidbstqd
ne ünjZfd Zmc Zqd Zakd sn cdqhud Z sdmrnq cdbnlonrhshnm hm sgd fdmdqZk rhstZshnm0
Sgd oZodq hr nqfZmhydc Zr enkknvr0 Hm Rdbshnm 1 vd qdbZkk sgd udqsdw nodqZsnq

qdZkhyZshnm ne sgd GZkk-Khsskdvnnc etmbshnmr Zmc fhud Z mdv udqsdw nodqZsnq bnm/
rsqtbshnm ne sgd Rbgtq P/etmbshnmr: vghbg hr rodbhzbZkkx sZhknqdc enq sZlhmf sgd
bnlltsZshnm qdkZshnm adsvddm sgd svn udqsdw nodqZsnqr0 Hm Rdbshnm 2 vd dwoqdrr
sgd rohm GZkk-Khsskdvnnc onkxmnlhZkr Zr lZsqhw bndezbhdmsr ne udqsdw nodqZsnqr
Zmc cdqhud Zm hsdqZshud enqltkZ –rdd Sgdnqdl 204(0 EhmZkkx hm Rdbshnm 3 vd trd sgd
hsdqZshud enqltkZr sn udqhex ünjZfd@r bnmidbstqd nm ltkshokhbhshdr ne sdmrnq oqnctbsr
ne rohm lnctkdr: Zmc Z enqltkZ hr Zkrn nasZhmdc enq sgd fdmdqZk bZrd0

10 Tdpsdw nodpYsnp pdYkhyYshnm ne FYkk-Khsskdvnnc Ymc Rbgtp P,etmbshnmr

ü oZqshshnm –qdro0 rsqhbs oZqshshnm( λ+ (λfl. λ1. . . .(: cdmnsdc λ ⊢ m: hr Z vdZjkx –qdro0
rsqhbskx( cdbqdZrhmf rdptdmbd ne onrhshud hmsdfdqr rtbg sgZs

⊕
h λh + m0 Sgd rtl

|λ|+
⊕

h λh hr bZkkdc sgd vdhfgs Zmc sgd mtladq k(λ( ne mnmydqn oZqsr hr bZkkdc sgd
kdmfsg0 Vd Zkrn cdzmd λ |= m he λ hr Z bnlonrhshnm ne m vgdm sgd oZrs λh Zqd mns
mdbdrrZqhkx nqcdqdc0 Sgd rds ne oZqshshnmr –qdro0 rsqhbs oZqshshnmr( ne vdhfgs m vhkk
ad cdmnsdc ax Hm –qdro0 PHm(0 Sgd cnlhmZmbd nqcdq λ≥ µ hr cdzmdc ax |λ|+ |µ|

Zmc λfl+ · · · + λh ≥ µfl+ · · · +µh enq dZbg h 0
Kds lh ad sgd ltkshokhbhsx ne h hm λ Zmc rds yλ +

∑
h≥fl h

lh (λ(lh (λ(:, vd cdzmd
sgd oZqhsx ελ + (�fl(|λ|�k(λ( Zmc

–1/fl( yλ(s(+
yλ∑

h≥fl(fl� sλh (
. m(λ(+

∏

h≥fl

(h � fl(λh .

ü oZqshshnm λ bZm ad uhrtZkhydc ax hsr Xntmf chZfqZl vgdm λ hr hcdmshzdc vhsg
{(h. i( ∈ !1 | fl ≤ h ≤ k(λ(. fl ≤ i ≤ λh {0 Sn dZbg bdkk (h. i( ∈ λ: vd cdzmd hsr
bnmsdms bh i + i � h Zmc gnnj kdmfsg gh i + λh + λ′i � h � i + fl: vgdqd sgd oZqshshnm
λ′+ (λ′fl. . . . . λ

′

λfl
( hr sgd ctZk oZqshshnm ne λ nasZhmdc ax qdfidbshmf sgd Xntmf chZfqZl

ne λ Zknmf sgd chZfnmZk0
Hm sghr oZodq: vd trd sgd s/hmsdfdq ˜m[ + sm�fl + sm�1 + · · · + s + fl0 RhlhkZqkx

˜m[: + ˜m[ · · · ˜fl[: Zmc sgd FZtrr s/ahmnlhZk rxlank
) m
j

[
+

˜m[:
˜j[:˜m�j[: 0

Kds 'D ad sgd qhmf ne rxlldsqhb etmbshnmr nudq D +"(s(: sgd zdkc ne qZshnmZk
etmbshnmr hm s 0 Vd Zkrn bnmrhcdq ' nudq sgd qhmf ne hmsdfdqr0 Sgd roZbd 'D hr
fqZcdc Zmc cdbnlonrdr hmsn Z chqdbs rtl.

–1/1( 'D +

∞

m+9

'm
D .
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vgdqd 'm
D hr sgd rtaroZbd ne cdfqdd m: roZmmdc ax sgd dkdldmsr oλ+ oλfl oλ1 · · · oλk

vhsg |λ|+ m0 Gdqd oq hr sgd cdfqdd q onvdq rtl rxlldsqhb etmbshnm0
Kds )" ad sgd rtaqhmf ne '" fdmdqZsdc ax sgd o1q�fl: q ∈ #0 Sgdm

–1/2( )" +"˜oq ] q ncc[.

Sgd Rbgtq P/etmbshnmr Pξ : ξ rsqhbs: enql Z "/aZrhr ne )" )LZbcnmZkc fl868[0 ükrn:
) hr Z fqZcdc qhmf ) +⊕m≥9)

m : vgdqd )m
+ ) !'m 0

Sgd roZbd 'D hr dpthoodc vhsg sgd ahkhmdZq enql } · . · ⟩ cdzmdc ax

}oλ. oµ⟩+ δλµyλ(s(.–1/3(

ür {yλ(s(�fl oλ{ hr sgd ctZk aZrhr ne sgd onvdq rtl aZrhr: sgd Zcinhms nodqZsnq ne sgd
ltkshokhbZshnm nodqZsnq om hr sgd cheedqdmshZk nodqZsnq o∗m + (m<(fl� sm(( ><>om ne
cdfqdd �m0
Vd qdbZkk sgd udqsdw nodqZsnq qdZkhyZshnm ne sgd GZkk-Khsskdvnnc rxlldsqhb

etmbshnmr )Ihmf fl88flZ[ Zmc bnmrsqtbs Z uZqhZms udqsdw nodqZsnq enq sgd Rbgtq P/
etmbshnm nm sgd roZbd 'D 0 Sgd udqsdw nodqYsnqr F(y( Zmc hsr Zcinhms F∗(y( Zqd
s/oZqZldsqhydc khmdZq lZor: 'D �→'D ˜̃ y. y�fl[[ +'D ⊗ D˜y. y�fl[: cdzmdc ax

–1/4( F(y(+ dwo
)∏

m≥fl

fl� sm

m
omym

(
dwo

)
�

∏

m≥fl

>

>om
y�m

(
+

∏

m∈!

Fmym.

Zmc

–1/5( F∗(y(+ dwo
)
�

∏

m≥fl

fl� sm

m
omym

(
dwo

)∏

m≥fl

>

>om
y�m

(
+

∏

m∈!

F∗

m y
�m.

Mnsd sgZs ] hr "(s(/khmdZq Zmc Zmsh/hmunktshud rZshrexhmf

–1/6( }Fmt. v⟩+ }t. F∗

m v⟩

enq t. v ∈'D 0
Vd mnv hmsqnctbd sgd udqsdw nodqYsnqr P(y( Zmc hsr Ycinhms P∗(y( Zr sgd khmdZq

lZor: 'D �→'D ˜̃ y. y�fl[[: cdzmdc ax

–1/7( P(y(+ dwo
) ∏

m≥fl.ncc

1
m
omym

(
dwo

)
�

∏

m≥fl

>

>om
y�m

(
+

∏

m∈!

Pmym.

Zmc

–1/8( P∗(y(+ dwo
)
�

∏

m≥fl

fl�sm

m
omym

(
dwo

) ∏

m≥fl.ncc

1
fl�sm

>

>om
y�m

(
+

∏

m∈!

P∗

my
�m.

Sgd bnlonmdmsr Fm. F∗
�m ∈ DmcD ('( Zqd ne cdfqdd m: Zmc rn Zqd sgd ZmmhghkZshnm

nodqZsnqr enq m / 90 RhlhkZqkx Pm. P∗
�m ∈ Dmc"('(0 Vd qdlZqj sgZs sgd rdbnmc

dwonmdmshZk eZbsnq ne P(y( hr cheedqdms eqnl sgd trtZk bnmrsqtbshnm hm )Ihmf fl88fla[:
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Zmc sghr vhkk ad bqtbhZk enq ntq kZsdq chrbtrrhnm0 Hm oZqshbtkZq: mnsd sgZs P(�y( ̸+
P∗(y( hm sgd btqqdms rhstZshnm ctd sn cheedqdms hmmdq oqnctbs0
Vd bnkkdbs sgd qdkZshnmr ne sgd udqsdw nodqZsnqr Zr enkknvr0

Opnonrhshnm 10fi )Ihmf fl88flZ, fl88fla[0 –fl( Sgd nodqYsnqr Fm Ymc F∗
m rYshrex sgd

qdkYshnmr

FlFm � s FmFl + s Fl+flFm�fl� Fm�flFl+fl.–1/fl9(

F∗

lF∗

m � s F∗

m F
∗

l + s F∗

l�flF
∗

m+fl� F∗

m+flF
∗

l�fl.–1/flfl(

FlF∗

m � s F∗

m Fl + s Fl�flF∗

m�fl� F∗

m�flFl�fl+ (fl� s(1δl.m.–1/fl1(

F�m.fl+ P�m.fl+ δm.9. F∗

m .fl+ P∗

m.fl+ δm.9.–1/fl2(

vgdqd δl.m hr sgd Jqnmdbjdq cdksY etmbshnm0

–1( Sgd nodqYsnqr Pm rYshrex sgd Bkheenqc YkfdaqY qdkYshnmr

–1/fl3( {Pl. Pm{ + (�fl(m1δl.�m.

vgdqd {é. A{ + éA+ Aé0

Oqnne0 BnlltsZshnm qdkZshnmr –1/fl9(-–1/fl2( vdqd eqnl )Ihmf fl88flZ[0 Vd enbtr
nm –1(0 Cdzmd sgd mnqlZk nqcdqhmf oqnctbs ax

]P(y(P(v(] + dwo
) ∏

m≥fl.ncc

1
m
om(ym +vm(

(
dwo

)
�

∏

m≥fl

>

>om
(y�m

+v�m(

(
.

Sgdm vd gZud enq |y|, |v|

P(y(P(v(+ ]P(y(P(v(] dwo
)
�

∏

m≥fl.ncc

1
m

)
v

y

(m(
+ ]P(y(P(v(]

y�v

y+v
.

Sgd qdrs ne sgd Zqftldms hr rhlhkZq sn Oqnonrhshnm 30fl4 hm )Ihmf fl88fla[0 �

Mnsd sgZs sgd uZbttl udbsnq fl hr ZmmhghkZsdc ax o∗m : rn

–1/fl4( F(y(.fl+ dwo
) ∞∏

m+fl

fl� sm

m
omym

(
+

∞∏

m+9

pmym + p(y(.

vgdqd pm hr sgd GZkk-Khsskdvnnc onkxmnlhZk ne nmd/qnv oZqshshnm (m(: Zmc bkdZqkx

–1/fl5( pm + Fm.fl+
∏

λ⊢m

fl
yλ(s(

oλ.

Vd Zkrn hmsqnctbd Z rohm ZmZknftd g(y( ax

–1/fl6( ĝ(y(+ dwo
) ∞∏

m+fl

sm � (�fl(m

m
omym

(
+

∏

m≥9

ĝmym;
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sgdm

–1/fl7( ĝm +
∏

λ⊢m

ελ

yλ(�s(
oλ.

Lnqdnudq:

–1/fl8( ĝm(�s(+
∏

λ⊢m

ελtλpλ.

vgdqd ελ + (�fl(|λ|�k(λ( Zmc tλ + k(λ(:<
∑

h≥fllh (λ(:0
ür bnmrdptdmbdr ne sgd oqnonrhshnm: nmd Zkrn gZr sgZs

FmFm+fl + s Fm+flFm.–1/19(

F∗

m F
∗

m�fl + s F∗

m�flF
∗

m .–1/1fl(

}Fm.fl. Fm.fl⟩+
∏

λ⊢m

fl
yλ(s(

+ fl� s. m / 9.–1/11(

}Fm.fl. F∗

�m.fl⟩+
∏

λ⊢m

(�fl(k(λ(

yλ(s(
+ sm � sm�fl. m / 9.–1/12(

vgdqd sgd kZrs svn hcdmshshdr enkknv eqnl –1/fl1( Zmc –1/fl9( ax hmctbshnm0
Hm fdmdqZk: dwoqdrrhmf Fµ enq Zmx bnlonrhshnm µ hm sdqlr ne sgd aZrhr dkd/

ldmsr Fλ: λ ∈ H : bZm ad enqltkZsdc Zr enkknvr0 Kds Rh.Y ad sgd sqZmrenqlZshnm
(λfl. . . . . λh . λh+fl. . . .( ̸→ (λfl. . . . . λh+fl� Y. λh + Y. . . .(: vgdqd λh+fl / λh 0 Cdzmd

–1/13( B(Rh.Y(+

{




s. Y + 9.
sY+fl� sY�fl. fl≤ Y ,

)
λh+fl�λh

1

[
.

sY+ϵ
� sY�fl. fl≤ Y +

)
λh+fl�λh

1

[
.

vgdqd ϵ • λh+fl� λh (lnc 1(0 Enq h + (hfl. . . . . hq ( Zmc Y + (Yfl. . . . . Yq ( kds

–1/14( B(Rh.Y(+ B(Rhfl.Yfl(B(Rh1.Y1( · · ·B(Rhq .Yq (.

vgdqd sgd oqnctbs nqcdq enkknvr sgZs ne Rhfl.YflRh1.Y1 · · · Rhq .Yqλ: h0d0: eqnl sgd qhfgs
sn sgd kdes0 Hm oZqshbtkZq: vgdm s + 9: B(Rh.Y( + 9 tmkdrr Zkk Yh + fl, hm sgZs bZrd:
B(Rh.fl( + (�fl(q vghbg hr onrrhakd nmkx vgdm λh+fl � λh ≥ 10 Vgdm s + �fl:
B(Rh.Y(+ 9 tmkdrr Zkk Yh + 9 Zmc B(Rh.9(+ (�fl(q 0
Kds µ ad Z bnlonrhshnm Zmc λ ad Z oZqshshnm0 Cdzmd

A(λ.µ(!
∏

h.Y

B(Rh.Y(–1/15(

rtlldc nudq h + (hfl. h1. . . . . hq (: Y + (Yfl. Y1. . . . . Yq ( rtbg sgZs Rh.Yµ+ λ0
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Opnonrhshnm 101 )Ihmf Zmc Kht 1911[0 Rtoonrd µ hr Y bnlonrhshnm0 Sgdm

–1/16( Fµ +

∏

λ⊢|µ|

A(λ.µ(Fλ.

Vd qdlZqj sgZs λ ZoodZqr nmkx vgdm λ≥ µ hm –1/16(0 Kds µ ad Z bnlonrhshnm
Zmc λ ad Z oZqshshnm0 He sgdqd dwhrsr h + (hfl. h1. . . . . hq (: Y + (Yfl. Y1. . . . . Yq ( rtbg
sgZs Rh.Yµ+ λ: sgdm

⊕j
h+fl λh ≥

⊕j
h+fl µh : j + fl. 1. . . . 0

Opnonrhshnm 102 )Ihmf fl88flZ, fl88fla[0 –fl( Kds λ+ (λfl. . . . . λk( ad Y oYqshshnm0 Sgd
udqsdw nodqYsnq oqnctbsr Fλfl · · · Fλk .fl hr sgd FYkk-Khsskdvnnc etmbshnm Pλ(s(.

–1/17( Fλfl · · · Fλk .fl+ Pλ(s(+
∑

h, i

fl� Qh i

fl� s Qh i
pλfl · · · pλk .

vgdqd sgd qYhrhmf nodqYsnq hr fhudm ax Qh ipλ + p(λfl.....λh+fl.....λ i�fl.....λk (0

–1( Kds ξ + (ξfl. ξ1. . . . . ξk( ad Y rsqhbs oYqshshnm0 Sgdm

–1/18( Pξ + PξflPξ1 · · · Pξk .fl

hr sgd Rbgtq P,etmbshnm hmcdwdc ax ξ 0 Lnqdnudq: Pξ .fl: vgdqd ξ qYmfdr nudq
rsqhbs oYqshshnmr: enql Ym nqsgnfnmYk !,aYrd ne ) tmcdq sgd rodbhYkhydc hmmdq
oqnctbs } · . · ⟩s+�fl: dwokhbhskx

–1/29( }Pλ.fl. Pξ .fl⟩|s+�fl + 1k(λ(δλξ . λ. ξ ∈ PH.

Oqnne0 OZqs –fl( hr eqnl )Ihmf fl88flZ[0 Rhmbd ntq udqsdw nodqZsnq P(y( hr cheedqdms
eqnl sgZs ne )Ihmf fl88fla[: vd dwokZhm vgx sgd mdv udqsdw nodqZsnq Zkrn qdZkhydr
sgd Rbgtq P/etmbshnmr0 Eqnl sgd Zqftldms hm oqnuhmf –1/fl3( hm Oqnonrhshnm 10fl hs
enkknvr sgZs

P(yfl(P(y1( · · · P(yk(.fl+
∑

h, i

yh � y i

yh + y i
]P(yfl(P(y1( · · · P(yk(] .fl

+

∑

h, i

yh � y i

yh + y i
dwo

) ∏

m≥fl.ncc

1om
m

(ymfl + · · · + ymk (
(
.

SZjhmf bndezbhdmsr ne yξflfl · · · yξkk : vd nasZhm sgZs Pξ hr dwZbskx sgd Rbgtq P/etmbshnm
hmcdwdc ax ξ –be0 )Ihmf fl88fla[(0 �

20 Rohm FYkk-Khsskdvnnc onkxmnlhYkr Ymc udpsdw nodpYsnpr

VZm Zmc VZmf )19fl2[ gZud hmsqnctbdc Zm dwsqdldkx hmsdqdrshmf rohm ZmZknftd ne
JnrsjZ–-Entkjdr( onkxmnlhZkr Zmc rgnvm sgZs sgdrd onkxmnlhZkr dminx eZunqZakd
oqnodqshdr oZqZkkdk sn sgnrd ne sgd JnrsjZ onkxmnlhZkr0
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Cdzmhshnm 20fi )VZm Zmc VZmf 19fl2[0 Sgd rohm JnrsjZ onkxmnlhZkr J�ξµ(s( enq
ξ ∈ PH Zmc µ ∈ H Zqd cdzmdc ax

–2/fl( Pξ (w(+
∏

µ

J�ξµ(s(Oµ(w; s(.

vgdqd Pξ (w( –qdro0 Oµ(w; s(( Zqd Rbgtq P/etmbshnmr –qdro0 GZkk-Khsskdvnnc etmb/
shnmr(0

Eqnl sgd Zanud chrbtrrhnm Zmc Oqnonrhshnm 102: hs hr bkdZq sgZs sgd rohm JnrsjZ
onkxmnlhZkr bZm ad dwoqdrrdc Zr lZsqhw bndezbhdmsr.

J�ξµ(s(+ }Pµ(w; s(. Pξ (w(⟩

+ }FµflFµ1 · · · Fµk .fl. PξflPξ1 · · · Pξj .fl⟩.

Sn bnlotsd sgd lZsqhw bndezbhdmsr: vd zqrs fds sgd bnlltsZshnm qdkZshnmr ax
trtZk sdbgmhptdr ne udqsdw nodqZsnqr.

F∗(y(P(v((v� s y(+ P(v(F∗(y((y+v(+ 1(fl� s(yδ
]
v

y

(
ĝ(y(.–2/1(

ĝ∗(y(F(v(+ F(v(ĝ∗(y( v+y
v�s y

.–2/2(

P(y(ĝ(v(+ ĝ(v(P(y( y�sv
y+v

.–2/3(

Vd qdlZqj sgZs he sgd nkc udqsdw nodqZsnq P̂(v( eqnl )Ihmf fl88fla[ vdqd trdc:
sgdm sgd bnlltsZshnm qdkZshnmr adsvddm F∗(y( Zmc P̂(v( vntkc gZud addm Zm
hmzmhsd ptZcqZshb qdkZshnm0
SZjhmf bndezbhdmsr vd nasZhm sgd enkknvhmf bnlltsZshnm qdkZshnmr0

Opnonrhshnm 2010 Sgd bnlltsYshnm qdkYshnmr adsvddm sgd FYkk-Khsskdvnnc udqsdw
nodqYsnqr Ymc Rbgtq P,etmbshnm nodqYsnqr Yqd

F∗

m Pl + s�flF∗

m�flPl�fl+s�flPlF∗

m +s�flPl�flF∗

m�fl+1(fl�s�fl(ĝl�m.–2/4(

ĝ∗lFm + Fmĝ∗l+(fl+s(
l�fl∏

j+9

sl�j�flFm�l+j ĝ∗j .–2/5(

Pmĝl + ĝlPm+(fl+s(
l�fl∏

j+9

(�fl(l�j ĝj Pm�j+l .–2/6(

Mnv vd bZm rsZsd ntq enqltkZr sn bnlotsd sgd rohm JnrsjZ onkxmnlhZkr0 Sn
sghr dmc: vd oqdoZqd rnld mdbdrrZqx mnsZshnm0 Kds λ + (λfl. λ1. . . . . λk( Zmc
µ + (µfl.µ1. . . . .µl( ad –rsqhbs( oZqshshnmr0 Vd cdzmd λ˜h[ + (λh+fl. . . . . λk(:
λ
;h
+ (λfl. . . . . λh�fl. λh+fl. . . . . λk(: Zmc λ�µ+ (λfl�µfl. λ1�µ1. . . .(0
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Sgdnpdl 2020 Dnq Ym hmsdfdq j: rsqhbs oYqshshnm ξ + (ξfl. ξ1. . . . . ξk( Ymc oYqshshnm
µ+ (µfl.µ1. . . . .µl(:

F∗

j Pξ +

k∏

h+fl

(�fl(h�fl1ĝξh�j Pξ
;h .–2/7(

ĝ∗j Fµ +

∏

τ |=j

sj�k(τ ((fl+ s(k(τ (Fµ�τ .–2/8(

Oqnne0Vd rgnv sgd zqrs qdkZshnm ax hmctbshnm nm j+|ξ |0 Sgd bZrd ne j+|ξ |+ fl hr
bkdZq0 ürrtld sgZs –2/7( gnkcr enq j+ |ξ |+ m� fl0 Trhmf sgd hmctbshnm gxonsgdrhr
Zmc –2/4( vd gZud sgZs

F ∗

j PξflPξ1 · · · Pξk

+ s�flF ∗

j�flPξfl�flPξ1 · · · Pξk + s�flPξflF
∗

j Pξ1 · · · Pξk + s�flPξfl�flF
∗

j�flPξ1 · · · Pξk

+ 1(fl� s�fl(ĝξfl�j Pξ1 · · · Pξk

+ s�fl
�
1ĝξfl�j Pξ1 · · · Pξk � 1ĝξ1�j+flPξfl�flPξ2 · · · Pξk

+ 1ĝξ2�j+flPξfl�flPξ1Pξ3 · · · Pξk + · · · + (�fl(k+fl1ĝξk�j+flPξfl�flPξ1 · · · Pξk�fl

(

+ s�flPξfl

�
1ĝξ1�j Pξ2 · · · Pξk � 1ĝξ2�j Pξ1Pξ3 · · · Pξk

+ 1ĝξ3�j Pξ1Pξ2Pξ4 · · · Pξk + · · · + (�fl(k1ĝξk�j Pξ1Pξ2 · · · Pξk�fl

(

+ s�flPξfl�fl
�
1ĝξ1�j+flPξ2 · · · Pξk � 1ĝξ2�j+flPξ1Pξ3 · · · Pξk

+ 1ĝξ3�j+flPξ1Pξ2Pξ4 · · · Pξk

+ · · · + (�fl(k1ĝξk�j+flPξ1Pξ2 · · · Pξk�fl

(

+ 1(fl� s�fl(ĝξfl�j Pξ1Pξ2 · · · Pξk .

Rhlokhexhmf sgd dwoqdrrhnm: vd rdd sgd Zanud hr

s�fl
�
1ĝξfl�j Pξ1 · · · Pξk � 1ĝξ1�j+flPξfl�flPξ2 · · · Pξk

+ 1ĝξ2�j+flPξfl�flPξ1Pξ3 · · · Pξk

+ · · · + (�fl(k+fl1ĝξk�j+flPξfl�flPξ1 · · · Pξk�fl

(

+ 1s�fl
�
ĝξ1�j+flPξfl�flPξ2 · · · Pξk � ĝξ2�j+flPξfl�flPξ1Pξ3 · · · Pξk

+ ĝξ3�j+flPξfl�fl · · · Pξk

+ · · · + (�fl(k ĝξk�j+flPξfl�flPξ1Pξ2 · · · Pξk�fl

(

� 1
�
ĝξ1�j PξflPξ2 · · · Pξk � ĝξ2�j PξflPξ1Pξ3 · · · Pξk

+ ĝξ3�j PξflPξ1Pξ2Pξ4 · · · Pξk

+ · · · + (�fl(k ĝξk�j PξflPξ1Pξ2 · · · Pξk�fl

(

+ 1(fl� s�fl(ĝξfl�j Pξ1Pξ2 · · · Pξk (ax –2/6((

+ 1ĝξfl�j Pξ1 · · · Pξk � 1ĝξ1�j PξflPξ2 · · · Pξk + · · · + 1(�fl(k�flĝξk�j Pξfl · · · Pξk�fl.
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vghbg gZr oqnudc –2/7(0 Sgd rdbnmc qdkZshnm hr rhlhkZqkx rgnvm ax –2/5( Zmc
hmctbshnm nm k(µ(0 �

DwYlokd 2030 Kds µ+ (1. 1( Zmc ξ + (2. fl(0 Sgdm ax Sgdnqdl 202

J�ξµ(s(+ }F1F1.fl. P2Pfl.fl⟩

+ }F1.fl. 1gflPfl.fl⟩

+ 1}s (fl+ s�fl(Ffl.fl. Pfl.fl⟩

+ 3s + 3.

Ax Sgdnqdl 202: vd mnv nasZhm Zm ZkfdaqZhb enqltkZ enq J�ξµ(s(0

Sgdnpdl 2040 Dnq ξ + (ξfl. . . . . ξk( ∈ PHm Ymc µ+ (µfl. . . . .µl( ∈ Hm : J�ξµ(s( hr
fhudm ax sgd hsdqYshud enqltkY

–2/fl9( J�ξµ(s(+
k⊕

h+fl

⊕
τ |=ξh�µfl

⊕
λ⊢m�ξh

(�fl(h�fl1sξh�µfl(fl+s�fl(k(τ (A(λ.µ˜fl[�τ (J�
ξ
;hλ
(s(0

Oqnne0 Hs enkknvr qdZchkx eqnl –2/7(: –2/8( Zmc –1/16(0 �

DptZshnm –2/fl9( rgnvr sgZs Zkk rohm JnrsjZ onkxmnlhZkr Zqd hmsdfqZk onkxmnlhZkr:
Zmc hs Zkrn fhudr Zm deedbshud qdbtqqdmbd ne J�ξµ(s( Zr rgnvm ax sgd enkknvhmf
dwZlokd0

DwYlokd 2050 Kds ξ + (3. 2. fl( Zmc µ+ (2. 2. 1(0 Sgdm

J�ξµ(s(+ }F2F2F1.fl. P3P2Pfl.fl⟩

+ }F2F1.fl. 1ĝflP2Pfl.fl⟩�}F2F1.fl. 1ĝ9P3Pfl.fl⟩

+ 1}s (fl+ s�fl((F1F1.fl+ F2Ffl.fl(. P2Pfl.fl⟩� 1}F2F1.fl. P3Pfl.fl⟩

+ 1(s + fl((J�(2.fl((1.1((s(+ J�(2.fl((2.fl((s((� 1J
�

(3.fl((2.1((s(.

Sgd rohm JnrsjZ onkxmnlhZkr gZud pthsd Z edv qdlZqjZakd oqnodqshdr qdrdlakhmf
sgnrd ne sgd JnrsjZ-Entkjdr onkxmnlhZkr0 ür Z bnmrdptdmbd ne sgd qdbtqqdmbd vd
gZud sgd enkknvhmf0

BnpnkkYpx 2060 Kds ξ ad Y rsqhbs oYqshshnm Ymc µ ad Y oYqshshnm0 Vd gYud.

–fl( He sgdqd dwhrsr j ∈ #: rtbg sgYs ξh + µh . h + fl. 1. . . . . j: sgdm

J�ξµ(s(+ 1
j J�

ξ ˜j[µ˜j[
(s(.–2/flfl(

Hm oYqshbtkYq: J�ξξ (s(+ 1
k(ξ(0

–1( 1k(ξ( | J�ξµ(s(0

–2( J�ξµ(�fl(+ 1
k(ξ(δξµ0

Oqnne0 Sgdx Zqd hlldchZsd bnmrdptdmbdr ne Sgdnqdl 2040 �
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Rnld rodbhZk bZrdr ne Sgdnqdl 204 Zqd khrsdc Zr enkknvr0

DwYlokd 2070 Rtoonrd ξ ∈ PHm : µ ∈ Hm 0 Vd gZud

J�ξ(m((s(+ 1δξ.(m(.–2/fl1(

J�(m(µ(s(+ 1s
m�µfl

∏

τ |=m�µfl

(fl+ s�fl(k(τ (A(".µ(fl(
� τ (.–2/fl2(

J�ξ(µfl.µ1((s(+

{




11�δ9.ξ1 sξfl�µfl(fl+ s�fl( he ξ / (µfl.µ1(.

3 he ξ + (µfl.µ1(.

9 nsgdqvhrd0
–2/fl3(

Sgdqd hr Z bnloZbs enqltkZ ne J�(m(µ(s( )VZm Zmc VZmf 19fl2[ ax trhmf Z qdrtks
ne )LZbcnmZkc fl868[0 Vd vhkk bnld aZbj sn sgd VZm-VZmf enqltkZ trhmf sgd
hsdqZshnm hm sgd mdws rdbshnm0
Sgd enkknvhmf qdrtks vZr zqrs oqnudc hm )VZm Zmc VZmf 19fl2[ trhmf sgd rhlhkZq

oqnodqsx ne sgd JnrsjZ-Entkjdr onkxmnlhZkr0 Trhmf ntq hsdqZshud enqltkZ: nmd bZm
fhud Zm hmcdodmcdms oqnne eqnl sgZs ne sgd JnrsjZ-Entkjdr onkxmnlhZkr0 Vd qdlZqj
sgZs sgd ldsgnc bZm Zkrn ad trdc sn rgnv sghr oqnodqsx enq sgd JnrsjZ-Entkjdr
onkxmnlhZk ax sgd hsdqZshud enqltkZ hm )AqxZm Zmc Ihmf 191fl[0

BnpnkkYpx 2080 Kds ξ+ (ξfl. ξ1. . . .(∈PHm : µ+ (µfl.µ1. . . .(∈Hm0 Sgdm J�ξµ(s(+9:
tmkdrr ξ ≥ µ0

Oqnne0 Hs hr dpthuZkdms sn oqnud J�ξµ(s(+ 9: he ξ �µ0 Vd Zqftd hs ax hmctbshnm nm m0
Sgd hmhshZk rsdo hr nauhntr0 Rtoonrd hs gnkcr enq vdhfgs , m0 Sgdqd dwhrsr Z rlZkkdrs
j ≥ fl: rtbg sgZs ξfl+ ξ1+ · · · + ξj , µfl+µ1+ · · · +µj 0

He j + fl: sgdm hs@r duhcdms sgZs J�ξµ(s(+ 9 ax sgd hsdqZshud enqltkZ –2/fl9(0

He j / fl: sgdm sgdqd dwhrsr j / i ≥ fl: rtbg sgZs ξ i+fl , µfl ≤ ξ i 0 Vd gZud

J�ξµ(s(+
i∏

h+fl

(�fl(h�fl}Fµ1Fµ2 · · · . 1ĝξh�µflPξfl · · ·
;Pξh · · · ⟩

+

i∏

h+fl

(�fl(h�fl
∏

τ |=ξh�µfl

1sξh�µfl(fl+ s�fl(k(τ (}Fµ˜fl[�τ . Pξ
;h ⟩

+

i∏

h+fl

(�fl(h�fl
∏

τ |=ξh�µfl

1sξh�µfl(fl+ s�fl(k(τ (
∏

µ⊢m�ξh

A(µ.µ˜fl[ � τ (}Fµ. Pξ
;h ⟩

+

i∏

h+fl

(�fl(h�fl
∏

τ |=ξh�µfl

1sξh�µfl(fl+ s�fl(k(τ (
∏

µ⊢m�ξh

A(µ.µ˜fl[ � τ (J�
ξ
;hµ
(s(.
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Ax sgd qdlZqj adknv Oqnonrhshnm 101: enq dZbg fl≤ h ≤ i : vd gZud µfl+· · ·+µj�fl ≥

µ1+· · ·+µj�τfl�· · ·�τj�fl≥µ1+· · ·+µj+µfl�ξh / ξfl+· · ·+ξh�fl+ξh+fl+· · · ξj 0
Ax hmctbshnm: vd gZud J�ξµ(s(+ 90 �

Sgd JnrsjZ-Entkjdr onkxmnlhZkr gZud sgd rsZahkhsx oqnodqsx )AqxZm Zmc Ihmf
191fl[: vghbg rZxr sgZs he µfl≥ λ1: sgdm Jλ+(q(.µ+(q((s(+ Jλµ(s( enq Zkk q ≥ fl0 Gdqd:
λ+(q(+ (λfl+q. λ1. . . .(0 Sgd rohm JnrsjZ onkxmnlhZkr Zkrn dminx sgd rZld rsZahkhsx0

Opnonrhshnm 20fi90 Kds ξ + (ξfl. . . . . ξk( ∈ PH : µ+ (µfl. . . . .µl( ∈ H : Ymc µfl / ξ10
Sgdm enq Ymx q ≥ fl: vd gYud

J�ξ+(q(µ+(q((s(+ J�ξµ(s(.–2/fl4(

Oqnne0 Ax Sgdnqdl 202: hs enkknvr sgZs

J�ξ+(q(µ+(q((s(+ }Fµ1Fµ2 · · · Fµl .fl. 1ĝξfl�µflPξ1 · · · Pξk .fl⟩+ J�ξµ(s(. �

Sgd rohm JnrsjZ-Entkjdr onkxmnlhZkr Jλµ(s( vdqd bnmidbstqZkkx rxlldsqhb
)VZm Zmc VZmf 19fl2: Ptdrshnm 30fl9[ hm sgd rdmrd sgZs

J�λµ(s(+ slλµJ�λµ(s
�fl(

enq rnld lλµ ∈ !0 Gnvdudq: sgd enkknvhmf hr Z bntmsdqdwZlokd0

DwYlokd 20fifi0 Fhudm ξ + (2. 1( Zmc µ+ (1. fl2(: vd gZud

J�ξµ(s(+ }F1FflFflFfl.fl. P2P1.fl⟩

+ }FflFflFfl.fl. 1ĝflP1.fl⟩�}FflFflFfl.fl. 1ĝ9P2.fl⟩

+ 1}s (fl+ s�fl(˜2[FflFfl.fl. P1.fl⟩� 1J�(2((fl2((s(

+ 3s (s2+ 1s1+ 2s + 1(.

30 LYpjdc sYakdYtw

Sn rstcx oqnidbshud qdoqdrdmsZshnmr ne sgd rxlldsqhb fqnto: Rsdlaqhcfd )fl878[
hmsqnctbdc sgd mtladq fξλ Zr enkknvr.

Pξ (w(+
∏

λ

aξλrλ(w(. fξλ + 1�k(ξ(aξλ.–3/fl(

Mnsd sgZs aξλ + J�ξλ(9(: ats vd vhkk rdd sgZs fξλ bZm ad dwsdmcdc sn Zmx oZqshshnm ξ :
rn vd qdrdqud sghr mnsZshnm hm sghr rdbshnm0
Kds ξ. λ ad oZqshshnmr vhsg ξ rsqhbs0 Sgd bndezbhdms fξλ ne rλ hm sgd dwoZmrhnm ne

sgd Rbgtq P/etmbshnm 1�k(ξ(Pξ bntmsr sgd mtladq ne –tmrghesdc( lZqjdc sZakdZtw S
ne rgZod λ Zmc vdhfgs ξ rtbg sgZs

–Z( v(S ( gZr sgd kZsshbd oqnodqsx,
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–a( enq dZbg j ≥ fl: sgd kZrs nbbtqqdmbd ne j ′ hm v(S ( oqdbdcdr sgd kZrs nbbtqqdmbd
ne j0

Gdqd v(S ( hr sgd vnqc ne S ax qdZchmf sgd rxlankr hm S eqnl qhfgs sn kdes hm
rtbbdrrhud qnvr: rsZqshmf vhsg sgd sno qnv0
Sgd bnlahmZsnqhZk hmsdqoqdsZshnm Zmc sgd qdoqdrdmsZshnm/sgdnqdshb hmsdqoqdsZshnm

ne fξλ Zqd jmnvm )RZfZm fl876, Rsdlaqhcfd fl878, VZm Zmc VZmf 19fl2, Vnqkdx
fl873[0 Gnvdudq: mn deedbshud enqltkZ enq fξµ hr ZuZhkZakd0 ür Zm ZookhbZshnm ne sgd
oqdbdchmf rdbshnm: vd fhud Zm ZkfdaqZhb enqltkZ enq fξλ0
Sgd qhmf '" ne rxlldsqhb etmbshnmr gZr sgd bZmnmhbZk ahkhmdZq enql } · . · ⟩9 +

} · . · ⟩s+9 tmcdq vghbg Rbgtq etmbshnmr Zqd nqsgnmnqlZk.

–3/1( }oλ. oµ⟩9 + δλ.µyλ.

Sgtr sgd Zcinhms nodqZsnq ne sgd ltkshokhbZshnm nodqZsnq om hr sgd cheedqdmshZk nodqZsnq
o�m + m(><(>om((0
Vhsg qdrodbs sn } · . · ⟩9: sgd udqsdw nodqYsnqr Zmc sgdhq Zcinhms nodqZsnqr enq Rbgtq

etmbshnmr Zmc Rbgtq P/etmbshnmr Zqd fhudm ax )Ihmf fl88fla, 1999[

R±(y(+ dwo
)
±

∏

m≥fl

fl
m
omym

(
dwo

)
±

∏

m≥fl

>

>om
y�m

(
+

∏

m∈!

R±m y±m.–3/2(

P+(y(+ P(y(+
∏

m∈!

P+

m y
m.–3/3(

P�(y(+ dwo
)
�

∏

m≥fl

fl
m
omym

(
dwo

) ∏

m≥fl.ncc

1
>

>om
y�m

(
+

∏

m∈!

P�m y
�m.–3/4(

Mnsd sgZs P�(y( hr sgd rodbhZkhydc udqsdw nodqZsnq P∗(y(|s+90 Gdqd vd cdmnsd sgd
Zcinhms nodqZsnqr ax R+m Zmc P+

m : qdrodbshudkx: sn chrshmfthrg eqnl sgd oqdbdchmf
rdbshnm0
Sgdqdenqd fξλ bZm ad dwoqdrrdc hm sdqlr ne sghr hmmdq oqnctbs.

–3/5( fξλ + 1�k(ξ(aξλ + 1�k(ξ(
}rλ. Pξ ⟩9 + 1�k(ξ(

}Rλ.fl. Pξ .fl⟩9.

QdbZkk sgZs sgd hmunktshnm ω ] ' → ' cdzmdc ax ω(oλ( + ελ oλ )LZbcnmZkc
fl868[ hr Zm hrnldsqx vhsg qdrodbs sn sgd bZmnmhbZk hmmdq oqnctbs } · . · ⟩9 rtbg sgZs

ω(rλ(+ rλ′. ω(Pξ (+ Pξ .

Opnonrhshnm 30fi0 He λ ∈ Hm : ξ ∈ PHm : sgdm fξλ nq aξλ gYr sgd oqnodqsx

–3/6( fξλ + fξλ′ .
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Vd hmsqnctbd sgd nodqZsnqr enq sgd dkdldmsZqx rxlldsqhb etmbshnmr dm

–3/7( d±(y(+ dwo
)∏

m≥fl

(�fl(m+fl

m
o±m y±m

(
+

∏

m≥9

d±m y±m.

vgdqd o+m + om : o�m + m(><(>om((: Zmc d+(y(+ g(y(|s+90
Sgdm ax Sgdnqdl 202 vd gZud.

Opnonrhshnm 3010 Dnq Ymx rsqhbs oYqshshnm ξ + (ξfl. ξ1. . . . . ξk(: Ymx oYqshshnm λ +

(λfl. λ1. . . .( Ymc hmsdfdq j:

R�j Pξ +

k∏

h+fl

(�fl(h�fl1dξh�j PξflPξ1 · · ·
;Pξh · · · Pξk .–3/8(

d�j Rλ +
∏

ρ

Rρ.–3/fl9(

vgdqd ρ qtmr sgqntfg sgd oYqshshnmr rtbg sgYs λ<ρ Yqd udqshbYk j,rsqhor0

Sgd ZkfdaqZhb hsdqZshud enqltkZ enq aξλ hr sgdm mZstqZk.

Sgdnpdl 3020 Kds ξ ∈ PHm : λ ∈ Hm0 Sgdm

aξλ +
k(ξ(∏

h+fl

1(�fl(h�fl
∏

ρh

aξ (h(ρh .–3/flfl(

vgdqd ρh qtmr sgqntfg sgd oYqshshnmr rtbg sgYs λ˜fl[<ρh Yqd udqshbYk ξh�λfl,rsqhor0

DwYlokd 3030 Kds λ ∈ Hm 0 Vd gZud

a(m(λ +
]
1 he λ hr Z gnnj.
9 he λ hr mns Z gnnj0

–3/fl1(

Bnlahmhmf –2/fl( Zmc –3/fl(: vd gZud

–3/fl2( J�ξµ(s(+
∏

λ

aξλJλµ(s(.

vgdqd Jλµ(s( Zqd sgd JnrsjZ-Entkjdr onkxmnlhZkr0
Ax –3/fl1(: vd gZud

–3/fl3( J�(m(µ(s(+
∏

λ gnnj

1Jλµ(s(.

QdbZkk sgZs Z bnloZbs enqltkZ enq sgd JnrsjZ-Entkjdr onkxmnlhZkr Jλµ(s( hr
jmnvm enq λ adhmf gnnj/rgZodc )Jhqhkknu 199fl, AqxZm Zmc Ihmf 191fl[.

–3/fl4( J(m�j.flj(µ(s(+ sm(µ(+
j(j+fl�1k(

1

)
k�fl
j

[
.
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vgdqd m + |µ|. k + k(µ(0 Sgdqdenqd: vd gZud sgZs enq Zmx oZqshshnm µ ⊢ m

J�(m(µ(s(+
k(µ(�fl∏

j+9

1sm(µ(+
j(j+fl�1k(µ((

1

)
k(µ(�fl

j

[
.–3/fl5(

+ sm(µ(
k(µ(∑

h+fl

(fl+ sfl�h (.–3/fl6(

Gdqd sgd rdbnmc dptZshnm enkknvr eqnl sgd s/ahmnlhZk dwoZmrhnm )ümcqdvr fl875:
–108([ nq Zm dZrx hmctbshnm nm k(µ( eqnl –3/fl5(0 Vd qdlZqj sgZs –3/fl6( vZr zqrs
fhudm ax VZm Zmc VZmf )19fl2[ trhmf hcdmshshdr ne GZkk-Khsskdvnnc onkxmnlhZkr0
Enq Z fhudm oZqshshnm λ: vd cdzmd

{λ{r
.
+ {ρ ⊂ λ˜fl[ | ρ hr Z gnnj Zmc λ˜fl[<ρ hr Z udqshbZk r/rsqho{.

Rds M (r((λ(+ BZqc{λ{r 0 Hs hr bkdZq sgZs M (r((λ(+ 9 vgdm r , 9 nq r / |λ˜fl[|0 Mnv
vd bZm fhud Z svn/qnv enqltkZ ax sgd hsdqZshud enqltkZ enq aξλ0

Sgdnpdl 3040 Kds fl≤ l , m
1 : λ ∈ Hm0 Vd gYud

–3/fl7( a(m�l.l(λ + 3(M (m�l�λfl((λ(� M (l�λfl((λ((.

Sn bnlotsd M (r((λ(: vd cdmnsd Zkk gnnj –qdro0 cntakd gnnj( oZqshshnmr ne m ax
GO(m( –qdro0 CGO(m((0 SgZs hr: GO(m( .

+ {(λfl. fllfl( | λfl + lfl + m{: CGO(m( .
+

{(λfl. λ1. 1l1. fllfl( |λfl+λ1+1l1+lfl+m{0 BkdZqkx: GO(m(⊂CGO(m(0 Vd qdlZqj
sgZs M (r((λ(+ 9 tmkdrr λ ∈CGO(m(0 Mnv kds@r bnmrhcdq M (r((λ(: enq 9≤ r ≤ |λ˜fl[|

Zmc λ ∈ CGO(m(: bZrd ax bZrd0

BYrd fi. He λ ∈ GO(m(: sgdm M (r((λ(+ fl0
Adenqd bnmrhcdqhmf sgd bZrd λ∈CGO(m(|GO(m(: vd knnj Zs sgd enkknvhmf rodbhZk

bZrd0

BYrd 1. He λ+ (λfl. λ1. fllfl( Zmc λ <∈ GO(m(: sgdm vd gZud

M (r((λ(+

{




9 he r ≥ lfl+ 1:
fl he r + 9 nq r + lfl+ fl:
1 he fl≤ r ≤ lfl.

–3/fl8(

BYrd 2. He λ+ (λfl. λ1. 1l1. fllfl(∈CGO(m(|GO(m(: sgdm hs enkknvr eqnl bZrd 1 sgZs

–3/19( M (r((λ(+ M (r�l1(((λfl. λ1. fllfl((

+

{




9 he 9≤ r ≤ l1� fl nq r ≥ lfl+l1+ 1.
fl he r + l1 nq r + lfl+l1+ fl.
1 he fl+l1 ≤ r ≤ lfl+l1.
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DwYlokd 3050 Fhudm ξ + (3. 2(: λ+ (1. 1. 1. fl(: vd gZud λfl+ λ1+ 1: lfl+l1+ fl:
Zmc

a(3.2((1.1.1.fl( + 3(M (1((λ(� M (fl((λ((+ 3· (1� fl(+ 3.

Sgd rxlldsqhb fqnto Bm gZr Z svn/uZktdc qdoqdrdmsZshnm: jmnvm Zr sgd rohm
qdoqdrdmsZshnm rstchdc ax Rbgtq: Zmc sghr hr ZbstZkkx Z qdoqdrdmsZshnm ne sgd cntakd
bnudqhmf fqnto B̂m ne Bm )Rbgtq fl8flfl[0 Hs hr jmnvm sgZs sgd hqqdctbhakd rohm
qdoqdrdmsZshnmr ne Bm Zqd oZqZldsqhydc ax rsqhbs oZqshshnmr ne m0 Kds ζ λ ad sgd
hqqdctbhakd rohm bgZqZbsdq ne sgd Rbgtq cntakd bnudqhmf fqnto B̂m Zeenqcdc ax sgd
lnctkd U λ: λ ∈ PHm 0 Rsdlaqhcfd )fl878[ nasZhmdc sgd hqqdctbhakd cdbnlonrhshnm
enq sgd svhrsdc sdmrnq oqnctbs ne B̂m )Jkdrgbgdu 1994[

Qc(ζ (m(⊗ ζ λ(+ Oλ(w;�fl(.

vgdqd Qc hr sgd bgZqZbsdqhrshb lZo –be0 )Ihmf fl88fla[(0

BnpnkkYpx 3060 Kds Rλ ad sgd Rodbgs lnctkd bnqqdronmchmf sn oYqshshnm λ ⊢ m Ymc
fl≤ l , m

1 0 Sgdm vd gYud sgd hqqdctbhakd cdbnlonrhshnm Yr Bm,lnctkdr

U (m(
⊗ U (m�l.l(

≃



λ∈CGO(m(

(M (m�l�λfl((λ(� M (l�λfl((λ((Rλ.–3/1fl(

ünjZfd )191fla[ nasZhmdc sgd dwokhbhs hqqdctbhakd cdbnlonrhshnm ne (U (m((⊗1

vgdm m hr dudm: rn –3/1fl( needqr sgd enqltkZ enq Z fdmdqZk sdmrnq oqnctbs0 QdbZkk
sgZs sgd rxlldsqhb etmbshnmr Oµ(w;�fl( Zqd vdkk cdzmdc enq Zkk oZqshshnmr µ: rn fµλ
Zqd cdzmdc rhlhkZqkx Zr –3/fl( enq Zmx oZqshshnmr λ.µ.

Oµ(w;�fl(+
∏

λ

fµλrλ(w(.–3/11(

Mnsd sgZs sgd enkknvhmf hcdmshshdr adsvddm sgd Rbgtq O/etmbshnmr Zmc sgd Rbgtq
etmbshnmr gnkc ax trhmf sgd sdmrnq oqnctbs ne sgd rohm qdoqdrdmsZshnmr ne sgd rxl/
ldsqhb fqnto )ünjZfd 191flZ[.

–3/12(

∏

λ∈GO(m(|GNO(m(

rλ(w(+
∏

k(µ(≤1

(�fl(µ1Oµ(w;�fl(.

∏

λ∈GNO(m(

rλ(w(+
∏

k(µ(+1

(�fl(µ1+flOµ(w;�fl(.

vgdqd GNO(m( .
+ {λ ∈ GO(m( | λfl hr ncc{ Zmc m + 1q hr dudm0

ünjZfd )191flZ[ gZr sghr bnmidbstqd Zs sgd dmc ne ghr oZodq.

Sgdnpdl 3070 Dnq λ+ (m� i. fl i ( ∈ GO(m(:

–3/13( f(q1(λ +
]
9 he i , q .
(�fl(q+ i he i ≥ q .
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ür Zm ZookhbZshnm ne ntq svn/qnv enqltkZ enq aξλ: vd vhkk oqdrdms Z oqnne ne
ünjZfd@r bnmidbstqd0
Bnlahmhmf vhsg sgd Zanud svn hcdmshshdr hm –3/12(: vd gZud

Om(w;�fl(+ 1
q∏

h≥fl

(�fl(h O(m�h.h((w;�fl(+
m∏

i+9

(�fl( i r(m� i.fl i ((w(.

Sgtr:

O(q1((w;�fl(+
fl
3

q�fl∏

h≥9

(�fl(h+q+flP(m�h.h((w;�fl(+
fl
1

m∏

i+9

(�fl(q+ i r(m� i.fl i ((w(.

Ax sgd nqsgnmnqlZkhsx ne rλ:

f(q1(λ +
fl
3

q�fl∏

h≥9

(�fl(h+q+fla(m�h.h(λ+
fl
1
(�fl(q+ iδ(m� i.fl i (λ.

Hs enkknvr eqnl sgd qdlZqj adknv Sgdnqdl 304: vd gZud f(q1(λ+9 tmkdrr λ∈CGO(m(0
Mnv kds@r rgnv Sgdnqdl 3070

Oqnne0 Kds λ+ (m� i. fl i ( ∈ GO(m(0 Vd gZud

f(q1(λ +
fl
1
(�fl(q+fl+

q�fl∏

h+fl

(�fl(h+q+fl(M ( i�h((λ(� M (h+ i�m((λ((+
fl
1
(�fl(q+ i

+
fl
1
(�fl(q+fl+ (�fl(q+fl

)lhm{q�fl. i{∏

h+fl

(�fl(h �
q�fl∏

h+m� i

(�fl(h
(
+
fl
1
(�fl(q+ i .

Sgdm sgd qdrtks enkknvr hlldchZsdkx ax Z bZqdetk ZmZkxrhr ne i Zmc chqdbs bnlotsZ/
shnm0 �

Vd qdlZqj sgZs sgdqd dwhrsr Z ptZcqZshb dwoqdrrhnm ne sgd O/etmbshnm hm sdqlr ne
Rbgtq etmbshnmr )KZrbntw ds Zk0 fl882[0 Dwokhbhs Zmc chqdbs khmdZq dwoZmrhnm –3/11(
hm fdmdqZk hr sgtr mddcdc0 Hmcddc: vd bZm fhud Z bnloZbs enqltkZ ne f(q1(λ enq Zmx
oZqshshnm λ0

Sgdnpdl 3080 Dnq λ+ (λfl. λ1. 1l1. fllfl( ∈ CGO(m(|GO(m(: vd gYud sgYs

–3/14( f(q1(λ +
q�fl∏

h+fl

(�fl(h+q+fl(M (m�h�λfl((λ(� M (h�λfl((λ((.

Ax bnmrhcdqhmf λ bYrd ax bYrd: vd gYud sgYs

f(q1(λ +
]
fl he λ1+lfl� fl≤ λfl ≤ λ1+lfl+ fl:
9 nsgdqvhrd.
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SYakdr enp ��
µ�
ξn(: 1− h − 5

Gdqd

˜m[ + sm�fl+ · · · + s + fl. ˜m[:: + ˜m[˜m� 1[ · · · .

Enq bnlokdsdmdrr: vd hmbktcd m + 1. 2. 3 eqnl )VZm Zmc VZmf 19fl2[0

µ ξ + (1(

(1( 1
(fl1( 1˜1[

SYakd fi0 m + 10

µ ξ + (2( (1. fl(

(2( 1 9
(1. fl( 1˜1[ 3
(fl2( 1˜3[ 3s˜1[

SYakd 10 m + 20

µ ξ + (3( (2. fl(

(3( 1 9
(2. fl( 1˜1[ 3
(11( 1s˜1[ 3˜1[

(1. fl1( 1˜3[ 3˜1[1

(fl3( 1˜5[::<˜2[: 3s˜3[::

SYakd 20 m + 30

µ ξ + (4( (3. fl( (2. 1(

(4( 1 9 9
(3. fl( 1˜1[ 3 9
(2. 1( 1s˜1[ 3˜1[ 3
(2. fl1( 1˜3[ 3˜1[1 3˜1[
(11. fl( 1s˜3[ 3˜1[˜2[ 3˜1[1

(1. fl2( 1˜5[::<˜2[: 3˜3[˜2[ 3s˜1[(˜2[+ fl(
(fl4( 1˜7[::<˜3[: 3s˜5[::<˜1[ 3s1˜3[1

SYakd 30 m + 40
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µ ξ + (5( (4. fl( (3. 1( (2. 1. fl(

(5( 1 9 9 9
(4. fl( 1˜1[ 3 9 9
(3. 1( 1s˜1[ 3˜1[ 3 9
(3. fl1( 1˜3[ 3˜1[1 3˜1[ 9
(2. 2( 1s1˜1[ 3s˜1[ 3˜1[ 9

(2. 1. fl( 1s˜3[ 3˜1[˜2[ 3˜1[(s + 1( 7
(2. fl2( 1˜5[::<˜2[: 3˜3[˜2[ 3˜1[1˜2[ 7s˜1[
(12( 1s2˜3[ 3s˜3[:: 3˜1[(˜3[+ s1( 7s˜1[

(11. fl1( 1s˜5[::<˜2[: 3˜3[1 3˜1[1(˜3[+ s( 7s˜1[1

(1. fl3( 1˜7[::<˜3[: 3˜3[˜5[:: 3s˜3[::(˜3[+ fl( 7s1˜3[::
(fl5( 1˜fl9[::<˜4[: 3s˜7[::<˜2[: 3s1˜4[˜5[::<˜2[ 7s3˜5[::<˜2[

SYakd 40 m + 50

�bjmnvkdcfldmsr

Vd sgZmj Ihmjth VZm Zmc VdhphZmf VZmf enq gdkoetk chrbtrrhnmr nm sgd rtaidbs0
Sgd oqnidbs hr oZqshZkkx rtoonqsdc ax sgd Rhlnmr EntmcZshnm tmcdq fqZms mn0 412757
Zmc MREB fqZms fl1fl6fl2920

Pdedpdmbdr

)ümcqdvr fl875[ F0 D0 ümcqdvr: p,rdqhdr. sgdhq cdudknoldms Ymc YookhbYshnm hm YmYkxrhr: mtladq
sgdnqx: bnlahmYsnqhbr: ogxrhbr: Ymc bnlotsdq YkfdaqY: BALR QdfhnmZk Bnmedqdmbd Rdqhdr hm
LZsgdlZshbr 55: üldqhbZm LZsgdlZshbZk Rnbhdsx: Oqnuhcdmbd: QH: fl8750 LQ Yak

)ünjZfd 191flZ[ J0 ünjZfd: ”QdbsZmftkZq GZkk-Khsskdvnnc rxlldsqhb etmbshnmr Zmc Z rodbhzb rohm
bgZqZbsdq;: LYsg0 I0 NjYxYlY Tmhu0 52 –191fl(: fl22-fl4fl0 LQ Yak

)ünjZfd 191fla[ J0 ünjZfd: ”Sdmrnq rptZqd ne sgd aZrhb rohm qdoqdrdmsZshnmr ne Rbgtq bnudqhmf
fqntor enq sgd rxlldsqhb fqntor;: I0 ékfdaqYhb Bnlahm0 43.fl –191fl(: fl24-fl490 LQ Yak

)AqxZm Zmc Ihmf 191fl[ S0 V0 AqxZm Zmc M0 Ihmf: ”üm hsdqZshud enqltkZ enq sgd JnrsjZ-Entkjdr
onkxmnlhZkr;: I0 ékfdaqYhb Bnlahm0 43.1 –191fl(: 514-5230 LQ Yak

)FZqrhZ Zmc Oqnbdrh fl881[ ü0 L0 FZqrhZ Zmc B0 Oqnbdrh: ”Nm bdqsZhm fqZcdc Rm/lnctkdr Zmc sgd
p/JnrsjZ onkxmnlhZkr;: écu0 LYsg0 83.fl –fl881(: 71-fl270 LQ Yak

)Ihmf fl88flZ[ M0 G0 Ihmf: ”Udqsdw nodqZsnqr Zmc GZkk-Khsskdvnnc rxlldsqhb etmbshnmr;: écu0 LYsg0
76.1 –fl88fl(: 115-1370 LQ Yak

)Ihmf fl88fla[ M0 G0 Ihmf: ”Udqsdw nodqZsnqr: rxlldsqhb etmbshnmr: Zmc sgd rohm fqnto )m;: I0 ékfdaqY
fi27.1 –fl88fl(: 239-2870 LQ Yak

)Ihmf 1999[ M0 Ihmf: ”Rxlldsqhb onkxmnlhZkr Zmc Tp (∏rk1(;: Qdoqdrdms0 Sgdnqx 3 –1999(: 35-520 LQ
Yak

)Ihmf Zmc Kht 1911[ M0 Ihmf Zmc M0 Kht: ”Sgd Fqddm onkxmnlhZkr uhZ udqsdw nodqZsnqr;: I0 Otqd éook0
ékfdaqY 115.7 –1911(: Zqs0 hc0 fl969210 LQ Yak
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)Jhqhkknu 199fl[ ü0 M0 Jhqhkknu: ”Tahpthsx ne JnrsjZ onkxmnlhZkr;: oo0 74-199 hm Ogxrhbr Ymc
bnlahmYsnqhbr fl888 –MYfnxY(: dchsdc ax ü0 M0 Jhqhkknu ds Zk0: Vnqkc Rbh0: Qhudq Dcfd: MI: 199fl0 LQ
Yak

)Jkdrgbgdu 1994[ ü0 Jkdrgbgdu: KhmdYq Ymc oqnidbshud qdoqdrdmsYshnmr ne rxlldsqhb fqntor: BZl/
aqhcfd SqZbsr hm LZsgdlZshbr fi52: BZlaqhcfd Tmhudqrhsx Oqdrr: 19940 LQ Yak

)KZrbntw Zmc RbgÜsydmadqfdq fl867[ ü0 KZrbntw Zmc L0/O0 RbgÜsydmadqfdq: ”Rtq tmd bnmidbstqd cd G0
N0 Entkjdr;: B0 Q0 ébYc0 Rbh0 OYqhr R�q0 é,A 175.6 –fl867(: ü212-ü2130 LQ Yak

)KZrbntw ds Zk0 fl882[ ü0 KZrbntw: A0 Kdbkdqb: Zmc I0/X0 Sghanm: ”Tmd mntudkkd dwoqdrrhnm cdr
enmbshnmr O cd Rbgtq;: B0 Q0 ébYc0 Rbh0 OYqhr R�q0 H LYsg0 2fi5.2 –fl882(: 11fl-1130 LQ Yak

)LZbcnmZkc fl868[ H0 F0 LZbcnmZkc: Rxlldsqhb etmbshnmr Ymc FYkk onkxmnlhYkr: BkZqdmcnm Oqdrr:
Mdv Xnqj: fl8680 LQ Yak

)RZfZm fl876[ A0 D0 RZfZm: ”Rghesdc sZakdZtw: Rbgtq P/etmbshnmr: Zmc Z bnmidbstqd ne Q0 RsZmkdx;: I0
Bnlahm0 Sgdnqx Rdq0 é 34.fl –fl876(: 51-fl920 LQ Yak

)Rbgtq fl8flfl[ I0 Rbgtq: ”�adq chd CZqrsdkktmf cdq rxlldsqhrbgdm tmc cdq Zksdqmhdqdmcdm Fqtood
ctqbg fdaqnbgdmd khmdZqd Rtarshstshnmdm;: I0 Qdhmd émfdv0 LYsg0 fi28 –fl8flfl(: fl44-1490 LQ Yak

)Rdqfddu fl873[ ü0 M0 Rdqfddu: ”Sdmrnq ZkfdaqZ ne sgd hcdmshsx qdoqdrdmsZshnm Zr Z lnctkd nudq sgd
Khd rtodqZkfdaqZr Fk(m. l( Zmc P(m(;: LYs0 Ra0 (M0R0( fi12–fi54(.2 –fl873(: 311-3290 Hm QtrrhZm,
sqZmrkZsdc hm LYsg0 TRRQ Ra0 4fi –fl874(: 3fl8-3160 LQ
)Rsdlaqhcfd fl878[ I0 Q0 Rsdlaqhcfd: ”Rghesdc sZakdZtw Zmc sgd oqnidbshud qdoqdrdmsZshnmr ne rxlldsqhb
fqntor;: écu0 LYsg0 63.fl –fl878(: 76-fl230 LQ Yak

)VZm Zmc VZmf 19fl2[ I0 VZm Zmc V0 VZmf: ”Rohm JnrsjZ onkxmnlhZkr;: I0 ékfdaqYhb Bnlahm0 26.fl
–19fl2(: flfl6-fl270 LQ Yak

)Vnqkdx fl873[ C0 Q0 Vnqkdx: é sgdnqx ne rghesdc Wntmf sYakdYtw: Og0C0 sgdrhr: LZrrZbgtrdssr Hmrshstsd
ne Sdbgmnknfx: ümm üqanq: LH: fl873: ZuZhkZakd Zs gssor.““vvv0oqnptdrs0bnl“cnbuhdv“2922565460
LQ

)XZlZftbgh fl888[ L0 XZlZftbgh: ”ü ctZkhsx ne sgd svhrsdc fqnto ZkfdaqZ ne sgd rxlldsqhb fqnto
Zmc Z Khd rtodqZkfdaqZ;: I0 ékfdaqY 111.fl –fl888(: 29fl-2160 LQ Yak

Qdbdhudc IZmtZqx 14: 19110 Qduhrdc Nbsnadq 1: 19110

MüHGTüM IHMF
CDOüQSLDMS NE LüSGDLüSHBR

MNQSG BüQNKHMü RSüSD TMHUDQRHSX
QüKDHFG: MB
TMHSDC RSüSDR

ihmf*mbrt0dct

MHMF KHT
RBGNNK NE LüSGDLüSHBR

RNTSG BGHMü TMHUDQRHSX NE SDBGMNKNFX
FTüMFYGNT
BGHMü

lZsgkhtfl12*ntsknnj0bnl



OüBHEHB INTQMüK NE LüSGDLüSHBR
Unk0 214: Mn0 fl: 1912

g//1r�77:mhpm.47o2p3o5271ijp323tpt3dpo5s

SGD RSQTBSTQD NE FQNTOR VHSG
�JJ OQNODQ PTNSHDLSR UHQST�JJW LHJONSDLS

ADMIüLHM JKNORBG üMC LüQSXM PTHBJ

Itrs hmzmhsd fqntor okYx Y rhfmhzbYms qnkd hm oqnzmhsd fqnto sgdnqx0 Enq dYbg
b! 9. vd bnmrhcdq lnqd fdmdqYkkx ILLbE oqnzmhsd -nq. hm okYbdr. chrbqdsd(
fqntor sgYs Yqd Ehsshmf;eqdd, sgdrd Yqd sgd fqntor F rtbg sgYs dudqx oqnodq
ptnshdms ne F hr uhqstYkkx bkYrr;b mhkonsdms vgdqdYr F hsrdke hr mns. Ymc Yc;
chshnmYkkx F cndr mns gYud Ymx mnmsqhuhYk YadkhYm mnqlYk rtafqnto0 Vgdm
b+ fi. vd nasYhm sgd itrs mnm;-uhqstYkkx YadkhYm( fqntor vhsgnts mnmsqhuhYk
YadkhYm mnqlYk rtafqntor0
Ntq zqrs qdrtks hr sgYs Y zmhsdkx fdmdqYsdc oqnzmhsd fqnto hr uhqstYkkx bkYrr;

b mhkonsdms he Ymc nmkx he sgdqd Yqd nmkx zmhsdkx lYmx rtafqntor Yqhrhmf Yr sgd
knvdq bdmsqYk rdqhdr sdqlr �b�fiγJ ( ne nodm mnqlYk rtafqntor J ne F0 AYrdc
nm sghr vd oqnud rdudqYk rsqtbstqd sgdnqdlr0 Enq hmrsYmbd. vd bgYqYbsdqhyd
sgd ILLbE oqnzmhsd fqntor hm sdqlr ne rtafqntor ne sgd Yanud enql �b�fiγJ (0
Vd Ykrn fhud Y cdrbqhoshnm ne ILLbE oqnzmhsd fqntor Yr rthsYakd hmudqrd khlhsr
ne uhqstYkkx mhkonsdms oqnzmhsd fqntor0 �mYknfntr qdrtksr Yqd drsYakhrgdc enq
sgd eYlhkx ne gdqdchsYqhkx ILLbE fqntor Ymc. enq hmrsYmbd. vd rgnv sgYs Y
Ehsshmf;eqdd ILLbE oqnzmhsd -nq chrbqdsd( fqnto hr gdqdchsYqhkx ILLbE he Ymc
nmkx he dudqx lYwhlYk rtafqnto ne zmhsd hmcdw hr ILLbE0 EhmYkkx. vd fhud Y
bnmrsqtbshnm ne gdqdchsYqhkx ILLbE fqntor. vghbg trdr Yr Ym hmots jmnvm
eYlhkhdr ne gdqdchsYqhkx itrs hmzmhsd fqntor0

fi0 Hmsqnctbshnm Ymc lYhm qdrtksr

He � hr Z oqnodqsx ne fqntor: Z fqnto F hr rZhc sn ad itrs mnm:� vgdm F cndr
mns gZud oqnodqsx � ats Zkk oqnodq ptnshdmsr ne F cn rZshrex � 0 Hm sgd bZrd
vgdm F hr Z oqnzmhsd fqnto: vd qdpthqd hmrsdZc sgZs dudqx ptnshdms ne F ax Z
mnmsqhuhZk bknrdc mnqlZk rtafqnto gZr� 0 Sgd oqnodqsx� bnmrhcdqdc lnrs nesdm
gZr addm sgZs ne adhmf zmhsd Zmc sgd lnqd bnllnm sdql itrs hmzmhsd hr sgdm trdc0
Itrs hmzmhsd fqntor Zqd oZqshbtkZqkx hlonqsZms vhsghm sgd bnmsdws ne oqnzmhsd–nq
lnqd fdmdqZkkx qdrhctZkkx zmhsd–fqntor: rhmbd hmzmhsd qdrhctZkkx zmhsd fqntor Zqd
mdudq rhlokd ats hmrsdZc itrs hmzmhsd fqntor bZm ad uhdvdc Zr sgnrd vhsg Zkk oqnodq

LRBfi6fi6. oqhlZqx 19Dfl7, rdbnmcZqx 19D15: 19Efl80
Jdxvnqcr. oqnzmhsd fqntor: qdrhctZkkx zmhsd fqntor: itrs hmzmhsd fqntor: itrs mnm/mhkonsdms/ax/zmhsd

fqntor: uhqstZkkx mhkonsdms fqntor: hmudqrd rxrsdl bgZqZbsdqhyZshnmr0

˝ 1912 LRO —LZsgdlZshbZk Rbhdmbdr Otakhrgdqr(0 Chrsqhatsdc tmcdq sgd BqdZshud Bnllnmr üssqhatshnm Khbdmrd 309 —BB
AX(0 Nodm übbdrr lZcd onrrhakd ax rtarbqhahmf hmrshstshnmr uhZ Rtarbqhad sn Nodm0
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ptnshdmsr drrdmshZkkx sqhuhZk eqnl Z ;qdrhctZkkx zmhsd= uhdvonhms —rdd: enq dwZlokd:
sgd chrbtrrhnm hm )KddcgZl/Fqddm Zmc LbJZx 1991: &fl10fl[(0 HlonqsZms dwZlokdr
ne itrs hmzmhsd fqntor hmbktcd sgd Fqhfnqbgtj fqnto )fl873[ Zmc sgd MnsshmfgZl
fqnto )Jknorbg 1999, Gdfdct́r 199fl[: ats Zkrn eZlhkhdr Zqhrhmf Zr ptnshdmsr ne
Zqhsgldshb fqntor ax sgdhq bdmsdqr )AZrr ds Zk0 fl856[0
Sgdqd hr Z chbgnsnlx hm sgd rstcx ne itrs mnm/� fqntor0 Nmd sgqdZc vhsghm sgd

khsdqZstqd hr bnmbdqmdc vhsg sgd rstcx ne itrs mnm/� fqntor onrrdrrhmf Z mnmsqhuhZk
mnqlZk ZadkhZm rtafqnto0 Hm sghr bnmsdws: Z jdx hcdZ hr sn dwoknhs sgd rsqtbstqd ne Z
lZwhlZk ZadkhZm mnqlZk rtafqnto vgdm uhdvdc Zr Z lnctkd hm sgd ZooqnoqhZsd vZx0
Rstchdr ne sghr sxod hmbktcd )LbBZqsgx fl857, fl869, Cd EZkbn 1991, Pthbj 1996[
Zmc vd Zkrn qdedq sn sgd lnmnfqZog )JtqcZbgdmjn ds Zk0 1991[ enq lnqd dwZlokdr0
Nm sgd nsgdq gZmc: Vhkrnm )fl86fl, 1999[ Zccqdrrdr sgd bZrd ne itrs hmzmhsd fqntor
vhsg mn mnmsqhuhZk ZadkhZm mnqlZk rtafqnto0 Gd rgnvr sgZs rtbg fqntor eZkk hmsn
svn bkZrrdr. —h( aqZmbg fqntor Zmc —hh( bdqsZhm rtafqntor ne vqdZsg oqnctbsr ne Z
gdqdchsZqhkx itrs hmzmhsd fqnto ax Z rxlldsqhb fqnto ne zmhsd cdfqdd0 Sgd bkZrr ne
aqZmbg fqntor gZr addm rstchdc bnmrhcdqZakx —rdd: enq dwZlokd: )Fqhfnqbgtj 1999,
AZqsgnkch ds Zk0 1992[: sgntfg lZmx lnqd Zqshbkdr nm sgdrd fqntor gZud ZoodZqdc
rhmbd sgdrd rtqudxr vdqd vqhssdm(0 Hs hr jmnvm sgZs dudqx oqnodq ptnshdms ne Z aqZmbg
fqnto hr uhqstZkkx ZadkhZm —rdd sgd oqnne ne )Fqhfnqbgtj 1999: Sgdnqdl 3[( Zmc
sgdqd Zqd dwZlokdr ne aqZmbg fqntor sgZs Zqd mns itrs hmzmhsd —rdd )Ehmj 19fl3[: enq
dwZlokd(0 Hs hr hmsdqdrshmf sgdqdenqd sn mnsd sgZs Vhkrnm=r ldsgncr dwsdmc sn sgd
bkZrr ne fqntor vhsg Zkk oqnodq ptnshdmsr uhqstZkkx ZadkhZm: Zr nardqudc ax GZqcx hm
ghr OgC sgdrhr )1991[0 Vd rgZkk trd sgd ZaaqduhZshnm IMÉE fqntor enq sgdrd itrs
mnm/—ZadkhZm/ax/zmhsd( fqntor0

Lnqd qdbdmskx: Qdhc )19fl9Z, 19fl9a, 19fl1, 19fl7[ drsZakhrgdc uZqhntr etmcZldmsZk
qdrtksr bnmbdqmhmf sgd rsqtbstqd Zmc oqnodqshdr ne itrs hmzmhsd fqntor0 Nmd lhfgs
vnmcdq sn vgZs dwsdms IMüE fqntor gZud Z rhlhkZq rsqtbstqd sn itrs hmzmhsd fqntor0
Hm sghr Zqshbkd: vd cdlnmrsqZsd gnv: enq zwdc b ! 9: Qdhc=r qdrtksr lZx hm eZbs ad
dwsdmcdc sn sgd dudm kZqfdq bkZrr ne fqntor vhsg Zkk oqnodq ptnshdmsr adhmf uhqstZkkx
mhkonsdms ne bkZrr Zs lnrs b, sgZs hr: sgd itrs mnm/—bkZrr/b/mhkonsdms/ax/zmhsd( fqntor0
Vd rgZkk ZaaqduhZsd sghr sdql sn IMMbE fqnto hm vgZs enkknvr0 Sgd bZrd b + 9
drrdmshZkkx qdstqmr Qdhc=r qdrtksr: vghkd sgd bZrd b + fl bnudqr Zkk IMüE fqntor Zmc
rn: hm oZqshbtkZq: vntkc Zookx sn Zkk aqZmbg fqntor0

Vd cn qdpthqd rnld ZcchshnmZk: sgntfg qZsgdq lhkc: gxonsgdrdr sn sgnrd ZoodZqhmf
hm Qdhc=r vnqj0 Ehqrs: sgd IMMbE fqntor sgZs vd bnmrhcdq vhkk ad Zrrtldc sn ad
Ehsshmf:eqdd, sgZs hr: sn gZud mn mnmsqhuhZk ZadkhZm mnqlZk rtafqnto0 Sghr hr bnmrhrsdms
vhsg Vhkrnm=r Zmc GZqcx=r rstchdr Zmc vhsg sgd uhdvonhms sgZs rZxr sgZs sgd bZrd
vhsg Z mnmsqhuhZk ZadkhZm mnqlZk rtafqnto rgntkc ad rstchdc sgqntfg Z lnctkd/
sgdnqdshb kdmr0 —ür Zm Zrhcd: vd dlogZrhyd sgZs IMMbE fqntor vhsg rnld mnmsqhuhZk
ZadkhZm mnqlZk rtafqnto Zqd: hm oZqshbtkZq: ZadkhZm/ax/mhkonsdms/ax/zmhsd(0 Hmzmhsd
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Ehsshmf/eqdd fqntor bZmmns ad uhqstZkkx mhkonsdms: rn oZqs ne sgd cdzmhshnm ne IMMbE
fqnto bnldr hlldchZsdkx0 Hm Zcchshnm: vd rgZkk eqdptdmskx Zrrtld sgZs sgd fqntor
tmcdq bnmrhcdqZshnm Zqd zmhsdkx fdmdqZsdc0 Sghr kZssdq bnmchshnm vhkk dmZakd tr sn
bnmsqnk sgd rsqtbstqd ne sgd ptnshdmsr sgZs Zqhrd0
Hs hr hmsdqdrshmf sn mnsd vghbg oZqsr ne Qdhc=r hcdZr ZcZos qdZchkx sn sgd IMMbE

rdsshmf Zmc vgdqd cheedqdmbdr nbbtq0 Nmd dwZlokd hr sgZs gd hlokhbhskx trdr sgd eZbs
sgZs Z oqnodq ptnshdms ne Z itrs hmzmhsd fqnto: adhmf zmhsd: gZr nmkx zmhsdkx lZmx
rtafqntor0 Hm bnmsqZrs: Zmx hmzmhsd —uhqstZkkx mhkonsdms( ptnshdms ne Z oqnzmhsd fqnto
vhkk mdbdrrZqhkx gZud hmzmhsdkx lZmx nodm mnqlZk rtafqntor0 Vd rgZkk cdodmc
tonm sgd enkknvhmf qdrtks Zr Z jdx snnk hm ntq vnqj0 Hs ldZmr sgZs: vghkd Z zmhsdkx
fdmdqZsdc uhqstZkkx mhkonsdms oqnzmhsd fqnto sxohbZkkx gZr hmzmhsdkx lZmx bknrdc
mnqlZk rtafqntor: hs nmkx gZr zmhsdkx lZmx sgZs nbbtq Zr bnqqdronmchmf knvdq
bdmsqZk rdqhdr rtafqntor ne nodm mnqlZk rtafqntor0

Sgdnqdl �0 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto0 Sgdm F hr uhqstZkkx
mhkonsdms ne bkZrr Zs lnrs b he Zmc nmkx he sgd rds {γb+fl(J ( | J �n F{ hr zmhsd0

Sgdnqdl ü hr drsZakhrgdc Zr Sgdnqdl 10fl9 hm Rdbshnm 10 Hm sgZs rdbshnm: vd Zkrn
fhud oqdbhrd cdzmhshnmr Zmc qdbZkk oqnodqshdr mddcdc ctqhmf sgd bntqrd ne ntq vnqj0
Hm Rdbshnm 2: vd zw Zm hmsdfdq b ! 9 Zmc hmudrshfZsd sgd rsqtbstqd ne IMMbE

oqnzmhsd fqntor F sgZs Zqd Ehsshmf/eqdd0 Vd rgZkk drsZakhrg uZqhntr cdrbqhoshnmr sgZs
fdmdqZkhyd sgnrd ne itrs hmzmhsd fqntor hm )Qdhc 19fl9Z, 19fl1, 19fl7[0 Nmd onhms
sgZs bZm ad mnsdc hr sgZs sgd rtafqntor ne sgd enql γb+fl(J (: enq J Zm nodm mnqlZk
rtafqnto ne F: okZx Z qnkd hm IMMbE fqntor ZmZknfntr sn sgZs ne nodm mnqlZk
rtafqntor hm itrs hmzmhsd fqntor0 Enq dwZlokd: vd rgnv sgZs Z chqdbsdc fqZog )
bZm ad bnmrsqtbsdc eqnl Z rthsZakd rtabnkkdbshnm ne {γb+fl(J ( | J �b F{ sgZs hr
knbZkkx zmhsd0 Sghr dmZakdr tr sn drsZakhrg ntq zqrs bgZqZbsdqhyZshnm ne IMMbE fqntor
—drsZakhrgdc Zr Sgdnqdl 202 adknv(: vghbg hr sgd enkknvhmf ZmZknftd ne Qdhc=r
”fdmdqZkhydc nakhpthsx sgdnqdl‘ )Qdhc 19fl9Z: Sgdnqdl ü[0 Rodbhexhmf b+ 9 qdrtksr
hm Z lhkc vdZjdmhmf ne Qdhc=r sgdnqdl0

Sgdnqdl A0 Kds F ad Z zmhsdkx fdmdqZsdc hmzmhsd oqnzmhsd fqnto sgZs gZr mn
mnmsqhuhZk ZadkhZm bknrdc mnqlZk rtafqnto0 Sgdm F hr IMMbE he Zmc nmkx he sgd rds
�G + {γb+fl(J ( | J �n F vhsg γb+fl(J (� G { hr zmhsd enq dudqx nodm rtafqnto G
ne F0

Sghr qdrtks hr trdc sn bgZqZbsdqhyd: hm Sgdnqdl 204: vgdm Z zmhsdkx fdmdqZsdc
Ehsshmf/eqdd oqnzmhsd fqnto hr IMMbE0 Sgd bgZqZbsdqhyZshnm hr dwoqdrrdc hm sdqlr ne
oqnodqshdr ne Z cdrbdmchmf bgZhm ne nodm mnqlZk rtafqntor Gh Zmc sgd (b+fl(/sg
sdql ne sgdhq knvdq bdmsqZk rdqhdr0 Hm Sgdnqdl 206: vd drsZakhrg Z etqsgdq bgZq/
ZbsdqhyZshnm ne rtbg Z fqnto Zr Zm hmudqrd khlhs hm Z lZmmdq ZmZknfntr sn )Qdhc
19fl1: Sgdnqdl 30fl[0 Nmd hlonqsZms snnk —rdd KdllZ 20fl( sgZs hr trdc sgqntfgnts
Rdbshnm 2 hr sgZs: he F hr Z Ehsshmf/eqdd IMMbE oqnzmhsd fqnto Zmc M hr Z mnmsqhuhZk
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bknrdc mnqlZk rtafqnto: sgdm sgd Ldkmhjnu rtafqnto L(M ( ne M hr mnmsqhuhZk Zmc
rn: uhZ sgd Ehsshmf/eqdd Zrrtloshnm: γh (L(M (( ̸+ fi enq Zkk h ! fl0

Rdbshnm 3 hr bnmbdqmdc vhsg sgd rsqtbstqd ne oqnzmhsd fqntor sgZs Zqd gdqdchsZqhkx
IMMbE0 Vd drsZakhrg sgdqd Z rhlhkZq rthsd ne qdrtksr: sgntfg sgd cdrbqhoshnm ne
Z zmhsdkx fdmdqZsdc: Ehsshmf/eqdd gdqdchsZqhkx IMMbE fqnto Zr Zm hmudqrd khlhs hr
lnqd sdbgmhbZk —rdd Sgdnqdl 306(0 Hs rgZqdr sghr kdudk ne sdbgmhbZkhsx vhsg Qdhc=r
bgZqZbsdqhyZshnm ne gdqdchsZqhkx itrs hmzmhsd fqntor0

Hm Rdbshnm 4: vd drsZakhrg sgd enkknvhmf —Zr BnqnkkZqx 404( vghbg hr sgd ZmZknftd
ne sgd lZhm qdrtks ne )Qdhc 19fl9Z[0 Sgd lZsdqhZk hm sghr rdbshnm cndr mns cdodmc
tonm Sgdnqdl ü Zmc rn hr lnqd chqdbskx cdudknodc eqnl Qdhc=r Zqftldmsr0

Sgdnqdl B0 Kds F ad Z IMMbE oqnzmhsd nq chrbqdsd fqnto sgZs gZr mn mnmsqhuhZk
ZadkhZm mnqlZk rtafqnto0 Sgdm F hr gdqdchsZqhkx IMMbE he Zmc nmkx he dudqx lZwhlZk
—nodm( rtafqnto ne zmhsd hmcdw hr IMMbE0

Nmd qdZrnmZakd bnmbktrhnm eqnl sgd qdrtksr cdrbqhadc rn eZq hr sgZs sgdqd hr Z
rhlhkZqhsx hm sgd rsqtbstqd ne IMMbE fqntor vgdm bnloZqdc sn itrs hmzmhsd fqntor0
Nmd lhfgs Zrj. itrs gnv bknrdkx Zqd sgdrd bkZrrdr khmjdc“ ür IMMbE fqntor gZud
mns xds addm rstchdc rxrsdlZshbZkkx: sgdqd Zqd oqdrdmskx qZsgdq edv dwZlokdr sn
dwZlhmd vgdm bnmrhcdqhmf sgdrd khmjr0 Hm sgd zmZk rdbshnm ne sgd oZodq: Rdbshnm 5:
vd sZjd Z zqrs rsdo Zmc oqdrdms nmd vZx sn bnmrsqtbs gdqdchsZqhkx IMMbE fqntor eqnl
gdqdchsZqhkx itrs hmzmhsd fqntor Zr rdlhchqdbs oqnctbsr Zmc chrbtrr rnld dwokhbhs
dwZlokdr0 Vd fhud dwZlokdr ne gdqdchsZqhkx IMüE fqntor ne sgd enql F ! É
vgdqd F bZm ad Z gdqdchsZqhkx itrs hmzmhsd fqnto rthsZakx athks Zr Zm hsdqZsdc vqdZsg
oqnctbs nq trhmf Vhkrnm=r Bnmrsqtbshnm A )19fl9[ Zmc É bZm ad rdkdbsdc eqnl Z
qZsgdq aqnZc qZmfd ne ZadkhZm fqntor —rdd DwZlokdr 50fl9 Zmc 50fl5(0 Ax dwoknhshmf
sgd eZbs sgZs dudqx bntmsZakd oqn/o fqnto bZm ad dladccdc hm sgd MnsshmfgZl fqnto:
vd bnmrsqtbs Z gdqdchsZqhkx IMMbE fqnto ne sgd enql RKflm(�o ˜̃ S [[(! É vgdqd É
bZm ad Zmx uhqstZkkx mhkonsdms oqn/o fqnto —rdd DwZlokd 50fl6(0 Sghr kZrs eZlhkx ne
dwZlokdr cdlnmrsqZsdr sgZs: enq dudqx onrrhakd bgnhbd ne b ! fl: sgdqd hr Z IMMbE
oqn/o fqnto sgZs hr mns itrs mnm/—uhqstZkkx mhkonsdms ne rlZkkdq bkZrr(0
Rhmbd sgd dwZlokdr bnmrsqtbsdc Zqd athks trhmf gdqdchsZqhkx itrs hmzmhsd fqntor:

nmd hr cqZvm aZbj sn sgd Zanud ptdrshnm bnmbdqmhmf sgd khmj adsvddm IMMbE fqntor
Zmc itrs hmzmhsd fqntor0 Sgd qdrtksr ne Rdbshnmr 2-4 rtffdrs rtbg Z khmj Zmc hs hr Zm
nodm bgZkkdmfd sn oqnctbd dwZlokdr ne gdqdchsZqhkx IMMbE fqntor ne Z bnlodkkhmfkx
cheedqdms fiZunq sn sgnrd athks hm Rdbshnm 50

10 OqdkhlhmYqhdr

Hm sghr rdbshnm: vd zqrs fhud sgd oqdbhrd cdzmhshnmr ne sgd fqntor tmcdq bnmrhcdqZshnm0
Vd sgdm qdbZkk rnld trdetk snnkr eqnl )Qdhc 19fl1[ Zmc lZjd Z mtladq ne aZrhb
nardquZshnmr Zants IMMbE fqntor0 Hm sgd kZrs oZqs ne sgd rdbshnm vd bnmrhcdq sgd
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adgZuhnq ne zmhsdkx fdmdqZsdc uhqstZkkx mhkonsdms fqntor Zmc drsZakhrg Sgdnqdl ü
vghbg hr bqtbhZk enq sgd rdbshnmr sgZs enkknv0

Vd rgZkk vqhsd lZor nm sgd qhfgs sgqntfgnts: rn Gφ cdmnsdr sgd hlZfd ne Z fqnto
G tmcdq Z gnlnlnqoghrl φ Zmc w x hr sgd bnmitfZsd x�flwx0 He F hr Z oqnzmhsd
fqnto: vd trd sgd trtZk mnsZshnm G �n F Zmc J �b F enq Zm nodm mnqlZk rtafqnto
Zmc Z bknrdc mnqlZk rtafqnto: qdrodbshudkx0 He J Zmc K Zqd bknrdc rtafqntor
ne F: sgdm ˜J . K[ vhkk cdmnsd sgd bknrdc rtafqnto fdmdqZsdc ax Zkk bnlltsZsnqr
˜w. x[ + w�flx�flwx vgdqd w ∈ J Zmc x ∈ K 0 Sgd knvdq bdmsqZk rdqhdr ne F hr sgdm
cdzmdc ax γfl(F(+ F Zmc γh+fl(F(+ ˜γh (F(.F[ enq dZbg h ! fl0 ür trtZk: vd Zkrn
trd F ′ enq sgd cdqhudc rtafqnto γ1(F( ne F0 Sgdrd bnmbdosr vhkk: hm oZqshbtkZq: ad
qdkduZms enq sgd hmrsZmbdr ne sgd enkknvhmf cdzmhshnm sgZs bnmbdqm tr0

Cdzmhshnm 10fi0 Kds� ad Z oqnodqsx ne fqntor0 ü oqnzmhsd —nq chrbqdsd( fqnto F hr
rZhc sn ad itrs mnm:� he F cndr mns gZud oqnodqsx � ats F<M cndr gZud � enq
dudqx mnmsqhuhZk bknrdc mnqlZk rtafqnto M ne F0 Hs hr gdqdchsZqhkx itrs mnm:� he
dudqx bknrdc rtafqnto ne zmhsd hmcdw hm F hr itrs mnm/� 0
—Vgdm F hr chrbqdsd: sgd vnqc ”bknrdc‘ bZm Zmc rgntkc ad hfmnqdc0 Mnsd sgZs Z

bknrdc rtafqnto ne zmhsd hmcdw hr mdbdrrZqhkx nodm: ats sgd cdzmhshnm hr ogqZrdc sn
dmZakd sgZs enq chrbqdsd fqntor sn ad qdZchkx dwsqZbsdc(0

Hm sghr oZodq vd bnmrhcdq sgqdd noshnmr enq sgd oqnodqsx�.

—fl( Vgdm� hr sgd oqnodqsx ne adhmf zmhsd: vd trd sgd lnqd bnllnm sdql itrs
hmzmhsd enq Zm hmzmhsd fqnto vhsg dudqx oqnodq ptnshdms zmhsd0

—1( Vd trd sgd ZaaqduhZshnm IMÉE enq itrs mnm/� vgdm� hr sgd oqnodqsx ne adhmf
uhqstZkkx ZadkhZm: vghbg hr sgd rZld Zr adhmf ZadkhZm/ax/zmhsd0 ü oqnzmhsd
fqnto gZr Zm ZadkhZm rtafqnto ne zmhsd hmcdw he Zmc nmkx he hs gZr Zm ZadkhZm
nodm rtafqnto —Zr sgd snonknfhbZk bknrtqd ne Zmx ZadkhZm rtafqnto hr ZfZhm
ZadkhZm(: rn vd trd sgd sdql uhqstZkkx ZadkhZm hm sghr rhstZshnm Zkrn0

—2( He b hr Zm hmsdfdq vhsg b ! 9: vd trd sgd ZaaqduhZshnm IMMbE enq itrs mnm/�
vgdm � hr sgd oqnodqsx sgZs sgdqd hr Z rtafqnto G ne zmhsd hmcdw rtbg sgZs
γb+fl(G(+ fi0 ü oqnzmhsd fqnto gZr Z bkZrr/b mhkonsdms rtafqnto ne zmhsd hmcdw
he Zmc nmkx he hs gZr Zm nodm bkZrr/b mhkonsdms rtafqnto —Zr sgd snonknfhbZk
bknrtqd ne Zmx bkZrr/b mhkonsdms rtafqnto hr ZfZhm bkZrr/b mhkonsdms(0

Sgd bZrd b+fl enq Z IMMbE fqnto hr sgdm hcdmshbZk sn hs adhmf IMüE0Vd rgZkk rodZj ne
Z fqnto F adhmf uhqstZkkx bkZrr:b mhkonsdms vgdm hs gZr Z rtafqnto G ne zmhsd hmcdw
rZshrexhmf γb+fl(G(+ fi0 Lnqd oqdbhrdkx rtbg Z fqnto hr ”uhqstZkkx —mhkonsdms ne bkZrr
Zs lnrs b(‘0 Sgd IMMbE fqntor F bnmrhcdqdc vhkk trtZkkx ad Zrrtldc sn mns gZud
Z mnmsqhuhZk ZadkhZm bknrdc mnqlZk rtafqnto0 Bnmrdptdmskx: rtbg F vhkk hsrdke mns
ad uhqstZkkx mhkonsdms —ne Zmx bkZrr( Zmc rn vd Zqd rstcxhmf fqntor sgZs Zqd itrs mnm/
—uhqstZkkx mhkonsdms( vhsg Zm ZcchshnmZk antmc tonm sgd mhkonsdmbx bkZrr nbbtqqhmf
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hm sgd oqnodq ptnshdmsr0 Hm oZqshbtkZq: vgdm b + fl vd Zqd bnmrhcdqhmf fqntor sgZs
Zqd mns uhqstZkkx ldsZadkhZm ats vgdqd dudqx oqnodq ptnshdms hr uhqstZkkx ZadkhZm0

Kds F ad Z oqnzmhsd fqnto0 Hm khmd vhsg )Qdhc 19fl1: Cdzmhshnm 10fl[: Z bghde eZbsnq
ne F hr Z ptnshdms J<K vgdqd J Zmc K Zqd bknrdc mnqlZk rtafqntor ne F rtbg sgZs
sgdqd hr mn bknrdc mnqlZk rtafqnto L ne F vhsg K , L , J 0 übbnqchmfkx: vd cn
mns qdpthqd sgZs J ad nodm hm F hm sghr cdzmhshnm: sgntfg mdbdrrZqhkx K hr nodm hm
J Zmc gdmbd J<K hr hrnlnqoghb —tmcdq Zm hrnlnqoghrl sgZs bnlltsdr vhsg sgd
Zbshnm ne F( sn Z bghde eZbsnq J9<K9 vhsg J9 Zm nodm mnqlZk rtafqnto ne F0

SgdLdkmhjnu rtafqnto L(F( neF hr sgd hmsdqrdbshnm ne Zkk lZwhlZk nodm mnqlZk
rtafqntor ne F0 Oqnuhcdc F hr mnmsqhuhZk: sghr hr Z snonknfhbZkkx bgZqZbsdqhrshb
oqnodq bknrdc rtafqnto ne F0 ür trtZk: sn rZx Z rtafqnto ne F hr snonknfhbZkkx
bgZqZbsdqhrshb ldZmr sgZs hs hr hmuZqhZms tmcdq Zkk Ztsnlnqoghrlr ne F sgZs Zqd Zkrn
gnldnlnqoghrlr0 Vd enkknv )Qdhc 19fl1: Cdzmhshnm 20fl[ Zmc: enq Z mnmsqhuhZk
bknrdc mnqlZk rtafqnto É ne F: cdzmd LF(É( sn ad sgd hmsdqrdbshnm ne Zkk lZwhlZk
F/hmuZqhZms nodm rtafqntor ne É0 Sghr rZshrzdr L(É(" LF(É( , É0 Vd bZkk É Z
mZqqnv rtafqnto ne F he É gZr Z tmhptd lZwhlZk F/hmuZqhZms nodm rtafqnto —sgZs
hr: vgdm LF(É( hr sghr tmhptd rtafqnto(0 Sgd zqrs oZqs ne sgd enkknvhmf kdllZ hr
Z bnmrdptdmbd ne sgd bnqqdronmcdmbd sgdnqdl: vghkd sgd nsgdq svn Zqd: qdrodbshudkx:
KdllZr 201 Zmc 202 hm Qdhc=r oZodq )19fl1[0

JdllY 1010 Kds F ad Z oqnzmhsd fqnto0

—h( Kds J Zmc K ad bknrdc mnqlZk rtafqntor ne F rtbg sgZs K " LF(J (0 Sgdm
LF<K(J<K(+ LF(J (<K0

—hh( Kds J Zmc K ad bknrdc mnqlZk rtafqntor ne F0 Sgdm J " KLF(J ( he Zmc
nmkx he J " K0

—hhh( He J<K hr Z bghde eZbsnq ne F: sgdqd hr Z bknrdc mnqlZk rtafqnto É vghbg hr
mZqqnv hm F Zmc hr bnmsZhmdc hm J ats mns hm K0 Sghr mZqqnv rtafqnto rZshrzdr
É∩ K + LF(É(0

Hs hr vdkk/jmnvm sgZs Z zmhsdkx fdmdqZsdc zmhsd/ax/ZadkhZm chrbqdsd fqnto hr
bdmsdq/ax/zmhsd0 Sghr hr drsZakhrgdc ax hcdZr qdkZsdc sn EB/fqntor —rdd )Qnahmrnm
fl885: Rdbshnm fl304[: hm oZqshbtkZq: sgd oqnne ne —fl3040flfl((0 Hm sgd bZrd ne oqnzmhsd
fqntor: gnvdudq: sgd gxonsgdrhr ne zmhsd fdmdqZshnm hr tmmdbdrrZqx: Zr nardqudc ax
Cdsnlh: Lnqhfh Zmc RgtlxZsrjx —rdd )Cdsnlh ds Zk0 1919: KdllZ 106[(0 Hm eZbs:
Z rhlhkZq Zqftldms drsZakhrgdr sgd enkknvhmf qdrtks mddcdc hm ntq bnmsdws Zmc sgZs
nmkx mddcr qdrhctZk zmhsdmdrr Zr Z gxonsgdrhr.

JdllY 1020 Kds F ad Z qdrhctZkkx zmhsd fqnto vhsg Z zmhsd mnqlZk rtafqnto M0 He
F<M hr uhqstZkkx bkZrr:b mhkonsdms: enq rnld b ! 9: sgdm F hr Zkrn uhqstZkkx bkZrr:b
mhkonsdms0
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Oqnne0 Enq dZbg mnmhcdmshsx dkdldms w ne M : sgdqd dwhrsr Z mnqlZk rtafqnto ne zmhsd
hmcdw hm F sgZs cndr mns bnmsZhm w 0 Ax hmsdqrdbshmf sgdrd: vd oqnctbd Z mnqlZk
rtafqnto J ne zmhsd hmcdw hm F rtbg sgZs M ∩ J + fi0 Sgdm F dladcr hm sgd chqdbs
oqnctbs F<M ·F<J ne F<M Zmc Z zmhsd fqnto: rn sgd qdrtks enkknvr0 �

BnqnkkYqx 1030 Kds F ad Z oqnzmhsd fqnto sgZs hr IMMbE0 Sgdm F gZr mn mnmsqhuhZk
zmhsd mnqlZk rtafqnto0

Rdbshnmr 2 Zmc 3 Zqd bnmbdqmdc vhsg oqnzmhsd IMMbE fqntor: vgdqdZr sgd kZrs
svn rdbshnmr bnmrhcdq ansg oqnzmhsd Zmc ZarsqZbs IMMbE fqntor0 Sn rsZsd dezbhdmskx
sgd qdrtksr hm Rdbshnm 4: vd rgZkk Zcnos sgdqd sgd bnmudmshnm sgZs ”rtafqnto‘ enq Z
oqnzmhsd fqnto ldZmr ”bknrdc rtafqnto‘ rn sgZs hs qdlZhmr hm sgd rZld bZsdfnqx0
Enq sgd qdrtksr hm sgd btqqdms rdbshnm sgZs vhkk ad trdc hm sgd chrbqdsd bZrd: vd rhlokx
aqZbjds sgd vnqc ”bknrdc‘ sn hmchbZsd hs hr tmmdbdrrZqx hm rtbg Z rhstZshnm0 Sgd
enkknvhmf kdllZ hkktrsqZsdr sghr bnmudmshnm0 Hs hr Z rsZmcZqc dkdldmsZqx eZbs Zants
itrs mnm/� fqntor vgdm � hr Z oqnodqsx sgZs hr hmgdqhsdc ax ansg zmhsd chqdbs
oqnctbsr Zmc rtafqntor0

JdllY 1040 Kds F ad Z oqnzmhsd fqnto nq chrbqdsd fqnto sgZs hr IMMbE0 He J Zmc
K Zqd mnmsqhuhZk —bknrdc( mnqlZk rtafqntor ne F: sgdm J ∩ K ̸+ fi0

Itrs Zr Qdhc )19fl9a[ cndr: vd trd Vhkrnm=r bnmbdos )1999[ ne Z aZrZk rtafqnto.

Cdzmhshnm 1050 ü rtafqnto A ne Z fqnto F hr bZkkdc aZrZk he A hr mnmsqhuhZk: gZr
zmhsdkx lZmx bnmitfZsdr Afl: A1: 0 0 0 : Am hm F Zmc sgd mnqlZk bknrtqd ne A hm F hr
sgd chqdbs oqnctbs ne sgdrd bnmitfZsdr. AF + Afl· A1· · · ·· Am 0

KdllZ 107 adknv hr aZrdc nm )Qdhc 19fl9a: KdllZ 4[0 Sgd gxonsgdrhr sgZs
J gZr nmkx zmhsdkx lZmx bnmitfZsdr hr rtezbhdms sn ZcZos sgd oqnne ne Qdhc=r
kdllZ sn ntq mddcr0 Hm hsr rsZsdldms: Zmc hm lZmx sgZs enkknv: vd rgZkk rZx sgZs
Z —oqnzmhsd nq chrbqdsd( fqnto F hr Ehsshmf:eqdd vgdm hs gZr mn mnmsqhuhZk ZadkhZm
—bknrdc( mnqlZk rtafqnto0 Sghr hr hlldchZsdkx dpthuZkdms sn sgd qdpthqdldms sgZs
sgd Ehsshmf rtafqnto E(F( ad sqhuhZk0 Etqsgdqlnqd: he F hr Z IMMbE fqnto: nmd
nardqudr sgZs F hr Ehsshmf/eqdd he Zmc nmkx he F hr mns uhqstZkkx rnktakd0 He J hr Z
mnqlZk rtafqnto ne F: sgdm Y(J ( + J ∩ BF(J ( Zmc vd cdctbd sgd enkknvhmf
bgZqZbsdqhyZshnm ne sgd Ehsshmf/eqdd bnmchshnm hm IMMbE fqntor trhmf KdllZ 1040

JdllY 1060 Kds F ad Z oqnzmhsd nq chrbqdsd fqnto sgZs hr IMMbE0 Sgdm F hr Ehsshmf:
eqdd he Zmc nmkx he BF(J ( + fi enq dudqx mnmsqhuhZk mnqlZk —bknrdc( rtafqnto J
ne F0

JdllY 1070 Kds F ad Z oqnzmhsd nq chrbqdsd fqnto sgZs hr Ehsshmf:eqdd0 Kds J ad Z
mnmsqhuhZk —bknrdc( rtafqnto ne F vgnrd bnmitfZsdr {Jh | h ∈ H { Zqd oZqZldsqhydc
ax sgd zmhsd rds H Zmc vghbg rZshrzdr J � JF0 Sgdm sgdqd dwhrsr rnld I ⊆ H rtbg
sgZs

⋃
i∈I J i hr aZrZk0
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Oqnne0 Enq I ⊆ H : cdzmd JI +
⋃

i∈I J i 0 Kds C ad sgd rds ne rtardsr I ne H rtbg
sgZs JI ̸+ fi0 BdqsZhmkx C hr mnmdlosx rhmbd hs bnmsZhmr Zkk rhmfkdsnmr Zr J ̸+ fi0
Bgnnrd I ∈ C ne kZqfdrs rhyd Zmc cdzmd A + JI 0 Sgdm A Zkrn gZr zmhsdkx lZmx
bnmitfZsdr hm F Zmc vd cdmnsd sgdrd ax Afl: A1: 0 0 0 : Am 0 Svn chrshmbs bnmitfZsdr
hmsdqrdbs sqhuhZkkx: Ah ∩Ai + fi vgdm h ̸+ i : rhmbd sghr hr sgd hmsdqrdbshnm ne lnqd sgZm
|I | bnmitfZsdr ne J 0 Rhmbd dZbg Jh hr mnqlZk hm JF : hs enkknvr sgZs dZbg Ai � JF

Zmc sgdqdenqd ˜Ah . Ai [ " Ah ∩ Ai + fi vgdm h ̸+ i 0 Rds K + AF + AflA1 · · · Am 0
Sgdm sgd bdmsdq ne K hr sgd oqnctbs ne sgd bdmsdqr ne sgd Ai 0 Ntq gxonsgdrhr sgZs
F gZr mn mnmsqhuhZk ZadkhZm —bknrdc( rtafqnto sgdm enqbdr Y(Ai ( + fi enq dZbg i 0
Mnv he i ∈ {fl. 1. . . . . m{: rds Oi + Afl · · · Ai�flAi+fl · · · Am 0 Sgdm ˜Ai . Oi [ + fi
Zmc rn Oi ∩ Ai " Y(Ai ( + fi0 Rhmbd sghr gnkcr enq dZbg i : vd bnmbktcd sgZs
K + Afl· A1· · · ·· Am, sgZs hr: A hr aZrZk0 �

Npnodpshdr ne uhpstWiiw mhionsdms opnymhsd fpntorfi He M hr Z bknrdc mnqlZk rtafqnto
ne Z oqnzmhsd fqnto F: vd cdzmd sgd bnlltsZsnq rtafqnto ˜M .h F[�bF qdbtqrhudkx
ax ˜M .9 F[ + M Zmc ˜M .h F[ + ˜˜M .h�fl F[.F[ enq h ! fl0 Sgtr: trhmf kdes/mnqldc
bnlltsZsnq mnsZshnm:

˜M .b F[ + ˜M .F.F. . . . .F︷ ︷˜ ︸
b shldr

[.

Vd Zkrn vqhsd Yh (F( enq sgd h/sg sdql ne sgd toodq bdmsqZk rdqhdr ne Z fqnto F0

JdllY 1080 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto Zmc M ad Zm nodm mnqlZk
rtafqnto ne F rtbg sgZs γb+fl(M ( + fi enq rnld b ! 90 Sgdm ˜M .h F[ hr Zm nodm
rtafqnto ne γb+fl(F( enq Zkk h ! b0

Oqnne0 Cdzmd j + |F<M |0 Hs enkknvr eqnl sgd cdzmhshnmr sgZs ˜M .b F[ hr Z bknrdc
mnqlZk rtafqnto ne F vhsg M<˜M .b F[" Yb(F<˜M .b F[(0 Gdmbd: sghr sdql ne sgd
toodq bdmsqZk rdqhdr hr nodm hm F<˜M .b F[ Zmc Z sgdnqdl ne AZdq– rdd )Qnahmrnm
fl885: —fl3040fl([– rgnvr sgZs γb+fl(F<˜M .b F[( hr zmhsd0 Gdmbd ˜M .b F[ hr Zm nodm
rtafqnto ne γb+fl(F(0
Mnv rtoonrd sgZs vd gZud rgnvm ˜M .h F[ hr nodm hm γb+fl(F( enq rnld h ! b0

Sghr rtafqnto hr fdmdqZsdc: lnctkn ˜M .h+fl F[: ax Zkk kdes/mnqldc bnlltsZsnqr
˜w. xfl. x1. . . . . xh [ vgdqd w hr rdkdbsdc eqnl rnld zmhsd fdmdqZshmf rds enq M Zmc
xfl. x1. . . . . xh eqnl Z zmhsd fdmdqZshmf rds enq F0 Hm oZqshbtkZq: ˜M .h F[<˜M .h+fl F[
hr Z zmhsdkx fdmdqZsdc ZadkhZm oqnzmhsd fqnto0 Etqsgdqlnqd: rsZmcZqc bnlltsZsnq
bZkbtktr rgnvr sgZs: lnctkn ˜M .h+fl F[:

˜w. xfl. x1. . . . . xh [j
h
≡ ˜w. x jfl . x

j
1 . . . . . x

j
h [ ∈ γh+fl(M (+ fi.

Gdmbd: dudqx fdmdqZsnq ne ˜M .h F[<˜M .h+fl F[ gZr zmhsd nqcdq Zmc rn sghr ZadkhZm
fqnto hr zmhsd0 Hs enkknvr sgZs ˜M .h+fl F[ hr Zm nodm rtafqnto ne ˜M .h F[0 Sgd
kdllZ sgdm enkknvr ax hmctbshnm nm h ! b0 �
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Sgd mdws qdrtks drsZakhrgdr: hm oZqshbtkZq: Sgdnqdl ü: rsZsdc hm sgd hmsqnctbshnm0

Sgdnqdl 10fi90 —h( Kds F ad Z zmhsdkx fdmdqZsdc uhqstZkkx bkZrr:b mhkonsdms oqnz:
mhsd fqnto: enq rnld b ! 90 Sgdm sgd rds {γb+fl(J ( | J �b F{ hr zmhsd0

—hh( Bnmudqrdkx: he F hr Z oqnzmhsd fqnto rtbg sgZs {γb+fl(J ( | J �n F{ hr zmhsd: enq
rnld b ! 9: sgdm F hr uhqstZkkx bkZrr:b mhkonsdms0

Oqnne0 —h( Kds M ad Zm nodm mnqlZk rtafqnto ne F rtbg sgZs γb+fl(M (+ fi0 Kds J
ad Zmx bknrdc mnqlZk rtafqnto ne F Zmc rds K + J M 0 Ax rsZmcZqc bnlltsZsnq
bZkbtktr: Zmx dkdldms ne ˜M .1b J M [ bZm ad dwoqdrrdc Zr Z oqnctbs ne bnlltsZsnqr
˜w. xfl. x1. . . . . x1b[ vgdqd w ∈ M Zmc dZbg xh adknmfr dhsgdq sn J nq sn M 0 Rhmbd
rtbg Z bnlltsZsnq hmunkudr dhsgdq Zs kdZrs b+ fl dmsqhdr eqnl J nq Zs kdZrs b+ fl
dmsqhdr eqnl M : vd cdctbd

˜M .1b K[ + ˜M .1b J M [" γb+fl(M ( ˜M .b+fl J [" γb+fl(J (" γb+fl(K(.

Etqsgdqlnqd: tonm Zookxhmf KdllZ 108 sn sgd oqnzmhsd fqnto K : vd bnmbktcd
sgZs ˜M .1b K[ hr Zm nodm rtafqnto ne γb+fl(K(0 Sgdqdenqd: enq dZbg nodm mnqlZk
rtafqnto K ne F sgZs bnmsZhmr M : sgdqd Zqd Zs lnrs zmhsdkx lZmx onrrhahkhshdr
enq γb+fl(J ( Zr J qZmfdr nudq Zkk bknrdc mnqlZk rtafqntor ne F vhsg J M + K 0
EhmZkkx: rhmbd sgdqd Zqd nmkx zmhsdkx lZmx onrrhahkhshdr enq K : vd bnmbktcd sgZs
{γb+fl(J ( | J �b F{ hr hmcddc zmhsd0

—hh( Kds F ad Z oqnzmhsd fqnto Zmc rtoonrd sgZs�+ {γb+fl(J ( | J �n F{ hr zmhsd0 He
M hr Zmx nodm mnqlZk rtafqnto ne F: sgdm sgd rds IF<M + {γb+fl(G( | G � F<M {
hr sgd hlZfd ne � tmcdq sgd lZo hmctbdc ax sgd mZstqZk gnlnlnqoghrl F→F<M 0
Hm oZqshbtkZq: sgdqd dwhrsr rnld nodm mnqlZk rtafqnto L ne F rtbg sgZs |IF<L | hr
lZwhlZk0 He M hr Zm nodm mnqlZk rtafqnto ne F bnmsZhmdc hm L : sgdm |IF<M |+
|IF<L | Zmc rn: hm oZqshbtkZq: γb+fl(L<M ( ltrs bnhmbhcd vhsg γb+fl(M<M (, sgZs hr:
γb+fl(L(" M 0 ür sghr gnkcr enq Zkk rtbg nodm mnqlZk rtafqntor M : vd bnmbktcd
sgZs γb+fl(L(+ fi0 Sghr rgnvr sgZs F hr uhqstZkkx bkZrr/b mhkonsdms0 �

Sgd enkknvhmf dwZlokd cdlnmrsqZsdr sgZs sgd Zrrtloshnm ne zmhsd fdmdqZshnm hr
mdbdrrZqx hm Sgdnqdl 10fl9—h(0 Vd bnmrsqtbs Z bntmsZakx/aZrdc uhqstZkkx ZadkhZm
oqn/o fqnto rtbg sgZs sgd rds {J ′

| J �n F{ bnmsZhmr hmzmhsdkx lZmx rtafqntor0

DwYlokd 10fifi0 Kds o ad Z oqhld Zmc: enq dZbg h ! 9: rds Uh sn ad sgd chqdbs oqnctbs
ne o bnohdr ne sgd bxbkhb fqnto Bo ne nqcdq o0 SZjd G + Bo Zmc kds G Zbs nm
dZbg Uh ax bxbkhbZkkx odqltshmf sgd eZbsnqr0 Cdzmd Vh + Uh ! G ∼+ Bo vqBo: sgd
rsZmcZqc vqdZsg oqnctbs0 Sgdm ˜Uh . G [ Zmc ˜Uh . G. G [ Zqd mnqlZk rtafqntor ne Vh

ne hmchbdr o1 Zmc o2: qdrodbshudkx0 Mnv sZjd F+
�∑

∞

h+9 Uh
(
!G 0 Sghr hr Z uhqstZkkx

ZadkhZm oqn/o fqnto: hmcddc F + khl
←��

Fm vgdqd Fm +
�∑m

h+9 Uh
(
! G 0 BdqsZhmkx F
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hr mns zmhsdkx fdmdqZsdc0 Nardqud sgZs: enq dZbg zmhsd rtards R ne !9:

TR +

) ∑
h∈R
˜Uh . G [ ·

∑
h <∈R

Uh
(
! G

hr Zm nodm mnqlZk rtafqnto ne F Zmc

T ′

R +
∑
h∈R
˜Uh . G. G [ ·

∑
h <∈R
˜Uh . G [.

Hm oZqshbtkZq: sgd rds {J ′
| J �n F{ hr hmzmhsd enq sghr fqnto F0

20 BgYqYbsdqhyYshnm ne ILLbE oqnzmhsd fqntor

Vd zw sgd hmsdfdq b ! 9 sgqntfgnts sghr rdbshnm0 Hm nqcdq sn drsZakhrg Sgdnqdl A
sgZs bgZqZbsdqhydr Ehsshmf/eqdd IMMbE oqnzmhsd fqntor: vd rgZkk ZrrnbhZsd Z chqdbsdc
fqZog ) sn sgd rds AG sgZs ZoodZqr hm sgd rsZsdldms ne Sgdnqdl 202 adknv0 Sghr
fqZog hr rhlhkZq sn sgZs trdc ax Qdhc )19fl9Z[0 ü jdx cheedqdmbd hr sgZs sgd udqshbdr ne
) bnqqdronmc nmkx sn bknrdc rtafqntor sgZs gZud sgd enql γb+fl(J ( —vgdqd J hr Z
bknrdc mnqlZk rtafqnto ne sgd oqnzmhsd fqnto tmcdq bnmrhcdqZshnm( qZsgdq sgZm Zmx
nsgdq mnmsqhuhZk bknrdc rtafqntor sgZs sgd fqnto lZx gZud0 Vd adfhm ax cdrbqhahmf
sghr fqZog Zmc drsZakhrghmf sgZs hs hr knbZkkx zmhsd0

Hm sgd enkknvhmf: qdbZkk sgZs sgd Ldkmhjnu rtafqnto L(M ( ne M hr sgd hmsdqrdbshnm
ne sgd lZwhlZk nodm mnqlZk rtafqntor ne M 0

JdllY 20fi0 Kds F ad Z Ehsshmf:eqdd IMMbE oqnzmhsd fqnto Zmc kds M ad Z mnmsqhuhZk
bknrdc mnqlZk rtafqnto ne F0 Sgdm γh (L(M (( ̸+ fi enq Zkk h ! fl0

Oqnne0 Vd rgZkk rgnv sgZs sgd mnqlZk rtafqnto L(M ( hr mnmsqhuhZk: enq sgd gx/
onsgdrhr sgZs F hr Ehsshmf/eqdd sgdm dmrtqdr hs bZmmns ad mhkonsdms0 Rtoonrd enq
Z bnmsqZchbshnm sgZs L(M ( + fi0 Kds I ad sgd rds ne nodm mnqlZk rtafqntor L
ne M rtbg sgZs M<L hr bxbkhb ne oqhld nqcdq ZmcL ad sgd rds ne nodm mnqlZk
rtafqntor L ne M rtbg sgZs M<L hr Z mnmZadkhZm zmhsd rhlokd fqnto0 Sgdm�⋃
I
(
∩

�⋃
L

(
+ L(M ( + fi0 Ax KdllZ 104: dhsgdq

⋃
I + fi nq

⋃
L + fi0 He⋃

I + fi: sgdm M dladcr hm Z BZqsdrhZm oqnctbs ne bxbkhb fqntor ne oqhld nqcdq
Zmc rn M vntkc ad ZadkhZm: bnmsqZqx sn gxonsgdrhr0

Gdmbd
⋃
L+ fi0 Sgdm )Qhadr Zmc YZkdrrjhh 1999: BnqnkkZqx 70102[ sdkkr tr sgZs

M hr Z BZqsdrhZm oqnctbs ne mnmZadkhZm zmhsd rhlokd fqntor RQ hmcdwdc ax sgd
rdsL: rZx M +

∑
Q∈C RQ 0 Mnv sgdqd dwhrsr rnld nodm mnqlZk rtafqnto J ne F

rtbg sgZs M ∩ J , M 0 Cdzmd

Lfl +
∑

RQ"J
RQ Zmc L1 +

∑

RQ�J
RQ.

sgd oqnctbsr ne sgnrd eZbsnqr RQ bnmsZhmdc hm J Zmc mns bnmsZhmdc hm J : qdrodbshudkx0
ümx bknrdc mnqlZk rtafqnto ne M hr sgd oqnctbs ne sgd eZbsnqr RQ sgZs hs bnmsZhmr:
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rn Lfl + M ∩J 0 Gdmbd L1 hr mnmsqhuhZk Zmc zmhsd0 Etqsgdqlnqd: rhmbd J hr mnqlZk
hm F: enq f ∈F: RQ � J he Zmc nmkx he R fQ � J 0 Sgdqdenqd L1 hr Z mnqlZk rtafqnto
ne F Zmc vd gZud Z bnmsqZchbshnm ax BnqnkkZqx 1030 �

Kds F ad Z zmhsdkx fdmdqZsdc Ehsshmf/eqdd IMMbE oqnzmhsd fqnto Zmc G ad Zm
nodm rtafqnto ne F0 Bnmrsqtbs Z chqdbsdc fqZog ) + )(G( vgnrd udqshbdr Zqd sgd
ldladqr ne sgd rds

AG + {γb+fl(J ( | J �b F vhsg γb+fl(J (� G {

Zmc vgdqd sgdqd hr Zm dcfd eqnl Z ldladq É ne AG sn Zmnsgdq ldladq A vgdm
A , É Zmc sgdqd hr mn B ∈ AG vhsg A , B , É0

JdllY 2010 Kds F ad Z zmhsdkx fdmdqZsdc Ehsshmf:eqdd IMMbE oqnzmhsd fqnto: kds
G ad Zm nodm rtafqnto ne F Zmc kds ) + )(G( ad sgd fqZog cdzmdc Zanud0

—h( He J Zmc K Zqd bknrdc mnqlZk rtafqntor ne F rtbg sgZs γb+fl(J (. γb+fl(K(∈AG
Zmc sgdqd hr Zm dcfd eqnl γb+fl(J ( sn γb+fl(K( hm ): sgdm γb+fl(L(γb+fl(J ((("
γb+fl(K(0

—hh( He J hr Z bknrdc mnqlZk rtafqnto ne F rtbg sgZs γb+fl(J ( ∈ AG : sgdm sgdqd Zqd
Zs lnrs zmhsdkx lZmx γb+fl(K( ∈ AG rtbg sgZs sgdqd hr Zm dcfd eqnl γb+fl(J ( sn
γb+fl(K( hm )0

Oqnne0 —h( Rtoonrd sgZs sgdqd hr Zm dcfd eqnl γb+fl(J ( sn γb+fl(K( hm )0 Sgdm
γb+fl(K( hr Z oqnodq rtafqnto ne γb+fl(J (: rn sgd hmsdqrdbshnm Q ne sgd lZwhlZk
nodm mnqlZk rtafqntor ne γb+fl(J ( sgZs bnmsZhm γb+fl(K( rZshrzdr Q , γb+fl(J (0 Ax
cdzmhshnm: L(γb+fl(J ((" Q Zmc rn L(γb+fl(J ((γb+fl(K(" Q,γb+fl(J (0 SZjd I +
L(γb+fl(J ((K 0 Sgdm I hr Z bknrdc mnqlZk rtafqnto ne F Zmc γb+fl(K(" γb+fl(I ("
L(γb+fl(J ((γb+fl(K( , γb+fl(J (0 Rhmbd sgdqd hr Zm dcfd hm ) eqnl γb+fl(J ( sn
γb+fl(K(: sghr enqbdr γb+fl(I (+ γb+fl(K( Zmc gdmbd γb+fl(L(γb+fl(J (((" γb+fl(K(0

—hh( Cdzmd L + γb+fl(L(γb+fl(J (((0 Ax KdllZ 20fl: L ̸+ fi Zmc gdmbd P + F<L
hr uhqstZkkx bkZrr/b mhkonsdms0 He sgdqd hr Zm dcfd eqnl γb+fl(J ( sn γb+fl(K( hm ) sgdm:
ax oZqs —h(: γb+fl(K( bnqqdronmcr sn γb+fl(K<L( Zmc gdqd K<L hr Z bknrdc mnqlZk
rtafqnto ne P0 Bnmrdptdmskx: sgdqd Zqd nmkx zmhsdkx lZmx onrrhahkhshdr enq γb+fl(K(
ax Sgdnqdl 10fl9—h(0 �

Sgdnqdl 2020 Kds F ad Z zmhsdkx fdmdqZsdc hmzmhsd oqnzmhsd fqnto sgZs hr Ehsshmf:
eqdd Zmc kds b ad Z mnmmdfZshud hmsdfdq0 Sgdm sgd enkknvhmf bnmchshnmr Zqd dpthuZkdms.

—h( Sgd fqnto F hr IMMbE0

—hh( Sgd rds �G + {γb+fl(J ( | J �n F vhsg γb+fl(J (� G { hr zmhsd enq dudqx nodm
rtafqnto G ne F0

—hhh( Sgd rds AG + {γb+fl(J ( | J �b F vhsg γb+fl(J (� G { hr zmhsd enq dudqx nodm
rtafqnto G ne F0
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Nardqud sgZs he G hr Zmx nodm rtafqnto ne F vhsg B+BnqdF(G(: sgdm�G +�B

Zmc AG + AB 0 Gdmbd dZbg ne sgd bnmchshnmr —hh( Zmc —hhh( hr dpthuZkdms sn sgd
qdpthqdldms sgZs sgd fhudm rds ad zmhsd enq dudqx nodm mnqlZk rtafqnto G ne F0

Oqnne0 ürrtld sgZs F hr IMMbE0 Rtoonrd sgZs AG hr hmzmhsd enq rnld nodm rtafqnto
G ne F0 ür cdrbqhadc Zanud: bnmrsqtbs sgd fqZog ) + )(G( vgnrd udqshbdr Zqd sgd
ldladqr ne AG 0 KdllZ 201—hh( sdkkr tr sgZs dZbg udqsdw ne ) gZr zmhsd nts/cdfqdd0
Etqsgdqlnqd: he γb+fl(J ( ∈ AG : sgdm F<γb+fl(J ( hr Z oqnodq ptnshdms ne F Zmc rn
hr uhqstZkkx bkZrr/b mhkonsdms0 Gdmbd: ax Sgdnqdl 10fl9—h(: F<γb+fl(J ( bnmsZhmr
nmkx zmhsdkx lZmx rtafqntor ne sgd enql γb+fl( =K( vgdqd =K hr Z bknrdc mnqlZk
rtafqnto, sgZs hr: sgdqd Zqd nmkx zmhsdkx lZmx ldladqr ne AG sgZs bnmsZhm γb+fl(J (0
Bnmrdptdmskx sgdqd hr Z oZsg ne zmhsd kdmfsg hm ) eqnl γb+fl(F( sn γb+fl(J (0
Sgtr ) hr Z bnmmdbsdc: knbZkkx zmhsd: hmzmhsd chqdbsdc fqZog0 Ax Jämhf=r kdllZ

—rdd: enq dwZlokd: )Chdrsdk 19fl6: KdllZ 70fl01[(: ) gZr Zm hmzmhsd chqdbsdc oZsg
Zmc sghr bnqqdronmcr sn Zm hmzmhsd cdrbdmchmf bgZhm γb+fl(Jfl( / γb+fl(J1( / · · ·

ne ldladqr ne AG 0 üm ZookhbZshnm ne )Qdhc 19fl9Z: KdllZ 103[: sZjhmf N + G :
rgnvr sgZs I +

⋃
∞

h+fl γb+fl(Jh ( ̸+ fi0 Sgdm F<I hr zmhsdkx fdmdqZsdc Zmc uhqstZkkx
bkZrr/b mhkonsdms ats hs gZr hmzmhsdkx lZmx rtafqntor ne sgd enql γb+fl(Jh (<I vhsg
Jh �b F0 Sghr bnmsqZchbsr Sgdnqdl 10fl9—h(0 Vd bnmbktcd sgdqdenqd sgZs AG hr zmhsd
enq dudqx nodm rtafqnto G ne F0
Rhmbd �G ⊆ AG enq dudqx G : hs hr bdqsZhmkx sgd bZrd sgZs sgd sghqc bnmchshnm hm

sgd rsZsdldms hlokhdr sgd rdbnmc0
Rtoonrd zmZkkx sgZs�G hr zmhsd enq dudqx nodm rtafqnto G ne F0 ür F hr Ehsshmf/

eqdd: hs hr mns uhqstZkkx mhkonsdms0 Kds M ad Z mnmsqhuhZk bknrdc mnqlZk rtafqnto
ne F0 Sgdm γb+fl(M ( ̸+ fi Zmc rn sgdqd dwhrsr Zm nodm mnqlZk rtafqnto G ne F rtbg
sgZs γb+fl(M (� G 0 Ax gxonsgdrhr: �G + {γb+fl(Kfl(. γb+fl(K1(. . . . . γb+fl(Kq ({ enq
rnld nodm mnqlZk rtafqntor Kfl: K1: 0 0 0 : Kq ne F0 Rds K +

⋃q
h+fl Kh 0 He J hr Zm

nodm mnqlZk rtafqnto ne F vhsg M " J : sgdm mdbdrrZqhkx γb+fl(J ( � G Zmc rn
γb+fl(J (+ γb+fl(Kh ( enq rnld h 0 Sgdqdenqd

γb+fl(K("
⋃
{γb+fl(J ( | M " J �n F{"

⋃
{J | M " J �n F{ + M .

Gdmbd KM<M hr Z bkZrr/b mhkonsdms nodm rtafqnto ne F<M : Zr qdpthqdc0 �

Vd rgZkk mnv trd Sgdnqdl 202 sn drsZakhrg etqsgdq hmenqlZshnm Zants zmhsdkx
fdmdqZsdc Ehsshmf/eqdd IMMbE fqntor: hmbktchmf Z cdrbqhoshnm ne sgdl Zr hmudqrd
khlhsr ne rthsZakd uhqstZkkx mhkonsdms fqntor —rdd Sgdnqdl 206 adknv(0
Rtoonrd sgZs F hr Z zmhsdkx fdmdqZsdc Ehsshmf/eqdd IMMbE fqnto0 Vd rsZqs

vhsg Zmx nodm mnqlZk rtafqnto G90 Sgdm bdqsZhmkx γb+fl(G9( ̸+ fi rhmbd F hr
Ehsshmf/eqdd0 Mnv Zrrtld: Zr Zm hmctbshud gxonsgdrhr: sgZs vd gZud bnmrsqtbsdc Z
rdptdmbd ne nodm mnqlZk rtafqntor F ! G9 / Gfl / · · ·/ Gm�fl rtbg sgZs enq dZbg
h ∈ {fl. 1. . . . . m� fl{ sgd enkknvhmf gnkcr. γb+fl(Gh (" LF(γb+fl(Gh�fl(( Zmc he M hr
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Zm nodm mnqlZk rtafqnto ne F dhsgdq γb+fl(M (" Gh�fl nq γb+fl(Gh (" γb+fl(M (0 Ax
Sgdnqdl 202: sgd rds �Gm�fl + {γb+fl(J ( | J �n F vhsg γb+fl(J (� Gm�fl{ hr zmhsd0
ükrn LF(γb+fl(Gm�fl(( ̸+ fi rhmbd hs bnmsZhmr L(γb+fl(Gm�fl(( vghbg hr mnmsqhuhZk ax
KdllZ 20fl0 Kds

Q + LF(γb+fl(Gm�fl((∩
⋃
�Gm�fl .

Rhmbd sghr hr Z zmhsd hmsdqrdbshnm ne mnmsqhuhZk bknrdc mnqlZk rtafqntor: Q hr Zkrn
Z mnmsqhuhZk bknrdc mnqlZk rtafqnto ne F ax KdllZ 1040 Sgdm F<Q hr uhqstZkkx
bkZrr/b mhkonsdms: rn sgdqd dwhrsr Zm nodm mnqlZk rtafqnto R ne F vhsg γb+fl(R(" Q0
SZjd Gm + Gm�fl ∩ R: rn sgZs Gm hr nodm hm F: Gm " Gm�fl Zmc

γb+fl(Gm(" Q " LF(γb+fl(Gm�fl(( , γb+fl(Gm�fl(.

Etqsgdqlnqd: he M hr Zm nodm mnqlZk rtafqnto ne F: sgdm dhsgdq γb+fl(M (" Gm�fl
nq γb+fl(M ( ∈�Gm�fl 0 Hm sgd kZssdq bZrd: γb+fl(Gm(" Q " γb+fl(M ( Zbbnqchmf sn ntq
cdzmhshnm ne Q0

Ax qdodZsdc ZookhbZshnm ne sgdrd rsdor: vd nasZhm Z cdrbdmchmf rdptdmbd ne nodm
mnqlZk rtafqntor Gm 0 Kds I +

⋃
∞

m+9 Gm 0 He I ̸+ fi: sgdm mdbdrrZqhkx γb+fl(I ( ̸+ fi
rn F<γb+fl(I ( hr uhqstZkkx bkZrr/b mhkonsdms0 Ax Sgdnqdl 10fl9—h(: sgd rds {γb+fl(J ( |
J �n F<γb+fl(I ({ hr zmhsd ats dZbg sdql γb+fl(Gh (<γb+fl(I ( hr Z ldladq ne sghr rds0
Sghr bnmsqZchbshnm rgnvr sgZs I + fi0

Hm bnmbktrhnm: vd gZud drsZakhrgdc sgd enkknvhmf nardquZshnm.

JdllY 2030 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto sgZs hr Ehsshmf:eqdd Zmc
IMMbE0 Sgdm sgdqd hr Z cdrbdmchmf rdptdmbd F ! G9 / Gfl / G1 / · · · ne nodm
mnqlZk rtafqntor rtbg sgZs.

—h( Enq dZbg m ! fl: γb+fl(Gm(" LF(γb+fl(Gm�fl(( , γb+fl(Gm�fl(0

—hh(
⋃

∞

m+9 Gm + fi0
—hhh( He M hr Zm nodm mnqlZk rtafqnto ne F Zmc m ! fl: sgdm dhsgdq γb+fl(M (" Gm�fl

nq γb+fl(Gm(" γb+fl(M (0

Sgd bnmchshnmr ZoodZqhmf hm sgd kdllZ Zqd rtezbhdms sn dmrtqd sgZs sgd fqnto F
hr IMMbE0 Hm eZbs: vd bZm lZjd sgdl lZqfhmZkkx vdZjdq Zr sgd enkknvhmf rgnvr.

Sgdnqdl 2040 Kds F ad Z zmhsdkx fdmdqZsdc Ehsshmf:eqdd oqnzmhsd fqnto Zmc kds b
ad Z mnmmdfZshud hmsdfdq0 Sgdm F hr IMMbE he Zmc nmkx he sgdqd hr Z cdrbdmchmf
rdptdmbd F ! G9 / Gfl / G1 / · · · ne nodm mnqlZk rtafqntor rtbg sgZs.

—h(
⋃

∞

m+9 Gm + fi0
—hh( He M hr Zm nodm mnqlZk rtafqnto ne F Zmc m ! fl: sgdm dhsgdq γb+fl(M (" Gm�fl

nq γb+fl(Gm(" γb+fl(M (0

Vgdm sgdrd bnmchshnmr Zqd rZshrzdc: sgd fqnto F hr itrs hmzmhsd he Zmc nmkx he
γb+fl(Gm( gZr zmhsd hmcdw hm F enq Zkk m ! 90
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Oqnne0 He F hr IMMbE: sgd dwhrsdmbd ne sgd cdrbdmchmf rdptdmbd ne nodm rta/
fqntor Gm hr oqnuhcdc ax KdllZ 2030 Rtoonrd bnmudqrdkx sgZs F onrrdrrdr Z
cdrbdmchmf bgZhm Gm : m ! 9: ne nodm mnqlZk rtafqntor rZshrexhmf —h( Zmc —hh(0 Rhmbd
F hr Ehsshmf/eqdd: hs bZmmns ad uhqstZkkx mhkonsdms0 Kds J ad Z mnmsqhuhZk bknrdc
mnqlZk rtafqnto ne F0 Sgdm: enq sgd rZld qdZrnm: γb+fl(J ( ̸+ fi0 Sgdqdenqd: rhmbd
bnmchshnm —h( gnkcr: sgdqd dwhrsr rnld l ! 9 rtbg sgZs γb+fl(J ( � Gl 0 Kds M ad
Zmx nodm mnqlZk rtafqnto ne F vhsg J " M 0 Rhmbd γb+fl(M (� Gl : bnmchshnm —hh(
rgnvr sgZs γb+fl(Gl+fl(" γb+fl(M (" M 0 Hs enkknvr sgZs

γb+fl(Gl+fl("
⋃
{M | J " M �n F{ + J .

Zmc gdmbd F<J hr uhqstZkkx mhkonsdms ne bkZrr b: Zr qdpthqdc0
EhmZkkx: nardqud sgZs he |F ]γb+fl(Gm(| hr hmzmhsd enq rnld m!9: sgdm F<γb+fl(Gm(

hr Zm hmzmhsd ptnshdms: Zmc sgdqdenqd F hr mns itrs hmzmhsd0 Nm sgd nsgdq gZmc: he
|F ] γb+fl(Gm(|,∞ enq Zkk m! 9: sgdm hm sgd oqduhntr oZqZfqZog hs enkknvr sgZs he J
hr Z mnmsqhuhZk bknrdc mnqlZk rtafqnto ne F sgdm γb+fl(Gl+fl(" J enq rnld l ! 9:
Zmc rn J gZr zmhsd hmcdw0 Gdmbd F hr hm eZbs itrs hmzmhsd tmcdq sghr Zrrtloshnm0 �

Qdhc )19fl1: Sgdnqdl 205[ oqdrdmsr Z bnmchshnm vghbg ftZqZmsddr sgd dwhrsdmbd ne
Z itrs hmzmhsd ptnshdms ne Z oqnzmhsd fqnto0 Sgd bnmchshnm hr dwoqdrrdc hm sdqlr ne sgd
qdkZshnm ≻mZq bnmbdqmhmf bghde eZbsnqr ne sgd oqnzmhsd fqnto F tmcdq bnmrhcdqZshnm0
Mnshbd: gnvdudq: sgZs vhsg trd ne )Qdhc 19fl1: Oqnonrhshnm 204—hhh([: sgd Zrrtloshnm
sgZs Jfl<Kfl ≻mZq J1<K1 ≻mZq · · · hr Z cdrbdmchmf rdptdmbd ne nodm bghde eZbsnqr —Zr
ZoodZqr hm )Qdhc 19fl1: Sgdnqdl 205[( hr dpthuZkdms sn sgd dwhrsdmbd ne nodm mnqlZk
rtafqntor F ! Jfl / Kfl ! J1 / K1 ! · · · vhsg K +

⋃
∞

m+fl Km rtbg sgZs: enq dZbg m:
Jm<K hr Z mZqqnv rtafqnto ne F<K Zmc LF<K(Jm<K( + Km<K 0 Sgdnqdl 205
adknv bZm bnmrdptdmskx ad uhdvdc Zr Zm ZmZknfntr qdrtks enq sgd dwhrsdmbd ne
IMMbE ptnshdmsr ne Z oqnzmhsd fqnto0
Sgd ZookhbZshnm ne Ynqm=r KdllZ hm ntq oqnne hr lnqd cdkhbZsd sgZm enq Qdhc=r

qdrtks0 Tmcdq sgd gxonsgdrdr Zmc mnsZshnm ne )Qdhc 19fl1: Sgdnqdl 205[: sgd ptnshdms
F<Km vntkc ad zmhsd Zmc rn vntkc gZud nmkx zmhsdkx lZmx rtafqntor0 Gnvdudq:
ntq bnqqdronmchmf ptnshdms F<Km hr Z zmhsdkx fdmdqZsdc uhqstZkkx mhkonsdms fqnto
Zmc sghr cndr mns mdbdrrZqhkx dudm onrrdrr sgd Zrbdmchmf bgZhm bnmchshnm nm bknrdc
mnqlZk rtafqntor0

Sgdnqdl 2050 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto Zmc kds b ad Z mnmmdfZ:
shud hmsdfdq0

—h( Enq dZbg m ! fl: kds Jm Zmc Km ad bknrdc mnqlZk rtafqntor ne F Zmc cdzmd
K +

⋃
∞

m+fl Km0 Rtoonrd sgZs

F ! Jfl / Kfl ! γb+fl(Kfl(K ! J1 / K1 ! γb+fl(K1(K ! · · ·
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Zmc sgZs: enq dZbg m: Jm<K hr Z mZqqnv rtafqnto ne F<K vhsg LF<K(Jm<K(+
Km<K Zmc F<Km hr uhqstZkkx bkZrr:b mhkonsdms0 Sgdm sgdqd dwhrsr Z bknrdc
mnqlZk rtafqnto J ne F sgZs hr lZwhlZk rtaidbs sn sgd bnmchshnmr sgZs J ! K
Zmc Jm � KmJ enq Zkk m0 Etqsgdqlnqd: rtbg Z bknrdc mnqlZk rtafqnto J gZr
sgd oqnodqsx sgZs F<J hr IMMbE0

—hh( Dudqx Ehsshmf:eqdd IMMbE ptnshdms F<J ne F Zqhrdr hm sgd lZmmdq cdrbqhadc
hm -h( vhsg K + J 0

Oqnne0 —h( Vgdm b + 9: sghr enkknvr eqnl )Qdhc 19fl1: Sgdnqdl 205—h([0 Vd rgZkk
Zrrtld sgZs b ! fl hm sgd enkknvhmf Zqftldms0 Kds M ad sgd rds ne Zkk bknrdc mnqlZk
rtafqntor M ne F vghbg bnmsZhm K Zmc rtbg sgZs Jm � KmM enq Zkk m! fl0 Vd rgZkk
nqcdq M ax hmbktrhnm0 Nardqud sgZs K ∈M rhmbd KmK + Km , Jm 0 Kds A ad Z bgZhm
hmM Zmc cdzmd Q +

∏
A0 Rtoonrd sgZs Q <∈M 0 Sgdm sgdqd dwhrsr rnld l ! fl rtbg

sgZs Jl " KlQ0 He B ∈A: sgdm Jl � KlB : rn (Jl∩B(Kl + Jl∩KlB , Jl Zmc
sgdqdenqd Jl ∩B " Kl rhmbd Kl hr lZwhlZk Zlnmf F/hmuZqhZms nodm rtafqntor
ne Jl 0 Gdmbd ˜B. Jl[ " Kl Zmc rn B " BF(Jl<Kl( enq Zkk B ∈ A0 Rhmbd sghr
bdmsqZkhydq hr Zm nodm rtafqnto ne F: hs enkknvr sgZs Q " BF(Jl<Kl(0 Gdmbd
Jl " KlQ " BF(Jl<Kl( Zmc rn sgd bghde eZbsnq Jl<Kl hr ZadkhZm, sgZs hr: hs hr
Zm dkdldmsZqx ZadkhZm p/fqnto enq rnld oqhld p 0
Rhmbd F<Kl hr uhqstZkkx bkZrr/b mhkonsdms: sgdqd hr Zm nodm mnqlZk rtafqnto É

vhsg Kl " É rtbg sgZs γb+fl(É( " Kl 0 He Jl � É: sgdm Jl ∩ É + Kl Zmc rn
Jl É<Kl ∼+ Jl<Kl · É<Kl hr Zkrn bkZrr/b mhkonsdms0 Bnmrdptdmskx: he mdbdrrZqx:
vd lZx qdokZbd É ax Jl É Zmc gdmbd Zrrtld Jl " É0 Enq dZbg oqhld o: vqhsd
É˜o[<Kl enq sgd Rxknv oqn/o rtafqnto ne É<Kl 0 Sgdm É<Kl hr sgd oqnctbs∑

o É˜o[<Kl ne sgdrd oqn/o fqntor0 Etqsgdqlnqd: enq dZbg B ∈ A Zmc oqhld o: kds
B˜o[<Kl ad sgd Rxknv oqn/o rtafqnto ne (B ∩ É(Kl<Kl 0 Rhmbd A hr Z bgZhm: rn
hr sgd rds No + {B˜o[<Kl | B ∈ A{0 ür Z zmhsdkx fdmdqZsdc mhkonsdms oqn/o fqnto:
É˜o[<Kl rZshrzdr sgd Zrbdmchmf bgZhm bnmchshnm nm bknrdc rtafqntor Zmc rn sgdqd
dwhrsr rnld lZwhlZk ldladq L˜o[<Kl ne No0

He hs vdqd sgd bZrd sgZs Jl<Kl " L˜p[<Kl : sgdm Jl " (B ∩ É(Kl " BKl enq
rnld B ∈ A: bnmsqZqx sn sgd eZbs sgZs B ∈M 0 Cdzmd L sn ad sgd bknrdc rtafqnto
ne É cdzmdc ax L<Kl +

∑
o L˜o[<Kl 0 Sgdm Jl � L rhmbd vd gZud nardqudc

sgZs Jl<Kl hr mns bnmsZhmdc hm sgd Rxknv oqn/p rtafqnto ne L<Kl 0
Nm sgd nsgdq gZmc: B ∩ É " L enq Zkk B ∈ A: rhmbd ax bnmrsqtbshnm B˜o[<Kl "

L˜o[<Kl enq dZbg oqhld o0 Etqsgdqlnqd: rhmbd É hr Z bknodm rtards ne F:

∏
B∈�

(B ∩ É(+
�∏
A
(
∩ É + Q ∩ É

Zmc rn vd bnmbktcd sgZs Q∩ É"L 0 Sgdqdenqd: Jl " KlQ∩ É+ (Q∩ É(Kl "L :
vghbg bnmsqZchbsr ntq oqduhntr nardquZshnm0
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Hm bnmbktrhnm: vd gZud rgnvm sgZs Q +
∏
A ∈ M Zmc rn dudqx bgZhm hm M

gZr Zm toodq antmc0 Sgdqdenqd: ax Ynqm=r kdllZ: sgdqd hr Z lZwhlZk ldladq
J ∈ M , sgZs hr: J hr lZwhlZk rtaidbs sn sgd bnmchshnm sgZs Jm � KmJ enq Zkk
m ! fl0 Rtoonrd sgZs F<J hr uhqstZkkx bkZrr/b mhkonsdms0 Ax Sgdnqdl 10fl9—h(: sgd
rds {γb+fl(I ( | I �b F<J { hr zmhsd0 Gdmbd γb+fl(Kl(J + γb+fl(Kl+fl(J enq rnld
l ! fl Zmc rn

Jl+fl " γb+fl(Kl(K " γb+fl(Kl(J + γb+fl(Kl+fl(J " Kl+flJ .

bnmsqZqx sn sgd eZbs sgZs J ∈ M 0 Vd cdctbd sgZs F<J hr mns uhqstZkkx bkZrr/b
mhkonsdms0
Mnv kds M ad Z bknrdc mnqlZk rtafqnto ne F sgZs rsqhbskx bnmsZhmr J 0 Sgdm

M <∈ M ax lZwhlZkhsx ne J : rn sgdqd dwhrsr rnld l ! fl rtbg sgZs Jl " KlM ,
sgZs hr: Jl<K " LF<K(Jl<K( · (M<K(0 KdllZ 101—hh( sgdm sdkkr tr sgZs Jl " M 0
Gdmbd F<M hr Z ptnshdms ne F<Kl Zmc rn hr uhqstZkkx bkZrr/b mhkonsdms0 Sghr rgnvr
sgZs F<J hr hmcddc IMMbE0

—hh( ürrtld sgZs F<J hr Z IMMbE ptnshdms ne F Zmc sgZs hs hr Ehsshmf/eqdd0 Vd
cdzmd sgd rdptdmbdr ne bknrdc mnqlZk rtafqntor Jm Zmc Km Zr enkknvr0 Ehqrs
sZjd Zmx bghde eZbsnq ne F<J Zmc kds Jfl<J ad Z mZqqnv rtafqnto Zr oqnuhcdc ax
KdllZ 101—hhh( Zmc cdzmd Kfl ax Kfl<J + LF<J (Jfl<J (0 Mnsd sgZs Kfl / J ax
trd ne BnqnkkZqx 103 Zmc gdmbd γb+fl(Kfl(J / J ax sgd gxonsgdrhr sgZs F<J hr
Ehsshmf/eqdd0 ürrtlhmf sgZs: enq rnld m ! 1: vd gZud cdzmdc Jm�fl Zmc Km�fl vhsg
γb+fl(Km�fl(J / J : trd KdllZ 101 ZfZhm sn oqnctbd Z mZqqnv rtafqnto Jm<J
ne F<J vhsg Jm " γb+fl(Km�fl(J 0 Cdzmd Km ax Km<J + LF<J (Jm<J ( Zmc mnsd
γb+fl(Km(J / J 0 Sghr oqnctbdr sgd qdpthqdc bgZhm ne bknrdc mnqlZk rtafqntor

F ! Jfl / Kfl ! γb+fl(Kfl(J ! J1 / K1 ! γb+fl(K1(J ! · · · .

Mnv K +
⋃

∞

m+fl Km bdqsZhmkx bnmsZhmr J : vghkd sgd ptnshdms F<K bZmmns ad uhqstZkkx
bkZrr/b mhkonsdms ax Sgdnqdl 10fl9—h( Zr sgd rtafqntor γb+fl(Km<K( Zqd chrshmbs0
Gdmbd K + J 0 EhmZkkx: he M hr Z bknrdc mnqlZk rtafqnto ne F vhsg M / J : sgdm
F<M hr uhqstZkkx bkZrr/b mhkonsdms Zmc rn: ax trd ne Sgdnqdl 10fl9—h(: sgdqd dwhrsr
l! fl rtbg sgZs γb+fl(Kl(M + γb+fl(Kl+fl(M 0 Sgd rZld Zqftldms Zr trdc hm oZqs —h(
rgnvr sgZs Jl+fl " Kl+flM 0 Sghr rgnvr sgZs: Zlnmfrs bknrdc mnqlZk rtafqntor:
J hr hmcddc lZwhlZk rtaidbs sn Jm � KmJ enq Zkk m, sgZs hr: Zqhrdr Zr hm oZqs —h(0 �

Ntq zmZk qdrtks ne sghr rdbshnm hr Z bgZqZbsdqhyZshnm ne zmhsdkx fdmdqZsdc Ehsshmf/
eqdd IMMbE oqnzmhsd fqntor Zr hmudqrd khlhsr0 Sgd mZstqZk hmudqrd rxrsdl sn ZrrnbhZsd
sn rtbg Z fqnto hr ne uhqstZkkx mhkonsdms oqnzmhsd fqntor qZsgdq sgZm ne rnld bkZrr
ne zmhsd fqntor0 Sgd oqnodqshdr onrrdrrdc ax sghr hmudqrd rxrsdl Zqd ZmZknfntr sn
sgnrd hm )Qdhc 19fl7: Sgdnqdl 30fl[0
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Sgdnqdl 2060 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto sgZs hr Ehsshmf:eqdd
Zmc kds b ad Z mnmmdfZshud hmsdfdq0 He F hr IMMbE: sgdm hs hr sgd hmudqrd khlhs ne
Z eZlhkx Fm : enq m ! 9: ne oqnzmhsd fqntor vhsg qdrodbs sn rtqidbshud bnmshmtntr
gnlnlnqoghrlr ρm ] Fm+fl → Fm vhsg sgd enkknvhmf oqnodqshdr0 Enq dudqx m ! 9:
Fm gZr Zm nodm mnqlZk rtafqnto Om rtbg sgZs: tonm rdsshmf Pm + Om+flρm.

—h( Fm hr uhqstZkkx bkZrr:b mhkonsdms0

—hh( Om / Pm0

—hhh( γb+fl(Om( / LFm (γb+fl(Om((! jdq ρm�fl ! γb+fl(Pm( / fi0

—hu( He M hr Zm nodm mnqlZk rtafqnto ne Fm : sgdm dhsgdq

γb+fl(M (" Om nq γb+fl(Pm(" γb+fl(M (.

Bnmudqrdkx: rtoonrd: enq rnld hmsdfdq c ! fl: sgZs F + khl
←��

Fm hr Zm hmudqrd khlhs
ne Z bntmsZakd eZlhkx ne c:fdmdqZsnq oqnzmhsd fqntor vhsg qdrodbs sn rtqidbshud
bnmshmtntr gnlnlnqoghrlr ρm rtbg sgZs F hr Ehsshmf:eqdd Zmc sgd Zanud bnmchshnmr
gnkc0 Enq dZbg m: kds µm ] F → Fm ad sgd mZstqZk lZo ZrrnbhZsdc sn sgd hmudqrd
khlhs0 Sgdm he J hr Z mnmsqhuhZk bknrdc mnqlZk rtafqnto ne F: sgdqd dwhrsr m9 ! 9
rtbg sgZs jdqµm9 " J 0 Hm oZqshbtkZq: F hr IMMbE0

Hm sgd bZrd ne zmhsdkx fdmdqZsdc oqnzmhsd fqntor: hs hr jmnvm sgZs Zmx gnln/
lnqoghrl hr mdbdrrZqhkx bnmshmtntr0 Bnmrdptdmskx: sgd vnqc ”bnmshmtntr‘ bntkc
ad nlhssdc eqnl sgd rsZsdldms vhsgnts Zeedbshmf hsr uZkhchsx0 Enq ZqahsqZqx zmhsdkx
fdmdqZsdc oqnzmhsd fqntor: sghr enkknvr ax sgd vnqj ne Mhjnknu Zmc RdfZk )1996[
—Zmc cdodmcr tonm sgd bkZrrhzbZshnm ne zmhsd rhlokd fqntor(0 Gnvdudq: Zr sgd
fqntor Fm Zqd Zrrtldc sn ad uhqstZkkx mhkonsdms: hs hr dZrx sn qdctbd sn sgd bZrd ne
zmhsdkx fdmdqZsdc —mhkonsdms( oqn/o fqntor vghbg vZr ZkqdZcx bnudqdc ax Rdqqd,
bnloZqd vhsg )ümcdqrnm fl865[0

Oqnne0 Rtoonrd F hr IMMbE0 Sgdm: Zr nardqudc hm KdllZ 203: sgdqd hr Z cdrbdmchmf
rdptdmbdF!G9/Gfl/G1/ · · · ne nodm mnqlZk rtafqntor rtbg sgZs

⋃
∞

m+9 Gm+fi
Zmc: enq dZbg m ! fl: γb+fl(Gm( " LF(γb+fl(Gm�fl(( , γb+fl(Gm�fl( Zmc he M �n F
dhsgdq γb+fl(M (" Gm�fl nq γb+fl(Gm(" γb+fl(M (0 Sn rhlokhex mnsZshnm: vqhsd Lm +

LF(γb+fl(Gm+fl(( enq dZbg m ! 90 Sgdm cdzmd Fm + F<Lm : Om + Gm<Lm Zmc
Pm + Gm+fl<Lm 0 Kds ρm ] Fm+fl → Fm ad sgd mZstqZk lZo0 Rhmbd

⋃
∞

m+9 Lm "⋃
∞

m+9 Gm + fi: hs enkknvr sgZs F + khl
←��

Fm : vghkd sgd bnmchshnmr rsZsdc hm sgd sgdnqdl
Zkk gnkc0 Hmcddc: trhmf KdllZ 101—h(: jdq ρm�fl + Lm�fl<Lm + LFm (γb+fl(Om((0

Bnmudqrdkx: rtoonrd sgZs F + khl
←��

Fm hr Zm hmudqrd khlhs ne c/fdmdqZsnq oqnzmhsd
fqntor Fm : enq m ! 9: vhsg qdrodbs sn rtqidbshud bnmshmtntr gnlnlnqoghrlr ρm ]
Fm+fl→Fm rtbg sgZs F hr Ehsshmf/eqdd Zmc bnmchshnmr —h(-—hu( gnkc vgdqd Om �n Fm

Zmc Pm + Om+flρm 0 Sgdm F hr Zkrn c/fdmdqZsdc —ax )Qhadr Zmc YZkdrrjhh 1999:
KdllZ 10402[(0 Kds µm ]F→Fm ad sgd mZstqZk lZor ZrrnbhZsdc sn sgd hmudqrd khlhs0
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Nardqud zqrs sgZs sgd nodm mnqlZk rtafqntor Ofl Zmc Pfl ne Ffl rZshrex γb+fl(Ofl(/
γb+fl(Pfl( / fi0 Rtoonrd sgZs Fm : enq rnld m ! fl: onrrdrrdr nodm mnqlZk rtafqntor
B9: Bfl: 0 0 0 : Bm rtbg sgZs sgd rtafqntor γb+fl(Bh ( Zqd chrshmbs Zmc mnmsqhuhZk0 Tonm
sZjhmf sgd hmudqrd hlZfdr tmcdq sgd gnlnlnqoghrl ρm : vd nasZhm nodm mnqlZk
rtafqntor B9ρ

�fl
m : Bflρ

�fl
m : 0 0 0 : Bmρ�flm vhsg γb+fl(Bhρ�flm ( � jdq ρm 0 Vgdm sZjdm

snfdsgdq vhsg Pm+fl: sgdrd fhud m+fl nodm mnqlZk rtafqntor J ne Fm+fl rtbg sgZs sgd
bnqqdronmchmf γb+fl(J ( Zqd chrshmbs Zmc mnmsqhuhZk0 Ax hmctbshnm: vd bnmbktcd sgZs
{γb+fl(J ( | J �n Fm{ bnmsZhmr Zs kdZrs m+fl rtafqntor enq Zkk m0 Sgd bnqqdronmchmf
rds enq F ltrs sgdqdenqd ad hmzmhsd Zmc gdmbd F hr mns uhqstZkkx bkZrr/b mhkonsdms
ax Sgdnqdl 10fl9—h(0

Mnv kds J ad Z mnmsqhuhZk bknrdc mnqlZk rtafqnto ne F0 Rhmbd F hr Ehsshmf/eqdd:
γb+fl(γb+fl(J (( ̸+ fi0 He γb+fl(J (µm+1 " Om+1 enq rnld m ! fl: sgdm vd rdd sgZs
γb+fl(γb+fl(J ((µm + fi adbZtrd Om+1ρm+fl+ Pm+fl Zmc γb+fl(Pm+fl(" jdq ρm 0 Gdmbd
sgdqd dwhrsr m9! fl rtbg sgZs γb+fl(J (µm � Om enq Zkk m! m90 Kds M ad Zmx nodm mnq/
lZk rtafqnto ne F vhsg J " M 0 He m! m9: sgdm Mµm hr Zm nodm mnqlZk rtafqnto ne
Fm vhsg γb+fl(Mµm((� Om Zmc rn γb+fl(Pm(" γb+fl(Mµm( ax bnmchshnm —hu(0 Gdmbd

γb+fl(Om+fl(" γb+fl(Mµm+fl( jdq ρm " γb+fl(Mµm+fl(LFm+fl(γb+fl(Om+fl((.

Zmc rn vd cdctbd γb+fl(Om+fl( " γb+fl(Mµm+fl( ax KdllZ 101—hh(0 Bnmrdptdmskx
jdq ρm " γb+fl(Mµm+fl( enq Zkk m ! m9, sgZs hr: jdqµm " γb+fl(M ( jdqµm+fl enq Zkk
m ! m90 Sghr hlokhdr

jdqµm9 "
⋃
m!m9

γb+fl(M ( jdqµm + γb+fl(M (" M

rhmbd γb+fl(M ( hr bknrdc0 Mnv J hr sgd hmsdqrdbshnm ne Zkk rtbg nodm mnqlZk rta/
fqntor M Zmc sgdqdenqd jdqµm9 " J 0 Bnmrdptdmskx: F<J hr Z ptnshdms ne Fm9 Zmc
rn hr uhqstZkkx bkZrr/b mhkonsdms0 Sghr cdlnmrsqZsdr sgZs F hr IMMbE: Zr qdpthqdc0 �

30 BgYqYbsdqhyYshnm ne gdqdchsYqhkx ILLbE oqnzmhsd fqntor

Hm sghr rdbshnm: vd zw ZfZhm sgd hmsdfdq b ! 9 Zmc vd rgZkk oqnuhcd uZqhntr cdrbqho/
shnmr ne Ehsshmf/eqdd oqnzmhsd fqntor sgZs Zqd gdqdchsZqhkx IMMbE0 Sgd qdrtksr sgZs vd
oqdrdms oZqZkkdk sgnrd ne sgd oqduhntr rdbshnm Zmc hmchbZsd vgZs ZcchshnmZk oqnodqshdr
dmrtqd sgZs mns nmkx hr sgd fqnto hsrdke IMMbE: ats Zkrn dudqx nodm rtafqnto hr IMMbE0

Kds F ad Z oqnzmhsd fqnto0 ümZknfntr sn sgd rdsr ZoodZqhmf hm Sgdnqdl 202: vd
cdzmd: enq Zm nodm rtafqnto G ne F:

�∗

G + {γb+fl(J ( | J "n F vhsg G " MF(J ( Zmc γb+fl(J (� G {.

A∗G + {γb+fl(J ( | J "b F vhsg G " MF(J ( Zmc γb+fl(J (� G {.
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He G Zmc K Zqd nodm rtafqntor ne F vhsg G " K : vd Zkrn rds

�G (K(+ {γb+fl(J ( | J �n K vhsg γb+fl(J (� G {.

AG (K(+ {γb+fl(J ( | J �b K vhsg γb+fl(J (� G {.

Sgd enkknvhmf nardquZshnm hr rsqZhfgsenqvZqc.

JdllY 30fi0 Kds F ad Z oqnzmhsd fqnto Zmc G ad Zm nodm rtafqnto ne F0 Sgdm

—h( �∗

G +
∏
{�G (K( | K "n F vhsg G " K{,

—hh( A∗G +
∏
{AG (K( | K "n F vhsg G " K{0

Hm nqcdq sn drsZakhrg Sgdnqdl 303: vghbg hr sgd ZmZknftd ne Sgdnqdl 202 enq
gdqdchsZqhkx IMMbE fqntor: vd mddc sn jmnv sgZs sgd bnmchshnm sgZs sgd fqnto hr
Ehsshmf/eqdd hr hmgdqhsdc ax nodm rtafqntor0 Vd drsZakhrg sghr hm KdllZ 302 adknv0
Vd rgZkk trd sgd enkknvhmf ZmZknftd ne Zm nardquZshnm lZcd hm sgd oqnne ne )Vhkrnm
19fl9: —10fl([0 Sgd Zqftldms hr rhlhkZq ats hmbktcdc enq bnlokdsdmdrr0

JdllY 3010 Kds F ad Z Ehsshmf:eqdd IMMbE oqnzmhsd fqnto0 Sgdm.

—h( Dudqx mnmhcdmshsx dkdldms ne F gZr hmzmhsdkx lZmx bnmitfZsdr hm F0

—hh( He G hr Z mnmsqhuhZk zmhsd rtafqnto ne F: sgdm G gZr hmzmhsdkx lZmx bnmitfZsdr
hm F0

Oqnne0 —h( Rtoonrd sgZs w hr Z mnmhcdmshsx dkdldms ne F vhsg zmhsdkx lZmx bnmitfZsdr
hm F0 Kds W ad sgd bknrdc mnqlZk rtafqnto ne F fdmdqZsdc ax sgd bnmitfZsdr ne w
Zmc B ad sgd hmsdqrdbshnm ne sgd bdmsqZkhydqr hm F ne dZbg bnmitfZsd ne w 0 Rhmbd w
gZr zmhsdkx lZmx bnmitfZsdr: B hr nodm hm F Zmc: hm oZqshbtkZq: mnmsqhuhZk0 Rhmbd
˜B. W [ + fi: hs enkknvr sgZs B ∩ W hr Zm ZadkhZm bknrdc mnqlZk rtafqnto ne F Zmc
rn B ∩ W + fi ax Zrrtloshnm0 Sghr bnmsqZchbsr KdllZ 1040
—hh( Kds G ad Z mnmsqhuhZk zmhsd rtafqnto ne F vhsg zmhsdkx lZmx bnmitfZsdr hm F0
He w hr Z mnmhcdmshsx dkdldms ne G : sgdm dudqx bnmitfZsd ne w adknmfr sn nmd ne
sgd bnmitfZsdr ne G 0 Hs enkknvr sgZs w gZr zmhsdkx lZmx bnmitfZsdr hm F: vghbg
bnmsqZchbsr —h(0 �

JdllY 3020 Kds F ad Z Ehsshmf:eqdd IMMbE oqnzmhsd fqnto0 He G hr Zmx nodm
rtafqnto ne F: sgdm G hr Zkrn Ehsshmf:eqdd0

Oqnne0 Rtoonrd sgZs É hr Zm ZadkhZm bknrdc mnqlZk rtafqnto ne G 0 Kds A +
É∩BnqdF(G(0 Mnsd sgZs A gZr zmhsdkx lZmx bnmitfZsdr hm F Zmc dZbg ne sgdl hr
Z mnqlZk rtafqnto ne BnqdF(G(0 Gdmbd sgd mnqlZk bknrtqd AF hr sgd oqnctbs ne
sgdrd rtafqntor Zmc sghr hr mhkonsdms ax Ehsshmf=r Sgdnqdl0 Rhmbd F hr Ehsshmf/eqdd:
hs enkknvr sgZs A + fi0 Sgdqdenqd É hr zmhsd Zmc rn: ax KdllZ 301—hh(: É + fi0 �

Sgdnqdl 3030 Kds F ad Z zmhsdkx fdmdqZsdc hmzmhsd oqnzmhsd fqnto sgZs hr Ehsshmf:
eqdd Zmc kds b ad Z mnmmdfZshud hmsdfdq0 Sgdm sgd enkknvhmf bnmchshnmr Zqd dpthuZkdms.
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—h( Sgd fqnto F hr gdqdchsZqhkx IMMbE0

—hh( Sgd rds �∗

G hr zmhsd enq dudqx nodm rtafqnto G ne F0

—hhh( Sgd rds A∗G hr zmhsd enq dudqx nodm rtafqnto G ne F0

Oqnne0 Rtoonrd zqrs sgZs �∗

G hr zmhsd enq dudqx nodm rtafqnto G ne F0 Rhmbd
�G ⊆�∗

G : hs enkknvr sgZs F hr IMMbE ax Sgdnqdl 2020 Kds K ad Zm nodm rtafqnto
ne F0 Sgdm K hr Ehsshmf/eqdd ax KdllZ 302 Zmc �G (K( hr zmhsd enq dudqx nodm
rtafqnto G ne K Zr hs hr bnmsZhmdc hm �∗

G 0 Gdmbd K hr Zkrn IMMbE ax Sgdnqdl 2020
Sghr drsZakhrgdr —hh(⇒ —h(0

Rhmbd�∗

G ⊆A∗G : bdqsZhmkx —hhh(⇒ —hh(0 EhmZkkx Zrrtld sgZsF hr gdqdchsZqhkx IMMbE
Zmc kds G ad Zm nodm rtafqnto ne F0 Sgdqd Zqd zmhsdkx lZmx nodm rtafqntor K ne
F vhsg G " K 0 He K hr rtbg Zm nodm rtafqnto: sgdm K hr IMMbE: rn AG (K( hr zmhsd
ax Sgdnqdl 202 snfdsgdq vhsg KdllZ 3020 Gdmbd A∗G hr Z zmhsd tmhnm ne zmhsd rdsr:
ax KdllZ 30fl: Zmc rn hr zmhsd0 Sghr drsZakhrgdr sgd zmZk hlokhbZshnm —h(⇒ —hhh(0 �

Vhkrnm )19fl9: —10fl([ bgZqZbsdqhydr vgdm Z itrs hmzmhsd fqnto hr mns gdqdchsZqhkx
itrs hmzmhsd0 Sgd enkknvhmf hr ntq ZmZknftd enq IMMbE fqntor0 Sgd rZld ldsgnc
hr trdc sn bnmrsqtbs sgd aZrZk rtafqnto J Zmc Z edv ZcchshnmZk rsdor drsZakhrg hsr
oqnodqshdr0

Oqnonrhshnm 3040 Kds F ad Z Ehsshmf:eqdd IMMbE oqnzmhsd fqnto sgZs hr mns gdqdch:
sZqhkx IMMbE0 Sgdm F gZr Zm hmzmhsd bknrdc aZrZk rtafqnto J rtbg sgZs MF(J (<J
hr mns uhqstZkkx bkZrr:b mhkonsdms Zmc J gZr mn mnmsqhuhZk ZadkhZm bknrdc rtafqnto
sgZs hr snonknfhbZkkx bgZqZbsdqhrshb hm J 0 Hm oZqshbtkZq: J hr mns mnqlZk hm F0

Oqnne0 Rhmbd F hr mns gdqdchsZqhkx IMMbE: sgdqd hr Zm nodm rtafqnto G ne F Zmc Z
mnmsqhuhZk bknrdc mnqlZk rtafqnto K ne G rtbg sgZs G<K hr mns uhqstZkkx bkZrr/b
mhkonsdms0 Kds B ad sgd bnqd ne G hm F0 He B ∩ K + fi: sgdm K hr zmhsd: vghbg
hr Z bnmsqZchbshnm ax KdllZ 301—hh(0 Gdmbd B ∩ K ̸+ fi0 Mnsd sgZs BK<K hr Z
rtafqnto ne zmhsd hmcdw hm G<K Zmc hr hrnlnqoghb sn B<(B ∩ K(0 He B<(B ∩ K(
vdqd uhqstZkkx bkZrr/b mhkonsdms: sgdm Zr G<K hr Z zmhsd dwsdmrhnm vd vntkc nasZhm
Zmnsgdq bnmsqZchbshnm0 Gdmbd B<(B ∩ K( hr mns uhqstZkkx bkZrr/b mhkonsdms Zmc vd
lZx qdokZbd G Zmc K ax B Zmc B ∩ K : qdrodbshudkx: Zmc Zrrtld sgZs G hr Zm nodm
mnqlZk rtafqnto ne F vhsg Z mnmsqhuhZk bknrdc mnqlZk rtafqnto K rtbg sgZs G<K
hr mns uhqstZkkx bkZrr/b mhkonsdms0
Mnv K gZr zmhsdkx lZmx bnmitfZsdr hm F Zmc sgdrd Zqd Zkk bnmsZhmdc hm G 0

Gdmbd K � KF Zmc KdllZ 107 sdkkr tr sgZs vd bZm bnmrsqtbs Z aZrZk rtafqnto J
ne F ax hmsdqrdbshmf Z rthsZakd bnkkdbshnm ne sgd bnmitfZsdr ne K 0 Vd lZx Zrrtld
sgZs K hr nmd ne sgdrd bnmitfZsdr rn sgZs J " K 0 Mnsd sgZs J hr hmzmhsd ax trd ne
KdllZ 301—hh(0 He MF(J (<J vdqd uhqstZkkx bkZrr/b mhkonsdms: sgdm rn vntkc ad
G<K rhmbd J " K " G " MF(J (: bnmsqZqx sn ntq gxonsgdrhr0 Mnsd sgdm sgZs J
bZmmns ad mnqlZk hm F rhmbd he hs vdqd sgdm MF(J (<J + F<J vntkc ad uhqstZkkx
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bkZrr/b mhkonsdms0 EhmZkkx he É vdqd Z mnmsqhuhZk ZadkhZm bknrdc rtafqnto sgZs hr
snonknfhbZkkx bgZqZbsdqhrshb hm J : sgdm Zr bnmitfZshnm hr Z gnldnlnqoghrl sgdqd
vntkc ad oqdbhrdkx nmd F/bnmitfZsd ne É hm dZbg bnmitfZsd ne J 0 Gdmbd É vntkc
Zkrn ad aZrZk Zmc hsr mnqlZk bknrtqd ÉF vntkc ad Z mnmsqhuhZk ZadkhZm mnqlZk
rtafqnto ne F: bnmsqZqx sn Zrrtloshnm0 Sghr drsZakhrgdr sgd bkZhldc bnmchshnmr0 �

Trhmf sgd bgZqZbsdqhyZshnm fhudm hm Sgdnqdl 303: vd Zqd Zakd sn fhud Z cdrbqhoshnm
ne gdqdchsZqhkx IMMbE fqntor ne Z rhlhkZq enql sn ntq dZqkhdq Sgdnqdl 2040

Sgdnqdl 3050 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto sgZs hr Ehsshmf:eqdd Zmc
kds b ad Z mnmmdfZshud hmsdfdq0 Sgdm F hr gdqdchsZqhkx IMMbE he Zmc nmkx he sgdqd hr
Z cdrbdmchmf rdptdmbd F ! G9 / Gfl / G1 / · · · ne nodm mnqlZk rtafqntor rtbg
sgZs.

—h(
⋃

∞

m+9 Gm + fi0

—hh( He K hr Zm nodm rtafqnto ne F sgZs hr mnqlZkhydc ax Gm�fl enq rnld m ! fl: sgdm
dhsgdq γb+fl(K(" Gm�fl nq γb+fl(Gm(" γb+fl(K(0

Oqnne0 Rtoonrd zqrs sgZs F hr gdqdchsZqhkx IMMbE0 Vd rsZqs vhsg Zmx nodm mnqlZk
rtafqnto G9 ne F0 Rtoonrd sgdm: Zr Zm hmctbshud gxonsgdrhr: sgZs vd gZud bnm/
rsqtbsdc nodm mnqlZk rtafqntor F ! G9 / Gfl / · · · / Gm�fl rtbg sgZs: enq dZbg
h ∈ {fl. . . . . m � fl{: γb+fl(Gh�fl( / γb+fl(Gh ( Zmc he K hr mnqlZkhydc ax Gh�fl sgdm
dhsgdq γb+fl(K(" Gh�fl nq γb+fl(Gh (" γb+fl(K(0 Ax Sgdnqdl 303: sgd rds

�∗

Gm�fl + {γb+fl(J ( | J "n F vhsg Gm�fl " MF(J ( Zmc γb+fl(J (� Gm�fl{

hr zmhsd0 Trd ne KdllZ 20fl rgnvr sgZs LF(γb+fl(Gm�fl(( ̸+ fi0 Gdmbd

Q + LF(γb+fl(Gm�fl((∩
⋃
�∗

Gm�fl

hr Z mnmsqhuhZk bknrdc mnqlZk rtafqnto ne F —ax KdllZ 104(0 Sgd ptnshdms F<Q
hr sgdm uhqstZkkx bkZrr/b mhkonsdms: rn sgdqd dwhrsr Zm nodm mnqlZk rtafqnto R vhsg
γb+fl(R(" Q0 SZjd Gm + Gm�fl ∩ R: rn sgZs Gm hr Zm nodm mnqlZk rtafqnto ne F
bnmsZhmdc hm Gm�fl vhsg γb+fl(Gm( " Q , γb+fl(Gm�fl(0 He K hr Zm nodm rtafqnto
mnqlZkhydc ax Gm�fl: sgdm dhsgdq γb+fl(K(" Gm�fl nq γb+fl(K( ∈�∗

Gm�fl 0 Hm sgd kZssdq
bZrd: γb+fl(Gm(" Q " γb+fl(K(0
QdodZshmf sghr oqnbdrr bnmrsqtbsr Z cdrbdmchmf rdptdmbd ne nodm mnqlZk rta/

fqntor Gm rtbg sgZs bnmchshnm —hh( gnkcr0 He sgd hmsdqrdbshnm I +
⋃

∞

m+9 Gm vdqd
mnmsqhuhZk: sgdm F<γb+fl(I ( vntkc ad uhqstZkkx bkZrr/b mhkonsdms: ats vntkc gZud
hmzmhsdkx lZmx chrshmbs rtafqntor γb+fl(Gm<γb+fl(I (( bnmsqZqx sn Sgdnqdl 10fl90
Gdmbd bnmchshnm —h( Zkrn gnkcr0
Bnmudqrdkx rtoonrd sgZs F hr Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto sgZs gZr mn

mnmsqhuhZk ZadkhZm bknrdc mnqlZk rtafqnto vhsg Z cdrbdmchmf rdptdmbd ne nodm
mnqlZk rtafqntor Gm rZshrexhmf bnmchshnmr —h( Zmc —hh(0 Hm oZqshbtkZq: F rZshrzdr
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sgd bnmchshnmr ZoodZqhmf hm Sgdnqdl 204 Zmc rn hr IMMbE0 Rtoonrd sgZs hs hr mns
gdqdchsZqhkx IMMbE0 Ax Oqnonrhshnm 304: F gZr Z bknrdc aZrZk rtafqnto J vhsg
mn mnmsqhuhZk ZadkhZm snonknfhbZkkx bgZqZbsdqhrshb rtafqnto rtbg sgZs MF(J (<J
hr mns uhqstZkkx bkZrr/b mhkonsdms0 Sgdm γb+fl(J ( ̸+ fi: rn sgdqd dwhrsr l ! 9 rtbg
sgZs γb+fl(J ( � Gl 0 Rhmbd

⋃
∞

m+9 Gm + fi: hs enkknvr sgZs dudqx nodm rtafqnto
ne F bnmsZhmr rnld Gm 0 Gdmbd: ax hmbqdZrhmf l he mdbdrrZqx: vd bZm Zrrtld
Gl " MF(J (0 Kds T ad Zmx nodm mnqlZk rtafqnto ne F Zmc K + JT 0 Sgdm Gl
mnqlZkhydr K Zmc γb+fl(K(� Gl 0 Gdmbd: ax bnmchshnm —hh(: γb+fl(Gl+fl(" γb+fl(K(0
Hs enkknvr sgZs

γb+fl(Gl+fl("
⋃

T�nF
JT + J .

Sgdqdenqd MF(J (<J hr hrnlnqoghb sn Z ptnshdms ne Z rtafqnto ne F<γb+fl(Gl+fl(

Zmc gdmbd hr uhqstZkkx bkZrr/b mhkonsdms0 Sghr hr Z bnmsqZchbshnm Zmc vd bnmbktcd
sgZs F hr hmcddc gdqdchsZqhkx IMMbE: Zr bkZhldc0 �

Vd bnlokdsd sgd rdbshnm ax fhuhmf Z rthsZakd cdrbqhoshnm ne Z gdqdchsZqhkx IMMbE
oqnzmhsd fqnto Zr Zm hmudqrd khlhs ne uhqstZkkx mhkonsdms fqntor hm Z lZmmdq ZmZknfntr
sn sgd cdrbqhoshnm ZoodZqhmf hm Sgdnqdl 2060

Sgdnqdl 3060 Kds F ad Z zmhsdkx fdmdqZsdc oqnzmhsd fqnto sgZs hr Ehsshmf:eqdd Zmc
kds b ad Z mnmmdfZshud hmsdfdq0 He F hr gdqdchsZqhkx IMMbE: sgdm hs hr sgd hmudqrd khlhs
ne Z eZlhkx Fm : enq m ! 9: ne oqnzmhsd fqntor vhsg qdrodbs sn rtqidbshud bnmshmtntr
gnlnlnqoghrlr ρm ] Fm+fl → Fm vhsg sgd enkknvhmf oqnodqshdr0 Enq dudqx m ! 9:
Fm gZr Zm nodm mnqlZk rtafqnto Om rtbg sgZs: tonm rdsshmf Pm + Om+flρm.

—h( Fm hr uhqstZkkx bkZrr:b mhkonsdms0

—hh( Om / Pm0

—hhh( γb+fl(Om( / LFm (γb+fl(Om((! jdq ρm�fl ! γb+fl(Pm( / fi0
—hu( He M hr Zm nodm mnqlZk rtafqnto ne Fm : sgdm dhsgdq

γb+fl(M (" Om nq γb+fl(Pm(" γb+fl(M (.

—u( Sgdqd hr mn mnmmnqlZk bknrdc rtafqnto U ne Fm vhsg Zs lnrs m bnmitfZsdr
rtbg sgZs Zmx oZhq ne chrshmbs bnmitfZsdr ne U bdmsqZkhyd dZbg nsgdq Zmc rtbg
sgZs sgd mnqlZk bknrtqd V + UF rZshrzdr γb+fl(Om(" γb+fl(γb+fl(V ((0

Bnmudqrdkx: he : enq rnld hmsdfdq c ! fl: F + khl
←��

Fm hr Zm hmudqrd khlhs ne Z bntms:
Zakd eZlhkx ne c:fdmdqZsnq oqnzmhsd fqntor vhsg qdrodbs sn rtqidbshud bnmshmtntr
gnlnlnqoghrlr ρm rtbg sgZs F hr Ehsshmf:eqdd Zmc sgd Zanud bnmchshnmr gnkc: sgdm
F hr gdqdchsZqhkx IMMbE0

Oqnne0 Rtoonrd sgZs F hr gdqdchsZqhkx IMMbE0 Rhmbd F hr zmhsdkx fdmdqZsdc hs gZr
zmhsdkx lZmx nodm rtafqntor ne dZbg hmcdw Zmc rn vd bZm dmtldqZsd Z rdptdmbd
ne nodm mnqlZk rtafqntor Tm ne F rtbg sgZs: enq dZbg m ! fl: dudqx nodm rtafqnto
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ne hmcdw Zs lnrs m bnmsZhmr Tm 0 SZjd G9 sn ad Zmx nodm mnqlZk rtafqnto ne F0
BdqsZhmkx γb+fl(G9( ̸+ fi0 Mnv Zrrtld: Zr Zm hmctbshud gxonsgdrhr: sgZs vd gZud
bnmrsqtbsdc Z rdptdmbd ne nodm mnqlZk rtafqntor F ! G9 / Gfl / · · · / Gm�fl0
Ax Sgdnqdl 303: sgd rds �∗

Gm�fl hr zmhsd vghkd LF(γb+fl(Gm�fl(( hr mnmsqhuhZk ax
KdllZ 20fl0 Gdmbd: ax KdllZ 104:

Q + LF(γb+fl(Gm�fl((∩
�⋃
�∗

Gm�fl

(′

hr Z mnmsqhuhZk bknrdc rtafqnto ne F: rn F<Q hr uhqstZkkx bkZrr/b mhkonsdms Zmc
sgdqd dwhrsr Zm nodm mnqlZk rtafqnto R ne F vhsg γb+fl(R( " Q0 SZjd Gm +
Gm�fl∩Tm∩ R0 Hm oZqshbtkZq: γb+fl(Gm(" Q " LF(γb+fl(Gm�fl(( , γb+fl(Gm�fl(0 Ax
qdodZsdc ZookhbZshnm: vd bnmbktcd sgdqd hr Z cdrbdmchmf rdptdmbd ne nodm mnqlZk
rtafqntor F ! G9 / Gfl / G1 / · · · rtbg sgZs Gm "Tm Zmc

γb+fl(Gm(" LF(γb+fl(Gm�fl((∩
�⋃
�∗

Gm�fl

(′
, γb+fl(Gm�fl(

enq Zkk m ! fl0 Rhmbd Gm "Tm enq dZbg m: hs hlldchZsdkx enkknvr sgZs
⋃

∞

m+9 Gm + fi0
Mnv: enq m ! 9: vqhsd Lm + LF(γb+fl(G1m+1(( Zmc cdzmd Fm + F<Lm : Om +

G1m<Lm Zmc Pm + G1m+1<Lm 0 Kds ρm ] Fm+fl → Fm ad sgd mZstqZk lZo0 Rhmbd⋃
∞

m+9 Lm + fi: hs hr sgd bZrd sgZs F + khl
←��

Fm 0 Rhmbd dZbg Lm ̸+ fi: sgd Zrrtloshnm
sgZs F hr IMMbE dmrtqdr dZbg Fm hr uhqstZkkx bkZrr/b mhkonsdms Zmc bnmchshnmr —hh( Zmc
—hhh( enkknv hlldchZsdkx eqnl sgd bnmrsqtbshnm0 Hmcddc jdq ρm�fl + Lm�fl<Lm +

LFm (γb+fl(Om(( trhmf KdllZ 101—h(0 He M �n Fm : rZx M + J<Lm : rtbg sgZs
γb+fl(M (� Om : sgdm γb+fl(J (∈�G1m ⊆�∗

G1m
0 Gdmbd γb+fl(G1m+1(,γb+fl(G1m+fl("⋃

�∗

G1m
" γb+fl(J ( Zmc sghr drsZakhrgdr bnmchshnm —hu(0

Rtoonrd sgdqd hr Z mnmmnqlZk bknrdc rtafqnto U ne Fm vhsg Zs lnrs m bnmitfZsdr
rtbg sgZs ˜U f. U g

[ + fi vgdm fg�fl <∈ MFm (U ( Zmc rtbg sgZs sgd mnqlZk bknrtqd
V + UFm rZshrzdr γb+fl(Om( " γb+fl(γb+fl(V ((0 Rhmbd dkdldmsr eqnl chrshmbs
bnmitfZsdr ne U bnlltsd: γb+fl(γb+fl(V (( hr sgd oqnctbs ne sgd bnmitfZsdr ne
γb+fl(γb+fl(U ((0 Vqhsd U + J<Lm Zmc V + K<Lm 0 Sgdm nardqud K + JF :
γb+fl(γb+fl(K(( " γb+fl(γb+fl(J ((FLm Zmc γb+fl(G1m( " γb+fl(γb+fl(K((Lm : vghbg
hlokhdr γb+fl(G1m( " γb+fl(γb+fl(K(( vhsg trd ne KdllZ 101—hh(0 ükrn J gZr Zs
lnrs m bnmitfZsdr hm F: rn hs ltrs ad sgd bZrd sgZs G1m+fl " Tm " MF(J (0 Mnv
γb+fl(G1m+fl( , γb+fl(γb+fl(K((: rn γb+fl(γb+fl(J (( � γb+fl(G1m+fl( Zmc sgdqdenqd
γb+fl(J (� G1m+fl0 Hm bnmbktrhnm: enq dZbg h ! 9: J Gh hr Zm nodm rtafqnto ne F
vhsg sgd oqnodqsx sgZs γb+fl(J Gh ( ∈�∗

G1m+fl
0 Sgtr

⋃
�∗

G1m+fl
"

⋃
h!9

γb+fl(J (Gh + γb+fl(J (.

Rhmbd
⋃
�∗

G1m+fl
hr Z mnqlZk rtafqnto: hs hr bnmsZhmdc hm Zkk bnmitfZsdr ne J Zmc

sgdqdenqd
γb+fl(G1m+1("

�⋃
�∗

G1m+fl

(′
" ˜J f. Jg

[
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enq Zkk f. g∈F0 Bnmrdptdmskx: fi ̸+γb+fl(Pm(" ˜U f. U g
[ enq Zkk f. g∈Fm 0 Gnvdudq:

Zr U hr mns mnqlZk hm Fm sgdqd dwhrsr f. g ∈ Fm rtbg sgZs U f Zmc U g Zqd chrshmbs
Zmc sgdrd rZshrex ˜U f. U g

[ + fi0 Sghr bnmsqZchbshnm drsZakhrgdr bnmchshnm —u(0
Bnmudqrdkx: rtoonrd sgZs F + khl

←��
Fm hr Zm hmudqrd khlhs ne c/fdmdqZsnq oqnzmhsd

fqntor Fm : enq m ! 9: vhsg qdrodbs sn rtqidbshud bnmshmtntr gnlnlnqoghrlr ρm ]
Fm+fl → Fm rtbg sgZs F gZr mn mnmsqhuhZk ZadkhZm bknrdc mnqlZk rtafqnto Zmc
sgZs bnmchshnmr —h(-—u( gnkc vgdqd Om �n Fm Zmc Pm + Om+flρm 0 Hm oZqshbtkZq: sgd
bnmchshnmr ne Sgdnqdl 206 Zqd rZshrzdc Zmc rn F hr IMMbE0 Kds µm ] F → Fm ad
sgd mZstqZk lZor ZrrnbhZsdc sn sgd hmudqrd khlhs0 Rtoonrd sgZs F hr mns gdqdchsZqhkx
IMMbE0 Sgdm ax Oqnonrhshnm 304: F gZr rnld bknrdc mnmmnqlZk aZrZk rtafqnto J 0
SZjd m9 sn ad Z onrhshud hmsdfdq rtbg sgZs J gZr edvdq sgZm m9 bnmitfZsdr hm F Zmc
rds K + JF : sgd chqdbs oqnctbs ne sgd bnmitfZsdr ne J 0
Rhmbd γb+fl(γb+1(K(( ̸+ fi: hs hr sgd bZrd sgZs jdqµm " γb+fl(γb+1(K(( enq Zkk

rtezbhdmskx kZqfd m ax Sgdnqdl 2060 Gdmbd: hmbqdZrhmf m9 he mdbdrrZqx: vd lZx
Zrrtld sgZs jdqµm , γb+fl(γb+1(K(( " K ′ enq Zkk m ! m90 Sgd rtafqnto J gZr Zs
kdZrs svn bnmitfZsdr hm F Zmc Zmx chrshmbs oZhq bnlltsdr Zr J hr aZrZk0 He Jµm
vdqd mnqlZk hm Fm : sgdm sgd hlZfdr ne sgdrd bnmitfZsdr vntkc bnhmbhcd Zmc rn
Kµm + Jµm vntkc ad ZadkhZm0 Sghr hr hlonrrhakd rhmbd jdqµm , K ′0 Rhmbd sgd
mtladq ne bnmitfZsdr bZmmns hmbqdZrd hm sgd hlZfd: vd cdctbd sgZs: vgdm m ! m9:
Jµm hr Z bknrdc rtafqnto ne Fm sgZs hr mns mnqlZk Zmc gZr Zs lnrs m9 bnmitfZsdr
hmFm 0 Enq rtbg m: he w ∈γb+fl(Om+1(: vqhsd w+ fµm+1 enq rnld f∈F0 Trhmf sgd eZbs
sgZs γb+fl(Pm+fl(" jdq ρm : nmd nardqudr f ∈ jdqµm " γb+fl(γb+fl(K(( Zmc sgdqdenqd
γb+fl(Om+1( " γb+fl(γb+fl(Kµm+1(( enq m ! m90 Hm oZqshbtkZq: enq rtbg m: sZjhmf
U + Jµm+1 ZmcV + Kµm+1 hm Fm+1 bnmsqZchbsr sgd gxonsgdrhr hm bnmchshnm —u(0 �

Vgdm bnloZqhmf sgd Zanud cdrbqhoshnm ne gdqdchsZqhkx IMMbE fqntor vhsg sgd
bnqqdronmchmf qdrtks ne Qdhc )19fl7: Sgdnqdl 401[ enq gdqdchsZqhkx itrs hmzmhsd fqntor:
nmd mnshbdr sgd antmc nm sgd mtladq ne bnmitfZsdr ZoodZqhmf hm ntq bnmchshnm —u(0
Sgdqd rddlr sn ad mn ZmZknftd hm sgd bnqqdronmchmf cdrbqhoshnm ne gdqdchsZqhkx itrs
hmzmhsd fqntor0 Gnvdudq: mnsd sgZs sgd antmc ne m enq sgd mtladq ne bnmitfZsdr
bntkc: vhsg nmkx lhmnq Zcitrsldms sn sgd oqnne: ad qdokZbdc ax rnld antmc e (m(
vgdqd e ]!→! hr Zmx rsqhbskx hmbqdZrhmf etmbshnm0 Hm )Qdhc 19fl7[: sgd gdqdchsZqhkx
itrs hmzmhsd fqnto hr hrnlnqoghb sn Zm hmudqrd khlhs F + khl

←��
Fm ne zmhsd fqntor

Zmc sgdqd hr sgdqdenqd Zm hlokhbhs antmc nm sgd mtladq ne bnmitfZsdr enq rtafqntor
ne Fm 0 Bnmrdptdmskx: sghr bnmchshnm hr pthsd qdZrnmZakd0

40 Rtafqntor ne zmhsd hmcdw hm ILLbE fqntor

Hm sghr rdbshnm vd rgZkk drsZakhrg Sgdnqdl B —rdd BnqnkkZqx 404( Zmc rn bnmrhcdq
ansg oqnzmhsd fqntor Zmc chrbqdsd fqntor0 Vd rgZkk Zcnos sgd bnllnm bnmudmshnm
sgZs: hm sgd bZrd ne oqnzmhsd fqntor: Zkk rtafqntor Zqd Zrrtldc sn ad vhsghm sgd rZld
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bZsdfnqx Zmc rn ”rtafqnto‘ ldZmr ”bknrdc rtafqnto‘ hm sghr bZrd0 Sghr dmZakdr ntq
qdrtksr sn ad lnqd rsqdZlkhmdc hm sgdhq rsZsdldms Zmc sgd oqnner bnqqdronmchmfkx
bkdZmdq0 Vd zw sgd hmsdfdq b ! 9 sgqntfgnts Zmc adfhm vhsg Zm nardquZshnm sgZs hr:
lnctkn ntq rsZmcZqc Zrrtloshnm Zants ZadkhZm mnqlZk rtafqntor: Zm hloqnudldms
nm BnqnkkZqx 1030

JdllY 40fi0 Kds F ad Z oqnzmhsd fqnto nq chrbqdsd fqnto sgZs hr IMMbE Zmc Ehsshmf:
eqdd0 Sgdm F gZr mn mnmsqhuhZk mnqlZk rtafqnto sgZs hr uhqstZkkx mhkonsdms0

Oqnne0 Rtoonrd sgZs M hr Z mnmsqhuhZk mnqlZk rtafqnto ne F vhsg Z mhkonsdms mnqlZk
rtafqnto ne zmhsd hmcdw hm M 0 Sgd Ehsshmf rtafqnto E(M ( ne M hr sgdm Z oqnctbs
ne zmhsdkx lZmx mhkonsdms mnqlZk rtafqntor ne M Zmc rn hr Z mhkonsdms mnqlZk
rtafqnto ne F0 Rhmbd F hr Ehsshmf/eqdd: hs enkknvr sgZs M hr zmhsd0 Sgdm BF(M ( gZr
zmhsd hmcdw hm F: vghbg bnmsqZchbsr KdllZ 1060 �

JdllY 4010 Kds F ad Z oqnzmhsd fqnto nq Z chrbqdsd fqnto sgZs hr Ehsshmf:eqdd0
Rtoonrd sgZs dudqx mnqlZk rtafqnto ne zmhsd hmcdw hr IMMbE0 Sgdm F hr gdqdchsZqhkx
IMMbE0

Oqnne0 Rtoonrd sgZs G hr Z rtafqnto ne zmhsd hmcdw hm F Zmc sgZs M hr Z mnmsqhuhZk
mnqlZk rtafqnto ne G 0 Kds J + BnqdF(G(: rn sgZs J hr Z mnqlZk rtafqnto ne
F Zkrn ne zmhsd hmcdw Zmc gdmbd IMMbE ax gxonsgdrhr0 He hs vdqd sgd bZrd sgZs
J ∩M + fi: sgdm ˜J . M [ + fi rhmbd ansg J Zmc M Zqd mnqlZk rtafqntor ne G 0 Sgdm
M " BF(J (: hm bnmsqZchbshnm sn KdllZ 1060 Vd cdctbd sgdqdenqd sgZs J ∩ M ̸+ fi0
Sgdm G<M hr Z zmhsd dwsdmrhnm ne J M<M ∼+ J<(J ∩ M (: vghbg hr uhqstZkkx bkZrr/b
mhkonsdms0 Gdmbd G hr IMMbE: Zr qdpthqdc0 �

QdbZkk sgZs sgd zmhsd qZchbZk Ehm(F( ne Z fqnto F hr sgd tmhnm ne Zkk zmhsd mnqlZk
rtafqntor ne F0 Sgd enkknvhmf hr Z IMMbE ZmZknftd ne )Qdhc 19fl9a: KdllZ 3[0

JdllY 4020 —h( Kds F ad Z fqnto vhsg Ehm(F(+ fi0 He G hr Z rtafqnto ne zmhsd
hmcdw: sgdm Ehm(G(+ fi0

—hh( Kds F ad Z oqnzmhsd nq chrbqdsd fqnto vhsg Ehm(F(+ fi Zmc G ad Z rtafqnto ne
zmhsd hmcdw sgZs hr IMMbE0 Sgdm dudqx rtafqnto ne F bnmsZhmhmf G hr IMMbE0

Oqnne0 —h( Sghr hr drsZakhrgdc hm )Qdhc 19fl9a: KdllZ 3[0

—hh( Rtoonrd sgZs G " K " F0 Ehqrs mnsd sgZs K hr mns uhqstZkkx bkZrr/b mhkonsdms
Zr hs bnmsZhmr G 0 Kds J ad Z mnmsqhuhZk mnqlZk rtafqnto ne K 0 Rhmbd Ehm(K( + fi
ax oZqs —h(: J hr hmzmhsd0 ür G ∩ J gZr zmhsd hmcdw hm J : hs enkknvr sgZs G ∩ J hr
mnmsqhuhZk Zmc rn G<(G ∩ J ( hr uhqstZkkx bkZrr/b mhkonsdms0 Vd bnmbktcd sgZs K<J
hr Z zmhsd dwsdmrhnm ne GJ<J ∼+ G<(G ∩J (: rn K<J hr uhqstZkkx bkZrr/b mhkonsdms0
Gdmbd K hr IMMbE0 �

Vd Zqd mnv hm Z onrhshnm sn drsZakhrg Z sgdnqdl enq IMMbE fqntor sgZs hr Zm
ZmZknftd ne sgd lZhm sgdnqdl ne )Qdhc 19fl9a[.
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Sgdnqdl 4030 Kds F ad Z oqnzmhsd fqnto nq Z chrbqdsd fqnto Zmc kds b ad Z mnm:
mdfZshud hmsdfdq0 Rtoonrd sgZs F hr IMMbE Zmc Ehsshmf:eqdd: Zmc sgZs G hr Z mnqlZk
rtafqnto ne zmhsd hmcdw hm F0 Sgdm sgd enkknvhmf Zqd dpthuZkdms.

—h( Sgd rtafqnto G hr IMMbE0

—hh( Dudqx rtafqnto ne F bnmsZhmhmf G hr IMMbE0

—hhh( Dudqx lZwhlZk rtafqnto ne F bnmsZhmhmf G hr IMMbE0

Oqnne0 Ax KdllZ 40fl: Ehm(F(+ fi0 Gdmbd Zm ZookhbZshnm ne KdllZ 402—hh( rgnvr
sgZs bnmchshnm —h( hlokhdr bnmchshnm —hh(0 Hs hr sqhuhZk sgZs bnmchshnm —hh( hlokhdr
bnmchshnm —hhh(0

Mnv Zrrtld bnmchshnm —hhh(0 Kds J ad Z mnmsqhuhZk mnqlZk rtafqnto ne G 0 Rhmbd
G hr Z mnqlZk rtafqnto ne F: vd nardqud sgZs J f � G " MF(J ( enq Zkk f ∈F Zmc
gdmbd J � JF 0 Ax KdllZ 107: sgdqd hr Z aZrZk rtafqnto A sgZs hr Zm hmsdqrdbshnm ne
rnld bnmitfZsdr ne J Zmc: bnmitfZshmf he mdbdrrZqx: vd lZx Zrrtld A " J 0 Mnsd
Zkrn sgZs G " MF(A( rhmbd dZbg bnmitfZsd ne J hr mnqlZk hm G 0 Vd rgZkk rgnv
sgZs A hr mnqlZk hm F0 Enq sgdm: F<A hr uhqstZkkx bkZrr/b mhkonsdms ax gxonsgdrhr
Zmc gdmbd G<J hr Zkrn uhqstZkkx bkZrr/b mhkonsdms rhmbd A " J 0 Sghr vhkk drsZakhrg
sgZs G hr hmcddc IMMbE0

Rtoonrd: enq Z bnmsqZchbshnm: sgZs A hr mns Z mnqlZk rtafqnto ne F0 Bnmrdptdmskx:
MF(A( hr Z oqnodq rtafqnto ne F Zmc sgdqd hr rnld lZwhlZk rtafqnto L ne F
vhsg MF(A(" L 0 Mnv AF hr sgd chqdbs oqnctbs ne sgd bnmitfZsdr ne A Zmc hs hr mns
uhqstZkkx mhkonsdms ax KdllZ 40fl0 Nardqud sgZs A gZr edvdq bnmitfZsdr hm L sgZm
hm sgd fqnto F: rn AF<AL hr hrnlnqoghb sn Z chqdbs oqnctbs ne rnld bnohdr ne A
Zmc rn hr mns uhqstZkkx mhkonsdms0 Nm sgd nsgdq gZmc: L hr IMMbE ax Zrrtloshnm: rn
sgd ptnshdms L<AL ne L ax sgd mnqlZk bknrtqd ne A hm L hr Z uhqstZkkx mhkonsdms
fqnto0 Gdmbd (L ∩ AF(<AL hr uhqstZkkx mhkonsdms Zmc sghr hlokhdr AF<AL hr Zkrn
uhqstZkkx mhkonsdms rhmbd L ∩ AF gZr zmhsd hmcdw hm AF 0 Sghr hr Z bnmsqZchbshnm Zmc
bnlokdsdr sgd oqnne ne sgd sgdnqdl0 �

Vhsg trd ne KdllZ 401: vd sgdm hlldchZsdkx bnmbktcd.

BnqnkkYqx 4040 Kds F ad Z oqnzmhsd nq chrbqdsd fqnto sgZs hr IMMbE Zmc Ehsshmf:eqdd0
Sgdm F hr gdqdchsZqhkx IMMbE he Zmc nmkx he dudqx lZwhlZk —nodm( rtafqnto ne zmhsd
hmcdw hr IMMbE0

50 � bnmrsqtbshnm ne gdqdchsYqhkx ILLbE fqntor

Sgd vnqj ne sgd oqdbdchmf rdbshnmr rtffdrsr sgZs IMMbE fqntor Zqd pthsd bknrdkx
qdkZsdc sn itrs hmzmhsd fqntor0 RhlhkZqkx: Vhkrnm=r bkZrrhzbZshnm )fl86fl, 1999[ ne
itrs hmzmhsd fqntor gZr sgd rZld chbgnsnlx Zr GZqcx=r )1991[ enq IMüE fqntor:
mZldkx aqZmbg fqntor Zmc rtafqntor ne vqdZsg oqnctbsr athks eqnl gdqdchsZqhkx itrs
hmzmhsd nq IMüE fqntor0 Sn etkkx hmudrshfZsd sgd bkZrr ne IMMbE fqntor: nmd vntkc
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khjd Z fnnc rtookx ne dwZlokdr ne gdqdchsZqhkx IMMbE fqntor0 Hm Sgdnqdl 501: vd
oqnuhcd nmd ldsgnc enq bnmrsqtbshmf rtbg Z fqnto0 üs zqrs rhfgs sgd bnmrsqtbshnm
lZx ZoodZq rnldvgZs tmrodbsZbtkZq rhmbd hs ldqdkx bnmrhrsr ne Z rdlhchqdbs oqnctbs
ne Z gdqdchsZqhkx itrs hmzmhsd fqnto G ax rnld fqnto É ne —ntsdq( Ztsnlnqoghrlr0
Gnvdudq: ax Zookxhmf hs sn Z uZqhdsx ne jmnvm gdqdchsZqhkx itrs hmzmhsd fqntor G
Zmc nardquhmf sgZs sgd qZmfd ne onrrhakd fqntor É sgZs bntkc ad trdc hr qZsgdq vhcd:
vd lZmteZbstqd hmsdqdrshmf dwZlokdr ne IMMbE fqntor0 Hm ansg DwZlokdr 50fl9
Zmc 50fl5: vd rgZkk nardqud sgZs: vhsg rthsZakd bgnhbdr ne hmfqdchdmsr enq G : Zlnmf
ZadkhZm oqnzmhsd fqntor sgd noshnmr enq É Zqd Zants Zr vhcd Zr bntkc ad gnodc
enq0 Enq dwZlokd: nmd bZm sZjd É sn ad Zmx bknrdc rtafqnto ne sgd BZqsdrhZm
oqnctbs ne bntmsZakx lZmx bnohdr ne sgd oqnzmhsd bnlokdshnm "̄ ne sgd hmsdfdqr0 Hm
DwZlokd 50fl6: vd Zqd Zakd sn sZjd É sn ad Zmx zmhsdkx fdmdqZsdc uhqstZkkx mhkonsdms
oqn/o fqnto Zmc rn ZfZhm sghr odqlhsr Z vhcd qZmfd ne onrrhakd bgnhbdr0

JdllY 50fi0 Kds G ad Z fqnto Zmc É ad Z fqnto ne Ztsnlnqoghrlr ne G rtbg sgZs
É∩ Hmm G + fi0 Cdzmd F + G ! É sn ad sgd rdlhchqdbs oqnctbs ne G ax É uhZ hsr
mZstqZk Zbshnm nm G0 Sgdm BF(G(+ Y(G(0

Oqnne0 Kds w + g� ∈BF(G( vhsg g ∈ G Zmc � ∈ É0 He τg cdmnsdr sgd hmmdq Ztsnlnq/
oghrl ne G hmctbdc ax g nm G : sgdm vd nardqud τg� + fl hm üts G : rn � ∈ Hmm G 0
Gdmbd �+ fl: rn w + g Zmc mdbdrrZqhkx g ∈ Y(G(0 Sgd qdudqrd hmbktrhnm hr sqhuhZk0 �

Sgdnqdl 5010 Kds G ad Z gdqdchsZqhkx itrs hmzmhsd —chrbqdsd nq oqnzmhsd( fqnto sgZs
hr Ehsshmf:eqdd0 Kds É ad Z —chrbqdsd nq oqnzmhsd: qdrodbshudkx( fqnto ne —bnmshmtntr(
Ztsnlnqoghrlr ne G sgZs hr uhqstZkkx bkZrr:b mhkonsdms: enq rnld b ! 9: Zmc rZshrzdr
É∩ Hmm G + fi0 Sgdm sgd rdlhchqdbs oqnctbs ne G ax É hr gdqdchsZqhkx IMMbE0

Sgd nmkx chrbqdsd gdqdchsZqhkx itrs hmzmhsd fqntor sgZs Zqd uhqstZkkx ZadkhZm Zqd sgd
hmzmhsd bxbkhb fqnto Zmc sgd hmzmhsd chgdcqZk fqnto0 Sgd nmkx oqnzmhsd gdqdchsZqhkx
itrs hmzmhsd fqntor sgZs Zqd uhqstZkkx ZadkhZm Zqd rdlhchqdbs oqnctbsr ne sgd o/Zchb
hmsdfdqr ax Z zmhsd —Zmc bnmrdptdmskx bxbkhb( rtafqnto ne hsr Ztsnlnqoghrl fqnto0
Bnmrdptdmskx: sgd gxonsgdrhr sgZs G hr Ehsshmf/eqdd hm sgd Zanud sgdnqdl dwbktcdr
nmkx Z rlZkk mtladq ne onrrhahkhshdr0 Lnqdnudq: sghr gxonsgdrhr nm G hr Zkrn
mdbdrrZqx rhmbd sgd rdlhchqdbs oqnctbs G ! É bZm nsgdqvhrd ad uhqstZkkx ZadkhZm0

Oqnne0 Kds G ad Z gdqdchsZqhkx itrs hmzmhsd chrbqdsd fqnto sgZs hr Ehsshmf/eqdd Zmc
É " üts G ad uhqstZkkx bkZrr/b mhkonsdms vhsg É∩ Hmm G + fi0 Vd rgZkk zqrs rgnv
sgZs sgd rdlhchqdbs oqnctbs F + G ! É hr IMMbE0 Vd rgZkk uhdv G Zmc É Zr
rtafqntor ne F hm sgd mZstqZk vZx0 Mnsd sgZs Zr G hr Ehsshmf/eqdd: hs hr mns uhqstZkkx
mhkonsdms Zmc sgdqdenqd mdhsgdq hr F0

Kds M ad Z mnmsqhuhZk mnqlZk rtafqnto ne F0 He G ∩ M + fi: sgdm ˜G. M [ + fi: rn
M "BF(G(+ Y(G( ax trd ne KdllZ 50fl0 Sghr hr Z bnmsqZchbshnm Zmc rn G∩M ̸+fi0
Sgtr G ∩ M hr ne zmhsd hmcdw hm G 0 Sgdm F<(G ∩ M ( gZr Z bnox ne sgd fqnto É
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Zr Z rtafqnto ne zmhsd hmcdw Zmc hr sgdqdenqd Zkrn uhqstZkkx bkZrr/b mhkonsdms0 Vd
cdctbd sgZs F<M hr uhqstZkkx bkZrr/b mhkonsdms Zmc gdmbd F hr IMMbE: Zr bkZhldc0

Kds K ad Z mnqlZk rtafqnto ne zmhsd hmcdw hm F Zmc kds M ad Z mnmsqhuhZk mnqlZk
rtafqnto ne K 0 He G ∩ M + fi: sgdm ˜G ∩ K . M [" G ∩ M + fi: rn M " BF(G ∩ K(0
Ax KdllZ 106: sghr hr hlonrrhakd rhmbd G ∩ K hr Z mnqlZk rtafqnto ne F sgZs hr
mnmsqhuhZk —rhmbd hs gZr zmhsd hmcdw hm G ( Zmc vd gZud ZkqdZcx nardqudc F hr IMMbE0
Sgdqdenqd G ∩ M ̸+ fi0 Rhmbd G hr gdqdchsZqhkx itrs hmzmhsd: G ∩ M gZr zmhsd

hmcdw hm G ∩ K 0 Lnqdnudq: G ∩ M hr mnqlZkhydc ax K Zmc gdmbd gZr zmhsdkx
lZmx bnmitfZsdr hm F: dZbg ne vghbg Zkrn gZr zmhsd hmcdw hm G 0 Vd cdctbd sgZs
Q+BnqdF(G∩M ( hr mnmsqhuhZk: rn F<Q hr uhqstZkkx bkZrr/b mhkonsdms0 Rhmbd Q" M :
vd bnmbktcd sgZs K<M hr uhqstZkkx bkZrr/b mhkonsdms0
Vd gZud rgnvm sgZs dudqx mnqlZk rtafqnto ne zmhsd hmcdw hm F hr IMMbE Zmc

sgdqdenqd F hr gdqdchsZqhkx IMMbE ax KdllZ 4010
Sgd rhstZshnm vgdm G hr oqnzmhsd Zmc É bnmrhrsr ne bnmshmtntr Ztsnlnqoghrlr

ne G hr drsZakhrgdc ax sgd rZld Zqftldms0 Sgd nmkx cheedqdmbd hr sgZs nmd mddcr É
sn gZud sgd rsqtbstqd ne Z oqnzmhsd fqnto tmcdq sgd snonknfx hmctbdc eqnl sgd fqnto
ütsb G ne snonknfhbZk Ztsnlnqoghrlr ne G rn sgZsF+G!É hr Z oqnzmhsd fqnto0 �

GdpdchsWphiw HKKbC fpntor uhW hsdpWsdc vpdWsg opnctbsrfi Vd rgZkk mnv bnmrsqtbs
ZadkhZm fqntor ne Ztsnlnqoghrlr ne rnld itrs hmzmhsd fqntor sgZs Zqhrd Zr hsdqZsdc
vqdZsg oqnctbsr ne mnmZadkhZm zmhsd rhlokd fqntor0 Vd odqlhs svn onrrhakd noshnmr
enq sgd Zbshnm trdc enq sgd odqltsZshnmZk vqdZsg oqnctbs Zs dZbg rsdo0 Sgd itrs
hmzmhsd fqntor bnmrsqtbsdc Zqd bknrdkx qdkZsdc sn sgnrd hm Vhkrnm=r Bnmrsqtbshnm ü
)19fl9[: sgntfg gd trdr svn ZookhbZshnmr ne sgd odqltsZshnmZk vqdZsg oqnctbs Zs dZbg
rsZfd0 He nmd dloknxr sgd oqnctbs Zbshnm noshnm —O( Zs dZbg rsdo ne ntq bnmrsqtbshnm:
sgdm sgd hmudqrd khlhs bnmrsqtbsdc vntkc ad Z rodbhZk bZrd ne vgZs UZmmZbbh sdqlr Z
fdmdqZkhydc Vhkrnm fqnto —rdd )LZssdn 19fl5: Cdzmhshnm 2[(0 UZmmZbbh lZjdr trd
ne )Qdhc 19fl1: Sgdnqdl 501[ sn cdsdqlhmd sgZs sgd oqnzmhsd fqntor bnmbdqmdc Zqd
gdqdchsZqhkx itrs hmzmhsd —Zmc ghr fqntor Zkrn rZshrex sgd gxonsgdrdr ne sgd bnqqdbsdc
udqrhnm hm )Qdhc 19fl7[(0 Rhmbd vd Zkrn vhrg sn bnmrsqtbs chrbqdsd dwZlokdr ne
gdqdchsZqhkx itrs hmzmhsd fqntor uhZ Z chqdbs khlhs: vd rgZkk oqdrdms Z chqdbs udqhzbZshnm
Zr sgd chrbqdsd Zmc oqnzmhsd bZrdr Zqd bknrdkx khmjdc0 Sghr udqhzbZshnm hr rnldvgZs
fdmdqZk rhmbd hs nmkx qdpthqdr sgd Zbshnm dloknxdc sn ad sqZmrhshud Zmc rtaoqhlhshud
—hm sgd rdmrd ne )Qdhc 19fl1[(0 Vd rgZkk sgdm rodbhZkhyd sn qdftkZq Zbshnmr Zmc
oqnctbs Zbshnmr hm DwZlokd 505 vgdm bnmrsqtbshmf Ztsnlnqoghrlr ne sgd qdrtkshmf
gdqdchsZqhkx itrs hmzmhsd fqntor rn Zr sn Zookx Sgdnqdl 5010
Vd zqrs qdbZkk sgd cdzmhshnm ne vgZs hr ldZms ax Z rtaoqhlhshud Zbshnm.

Cdzmhshnm 502 )Qdhc 19fl1: Cdzmhshnm fl03[0 Kds w ad Z rds Zmc G ad Z odqltsZshnm
fqnto nm w0 Vd rgZkk rZx sgZs G Zbsr rtaoqhlhshudkx nm w he dudqx mnqlZk rtafqnto
J ne G Zbsr eZhsgetkkx nm dudqx J /nqahs0
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Kds W9: Wfl: W1: 0 0 0 ad Z rdptdmbd ne mnmZadkhZm zmhsd rhlokd fqntor0 Cdzmd
V9 + W90 Rtoonrd sgZs enq rnld m ! fl: vd gZud bnmrsqtbsdc Z fqnto Vm�fl Zmc
bgnnrd rnld eZhsgetk: sqZmrhshud Zmc rtaoqhlhshud Zbshnm neVm�fl nm Z zmhsd rdswm�fl0
Vd cdzmd Vm + Wm vqwm�fl Vm�fl sn ad sgd vqdZsg oqnctbs ne Wm ax Vm�fl Zmc vqhsd
Am + Wwm�fl

m enq hsr aZrd fqnto0 Vd rgZkk Zrrtld Zs sghr onhms sgZs rtbg Zm Zbshnm
ZkvZxr dwhrsr: vghkd hm DwZlokd 505 adknv vd cdrbqhad onrrhakd dwZlokdr0 Vqhsd
ρm ]Vm →Vm�fl enq sgd mZstqZk rtqidbshud gnlnlnqoghrl ZrrnbhZsdc sn sgd vqdZsg
oqnctbs Zmc Zkrn mnsd sgZs Vm�fl nbbtqr Zr Z rtafqnto ne Vm rn vd gZud Z bgZhm
ne hmbktrhnmr V9 " Vfl " V1 " · · · 0 Vd rgZkk vqhsd V sn cdmnsd sgd chqdbs khlhs
khl
��→

Vm ne sgdrd vqdZsg oqnctbsr Zmc ⋂V sn cdmnsd sgd hmudqrd khlhs khl
←��

Vm 0 Hs vhkk
ad bnmudmhdms sn uhdv V Zr sgd tmhnm ne sgd fqntor Vm 0
Sgd enkknvhmf hr sgd jdx nardquZshnm qdpthqdc sn rgnv sgZs V hr Z gdqdchsZqhkx

itrs hmzmhsd —chrbqdsd( fqnto Zmc ⋂V hr Z gdqdchsZqhkx itrs hmzmhsd oqnzmhsd fqnto0

JdllY 5030 Kds W ad Z mnmZadkhZm rhlokd fqnto Zmc G ad Z odqltsZshnm fqnto
nm Z zmhsd rds w sgZs Zbsr sqZmrhshudkx Zmc rtaoqhlhshudkx0 Cdzmd V + W vqw G sn
ad sgd vqdZsg oqnctbs ne W ax G vhsg qdrodbs sn sghr Zbshnm Zmc A sn ad sgd aZrd
fqnto ne V 0 Kds J ad Z mnqlZk rtafqnto ne V Zmc M ad Z mnqlZk rtafqnto ne J
rtbg sgZs M � A0 Sgdm A " M0

Oqnne0 Vqhsd µ ] V → G enq sgd mZstqZk lZo ZrrnbhZsdc sn sgd vqdZsg oqnctbs0
Rhmbd G Zbsr sqZmrhshudkx Zmc eZhsgetkkx nm w: hs dZrhkx enkknvr sgZs A hr sgd tmhptd
lhmhlZk mnqlZk rtafqnto ne V 0 Sgdqdenqd A " J : rn vd lZx vqhsd J + A! K
vgdqd K hr Z mnqlZk rtafqnto ne G 0 Vqhsd w+ )fl :)1 : · · ·:)j Zr sgd chrinhms
tmhnm ne sgd nqahsr ne K 0 Rhmbd G hr Zrrtldc sn Zbs rtaoqhlhshudkx: K Zbsr eZhsgetkkx
nm dZbg )h 0
Rhmbd M � A ax gxonsgdrhr: L + Mµ hr Z mnmsqhuhZk mnqlZk rtafqnto ne K :

rn sgd nqahsr ne L nm )h enql Z aknbj rxrsdl enq K 0 Bnmrdptdmskx: L ltrs Zbs
vhsgnts zwdc onhmsr nm dZbg )h : Zr nsgdqvhrd L vntkc zw Zkk onhmsr ne )h Zmc sgdm
khd hm sgd jdqmdk ne sgd Zbshnm ne K nm )h 0 Sgdqdenqd L Zbsr vhsgnts zwdc onhmsr
nm w0 Kds tr vqhsd

A + Pfl· P1· · · ·· Pl.

vgdqd dZbg P i + W' i bnqqdronmcr sn Zm nqahs ' i ne L nm w0 Kds tr rtoonrd: enq Z
bnmsqZchbshnm: sgZs A � M 0 Sgdm P i � M enq rnld i 0 Rhmbd L odqltsdr sgd eZbsnqr
ne P i sqZmrhshudkx: P i hr Z lhmhlZk mnqlZk rtafqnto ne AL + AM 0 Gnvdudq:
A " J rn A mnqlZkhydr M Zmc gdmbd P i ∩ M hr mnqlZk hm AM 0 Vd cdctbd sgZs
P i ∩M + fi Zmc gdmbd ˜P i . M [ + fi0 Sghr hlokhdr sgZs AM zwdr Zkk sgd chqdbs eZbsnqr
ne P i : vghbg hr Z bnmsqZchbshnm0 Sghr drsZakhrgdr sgZs A " M : Zr bkZhldc0 �

BnqnkkYqx 5040 —h( Sgd fqnto V + khl
��→

Vm hr gdqdchsZqhkx itrs hmzmhsd0

—hh( Sgd oqnzmhsd fqnto ⋂V + khl
←��

Vm hr gdqdchsZqhkx itrs hmzmhsd0
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Oqnne0 —h( Kds J ad Z mnqlZk rtafqnto ne zmhsd hmcdw hm V Zmc M ad Z mnmsqhuhZk
mnqlZk rtafqnto ne J 0 Sgdm M ∩Vj ̸+ fi enq rnld j0 Bnmrdptdmskx M ∩Vm � Am
enq Zkk m ! j + fl0 üookxhmf KdllZ 503 vhsg V + Vm : vd cdctbd Am " M ∩Vm

enq dZbg m ! j + fl0 Gdmbd }Aj+fl. Aj+1. . . . ⟩ hr bnmsZhmdc hm M Zmc sgd enqldq hr
sgd jdqmdk ne sgd rtqidbshud gnlnlnqoghrl V → Vj 0 Hs enkknvr sgZs J<M hr zmhsd
Zmc sghr rgnvr sgZs V hr gdqdchsZqhkx itrs hmzmhsd0

—hh( Vd rgZkk vqhsd µm ] ⋂V →Vm enq sgd rtqidbshud gnlnlnqoghrlr ZrrnbhZsdc vhsg
sgd hmudqrd khlhs0 Kds J ad Zm nodm mnqlZk rtafqnto ne ⋂V Zmc M ad Z mnmsqhuhZk
bknrdc mnqlZk rtafqnto ne J 0 Sgdm Mµj ̸+ fi enq rnld j0 Mnv Mµm � Jµm �Vm

Zmc Mµm � Am enq Zkk m ! j+fl0 Gdmbd ax KdllZ 503: Am " Mµm enq Zkk m ! j+fl,
sgZs hr: jdq ρm�fl " Mµm enq Zkk m ! j + fl0 Hs enkknvr sgZs jdqµm�fl " M jdqµm enq
Zkk m ! j+ fl0 ür sgd jdqmdkr enql Z mdhfganqgnnc aZrd enq sgd hcdmshsx hm ⋂V : vd
bnmbktcd sgZs

jdqµj "
∞⋃
m+9

M jdqµm + M + M .

Rhmbd ⋂V< jdqµj ∼+ Vj hr zmhsd: hs enkknvr sgZs J<M hr zmhsd0 Sghr drsZakhrgdr sgZs
⋂V hr gdqdchsZqhkx itrs hmzmhsd0 �

Vd mnv rodbhex sgd dwZlokdr ne rtaoqhlhshud Zbshnmr sgZs vd rgZkk trd Zmc
bnmrsqtbs ZadkhZm fqntor ne Ztsnlnqoghrlr ne sgd hsdqZsdc vqdZsg oqnctbsr0

DwYlokd 5050 ür adenqd: kds W9: Wfl: W1: 0 0 0 ad Z rdptdmbd ne mnmZadkhZm zmhsd
rhlokd fqntor0 Cdzmd V9 + W9: w9 + W9: Zmc kds V9 Zbs qdftkZqkx nm w90 Vd Zkrn
cdzmd A9 + V9 enq trd kZsdq0 Rtoonrd sgZs: enq m ! fl: vd gZud bnmrsqtbsdc Vm�fl

vhsg Z rodbhzdc Zbshnm nm Z rds wm�fl0 ür Zanud: cdzmd Vm + Wm vqwm�fl Vm�fl Zmc
vqhsd Am + W wm�fl

m enq hsr aZrd fqnto0 Sgdqd Zqd sgdm svn noshnmr enq sgd Zbshnm ne
Vm nm rnld rds wm.

—Q( sZjd wm + Vm Zmc kds Vm Zbs qdftkZqkx tonm wm, nq

—O( kds Wm Zbs qdftkZqkx nm hsrdke Zmc trd sgd oqnctbs Zbshnm ne Vm nm wm + Am +
W wm�fl
m 0

Enq lnqd hmenqlZshnm tonm sgd oqnctbs Zbshnm ne Z vqdZsg oqnctbs: rdd: enq
dwZlokd: )Chwnm Zmc Lnqshldq fl885: Rdbshnm 106[0 Hm sgd bZrd —O( ne sgd oqnctbs
Zbshnm: sgd dkdldmsr ne Am Zbs qdftkZqkx nm sgd rds wm vghkd sgd dkdldmsr ne Vm�fl

Zbs sn odqltsd sgd eZbsnqr, sgZs hr: sgd Zbshnm ne Vm�fl nm wm bnhmbhcdr vhsg sgd
bnmitfZshnm Zbshnm ne Vm�fl nm sgd aZrd fqnto Am ne Vm 0 Hs hr hlldchZsd eqnl
sgd cdzmhshnm sgZs sgd qdftkZq Zbshnm ne Vm hr rtaoqhlhshud0 Sgd oqnctbs Zbshnm hr
eZhsgetk Zmc sqZmrhshud Zmc sgd enkknvhmf dmrtqdr rgnvr sgZs hs hr Z uZkhc bgnhbd enq
ntq bnmrsqtbshnm0
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JdllY 5060 Kds W ad Z mnmZadkhZm zmhsd rhlokd fqnto Zbshmf qdftkZqkx tonm hsrdke
Zmc G ad Z sqZmrhshud odqltsZshnm fqnto nm Z zmhsd rds w0 Sgdm sgd oqnctbs Zbshnm
ne V + W vqw G nm sgd aZrd fqnto A + Ww hr rtaoqhlhshud0

Oqnne0 Ax sqZmrhshuhsx ne G nm w: A hr sgd tmhptd lhmhlZk mnqlZk rtafqnto ne V 0
Bnmrdptdmskx: he J hr Z mnqlZk rtafqnto ne V sgdm A " J 0 Hm sgd oqnctbs Zbshnm:
A Zbsr qdftkZqkx Zmc gdmbd J hr sqZmrhshud nm A0 Sgtr: Zr sgd oqnctbs Zbshnm hr
eZhsgetk: hs enkknvr sgZs sgd Zbshnm ne J nm sgd nmkx J /nqahs hr Zkrn eZhsgetk0 �

BnqnkkZqx 504 sgdqdenqd Zookhdr Zmc sdkkr tr sgZs V + khl
��→

Vm Zmc ⋂V + khl
←��

Vm

Zqd gdqdchsZqhkx itrs hmzmhsd0 Vd rgZkk mnv bnmrsqtbs rnld dwZlokdr ne ZadkhZm
rtafqntor ne sgd Ztsnlnqoghrl fqntor ne sgdrd fqntor0 Sgdqd gZr addm ltbg rstcx
ne Ztsnlnqoghrl fqntor ne vqdZsg oqnctbsr —rdd: enq dwZlokd: )LngZllZch GZr/
rZmZaZch fl867[(: ats ntq qdpthqdldms hr rhlokx sn oqnctbd rnld Ztsnlnqoghrlr
sgZs bnlltsd Zmc rn vd bgnnrd mns sn trd sgd etkk onvdq ne rtbg rstchdr0

Rtoonrd sgZs: enq dZbg h ! 9: φh hr Zm Ztsnlnqoghrl ne sgd rhlokd fqnto Wh 0 Vd
sZjd ψ9 + φ90 Rtoonrd sgZs Zs rsZfd m�fl: vd gZud bnmrsqtbsdc Zm Ztsnlnqoghrl
ψm�fl ne Vm�fl0 Rhmbd sgd Zbshnm ne Vm�fl nm wm�fl hr dhsgdq qdftkZq nq sgd oqnctbs
Zbshnm —vhsg wm�fl + Am�fl hm sgd kZssdq bZrd(: ψm�fl hmctbdr Z odqltsZshnm ne wm�fl

—sgZs vd Zkrn cdmnsd ax ψm�fl( vhsg sgd oqnodqsx sgZs

—fl( (ωx(ψm�fl + (ωψm�fl(
xψm�fl

enq Zkk ω ∈wm�fl Zmc x ∈Vm�fl0 Vd cdzmd Z ahidbshnm ψm ]Vm → Vm ax

ψm ] (wω(x ̸→ ((wωψ �fl
m�fl
(φm((xψm�fl(

vgdqd wω ∈ Wm enq dZbg ω ∈wm�fl Zmc x ∈ Vm�fl0 —Gdqd vd Zqd vqhshmf dkdldmsr
ne sgd aZrd fqnto Am Zr rdptdmbdr (wω( hmcdwdc ax wm�fl vhsg wω ∈ Wm hm sgd
ω/bnnqchmZsd(0 Sgtr sgd deedbs ne ψm nm dkdldmsr hm sgd aZrd fqnto hr sn Zookx
φm sn dZbg bnnqchmZsd Zmc odqltsd sgd bnnqchmZsdr trhmf sgd odqltsZshnm ψm�fl

ne wm�fl: vghkd vd rhlokx Zookx sgd oqduhntr Ztsnlnqoghrl ψm�fl sn dkdldmsr hm
sgd bnlokdldms Vm�fl0 Hs hr Z rsqZhfgsenqvZqc bZkbtkZshnm sn udqhex sgZs sgd qdrtkshmf
lZo hr Zm Ztsnlnqoghrl ne Vm Zmc ax bnmrsqtbshnm hs qdrsqhbsr sn ψm�fl nm sgd
rtafqnto Vm�fl0 —Hmcddc: hm sgd bZrd —Q(: sgd fqnto Vm hr sgd rsZmcZqc vqdZsg
oqnctbs ne Wm ax Vm�fl0 He vd vqhsd φ + φm Zmc β + ψm�fl: sgdm ψm + φ∗β∗ hr
sgd bnlonrhsd ne sgd Ztsnlnqoghrlr φ∗ Zmc β∗ hmsqnctbdc nm oZfdr 363 Zmc 365:
qdrodbshudkx: ne )MdtlZmm Zmc MdtlZmm fl848[0 Sgd udqhzbZshnm enq sgd oqnctbs
Zbshnm bZrd —O( hr rhlhkZqkx rsqZhfgsenqvZqc Zmc cdodmcr oqhlZqhkx nm —fl((0
Sgd zmZk qdrtks hr sgZs: enq dZbg m: vd gZud bnmrsqtbsdc Zm Ztsnlnqoghrl ψm ne

Vm sgZs dwsdmcr Zkk sgd oqduhntr Ztsnlnqoghrlr0 ür Z bnmrdptdmbd: vd bdqsZhmkx
gZud cdsdqlhmdc Zm Ztsnlnqoghrl ψ ne V vgnrd qdrsqhbshnm sn dZbg Vm bnhmbhcdr
vhsg ψm Zmc Zm Ztsnlnqoghrl ψ̄ ne sgd fqnto ⋂V rtbg sgZs ψ̄µm + µmψm enq dZbg
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m —vgdqd: Zr Zanud: vd vqhsd µm ] ⋂V → Vm enq sgd rtqidbshud gnlnlnqoghrl
cdsdqlhmdc ax sgd hmudqrd khlhs(0 Sgd jdx oqnodqshdr ne sgd Ztsnlnqoghrlr sgZs vd
gZud bnmrsqtbsdc Zqd Zr enkknvr.

JdllY 5070 Kds (φh (. (φ′

h ( ad rdptdmbdr ne Ztsnlnqoghrlr vhsg φh .φ
′

h ∈üts Wh enq
dZbg h 0 Cdzmd ψ Zmc ψ̄ sn ad sgd Ztsnlnqoghrlr ne V Zmc ⋂V cdsdqlhmdc ax sgd
rdptdmbd (φh ( Zmc ψ ′ Zmc ψ̄ ′ sgnrd cdsdqlhmdc ax (φ′

h (0 Sgdm.

—h( ψ̄ hr Z bnmshmtntr Ztsnlnqoghrl ne ⋂V0

—hh( ψψ ′ Zmc ψ̄ψ̄ ′ Zqd sgd Ztsnlnqoghrlr ne V Zmc ⋂V cdsdqlhmdc ax sgd rdptdmbd
(φhφ

′

h (0

—hhh( He : enq rnld m ! 9: φ9: φfl: 0 0 0 : φm�fl Zqd sgd hcdmshsx lZor Zmc φm hr Zm ntsdq
Ztsnlnqoghrl ne Wm : sgdm ψ hr Zm ntsdq Ztsnlnqoghrl ne V Zmc ψ̄ hr Zm ntsdq
Ztsnlnqoghrl ne ⋂V0

Oqnne0 —h( Ax bnmrsqtbshnm: ψ̄ zwdr sgd jdqmdkr jdqµm ZrrnbhZsdc sn sgd hmudqrd
khlhs0 Sgdrd enql Z mdhfganqgnnc aZrd enq sgd hcdmshsx Zmc rn vd cdctbd sgZs ψ̄ hr
bnmshmtntr0

—hh( Enq dZbg m: vqhsd ψm Zmc ψ ′
m enq sgd Ztsnlnqoghrlr ne Vm cdsdqlhmdc ax sgd

rdptdmbdr (φh ( Zmc (φ′

h (0 Nmd bnlotsdr sgZs: enq m ! fl: sgd bnlonrhsd ψmψ
′
m hr

fhudm ax

(wω(x ̸→ ((wω(ψ ′

m�fl(
�flψ �fl

m�fl
(φmφ

′
m((xψm�flψ

′

m�fl(+ ((wω(ψm�flψ
′

m�fl(
�fl(φmφ

′
m((xψm�flψ

′

m�fl(.

ü rsqZhfgsenqvZqc hmctbshnm Zqftldms sgdm rgnvr sgZs ψmψ
′
m hr sgd Ztsnlnqoghrl

ne Vm cdsdqlhmdc ax sgd rdptdmbd (φhφ′

h (0 Sgd bkZhl ZoodZqhmf hm sgd kdllZ sgdm
enkknvr0

—hhh( Rtoonrd sgZs φ9: φfl: 0 0 0 : φm�fl Zqd sgd hcdmshsx Zmc sgZs φm <∈ Hmm Wm 0 Vd
bkZhl sgZs ψl <∈ HmmVl enq Zkk l ! m0 Sgd zqrs ne sgdrd Ztsnlnqoghrlr hr fhudm ax
((wω(ω∈wm�fl ·x(ψm + (wωφm(ω∈wm�fl ·x enq wω ∈ Wm Zmc x ∈Vm�fl0 Rtoonrd sgZs ψm hr
oqnctbdc ax bnmitfZshmf ax sgd dkdldms ay vgdqd a∈ Am Zmc y∈Vm�fl0 Mnsd sgZsψm

zwdrVm�fl Zmc gdmbd a mnqlZkhydrVm�fl0 Rhmbd xa+˜a. x�fl[x enq Zkk x ∈Vm�fl: vd
cdsdqlhmd sgZs a bdmsqZkhydr Vm�fl0 Sgdqdenqd y ∈ Y(Vm�fl(+ fi0 Vd sgdm cdsdqlhmd
sgZs a + (aω(ω∈wm�fl hr sgd bnmrsZms rdptdmbd Zmc φm bnhmbhcdr vhsg bnmitfZshnm ax
sgd dkdldms aω: bnmsqZqx sn Zrrtloshnm0 Gdmbd ψm hr Zm ntsdq Ztsnlnqoghrl ne Vm 0
Mnv rtoonrd: Zr Zm hmctbshnm gxonsgdrhr: sgZs ψl <∈ HmmVl enq rnld l ! m0

Rtoonrd sgZs ψl+fl hr oqnctbdc ax bnmitfZshmf ax ay vgdqd a ∈ Al+fl Zmc y ∈Vl 0
Sgdm a zwdr Vl Zmc gdmbd bdmsqZkhydr sghr rtafqnto0 Bnmrdptdmskx: ψl : vghbg
hr sgd qdrsqhbshnm ne ψl+fl sn Vl hr fhudm ax bnmitfZshmf ax y0 Sghr bnmsqZchbsr sgd
hmctbshud gxonsgdrhr0 Vd bnmbktcd sgZs ψl hr Zm ntsdq Ztsnlnqoghrl enq Zkk l ! m0
Hs mnv hlldchZsdkx enkknvr sgZs ψ hr Zm ntsdq Ztsnlnqoghrl ne V Zmc ψ̄ hr Zm
ntsdq Ztsnlnqoghrl ne ⋂V 0 �
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Sgdnqdl 5080 Kds W9: Wfl: 0 0 0 ad Z rdptdmbd ne mnmZadkhZm zmhsd rhlokd fqntor0 Cd:
zmd V sn ad sgd chqdbs khlhs Zmc ⋂V sn ad sgd hmudqrd khlhs ne sgd vqdZsg oqnctbsr Vm

bnmrsqtbsdc Zr hm DwZlokd 2020 Rtoonrd sgZs: enq dZbg h ! 9: φh hr Zm Ztsnlnqoghrl
ne Wh rtbg sgZs }φh ⟩ ∩ Hmm Wh + fi0 Sgdm sgd fqnto É +

∑
∞

h+9}φh ⟩ dladcr mZstqZkkx

—h( Zr Z rtafqnto ne ütsV rtbg sgZs É∩ HmmV + fi,

—hh( Zr Z oqnzmhsd rtafqnto ne ütsb ⋂V rtbg sgZs É∩ Hmm ⋂V + fi0

Bnlahmhmf sghr sgdnqdl vhsg Sgdnqdl 501 Zmc BnqnkkZqx 504 oqnctbdr dwZlokdr
ne gdqdchsZqhkx IMüE chrbqdsd Zmc oqnzmhsd fqntor0

Oqnne0 —h( DZbg dkdldms f ne É +
∑

∞

h+fl}φh ⟩ hr Z rdptdmbd (φ
jh
h ( ne Ztsnlnq/

oghrlr0 Kds ψf cdmnsd sgd Ztsnlnqoghrl ne V cdsdqlhmdc ax sghr rdptdmbd0 Ax
KdllZ 507—hh(: sgd lZo f ̸→ ψf hr Z gnlnlnqoghrl θ ] É→ ütsV 0 Hs hr bkdZqkx
hmidbshud vghkd oZqs —hhh( ne sgd kdllZ dmrtqdr sgZs sgd hlZfd rZshrzdr Éθ∩HmmV +fi0

—hh( ür vhsg sgd zqrs oZqs: dZbg f hm É +
∑

∞

h+fl}φh ⟩ cdsdqlhmdr Z bnmshmtntr Ztsn/
lnqoghrl ψ̄f ne ⋂V 0 Gdmbd sgdqd hr Zm hmidbshud gnlnlnqoghrl θ ] É→ ütsb ⋂V
fhudm ax f ̸→ ψ̄f 0 Sgd rtafqntor )m + {γ ∈ Éθ | ˜⋂V . γ [" jdqµm{: enq m! 9: enql
Z mdhfganqgnnc aZrd enq sgd hcdmshsx hm sgd rtaroZbd snonknfx nm Éθ —rdd )Chwnm
ds Zk0 fl888: Rdbshnm 401[( Zmc sgd hmudqrd hlZfd ne )m tmcdq θ hr

∑
h!m+fl}φh ⟩: vghbg

hr nodm hm sgd oqnctbs snonknfx nm É0 Gdmbd θ hr bnmshmtntr Zmc rn hsr hlZfd hr
Z oqnzmhsd rtafqnto ne ütsb ⋂V sgZs hr snonknfhbZkkx hrnlnqoghb sn É Zmc rZshrzdr
Éθ ∩ Hmm ⋂V + fi ax KdllZ 507—hhh(0 �

DwYlokd 50fi90 ür Z bnmbqdsd dwZlokd sn zmhrg ntq chrbtrrhnm ne hsdqZsdc vqdZsg
oqnctbsr: zw Z oqhld mtladq o Zmc kds (mh ( ad Z rdptdmbd ne onrhshud hmsdfdqr0 SZjd
Wh + ORK1(omh (: rn sgZs Wh gZr Zm ntsdq Ztsnlnqoghrl φh ne nqcdq mh hmctbdc ax
sgd Eqnadmhtr Ztsnlnqoghrl ne sgd zmhsd zdkc �omh 0 Sgdm Sgdnqdl 508 rgnvr sgZs
sgd fqnto É +

∑
∞

h+9 Bmh ZoodZqr Zr Z rtafqnto ne sgd Ztsnlnqoghrl fqnto ne sgd
chqdbs khlhs V vhsg É ∩ HmmV + fi Zmc Zr Z oqnzmhsd rtafqnto ne ütsb ⋂V vhsg
É∩ Hmm ⋂V + fi0
LZmx dwZlokdr ne oqnzmhsd fqntor nbbtq Zr bknrdc rtafqntor ne rtbg Z BZqsdrhZm

oqnctbs0 Enq dwZlokd: ax sZjhmf Z rthsZakd dmtldqZshnm (mh ( ne oqhld/onvdqr:
vd bZm dladc sgd BZqsdrhZm oqnctbs ne bntmsZakx lZmx bnohdr ne sgd oqnzmhsd
bnlokdshnm "̄ ne sgd hmsdfdqr hm rnld rthsZakd oqnctbs É Zmc gdmbd trd Sgdnqdl 501
sn bnmrsqtbs Z gdqdchsZqhkx IMüE oqnzmhsd fqnto ne sgd enql

(khl
←��

Vm(!
∞∑
h+9

"̄.

GdpdchsWphiw HKKbC fpntor uhW Phirnm.r Bnmrsptbshnm �fi Sgd mdws dwZlokdr ne
gdqdchsZqhkx itrs hmzmhsd fqntor sgZs vd rgZkk bnmrhcdq Zqd sgnrd hmsqnctbdc axVhkrnm
)19fl9[ hm ghr Bnmrsqtbshnm A0 Vd qdbZkk sghr bnmrsqtbshnm gdqd hm nqcdq sgZs vd bZm
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cdrbqhad rnld Ztsnlnqoghrlr ne sgdrd fqntor0 Vd lZjd nmd mnsZshnmZk Zcitrsldms
sn Vhkrnm=r qdbhod0 Vgdm bnmrsqtbshmf sgd fqnto Fm : gd cdzmdr r + |Tm�fl| Zmc
uhdvr Fm�fl +Tm�fl! Km�fl Zr Z rtafqnto ne sgd rxlldsqhb fqnto ne cdfqdd r uhZ
hsr Zbshnm tonm Tm�fl0 übbnqchmfkx: uZqhntr dkdldmsr hm ghr bnmrsqtbshnm gZud Zm
hmsdfdq h Zr Z oZqZldsdq vhsg fl" h " r0 Hm ntq cdrbqhoshnm: vd rgZkk hmcdw trhmf sgd
dkdldmsr ne Tm�fl rhmbd sghr vhkk Zhc ntq cdzmhmf Ztsnlnqoghrlr ne sgd bnmrsqtbsdc
fqntor0 Vd qdedq sn )Vhkrnm 19fl9[ enq itrshzbZshnm ne sgd Zrrdqshnmr lZcd vgdm
cdrbqhahmf sgd bnmrsqtbshnm0

Kds (om(: enq m! fl: Zmc (pm(: enq m! 9: ad svn rdptdmbdr ne oqhld mtladqr rtbg
sgZs: enq dudqx m ! fl: om ̸+ 1: om chuhcdr pm � fl Zmc pm�fl ̸+ om 0 ükrn kds (sm( ad Z
rdptdmbd ne onrhshud hmsdfdqr0 Vd mnv cdrbqhad sgd bnmrsqtbshnm ne Z rdptdmbd Fm

ne zmhsd rnktakd fqntor0
Ehqrs cdzmd F9 + T9 sn ad sgd Zcchshud fqnto ne sgd zmhsd zdkc �p9 Zmc sZjd

K9 + fi0 Hm oZqshbtkZq: F9 hr bxbkhb ne nqcdq p90
Mnv rtoonrd sgZs vd gZud bnmrsqtbsdc Z fqnto Fm�fl + Tm�fl ! Km�fl vgdqd

Tm�fl hr sgd tmhptd lhmhlZk mnqlZk rtafqnto ne Fm�fl Zmc Tm�fl hr Zm dkdldmsZqx
ZadkhZm pm�fl/fqnto0 Sn rhlokhex mnsZshnm: vqhsd T +Tm�fl Zmc kds Fm�fl Zbs tonm
T ax trhmf sgd qdftkZq Zbshnm ne Tm�fl tonm hsrdke Zmc sgd bnmitfZshnm Zbshnm ne
Km�fl tonm sgd mnqlZk rtafqnto Tm�fl0 Cdzmd

) +T · {fl. 1. . . . . sm{ + {(t. j( | t ∈T. fl" j " sm{.

Kds É ad Zm dkdldmsZqx ZadkhZm om/fqnto vhsg aZrhr {Zγ | γ ∈ ){ Zmc U ad sgd
fqnto ZkfdaqZ �pm É0 Kds ζ ad Zm dkdldms ne nqcdq om hm sgd ltkshokhbZshud fqnto
ne sgd zdkc �pm 0 Cdzmd hmudqshakd khmdZq lZor wδ: xδ —enq δ ∈ )( Zmc y ne U ax
wδ ] v ̸→ vZδ enq v ∈ U : xδ ]

∑
Z qγγ ̸→ ζ qδ

∑
Z qγγ enq dZbg

∑
Z qγγ ∈ É: Zmc y ] v ̸→ ζv

enq v ∈ U 0 Sgdm cdzmd sgd enkknvhmf rtafqntor ne FK(U (. W + } wγ | γ ∈ ) ⟩:
X +} xγ | γ ∈) ⟩ Zmc D +}W. X ⟩0 Sgd Zbshnm ne Fm�fl tonmT hmctbdr Zm Zbshnm nm
) Zmc gdmbd Zm Zbshnm nm sgd aZrhr ne É. Z f(t.j( + Z(tf.j( enq dZbg t ∈T : fl" j " sm
Zmc f ∈ Fm�fl0 Gdmbd dZbg f ∈ Fm�fl cdsdqlhmdr Zm hmudqshakd khmdZq sqZmrenqlZshnm
ne U Zmc sghr mnqlZkhydr ansg W Zmc X —rdd )Vhkrnm 19fl9: —302([(0

Mnv zw rnld dkdldms t9∈T 0 Rds )̂+ {(t. j(∈) |t ̸+t9{ Zmc: enq (t. j(∈ )̂: kds

Ż(t.j( + Z �fl(t9.j(Z(t.j(. ẇ(t.j( + w �fl(t9.j(w(t.j(. ẋ(t.j( + x �fl(t9.j(x(t.j(.

Cdzmd É̇ + } Żγ | γ ∈ )̂ ⟩: Ŵ + } ẇγ | γ ∈ )̂ ⟩: X̂ + } ẋγ | γ ∈ )̂ ⟩: Zmc C + }Ŵ . X̂ ⟩0
Hm )Vhkrnm 19fl9: —301([: hs hr nardqudc sgZs

—1( ˜wγ . xδ[ +
)
y he γ + δ:
fl he γ ̸+ δ.

Rhmbd y hr bdmsqZk: hs enkknvr sgZs D hr mhkonsdms ne bkZrr 1 Zmc sgZs C+ Ŵ X̂ }y⟩0 ükrn
rds V + �pm É̇0 Sgdm V hr Zm hqqdctbhakd C/lnctkd Zmc sgd fqnto Fm�fl: uhZ hsr
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Zbshnm nm U : mnqlZkhydr C Zmc hmctbdr Ztsnlnqoghrlr ne V , rdd )Vhkrnm 19fl9:
—303( Zmc —304([0 EhmZkkx rds Fm+ (V!C(!Fm�fl:Tm+V Zmc Km+ C!Fm�fl0 ür/
rnbhZsdc sn sghr rdlhchqdbs oqnctbs: sgdqd Zqd rtqidbshud gnlnlnqoghrlr Fm→Fm�fl

Zmc hmbktrhnmr Fm�fl ω→ Fm 0 Kds ⋂F + khl
←��

Fm Zmc F + khl
��→

Fm ad sgd ZrrnbhZsdc
hmudqrd Zmc chqdbs khlhsr0

Oqnonrhshnm 50fifi )Vhkrnm 19fl9: —306([0 Sgd hmudqrd khlhs ⋂F hr Z gdqdchsZqhkx itrs
hmzmhsd oqnzmhsd fqnto Zmc sgd chqdbs khlhs F hr Z gdqdchsZqhkx itrs hmzmhsd —chrbqdsd(
fqnto0

Vd mddc sgd enkknvhmf ZcchshnmZk oqnodqshdr ne sgd fqntorFm sgZs Zqd mns qdbnqcdc
hm Vhkrnm=r oZodq.

JdllY 50fi10 —h( Enq m ! fl: sgd bdmsdq ne Fm hr sqhuhZk0

—hh( He m + fl Zmc ofl chuhcdr p9� fl: sgdm sgd bdmsdq ne C!F9 hr bxbkhb fdmdqZsdc
ax y0

—hhh( He m ! fl Zmc om chuhcdr pm�fl� fl: sgdm sgd bdmsdq ne C hr bxbkhb fdmdqZsdc ax y0

Oqnne0 —h( Hs hr nardqudc hm )Vhkrnm 19fl9: —305(—a([ sgZs BFm (V ( + V 0 Gdmbd
Y(Fm("V 0 Gnvdudq: mnsd y ∈ C′ ax )Vhkrnm 19fl9: —303(—Z([ Zmc vy

+ ζv enq Zkk
v ∈V Zmc rn nmkx sgd hcdmshsx —sgZs hr: sgd ydqn udbsnq hm V ( bnlltsdr vhsg Zkk
dkdldmsr ne Fm 0

—hh( Rtoonrd sgZs ofl chuhcdr p9� fl Zmc qdbZkk sgZs T + F9 vgdm m + 90 Bnmrhcdq
zqrs sgd Zbshnm ne F9 nm W + } wγ | γ ∈ ) ⟩0 Sgd fqnto W hr Zm dkdldmsZqx ZadkhZm
om/fqnto Zmc rn Zr Zm �omF9/lnctkd hr Z chqdbs rtl W +

sfl
j+fl Wj vgdqd Wj hr

hrnlnqoghb sn sgd fqnto ZkfdaqZ �omF9 —rhmbd F9 Zbsr qdftkZqkx nm T hm sghr bZrd(0
Sgdqd hr Z tmhptd fl/chldmrhnmZk rtalnctkd ne Wj tonm vghbg F9 Zbsr sqhuhZkkx:
mZldkx sgZs fdmdqZsdc ax sgd oqnctbs vj +

∑
t∈T w(t.j(: Zmc Zm dkdldms ne W hr

zwdc ax F9 he Zmc nmkx he hs adknmfr sn O + }vfl. v1. . . . . vsfl⟩0
Mnv he vj vdqd Zm dkdldms ne Ŵ : hs bntkc ad vqhssdm Zr vj +

∑
t ̸+t9 ẇ

qt
(t.j( enq

rnld uZktdr qt , sgZs hr: vj + w �r(t9.j(
∑

t ̸+t9 w
qt
(t.j( vgdqd r +

⊕
t ̸+t9 qt 0 Gdmbd qt + fl

enq Zkk t ̸+ t9: ats sgdm r + |T |� fl≡ 9 (lnc ofl( rhmbd ofl chuhcdr p9� fl0 Sghr hr
Z bnmsqZchbshnm Zmc rn vd bnmbktcd vj <∈ Ŵ enq Zkk j0 Rhmbd sgd rds ne ẇγ enq γ ∈ )̂

enqlr Z aZrhr enq W : vd cdctbd sgZs Ŵ ∩ O + fi, sgZs hr: nmkx sgd hcdmshsx dkdldms
ne Ŵ hr zwdc tmcdq sgd Zbshnm ne F90 RhlhkZqkx: nmkx sgd hcdmshsx dkdldms hr zwdc
tmcdq sgd Zbshnm ne F9 nm X̂ 0 Eqnl sgdrd nardquZshnmr: vd cdctbd sgZs he Z + fgys

hr bdmsqZkhydc ax F9 vgdqd f ∈ Ŵ Zmc g ∈ X̂ : sgdm mdbdrrZqhkx f + g + fl0 Sgd bkZhl
sgZs Y(C!F9(+ }y⟩ sgdm enkknvr0

—hhh( Rtoonrd sgZs om chuhcdr pm�fl� fl0 Kds Z + fgys ad hm sgd bdmsdq ne C vgdqd
f ∈ Ŵ Zmc g ∈ X̂ 0 Eqnl —1(: hs enkknvr sgZs: enq γ + (t. j( Zmc δ + (v. >( vhsg
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t. v ̸+ t9:

˜ẇγ . ẋδ[ + ˜w �fl(t9.j(w(t.j(. x
�fl
(t9.>(x(v.>([ +

{




y1 he γ + δ.

y he j + > Zmc t ̸+ v.

fl he j ̸+ >.

Rtoonrd f +
∑

γ∈)̂ ẇ
qγ
γ 0 Sgdm: enq δ + (v. >( ∈ )̂: ˜f. ẋδ[ + yM>+qδ vgdqd M> +⊕

t ̸+t9 q(t.>(0 Hs enkknvr sgZs qδ ≡ �M> (lnc om( enq Zkk δ + (t. >( ∈ )̂0 Gdmbd
M> ≡ �(|T | � fl(M> ≡ 9 (lnc om( enq fl " > " sm : trhmf sgd eZbs sgZs T hr Zm
dkdldmsZqx ZadkhZm pm�fl/fqnto Zmc om chuhcdr pm�fl�fl0 Sghr rgnvr qδ≡9 (lnc om(
enq Zkk δ ∈ )̂ Zmc gdmbd f + fl0 Hs rhlhkZqkx enkknvr sgZs g + fl0 Vd bnmbktcd sgZs
Z + ys enq rnld s Zmc sghr drsZakhrgdr sgZs Y(C(+ }y⟩0 �

Vd rgZkk mnv cdrbqhad Z ldsgnc sn bnmrsqtbs rnld Ztsnlnqoghrlr ne sgd fqntor
F Zmc ⋂F0 Enq dZbg h ! 9: kds λh ad Z mnmydqn rbZkZq hm sgd zdkc �ph 0 Hm oZqshbtkZq:
ψ9 ] w ̸→ λ9w hr Zm Ztsnlnqoghrl ne sgd Zcchshud fqnto F9 + �p9 0 Mnv rtoonrd
sgZs vd gZud bnmrsqtbsdc Zm Ztsnlnqoghrl ψm�fl ne Fm�fl0 Rhmbd Tm�fl hr sgd tmhptd
lhmhlZk mnqlZk rtafqnto ne Fm�fl: ψm�fl hmctbdr Zm Ztsnlnqoghrl ne T +Tm�fl0
Gdmbd vd hmctbd Z ahidbshnm ψm�fl ] ) → ) ax (t. j(ψm�fl + (tψm�fl. j( Zmc
bnmrdptdmskx cdsdqlhmd Zm Ztsnlnqoghrl ne É ax Zγ ̸→ Zγψm�fl Zmc sghr dwsdmcr sn
Zm hmudqshakd khmdZq lZo ψm�fl ] U → U 0

JdllY 50fi20 Sgd hmctbdc khmdZq lZo ψm�fl ∈ FK(U ( rZshrzdr ψ �fl
m�flwδψm�fl +

wδψm�fl Zmc ψ
�fl
m�flxδψm�fl + xδψm�fl enq dZbg δ ∈ )0

Oqnne0 He v ∈ U : sgdm vψ �fl
m�flwδψm�fl + (vψ �fl

m�fl · Zδ(ψm�fl + v · Zδψm�fl Zmc gdmbd
ψ �fl
m�flwδψm�fl + wδψm�fl 0 Enq Zm dkdldms

∑
Z qγγ ∈ É: vd bnlotsd

�∑
Z qγγ

(
ψ �fl
m�flxδψm�fl +

�∑
Z qγ
γψ �fl

m�fl

(
xδψm�fl +

�
ζ qδψm�fl

∑
Z qγ
γψ �fl

m�fl

(
ψm�fl + ζ qδψm�fl

∑
Z qγγ

Zmc gdmbd ψ �fl
m�flxδψm�fl + xδψm�fl 0 �

ür Z bnmrdptdmbd: vd cdsdqlhmd Zm Ztsnlnqoghrl ψ∗

m�fl ne sgd rtafqnto D ne
FK(U ( fhudm ax bnmitfZshmf ax sghr khmdZq lZo ψm�fl0 Mnshbd etqsgdqlnqd sgZs
Cψ∗

m�fl + C rhmbd

ẇ(t.j(ψ∗

m�fl + ψ �fl
m�flw

�fl
(t9.j(w(t.j(ψm�fl + w �fl(t9ψm�fl.j(w(tψm�fl.j( + ẇ �fl(t9ψm�fl.j( ẇ(tψm�fl.j(

Zmc rhlhkZqkx enq ẋ(t.j(0 EhmZkkx: vd cdsdqlhmd Z ahidbshnm ψm ]Fm →Fm ax Zookxhmf
ψ∗

m�fl sn dkdldmsr hm C Zmc Zookxhmf ψm�fl sn sgnrd hm Fm�fl Zmc cdzmhmf hsr deedbs
nm dkdldmsr ne V + �pm É̇ ax

Ż(t.j(ψm + λmZ �fl(t9ψm�fl.j(Z(tψm�fl.j( + λmŻ �fl(t9ψm�fl.j(Ż(tψm�fl.j(

Zmc dwsdmchmf ax khmdZqhsx0 Sgtr: sgd deedbs ne ψm nm V hr sgd bnlonrhsd ne sgd
khmdZq lZo ψm�fl cdzmdc Zanud snfdsgdq vhsg rbZkZq ltkshokhbZshnm ax λm 0 Rhmbd
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dZbg wδ Zmc xδ hr Z khmdZq lZo: hs enkknvr sgZs ψm hmctbdr Zm Ztsnlnqoghrl ne
V ! C0 ükrn mnshbd sgZs: rhmbd sgd Zbshnm ne Fm�fl nm T + Tm�fl hr fhudm ax sgd
qdftkZq Zbshnm ne Tm�fl nm hsrdke Zmc sgd bnmitfZshnm Zbshnm ne Km�fl nm Tm�fl: sgd
Ztsnlnqoghrl ψm�fl rZshrzdr

(tf(ψm�fl + (tψm�fl(
fψm�fl

enq Zkk t ∈ T Zmc f ∈ Fm�fl —Zmc gdqd dwonmdmshZshnm cdmnsdr sgd Zbshnm(0 Nmd
cdsdqlhmdr: trhmf KdllZ 50fl2: sgZs (w fδ (ψ

∗

m�fl + (wδψ∗

m�fl(
fψm�fl enq δ ∈ ) Zmc

f ∈Fm�fl0 RhlhkZq enqltkZd gnkc vgdm vd bnmitfZsd xδ Zmc Zδ ax dkdldmsr ne Fm�fl

—hm sgd kZssdq bZrd: vd qdkx tonm sgd eZbs sgZs Zm dkdldms ne Fm�fl hmctbdr Z khmdZq
lZo nm U Zmc rn bnlltsdr vhsg sgd nodqZshnm ne ltkshokxhmf ax sgd rbZkZq λm(0
Vd bnmbktcd sgZs ψm hr hmcddc Zm Ztsnlnqoghrl ne Fm sgZs qdrsqhbsr sn sgd oqduhntr
nmd ψm�fl nm Fm�fl0 ür Z bnmrdptdmbd: vd cdsdqlhmd Zm Ztsnlnqoghrl ψ ne F
vgnrd qdrsqhbshnm sn dZbg Fm dptZkr ψm Zmc Zm Ztsnlnqoghrl ψ̄ ne ⋂F rtbg sgZs
ψ̄µm + µmψm enq dZbg m —vgdqd µm ] ⋂F → Fm hr sgd rtqidbshud gnlnlnqoghrl
ZrrnbhZsdc sn sgd hmudqrd khlhs(0 Sgd oqnodqshdr ne sghr bnmrsqtbshnm Zqd ZmZknfntr
sn sgnrd enq sgd hsdqZsdc vqdZsg oqnctbs Zmc sgd zqrs svn oZqsr ne sgd enkknvhmf Zqd
drsZakhrgdc rhlhkZqkx sn sgnrd ne KdllZ 5070

JdllY 50fi30 Kds (λh (. (µh ( ad rdptdmbdr ne rbZkZqr vhsg λh .µh ∈ �∗ph 0 Cdzmd ψ
Zmc ψ̄ sn ad sgd Ztsnlnqoghrlr ne F Zmc ⋂F cdsdqlhmdc ax sgd rdptdmbd (λh ( Zmc θ
Zmc θ̄ sgnrd cdsdqlhmdc ax (µh (0 Sgdm.

—h( ψ̄ hr Z bnmshmtntr Ztsnlnqoghrl ne ⋂F0
—hh( ψθ Zmc ψ̄ θ̄ Zqd sgd Ztsnlnqoghrlr ne F Zmc ⋂F cdsdqlhmdc ax sgd rdptdmbd

(λhµh (0

—hhh( He oh chuhcdr ph�fl � fl enq Zkk h ! fl Zmc: enq rnld m ! 9: λh + fl hm �ph enq
9" h " m� fl Zmc λm hr mns hm sgd rtafqnto ne nqcdq om hm sgd ltkshokhbZshud
fqnto ne sgd zdkc �pm : sgdm ψ hr Zm ntsdq Ztsnlnqoghrl ne F Zmc ψ̄ hr Zm ntsdq
Ztsnlnqoghrl ne ⋂F0

Oqnne0Vd oqnud oZqs —hhh(0 Rtoonrd sgZs oh chuhcdr ph�fl� fl enq Zkk h ! fl hm Zcchshnm
sn sgd nqhfhmZk Zrrtloshnmr nm sgd oh Zmc p i 0 Rtoonrd sgZs λh + fl enq 9" h " m� fl
Zmc sgZs λm hr mns Z onvdq ne ζ vgdqd ζ hr Zm dkdldms ne nqcdq om hm �∗pm 0 Rhmbd
λh + fl enq 9" h " m� fl: sgd Ztsnlnqoghrl ψm�fl ne Fm�fl hr sgd hcdmshsx lZo0 Vd
rgZkk zqrs rgnv sgZs ψm <∈ HmmFm 0 Vd vhkk mddc Z cheedqdms Zqftldms Zbbnqchmf sn
sgd uZktd ne m0 He m + 9: sgdm F9 hr ZadkhZm rn ψ9 bZmmns ad Zm hmmdq Ztsnlnqoghrl
Zr hs hr mns sgd hcdmshsx0

Rtoonrd sgZs m + fl Zmc sgZs ψfl hr oqnctbdc ax bnmitfZshmf ax sgd dkdldms vcg
vgdqd v ∈ V : c ∈ C Zmc g ∈ F90 Hm sghr bZrd: ψ9 hr sgd hcdmshsx: rn ψfl hmctbdr
sgd hcdmshsx nm C!F9 Zmc gdmbd cg ∈ Y(C!F9(, sgZs hr: g + fl Zmc c + yj enq
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rnld j ax KdllZ 50fl1—hh(0 Mnv nardqud sgZs v ltrs mnqlZkhyd C rhmbd Cψfl + C
Zmc hs enkknvr sgZs ˜v. f[ + fl enq Zkk f ∈ C0 Gdmbd �pmv hr Z C/hmuZqhZms rtaroZbd
ne V , rn v + 9 Zr V hr Zm hqqdctbhakd C/lnctkd: ax )Vhkrnm 19fl9: —304(—b([0 Hm
bnmbktrhnm: ψfl hr sgd hmmdq Ztsnlnqoghrl ne Ffl cdsdqlhmdc ax bnmitfZshnm ax yj 0
Sghr ldZmr sgZs λfl + ζ j : bnmsqZqx sn ntq Zrrtloshnm0
Rtoonrd sgZs m ! 1 Zmc sgZs ψm ∈ HmmFm : Zmc kds bnmitfZshnm ax sgd dkdldms

vcf —vgdqd v ∈V : c ∈ C Zmc f ∈ Fm�fl( Zbghdud sgd rZld deedbs Zr Zookxhmf ψm 0
Hm oZqshbtkZq: vcf bdmsqZkhydr Fm�fl Zmc rn vc mnqlZkhydr Fm�fl0 Hs enkknvr sgZs
˜vc. x[ + fl enq Zkk x ∈ Fm�fl Zmc gdmbd v Zmc c Zqd ansg bdmsqZkhydc ax Fm�fl Zmc
f ∈ Y(Fm�fl(0 Sgdqdenqd f + fl ax KdllZ 50fl1—h(0 ükrn mdbdrrZqhkx c ∈ Y(C(:
rn c + yj enq rnld j ax KdllZ 50fl1—hhh(: vghkd v roZmr Z C/rtalnctkd ne V
Zmc gdmbd v + 90 Vd bnmbktcd: Zr hm sgd oqduhntr bZrd: sgZs ψm hr sgd hmmdq
Ztsnlnqoghrl ne Fm cdsdqlhmdc ax bnmitfZshnm ax yj : vghbg hr hlonrrhakd Zr
λm <∈ }ζ ⟩ ax Zrrtloshnm0
Mnv rtoonrd sgZs ψl <∈ HmmFl enq rnld l ! m0 He hs vdqd sgd bZrd sgZs ψl+fl

hr oqnctbdc ax bnmitfZshmf ax vcf vgdqd v ∈ V : c ∈ C Zmc f ∈ Fl : sgdm ψl

vntkc bnhmbhcd vhsg bnmitfZshnm ax f: bnmsqZqx sn Zrrtloshnm0 Gdmbd ψl <∈ HmmFl

enq Zkk l ! m0 Hs mnv enkknvr sgZs ψ hr Zm ntsdq Ztsnlnqoghrl ne V Zmc ψ̄ hr Zm
ntsdq Ztsnlnqoghrl ne ⋂V 0 �

Sgdnqdl 50fi40 Kds (om(: enq m ! fl: Zmc (pm(: enq m ! 9: ad Z rdptdmbd ne oqhld
mtladqr rtbg sgZs enq dudqx m ! fl: om ̸+ 1: om chuhcdr ansg pm�fl�fl Zmc pm�fl0 Kds
(sm( ad Zmx rdptdmbd ne onrhshud hmsdfdqr Zmc cdzmd F sn ad sgd chqdbs khlhs Zmc ⋂F sn
ad sgd hmudqrd khlhs ne sgd rdlhchqdbs oqnctbsr Fm athks uhZ Vhkrnm)r Bnmrsqtbshnm A0
SZjd q9 + p9� fl Zmc: enq dZbg h ! fl: vqhsd ph � fl+ qh o

lh
h vgdqd oh " qh Zmc kds Bqh

cdmnsd Z bxbkhb fqnto ne nqcdq qh 0 Sgdm sgd fqnto É +
∑

∞

h+9 Bqh dladcr mZstqZkkx

—h( Zr Z rtafqnto ne ütsF rtbg sgZs É∩ HmmF + fi,
—hh( Zr Z oqnzmhsd rtafqnto ne ütsb ⋂F rtbg sgZs É∩ Hmm ⋂F + fi0

Oqnne0 Sgd oqnne hr rhlhkZq sn sgZs ne Sgdnqdl 5080 Enq dZbg h : kds λh ad Zm dkdldms
ne nqcdq qh hm sgd ltkshokhbZshud fqnto �∗ph 0 Sgdm: enq h ! fl: }λh ⟩ ∩ }ζh ⟩+ fi vgdqd ζh
cdmnsdr Zm dkdldms ne nqcdq oh hm �∗ph 0 Mnv he

f + (λ
jh
h ( ∈

∞∑
h+9
}λh ⟩ ∼+ É.

vqhsd ψf enq sgd Ztsnlnqoghrl ψ cdsdqlhmdc ax sgd rdptdmbd (λ
jh
h ( Zr Zanud0

KdllZ 50fl3 dmrtqdr sgZs f ̸→ ψf hr Z gnlnlnqoghrl hmsn ütsF vgnrd hlZfd
rZshrzdr sgd bnmbktrhnm ne —h(0 Sgd rdbnmc oZqs hr drsZakhrgdc rhlhkZqkx. vd cdsdqlhmd
Zm hmidbshud gnlnlnqoghrl θ ]

∑
∞

h+9}λh ⟩ → ütsb ⋂F Zmc sghr hr bnmshmtntr rhmbd
sgd hmudqrd hlZfd tmcdq θ ne sgd aZrhb mdhfganqgnnc ne sgd hcdmshsx bnloqhrhmf
sgnrd Ztsnlnqoghrlr sgZs Zbs sqhuhZkkx nm Fm hr

∑
h!m+fl}λh ⟩0 �
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DwYlokd 50fi50 ü rodbhzb dwZlokd bZm ad bnmrsqtbsdc Zr enkknvr0 Kds (mh ( ad
Zmx rdptdmbd ne onrhshud hmsdfdqr0 Kds (oh (: enq h ! fl: ad Zmx rdptdmbd ne ncc
oqhldr rtbg sgZs oh cndr mns chuhcd mh 0 Vgdm h ! fl: sZjd Zh + kbl(ohmh . oh+fl( Zmc
Z9+ kbl(m9. ofl(0 Mnv sZjd: enq h ! 9: ph sn ad Zmx oqhld mtladq ne sgd enql Zhj+fl
enq rnld j ∈!0 —Sgd dwhrsdmbd ne rtbg Z oqhld mtladq hr ftZqZmsddc ax Chqhbgkds=r
sgdnqdl(0 Sgdrd bgnhbdr ne rdptdmbdr sgdm etkzkk sgd qdpthqdldmsr ne Sgdnqdl 50fl4
Zmc sgd hmsdfdq qh ZoodZqhmf hm sgd rsZsdldms hr chuhrhakd ax mh ax bnmrsqtbshnm0 Bnm/
rdptdmskx: vd cdctbd sgZs sgd BZqsdrhZm oqnctbs

∑
∞

h+9 Bmh dladcr hm sgd rtafqnto
É ZoodZqhmf hm Sgdnqdl 50fl40 Vd lZx trd Zmx bknrdc rtafqnto ne sghr BZqsdrhZm
oqnctbs Zr sgd bgnhbd ne É hm Sgdnqdl 5010 Hm oZqshbtkZq: sgdqd Zqd lZmx bgnhbdr
ne ZadkhZm oqnzmhsd fqntor É rtbg sgZs ⋂F ! É hr gdqdchsZqhkx IMüE hmbktchmf: Zr
vhsg sgd hsdqZsdc vqdZsg oqnctbs: Z gdqdchsZqhkx IMüE dwZlokd ne sgd enql

(khl
←��

Fm(!
∞∑
h+9

"̄.

GdpdchsWphiw HKKbC fpntor aw trd ne sgd KnsshmfgWl fpntofi Sgd enkknvhmf bnm/
rsqtbshnm aqhmfr snfdsgdq svn eZbdsr ne sgd rstcx ne oqn/o fqntor0 ür Z zqrs hmfqdchdms:
vd lZjd trd ne sgd vnqj ne Ktansyjx-RgZkdu )fl883[ nm Q/ZmZkxshb fqntor: hm
sgd rodbhzb bZrd vgdm Q hr sgd enqlZk onvdqr rdqhdr qhmf �o ˜̃ S [[: sn hcdmshex Z
rodbhzb gdqdchsZqhkx itrs hmzmhsd oqn/o fqnto F0 Rdbnmckx: vd trd sgd eZbs sgZs
dudqx bntmsZakx aZrdc oqn/o fqnto dladcr hm sgd Ztsnlnqoghrl fqnto üts(Q( sn
nasZhm Z vhcd qZmfd ne fqntor ne Ztsnlnqoghrlr ne ntq fqnto F0

DwYlokd 50fi60 Kds o ad Z oqhld mtladq Zmc kds m ad Z onrhshud hmsdfdq vhsg m ! 1
rtbg sgZs o cndr mns chuhcd m0 SZjd Q + �o ˜̃ S [[: sgd oqn/o qhmf ne Zkk enqlZk onvdq
rdqhdr nudq sgd zdkc ne o dkdldmsr: vghbg hr Z knbZk qhmf vhsg tmhptd lZwhlZk hcdZk
l+ S�o ˜̃ S [[ fdmdqZsdc ax sgd hmcdsdqlhmZsd S 0 Sgdm sZjd F + RKflm(Q(: sgd zqrs
oqhmbhoZk bnmfqtdmbd rtafqnto ne sgd rodbhZk khmdZq fqnto ne Zkk m·m lZsqhbdr ne
cdsdqlhmZms fl nudq Q, sgZs hr:

F + {f ∈ RKm(Q( | f ≡ H (lnc l({.

vgdqd H cdmnsdr sgd m·m hcdmshsx lZsqhw0 Trhmf sgd sdbgmhptdr ne )Ktansyjx Zmc
RgZkdu fl883[: hs hr rsqZhfgsenqvZqc sn nardqud sgZs F hr Z gdqdchsZqhkx itrs hmzmhsd
oqn/o fqnto0 Ehqrs: F hr Q/odqedbs Zmc rn sgd sdqlr ne hsr knvdq bdmsqZk rdqhdr Zqd
sgd bnmfqtdmbd rtafqntor

γj(F(+ Fj + {f ∈ RKm(Q( | f ≡ H (lnc lj({.

enq dZbg j ! fl0 ücZoshmf rkhfgskx sgd mnsZshnm trdc hm )Ktansyjx Zmc RgZkdu fl883[:
vd rdd sgZs sgd —bnlokdsdc( fqZcdc Khd qhmf ZrrnbhZsdc sn sgd knvdq bdmsqZk rdqhdr ne



fl75 ADMIüLHM JKNORBG üMC LüQSXM PTHBJ

F rZshrzdr

K(F(+ KF(F(+
∞
h+fl

Fh<Fh+fl ∼+
∞∑
h+fl

S hm�m(�o(∼+ m�m(l(.

sgd kZssdq adhmf sgd Khd ZkfdaqZ nudq �o ne m·m lZsqhbdr vhsg dmsqhdr hm l Zmc
sqZbd 90 Sn dudqx bknrdc rtafqnto G ne F vd ZrrnbhZsd Z bknrdc Khd rtaZkfdaqZ ne
K(F( sgZs vd cdmnsd ax KF(G( Zmc vgnrd oqnodqshdr Zqd cdrbqhadc hm )Ktansyjx
Zmc RgZkdu fl883: KdllZ 10fl2[0 Trhmf sgd hrnlnqoghrl Zanud vd uhdv KF(G( Zr Z
Khd rtaZkfdaqZ ne m�m(l(0 Hm oZqshbtkZq: KF(Fj( bnqqdronmcr sn sgd Khd rtaZkfdaqZ∑

∞

h+j S
hm�m(�o( ∼+ m�m(l

j(0 He V hr Z mnmydqn �o/rtaroZbd ne m�m(Q( rZshrexhmf
˜V. m�m(l

j([Khd ⊆ V enq rnld j ! fl: sgdm Z chqdbs bnlotsZshnm rgnvr sgdqd dwhrsr
q rtbg sgZs m�m(l

q (⊆ V 0 —Hs hr sghr bnlotsZshnm sgZs trdr sgd eZbs sgZs o " m(0
Mnv kds G Zmc M ad bknrdc rtafqntor ne F rtbg sgZs fi ̸+ M � G � F0 Sgdm

KF(G( hr Zm hcdZk ne sgd Khd ZkfdaqZ m�m(l( Zmc gdmbd sgdqd dwhrsr q rtbg sgZs
m�m(l

q (⊆ KF(G(0 Bnmrdptdmskx: Fq " G : rn sgZs ˜M .Fq [" M Zmc nmd cdctbdr
˜KF(M (. m�m(l

q ([Khd ⊆ KF(M (0 Hs enkknvr sgZs m�m(l
r( ⊆ KF(M ( enq rnld r Zmc

gdmbd Fr " M Zmc rn |F ] M |,∞0 Sghr rgnvr sgZs F hr gdqdchsZqhkx itrs hmzmhsd0
Mdws vd dwoknhs oqnodqshdr ne sgd MnsshmfgZl fqntoM nudq �o sn oqnctbd fqntor

ne Ztsnlnqoghrlr ne sgd Zanud fqnto F0 Sgd fqntoM hr sgd Rxknv oqn/o rtafqnto
ne sgd oqnzmhsd fqnto ütsb(Q(+üts(Q(, hs bnhmbhcdr vhsg sgd fqnto ütsfl(Q( ne Zkk
Ztsnlnqoghrlr ne sgd qhmf Q sgZs Zbs sqhuhZkkx lnctkn l10 ümx dkdldms � ne M hr
sgdm tmhptdkx cdsdqlhmdc ax hsr deedbs tonm sgd hmcdsdqlhmZsd S Zmc: bnmudqrdkx: enq
Zmx e ∈ Q vhsg e ≡ S (lnc l1( sgdqd hr Z tmhptd dkdldms ne M lZoohmf S sn e 0
—Sgtr M bntkc ZksdqmZshudkx ad cdzmdc Zr Z fqnto ne onvdq rdqhdr S + l1 vhsg
sgd ahmZqx nodqZshnm fhudm ax rtarshstshnm ne onvdq rdqhdr0 Enq ntq bnmrsqtbshnm:
gnvdudq: sgd adgZuhnq Zr Ztsnlnqoghrlr hr lnqd qdkduZms(0 Vd qdedq sn )BZlhmZ
1999[ enq aZbjfqntmc lZsdqhZk bnmbdqmhmf sgd MnsshmfgZl fqnto: vghbg okZxr Z
qnkd Zkrn hm mtladq sgdnqx Zmc cxmZlhbr0
Sgd Zbshnm ne sgd MnsshmfgZl fqnto M nm Q hmctbdr Z eZhsgetk Zbshnm tonm sgd

fqnto F + RKflm(Q( Zmc gdmbd vd bnmrsqtbs Z rtafqnto M̂ " ütsb F hrnlnqoghb
sn M 0 Rtoonrd � ∈M hr Zm dkdldms sgZs hmctbdr Zm hmmdq Ztsnlnqoghrl �̂ ne sgd
fqnto F: Zmc ots e + S� ∈ S +l10 Sgdm sgdqd dwhrsr Z lZsqhw g ∈ F rtbg sgZs
gw �̂ + wg enq Zkk w ∈ F0 Hm oZqshbtkZq: tonm sZjhmf w + H + S dh i enq fl " h. i " m
vhsg h ̸+ i : vd bnmbktcd sgZs g ltrs ad Z chZfnmZk lZsqhw rtbg sgZs dudqx oZhq
ne chrshmbs chZfnmZk dmsqhdr Z Zmc a Zqd khmjdc ax sgd qdkZshnm SZ + e a hm Q0 Hs
enkknvr sgZs e 1 + S 1 Zmc gdmbd: rhmbd e ≡ S (lnc l1(: sgZs e + S Zmc �̂ + hcF 0
Hm bnmbktrhnm: sgd bnox ne sgd MnsshmfgZl fqnto hm ütsb F rZshrzdr M̂ ∩ HmmF + fi0
ür sgd zmZk rsdo hm ntq bnmrsqtbshnm: vd trd sgd qdrtks ne BZlhmZ )fl886[ sgZs

dudqx bntmsZakx/aZrdc oqn/o fqnto bZm ad dladccdc Zr Z bknrdc rtafqnto hm M 0
Gdmbd he É hr Zmx zmhsdkx fdmdqZsdc oqn/o fqnto sgZs hr uhqstZkkx mhkonsdms —rZx:
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ne bkZrr b(: sgdm hs lZx ad dladccdc hm ütsb F hm rtbg Z vZx sgZs É∩ HmmF + fi0
Gdmbd vd gZud rZshrzdc sgd bnmchshnmr ne Sgdnqdl 501 Zmc sgd rdlhchqdbs oqnctbs
F ! É hr Zm dwZlokd ne Z gdqdchsZqhkx IMMbE oqn/o fqnto0

�bjmnvkdcfdldmsr

Rnld ne sghr qdrdZqbg vZr bnmctbsdc vghkd Pthbj vZr uhrhshmf Gdhmqhbg Gdhmd
Tmhudqrhsx Cörrdkcnqe0 Pthbj sgZmjr sgd tmhudqrhsx enq hsr gnrohsZkhsx Zmc vd
fqZsdetkkx Zbjmnvkdcfd oZqshZk rtoonqs ax sgd Gtlankcs EntmcZshnm0 Vd Zkrn sgZmj
sgd qdedqddr enq Z bZqdetk qdZchmf ne sgd oZodq Zmc hmrhfgsetk rtffdrshnmr: oZqshbtkZqkx
sgZs ne trhmf rtaoqhlhshuhsx hm Rdbshnm 50

Qdedqdmbdr

)ümcdqrnm fl865[ L0 O0 ümcdqrnm: ”Rtafqntor ne zmhsd hmcdw hm oqnzmhsd fqntor‘: OZbhzb I0 LZsg0
51.fl —fl865(: fl8-170 LQ Yak

)AZqsgnkch ds Zk0 1992[ K0 AZqsgnkch: Q0 H0 Fqhfnqbgtj: Zmc Y0 �tmh’j: ”AqZmbg fqntor‘: oo0 878-flflfl1
hm GZmcannj ne ZkfdaqZ: unk0 2: dchsdc ax L0 GZydvhmjdk: GZmca0 ükfdaq0 2: Dkrduhdq: ülrsdqcZl:
19920 LQ Yak

)AZrr ds Zk0 fl856[ G0 AZrr: I0 Lhkmnq: Zmc I0/O0 Rdqqd: ”Rnktshnm ne sgd bnmfqtdmbd rtafqnto oqnakdl
enq RKm (m ! 2( Zmc Ro1m (m ! 1(‘: Hmrs0 GZtsdr �stcdr Rbh0 Otak0 LZsg0 22 —fl856(: 48-fl260 LQ
Yak

)BZlhmZ fl886[ Q0 BZlhmZ: ”Rtafqntor ne sgd MnsshmfgZl fqnto‘: I0 ÉkfdaqZ fi85.fl —fl886(: fl9fl-flfl20
LQ Yak

)BZlhmZ 1999[ Q0 BZlhmZ: ”Sgd MnsshmfgZl fqnto‘: oo0 194-11fl hm Mdv gnqhynmr hm oqn:o fqntor:
dchsdc ax L0 RZtsnx ds Zk0: Oqnfq0 LZsg0 fi73: Ahqjgätrdq: Anrsnm: 19990 LQ Yak

)Cd EZkbn 1991[ L0 Cd EZkbn: ”Fqntor vgnrd oqnodq ptnshdmsr Zqd mhkonsdms/ax/zmhsd‘: LZsg0 Oqnb0
Q0 Hq0 ÉbZc0 fi91�.1 —1991(: fl2fl-fl280 LQ Yak

)Cdsnlh ds Zk0 1919[ D0 Cdsnlh: L0 Lnqhfh: Zmc O0 RgtlxZsrjx: ”Oqnzmhsd fqntor vhsg qdrsqhbsdc
bdmsqZkhydqr ne bnlltsZsnqr‘: Oqnb0 Qnx0 Rnb0 Dchmatqfg Rdbs0 É fi49.4 —1919(: 129fl-121fl0 LQ Yak

)Chdrsdk 19fl6[ Q0 Chdrsdk: FqZog sgdnqx: 4sg dc0: FqZctZsd Sdwsr hm LZsgdlZshbr fi62: Roqhmfdq: 19fl60
LQ Yak

)Chwnm Zmc Lnqshldq fl885[ I0 C0 Chwnm Zmc A0 Lnqshldq: OdqltsZshnm fqntor: FqZctZsd Sdwsr hm
LZsgdlZshbr fi52: Roqhmfdq: fl8850 LQ Yak

)Chwnm ds Zk0 fl888[ I0 C0 Chwnm: L0 O0 E0 ct RZtsnx: ü0 LZmm: Zmc C0 RdfZk: ÉmZkxshb oqn:o fqntor:
1mc dc0: BZlaqhcfd Rstchdr hm ücuZmbdc LZsgdlZshbr 5fi: BZlaqhcfd Tmhudqrhsx Oqdrr: fl8880 LQ

)Ehmj 19fl3[ D0 Ehmj: ”ü zmhsdkx fdmdqZsdc aqZmbg fqnto ne dwonmdmshZk fqnvsg vhsgnts eqdd rta/
fqntor‘: I0 ÉkfdaqZ 286 —19fl3(: 514-5310 LQ Yak

)Fqhfnqbgtj fl873[ Q0 H0 Fqhfnqbgtj: ”Cdfqddr ne fqnvsg ne zmhsdkx fdmdqZsdc fqntor Zmc sgd sgdnqx
ne hmuZqhZms ldZmr‘: Hyu0 ÉjZc0 MZtj RRRQ Rdq0 LZs0 37.4 —fl873(: 828-8740 Hm QtrrhZm, sqZmrkZsdc hm
LZsg0 TRRQ:Hru0 14.1 —fl874(: 148-2990 LQ

)Fqhfnqbgtj 1999[ Q0 H0 Fqhfnqbgtj: ”Itrs hmzmhsd aqZmbg fqntor‘: oo0 fl1fl-fl68 hm Mdv gnqhynmr hm
oqn:o fqntor: dchsdc ax L0 RZtsnx ds Zk0: Oqnfq0 LZsg0 fi73: Ahqjgätrdq: Anrsnm: 19990 LQ Yak

)GZqcx 1991[ O0 C0 GZqcx: Érodbsr ne ZarsqZbs Zmc oqnzmhsd fqnto sgdnqx: Og0C0 sgdrhr: Tmhudqrhsx ne
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AthGdihldr eno �tsfnor

�tsgnqr lXx rtalhs Xqshbkdr Xs lro0nqf“oil“Xants“intqmXk“rtalhrrhnmr0gslk Xmc bgnnrd Xm
dchsnq Xs sgXs shld0 DwbdoshnmXkkx: X oXodq lXx ad rtalhssdc hm gXqc bnox sn nmd ne sgd
dchsnqr, Xtsgnqr rgntkc jddo X bnox0

Ax rtalhsshmf X lXmtrbqhos xnt Xrrdqs sgXs hs hr nqhfhmXk Xmc hr mns tmcdq bnmrhcdqXshnm
enq otakhbXshnm dkrdvgdqd0 Hmrsqtbshnmr nm lXmtrbqhos oqdoXqXshnm Xqd oqnuhcdc adknv0 Enq
etqsgdq hmenqlXshnm: uhrhs sgd vda Xccqdrr Xanud nq vqhsd sn oXbhzb)lXsg0adqjdkdx0dct nq
sn MXbhzb IntqmXk ne LXsgdlXshbr: Tmhudqrhsx ne BXkhenqmhX: Jnr �mfdkdr: B� 59951-fl1110
Bnqqdronmcdmbd ax dlXhk hr qdptdrsdc enq bnmudmhdmbd Xmc roddc0

LXmtrbqhosr ltrs ad hm Dmfkhrg: Eqdmbg nq FdqlXm0 � aqhde XarsqXbs ne Xants fl19 vnqcr nq
kdrr hm Dmfkhrg ltrs ad hmbktcdc0 Sgd XarsqXbs rgntkc ad rdke/bnmsXhmdc Xmc mns lXjd Xmx
qdedqdmbd sn sgd ahakhnfqXogx0 �krn qdpthqdc Xqd jdxvnqcr Xmc rtaidbs bkXrrhzbXshnm enq sgd
Xqshbkd: Xmc: enq dXbg Xtsgnq: onrsXk Xccqdrr: XezkhXshnm –he XooqnoqhXsd( Xmc dlXhk Xccqdrr he
XuXhkXakd0 � gnld/oXfd TPJ hr noshnmXk0

�tsgnqr Xqd dmbntqXfdc sn trd J�SDU: ats oXodqr hm nsgdq uXqhdshdr ne SDU: Xmc dwbdoshnmXkkx
hm nsgdq enqlXsr: Xqd XbbdosXakd0 �s rtalhrrhnm shld nmkx X MCE zkd hr qdpthqdc, enkknv
sgd hmrsqtbshnmr Xs sgd vda Xccqdrr Xanud0 BXqdetkkx oqdrdqud Xkk qdkduXms zkdr: rtbg Xr
J�SDU rntqbdr Xmc hmchuhctXk zkdr enq dXbg zftqd, xnt vhkk ad Xrjdc sn rtalhs sgdl tonm
XbbdosXmbd ne sgd oXodq0

AhakhnfqXoghbXk qdedqdmbdr rgntkc ad khrsdc XkogXadshbXkkx Xs sgd dmc ne sgd oXodq0 �kk qde/
dqdmbdr hm sgd ahakhnfqXogx rgntkc ad bhsdc hm sgd sdws0 Trd ne AhaSDU hr oqdedqqdc ats mns
qdpthqdc0 �mx ahakhnfqXoghbXk bhsXshnm rsxkd lXx ad trdc ats sXfr vhkk ad bnmudqsdc sn sgd
gntrd enqlXs –rdd X btqqdms hrrtd enq dwXlokdr(0

Ehftqdr: vgdsgdq oqdoXqdc dkdbsqnmhbXkkx nq gXmc/cqXvm: ltrs ad ne otakhbXshnm ptXkhsx0
Ehftqdr oqdoXqdc dkdbsqnmhbXkkx rgntkc ad rtalhssdc hm DmbXortkXsdc MnrsRbqhos –DMR( nq
hm X enql sgXs bXm ad bnmudqsdc sn DMR: rtbg Xr FmtMkns: LXokd nq LXsgdlXshbX0 LXmx
cqXvhmf snnkr rtbg Xr �cnad HkktrsqXsnq Xmc �kctr EqddGXmc bXm oqnctbd DMR ntsots0
Ehftqdr bnmsXhmhmf ahslXor rgntkc ad fdmdqXsdc Xs sgd ghfgdrs onrrhakd qdrnktshnm0 He sgdqd
hr cntas vgdsgdq X oXqshbtkXq zftqd hr hm Xm XbbdosXakd enqlXs: sgd Xtsgnqr rgntkc bgdbj
vhsg oqnctbshnm ax rdmchmf Xm dlXhk sn oXbhzb)lXsg0adqjdkdx0dct0

DXbg zftqd rgntkc ad bXoshnmdc Xmc mtladqdc: rn sgXs hs bXm finXs0 RlXkk zftqdr nbbtoxhmf
mn lnqd sgXm sgqdd khmdr ne udqshbXk roXbd bXm ad jdos hm sgd sdws –”sgd btqud knnjr khjd
sghr.;(0 Hs hr XbbdosXakd sn rtalhs X lXmtrbqhos vhkk Xkk zftqdr Xs sgd dmc: he sgdhq okXbdldms
hr rodbhzdc hm sgd sdws ax ldXmr ne bnlldmsr rtbg Xr ”MkXbd Ehftqd fl gdqd;0 Sgd rXld
bnmrhcdqXshnmr Xookx sn sXakdr: vghbg rgntkc ad trdc roXqhmfkx0

Enqbdc khmd aqdXjr nq oXfd aqdXjr rgntkc mns ad hmrdqsdc hm sgd cnbtldms0 Sgdqd hr mn onhms
hm xntq sqxhmf sn noshlhyd khmd Xmc oXfd aqdXjr hm sgd nqhfhmXk lXmtrbqhos0 Sgd lXmtrbqhos
vhkk ad qdenqlXssdc sn trd sgd intqmXk@r oqdedqqdc enmsr Xmc kXxnts0

MXfd oqnner vhkk ad lXcd XuXhkXakd sn Xtsgnqr –nq sn sgd cdrhfmXsdc bnqqdronmchmf Xtsgnq(
Xs X vdarhsd hm MCE enqlXs0 EXhktqd sn Xbjmnvkdcfd sgd qdbdhos ne oqnner nq sn qdstqm
bnqqdbshnmr vhsghm sgd qdptdrsdc cdXckhmd lXx bXtrd otakhbXshnm sn ad onrsonmdc0



O�AHEHA INTPM�J NE L�SFCL�SHAR

Unktld 214 Mn0 fi Itkx 1812

fiDrshlZsd enq sgd yqrs entqsg Rsdiknu dhfdmuZktd ne Z lhmhlZk
gxodqrtqeZbd vhsg eqdd antmcZqx

QNMCHMDKKD AÉSHRSÉ. AÉQMÉA� KHLÉ. OÉTKN RNTRÉ Zmc
AQTMN UHDHQÉ

fifiBZsdmnhc khlhsr ne rhmfkx odqhnchb lhmhlZk rtqeZbdr vhsg Rbgdqi,sxod
dmcr

GÉN BGDM. ODSDQ BNMMNQ Zmc JDUHM KH

35Sgd rsqnmf gnlnsnox rsqtbstqd ne AQRS qdctbshnm
BGHÉQÉ DRONRHSN. ÉMCQDÉR JQÉES Zmc INMÉR RBGMHSYDQ

74Sgd lZwhlZk rxrsnkd ne gxodqankhb rtqeZbdr vhsg lZwhlZk
�2,dwsdmcZakd ZadkhZm rxlldsqx

WTD FÉN Zmc IHÉITM VÉMF

fi84RsZakd rxrsnkdr ne ghfgdq qZmi hm QhdlZmmhZm lZmhenkcr
IÉLDR I0 GDACÉ

fi15Rohm JnrsiZ onkxmnlhZkr Zmc udqsdw nodqZsnqr
MÉHGTÉM IHMF Zmc MHMF KHT

fi35Sgd rsqtbstqd ne fqntor vhsg Zkk oqnodq ptnshdmsr uhqstZkkx mhkonsdms
ADMIÉLHM JKNORBG Zmc LÉQSWM PTHBJ
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